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a b s t r a c t

In the inventory management of automated teller machines (ATMs) many activities affect the total costs,

such as forecasting, replenishments and the denomination mix used. The denomination mix is the com-

bination of bills used to fulfill a customer’s demand. We investigate whether allowing the denomination

mix to vary over time based on the forecast withdrawals at an ATM reduces actual operating costs of an

ATM. To verify this, we propose a time-varying denomination mix strategy, which is validated by bench-

marking it against the case of a bank’s denomination mix strategy. The bank’s predetermined strategy

typically consists of a least note strategy or a one-smallest strategy. In all strategies we simultaneously

optimize denomination mixes and replenishment decisions. We define the problem and solution strate-

gies as mixed integer programming formulations and solve them via a rolling horizon algorithm using

different frequencies of denomination mix updates, rolling horizon lengths, numbers of ATMs, cost pa-

rameters, and forecast qualities. By implementing the time-varying denomination mix, we show that the

operational costs of managing an ATM can be reduced by 21% or €153.77 per ATM per month on average,

which can represent over €10 million per year in the Netherlands only.

© 2019 Elsevier Ltd. All rights reserved.
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. Introduction

This paper considers the inventory management problem of de-

ermining the denomination mix that arises in an automated teller

achine (ATM) network. Common decisions faced in ATM research

re the replenishment frequency and quantities of each of the de-

ominations (Larrain et al., 2017; van Anholt et al., 2016; West-

and, 2002). These can be varied in order to minimize replenish-

ent, holding and lost-sales costs. Replenishment costs are those

ncurred because ATMs need to be replenished, such as fuel costs

nd driver wages. The holding costs can represent missed interest

hat could not be made from the money stored in the ATM. Lastly,

e refer to lost-sales as the costs occurring when an ATM can-

ot satisfy the requested amount due to depletion of one or more

enominations. This is not necessarily a complete stock-out, since

ther demanded withdrawals could still be available.
∗ Corresponding author at: Canada Research Chair in Integrated Logistics and CIR-

ELT, Université Laval, Québec, Canada.
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In order to fulfill a withdrawal, a denomination mix is neces-

ary. This is the combination of bills used to fulfill a customer’s de-

and. For instance, when a customer requests €50, there are sev-

ral possible denomination mixes. One bill of €50 could be used,

wo bills of €20 and one of €10, 5 bills of €10, or any other com-

ination totaling €50. This situation is depicted in Fig. 1. Which of

hese is chosen influences the inventory of the ATM and, subse-

uently, the replenishment quantities and frequency as well. Usu-

lly this denomination mix is assumed to be predetermined by the

ank for each value a customer could demand. However, we expect

hat varying the denomination mix can have a significant impact

n all three types of costs. If, for instance, an ATM always runs out

f €50 notes, it could be beneficial to satisfy some demands with

otes of €10 instead. This would then also reduce lost-sales costs,

n top of decreasing replenishment costs. These are lost-sales since

demand is refused if there is no denomination mix in stock to

ompletely satisfy this demand. The decrease in the number of re-

lenishments could also reduce the overall inventory by allowing

n ATM to operate for a longer period without replenishments, re-

ucing the cash cycle and having a more cost-effective operation

EPC, 2018; Eurosystem, 2016). Recent opportunities in cash man-

gement allow the implementation of solutions that exploit this

pportunity to reduce costs by varying the denomination mix.

https://doi.org/10.1016/j.cor.2019.104828
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Fig. 1. Selecting a denomination mix, ATM icon courtesy of www.flaticon.com.
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Such an opportunity arises for our industry partner Geldmaat

(formerly Geldservice Nederland NOS (2018)) in the Netherlands to

implement such solutions. Geldmaat is a joint venture owned by

the three largest banks and is responsible for cash distribution and

ATM maintenance in the Netherlands. The company stands before

a major operation of merging three ATM networks into one. Not

only is the objective to optimize and standardize back-office pro-

cesses, also the number and distribution of ATMs in the country is

optimized, leading to fewer ATMs with higher coverage. However,

having fewer ATMs also implies that ATMs will be used more fre-

quently, requiring more replenishments. Therefore, it is even more

important that all denominations remain available just before run-

ning low on inventory. According to the company implementing a

smart denomination mix is a prerequisite to the optimization of

the merged ATM network.

This major operation is an example of coping with the trend

where increasingly less cash is used in the Netherlands. This cre-

ates a dependence on technology, which can be difficult especially

for the elderly. In the Dutch national politics a debate will be held

on the importance of access to cash from ATMs (Hoekstra, 2018).

Reducing the costs of ATM inventory management will simplify

this access. This is in line with the policy of the Dutch National
Fig. 2. Number of cashless transactions and number of card per capita in the Euro area,

the European Central Bank Statistical Warehouse.
ank which states that because of the reduced amount of cash

ayments, maximum efficiency is needed to ensure cash can still

lay its role in current society (De Nederlandsche Bank, 2018). In

ountries with high use of cash as a payment instrument, such

s Austria, the pressure on cash logistics is even higher. In Aus-

ria, transactions of less than €10 are paid in cash 92.4% of the

imes; for transactions between €10 and €20 this figure is 87.6%,

ecreasing to 77.6% for transactions between €20 and €50, 59.5%

or payments of €50–€100, and still high at 47.2% for transactions

f value higher than €100 (Rusu and Stix, 2016). In that country,

1.8% of the transactions were paid by cash, for a value share of

4.9% in 2016 (Rusu and Stix, 2016). Fig. 2 shows the number of

ashless transactions and number of cards per capita in the Euro

one.

In this paper, we propose a model taking into account each of

hese aspects and analyze the effect of denomination mixes on

he different types of costs and inventory. Varying denomination

ixes have not yet been extensively covered, even though Paul and

ukherjee (2010) mention that determining the optimal mix of

enominations to satisfy demands is one of the biggest problems

anks are facing. By having several options, one can skew the de-

and for a particular denomination leading to short supply, and

ostpone or even reduce the frequency of visits to ATMs, signifi-

antly reducing costs.

Inventory and distribution management for ATMs have been

ointly studied as an inventory-routing problem (IRP) (Coelho et al.,

014b). IRPs have been explicitly applied to ATM management

Kurdel and Sebestyénová, 2013; Larrain et al., 2017; Van An-

olt, 2014). In addition to the IRP, demand forecasting for

TMs has been covered in, for instance, Van Anholt (2014) and

anketesh et al. (2014). Moreover, the combination of these two

spects has been covered in Ekinci et al. (2015), where time in-

ervals between two replenishments are determined using a fore-

ast dependent on clusters of nearby ATMs. Furthermore, inventory

anagement in the case of lost-sales has been covered extensively

Bijvank and Vis, 2011).

Although the literature on optimization of denomination mixes

or ATMs is scarce, industry is very active in this field, with
2016. Source: European Payments Council document #EPC115-18, with data from

http://www.flaticon.com
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umerous patents on ATM technology being registered in the

ast few years, e.g., Colvin et al. (2014), Huang et al. (2014),

esely (2011). Policies similar to varying the denomination mix

ave been used in different fields with promising results. For in-

tance, in Bassok et al. (1999) a similar form of firm-driven sub-

titution of different products is used. In that case, the benefits of

llowing substitution are greater when the demand variability is

igh and substitution costs are low.

Determining the replenishment quantities while simultaneously

etermining the denomination mixes is comparable to the lot-

izing problem with a flexible bill-of-materials, which is consid-

red in Lang (2010). In the case of ATMs many different with-

rawal sizes (products in lot-sizing terminology) are considered

here small denominations are preferred by customers over large

enominations (Cleveland, 2011). Moreover, the bill-of-materials is

ot completely flexible, but instead an optimal denomination mix

s determined and used for a certain amount of time, after which

t can be changed. Therefore, firm-driven substitution at ATMs has

ot been covered sufficiently in current research, even though it

ppears beneficial to do so. Shy (2019) studied how the flexibility

n obtaining different denominations at ATMs affect a person’s be-

avior in paying for his/her transactions in cash or card. This flex-

bility is highly related to the use of the ATM, and its cost effect is

nvestigated in this paper.

We have partnered with Geldmaat, the operator responsible for

eplenishing ATMs for the three major banks in the Netherlands,

overing approximately 90% of the Dutch ATM volume. Approxi-

ately 35% of their ATMs use a least note strategy to fulfil de-

ands, i.e., the smallest possible number of bills is used to satisfy

demand. According to Geldmaat, the one-smallest, where at least

ne of the smallest denominations is included in the denomina-

ion mix, is implemented in approximately 55% of the ATMs. More-

ver, optimal replenishment plans are often not determined. In or-

er to estimate the costs of the bank’s activities, we consequently

nderestimate their operational costs by computing an optimal re-

lenishment plan under the least notes or one-smallest strategy.

hese strategies are both examples of a predetermined denomina-

ion mix, which is used as a benchmark for our proposed strat-

gy: the time-varying denomination mix. This strategy consists of

n optimal denomination mix based on the forecast data for the

ext periods, which is allowed to vary periodically. This allows for

etter demand satisfaction and lower operational costs. Using the

ithdrawal data Geldmaat has collected at over 400 ATMs for a

eriod of three months, we compare the two different denomina-

ion mix strategies.

A rolling horizon algorithm is designed and implemented to

enchmark a bank’s predetermined denomination mix strategy

gainst the time-varying one. An optimal replenishment strat-

gy is derived by simultaneously determining for each period

oth the denomination mix and the replenishments that re-

ult in the lowest total cost. After computing an optimal re-

lenishment strategy for the next periods, the denomination

ix is updated. The time-varying denomination mix can be ad-

usted by the frequency of changes allowed to the denomina-

ion mix. The performance of these two policies will be exten-

ively compared, while an optimal replenishment strategy is also

mplemented.

The remainder of this paper is organized as follows. In

ection 2 we formally describe the problem at hand, and

n Section 3 the mathematical formulations are provided. In

ection 4 we introduce in detail our solution algorithm, which is

ased on a rolling horizon framework. Section 5 is devoted to the

omputational experiments to assess the performance of our meth-

ds on real data from an industry partner in the Netherlands, in-

luding robustness and sensitivity analyses. Finally, Section 6 is de-

oted to our conclusions.
. Problem description

A bank’s predetermined denomination mix is typically based

n the least notes strategy, which uses the smallest possible num-

er of notes to fulfill a withdrawal request, or on the one-smallest

trategy which includes at least one of the smallest denomina-

ion in the mix. For a predetermined denomination mix, inven-

ory management policies need to determine only the timing and

uantities of the replenishments for each denomination. The aim is

o design an inventory management policy that is determined by

imultaneously computing the denomination mix, replenishment

imings and replenishment quantities. The objective is to minimize

he total costs, consisting of replenishment costs, holding costs

nd lost-sales costs. The calculation of these costs is done in two

hases. Firstly, we optimize an inventory management policy by

inimizing the costs based on the forecast data in the planning

hase. Then in the implementation phase, we use this policy and

alculate the actual costs based on actual demands. In the exper-

ments in Section 5, we use a rolling horizon method where for

ach time period we first optimize the inventory management pol-

cy in the planning phase and then use it in the implementation

hase to calculate the actual costs and find the actual inventories,

hich is then used at the start of the next time period. We now

ocus on the planning phase and in Section 4 the implementation

hase and the method for alternation used in the experiments are

xplained in more detail.

We assume, as is realistic in the Netherlands, that all bills are

elivered in packs of size p. Moreover, it is assumed that all cus-

omers arrive after the replenishments of that day. Therefore, the

alculation of the holding costs is the value of the bills that re-

ain in the ATM after these demands, multiplied by the interest

ate h. There is a fixed cost ci corresponding to a replenishment at

TM i.

A lost-sale occurs when it is impossible to satisfy the com-

lete demand using the current inventory. We assume in the plan-

ing phase that if the denomination mix necessary to fulfill the

emand is not available in the ATM a lost-sale occurs, since the

enomination mix cannot be varied within a day. This assump-

ion is relaxed when the planned replenishment strategy is im-

lemented and the actual costs are calculated, as is explained in

ection 4. We need this assumption in the planning phase to en-

ure that the optimized replenishment strategy and denomination

ix are robust and to reduce the computational complexity. More-

ver, a lost-sale cannot occur to prevent later lost-sales or to re-

uce the number of replenishments. For instance, refusing to sat-

sfy demands would reduce the replenishment costs. To prevent

cheduling a lost-sale instead of a replenishment, a lost-sales cost

is considered in our model. We then calculate the actual lost-

ales costs separately using a lost-sales cost of d, as is explained in

ection 4.

In current ATM technology, all denominations are available in

eparate boxes. Finally, in order to find a sustainable solution, each

lanned schedule must start and end with at least the historical

verage number of bills in inventory for each of the used denomi-

ations.

The problem is formally defined over a set I = {1, . . . , m} of

odes, each representing an ATM location. Even though we as-

ume that ATMs do not influence each other, we consider multi-

le ATMs simultaneously, as in practice the replenishment strate-

ies for many ATMs need to be determined. Each ATM contains a

et J = {1, . . . , J} of boxes storing notes of a single denomination

ij, i ∈ I, j ∈ J . Each box has a maximum capacity Qij. We define

= {0, . . . , O} as the set of number of the same bills used in a

enomination mix, meaning that O represents the maximum num-

er of the same bills used in a denomination mix. Moreover, the

umber of bills in box j of ATM i at the beginning of the planning
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Table 1

Overview of parameters.

Parameter Definition

p Pack size in which bills are delivered

h Interest rate

ci Fixed cost for a single replenishment at ATM i

M Lost sales cost

D Current period

T Length of the planning horizon

bij Denomination contained in box j of ATM i

Qij Maximum capacity of box j of ATM i

eij Number of bills in box j of ATM i at the beginning of the planning horizon

vi j Historical average number of bills in box j of ATM i

Vi The number of values for which a withdrawal can occur at ATM i

lin Monetary values of the withdrawal n at ATM i

at
in

The forecast number of withdrawals at ATM i for value n at time t

oijn The predetermined number of bills from box j of ATM i included in the

denomination mix for value n

uij Binary parameter, equals 1 when box j of ATM i is unused

Table 2

Overview of variables.

Variable Definition

yt
i

Binary variable, equals 1 if ATM i is visited at time t

It
i j

Inventory of box j of ATM i at the end of time t

xt
i j

Number of bills lacking in box j of ATM i due to lost-sales at time t

f t
i j

Integer variable that ensures all replenishments are made in packs of size p

mijn Number of bills from box j of ATM i included in the denomination mix

for value n

kijnq Number of bills from box j of ATM i included in denomination mix q

for value n

ht
inq

Number of times denomination mix q is used for value n at ATM i at time t

t

m

s

o

b

o

c

p

(

i

fi

n

v

a

p

v

3

m

c

horizon is defined as eij. The historical average number of bills in

box j of ATM i is vi j . At each ATM i there are withdrawals for a

number of values Vi, i ∈ I . These withdrawals can have monetary

values lin, i ∈ I, n ∈ N = {1, . . . ,Vi}, but may not be demanded. The

forecast number of withdrawals at ATM i, for value n at time t is

at
in

, i ∈ I, n ∈ N , t ∈ T = {D, . . . , D + T}, where D ≥ 1 is the current

period and T is the length of the planning horizon. Important input

for all models are the forecast data instead of the actual data and,

therefore, they try to minimize the forecast costs. An overview of

the parameters is presented in Table 1.

We explain in Section 4 how we have calculated the actual

costs using withdrawal data after the mathematical model was

solved.

3. Mathematical models

In this section we present the mathematical models used to for-

mulate the bank’s predetermined denomination mix and the time-

varying denomination mix that will be evaluated in Section 5. First,

we describe the part of the model that is the same for both de-

nomination mix strategies. Subsequently, in Section 3.1 we present

the additional constraints specific for the bank’s predetermined de-

nomination mix, and in Section 3.2 the additional constraints for

our proposed model, the time-varying denomination mix.

All models require the following decision variables: let yt
i

be a

binary variable indicating whether ATM i is visited at time t. The

number of bills that remains in box j of ATM i from day t to day

+ 1 is It
i j

. Moreover, xt
i j

represents the number of bills that were

necessary to fulfill customers’ demands but were not in inventory

in box j of ATM i at time t, meaning bills corresponding to lost-

sales Since we will consider forecast demands, these variables do

not have to be integer. Integer variables f t
i j

ensure that all deliver-

ies will be made in packs of size p. A summary of all the required

variables is presented in Table 2.
All subsequent models are based on the following:

in
∑
t∈T

∑
i∈I

(
yt

i ci +
∑
j∈J

(
hIt

i jbi j + Mxt
i j

))
(1)

ubject to

p f t
i j ≤ yt

i Qi j ∀i ∈ I, j ∈ J , t ∈ T (2)

p f t
i j ≤ Qi j − It−1

i j
∀i ∈ I, j ∈ J , t ∈ T (3)

yt
i ∈ {0, 1} ∀i ∈ I, j ∈ J , t ∈ T (4)

f t
i j ∈ N ∀i ∈ I, j ∈ J , t ∈ T (5)

It
i j, xt

i j ∈ R
+ ∀i ∈ I, j ∈ J , t ∈ T . (6)

The objective function (1) minimizes the total costs composed

f replenishment, holding and lost-sales costs. Coefficient M should

e sufficiently large to prevent lost-sales unless there is no other

ption such as a replenishment. Constraints (2) ensure that boxes

an only be replenished if their ATM is visited. Constraints (3) im-

ose the number of bills used to replenish box j. Constraints

2) ensure that the number of bills that is used to replenish a box

s less than its maximum capacity, and is zero if the box was not

lled. Moreover, constraints (3) state that the number of bills can-

ot be greater than the maximum capacity minus the current in-

entory. This allows active replenishment before the box is empty

nd prevents the number of bills in a box from exceeding its ca-

acity. Constraints (4)–(6) define the domain and nature of the

ariables.

.1. Bank’s predetermined denomination mix

We now present the model that defines the bank’s predeter-

ined denomination mix which will be used as a baseline for our

omparison. Implementing this denomination mix means that a
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emand for €50 is fulfilled by one bill of €50. Therefore, the de-

omination mixes for each value that can be withdrawn are known

nd fixed and consequently parameters in the model. Let oijn de-

ermine how many bills from box j of ATM i are included in the

enomination mix for value n ∈ N . Note that oijn depends on i be-

ause the number of demanded values can differ per ATM, since

ifferent types of bills are available. Note also that the set N con-

ains all possible demanded values that can be withdrawn. We

hen model the bank’s predetermined denomination mix by (1)–

6) and by:

It
i j = It−1

i j
+ p f t

i j −
∑
n∈N

(oi jnat
in) + xt

i j ∀i ∈ I, j ∈ J , t ∈ T (7)

IT
i j ≥ min

(
vi j, Qi j −

∑
n∈N

(oi jnaT
in) − p + 1

)
∀i ∈ I, j ∈ J (8)

ID
i j = ei j ∀i ∈ I, j ∈ J . (9)

onstraints (7) define the inventory conservation. They state that

he inventory in period t equals the overnight inventory in pe-

iod t − 1, minus the required bills to fulfill demands from period

, plus the bills delivered in period t, plus the lost-sales quantity.

he number of bills necessary to fulfill demands is defined as the

umber of demands for a certain value times the predetermined

enomination combination. However, some of these demands are

ot fulfilled due to lost-sales and need to be added to the inven-

ory. Constraints (8) ensure that at the end of the planning horizon

he inventory of each box is the minimum of the average and the

aximum possible number of bills in box j. The maximum possible

umber of bills in a box is attained when at the start of the period

t contains Qij, then all demand is fulfilled using the denomination

ix. Finally, we need to subtract (p − 1), since bills are delivered

n packs of size p. This can make it impossible to replenish the

TM to capacity and hence reduces the maximum number of bills

n a box. Moreover, constraints (9) are added to ensure that the

nitial inventory is correctly considered.

A numerical example is provided to help understand this for-

ulation, specifically the use of constraints (8). Consider a case

ith initial inventory equal to zero notes, maximum capacity equal

o 50, total demand equal to 31 notes, pack size equal to 10, and

historical) average inventory equal to 30. The second term of the

ight-hand side of constraints (8) then evaluates to 50 − 31 − 9 =
0. If the term −1 was not present in these constraints, they would

e evaluated to 9. With a final inventory of 10 and demand of 31,

ne should order at least 41 units; because the pack size is 10, one

hould order 50 units, which is the maximum capacity. Without

he term −1, the final inventory would have been only 9, which

ith the demand of 31 adds up to 40, which would have been the

rder size. Note that ordering 50 instead of 40 leads to a final in-

entory closer to the historical average.

To linearize constraints (8), we will use two auxiliary variables
+
i j

and s−
i j

as follows:

IT
i j ≥ vi j − s+

i j
∀i ∈ I, j ∈ J (10)

IT
i j ≥ Qi j −

∑
n∈N

oi jnaT
in − p + 1 − s−

i j
∀i ∈ I, j ∈ J (11)

s+
i j

≥ vi j −
(

Qi j −
∑
n∈N

oi jnaT
in − p + 1

)
∀i ∈ I, j ∈ J (12)

s−
i j

≥ Qi j −
∑
n∈N

oi jnaT
in − p + 1 − vi j ∀i ∈ I, j ∈ J (13)

s+
i j
, s−

i j
∈ N ∀i ∈ I, j ∈ J , (14)
nd penalize s−
i j

and s+
i j

in the objective function. s+
i j

then equals

he amount vi j exceeds Qi j − ∑
n∈N

oi jnaT
in

− p + 1 and s−
i j

the other

ay around. Constraints (10) ensure that the inventory is at least

qual to vi j if it is the smallest. If it is greater, we subtract the

ifference and the inventory is at least equal to the other term.

onstraints (11) are used similarly.

We also derive the following valid inequalities:∑
t∈T

p f t
i j ≥ IT

i j − ei j +
∑
t∈T

∑
n∈N

oi jnat
in −

∑
t∈T

xt
i j ∀i ∈ I, j ∈ J . (15)

Inequalities (15) state that the number of bills delivered in the

hole planning horizon is the number of bills that should be in

nventory at the end of the planning horizon, minus how many

ere in the box at the beginning of the period, plus the number

f bills needed to fulfill demands, minus the lost-sales variables.

.2. Time-varying denomination mix

We now present the model for our proposed time-varying de-

omination mix. This model takes into consideration a number T

f periods ahead which are used to determine the best denomina-

ion mix to minimize the total costs. This model for the optimal

enomination mix uses the same variables, parameters and basic

odel previously defined in Sections 2 and 3. Moreover, a new set

f variables mijn is defined, which specifies how many bills of box

of ATM i are included in the denomination mix for value n. New

inary parameters uij are defined and indicate whether box j of

TM i is unused. This means that if the bills from that box are not

llowed in the denomination mixes uij equals 1, and it is 0 oth-

rwise. The model for the time-varying denomination mix is then

efined by (1)–(6) and by:∑
j∈J

mi jnbi j = lin ∀i ∈ I, n ∈ N (16)

It
i j = It−1

i j
+ p f t

i j −
∑
n∈N

(mi jnat
in) + xt

i j ∀i ∈ I, j ∈ J , t ∈ T (17)

IT
i j ≥ vi j ∀i ∈ I, j ∈ J (18)

ID
i j = ei j ∀i ∈ I, j ∈ J (19)

p f D+1
i j

> −ei j − ui j ∀i ∈ I, j ∈ J (20)

mi jn ∈ O ∀i ∈ I, j ∈ J , n ∈ N . (21)

Constraints (16) ensure that the denomination mix multiplied

y the values of the bills that are used in the mix equals the

equested value. Constraints (17) ensure inventory conservation.

onstraints (18) ensure that at the end of the planning horizon the

nventory equals the average number of bills again to ensure a sus-

ainable solution. Constraints (19) guarantee that the initial inven-

ory is taken into consideration here. Constraints (20) ensure that

f a box is empty at the beginning of the planning horizon, it must

e replenished the first period if it is to be used. We include it to

nsure that the optimal denomination mix is not affected because

box is empty. Lastly, constraints (21) ensure that optimal denom-

nation combinations do not use too many of the same bills, by

estricting the number of bills used.

We also derive the following valid inequalities:

p
∑
t∈T

f t
i j ≥ IT

i j − ei j +
∑
t∈T

∑
n∈N

mi jnat
in −

∑
t∈T

xi jt ∀i ∈ I, j ∈ J . (22)

Constraints (22) state that the number of bills delivered in the

hole planning horizon is the number of bills that should be in

nventory at the end of the planning horizon, minus how many

ere in the box at the beginning of the period, plus the number

f bills necessary to fulfill demand, minus the lost-sales variables.
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3.3. Different denomination mixes

We now present a model that allows the use of different de-

nomination mixes within a time period for our proposed time-

varying denomination mix. Again we use the variables, param-

eters and the basic model presented in Sections 2 and 3. In

Section 3.2 we introduced the variables mijn, which we now re-

place by the more general variables kijnq such that multiple de-

nomination mixes for one withdrawal value can be used. Variables

kijnq indicate the number of bills from box j of ATM i included

in denomination mix q for value n. Additionally, we use a new

set of variables ht
inq

, indicating the number of times denomination

mix q is used to fulfill a demand for value n at time t for ATM i.

The nonlinear model for the time-varying denomination mix with

multiple denomination mixes is then defined by (1)–(6), (18)–(20)

and by:∑
j∈J

ki jnqbi j= lin ∀i ∈ I, n ∈ N , q ∈ Q (23)

It
i j = It−1

i j
+ p f t

i j −
∑
n∈N

∑
q∈Q

(ki jnqht
inq) + xt

i j ∀i ∈ I, j ∈ J , t ∈ T

(24)

∑
q∈Q

ht
inq = at

in ∀i ∈ I, n ∈ N , t ∈ T (25)

ki jnq∈ O ∀i ∈ I, j ∈ J , n ∈ N , q ∈ Q (26)

ht
inq∈ R

+ ∀i ∈ I, n ∈ N , q ∈ Q, t ∈ T . (27)

Constraints (23) state that the denomination mix multiplied by

the value of the bills that are used in the mix equals the requested

value, for each of the denomination mixes. Constraints (24) enforce

inventory conservation. Moreover, the number of times a denom-

ination mix is used equals the number of forecast demands due

to constraints (25). The denomination mixes cannot consist of too

many of the same bills due to constraints (26), and the domain of

the variable ht
inq

is defined in constraints (27).

Similar to the previous section, we derive the following valid

inequalities:

p
∑
t∈T

f t
i j≥ IT

i j − ei j +
∑
t∈T

∑
n∈N

∑
q∈Q

ki jnqht
inq −

∑
t∈T

xi jt ∀i ∈ I, j ∈ J .

(28)

These valid inequalities state that the number of bills delivered in

the whole planning horizon should equal the number of bills in in-

ventory at the end of the planning horizon, minus how many were

in inventory at the beginning, plus the number of bills necessary

to fulfill demand, minus the lost sales.

4. Solution algorithm

We have implemented the models described in Sections 3.1 and

3.2 using a rolling horizon method, meaning that in each period

we plan replenishments for the next T periods, we implement the

decisions made for the first period, add one period to the end of

the planning horizon, update demands and inventories, and solve

the problem again for the next T periods. In some of the periods

the denomination mixes are also determined for the next L peri-

ods and implemented. We use the rolling horizon paradigm for

three main reasons: (i) to plan using information for more than

one period ahead, which entails a better overall solution; (ii) fore-

cast data may not be available or be reliable for many periods

in advance; (iii) the models are too time-consuming to be solved

for planning horizons that are too long. Each of these reasons is

later validated in our experiments. Since the model presented in
ection 3.3 is nonlinear and it is a more general form of the model

rom Section 3.2, we do not include it in our experiments.

Sethi and Sorger (1991) state that forecasting future events is

ostly and that these costs may depend on when the forecast is

ade and how far ahead they are in the future. Therefore, im-

lementing a rolling horizon method would be less costly than

cheduling the complete time horizon. In research concerning sim-

lar problems, such as that of Coelho et al. (2014a), the rolling hori-

on method was effectively implemented as well.

Since the rolling horizon is implemented using forecast data,

he actual costs incurred and the forecast costs that are found in

he optimization of the models have to be separated. The actual

osts are calculated a posteriori after each iteration of the rolling

orizon algorithm. This is done by implementing the replenish-

ents that were scheduled for the first day and subtract all actual

emand from the inventory using the appropriate denomination

ix. Then for the demands that cannot be fulfilled using this de-

omination mix, we calculate a new least-notes mix using the bills

n inventory. In that sense, our proposed algorithm is more flexible

han the mathematical models used to optimize the denomination

ombination because we actually allow a least note strategy to sat-

sfy a demand in case the optimized denomination combination is

o longer available. Note also that in case a given denomination

uns out of inventory, the least note strategy is automatically up-

ated for that period using the remaining bank notes. If a demand

annot be satisfied using any denomination mix, it is denoted a

ost-sale and the corresponding costs are calculated. This yields the

ctual inventory. For example: an ATM contains only notes of €20

nd €10. For demands of €50 the (time-varying or predetermined)

enomination mix one note of €50 should be used. However, when

customer arrives demanding €50, they will receive two notes of

20 and one note of €10. When the ATM contains only €10, five

otes of €10 will be used. A lost-sale will only occur when the

otes in the ATM cannot fulfill the demand. For instance, when

here are no €20 notes and less than five €10 notes, or if there are

nly €20 notes.

The actual costs are then calculated by adding the replenish-

ent costs for the scheduled replenishments to the holding costs

imes the actual inventory. Lastly, lost-sales costs due to all actual

emands that could not be satisfied are added. For the calculation

f actual lost-sales cost we use unit cost d instead of M.

In the case of the bank’s predetermined denomination mix, the

onstraints described in Section 3.1 are updated at each iteration.

ubsequently, the replenishments that were scheduled for the first

ay are implemented and the actual demands are satisfied using

he least notes or one-smallest denomination mix. We then com-

ute the actual costs for this first day based on the actual de-

ands. Before starting the next iteration the necessary parameters

re updated, namely eij and at
in

. It is important to note that the pa-

ameter eij represents the number of bills in box j of ATM i after

he first day of actual demands and scheduled replenishments are

mplemented.

In the case of the time-varying denomination mix, the model

escribed in Section 3.2 is only solved once every L iterations in

rder to determine a denomination mix. After these iterations, the

cheduled replenishments for the first period are implemented and

he actual demands are satisfied using the denomination mix that

as optimized for the subsequent T periods. An overview of the al-

orithm is provided in Fig. 3. If the current L periods have finished,

e solve the model presented in Section 3.2 and if not, we solve

he model presented in Section 3.1 using the previously found de-

omination mix. Note that again these models are solved using

orecast data. Once these models are solved, actual daily demands

re revealed and costs are calculated based on the scheduled re-

lenishments and actual lost-sales. Moreover, the current inventory

f the ATMs is updated. This is repeated each period for L periods,
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Have the current L
periods finished?

End of the planning
horizon?

Optimize the replenishments
and denomination mixes for
the next T periods using

forecast data

Implement the replenishments
for one period and calculate the

actual costs using actual
withdrawal data

Optimize the replenishments
using the previously found

denomination mix for the next T
periods using forecast data

End of the algorithm Yes

Let T be the length of the
rolling horizon and L be the
number of periods for a

given denomination mix to
be used.

Yes No

No

Fig. 3. Overall scheme of the time-varying algorithm.
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fter which both the denomination mixes and the replenishments

re reoptimized. The process iterates until the end of the overall

lanning horizon T.

. Computational experiments

In this section we report the results of extensive computational

xperiments to evaluate the benefits of varying the denomination

ix compared to the bank’s least note or one-smallest strategy.

We use two datasets of actual withdrawals obtained from Geld-

aat, the operator responsible for the replenishment of the ATMs

f the three major banks in the Netherlands. The first dataset con-

ains all the demands at 300 ATMs of the standard configuration

or a three month period. In the standard configuration, ATMs hold

otes of €10, €20 and €50. The other dataset contains all demands

or these months at 108 ATMs that also contain €5 notes.

The forecasts of demands for these days were obtained accord-

ng to Van Anholt (2014) and are denoted at
in

. The demand fore-

asts are generated using the statistical forecasting model for the

ulti-step ahead prediction of causal hourly and daily time series.

he forecasting model adequately deals with seasonality, trends,

olidays, events and outliers. The corresponding monetary values

in are also derived from these forecasts. This provides a well-

ounded base for the forecasts that we use to plan replenishment

trategies. These forecasts proved to be robust, on average being

nly 0.49 demands different from the actual demands for a cer-

ain value for the standard ATM, and 0.46 different for ATMs con-

aining notes of €5. For robustness purposes we also compare the

ank’s predetermined denomination mix against the time-varying

enomination mix using different forecasts in Section robustness.

ince we consider forecasts with three decimals, we set the coeffi-
Table 3

Parameter setting values obtained from our industr

Parameter h d ci Qij p

Values 0.05 0.10 100 2000 10
ient M equal to 1000ci, making a lost-sale of 0.0001 more expen-

ive than an additional replenishment.

These two datasets were used to create five instances contain-

ng 50 ATMs and five with 100 ATMS of the standard configuration,

oth starting from ATMs 0, 50, 100, 150 and 200 in the dataset.

oreover, five instances of 200 ATMs of the standard configura-

ion were created from ATMs 0, 25, 50, 75 and 100. Additionally,

instances containing 50 ATMs of the other dataset were created

rom ATMs 0, 15, 30, 35 and 60. 5 instances of 100 ATMs were

reated from ATMs 0, 2, 4, 6, 8. We consider these amounts of

TMs simultaneously in order to determine if the model is use-

ul in practice, where many ATMs have to be considered. Each of

hese instances contains all the demands for the first 30 days. In

rder to gain meaningful results, valid values for the interest rate

, actual lost-sales cost d, the capacity of one box Qij, the pack size

and the average number of bills in the ATM if its type is used,

i j, were provided by Geldmaat and their corresponding values are

hown in Table 3. Moreover, for the replenishment costs ci we used

he average value provided. Per ATM we model five boxes, the first

ne containing notes of €5, the second of €10, the third of €20,

he fourth of €50 and the final box contains €100. When a type of

ill is not used, the capacity of that box is set to 0. This means

hat vi1, vi2, vi3, vi4, vi5 are the average number of bills in the ATM

f €5, €10, €20, €50, or €100 were used, respectively. In reality each

TM contains four boxes, therefore at least one capacity is set to

. Three of the boxes are filled with notes of €10, €20 and €50. The

ontent of the last box is varied in the experiments and contains

otes of either €5, €20, €50, or €100.

Some experiments to investigate the difference between using

he one of the bank’s predetermined denomination mixes and the

ime-varying denomination mix are defined. Five different values

f T, the length of the rolling horizon, are considered namely: 1, 3,
ial partner Geldmaat.

vi1 vi2 vi3 vi4 vi5

0 933 858 975 1.395 551
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Table 4

Costs per ATM (standard deviation) in € of implementing the different replenishment and

denomination mix strategies using standard configuration.

One Least Time-varying denomination mix (L)

T smallest notes 1 3 7 15 30

1 3206.40 3141.23 3255.75 3224.09 3269.76 3284.89 3287.88

(41.61) (45.31) (30.58) (36.98) (30.98) (25.89) (23.48)

3 827.88 788.01 565.38∗ 860.46 1076.48 1116.21 1209.07

(75.80) (96.59) (11.17) (33.43) (44.82) (64.64) (63.71)

7 777.00 803.41 599.34∗ 659.48∗ 705.82∗ 747.63∗ 762.41∗

(77.25) (96.51) (31.46) (39.72) (48.29) (53.96) (67.58)

15 730.23 730.95 701.25 656.42∗ 661.86∗ 686.41∗ 708.56∗

(76.66) (82.54) (104.46) (29.86) (32.98) (66.37) (83.50)

30 730.21 719.15 1184.93 976.01 876.22 709.595 703.00∗

(69.69) (76.81) (227.09) (249.26) (367.07) (61.34) (69.99)

∗ Indicates significant improvement over the minimum of the least notes and one-smallest

mixes at 1% level.
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7, 15 and 30 days. Moreover, we change the denomination mix of

the time-varying denomination mix once every L = 1, 3, 7, 15 or 30

periods. Combining these configurations with the different lengths

of the rolling horizon T and the implementation times L, we have

run a total of 1925 experiments.

These experiments were run on a server using 92 GB of RAM

implemented in C++, using CPLEX 12.6 from IBM Concert Technol-

ogy. We imposed limits on the maximum time allowed for each

part of the solution algorithm. We ensured that the iterations in

which a new denomination mix had to be computed took no more

than 10 hours altogether, since this is the most time-consuming

part of the algorithm. Moreover, the iterations in between were

allowed to take up to 4 hours altogether. These time restrictions

were implemented to enable practical use.

5.1. Comparison of bank’s predetermined and time-varying

denomination mixes

We now report the results of extensive experiments run in or-

der to evaluate the difference between the bank’s predetermined

denomination mix and that of our time-varying one. We start by

assessing the impact of different rolling horizons T and implemen-

tation times L, for all numbers of ATMs considered. For now we

only consider boxes containing notes of €10, €20 and €50, which is

the standard configuration in the Netherlands. The costs of differ-

ent configurations with other bills will be evaluated later.

In Table 4 we show the average monthly costs per ATM of im-

plementing the least notes and one-smallest predetermined strate-

gies and the time-varying denomination mix for several values of

T and L. We used paired t-tests to identify when the costs of the

time-varying denomination mix were significantly lower than the

best bank’s mix using the same rolling horizon T. From this ta-

ble it is clear that a short rolling horizon T, i.e., considering only a

few periods ahead for the replenishment plan, is extremely costly;

these costs decrease as more information from the future is taken

into consideration. However, when a rolling horizon of 30 days is

implemented, the quality of the solutions decreases. This can be

partly explained by the fact that a time limit was imposed on

the solution algorithms, and those were truncated while comput-

ing the solutions. Since the algorithm is more time-consuming if

more data is used, the 30-day forecast runs were cut short more

often. This was especially true when 200 ATMs were considered.

Similarly, when L is smaller, the denomination mix has to be de-

termined more frequently, which is also more time-consuming.

Therefore, small values of L are only beneficial if a small rolling

horizon is used. Reasoning from Table 4, we find that even when

the denomination mix is only updated every month, it can still

outperform the bank’s predetermined denomination mix.
It is clear from Table 4 that the time-varying denomination mix

utperforms both the bank’s predetermined denomination mixes

or some combinations of rolling horizon T and the update fre-

uency of the denomination mix L. Moreover, when comparing

hese solutions, we find that using a 3-day forecast and chang-

ng the denomination mix daily costs only €565.38 per ATM per

onth. This is the least costly solution of the time-varying denom-

nation mix and is found using forecast information for only three

ays ahead. This solution is 21% or €153.77 per ATM less costly

han the most efficient solution of the bank’s predetermined least

otes denomination mix, which is based on a 30-day rolling hori-

on and costs €719.15 per ATM per month. This reduction in costs

an be decomposed into a reduction of 34% in replenishment costs

nd of 3% in holding costs compared to the bank’s predetermined

enomination replenishment and holding costs, respectively. While

ost-sales costs increase, they amount to less than 0.1% of the to-

al operational cost. This combination of a rolling horizon of 3

ays and changing the denomination mix daily remains an optimal

hoice even for the different numbers of ATMs considered simul-

aneously.

There is a downside to the implementation of the time-varying

enomination mix. It is more time-consuming than simply using

he bank’s predetermined denomination mix. Specifically, the solu-

ion of the bank’s predetermined denomination mix takes on aver-

ge 945 s, whereas the best time-varying denomination mix takes

628.6 s. However, it still allows practical use. However, there is

significant decrease in the amount of lost-sales when the time-

arying denomination mix is implemented. The least costly solu-

ion of the bank’s least notes denomination mix includes €1666.87

ost-sales per month per ATM on average, while €455.05 lost-

ales per month per ATM occurred when the optimal setting of

he time-varying denomination mix is implemented. However, the

osts corresponding to these lost-sales remain less than 1% of the

otal production costs in both settings. Moreover, when the time-

arying denomination mix is implemented, the demands are met

sing smaller or equally big denomination. Since customers prefer

otes from smaller denominations, its implementation would in-

rease customer satisfaction (Cleveland, 2011). We also note that

he increased running time remains fully operational and applica-

le in practice.

.2. Configurations of ATMs

We now consider the different configurations of the boxes

ithin an ATM. As mentioned before, an ATM consists of four

ifferent boxes that can each contain one denomination. In the

etherlands the standard configuration contains only €10, €20 and

wo boxes with €50. We compare configurations with €10, €20, €50
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Table 5

Costs per ATM (standard deviation) in € of implementing the different replenishment and de-

nomination mix strategies, considering ATMs containing €5.

One Least Time-varying denomination mix (L)

T smallest notes 1 3 7 15 30

1 3341.25 3300.97 3309.06 3336.07 3386.70 3387.75 3383.03

(45.18) (47.83) (38.22) (39.79) (28.70) (29.79) (34.19)

3 1464.92 1479.91 1238.97∗ 1474.42 1587.75 1554.26 1514.03

(56.23) (61.61) (95.92) (78.61) (22.16) (62.31) (51.59)

7 1167.24 1260.71 1440.08 1374.40 1144.54 1103.55∗ 1103.15∗

(53.76) (64.90) (192.82) (226.11) (93.41) (63.01) (52.02)

15 1123.58 1199.92 2415.41 1943.95 1549.09 1655.85 1198.36

(58.03) (60.27) (262.07) (380.50) (358.11) (456.46) (510.89)

30 1351.73 1249.03 3171.55 3058.34 2773.62 2441.32 2702.44

(75.09) (66.42) (204.69) (244.83) (294.62) (281.39) (146.47)

∗ indicates significant improvement over the minimum of the one smallest and the least notes

mixes at 1% level.

a

€

a

m

d

f

w

€
t

w

d

w

i

i

s

a

c

t

t

s

i

s

l

d

t

T

n

o

t

d

w

t

T

f

t

b

w

w

t

c

3

a

t

a

i

m

w

f

c

5

s

t

p

t

o

A

a

n

s

2

i

fi

d

l

t

f

s

s

t

t

o

c

t

c

d

l

w

g

9

s

c

t

p

a

nd vary the contents of the fourth box, so that it either contains

5, €20, or €100 bills.

Firstly, let us focus on using notes of €5, for which the results

re presented in Table 5. It is clear that this configuration is the

ost costly option, with the bank’s predetermined one-smallest

enomination mix costing at least €1123.58 and the smallest value

or the time-varying denomination mix being €1103.15. These costs

ere obtained using a different dataset that included demands for

5 which is not included in the comparison in the previous sec-

ion. This dataset contains higher demands than the previous one,

hich also partly explains the higher costs. When the previous

ataset is used to evaluate the performance of this configuration,

e find that the best (T, L) strategy for the time-varying denom-

nation mix performs 13.2% worse than when the best (T, L) was

mplemented for the standard configuration.

When the holding, replenishment and lost-sales costs are con-

idered separately, it becomes clear that the replenishment costs

re the main reason for the increase in costs compared to other

onfigurations. The smallest replenishment costs when a prede-

ermined denomination mix is implemented are €893.30, whereas

hey are only €415.20 when the standard configuration is used. The

ame relation occurs when the time-varying denomination mix is

mplemented: €869.90 when €5 was used and €272.16 when the

tandard configuration was used. Conversely, the holding costs are

ower at only €223.29 compared to €301.67 when a bank’s pre-

etermined denomination mix was used and €229.74 compared

o €292.58 when the time-varying denomination mix was used.

herefore, it becomes clear that the most influential costs when

otes of €5 are considered are the replenishment ones. In any case,

ur proposed method can significantly reduce all costs.

We now focus on the configuration where the fourth box con-

ains notes of €20. Here the smallest costs when the bank’s pre-

etermined one smallest denomination mix is used are €738.10,

hile when the time-varying denomination mix was used the to-

al costs were at least €601.59, meaning a 23% reduction in costs.

hese minimum costs of the time-varying denomination mix were

ound using a 3-day forecast and allowing the denomination mix

o change daily, always within limits on running times.

When notes of €100 were available, the lowest costs for the

ank’s predetermined least notes denomination mix were €809.74,

hereas the lowest costs using the time-varying denomination mix

ere €672.86, meaning a 17% reduction. The lowest costs using the

ime-varying denomination mix were obtained when a 7-day fore-

ast was used and the denomination mix changed only once every

days.

Overall, we find that both the time-varying denomination mix

nd the bank’s predetermined mix never perform as well as when

he standard configuration is used. Note that including notes of €5
 t
lmost doubles the total costs. However, the time-varying denom-

nation mix does decrease the total costs compared to the bank’s

ix for these different configurations up to 23%. Therefore, even

hen this method would be implemented on an ATM using a dif-

erent configuration, our time-varying denomination mix reduces

osts significantly.

.3. Robustness analysis

In this section some robustness checks are considered, to en-

ure that the reduction in costs when the time-varying denomina-

ion mix is used remains when different parameters are used. The

arameters that will be varied are the number of ATMs considered,

he different costs, the forecast quality and the time limits imposed

n the algorithms. We now assess the difference in total costs per

TM between finding a solution for 50, 100 or 200 ATMs.

When all configurations except the one containing notes of €5
re taken into account, we find that there are quite a few combi-

ations of forecast and implementation time, for which there is a

ignificant difference between the costs per ATM when 50, 100 or

00 ATMs are considered. This is partly explained by the fact that

n all cases the same time limit was implemented.

When we consider the standard configuration in particular, we

nd that the costs are significantly different as well. It seems that

etermining the optimal strategy for only 100 ATMs produces the

owest costs per ATM, compared to using 50 or 200 ATMs. Due

o this difference, the same combinations of implementation and

orecast time do not always produce costs that are significantly

maller than the bank’s predetermined denomination mix. For in-

tance, using a 15-day forecast and allowing the denomination mix

o change every 3 days produces costs that are significantly smaller

han both the bank’s predetermined denomination mixes when

nly 100 ATMs were considered. However, when 200 ATMs were

onsidered the costs of this combination are no longer smaller

han both the bank’s predetermined denomination mixes, since its

osts are 4% higher than when 100 ATMs were considered. This is

ue to the fact that the algorithm could not finish within the time

imit when more ATMs are considered and, therefore, higher costs

ere produced. When 200 ATMs are considered, the complete al-

orithm takes on average 32,808 s to finish, while it only takes

792 s when 50 ATMs were considered. When 50 ATMs are con-

idered, the costs are also 4% higher than when 100 ATMs were

onsidered, however, this was the case for both the bank’s prede-

ermined and the time-varying denomination mix. This can be ex-

lained by the calculation of lost-sales. When the replenishments

re scheduled and in some cases the denomination mixes are de-

ermined, we assume lost-sales occur when the denomination mix
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is not in stock. However, when the actual lost-sales are computed

we allow different denomination mixes to be used.

Even though there are significant differences between using dif-

ferent numbers of ATMs, the optimal strategy for the time-varying

denomination mix, using a 3-day forecast and changing the de-

nomination mix daily remains optimal across the different num-

bers of ATMs. Moreover, there is no significant difference in the

costs per ATM for the different numbers of ATMs considered using

this strategy.

The interest rate, replenishment costs and lost-sales costs have

each been separately doubled and halved for the best 5 combi-

nations of forecast length and rate of changing the denomina-

tion mix that were a significant improvement over the bank’s pre-

determined denomination mix using different numbers of ATMs.

We find that all these combinations still yield total costs lower

than when the least notes denomination mix was implemented,

even when the number of ATMs was varied. This proves that our

method of selecting denomination combinations and replenish-

ment schedules is robust with respect to the costs parameters.

Moreover, the quality of the forecast on which the replenish-

ments are based has also been varied. We subtract 0.5 demands

for each value on each day from the number of demands that is

expected due to the forecast that was used. When the replenish-

ments were scheduled using these adjusted forecasts, we find that

the time-varying denomination mix only yields lower costs than

the bank’s predetermined least notes denomination mix, when 3

days of forecast were used and the denomination mix changes ev-

ery day. However, when 0.5 demands were added to the number

of demands for each value on each day the time-varying denom-

ination mix is never an improvement over the best bank’s prede-

termined least notes denomination mix for the combinations we

consider. This is partially due to the fact that the forecasts that

were used already slightly overestimate the number of demands.

On average, the forecast is 0.028 demands overestimated when

compared to the actual demands. The impact of this finding is that

the success of the time-varying denomination mix is dependent on

the quality of the forecast.

Finally, we also evaluate how the performance and quality of

the solutions are affected by the allotted running time. Some com-

bination of forecast and denomination changes that did not yield a

significant reduction in costs when compared to the bank’s prede-

termined denomination mix are now allowed to run for twice as

long as before. This means that all the time limitations that were

mentioned before are now doubled to 20 h when a new denom-

ination mix is determined and 8 h for all other iterations. These

new limits are not completely without reach of practical use. These

new settings were implemented using the standard configuration

of an ATM and for the following combinations of forecast time

and number iterations the denomination remains the same. For 50

ATMs we considered (f, L) equal to (30,1), (30,3); for 100 ATMs we

used (30,1), (30,3), (30,7); and for 200 ATMs we examined (15,1),

(30,1), (30,3), (30,7). Even though the time limit is doubled in most

cases, the solutions still do not achieve lower costs than that of the

bank’s least costly predetermined denomination mix. However, the

number of times an iteration of the algorithm is truncated is not

significantly reduced when compared to the previous time limit.

Therefore, it appears that the combinations that did not yield a

significant improvement over the bank’s predetermined denomina-

tion mix need more time to finish calculations than the 30 h that

are now available. The cases where it does find a better solution

are (30,3) for 100 ATMs and (30,7) for 200 ATMs.

6. Conclusion

In this paper we have combined the scheduling of replenish-

ments for inventory management with different denomination mix
trategies for ATMs and tested our methods using real data from

he Netherlands. The denomination mix is the combination of bills

sed to fulfill a customer’s demand at an ATM. This is the first pa-

er that simultaneously determines an optimal denomination mix

nd replenishment strategy.

We have proposed a time-varying denomination mix strategy

nd compared it to two typical bank’s predetermined denomina-

ion mixes. The predetermined denomination mixes consist of a

east notes or a one-smallest strategy, while the time-varying de-

omination mix strategy optimizes the denomination mix and im-

lements it for some periods, after which it is allowed to change.

he smallest total costs generated by the time-varying denomi-

ation mix were found using a 3-day forecast and changing the

enomination mix daily. This yielded total costs that were 21%

r €153.77 lower per ATM per month than the lowest total costs

hat were found using one of the bank’s predetermined denom-

nation mixes. This could represent over €10 million per year in

he Netherlands. When notes of €5 are considered, the total costs

lmost double, but our strategy clearly remains better than the

ank’s. To determine the robustness of this solution, the number

f ATMs considered simultaneously is varied, the interest rate, re-

lenishment costs and lost-sales costs are separately doubled and

alved and the forecast quality is varied. Even in these cases, the

ime-varying denomination mix remains less costly than the bank’s

redetermined denomination mix. However, the performance of

he time-varying denomination mix does depend on the quality of

he forecast.

Future research includes the incorporation of the possibility for

ustomers to either choose a specific denomination mix or let the

TM determine the mix based on its inventory. Moreover, a less

ime-consuming method such as a heuristic could be explored. In

ractice, the time available to find the schedule and denomina-

ion mixes might be restrictive. Furthermore, using a different de-

omination mix to prevent lost-sales, when the current denom-

nation mix is not in stock, could also be considered during the

ptimization. This inventory-driven substitution has been consid-

red in other contexts, but not yet in the cash distribution. Fu-

ure research could also include the design of a dynamic strat-

gy for setting an optimal denomination mix for each arriving

ustomer based on the current inventory level and testing the

enefits.
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