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2. MODEL SETUP

The name “complex group” formerly advocated by me in allusion
to line complexes, . . . has become more and more embarrassing
through collision with the word “complex” in the connotation of
complex number. I therefore propose to replace it by the Greek
adjective “symplectic.”

– H. Weyl, 1939, p. 165
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2. MODEL SETUP

2.1 N-BODY SIMULATIONS

The equations of motion of gravitationally interacting bodies in systems
with N ą 2 objects (stars, planets etc.) cannot be solved analytically (except
in certain cases). Therefore numerical N-body simulations are widely used
to study the dynamics of the Solar System and other planetary systems, as
well as motions of stars, clusters and galaxies (Levison & Duncan, 1994;
Chambers, 2001; Navarro et al., 1997; Tsiganis et al., 2005). Modern
simulations track the histories of billions of test particles (Springel et al.,
2008) for times ranging from thousands to billions of years.

Planetary systems, star clusters and galaxy nuclei are examples of
collisional systems where interactions between particles occur frequently
over the lifetime of the system. This thesis focuses on the dynamics of
planetary systems. In this chapter I describe the specifics of the N-body
simulations that I used in this thesis. For a detailed and extensive overview
of the state of the art of N-body simulations one can check review papers
or books, e.g. Aarseth (2003); Dehnen & Read (2011).

The basic planetary N-body model has N bodies represented as point
masses, where each body interacts with the remaining N-1 bodies through
Newtonian gravitational forces1. So for N particles there are N(N - 1)/2
interactions.

The N-body problem is the problem of predicting the motion of N
objects when the only forces with which they interact are the forces
described by Newton’s law of universal gravitation:

F12 “ G
m1m2

|r12|3
pr1 ´ r2q (2.1)

The N-body problem is described to have a complexity of O(N2) which
means the computing time required is proportional to the square of the
number of the bodies in the simulation. The most direct way of solving
N-body problems is to perform the simulation through direct integration of
the Newtonian gravitational force equation, where the total force on each

1Other forces can be added to the model if required. For example, to reproduce
the perihelion precession of Mercury’s orbit one needs to take into account relativistic
corrections to Newtonian gravity; or extra terms can be added to describe the non-
gravitational forces acting on Small Solar System Bodies.
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2.1. N-BODY SIMULATIONS

particle is the superposition of the forces imparted by each of the other
particles:

N
ÿ

i‰n

Gmnmi

r2ni
r̂ni (2.2)

By calculating the net force on each particle, the new velocity
and position can be calculated using a discretized time step, dt. The
only approximation being made in the brute force method is that the
acceleration of each particle is constant during the time dt. By using a
small dt, this approximation becomes valid. Of course, this comes at the
expense of more computation to advance to a future time. The integration
is accurate through order dtk and the method is referred to as kth order
integration method. For example, a simple commonly used second-order
integrator (leapfrog) has 3 sub-steps. First, the perturbations advance for
a half of a timestep. Then, the Keplerian motion about the central body
advance for a full timestep. And lastly, the perturbations advance for a
half of a timestep again. The integrator error is O(εh2), where ε is the
satellite to primary mass ratio. Higher order integrators will have even
more sub-steps.

The timestep, dt, has to be chosen small enough to resolve the fastest
orbit but large enough to finish the simulation within a reasonable amount
of time. Too large timestep results in discretization errors building up
which leads to inaccurate results as in Fig. 2.1. At the same time, a smaller
timestep leads to a larger CPU time, see Fig. 2.2. Section 2.3 describes our
choice of dt for each of the simulations performed.

Apart from the particle-particle method based on direct integration,
there are a few more approaches such as e.g. tree codes (replace a set
of many particles by a single extended massive point, when computing
the force at a given position coming from the set of particles), grid-based
codes (compute gravitational force on a Cartesian grid). Tree codes and
grid-based codes are often used in collisionless simulations. In planetary
dynamics, symplectic particle-particle algorithms are usually used. They
provide very high accuracy and avoid buildup of secular errors over many
thousands of orbits. The name symplectic integrator is usually attached
to a numerical integration scheme for Hamiltonian systems. Symplectic
integrators are numerical methods to approximate the N-body problem
that are designed to preserve the underlying symplectic structure of the
Hamiltonian system, thereby preserving conservation laws. Symplectic
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2. MODEL SETUP

Figure 2.1: Conservation of energy during a 1 Myr simulation of the exoplanetary
system HR 8799 (includes the host star and four giant planets) for various
timesteps. The simulations were performed using the MERCURIUS integrator from
the REBOUND software package. The orbital period of the innermost planet is
„ 60 years. A timestep of 10 years (green points, 6 time steps across the fastest
orbit) is clearly insufficient to resolve this problem. A one-year timestep (red
points, 60 points across the fastest orbit) does conserve energy satisfactorily, while
a one-day timestep (blue points) is far more accurate.

Figure 2.2: As in Fig. 2.1, but plotted against CPU time. The more accurate
simulation with a one-day timestep requires ą 100 times more CPU time than the
integration with a one-year timestep.

integrators for the N-body problem are constructed from Hamilton’s
equations of motion:

dxi
dt
“
tial H

tial pi
, (2.3)

dpi
dt
“
tial H

tial xi
, (2.4)
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2.1.1. Modelling the Solar System

where xi and pi are the coordinates and momenta of each body, and H
is the Hamiltonian of the system. Using these equations the rate of change
of any dynamical quantity can be expressed. For planetary systems where
the star dominates the mass budget, the Hamiltonian can be split into two
pieces (a Keplerian part, HK , and an interaction part, HI), so that every
part can be solved more easily in the absence of the other. HK describes
the motion of a body on an unperturbed Keplerian orbit about the central
body. Gravitational perturbations on an object from all the other objects
(except for the central body) are represented by HI .

Even though symplectic integrators are preferentially used for long-
term integrations in planetary dynamics, non-symplectic integrators are
also being adopted for such purposes. Symplectic integrators allow for high
precision at relatively large timesteps, however the symplectic structure
breaks down when a non-conservative force is added to the simulation.
Also, it is hard to keep the symplecticity and make the timestep adaptive
(for example for better resolving of close encounters) at the same time.
Because non-symplectic integrators do not have symplectic nature, they
have an advantage when need to resolve the above mentioned problems.

When studying small bodies in the planetary systems, the basic model
imitates the structure of such typical planetary system with a massive
gravitationally dominating star in the centre surrounded by less massive
planets and small bodies (test particles). Each of the massive bodies
gravitationally interacts with the remaining N-1 bodies. The small bodies
might represent various types of small bodies in the planetary systems such
as asteroids, comets etc. In this thesis we adopt N-body codes such that
each of the small bodies is gravitationally influenced by massive bodies but
does not have any influence on the massive bodies.

The rest of this chapter will describe in detail the chosen software
packages, the way we set up the initial conditions for our simulations and
a few tests we have performed prior to running the simulations.

2.1.1 Modelling the Solar System

In Chapter 3 we study the delivery of organics on the Martian surface
through comet and asteroid impacts. In Chapter 4 we study the same
impact mechanism, but for the delivery of water on Mercury. In both
chapters we use the the Swifter2 software package which is an improved
version of the SWIFT package (Levison & Duncan, 2013).

2http://www.boulder.swri.edu/swifter/
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2. MODEL SETUP

The SWIFT package is widely used by the planetary community to study
the Solar System dynamics that are driving these impact mechanisms.
SWIFT was written by Hal Levison and Martin Duncan3. The purpose of the
package is to integrate a group of gravitationally interacting bodies with
a group of massless test particles. The package consists of four different
integration techniques namely Wisdom-Holman Mapping (WHM) (Wisdom
& Holman, 1991), a Regularized Mixed Variable Symplectic (RMVS) method
(Levison & Duncan, 1994), a fourth order T+U Symplectic (TU4) method
(Gladman et al., 1991) and a Bulirsch-Stoer method (Press et al., 1992).

The Swifter software package was written by David E. Kaufmann. The
Swifter package includes seven integration techniques out of which four
are the same as in SWIFT. Newly added into Swifter are a Democratic
Heliocentric (DH, or HELIO) method (Duncan et al., 1998), a Symplectic
Massive Body Algorithm (SyMBA) (Levison & Duncan, 2000), and a
nonsymplectic fifteenth-order integrator that uses Gauss-Radau spacings
(RADAU15, or RA15) (Everhart, 1985).

2.1.1.1 Choice of the integrator

Chapters 3 and 4 study the Solar System that consists of eight planets.
Within the Solar System close encounters may occur between small objects
and planetary bodies or the Sun. We are interested in impacts between
small bodies, such as asteroids and comets, and planets. For this reason,
we adopted the RMVS integrator among the seven integrators contained
in the Swifter package, because it is designed to resolve and handle close
encounters between small bodies and planets. We note that RMVS does
not resolve close encounters amongst massive bodies; however, this is
unnecessary for our Solar System study.

The RMVS integrator is an improved version of the WHM integrator
(Levison & Duncan, 1994). In contrast to the WHM integrator, where particles
are removed at the time of close planetary encounters, the RMVS integrator
can deal with close encounters between massive bodies and small bodies.

Wisdom-Holman Mapping, WHM, is an N-body mapping method which is
based on an averaging principle. In this method the integration of planets
are divided into solving Keplerian orbits about the Sun and non-integrable
perturbations among the planets. Wisdom & Holman argued that the
perturbations caused by rapidly oscillating terms tend to average out so
there is no problem in substituting them with other rapidly oscillating terms
or adding new ones. By choosing the right substitutes the perturbations

3http://www.boulder.swri.edu/~hal/swift.html
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2.1.2. Modelling an exoplanetary system

among planets can be readily integrated. The downside is that in this
integrator particles are removed when undergo close planetary encounters.

The Hamiltonian from which the equations of motion are derived
consists of two parts HKepler and Hinteraction. HKepler describes Keplerian
motions of bodies around the central star and Hinteraction describes their
mutual interactions. The WHM integrator works very well as long as the
perturbations due to Hinteraction are small. However, the assumption that
the planetary perturbations are small is no longer valid during a close
encounter. This condition will occur if a body comes within one Hill radius
rH of the planet:

rH “ ap
3

d

1

3

Mp

Md `Mp
, (2.5)

where ap is the semi-major axis of the planet, Mp is the mass of the
planet, and Md is the mass of the star. When a small body (e.g. an
asteroid or a comet) is within one Hill radius of a larger body (planet),
its acceleration due to the planet is much larger than that due to the
Sun. Under these circumstances the Keplerian part of the Hamiltonian will
be centred about the planet rather than the Sun so that arbitrarily close
encounters can be integrated. The model continues calculations for this
small body in a new coordinate system, centred on the planet rather than
the Sun.

However, there will be a problem in the intermediate region between
„ 1 and „ 3.5 Hill radii from the planet, where the forces from the Sun
and the planet are comparable. If a particle enters this intermediate zone
at the beginning of a normal timestep or if it is predicted to lie within this
zone at the end of the timestep, then its timestep will be decreased by
a factor of n1. If a particle lies within one Hill sphere of a planet at the
beginning of a timestep or if it is predicted to lie within it at the end of the
timestep then its timestep is decreased by another factor of n2. The values
of n1 and n2 adopted by the authors in RMVS are guided by experience and
equal to 10 and 3, respectively.

2.1.2 Modelling an exoplanetary system

Chapter 5 studies the exoplanetary system HR 8799 that consists of four
massive planets, of several Jupiter masses each. The dynamical structure
of the system is such that planetary close encounters may occur. RMVS is
not designed to resolve close encounters between massive bodies and is
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2. MODEL SETUP

therefore not suited for these simulations. Instead, we used the REBOUND

software package (Rein & Liu, 2012).
The REBOUND software package was developed for the integration of

the motion of particles under the influence of gravity4. The package can be
used to study the dynamics of various objects starting from galaxies, stars,
and planets and ending with rings and dust particles. REBOUND contains
various symplectic integrators, non-symplectic integrators, and collision
detection routines.

We have adopted the MERCURIUS integrator which is a hybrid symplectic
integrator (Rein et al., 2019). In planetary dynamics hybrid symplectic
integrators are widely used to simulate complex dynamical phenomena
involving close encounters and collisions. High accuracy during close
encounters is achieved by using a high order integration scheme during
the encounter while otherwise a standard 2nd order Wisdom-Holman
scheme is used. In this way speed and accuracy on the integration is
optimised. MERCURIUS is a combination of two integrators WHFast and
IAS15. WHFast is a second order symplectic Wisdom Holman integrator
with 11th order symplectic correctors (Rein & Tamayo, 2015). IAS15,
Integrator with Adaptive Step-size control 15th order, is a high order non-
symplectic integrator (Rein & Spiegel, 2015). MERCURIUS uses WHFast for
long term integrations and switches to IAS15 for close encounters.

2.2 INITIAL CONDITIONS

We now describe how the initial conditions of our simulations were set up.
After choosing the software package and N-body integrator the simulation
can be set up using certain initial conditions. In both cases, for the Solar
System and for an exoplanetary system, initial conditions are a set of orbital
elements for planets and small bodies chosen at a certain epoch. Below we
describe what these orbital elements are and discuss our input parameters
for the two software packages, Swifter and REBOUND.

2.2.1 Orbital elements

The solution of the (two-body) Kepler problem is the Kepler orbit: ellipse,
parabola or hyperbola. For the purposes of setting up initial conditions,
only elliptic orbits of an object around the central (much more massive) star
are relevant. However, one of the conditions for an object to be considered
ejected from the system is when its eccentricity becomes 1 or larger. Those

4https://rebound.readthedocs.io/en/latest/index.html
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2.2.1. Orbital elements

are the parabolic and hyperbolic orbits. We consider these orbits at the
end of our simulations when we identify the ejected bodies. This is the
fundamental solution of the ‘free’ Hamiltonian around which the orbit
is perturbed by the N-1 planets. A Kepler orbit is fully described by the
six-dimensional state vector, i.e., the Cartesian vectors of position #»r and
velocity #»v , both given at time t. It is more convenient (both numerically
and conceptually) to use an equivalent description in terms of six so-called
orbital elements; different definitions of orbital elements are used in the
community, we adopt the frequently used Keplerian elements as explained
below, named after Johannes Kepler and his laws of planetary motion,
are the traditional orbital elements (see, e.g., de Pater & Lissauer, 2015).
Semi-major axis a and eccentricity e are the main two elements that define
the shape and size of the ellipse, see Fig. 2.3. The orientation of the orbital
plane in which the ellipse is embedded is defined by two parameters, the
inclination and the longitude of the ascending node. The inclination i is the
angle between the reference plane and the orbital plane. The longitude of
the ascending node Ω is the angle between the direction of the intersection
of the orbital and reference planes which the body passes upward through
the plane. The final two orbital elements are argument of periapsis ω, the
angle between the line to the ascending node and the line to the direction
of periapse5, and true anomaly ν, the angle between the planet’s periapse
and its instantaneous position. Osculating orbital elements at a time t
are the orbital elements of the osculating ellipse of an object at that time.
An osculating ellipse is the Keplerian orbit of the body, in the absence of
perturbation, that is tangent to the actual orbit of the object at time t.
Because we know the exact solution to Kepler’s equation, we can calculate
these tangent ellipses at any time. The actual orbit of the body is the locus
of the tangent points. The smaller the step size of the integrations, the
closer these tangent points will be, which will result in an orbit that is
closer to the real orbit of the object. While we can never reproduce the
actual orbit of a body, we can get arbitrarily close to it. The choice of
time step is critical in that sense. The osculating elements would remain
constant in the absence of perturbations.

Cartesian orbital elements can be easily transformed into Keplerian
orbital elements and vice versa (Murray & Dermott, 2000), which was done
repeatedly throughout the following chapters of the thesis. In order to

5Periapse is the point on the orbit when the two bodies are closest. For orbits about
the Sun the periapse is called perihelion. For orbits about the Earth the periapse is called
perigee. In case of a general star, it is periastron.
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2. MODEL SETUP

Figure 2.3: Keplerian orbital elements. Image adapted from User:Lasunncty/

WikimediaCommons/CC-BY-SA-3.0.

perform the transformation first the vector of specific angular momentum
h [m2/s] has to be calculated:

h “ rˆ 9r. (2.6)

The eccentricity vector e can then be determined using the angular
momentum vector:

e “
9rˆ h

µ
´

r

||r||
, (2.7)

where µ is the standard gravitational parameter µ “ GM of the central
body, G is the gravitational constant, and M is the mass of the central
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2.2.1. Orbital elements

body. The orbital eccentricity e [dimensionless] is the magnitude of the
eccentricity vector:

e “ ||e||. (2.8)

The semi-major axis a [m] can be found from the expression:

a “
1

2
||r|| ´

|| 9r||2

µ

. (2.9)

The orbital inclination i [rad] is calculated from the angular momentum
vector h and hz, the component of h perpendicular to the plane of
reference:

i “ arccos
hz
||h||

. (2.10)

The true anomaly ν [rad] can now be obtained from:

ν “

#

arccos xe,ry
||e|| ||r|| for xr, 9ry ě 0,

2π ´ arccos xe,ry
||e|| ||r|| otherwise.

(2.11)

Finally, we can calculate the longitude of the ascending node Ω [rad]
and the argument of periapsis ω [rad]:

Ω “

#

arccos nx
||n|| for ny ě 0,

2π ´ arccos nx
||n|| for ny ă 0,

(2.12)

ω “

#

arccos xn,ey
||n||||e|| for ez ě 0,

2π ´ arccos xn,ey
||n||||e|| for ez ă 0,

(2.13)

where n [m2/s] is the vector pointing towards the ascending node:

n “ p0, 0, 1qᵀ ˆ h “ p´hy, hx, 0q
ᵀ. (2.14)

To verify that the Cartesian to Keplerian and vice versa transformation
routines work correctly, I compared their outcome to the available data at
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2. MODEL SETUP

the JPL HORIZONS on-line solar system data and ephemeris computation
service6. HORIZONS generates ephemerides (positions) for solar system
bodies (asteroids, comets, natural satellites, planets, the Sun and system
centres of mass, so-called barycenters). There are three available types of
ephemerides in the system. The ”OBSERVER” ephemeris provides right
ascension and declination that are useful for observing solar system bodies.
The ”VECTORS” type gives tables of Cartesian vectors. The third option is
the ”ELEMENTS” type that provides a table of Keplerian orbital elements.
The convenience of the web interface is that for the same solar system body
for the same date its Cartesian vectors and its Keplerian orbital elements
can be generated in one click. I used the Cartesian vectors from the
JPL HORIZONS as the input for the Cartesian to Keplerian transformation
routines. The outcome of the routines was compared to the Keplerian
orbital elements from the JPL HORIZONS. The transformation routines
convert the Cartesian vectors into the Keplerian orbital elements and vice
versa with the same precision, up to seven digits after the decimal point,
as the JPL HORIZONS.

Note that the origin of the coordinate system has to be the same for
all bodies added to the simulation. If the initial conditions are set relative
to the central body (the Sun or a star) then the initial conditions for the
small bodies have to be set relative to the same body. Alternatively, all
initial orbital elements can be relative to the centre of mass, barycentre,
of the simulated system. In Chapters 3 and 4 initial orbital elements were
set relative to the central body, the Sun. The heliocentric setting, with
the centre at the Sun’s centre, of the system was chosen because orbital
elements for minor planets were taken from the MPC Orbit (MPCORB)
database7 in which all orbital elements are heliocentric. In Chapter 5
the exoplanets were initialised relative to the central star and the minor
bodies were initialised relative to the centre of mass, barycentre, of the
system. The initial conditions were following Read et al. (2018) in order
to compare their simulation results to ours.

2.2.2 RMVS input

There are three files from which Swifter/RMVS takes input: a parameter
file, a planet file, and a test particle file. The parameter file contains
the names of the other two files and is specified at the beginning of the
run. The parameter file contains information such as simulation timestep,
simulation length, various output parameters, and parameters related to

6https://ssd.jpl.nasa.gov/?horizons
7https://minorplanetcenter.net//iau/MPCORB.html
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2.2.2. RMVS input

close encounters and collisions. The full list of the 27 input parameters in
the parameter file can be found in the Swifter README file.

The timestep of the simulation is chosen such that the shortest orbit
present and close encounters between the gravitational body with the
shortest orbit and test particles are well resolved. Previous experiences in
using this integrator have indicated that a time step smaller than 1/30 of
the shortest orbital period in the system would be sufficient to accurately
resolve close encounters. For example, the simulations performed in
Chapter 3 and Chapter 4 had time steps of 1 day in order to resolve
close encounters between asteroids and Mercury with its orbital period of
88 days (following Granvik et al., 2016).

The code requires units in which the gravitational constant G is unity.
Any combination of lengths, masses, and times fulfilling that condition is
acceptable. In all our simulations, I used lengths specified in AU and time
in days which means that GM is in AU3/day2 units.

The planetary file requires masses, position vectors and velocity vectors
for the Sun and each planet for a reference time t (see Table 2.1 for an
example of the Earth input parameters). Planet radii and Hill sphere radii
have to be specified as well.

Vectors of heliocentric position and velocity for the Solar System planets
were taken from the Horizons ephemeris service for the epoch of the orbital
elements of test particles, asteroids and comets. The Sun is initialised at
0,0,0. the Sun does not have a Hill radius in RMVS, but small bodies are
rejected if they venture within some specified distance of the Sun (we
adopted 0.00465 AU, the Solar radius). Test particles are also rejected
when they move beyond 1,000 AU from the Sun. All particles are given a
user-defined ID (see Table 2.1), which is also used to identify impacts in
the discard.out file which keeps track of the discarded test particles.

The structure of the test particle file is identical structure to that of
the planetary file except for the absence of masses, radii and Hill sphere
radii. In Chapters 3 and 4 we used heliocentric positions and velocities
of the asteroids and comets from the MPCORB database. The MPCORB
catalogue provides Keplerian orbital parameters, which we transformed
into Cartesian state vectors as described in Section 2.2.1.

A successful RMVS run produces a number of output files. The most
important one for our study is ’discard.out’, which contains information,
such as the discard time and the last coordinates, about all the test particles
discarded during the simulation.

35



2. MODEL SETUP

(Number) (Mass) (RHill)
4 8.99929262268e-10 0.01001
(Radius)
4.26343E-5
(X) (Y) (Z)
4.80327719347E-01 8.62764900523E-01 -3.48533544262E-05
(VX) (VY) (VZ)
-1.53121268331E-02 8.30474766057E-03 -2.39519674004E-07

Table 2.1: An example for Swifter of a planet input in the planet parameter file
shown for the Earth. The first line contains the ID, mass in AU3{day2 and Hill
sphere radius of the planet in AU. The second line has only the planet radius in
AU. The third and fourth lines have the position (in AU) and velocity (in AU/day)
of the planet in heliocentric Cartesian coordinates.

2.2.3 REBOUND input

REBOUND can be easily called from Python (also from C). The syntax can
be gleaned from self-explanatory Listing 2.1, which illustrates an example
of how to initialise the HR 8799 exoplanetary system using the Python
module of REBOUND.

Listing 2.1: REBOUND set up of the exoplanetary system HR 8799

import math
import numpy as np
import rebound
sim = rebound . Simulat ion ()
sim . i n t e g r a t o r = ” mercurius ”

#mass ive b o d i e s
sim . add(m=1.56 , r = 0.00669947) # s t a r . Mass in s o l a r

masses , r ad iu s in AU

#p l a n e t s assuming h e l i o c e n t r i c c o o r d i n a t e s
sim . add( primary=sim . p a r t i c l e s [0] , m=0.0085887, \

r = 0.0005327 , a = 15.4 , e = 0.13 , \
inc = np . rad ians (0 .0) , \
Omega = np . rad ians (64.0) , \
pomega = np . rad ians (176.) , \
M = np . rad ians (326.) ) #HR8799E

sim . add( primary=sim . p a r t i c l e s [0] , m=0.0085887, \
r = 0.0005327 , a = 25.4 , e = 0.12 , \
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2.3. VALIDATION

inc = np . rad ians (0 .0) , \
Omega = np . rad ians (64.0) , \
pomega = np . rad ians (91 . ) , \
M = np . rad ians (58 . ) ) #HR8799D

sim . add( primary=sim . p a r t i c l e s [0] , m=0.0085887, \
r = 0.0005327 , a = 39.4 , e = 0.05 , \
inc = np . rad ians (0 .0) , \
Omega = np . rad ians (64.0) , \
pomega = np . rad ians (151.) , \
M = np . rad ians (148.) ) #HR8799C

sim . add( primary=sim . p a r t i c l e s [0] , m=0.0066801, \
r = 0.000538629 , a = 69.1 , e = 0.02 , \
inc = np . rad ians (0 .0) , \
Omega = np . rad ians (64.0) , \
pomega = np . rad ians (95 . ) , \
M = np . rad ians (321.) ) #HR8799B

2.3 VALIDATION

Both N-body integrators, Swifter/RMVS and REBOUND/MERCURIUS, were
carefully validated by their authors. For more details regarding testing
Swifter/RMVS check Levison & Duncan (1994) and Rein et al. (2019)
regarding REBOUND/MERCURIUS. Swifter/RMVS, especially, has seen heavy
used by the community over decades, so it must be considered a very
mature, well vetted code. In the following section we demonstrate
a few tests (basic simulations) which we performed in order to get
acquainted with the integrators before performing any computationally
heavy simulations. In particular, we tested for conservation of energy as
a function of timestep dt for star+planets, only, before committing large
amounts of CPU time to the computationally expensive test-particle runs.

We present four simulations: Sun and Jupiter;Sun, Jupiter and Saturn;
the Sun plus 8 Solar System planets; the exoplanetary system HR 8799. For
each of the runs we check the conservation of energy during the simulation.
There is no universally accepted number that one needs to conserve the
energy to (Hanno Rein, private communication). The common approach is
to decrease the timestep until the results do not change anymore. From
our personal experience and private communication (Lucie Jilkova) we
adopt „ 10´6 as maximum value for the fractional change of energy during
a simulation.
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The total energy of the system in a simulations is calculated as the sum
of potential and kinetic energy of all particles in the simulation.

2.3.1 The Sun and 1 planet

The first check of a simulation is to look at its performance in a two
body problem, which is analytically solvable. We performed the first test
simulation for the Sun and Jupiter system, see Fig. 2.4, for 10 Myr forward
in time with a 43 days timestep. The initial Cartesian orbital elements
are taken from the Horizons ephemeris system as of 23rd March 2018 in
heliocentric coordinates. The masses of the Sun and Jupiter were taken
from Horizons and converted to AU3/yr2 units. As seen from Fig. 2.5
during the simulation the energy of the system is conserved within 2ˆ10´7

using Swifter/RMVS and 5 ˆ 10´8 using REBOUND/MERCURIUS. Energy is
conserved to well within our self-imposed maximum.

Figure 2.4: Orbit of Jupiter (red) around the Sun in the XY plane as used for the
RMVS and REBOUND simulations.

2.3.2 The Sun and 2 planets

The second test simulation follows the first test simulation with Saturn
added as a second planet, Fig. 2.6. As before the simulation length is 10
Myr and the timestep is 43 days. Again, the initial Cartesian elements as
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2.3.2. The Sun and 2 planets

Figure 2.5: Fractional change of energy of the Sun and Jupiter system during
the 10 Myr simulation time. The simulations were performed with Swifter/RMVS

(red) and with REBOUND/MERCURIUS (green).

well as the masses are taken from the Horizons ephemeris system as of
23rd March 2018 in heliocentric coordinates.

Figure 2.6: Orbital configuration of Jupiter (red) and Saturn (cyan) around the
Sun in the XY plane as used for the RMVS and REBOUND simulations.

Fig. 2.7 shows that during the simulation the energy of the system
is conserved within 4 ˆ 10´7 using Swifter/RMVS and 2 ˆ 10´7 using
REBOUND/MERCURIUS. Energy is conserved to well within our self-imposed
maximum and is slightly less conserved if compared to the test of the Sun
with Jupiter only, see Sec. 2.3.1. The latter can be explained by the fact that
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Figure 2.7: Fractional change of energy of the Sun, Jupiter and Saturn system
during the 10 Myr simulation time. The simulations were performed with
Swifter/RMVS (red) and with REBOUND/MERCURIUS (green).

in the presence of two planets of comparable masses their gravitational
influence on each other impact the total energy of the system.

2.3.3 The Sun and 8 planets

The next step is to perform a 10 Myr simulation for the entire Solar System,
meaning the Sun with 8 planets, see Fig. 2.8.

(a) Inner Solar System (b) Outer Solar System

Figure 2.8: Orbital configuration of all 8 Solar System around the Sun in the XY
plane as used for the RMVS and REBOUND simulations.
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2.3.4. HR 8799

Figure 2.9: Fractional change of energy of the Sun and 8 planets system during
the 10 Myr simulation time. The simulation was performed with Swifter/RMVS

(red) and with REBOUND/MERCURIUS (green).

The length of the simulation, 10 Myr, is used for the Solar System
simulations in Chapters 3 and 4 because over these timescales, the current
Solar System is close to a steady state. This simulation length will allow
us to neglect the non-gravitational Yarkovsky effect and assume impact
rates to be constant with time. Initial orbital parameters are taken from the
Horizons ephemeris service 8. The timestep of the simulation is 1 day in
order to resolve the shortest orbit, that of Mercury, 88 days. In this case the
energy of the system was conserved within 3ˆ 10´7 using Swifter/RMVS

and 2 ˆ 10´9 using REBOUND/MERCURIUS, see Fig. 2.9. Compared to the
previous two tests this simulation has 6, or even 7, additional planets. That
is why „40 times smaller timestep is needed to conserve energy to the
same level as during the previous tests.

2.3.4 HR 8799

In order to perform the simulations in Chapter 5 of the HR 8799
exoplanetary system, Fig. 2.10 was set up using the REBOUND/MERCURIUS

integrator.
Initial orbital elements and masses of the 4 giant planets were taken

from Goździewski & Migaszewski (2014). The timestep of the simulation
is 7 days, which was used in the simulation from the Chapter 5 to resolve
orbits of the innermost test particles. The simulation was performed
for 70 Myr, estimated age of the system. The energy of the system was
conserved within 6ˆ 10´9 as shown in Fig. 2.11.

8http://ssd.jpl.nasa.gov/horizons.cgi
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Figure 2.10: Orbital configuration of exoplanetary system HR 8799 in the XY
plane as used for the REBOUND simulations.

The orbits of the HR 8799 planets are not well characterised ob-
servationally which leads to most orbital configurations being unstable.
Goździewski & Migaszewski (2014, 2018) found that the best long-term
stable solution assumes that the four planets are locked in a protective
mean motion resonance 1:2:4:8. In our simulations, Chapter 5, we keep
the system stable during 70 Myr, consistent with other dynamical studies
of the HR 8799 (Contro et al., 2016; Read et al., 2018).

Figure 2.11: Fractional change of energy of the HR 8799 system during the
70 Myr simulation time. The simulation was performed with REBOUND/MERCURIUS.
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2.4 DETECTION OF COLLISIONS

After running our simulations we check for impacts between small bodies
(i.e., asteroids and comets) and planets. Here we briefly describe how the
impact detection was performed in all three scientific chapters.

2.4.1 RMVS collision detection

The RMVS integrator checks if a test particle and planet are having, or will
have within the next time step, an encounter such that the separation
distance, r, is less than previously set critical distance. If this is true then
the particle is discarded from the simulation into the discard.out file,
which we analyse later on. This collision detection is used in Chapters 3
and 4.

In order to catch all collisions the timestep should be small enough
that no particle will cross Mercury’s Hill sphere, R “ 0.00148 AU, during a
single timestep. The fastest test particles in our simulations have velocities
of around 150 km/s. It will take more than 20 days even for the fastest
test particle to cross Mercury’s Hill sphere which is much more that our
timestep of 1 day.

2.4.2 REBOUND collision detection

There are several modules present in REBOUND to detect collisions, such
as direct nearest neighbour search, octree (a three-dimensional tree) and
a plane-sweep algorithm. Since curved trajectories are approximated by
straight lines for the sweeping algorithm and for the other two particles
have to be overlapping to collide these collision detection algorithms
are approximate. As shown in Rein & Liu (2012) in simulations with
small numbers of test particles, each of our simulations runs with
only 100 test particles, direct collision search performs slightly faster
than other algorithms. That is why we used direct collision search
(collisions_direct.c) in our simulations in Chapter 5.

Using the direct collision algorithm a collision is detected whenever
two particles are overlapping at the end of the timestep. The collision is
added to a collision queue and after all collisions are detected the collision
queue is shuffled randomly. At the end every individual collision is then
resolved after checking that the particles are approaching each other. The
method scales as O(N2).

Every time a collision happens in the simulation the code raises an
exception rebound.Collision. We wrote a small function in order to
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catch these exceptions so we can record impacts happening during the
simulation. Note that in case of using RMVS we did not need to write the
catching function because it was already included into RMVS.

Listing 2.2: REBOUND function to catch impact exception

def removeCol l idedAstero ids ( sim ) :
” ” ”
To be c a l l e d a f t e r a rebound s imu la t i on

encounte r ed a rebound . C o l l i s i o n e x c e p t i o n .
Loops over t e s t p a r t i c l e s with . l a s t c o l l i s i o n > 0

( i . e . , they have c o l l i d e d with something ) ,
de t e rmine the impact t a r g e t , remove them from sim

.
Return va lue : ( impacts , a s t e r o i d C o p i e s ) where :

impac t s i s a d i c t i o n a r y : key s are a s t e r o i d
hashes , v a l u e s p l an e t hash v a l u e s .

a s t e r o i d C o p i e s are c o p i e s o f the t e s t p a r t i c l e s
b e f o r e removal . ( are tho s e needed at a l l ?)

F a i l u r e mode : i f p l a n e t s are v e ry c l o s e´by and
t ime s t e p s are ve ry coar se , impac tor s may g e t
a s s i g n e d
to the wrong p l ane t ( ass ignment based on

p o s i t i o n at end o f t ime s t ep , not at impact
) .

” ” ”
p lane t s = sim . p a r t i c l e s [ : sim . N ac t i ve ] # a l s o

i n c l u d e s t a r ( s )
t e s t P a r t i c l e s = sim . p a r t i c l e s [ sim . N ac t i ve : ]
# which a s t e r o i d s impacted ?
as tero idTimes = np . array ( [a . l a s t c o l l i s i o n for a

in t e s t P a r t i c l e s ] )
idx = np . where ( as tero idTimes > 0 )
idx=idx [0]
impacts = {}
as t e ro idCop ie s = []
i f len ( idx ) == 0: ## i f no a s t e r o i d i s i n v o l v e d

in the c o l l i s i o n
return impacts , a s t e ro idCop ie s

for i in reversed ( idx ) :
## r e v e r s e d : loop backwards , p a r t i c l e removal

cou ld mess up index ing o t h e rw i s e
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a = t e s t P a r t i c l e s [ i ]
a s t e ro idCop ie s . append (a . copy () )
pHash = f i n d C l o s e s t P l a n e t ( p lanets , a )
impacts [a . hash . va lue ] = pHash . value # must

make i t ’ va lue ’ to avo id ’ TypeError :
unhashable t ype ’ in d i c t

sim . remove ( hash=a . hash )
return impacts , a s t e ro idCop ie s

2.5 HIGH PERFORMANCE COMPUTING

To perform the N-body simulations described in this thesis the Peregrine
cluster has been used, which is the computer cluster of the University of
Groningen9. The cluster has 4368 cores, which are distributed among
several types of nodes with different memory and internal disk space
specifications. During the job submission to the cluster the required number
of nodes and cores, as well as the estimated running time, are specified.
Depending on these specifications there are certain time limits and number
of jobs limits. For example, parallel jobs will have longer queuing times. Or
another example, for jobs running longer than three days only 1,000 jobs
are allowed for submission and for less than three days one can submit up
to 4,000 jobs.

By trial and error we determined that the fastest solution for our
simulations would be create a job that would run less than three days so
we could submit up to 4,000 jobs in one run. Additionally, we found out
that a job that requires only one core will be scheduled on the cluster much
faster than any other job using 2 or more cores. In this way we set up
thousands of simulations with 100 test particles per one simulation. An
average run time of such a job on the cluster is 1.5 days. When many close
encounters occur the simulation can take up to three days. Surely, in this
way we lose time integrating the planets over and over again, but it is still
much faster with the given cluster limits and demands.

9https://redmine.hpc.rug.nl/redmine/projects/peregrine/wiki
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