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Abstract

Recently, statistical profile monitoring methods have become efficient tools for

monitoring the quality of a product (or a production process) using control

charts. The key idea is to describe the relationship between a response variable

and a set of explanatory variables in the form of a statistical regression model,

which called profile. Traditionally, those control charts are constructed with

standard “frequentistic” regression models. Recently, it has been proposed to

apply Bayesian regression models instead, and it has been empirically demon-

strated that Bayesian regression models have the potential to perform signifi-

cantly better. In this paper, we introduce a novel Bayesian multivariate

exponentially weighted moving average control chart for monitoring multivari-

atemultiple linear profiles in phase II. The key idea is to use the data from histor-

ical data sets to generate informative prior distributions for the regressionmodels

in phase II. The results of our empirical simulation studies show that the Bayes-

ian multivariate multiple linear regression model is superior to its classical

“frequentistic” counterpart in terms of the average run length. Our empirical

findings are in agreement with findings reported in recently published articles.

To shed more light onto the merit of the proposed Bayesian method, we carry

out a sensitivity analysis, in which we investigate how the amount of phase I data

influences the results. We also demonstrate the applicability and superiority of

the proposed Bayesian method by a real‐world application.

KEYWORDS

Bayesian modelling, multivariate multiple linear regression, phase II, profile monitoring, statistical

process monitoring
1 | INTRODUCTION

In most applications, the quality of a product (or production process) is characterized either by the univariate distribu-
tion of a single quality characteristic or by the multivariate distribution of several quality characteristics. But there are
also other important applications, where the quality can better be quantified in terms of a functional relationship
between a response variable and one or more explanatory variables. The latter is then usually referred to as “profile.”

The functional form of the relationship between the response variable and the explanatory variables is application
specific, and statistical regression approaches have been used to model the relationship, eg, simple and multiple linear
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regression models, polynomial regression models, and nonlinear regression models. Some of models and applications of
profile monitoring have been introduced by many researchers; see, eg, Kang and Albin,1 Woodall et al,2 Wang and
Tsung,3 Montgomery,4 Woodall,5 and Amiri et al.6,7

Profile monitoring usually consists of two phases (phase I and phase II). The major objective of phase I is to identify
out‐of‐control samples and to learn the true relationship between response and explanatory variables. The primary focus
of phase II is to quickly detect changes in the process parameters. In this paper, we propose to use the “historical” data
from phase I to build informative prior distribution for the Bayesian models employed in phase II.

Most studies that have been published in the literature focus either on phase I or on phase II. Kim et al,8 Zhang et al,9

Saghaei et al,10 Mahmoud et al,11 Noorossana and Zerehsaz,12 De Magalhães and Von Doellinger,13 Kamranrad and
Amiri,14 Kazemzadeh et al,15 Khedmati and Niaki,16 Chiang et al,17 and Zhang et al18 investigated linear profile mon-
itoring in phase II, whereas Mahmoud and Woodall,19 Mahmoud et al,20 Noghondarian and Ghobadi,21 Amiri and
Moein,22 Yeh and Zerehsaz,23 Ghobadi et al,24 Riaz and Touqeer,25 and Taghipour et al26 focused on phase I linear pro-
file monitoring. Methods for monitoring nonlinear profiles have been proposed by Vaghefi et al,27 Ding et al,28 Jin and
Shi,29 Jensen and Birch,30 Walker and Wright,31 and Steiner et al.32 For a more thorough review about profile monitor-
ing approaches in phases I and II, we refer to the review paper by Woodall5 and the textbook edited by Noorossana
et al.33 An overview on recent profile monitoring papers (2008‐2018) based on a conceptual classification scheme has
been done by Maleki et al.34

Multivariate simple linear (MSL) profiles are based on a linear regression model between one single explanatory var-
iable and a set of response variables. Noorossana et al35 proposed three methods for monitoring MSL profiles in phase II
and applied them to the case of a calibration process from NASA Langley Research Center (LaRC). This type of profile
has also been studied by Adibi et al,36 Zou et al,37 and Ayoubi et al.38

The main focus of this paper is on multivariate multiple linear (MML) regression profiles. In an MML profile, there is
a set of explanatory variables, and the explanatory variables have effects on more than one single response variable.
Noorossana et al39 proposed four methods for monitoring the parameters of this type of profiles in phase I. Eyvazian
et al40 developed four control chart schemes for monitoring the matrix of regression coefficients in phase II, namely,
multivariate exponentially weighted moving average (MEWMA), modified MEWMA, MEWMA/χ2, and likelihood ratio
test (LRT). Amiri et al7 proposed a parameter reduction method for monitoring MML profiles in case the dimension of
the vector of regression coefficients is large. Other aspects and applications of MML profiles have been studied by Amiri
et al,41 Ayoubi et al,42 and Ghashghaei and Amiri.43 In our study, we focus on the MEWMA control chart in phase II,
and we show that its Bayesian variant leads to improved results.

Recently, Bayesian approaches have become very popular methods in statistical process monitoring. The main
advantage of the Bayesian models is that researchers can make use of data from phase I to generate informative prior
distributions for phase II. This way, preknowledge can be systematically extracted and incorporated into the phase II
models, so as to improve their accuracies and performances. In statistical process monitoring applications, there is usu-
ally much expert knowledge, and large amounts of historical data are usually available.

That are ideal circumstances for exploiting the full potential of Bayesian statistical models. As modern manufacturing
processes are usually associated with high production costs, the early detection of process parameter variations through
optimized monitoring methods is of great importance for the manufacturing industry.

In a nutshell, Bayesian models allow scientists to formulate prior beliefs about the values of unknown model param-
eters in terms of statistical probability distributions. A prior distribution, P(θ), which reflects the user's prior belief about
a set of unknown parameters θ, is updated in light of new data D. This data‐based update yields the posterior probability
distribution of the parameters, P(θ|D). The mathematical relationship is as follows:

P θjDð Þ ¼ L Djθð ÞP θð Þ
P Dð Þ ; (1)

where D is the data and θ is the set of unknown parameters. L(D| θ) is the likelihood function (probability of the data
given the parameters), and P(θ) stands for the prior distribution of the parameters, where the latter should reflect the
user's prior knowledge about θ. P(D) in the denominator of Equation 1 is a normalization constant that does not depend
on the parameters θ. Bayesian models search for those parameters that fit the new data well (in terms of the likelihood)
but at the same time are also likely according to the prior belief (in terms of the prior distribution). A prior is called
“conjugate” when the posterior distribution is of the same family of distribution as the prior distribution. For more
mathematical details on Bayesian models and Bayesian modelling in general, we refer to the textbook by Hoff.44
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While the performances of classical “frequentistic” statistical models for profile monitoring have been studied a lot in
the literature, Bayesian statistical models have only recently been studied in a few works. Bayesian models have, for
example, been studied in Ali and Riaz,45 Tan and Shi,46 and Marcellus.47

Very recently, Abbas et al48 have proposed a new Bayesian approach for monitoring profiles on the basis of a simple
linear regression model, and they have developed three new phase II univariate Bayesian exponentially weighted mov-
ing average (EWMA) control charts. Bayesian methods have also been applied to other types of monitoring schemes,
such as cumulative sum (CUSUM) and doubled EWMA (DEWMA) control charts, for simple linear profiles; see, eg,
Abbas et al.49,50 Recently Riaz et al51 have developed a Bayesian EWMA control chart using conjugate and
nonconjugate priors and considering a loss function for detecting small to moderate shifts in the process parameters.

To the best of our knowledge, so far no Bayesian control chart method for monitoring MML profiles has been pro-
posed in the literature. To fill this gap, we have developed a new Bayesian MEWMA control chart for phase II monitor-
ing of MML profiles. Since Abbas et al48 have shown that conjugate priors yield better detection performances for
EWMA control charts, we here work with conjugate priors. The Gaussian distribution is here the conjugate prior,
and so it appears to be the natural choice. The resulting model is a standard Bayesian model, discussed in many text-
books (see, eg, Hoff44). In addition, Abbas et al48,49 and Riaz et al51 also applied Gaussian distribution (conjugate priors)
as the prior of the regression coefficients for the simple linear profiles. Their study motivated us to use conjugate priors
for multivariate profiles. We would also not see how we could justify to go for a nonconjugate prior instead.

The hyper‐parameters of those prior distributions must be selected such that the available prior knowledge is prop-
erly incorporated and fully taken into account. For simple linear profiles, there are some methods on how to translate
expert opinions into hyper‐parameters, eg, the methods by Garthwaite et al52 and O'Hagan et al.53 However, we could
not find any suitable method for specifying the hyper‐parameters of MML regression models in the literature. In partic-
ular, there are also cases, in which no reliable expert's knowledge is available. In this paper, we therefore focus on gen-
erating prior knowledge from historical data sets (HDSs). With respect to our profile monitoring applications, we
propose to extract prior information from phase I data and to incorporate this prior knowledge into the phase II models.

This paper is organized as follows: In Section 2, the Bayesian MML regression model is discussed. The classical esti-
mates of the MML profile parameters are briefly reviewed in Section 3. Section 4 presents the posterior estimates of
MML profile parameters using conjugate priors. The proposed Bayesian MEWMA control chart for monitoring regres-
sion parameters is presented in Section 5. In Section 6, a comparison study between the performance of the Bayesian
and the classical control chart schemes is carried out. Section 7 presents a detailed discussion on the Bayesian control
chart. In Section 8, we compare MEWMA and Bayesian MEWMA methods on a real‐world example. We summarize
and conclude in Section 9.
2 | THE MULTIVARIATE MULTIPLE LINEAR REGRESSION MODEL

Suppose that we have data sets (random samples) k = 1,2,… and that each data set k consists of n observations of the
form (x1i, x2i, … , xqi, y1ik, y2ik, … , ypik),i = 1,2, … ,n, where q and p denote the number of explanatory and response
variables, respectively. Further assume that under in‐control condition, the relationship between responses and explan-
atory variables can be described by an MML regression model:

Yk ¼ XBþ Ek; (2)

or equivalently

y11k y12k … y1pk
y21k y22k … y2pk
⋮ ⋮ ⋱ ⋮

yn1k yn2k … ynpk

266664
377775 ¼

1 x11 … x1q

1 x21 … x2q

⋮ ⋮ ⋱ ⋮
1 xn1 … xnq

26664
37775

β01 β02 … β0p
β11 β12 … β1p
⋮ ⋮ ⋱ ⋮
βq1 βq2 … βqp

266664
377775þ

ε11k ε12k … ε1pk
ε21k ε22k … ε2pk
⋮ ⋮ ⋱ ⋮

εn1k εn2k … εnpk

26664
37775; (3)

where Yk is an n × p matrix of response variables for the kth sample, X is an n × (q+1) design matrix of the values of the
explanatory variables, which is considered to be the same for each data set k, B is the matrix of the regression coeffi-
cients, and Ek is an n × p matrix of error terms (noise variables). It is assumed that the error vector for each observation
follows a p‐variate Gaussian distribution: εik ¼ εi1k; εi2k;…; εipk

� �
∼ N 0;Σεkð Þ; (4)
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where Σεk denotes a p × p covariance matrix:

Σεk¼

σ11 σ12 … σ1p
σ21 σ22 … σ2p
⋮ ⋮ ⋱ ⋮
σp1 σp2 … σpp

26664
37775; (5)

The element σhj is the covariance between the errors of the hth and the jth noise variable (and response variable).
3 | CLASSICAL ESTIMATES OF MML PROFILE PARAMETERS

The ordinary least squares (OLS) estimator of the matrix B for the kth sample is54

bBk ¼ XTX
� �−1

XTYk: (6)

And the covariance matrix (Σεk) of the kth sample can be estimated by54

bΣεk¼ 1
n − 1

∑n
i¼1 yik − ykð Þ yik−ykð ÞT; (7)

where yik is the ith vector of response observations of the kth sample and yk is the sample mean yk ¼
1
n
∑n

i¼1yik. Other

estimators for Σεk have been proposed in the literature; see, eg, Holmes and Mergen,55 Williams et al,56 and
Rousseeuw.57
4 | THE BAYESIAN MULTIVARIATE MULTIPLE LINEAR REGRESSION
MODEL

From Equations 2 and 4, it follows that the likelihood of the MML model fulfills

p EkjΣεkð Þ ∝ Σεkj j−n
2 exp tr −

1
2
Ek

TEkΣεk
−1

� �� �
; (8)

p YkjX; B; Σεkð Þ ∝ Σεkj j−n
2 exp tr −

1
2
Yk−XBð ÞT Yk − XBð ÞΣεk

−1

� �� �
; (9)

where tr(·) denotes the trace operator. The sum of squares can be decomposed:

p YkjX;B;Σεkð Þ ∝ Σεkj j−n
2 exp tr −

1
2

Sþ B−bBk

� �T
XTX B− bBk

� �� �
Σεk

−1

� �� �
; (10)

where S ¼ Yk−XbBk

� �T
Yk − XbBk

� �
and bBk is obtained by Equation 6. Equation 10 can be rewritten as

p Yk∣X; B; Σεkð Þ ∝ Σεkj j−n− qþ1ð Þ
2 exp tr −

1
2
SΣεk

−1

� �� �
Σεkj j− qþ1ð Þ

2 × exp tr −
1
2

B−bBk

� �T
XTX B − bBk

� �
Σεk

−1

� �� �
: (11)

The standard conjugate prior selection for the MML profile model is58

p Σεk;Bð Þ ¼ p Σεkð Þp BjΣεkð Þ; (12)
where

p Σεkð ÞeW−1 V0; ν0ð Þ; (13)
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and

p BjΣεkð ÞeMN qþ1ð Þ×p B0;Λ−1
0 ;Σεk

� �
≅N qþ1ð Þpð Þ×1 β0;Σεk⊗Λ−1

0

� �
; (14)

where W−1(.) denotes the inverse Wishart distribution, V0 and ν0 are the scale matrix and the degrees of freedom of the
Wishart distribution, respectively, and MN(.) is used as symbol for the matrix Gaussian distribution. B0 is the mean of
MN(.), β0 is the mean of the multivariate Gaussian distribution (N(.)), Λ−1

0 is a symmetric (q+1) × (q+1) matrix, which
we need to compute the covariance matrix of N(.), and⊗ is Kronecker product. We note that we use the subscript “0” to
indicate the hyper‐parameters of the prior distributions. For notational convenience, the regression coefficient matrix B
has been converted to a vector in Equation 14; symbolically, we have β = vec(B), where

β ¼ β01; β11;…; βq1; β02; β12;…; βq2;…; β0p; β1p;…; βqp
� �T

: (15)

The posterior distribution is proportional to likelihood times the prior distributions. Leaving all factors out that do
not depend on the parameters, we obtain the relationship

p β;ΣεkjYk;Xð Þ ∝ Σεkj j−
ν0þpþ1ð Þ

2 exp −
1
2
tr V0Σεk

−1
� �� �

× Σεkj j− qþ1ð Þ
2 exp −

1
2
tr B−B0ð ÞTΛ0 B − B0ð ÞΣεk

−1
� �� �

× Σεkj j−n
2 exp −

1
2
tr Yk−XBð ÞT Yk − XBð ÞΣεk

−1
� �� �

:

(16)

Equation 16 can be brought into a more common form:

p β;ΣεkjYk;Xð Þ ∝ Σεkj j−
ν0þpþnþ1ð Þ

2

exp −
1
2
tr V0 þ Yk−XBnð ÞT Yk − XBnð Þ þ Bn−B0ð ÞTΛ0 Bn − B0ð Þ

� �
Σεk

−1
� �� �

Σεkj j− qþ1ð Þ
2 exp −

1
2
tr B−Bnð ÞTΛ0 B − Bnð ÞΣεk

−1
� �� �

:

(17)

And it follows from the shape of the latter joint density that

p ΣεkjYk;X;Bnð ÞeW−1 Vn; νnð Þ; (18)

and

p βjYk;X;Σεkð ÞeMN qþ1ð Þp Bn;Λ−1
n ;Σεk

� �
≅N qþ1ð Þpð Þ×1 βn;Σεk⊗Λ−1

n

� �
: (19)

The parameters of the later “full conditional distributions” are given by58

Vn ¼ V0 þ Yk−XBnð ÞT Yk − XBnð Þ þ Bn−B0ð ÞTΛ0 Bn − B0ð Þ; (20)

νn ¼ ν0 þ n; (21)

Bn ¼ XTXþ Λ0
� �−1

XTYk þ Λ0B0
� �

; (22)

Λn ¼ XTXþ Λ0; (23)

where Vn and νn are the scale matrix and the degrees of freedom of the Wishart distribution, respectively. Bn and βn are
the mean of MN(.) and N(.), respectively, and Λ−1

n is a symmetric (q+1) × (q+1) matrix for computing the covariance
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matrix of N(.). We note that we use the subscript “n” to indicate the parameters of the posterior distributions, obtained
from a sample of size n.
5 | BAYESIAN MEWMA CONTROL CHART STRUCTURE

In this section, we propose an extension of the classical MEWMA control chart proposed by Eyvazian et al.40 Since this
method is developed for phase II monitoring, it can be assumed that the true target values of the regression coefficients
vector (β) and the covariance matrix of error terms (Σε) are known from phase I. Assume that the kth sample has been
observed from the process. We use the posterior distribution mean of the regression coefficients as estimator for the
unknown regression coefficients. For the kth sample, we then have

bBb
k ¼ E βjYk;X;Σεkð Þ ¼ XTXþ Λ0

� �−1
XTYk þ Λ0B0
� �

: (24)

We can rewrite bBb
k as a ((q+1)p) × 1 dimensional random vector, denoted bβbk:

bβbk ¼ bβbk01;bβbk11;…;bβbkq1;bβbk02;bβbk12;…;bβbkq2;…;bβbkop;bβbk1p;…;bβbkqp� �T
: (25)

When the process is in control state, the covariance matrix of bβbk is

Σβ̂bk
¼ Σεk⊗Δ¼

Σ11 Σ12 ⋯ Σ1p

Σ21 Σ22 ⋯ Σ2p

⋮ ⋮ ⋱ ⋮
Σp1 Σp2 ⋯ Σpp

26664
37775: (26)

The matrix Σhj is a (q+1) × (q+1) symmetric matrix equal to σhjΔ, where Δ = (XTX+Λ0)
−1XTX((XTX+Λ0)

−1)T (see
Appendix A for a proof). In our simulation study, we follow Eyvazian et al40 and assume the covariance matrix Σε to be
known from phase I, so that it stays fixed and does not have to be resampled from Equation 18. We propose the follow-
ing Bayesian MEWMA (B_MEWMA) statistic:

T2
zbk
¼ zbk

� �T
Σ−1
zbk
zbk; (27)

where

zbk ¼ λ bβbk − β
� �

þ 1 − λð Þzbk−1; (28)

Σzbk
¼ λ

2 − λ
Σβ̂bk

: (29)

The smoothing constant (λ) can take values between 0 and 1, and zb0 is a ((q+1)p) × 1 zero vector. The upper control
limit (UCL) for the Bayesian MEWMA statistic can be obtained such that a desired in‐control average run length (ARL)
is achieved by simulation runs, as, for example, explained in Noorossana et al35 and Eyvazian et al.40 The procedural
flowchart of the proposed Bayesian MEWMA control chart is shown in Figure 1.
5.1 | Selecting the hyper‐parameters

Since the posterior mean depends on the hyper‐parameters of the prior distributions, it is crucial to select adequate
values for them. Often it is recommended to make use of expert knowledge and to translate this knowledge into infor-
mative prior distributions. For example, Abbas et al48 used the elicitation technique proposed by Garthwaite et al52 for
specifying the prior hyper‐parameters. For many real‐world applications, there is no genuine expert's knowledge avail-
able or it is very challenging (if not impossible) to translate the expert opinion objectively into an informative prior. In
this paper, we therefore follow another approach, which we feel is more generally applicable. We propose to make use



FIGURE 1 Illustrative flowchart for the Bayesian MEWMA (B_MEWMA) control chart, proposed in this paper. The flowchart gives an

overview over the individual steps. ARL, average run length; HDS, historical data set (eg, from phase I); MML, multivariate multiple

linear regression; RL, run length; UCL, upper control limit. Detailed descriptions of the individual steps are provided in the main text
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of HDS instead. For profile monitoring applications, it is realistic to assume that there are data from phase I available
and that the phase I data contain valuable information about the model parameters. In our simulation studies, we
assume that there are m in‐control samples each of size n in phase I, which we merge into one large data set. We then
use the Bayesian MML model with noninformative priors, to compute the mean of the posterior distribution of
the parameters. More precisely, when analyzing m HDSs with n observations each, we choose the uninformative
hyper‐parameters: B0 ¼ 0; Λ−1

0 ¼ I. In light of the historical data, those parameters are then updated to the posterior

pendants, Bn and Λm
n

� �−1
, cf Equations 22 and 23. Here, Λm

n is the posterior parameter derived from m HDSs with n

observations each. Later in phase II, we do not use uninformative prior parameter anymore, but we choose the infor-
mative parameters Bn and Λm

n that we have earlier inferred from historical data.
The latter expressions are no longer uninformative but updated in light of HDSs from phase I. So to speak,

the updated parameters of the posterior distributions from phase I data become informative prior hyper‐parameters
in phase II.

To be consistent with the study of Eyvazian et al,40 we assume the covariance matrix Σε to be known, so that we do
not have to specify the hyper‐parameters of the inverted Wishart distribution in Equation 13. We note that the posterior
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mean, which we use as estimator for the regression coefficients and to compute the new B_MEWMA statistic, is not

affected by Σε. Finally, we use the Bn, Λm
n

� �−1
as hyper‐parameters for MML regression model in phase II. Figure 2

shows a flowchart illustration of the proposed method.
6 | COMPARISON STUDY (CLASSICAL VS BAYESIAN MEWMA CONTROL
CHART)

For a fair comparison between the classical and the proposed new Bayesian MEWMA (B_MEWMA) control chart, we
first reuse a multivariate profile model from Eyvazian et al.40 We have p = 2 response variables and q = 2 explanatory
variables, and the in‐control MML regression model is as follows:

Y 1 ¼ 3þ 2X1 þ X2 þ ε1;

Y 2 ¼ 2þ X1 þ X2 þ ε2:

�
(30)

The two explanatory variables X1 and X2 have four different value combinations, namely, (2,1), (4,2), (6,3), and (8,2).
Note that the number of observations (n) should be larger than the number of response variables (p), n > p, in the sim-
ulation study. The vector (ε1, ε2) follows a bivariate Gaussian distribution with zero mean vector and a known covari-

ance matrix of Σε ¼
σ21 ρσ1σ2

ρσ1σ2 σ22

" #
¼ 1 0:9

0:9 1

	 

; where σ21 ¼ σ22 ¼ 1, and the correlation coefficient ρ equals to
FIGURE 2 Flowchart overview on how we propose to generate informative prior distributions. The key idea is to make use of historical

data sets (HDSs), eg, from phase I. We analyze the HDS using uninformative priors with set, and we use the resulting posterior pendants as

hyper‐parameters for phase II. From each regression coefficient vector in phase II, a chart statistic is computed and monitored, so as to check

whether the process is in‐control or out‐of‐control
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0.9. Note that we also performed simulations for other correlation coefficients ρ (eg, for ρ = 0.5 or 0.1), but we always
observed exactly the same trends.

We set the UCL to achieve a predetermined in‐control ARL, and set the value of the smoothing parameter λ equals to
0.2, where the latter is a very common choice in the quality control literature.

To avoid that our results are influenced and biased by the values of the noise variables, we generate 5000 data sets
and report the ARLs, averaged across 5000 data sets. For our simulation study, we need to generate in‐control and
out‐of‐control samples. When generating data, we first sampled the rows of the matrix of the error terms from multivar-
iate Gaussian distributions with zero mean vector and known covariance matrix Σε. Subsequently, we sampled the indi-
vidual observations from the true MML regression model. As mentioned in Section 5.1, to be consistent with the study
of Eyvazian et al,40 we thereby assumed the covariance matrix Σε to be known. This data generation approach is typi-
cally used in the literature of Bayesian profile monitoring; see, eg, Abbas et al.48-50 The proposed Bayesian framework is
not used for data generation. Only after having generated data, we use the Bayesian model for estimating the model
parameters.

The UCL of the newly proposed B_MEWMA control chart depends on the size of the HDS (m). Table 1 shows the
UCL for different selections of m. The UCL of the classical approach must be set to 17.55 to reach an in‐control ARL
of approximately 200. It can be seen from Table 1 that an increase of m leads to a decrease of both: the standard devi-
ation (SD) of ARL and the value of UCL. For m ≥ 30, the UCL of B_MEWMA is smaller than the UCL of classical
MEWMA (C_MEWMA). This means that the in‐control area of the B_MEWMA control chart becomes narrower as
m increases. This is a first indication that the Bayesian MEWMA model has the potential to give more accurate esti-
mates than the classical one.

The advantage of the newly proposed Bayesian control chart depends on the availability of historical data. However,
according to the literature, every statistical process monitoring (SPM) method including profile monitoring involves two
phases, namely, phase I and phase II. We would therefore argue that historical data (from phase I) can typically be
assumed to be available. In our work, we show that those data should not be ignored but can be used to define an
improved Bayesian control chart. In the classical approaches (like C_MEWMA), the phase I data are only used for
estimating the target values of the process parameters for later use in phase II. We show that the Bayesian framework
allows us to use the phase I data also when estimating the profile parameters for a new phase II sample. This does not
come with further expenses, as no new in‐control samples have to be taken.

We note that C_MEWMA control charts also require phase I data for estimating the target values of the process
parameters. Without phase I data, the target values for phase II would not be known.

The out‐of‐control performance of the B_MEWMA control chart compared with C_MEWMA is evaluated in terms of
the out‐of‐control average run length (ARL1) criterion under two types of shifts in the regression parameters:

1. Shifts in one single parameter, for which we distinguish the following three different shift types: (1a) from β01 to
β01+δ1σ1, or (1b) from β11 to β11+ϕ1σ1 or (1c) from σ1 to γ1σ1.

2. Simultaneous shifts of parameters, for which we distinguish the three different shift types: (2a) from (β01,β02) to
(β01+δ1σ1, β02+δ2σ2), or (2b) from (β11,β12) to (β11+ϕ1σ1, β12+ϕ2σ2) or (2c) from (σ1,σ2) to ( γ1σ1, γ2σ2).

Again, to ensure a fair comparison, the types and magnitudes of the shifts, which are considered in this paper, are
exactly the same as those studied by Eyvazian et al.40 The simulated ARL1 values for shifts in one single regression
TABLE 1 The values of the upper control limits (UCLs) and the standard deviations of the average

run lengths (ARLs) for the proposed B_MEWMA control chart based on historical data sets (HDSs) of

different sizes m based on known parameters

m UCL In‐Control ARL

15 19.15 200 ± 3.36

30 17.48 200 ± 2.97

100 17.27 200 ± 2.61

500 17.13 200 ± 2.49

2000 16.94 200 ± 1.79

Note. Results are averaged across 5000 independent data instantiations.
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parameter have been summarized in Tables 2–4. The performance of the B_MEWMA method for small values of m
(m = 15) is slightly worse than the performance of C_MEWMA, but for m ≥ 30 B_MEWMA, this trend changes.
B_MEWMA then becomes slightly superior to C_MEWMA. The empirical results also show the ARL1 decreases as
the size m of the HDS increases. For large m, the B_MEWMA scheme detects earlier that the parameters have been
shifted and the process is no longer in‐control. Although the ARL1 for m ≥ 30 is consistently smaller for B_MEWMA
method, the improvement is relatively small and so not necessarily of great practical relevance.

According to Eyvazian et al,40 detecting simultaneous shifts with the C_MEWMA control chart is not as easy as the
detection of single parameter shifts. Tables 5–7 show the simulated ARL1 values for simultaneous shifts, cf scenario (2)
above. For lack of space, we here report the results for m = 15, m = 30, and m = 500 only, but we note that we found
very similar trends for all other values of m.

It can be seen that the performance of the proposed B_MEWMA method is now significantly better than the perfor-
mance of the C_MEWMA method for m ≥ 30. However, similar to the previous results, it is observed that the detection
performance of B_MEWMA method is worse than C_MEWMA for small values of m (m = 15) under simultaneous
shifts. For m ≥ 30, B_MEWMA detects this type of shift much quicker and thus reaches significantly lower ARL1, espe-
cially for small to moderate shifts. For example, when δ1 = 0.4 and δ2 = 0.2, the ARL1 value of the proposed method
based on 30 samples of HDS is equal to 13.09, while the corresponding value for the classical approach is equal to
22.36. This amount of improvement with respect to the detection time of out‐of‐control samples can lead to substantial
reductions of the production costs for manufacturing companies. Another very interesting finding is the excellent
TABLE 2 The ARL1 values for shifts from β01 to β01+δ1σ1

δ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

0.2 20.19 17.31 16.32 16.47 16.15 17.33

0.4 7.17 5.41 5.30 5.21 4.98 5.42

0.6 5.19 3.33 3.31 3.18 3.10 3.36

0.8 2.49 2.41 2.37 2.26 2.16 2.45

1 2.16 2.04 2.00 1.97 1.95 2.06

1.2 2.08 1.85 1.77 1.58 1.53 1.88

1.4 1.73 1.55 1.53 1.47 1.36 1.58

1.6 1.44 1.24 1.22 1.12 1.11 1.24

1.8 1.10 1.06 1.05 1.03 1.02 1.06

2 1.09 1.00 1.00 1.00 1.00 1.01

TABLE 3 The ARL1 values for shifts from β11 to β11+ϕ1σ1

ϕ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

0.025 37.88 35.63 35.23 35.08 34.85 36.67

0.05 10.71 9.56 9.20 8.71 8.52 9.58

0.075 7.96 5.25 5.15 5.03 4.73 5.29

0.1 3.79 3.61 3.54 3.36 3.02 3.64

0.125 3.01 2.85 2.67 2.54 2.53 2.83

0.15 2.40 2.35 2.15 2.11 1.94 2.35

0.175 2.13 2.08 2.04 1.99 1.74 2.10

0.2 2.02 1.93 1.75 1.738 1.50 1.96

0.225 1.83 1.82 1.76 1.72 1.68 1.81

0.25 1.65 1.60 1.57 1.55 1.51 1.63



TABLE 4 The ARL1 values for shifts from σ1 to γ1σ1

γ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

1.2 45.63 42.17 41.93 41.23 39.34 42.76

1.4 15.78 14.43 14.27 14.08 13.23 15.03

1.6 7.87 7.47 7.33 6.86 6.26 7.61

1.8 5.39 4.69 4.53 4.33 4.14 4.88

2.0 3.61 3.20 3.03 2.85 2.18 3.54

2.2 3.03 2.63 2.50 2.33 1.86 2.75

2.4 2.33 2.24 2.14 2.02 1.65 2.27

2.6 2.19 1.83 1.81 1.68 1.41 1.94

2.8 1.84 1.63 1.50 1.47 1.34 1.70

3.0 1.65 1.53 1.31 1.26 1.20 1.57
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performance of the Bayesian control chart for simultaneous shifts in the SDs. The latter especially applies to small shifts.
For example, when ( γ1, γ2) = (1.2,1.2) and 30 samples are available in HDS, the ARL1 value of the C_MEWMA chart is
equal to 34.94, while this value decreases (improves) to 31.17 when the proposed Bayesian control chart (B_MEWMA) is
used. It can also be seen from Table 6 that the performance of the classical and Bayesian method both converge to 1 and
thus get similar for large shifts in SDs. Moreover, and similar to our earlier results, increasing the value of m consis-
tently leads to better detection performance of the B_MEWMA method. That is, the performance of the proposed
B_MEWMA control chart improves as the size of the HDS (from phase I) increases.

In order to assess the effect of the sample size n on the performances of the two control charts, we also perform sim-
ulation studies for the sample size n = 10. It is obvious that the values of UCL will change when increasing n. The UCL of
the C_MEWMA control chart for n = 10 is equal to 17.50. In addition, the UCLs of the B_MEWMA control chart for
n = 10 are summarized in Table 8. Table 8 shows that the UCLs are smaller than those obtained for n = 4. However, it
can also be seen that increasing n has only a minor effect not on the in‐control performance of both control charts. How-
ever, we expect that the detection performance of both methods improves when there are more samples in each profile.

We here focus our attention on shifts in one parameters. The results are summarized in Tables 9–11. The types and
the sizes of the shifts are the same as those studied earlier for the sample size n = 4. From the simulation results, it
becomes obvious that the trends do not change; ie, the trends for n = 10 do not differ from the trends that we have
observed for n = 4.

The results in Tables 9–11 show the following: When the value of n is set to 10, the detection performance of both
control charts clearly improves for shifts in β01 and β11. For example, the ARL1 value of C_MEWMA method for
δ1 = 0.2 is equal to 17.33 when n = 4, while the corresponding value is decreased to 7.66 for n = 10. Only for shifts
in σ1 the impact of n on the performance of control charts does not appear to be significant. For simultaneous shifts
and n = 10, we observed the same trends (empirical results not shown).

The above simulations results, for both control charts (C_MEWMA and B_MEWMA), were obtained under the
assumption that the true profile parameters (eg, B and Σε) are known. This has been a common assumption in most
of the related studies; see, for example, Abbas et al,48-50 Eyvazian et al,40 Kamranrad and Amiri,14 Kazemzadeh
et al,15 Khedmati and Niaki,16 Chiang et al,17 and Zhang et al.18

Following those earlier works, we obtained only one UCL value for the classical approach (see Table 1). We then con-
sidered different values of m to monitor this effect on the detection performance of the Bayesian control chart.

However, a more practical assumption could be that the profile parameters have to be estimated in phase I from m
in‐control samples. Then, the profile parameters in phase II are no longer equal to their true values but have to be

replaced by those estimates. For example, the true vector β in Equation 28 would have to be replaced by bβ ¼ ∑m
j¼1

bβj
m

.

In this situation, the UCL values of the classical control chart also depend on the values of m. On the basis of this
new assumption, we also run a simulation study. Table 12 shows the UCL values for the B_MEWMA and C_MEWMA



TABLE 5 The ARL1 values for simultaneous shifts from (β01, β02) to (β01+δ1σ1, β02+δ2σ2)

δ1

m = 15

δ2

0.2 0.4 0.6 0.8 1

0.2 C_MEWMA 63.35 22.55 10.59 6.25 4.58
B_MEWMA 89.94 28.11 13.34 8.93 6.53

0.4 C_MEWMA 22.36 16.83 10.19 6.32 4.52
B_MEWMA 37.83 19.94 11.66 7.94 5.56

0.6 C_MEWMA 10.19 9.05 8.31 6.23 4.82
B_MEWMA 13.35 11.80 9.63 7.12 5.33

0.8 C_MEWMA 6.45 6.33 6.28 5.45 4.58
B_MEWMA 7.17 8.54 7.10 5.95 5.24

1 C_MEWMA 4.53 4.81 4.56 4.50 4.02
B_MEWMA 7.03 6.67 5.28 4.76 4.18

δ1

m = 30

δ2

0.2 0.4 0.6 0.8 1

0.2 C_MEWMA 63.35 22.55 10.59 6.25 4.58
B_MEWMA 62.27 20.57 9.25 6.24 4.56

0.4 C_MEWMA 22.36 16.83 10.19 6.32 4.52
B_MEWMA 13.09 12.40 8.58 6.23 4.46

0.6 C_MEWMA 10.19 9.05 8.31 6.23 4.82
B_MEWMA 8.84 6.28 5.03 4.80 3.85

0.8 C_MEWMA 6.45 6.33 6.28 5.45 4.58
B_MEWMA 5.00 4.45 4.41 3.22 2.98

1 C_MEWMA 4.53 4.81 4.56 4.50 4.02
B_MEWMA 3.90 3.18 3.01 2.40 2.39

δ1

m = 500

δ2

0.2 0.4 0.6 0.8 1

0.2 C_MEWMA 63.35 22.55 10.59 6.25 4.58
B_MEWMA 60.15 18.08 8.91 6.19 4.42

0.4 C_MEWMA 22.36 16.83 10.19 6.32 4.52
B_MEWMA 12.61 11.59 7.57 5.12 4.15

0.6 C_MEWMA 10.19 9.05 8.31 6.23 4.82
B_MEWMA 7.51 5.0 4.96 4.175 3.19

0.8 C_MEWMA 6.45 6.33 6.28 5.45 4.58
B_MEWMA 4.75 4.38 4.16 3.06 2.59

1 C_MEWMA 4.53 4.81 4.56 4.50 4.02
B_MEWMA 3.54 2.83 2.68 2.38 2.11
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control charts on the basis of different values ofm to achieve the in‐control ARL of 200. The UCL values obviously differ
from the UCL values reported in Table 1. It can be seen from Table 12 that the UCLs of the Bayesian approach are
smaller than those of the classical method for m ≥ 30. This is because the Bayesian estimator has a lower variance.
In addition, it can be seen that the values of UCLs decrease as m increases.

We again compare the out‐of‐control performance of the two control charts B_MEWMA and C_MEWMA under
shifts in single parameter (including shifts in β01, β11, and σ1) in terms of the ARL1 criterion. The magnitudes and types



TABLE 6 The ARL1 values for simultaneous shifts from (β11,β12) to (β11+ϕ1σ1, β12+ϕ2σ2)

ϕ1

m = 15

ϕ2

0.025 0.05 0.075 0.1 0.125

C_MEWMA 106.41 45.05 23.81 11.48 7.33
B_MEWMA 129.29 53.31 27.62 13.55 8.96

0.05 C_MEWMA 47.01 37.42 21.02 12.23 8.36
B_MEWMA 58.30 42.19 23.54 12.92 8.75

0.075 C_MEWMA 20.57 20.17 16.13 11.52 8.34
B_MEWMA 23.06 22.42 17.53 12.02 8.59

0.1 C_MEWMA 11.76 12.21 11.48 9.72 7.75
B_MEWMA 12.98 12.63 12.26 10.14 7.83

0.125 C_MEWMA 7.94 8.83 8.34 7.69 6.63
B_MEWMA 8.72 8.69 8.42 8.00 6.75

ϕ1

m = 30

ϕ2

0.025 0.05 0.075 0.1 0.125

0.025 C_MEWMA 106.41 45.05 23.81 11.48 7.33
B_MEWMA 102.32 44.37 20.69 11.38 7.15

0.05 C_MEWMA 47.01 37.42 21.02 12.23 8.36
B_MEWMA 26.67 26.07 16.8 9.20 6.83

0.075 C_MEWMA 20.57 20.17 16.13 11.52 8.34
B_MEWMA 16.44 11.26 8.68 8.21 6.26

0.1 C_MEWMA 11.76 12.21 11.48 9.72 7.75
B_MEWMA 8.59 7.41 7.41 5.01 4.65

0.125 C_MEWMA 7.94 8.83 8.34 7.69 6.63
B_MEWMA 6.26 5.01 4.64 3.59 3.57

ϕ1

m = 500

ϕ2

0.025 0.05 0.075 0.1 0.125

C_MEWMA 106.41 45.05 23.81 11.48 7.33
B_MEWMA 97.14 40.58 16.14 9.18 6.09

0.05 C_MEWMA 47.01 37.42 21.02 12.23 8.36
B_MEWMA 24.64 21.52 14.69 7.03 5.06

0.075 C_MEWMA 20.57 20.17 16.13 11.52 8.34
B_MEWMA 14.64 9.18 7.65 5.05 4.68

0.1 C_MEWMA 11.76 12.21 11.48 9.72 7.75
B_MEWMA 7.50 6.33 6.242 4.23 3.19

0.125 C_MEWMA 7.94 8.83 8.34 7.69 6.63
B_MEWMA 5.25 4.78 4.10 3.14 2.43
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of the shifts are identical to those that we have used in the earlier simulation studies (see Tables 2–4). The simulated
ARL1 values are summarized in Tables 13–15. The new results are consistent with our pervious simulation results.
Consistently, the detection performance for the Bayesian control chart is superior to the detection performance of the
classical chart. Particularly for small shifts, the detection performance is substantially improved. Also, it can be seen
that the performances of both control charts improve as m increases. This is not surprising, as m is the number of phase
I in‐control samples. Similar to the earlier results, the classical control chart performs better than the Bayesian method
for m = 15. For example, according to Table 13, for δ1 = 0.2 and m = 15, the ARL1 value of the B_MEWMA method is



TABLE 7 The ARL1values for simultaneous shifts from (σ1,σ2) to ( γ1σ1, γ2σ2)

γ1

m = 15

γ2

1.2 1.4 1.6 1.8 2

1.2 C_MEWMA 34.94 9.76 4.38 2.45 1.64
B_MEWMA 48.17 17.24 6.19 3.84 2.91

1.4 C_MEWMA 1.49 1.32 1.19 1.10 1.06
B_MEWMA 3.64 2.18 2.02 1.52 1.13

1.6 C_MEWMA 1.04 1.02 1.01 1.01 1.00
B_MEWMA 1.11 1.08 1.06 1.03 1.01

1.8 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.09 1.05 1.02 1.01 1.00

2 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.01 1.00 1.00 1.00 1.00

γ1

m = 30

γ2

1.2 1.4 1.6 1.8 2

1.2 C_MEWMA 34.94 9.76 4.38 2.45 1.64
B_MEWMA 31.17 8.65 3.19 2.27 1.43

1.4 C_MEWMA 1.49 1.32 1.19 1.10 1.06
B_MEWMA 1.30 1.26 1.12 1.08 1.00

1.6 C_MEWMA 1.04 1.02 1.01 1.01 1.00
B_MEWMA 1.03 1.02 1.00 1.00 1.00

1.8 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.00 1.00 1.00 1.00 1.00

2 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.00 1.00 1.00 1.00 1.00

γ1

m = 500

γ2

1.2 1.4 1.6 1.8 2

1.2 C_MEWMA 34.94 9.76 4.38 2.45 1.64
B_MEWMA 26.73 7.41 2.95 2.17 1.22

1.4 C_MEWMA 1.49 1.32 1.19 1.10 1.06
B_MEWMA 1.25 1.18 1.07 1.02 1.00

1.6 C_MEWMA 1.04 1.02 1.01 1.01 1.00
B_MEWMA 1.01 1.00 1.00 1.00 1.00

1.8 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.00 1.00 1.00 1.00 1.00

2 C_MEWMA 1.00 1.00 1.00 1.00 1.00
B_MEWMA 1.00 1.00 1.00 1.00 1.00
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133.77, while the corresponding value of C_MEWMA is equal to 78.00. However, the Bayesian method becomes the
superior method for all higher m values (m ≥ 30), especially for small shifts. For example, according to Table 14, for
ϕ1 = 0.05 andm = 30, the ARL1 value of the B_MEWMA method is 12.44, while the corresponding value of C_MEWMA
is 14.04. This shows the quicker detection performance of the Bayesian method. For simultaneous shifts, we observed
exactly the same trends (empirical results not shown).



TABLE 8 The upper control limits (UCLs) of B_MEWMA control chart when n = 10

m UCL

15 18.09

30 17.40

100 17.24

500 17.11

2000 16.92

TABLE 9 The ARL1 values for shifts from β01 to β01+δ1σ1 when n = 10

δ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

0.2 8.53 7.58 7.52 7.11 7.02 7.66

0.4 3.29 3.13 3.09 2.86 2.73 3.16

0.6 2.18 2.07 2.00 1.92 1.86 2.11

0.8 1.83 1.70 1.65 1.59 1.49 1.77

1 1.35 1.25 1.21 1.18 1.15 1.27

1.2 1.03 1.00 1.00 1.00 1.00 1.02

1.4 1.00 1.00 1.00 1.00 1.00 1.00

1.6 1.00 1.00 1.00 1.00 1.00 1.00

1.8 1.00 1.00 1.00 1.00 1.00 1.00

2 1.00 1.00 1.00 1.00 1.00 1.00

TABLE 10 The ARL1 values for shifts from β11 to β11+ϕ1σ1 when n = 10

ϕ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

0.025 12.51 11.33 11.17 11.05 10.88 11.39

0.05 4.31 4.12 4.09 4.01 3.84 4.16

0.075 2.72 2.57 2.52 2.45 2.30 2.63

0.1 2.10 2.01 1.96 1.92 2.03 2.06

0.125 1.86 1.80 1.66 1.60 1.56 1.81

0.15 1.50 1.36 1.31 1.27 1.22 1.40

0.175 1.12 1.06 1.02 1.00 1.00 1.09

0.2 1.02 1.00 1.00 1.00 1.00 1.00

0.225 1.00 1.00 1.00 1.00 1.00 1.00

0.25 1.00 1.00 1.00 1.00 1.00 1.00
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7 | DISCUSSION

The main motivation for using Bayesian estimators is to obtain more accurate estimates of the model. In this section, we
elucidate how the newly proposed Bayesian approach differs from the frequentist's approach.

For m > 30, the Bayesian approach yields smaller UCL values than the classical approach. This shows that there is
less variance in the Bayesian statistic, proposed in Equation 29. The smaller UCL values can lead to quicker detections
of out‐of‐control samples.

The smaller ARL1 values of the Bayesian method (see Tables 2–8) indicate that the proposed Bayesian control chart
has a better detection performance. We are convinced that the simulated performance metric (ARL1) is a strong tool to



TABLE 11 The ARL1 values for shifts from σ1 to γ1σ1 when n = 10

γ1

B_MEWMA

C_MEWMAm = 15 m = 30 m = 100 m = 500 m = 2000

1.2 51.92 42.27 41.16 40.28 37.19 42.54

1.4 16.31 14.36 14.10 14.02 12.62 14.42

1.6 8.42 7.34 7.27 6.53 6.17 7.58

1.8 5.17 4.55 4.48 4.12 4.10 4.83

2.0 3.79 3.13 3.00 2.77 2.11 3.50

2.2 2.96 2.52 2.42 2.29 1.82 2.71

2.4 2.36 2.17 2.02 1.96 1.60 2.24

2.6 2.00 1.82 1.71 1.57 1.35 1.92

2.8 1.76 1.54 1.45 1.40 1.32 1.70

3.0 1.58 1.50 1.27 1.22 1.16 1.53

TABLE 12 The values of the upper control limits (UCLs) for the Bayesian and classical control

chart when the process parameters are estimated on the basis of historical data set of size m

m UCLBayesian UCLClassical

15 29.70 27.95

30 20.65 22.02

100 17.64 17.89

500 17.38 17.76

2000 (∞) 16.94 17.55

TABLE 13 The ARL1 values for shifts from β01 to β01+δ1σ1 when the process parameters are estimated on the basis of historical data set of

size m

δ1

B_MEWMA C_MEWMA

m = 15 m = 30 m = 100 m = 500 m = ∞ m = 15 m = 30 m = 100 m = 500 m = ∞

0.2 133.77 26.10 17.39 16.99 16.15 78.00 31.06 18.07 17.66 17.33

0.4 10.39 6.47 5.50 5.41 4.98 9.06 6.85 5.61 5.57 5.42

0.6 5.02 3.75 3.35 3.31 3.10 4.63 3.89 3.42 3.39 3.36

0.8 3.44 2.70 2.46 2.45 2.16 3.24 2.82 2.48 2.47 2.45

1 2.67 2.17 2.05 2.04 1.95 2.55 2.24 2.06 2.06 2.06

1.2 2.18 1.97 1.86 1.85 1.53 2.11 1.99 1.91 1.89 1.88

1.4 2.00 1.79 1.57 1.56 1.36 1.97 1.83 1.61 1.58 1.58

1.6 1.93 1.46 1.25 1.22 1.11 1.87 1.56 1.26 1.24 1.24

1.8 1.72 1.15 1.05 1.04 1.02 1.59 1.23 1.06 1.05 1.06

2 1.38 1.02 1.00 1.00 1.00 1.27 1.04 1.00 1.00 1.00
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empirically show that the Bayesian method is more effective than the classical one. Simulation studies, making use of
popular performance metrics, are a widely applied method to cross‐compare competing methods. Comparable simula-
tion performance metrics are typically used when one cannot analytically prove or show that a new method performs
better than the competing method. Several authors, such as Abbas et al48-50 and Riaz et al,51 have recently shown in



TABLE 14 The ARL1 values for shifts from β11 to β11+ϕ1σ1 when the process parameters are estimated on the basis of historical data set of

size m

ϕ1

B_MEWMA C_MEWMA

m = 15 m = 30 m = 100 m = 500 m = ∞ m = 15 m = 30 m = 100 m = 500 m = ∞

0.025 182.42 65.93 37.33 36.24 34.85 146.22 100.09 38.56 37.78 36.67

0.05 16.29 12.44 9.80 9.61 8.52 15.12 14.04 10.10 9.73 9.58

0.075 9.24 6.17 5.32 5.22 4.73 8.61 6.53 5.45 5.34 5.29

0.1 5.60 4.13 3.67 3.65 3.02 5.27 4.35 3.75 3.72 3.64

0.125 4.06 3.17 2.88 2.85 2.53 3.91 3.33 2.92 2.89 2.83

0.15 3.26 2.62 2.40 2.37 1.94 3.16 2.73 2.43 2.39 2.35

0.175 2.76 2.23 2.11 2.10 1.74 2.65 2.32 2.14 2.12 2.10

0.2 2.36 2.03 1.94 1.93 1.50 2.28 2.07 1.96 1.96 1.96

0.225 2.11 1.94 1.82 1.78 1.68 2.07 1.98 1.85 1.83 1.81

0.25 2.01 1.82 1.63 1.60 1.51 2.00 1.88 1.65 1.63 1.63

TABLE 15 The ARL1 values for shifts from σ1 to γ1σ1 when the process parameters are estimated on the basis of historical data set of

size m

γ1

B_MEWMA C_MEWMA

m = 15 m = 30 m = 100 m = 500 m = ∞ m = 15 m = 30 m = 100 m = 500 m = ∞

1.2 162.88 80.53 43.76 42.22 39.34 134.53 113.41 47.06 43.51 42.76

1.4 61.22 21.38 14.79 14.76 13.23 53.88 24.83 15.57 15.41 15.03

1.6 20.35 9.83 7.65 7.64 6.26 18.48 11.42 7.86 7.68 7.61

1.8 10.50 6.19 4.95 4.87 4.14 9.49 6.75 5.07 4.95 4.88

2.0 6.84 4.34 3.62 3.49 2.18 6.15 4.58 3.65 3.63 3.54

2.2 4.77 3.23 2.74 2.75 1.86 4.47 3.41 2.81 2.79 2.75

2.4 3.66 2.57 2.29 2.25 1.65 3.49 2.78 2.31 2.27 2.27

2.6 2.96 2.20 1.92 1.88 1.41 2.84 2.36 2.00 1.98 1.94

2.8 2.50 1.87 1.68 1.69 1.34 2.38 1.99 1.75 1.73 1.70

3.0 2.20 1.68 1.57 1.53 1.20 2.09 1.77 1.57 1.57 1.57
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related works that Bayesian control charts (eg, for monitoring simple linear profile) have a superior performance. They
have shown this empirically by reporting simulation study results in their papers. In those papers, we could not find any
theoretical reasoning or explanations where the improved performance mathematically comes from. Although we feel
that we cannot provide a proper theoretical explanation, we try to shed some light onto this issue.

Let us assume that m in‐control samples are available (=historical data) and that we select the noninformative priors:

ΛHDS
0 ¼ I and BHDS

0 ¼ 0: We build a large design matrix, where the matrix X appears m times

X

⋮
X

264
375 and also the cor-

responding response of the form of

Y1

⋮
Ym

264
375. The resulting posterior parameters (updates of ΛHDS

0 and BHDS
0 ) are then

ΛHDS
n ¼ XT; ⋯ ; XT

� �
X;…;X½ �TþI; (31)
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BHDS
n ¼ XT; ⋯;XT � X;…;X½ �T þ IÞ −1 XT; ⋯; XT � Y1

T;…;Ym
T

� �T
:

hh�
(32)

These equations can be rewritten as follows:

ΛHDS
n ¼ mXT Xþ I; (33)

BHDS
n ¼ mXT Xþ I

� �−1
XTY1 þ …þ XTYm
� �

: (34)

Therefore, we obtain

ΛHDS
n BHDS

n ¼ XTY1 þ …þ XTYm
� �

: (35)

Only in phase I, we use noninformative priors for the profile parameters. In phase I, the resulting posterior expecta-
tion for regression coefficients is thus very similar to the frequentist's counterpart. In phase I, the Bayesian estimator for
the unknown regression coefficients using noninformative priors is given by Equation 34, while the classical estimator is
obtained by Equation 6. The major innovative idea is to use the posterior parameters (obtained from phase I) as infor-
mative priors when applying the same Bayesian model to a new sample in phase II. The uninformative hyper‐
parameters B0 = 0 and Λ0 = I are then replaced by the informative hyper‐parameters. As proposed, we now use the
posterior parameters as prior hyper‐parameters for the newly data sample in phase II (Ynew). This yields

bβ b ¼ vec bBb
� �

¼ XTXþ ΛHDS
n

� �−1
XTYnew þ ΛHDS

n BHDS
n

� �
β̂
b

¼ XT XþmXT Xþ I
� �−1

XTYnew þ XTY1 þ …þ XTYm
� �� �

β̂
b

¼ mþ 1ð ÞXT Xþ I
� �−1

XTYnew þ XTY1 þ …þ XTYm
� �� �

β̂
b

¼ mþ 1ð ÞXT Xþ I
� �−1

XTYnew þ mþ 1ð ÞXT Xþ I
� �−1

XTY1 þ …þ XTYm
� �

(36)

As a result, we have

bβb ¼ 1
mþ 1

XT Xþ 1
mþ 1

I
� �−1

XTYnew þ 1
mþ 1

XT Xþ 1
mþ 1

I
� �−1

XTY1 þ …þ XTYm
� �

; (37)

and finally,

bβ b ¼ 1
mþ 1

XT Xþ 1
mþ 1

I
� �−1

XTYnew þ m
mþ 1

XT Xþ 1
mþ 1

I
� �−1 1

m
XTY1 þ …þ XTYm
� �

(38)

From the last line, it can be seen that the Bayesian estimator (posterior expectation) is effectively a mean:

bβb ¼ 1
mþ 1

∑m
i¼0 XT Xþ 1

mþ 1
I

� �−1

XTYi where Y0 ¼ Ynew (39)

When distinguishing between the historical and the new data, we have a weighted average. The weight
1

mþ 1
goes to

the new sample (Ynew). The weight
m

mþ 1
goes to the (average) historical data, Y1, … ,Ym. So the newly proposed Bayes-

ian estimator is of the form

bβb¼pbβHDSþ 1 − pð Þbβnew data
; (40)

where bβHDS
denotes the vector of estimated regression coefficients on the basis of HDS data and bβnew data

denotes the
vector of estimated regression coefficients on the basis of the new sample taken in phase II. We now know that the
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mixture weight is p ¼ m
mþ 1

. For simplification, we now assume that λ = 1 in the chart statistic in Equation 28. By plug-

ging Equation 40 into the chart statistic, we get

T2
zb ¼ β− pbβHDSþ 1−pð Þbβnew data� �� �T

Σ−1
zb β − pbβHDSþ 1 − pð Þbβnew data� �� �

: (41)

Multiplying this out gives a long expression with nine terms that can be summarized to

T2
zb ¼ βTΣ −1

zb
βþ p2 bβHDS� �T

Σ−1
zb
bβHDS þ 1−pð Þ2 bβnew data� �T

Σ−1
zb
bβnew data

þ 2p 1 − pð Þ bβHDS� �T
Σ−1
zb
bβnew data

− 2p bβHDS� �T
Σ−1
zb β − 2 1 − pð Þbβnew data

Σ−1
zb β (42)

It can be seen that Equation 42 possesses cross‐product terms that do not appear in the classical frequentist's (non‐
Bayesian) chart statistic. Without historical data (prior knowledge), one only gets

T2
z ¼ β−bβnew data� �T

Σ
−1

zb
β − bβnew data� �

¼ βTΣ−1
zb βþ bβnew data� �T

Σ−1
zb
bβnew data

− 2βTΣ−1
zb
bβnew data

: (43)

When comparing Equation 42 with Equation 43, it becomes obvious that the Bayesian approach yields different
cross‐product terms and also assigns different weights to them. In particular, there is a cross‐product, where the histor-
ical (in‐control) estimator “meets” the new estimator. And depending on the process situation, the new estimator might
either refer to a new in‐control sample or refer to a new out‐of‐control sample. It is hard to show analytically that the
difference between Equations 42 and 43 leads to an improvement. We therefore followed Abbas et al48-50 and Riaz et al51

and performed extensive simulation studies to empirically cross‐compare the performances of the newly proposed
method (B_MEWMA) and the state‐of‐the art method (C_MEWMA). This way we found empirical evidence that
B_MEWMA (making use of Equation 42) detects out‐of‐control samples significantly earlier than C_MEWMA (which
makes use of Equation 43).
8 | A CASE STUDY OF AERODYNAMIC FORCES

We now compare the two models on calibration data from the NASA LaRC. This example was introduced by Parker
et al59 and also used by Eyvazian et al.40 The goal is to model the relationship between q = 6 explanatory variables,
including three aerodynamic forces and three moments, namely, the normal force (NF), the axial force (AF), the side
force (SF), the pitching moment (PM), the rolling moment (RM), and the yawing moment (YM). The electrical measure-
ments of these p = 6 forces and moments are the response variables, which are correlated. As each response variable
depends on all six explanatory variables, the relationships between the response and explanatory variables can be
described by an MML regression model.

Given the in‐control situation, the relationships between the response and explanatory variables are as follows:

Y 1 ¼ −0:05þ 10x1 − 0:01x2 − 0:03x3 þ 0:26x4 þ 0x5 þ 0:03x6 þ ε1;

Y 2 ¼ 0:48þ 0:24x1 þ 21:01x2 − 0:09x3 þ 0:03x4 − 0:12x5 þ 0:01x6 þ ε2;

Y 3 ¼ 0:37þ 0:09x1 þ 0:01x2 þ 6:81x3 þ 0:04x4 þ 0:02x5 − 0:03x6 þ ε3;

Y 4 ¼ 0:04þ 0x1 þ 0x2 þ 0x3 þ 10:53x4 − 0:47x5 þ 0:21x6 þ ε4;

Y 5 ¼ 0:09 − 0:021x1 þ 0x2 þ 0:01x3 þ 0:02x4 þ 7x5 − 0:34x6 þ ε5;

Y 6 ¼ 0:09þ 0:04x1 þ 0x2 − 0:01x3 þ 0:18x4 − 0:34x5 þ 11:46x6 þ ε6:

(44)



(A)

(B)

FIGURE 3 Aerodynamic forces calibration data: C_MEWMA vs the proposed B_MEWMA control chart for shifts from β12 = 0.24 to

β12 = 0.4. On average, C_MEWMA needs one more sample to go beyond the upper control limit (dotted horizontal line)

TABLE 16 The values of explanatory variables used for aerodynamic forces calibration data26

Observation x1 x2 x3 x4 x5 x6

1 0.0 0.0 0.0 0.0 0.0 0.0

2 −68.5 19.2 −106.5 43.5 54.0 26.9

3 −62.1 19.2 −96.5 37.8 −49.7 −39.5

4 −61.7 −21.8 −97.0 39.6 46.9 38.7

5 −68.4 −19.3 −107.4 42.1 −54.2 −27.0

6 68.5 −19.3 106.6 −43.5 −53.8 −26.7

7 61.1 −22.2 94.9 −37.2 47.9 39.5

8 62.1 20.8 97.6 −39.8 −47.4 −38.7

9 0.0 0.0 0.0 0.0 0.0 0.0

10 −68.4 19.3 107.3 42.0 54.5 −27.2

11 −60.5 22.4 95.1 38.8 −48.9 40.3

12 −61.1 −22.3 95.0 37.2 47.6 −39.3

13 −68.5 −19.0 106.5 43.4 −54.2 27.1

14 68.7 −19.1 −107.8 −42.2 −53.4 26.5

15 61.5 −21.6 −96.7 −39.4 47.7 −39.2

16 61.6 22.4 −95.7 −37.5 −46.2 38.5
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FIGURE 4 Aerodynamic forces calibration data: C_MEWMA vs the proposed B_MEWMA control chart for simultaneous shifts from

β12 = 0.24 and β13 = 0.09 to β12 = 0.4 and β13 = 0.12, respectively. Here, C_MEWMA requires on average two more samples, before it

crosses the upper control limit (dotted horizontal line)
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In addition, the known covariance matrix for the error terms is as follows:

Σε¼

99 14 17 22 18 15

14 94 20 24 18 15

17 20 91 27 11 22

22 24 27 104 20 21

18 18 11 20 101 19

15 15 22 21 19 90

26666666664

37777777775
: (45)

For this application, there are 16 different possible explanatory variable vectors; see Table 16 for an overview.
We applied both control charts (C_MEWMA and the proposed B_MEWMA chart) to monitor the performance.

According to the earlier results in Section 6, we expect that the B_MEWMA control chart performs better than
C_MEWMA when an HDS with at least 30 samples is available. To achieve in‐control ARL of around 200, we have
to set the UCLs of the B_MEWMA and the C_MEWMA control chart to 67.25 and 68, respectively.

We generate 5000 data sets, using the MML model in Equation 44, where each data set includes 30 samples, with the
first nine samples being in‐control and the remaining 21 samples being generated under sustained shifts. For each data
set, we compute the chart statistic, and we compare the two methods in terms of the average chart statistic (averaged
across the 5000 individual results). We monitor the chart statistics along the 30 samples.

Two types of shifts were considered for this example: first, a shift in the regression coefficient of the second regression
profile from β12 = 0.24 to β12 = 0.4 and second, a simultaneous shift from β12 = 0.24 and β13 = 0.09 to β12 = 0.4 and
β13 = 0.12, respectively.

For each sample, we compute the chart statistic, and we plot the control chart statistics (vertical axis) against the
sample index (horizontal axis).
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Figure 3 shows the performances of the classical (A) and the Bayesian (B) control chart for shifts in one single param-
eter. It can be seen that the performances of both methods are relatively similar in this case; however, the B_MEWMA
control detects the shift at the 11th sample, while classical method detects the shift at the 12th sample, which shows that
the Bayesian approach performs again slightly better than the competing approach.

In the case of simultaneous shifts, the superiority of the proposed B_MEWMA method is more substantial. Figure 4
shows that B_MEWMA control chart detects the out‐of‐control status at sample 12th, while the first signal of
C_MEWMA control chart detects it at sample 14th.
9 | CONCLUSIONS AND FURTHER DISCUSSION

In this paper, we have proposed a new MEWMA control chart. The new control chart is based on a Bayesian MML
regression model and can be used in phase II. This method is an extension of the MEWMA approach proposed by
Eyvazian et al,40 and we have referred to it as Bayesian MEWMA (B_MEWMA) control chart. Our work has been moti-
vated by the study from Abbas et al,48 in which a Bayesian EWMA approach was developed for monitoring simple linear
profiles and turned out to lead to a significant improvement. We followed Abbas et al48 and used conjugate priors for the
unknown model parameters. Proper selections of the hyper‐parameters are very important in Bayesian models to avoid
biased posterior results and erroneous conclusions. Since HDSs (eg, from phase I) are usually available, we have pro-
posed to exploit phase I data to determine suitable values for the hyper‐parameters of the priors of the Bayesian models
that are used in phase II.

Throughout the paper, we have compared the performance of the newly proposed B_MEWMA control chart with the
classical MEWMA (C_MEWMA) control chart. For the comparison, we have used the out‐of‐control ARL criterion. For
our simulation studies, we have distinguished two types of sustained shifts: (1) shifts in one single parameter and (2)
simultaneous shifts in multiple parameters. According to the literature, the performance of classical MEWMA control
chart in detection of simultaneous shifts is not as good as for shifts in one single parameter. Our empirical results in
Section 6 have shown that the proposed new B_MEWMA control chart does not only lead to a slightly better perfor-
mance for single parameter shifts but also lead to a substantial improvement for simultaneous shifts.

We have also applied both approaches (C_MEWMA and the proposed B_MEWMA chart) to a real‐world calibration
problem from the NASA LaRC (Section 8). The results were consistent with our earlier results, and they again confirm
the superiority of the newly proposed B_MEWMA control chart in detecting out‐of‐control situations.

In this study, we have focused on the MML regression model, the MEWMA control chart, and the average run length
(ARL1) to detect out‐of‐control states. In our future research, we will study alternative control charts and develop novel
Bayesian models for them.
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APPENDIX

A: COVARIANCE MATRIX OF BAYESIAN ESTIMATOR OF REGRESSION PARAMETERS

Assume that ykj is the n × 1 vector of the jth response variable for the kth sample. Then Σhj is equal to cov bβbkh;bβbkj� �
and

cov bβbkh;bβbkj� �
¼ cov XTXþ Λ0

� �−1
XTykh þ Λ0B0
� �

; XTXþ Λ0
� �−1

XTykj þ Λ0B0

� �h i
¼ XTXþ Λ0

� �−1
XT cov ykh; ykj

� �
XTXþ Λ0
� �−1

XT
h iT

¼ XTXþ Λ0
� �−1

XT σhjI
� �

XTXþ Λ0
� �−1

XT
h iT

¼ σhj XTXþ Λ0
� �−1

XTI XTXþ Λ0
� �−1

XT
h iT

¼ σhj XTXþ Λ0
� �−1

XT XTXþ Λ0
� �−1

XT
h iT

¼ σhj XTXþ Λ0
� �−1

XTX XTXþ Λ0
� �−1� �T

;

(A1)

Consequently, we have

cov bβbkh;bβbkj� �
¼ σhj XTXþ Λ0

� �−1
XTX XTXþ Λ0

� �−1� �T
: (A2)

Hence,

Σβ̂bk
¼

σ11Δ σ12Δ ⋯ σ1pΔ

σ21Δ σ22Δ ⋯ σ2pΔ

⋮ ⋮ ⋱ ⋮
σp1Δ σp2Δ ⋯ σppΔ

26664
37775; (A3)

or equivalently,
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Σβ̂bk
¼ Σε⊗Δ; (A4)

where Δ = (XTX+Λ0)
−1XTX((XTX+Λ0)

−1)T is a symmetric (q+1) × (q+1) matrix.




