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6
Limits and Derivatives

Branislava Ćurči�c-Blake

After reading this chapter you know:

• why you need limits and derivatives,
• what derivatives and limits are,
• how to determine a limit,
• how to calculate a derivative,
• what the maximum and minimum of a function are in terms of derivatives and
• what the slope of a function is.

6.1 Introduction to Limits

Whenever we are dealing with an optimization problem, such as finding the brightest pixel in
a picture, the strongest activation in an fMRI statistical map, the minimum of the fitting
error or the maximum likelihood we need to calculate a derivative. A derivative provides a
measure of the rate of change of a function and to find the minimum or maximum of a
function we need to know where the rate of change of the function is zero. These concepts are
illustrated in Fig. 6.1.
Thus, to find extrema of a function we determine the roots of the derivative of the function.

To understand how derivatives are defined we need to understand limits of functions first. A
limit is a value that a function approaches when an input variable (or argument) of that
function approaches a value. This sounds rather abstract, so what does it mean? The best way
to clarify this is by an example.
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Example 6.1

What is the limit of the function f(x)¼x+3.3 when x approaches 3?
We can examine this by looking at the value of the function when x is close to 3. Let’s consider

x equal to 2.5, 2.9, 2.99, 2.999. . .. In the table below, the values of x are in the left column, and the
associated values of the function are in the right column.

x y¼x+3.3
2.5 5.8
2.9 6.2
2.99 6.29
2.999 6.299
2.9999 6.2999

Thus, the function approaches 6.3 if its variable x approaches 3. However, we only considered
the function for x approaching 3 from below (from the left). Since the direction of approach was
NOT specified, we also need to consider the approach from above (from the right) e.g. for values
of x equal to 3.5, 3.1, 3.01, 3.001, 3.0001 etc. Also, when approaching x ¼ 3 from above, the value
for this function is 6.3:

x y¼x+3.3
3.5 6.8
3.1 6.4
3.01 6.31
3.001 6.301
3.0001 6.3001

Fig. 6.1 Illustration of how the minima and maxima of a function are related to the rate of change of a
function. Here the function f(x)¼xsin(x2)+1 is plotted for x2[�1,3]. It has a global maximum and
minimum (red dots), a local maximum (yellow dot) and points of inflection (points where the curvature
changes sign; two are indicated by blue dots). The slope of the tangent lines (red), which is the local rate
of change of the function, is equal to the derivative of the function. It can be seen that it can be positive,
negative or zero. At maxima, minima, and at some (but not all) points of inflection it is zero.
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This example illustrates what it means to determine the limit of a function. Importantly,
unless otherwise specified, to determine the limit of a function, one needs to determine the
value of the function both for the variable approaching a given value from above (from the
right or from higher values) as well as from below (from the left or from lower values). For
this first example, we can also calculate the limit algebraically by substituting x ¼ 3 to find
that f(x)¼6.3. However, this is not always the case, as the next example illustrates.

Example 6.2

What is the limit of f xð Þ ¼ x2�4
x�2 when x approaches 2?

Note that we cannot calculate the limit algebraically straightaway, as the function is not
defined for x ¼ 2. The nominator is 0 for this value of x and division by zero is not defined. We
will discuss this in more detail in Sect. 6.6 about continuity. To determine this limit wemake tables
as in Example 6.1 with x approaching 2 from below and from above:

x y ¼
x2 � 4
x � 2

1.5 3.5
1.9 3.9
1.99 3.99
1.999 3.999
1.9999 3.9999

x y ¼
x2 � 4
x � 2

2.5 4.5
2.1 4.1
2.01 4.01
2.001 4.001
2.0001 4.0001

Thus, since f(x) approaches 4 for x approaching 2 from below as well as from above, the limit of
this function is 4. The graph of this function is given in Fig. 6.2. In this case the limit can also be
calculated algebraically by first manipulating the function. As the numerator is divisible by x � 2,
the function can be simplified to f(x)¼x+2, which is the line in Fig. 6.2. Substitution of x ¼ 2 then
yields (x)¼4.

Fig. 6.2 The circle indicates the limit of this function when x approaches 2. This is a removable
discontinuity (see Sect. 6.6).

6 Limits and Derivatives 165



6.2 Intuitive Definition of Limit

Mathematically, the limit is expressed as

lim
x!a

f xð Þ ¼ L

which can be read as ‘the limit of f(x) when x approaches a is L’. Intuitively, this means that f
(x) can become arbitrarily close to L, when bringing x sufficiently close to a. For the limit
to exist, it has to be the same for x approaching a from below (the left) as well as from above
(the right). Note that f(x) itself does not need to be defined at x ¼ a, as was illustrated in
Example 6.2.
In some cases, the limit of a function may only exist from one side (from above or from

below) or it may exist from both sides but have different values. For these cases it is important
to have a separate notation of one-sided limits. The limit from the right is the value L that a
function f(x) approaches when x approaches a from higher values or from the right and is
indicated by:

lim
x!aþ

f xð Þ ¼ L or lim
x#a

f xð Þ ¼ L

Similarly, the limit from the left is the value L that a function f(x) approaches when
x approaches a from lower values or from the left and is indicated by:

lim
x!a�

f xð Þ ¼ L or lim
x"a

f xð Þ ¼ L

The next example provides a case where the limits from the right and from the left differ.

Example 6.3

Determine lim
x!2

x3
x�2.

We can determine whether the limit exists by making tables for x approaching 2 from the left
and from the right:

x y ¼
x3

x � 2
1.5 �6.75
1.9 �68.59
1.99 �788.059
1.999 �7988.05

x y ¼
x3

x � 2
2.5 31.25
2.1 92.61
2.01 812.06
2.001 8012.006

(continued)
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Example 6.3 (continued)

As you can see, the limits from the left and from the right exist, but they are not the same. The
limit from the left keeps increasing negatively and is approaching �1 (minus infinity), whereas
the limit from the right keeps increasing positively and is approaching +1. Thus, the function has
no limit for x approaching 2.

Exercise

6.1. Determine the following limits using tables to approach the limit from the left and from the
right

(a) lim
x!7

3x � 3ð Þ
(b) lim

x!7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3x2 � 3

p

(c) lim
x!7

3x�3
xþ5

(d) lim
x!3

f xð Þ when f xð Þ ¼ x � 2, x � 3
3x, x > 3

�

6.3 Determining Limits Graphically

In certain cases, such as when functions are different for different domains, it may be easier to
determine (the existence of) limits graphically. Functions that are different for (two) different
domains are functions of the type:

f xð Þ ¼ f 1 xð Þ, for x2 �1; að �
f 2 xð Þ, for x2 a;1ð Þ

(

where a is the value of x defining the boundary between the two domains in this case.
Domains can be defined in different ways (see Table 2.3 for more examples), and the number
of domains may vary. For example, it is also possible to have a function with three domains,
such as:

f xð Þ ¼
f 1 xð Þ, for x2 �1; að �
f 2 xð Þ, for x2 a; bð �
f 3 xð Þ, for x2 b;1ð Þ

8><
>:

For these functions, it helps to plot their graph to determine whether the limit exists, i.e. to
determine whether the limits from the left and the right are the same. We will illustrate this
with two examples:
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Example 6.4

Determine lim
x!1

f xð Þ for the function:

f xð Þ ¼ x � 2, for x2 �1;1ð �
x2, for x2 1;1ð Þ

(

When plotting the graph of this function,

we observe that the limits from the left and from the right are different. Thus, this function has no
limit for x approaching 1.

Example 6.5

Determine lim
x!2

f(x) for the function:

f xð Þ ¼ x þ 3, for x2 �1; 2ð �
�x þ 7, for x2 2;1ð Þ

(

Again, we plot the graph of this function:

Here we see that the limits from the left and from the right are both equal to 5. Thus, the limit
of this function for x approaching 2 is 5.

For these two examples we showed how plotting the graph of a function can help
determine the existence of a limit. However, also for functions that are different for different
domains, their limits can often be obtained algebraically. This is the case for Example 6.5, but
also for the function in the next example that is defined on three domains.
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Example 6.6

Determine the limit for x approaching a) ½; b) 1; c) 1.001; d) 3.5, for the following function

f xð Þ
2x, � 2 < x < 1

1, x ¼ 1

2x, 1 < x < 3

8><
>:

To determine the limits, the relevant domain has to be identified. Once that is done, the limits
can be determined algebraically as follows:

a) x ¼ 1
2 is in the domain (�2,1) where f(x)¼2x. Thus lim

x!1
2

f xð Þ ¼ 2 � 12 ¼ 1.

b) We have to determine the limit for x approaching 1 from the left and for x approaching 1 from
the right. In both cases, f(x)¼2x, as the function is only 1 for x ¼ 1. Thus lim

x!1
f xð Þ ¼ 2 � 1 ¼ 2.

c) x¼1.001 is in the domain (1,3) where f(x)¼2x. Thus lim
x!1:001

f xð Þ ¼ 2 � 1:001 ¼ 2:002.

d) The function is not defined for x ¼ 3.5. Thus lim
x!3:5

f xð Þ does not exist.

6.4 Arithmetic Rules for Limits

In this section we provide the basic arithmetic rules for calculating limits. They are provided
for two-sided limits, but are similar for one-sided limits.

Box 6.1 Arithmetic rules for limits

1. lim
x!c

a � f xð Þ ¼ a � lim
x!c

f xð Þ, when a is constant

2. lim
x!c

f xð Þ � g xð Þ½ � ¼ lim
x!c

f xð Þ � lim
x!c

g xð Þ
3. lim

x!c
f xð Þg xð Þ½ � ¼ lim

x!c
f xð Þ � lim

x!c
g xð Þ

4. lim
x!c

f xð Þ
g xð Þ
h i

¼ lim
x!c

f xð Þ
lim
x!c

g xð Þ, if and only if lim
x!c

g xð Þ 6¼ 0

5. lim
x!c

f xð Þn ¼ lim
x!c

f xð Þ
h in

, n2ℝ

6. lim
x!c

a ¼ a, when a is constant

7. lim
x!c

x ¼ c

Example 6.7

Determine lim
x!5

x2�4x�5
x�4 .

Applying the arithmetic rules in Box 6.1 we can rewrite the limit as follows:

lim
x!5

x2 � 4x � 5
x � 4

¼
lim
�

x!5
x2 � 4x � 5

�
lim
�

x!5
x � 4

� ¼ 0
1
¼ 0
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Exercise

6.2. Determine the following limits using the arithmetic rules in Box 6.1

a) lim
x!�2

x2þ6xþ7
xþ3

b) lim
x!�2

x2�9
xþ3

c) lim
x!4

x2�1
x2þx�2

d) lim
x!1

x2�6xþ9
x2�9

6.5 Limits at Infinity

We already encountered infinity in the context of limits in Example 6.3, where we calculated
lim
x!2

x3
x�2. We found that the limits from the left and right were different and kept increasing,

the closer we got to x ¼ 2. They were approaching �1 and 1, from the left and from the
right, respectively. In the present context infinity, or 1, is an abstract concept that can be
thought of as a number larger than any number. Yet, even though 1 is an abstract
concept, we can work with it and actually, do mathematics with it, as we will see later in
this section.

Example 6.8

Determine lim
x!0

1
x.

The function 1
x is not defined for x ¼ 0 (division by zero). Hence, we first plot the graph of this

function to understand what’s happening (Fig. 6.3):

Fig. 6.3 Graph of the function f xð Þ ¼ 1
x. This is an example of an asymptotic discontinuity

(see Sect. 6.6).

(continued)
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Example 6.8 (continued)

We can observe that the limit from the right approaches 1:

lim
x!0þ

1
x
¼ 1

whereas the limit from the left approaches �1:

lim
x!0�

1
x
¼ �1

Thus, the limit has different values when x approaches zero from the left or from the right and
it does not exist.

We can also determine limits of functions when their argument approaches 1: lim
x!1. In

such cases we have to examine what happens with the function when its input variable
becomes larger and larger. In doing so, we have to consider how fast parts of the function
approach 1, as illustrated in the next examples.

Example 6.9

Determine lim
x!1 x2 � 3x

� �
.

We can decompose this limit according to the arithmetic rules for limits in Box 6.1:

lim
x!1 x2 � 3x

� � ¼ lim
x!1 x2 � lim

x!1 3xð Þ

Now both limits approach 1 and thus it seems that lim
x!1 x2 � 3x

� � ¼ 1�1 ¼ 0. However,

there are different ‘degrees’ of infinity which can be understood as follows. For x>3, x2>3x,
thus we can say that x2 approaches infinity faster than 3x. This is why the limit in this example
is +1:

lim
x!1 x2 � 3x

� � ¼ 1

Example 6.10

Determine lim
x!1

x2�3xð Þ
3x2þ3xð Þ.

The rule of thumb here is to identify the highest power of the argument. In this rational
polynomial function the highest power of x is x2. The highest power will determine the outcome
of the limit as it results in the fastest approach of infinity and will dominate all lower powers.
Thus, all elements with lower power can be neglected and we only need to consider the elements
of quadratic power in this case:

lim
x!1

x2 � 3x
� �
3x2 þ 3xð Þ ¼ lim

x!1
x2

3x2
¼ 1

3
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Exercise

6.3. Determine the following limits by examining which part of the function approaches1 faster.
It may help to plot one graph of the different constituting parts together.

a) lim
x!1

x2�4x�5
x�5

b) lim
x!1

ln x
xþ2

c) lim
x!�1

ex�9
xþ3

d) lim
x!1

x2�1
2x2þx�2

e) lim
x!1

x2
sin x

6.6 Application of Limits: Continuity

An application of limits in mathematics itself is in the definition of continuity of a function.
Intuitively, a function is continuous on a given domain if its graph is fully connected and has
no jumps, gaps of holes, or slightly more formally, if for small enough changes in its
arguments, the change in value of the function is arbitrarily small. One definition of
continuity of a function f(x) in a point c is:

lim
x!c

f xð Þ ¼ f cð Þ

Given what we now know about limits this definition implies three things:

1) f is defined at c
2) the limit exists
3) the value of this limit is equal to f(c)

This implies that f(x) only has to be continuous for all arguments in its domain for it to be
continuous. As an example f xð Þ ¼ 1

x is a continuous function, even though its limit at x ¼ 0
does not exist (Example 6.7). It is still continuous because zero does not belong to its domain
(the set of arguments for which the function is defined). However, it has an (asymptotic)
discontinuity at x ¼ 0, which will be discussed later in this section.
The concept of continuity is very important, as it provides a basis for other mathematical

concepts, such as for example the derivatives that are introduced later in this chapter. In
practice, it for example helps understanding the difference between digital and analogue
recordings. Often—but not always—analogue recordings are continuous, while digital
recordings are always discontinuous or discrete as they sample a data stream at a certain
sampling rate and not at every point in time.
For most mathematical applications, we deal with functions that are discontinuous at

certain points only. Several types of such discontinuities exist and we actually already
encountered a few:
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1. Point or removable discontinuity. This discontinuity occurs when a function is defined
differently at a single point (as in Example 6.6), or when a function is not defined at a
certain point (as in Example 6.2). These points are also referred to as removable discon-
tinuities, as their limit usually exists, and if the point is removed from the domain, the
function appears continuous (cf. Examples 6.2 and 6.6; Fig. 6.2).

2. Jump discontinuity. This type of discontinuity occurs when a function approaches two
different values from the two sides of the discontinuity and can be thought of as a jump, as
illustrated in Example 6.4. It often occurs for piecewise functions that are defined
differently for different parts of their domain. Another example is the Heaviside step
function (see Fig. 6.4) which can be defined as:

f xð Þ ¼
0, x2 �1; 0ð Þ
1
2
, x ¼ 0

1, x2 0;1ð Þ

8><
>:

3. Asymptotic discontinuity. To understand this type of discontinuity you have to under-
stand what an asymptote is. This is a value for an argument where its function approaches
�1 (vertical asymptote) or a value that a function approaches when its argument goes to
�1 (horizontal asymptote). When a function has a vertical asymptote, it has an
asymptotic discontinuity for that argument, as in Example 6.8, where the function has
an asymptotic discontinuity at x ¼ 0. Note that this function also has a horizontal
asymptote at y ¼ 0, as can be observed from Fig. 6.3. Similarly, as an example, the
function f xð Þ ¼ x2þ3

x�1 has an asymptotic discontinuity at x ¼ 1.

6.7 Special Limits

We here provide some special limits without proof.

Box 6.2 Special limits

1. lim
x!1 1þ 1

x

� �x ¼ e or lim
x!0

1þ xð Þ1x ¼ e

(continued)

Fig. 6.4 Heaviside step function.
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Box 6.2 (continued)

2. lim
x!0

sin x
x ¼ 1

3. lim
x!0

ex�1
x ¼ 1

4. lim
x!0

ln 1þxð Þ
x ¼ 1

The graph of sin x
x is plotted here for illustration. The reason that its limit is equal to 1 for

x approaching 0 is that for very small x (|x|�1), sinx�x.

6.8 Derivatives

Derivatives are very important for many branches of science in which the rate of change of
continuous functions has to be determined. Whenever you need to determine changes over
time or growth rates, or when calculating velocity or acceleration, or maximum or minimum
values of a function, you use derivatives. In formally defining derivatives, we will use limits
again.
Intuitively, we can think of a derivative as the amount by which a function changes when

its argument changes an arbitrarily small amount. The value of the derivative depends on the
value of the argument. A simple example is the velocity of a car: its velocity is determined by
its displacement in a given period of time (change in position divided by change in time) and
is equal to the derivative of its position as a function of time, with respect to time.
It turns out that the derivative is equal to the slope of the tangent of the function

(cf. Fig. 6.1). The tangent (or tangent line) is the line that just touches the graph and is
maximally parallel to the graph of the function. Below (Fig. 6.5) are two examples.
It can clearly be seen for the left graph in Fig. 6.5 that the slope of the tangent line changes

for different values of x (x1 and x2). But the slope of the tangent line (derivative) does not
always change as a function of x, as can be observed for the right graph in Fig. 6.5. For this
linear function, the tangent line is the same as the function, and it is the same in both points
(and actually everywhere). Indeed, for any linear function the derivative is a constant.
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We have just introduced the derivative of functions by simple examples and hopefully you
have gained an intuitive idea about derivatives. Now, let’s consider the formal definition of a
derivative, which employs limits that were just introduced to you.
Let’s start by considering the left graph in Fig. 6.5 and the points on the graph for its

arguments x1 and x2. When x1 and x2 are relatively far apart, the straight line between them
looks as in Fig. 6.6 (left). When we draw the same line for x1 and x2 that are closer together, it
looks like a tangent (Fig. 6.6 (right)).

Fig. 6.5 Examples of tangent lines (red) for two different functions (their graphs are plotted in blue),

for different values of their arguments (indicated with circles). Left: y ¼ ffiffiffi
x3

p þ2
� �2, right: y¼2x+1.

Fig. 6.6 Same graph as in Fig. 6.5 (left). Left: Plot of the straight line (red) through the two points (x1,y1)
and (x2,y2) on the curve when these points are far apart. Right: The same situation when (x1,y1) and
(x2,y2) are brought closer together.
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If this line is given by the equation

g xð Þ ¼ axþ b

then the slope a of this line through the two points (x1,y1) and (x2,y2) is given by:

a ¼ y2 � y1
x2 � x1

This is also the rate of change of the function y with respect to its input variable
x between x1 and x2. If the two points get closer and closer together (which should remind
you of the definition of a limit), then the slope a is equal to the slope of the tangent at that
point:

lim
x2!x1

y2 � y1
x2 � x1

This is the instantaneous rate of change of the function at x ¼ x1. We can also rewrite
this to:

lim
Δx!0

Δy
Δx

where Δ (delta) is a change, with Δy¼y2�y1 and Δx¼x2�x1. We now arrive at the formal
definition of a derivative:

dy

dx
¼ lim

Δx!0

Δy
Δx

ð6:1Þ

Alternatively, the derivative df xð Þ
dx of a function f(x) with respect to x is written as f 0(x).

For the special case of derivation with respect to time, yet another (dot) notation is reserved:
df tð Þ
dt

¼ _f . Note that the act of calculating a derivative is referred to as differentiation.

Box 6.3 summarizes different notations for derivatives.

Box 6.3 Alternative definitions of a derivative

When y is a function of one variable:

dy
dx

¼ df xð Þ
dx

¼ d
dx

f xð Þ ¼ dy
dx

¼ y 0
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6.9 Basic Derivatives and Rules for Differentiation

Before any examples, I will here provide the derivatives for several basic functions (Table 6.1).
Together with the rules for differentiation in Table 6.2, they will allow you to differentiate
most functions.
Thus, the derivative of a constant function is zero, the derivative of a function of x to some

power is always proportional to that same function for which the power is lowered by one.
We will see several examples of this below. For now, just try to determine the derivative of
f xð Þ ¼ 1

x, applying this rule. What is also interesting is that the derivative of an exponential
function turns out to be that same exponential. This is an important property of derivatives,
that we will make use of in the next chapter on integrals. The exponential is useful to describe
many physical phenomena, most importantly waves. Since sound, light and alternating
current can all be described in terms of waves, the exponential is used to describe not only
the propagation, but also the velocity of sound and light.

Table 6.1 Derivatives dy xð Þ
dx for basic functions y(x)

y(x)
dy xð Þ
dx

C (constant) 0

xn , n2ℚ nxn�1

ex ex

sinx cosx

cosx �sinx
logax 1

x ln a
, x > 0; a > 0 and a 6¼ 1ð Þ

lnx 1
x
, x > 0ð Þ

ax axlna

Table 6.2 Combined functions and rules for their
differentiation

y(x)
dy xð Þ
dx

cu(x),c is a constant cu0(x)

u(x)+v(x) u0(x)+v0(x)

u(x)v(x) u0(x)v(x)+u(x)v0(x)
product rule

u xð Þ
v xð Þ

u0 xð Þv xð Þ � u xð Þv 0
xð Þ

v2 xð Þ
quotient rule

y(x)¼y(u) u¼u(x) dy
du

du
dx

chain rule

y¼y(v) v¼v(u) u¼u(x) dy
dx

¼ dy
dv

dv
du

du
dx

chain rule
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As an example, combining the rule for differentiation of polynomials with the chain rule,

we can derive that for y xð Þ ¼ 1
v xð Þ, y 0 xð Þ ¼ � v 0 xð Þ

v2 xð Þ . Also, the chain rule can be applied

multiple times (Table 6.2, last row), so that the derivative of y(x)¼y(v), where v¼v(u) and
u¼u(x) is y0 xð Þ ¼ dy

dv
dv
du

du
dx.

Now let’s practice with the rules in Tables 6.1 and 6.2 by means of some examples.

Example 6.11

Calculate the derivative of the function y(x)¼2x�3cosx.
Since y(x) is a sum of two functions 2x and�3cosx, we can calculate its derivative by calculating

the separate derivatives of the two functions, according to the rule for a sum of functions in
Table 6.2:

y 0 ¼ 2xð Þ0 þ �3 cos xð Þ0

Then, we use the rule for multiplication with a constant in the same table:

y 0 ¼ 2x
0 þ �3ð Þ cos xð Þ0

And now we can calculate the derivative using the rules in Table 6.1:

y 0 ¼ 2 � 1þ �3ð Þ � sin xð Þ ¼ 2þ 3 sin x

Example 6.12

Calculate the derivative of the function y(x)¼x4+3x.
We can again apply the rules in Tables 6.1 and 6.2:

y 0 ¼ x4
� �0 þ 3xð Þ0 ¼ 4x4�1 þ 3 xð Þ0 ¼ 4x3 þ 3

Example 6.13

Calculate the derivative of the function y(x)¼log3x.
Again, we will use the rules in Table 6.1:

y 0 ¼ 1
x ln 3

Example 6.14

Calculate the derivative of the function y(x)¼lnx+0.5sinx.
Applying the rules in Tables 6.1 and 6.2 yields:

y0 ¼ ln xð Þ0 þ 0:5 sin xð Þ0 ¼ 1
x
þ 0:5 cos x

178 B. Ćurči�c-Blake



Example 6.15

Calculate the derivative of the function y(x)¼sin4x .
Here we have to apply the chain rule in Table 6.2, where u(x)¼4x and y(u)¼sinu:

y 0 xð Þ ¼ d sinuð Þ
du

d 4xð Þ
dx

¼ cos 4xð Þ � 4 ¼ 4 cos 4x

Exercise

6.4. Differentiate the following functions:

a) y(x)¼3x2+2x3�1
b) y(x)¼sin3x
c) y(x)¼17e3t+x22 (note that t is a constant)
d) y(x)¼7x
e) y(x)¼33cos11x+5
f) y(x)¼e�x

g) y xð Þ ¼ 3x4 � ffiffiffi
x

p

To prepare you for the next set of exercises, we provide some more examples first.

Example 6.16

Calculate the derivative of the function y(x)¼xsinx.
We apply the product rule in Table 6.2, where u(x)¼x and v(x)¼sinx:

y 0 xð Þ ¼ x sin xð Þ0 ¼ xð Þ0 sin x þ x sin xð Þ0 ¼ sin x þ x cos x

Example 6.17

Calculate the derivative of the function y(x)¼xkanx, where a, k and n are constants.
We again apply the product rule and the chain rule in Table 6.2:

y 0 xð Þ ¼ xk
� �0

anx þ xk anxð Þ0 ¼ kxk�1anx þ xknanx lna ¼ xk�1anx k þ nx ln að Þ

Example 6.18

Calculate the derivative of the function y xð Þ ¼ sin xþ cos x
1þ tan x .

Now we use the quotient rule in Table 6.2:

y 0 xð Þ ¼ sin x þ cos xð Þ0 1þ tan xð Þ � sin x þ cos xð Þ 1þ tan xð Þ0

1þ tan xð Þ2

(continued)
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Example 6.18 (continued)

We now need the derivative of tanx, which we just provide here. However, it is a good exercise
to calculate it yourself using the definition tan x ¼ sin x

cos x and the quotient rule in Table 6.2.

tan xð Þ0 ¼ 1
cos 2x

We can now continue calculating the derivative of y(x) using the basic rules in Table 6.1:

y 0 xð Þ¼
cos x � sin xð Þ 1þ tan xð Þ � sin x þ cos xð Þ 1

cos 2x
1þ tan xð Þ2

¼
cos x � sin x þ sin x � sin 2x

cos x
� sin x
cos 2x

� 1
cos x

1þ tan xð Þ2

¼
cos x � 1

cos x
sin 2x þ 1
� �� sin x

cos 2x
1þ tan xð Þ2 :

Exercise

6.5. Differentiate the following functions:

a. 2 sin x
2 cos x

2. To simplify the final solution, use the formulas sin x
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 1� cos xð Þ

q
,

cos x2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 1þ cos xð Þ

q
, which you can derive from the formula cos2x¼cos2x�sin2x (see

Chap. 3).
b. y ¼ ex

ffiffiffi
x4

p
c. y¼axxa

d. y ¼ x2 � 1
� � ffiffiffi

x
p

e. y ¼ 3
ffiffiffiffiffi
x25

p
�x

ffiffiffi
x

p
f. y¼x �10x
g. y¼eax(asinx�cosx)

6.10 Higher Order Derivatives

So far we only addressed so-called first order derivatives, where we only calculate the
derivative of a function once. In practice, higher order derivatives are also very common.
The second order derivative is simply the derivative of the derivative of a function. In the
same way you can calculate a third-order derivative - taking the derivative of the derivative of
the derivative of a function. We summarized this in Box 6.4.
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Box 6.4 Higher order derivatives

Second order derivative

y 00 xð Þ ¼ y 2ð Þ xð Þ ¼ d2y

dx2
¼ d

dx
dy
dx

� 	

Third order derivative

y 000 xð Þ ¼ y 3ð Þ xð Þ ¼ d3y

dx3
¼ d

dx
d2y

dx2

 !
¼ d

dx
d
dx

dy
dx

� 	
 �

For example, you already know that velocity is the (first order) derivative of displacement.
Similarly, acceleration is the first order derivative of velocity, making it the second order
derivative of displacement. Again, as acceleration is a second order derivative with respect to
time, we can use the dot notation introduced earlier:

When x(t) is the displacement function, velocity is given by _x ¼ dx
dt

¼ v tð Þ and acceler-

ation by €x ¼ d 2x

dt2
¼ a tð Þ.

Example 6.19

Calculate the first, second and third order derivatives for the function y(x)¼3x3+2x2�1.
This is done step by step, by first calculating the first order derivative, then the second and

finally the third order derivative:

y 0 xð Þ ¼ 9x2 þ 4x

y 00 xð Þ ¼ 18x þ 4

y 000 xð Þ ¼ 18

As you can see, the third order derivative of this function is constant.

Exercise

6.6. Calculate the first, second and third order derivatives for the following functions:

a. y(t)¼e�iωt, remember that i � i¼�1 (Sect. 1.2.4)
b. y(x)¼sin3x
c. y(x)¼17e3t+x22

d. y xð Þ ¼ lnx
x

6.11 Partial Derivatives

Partial derivatives of a function of two or more variables (e.g. f(x,y.z)) are derivatives
with respect to one variable while the other variables are considered constant. Partial
derivatives are often used to determine (spatial) gradient changes in different directions
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(e.g in fMRI or diffusion tensor imaging (DTI)). We will first explain partial derivatives using
an example.

Example 6.20

Consider the function f(x,y)¼3x2+5xy+y3. Calculate the partial derivative with respect to x,

denoted by @ f x;yð Þ
@ x (see Box 6.4 for notation of partial derivatives).

In this case, variable y is considered constant. The rules for partial differentiation are the same
as the rules for general differentiation. The partial derivative with respect to x is thus:

@f x; yð Þ
@x

¼ @

@x
3x2
� �þ @

@x
5xyð Þ þ @

@x
y3
� � ¼ 6x þ 5y þ 0 ¼ 6x þ 5y

The last term y3 was constant in x, and the derivative of a constant is 0.

Box 6.5 Partial derivative notation

For a function of two variables f(x,y):

@f x; yð Þ
@x

¼ df x; yð Þ
dx

� 	
y¼constant

@f x; yð Þ
@y

¼ df x; yð Þ
dy

� 	
x¼constant

More notations for partial derivatives:

@f x; y; ::ð Þ
@x

¼ @

@x
f x; y; ::ð Þ ¼ fx x; y; . . .ð Þ ¼ @x f x; y; . . .ð Þ

Similar to higher order derivatives of a function with one variable, there are second and
higher order partial derivatives. Note that, in case of partial derivatives, you can first calculate
the partial derivative with respect to one variable (say x) and then with respect to the second
variable (say y) (Box 6.6).

Box 6.6 Second order partial derivatives

@2f x; y; . . .ð Þ
@x2

¼ @

@x
@f x; y; ::ð Þ

@x

� 	

@2f x; y; . . .ð Þ
@y2

¼ @

@y
@f x; y; ::ð Þ

@y

� 	

@2f x; y; . . .ð Þ
@x@y

¼ @

@x
@f x; y; ::ð Þ

@y

� 	

Note that @ 2f x;y;...ð Þ
@ x @ y ¼ @ 2f x;y;...ð Þ

@ y @ x for continuous functions.
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Example 6.21

Consider the function from the previous example

f x; yð Þ ¼ 3x2 þ 5xy þ y3

and calculate all possible second order derivatives as in Box 6.6.

@2f x; yð Þ
@x2

¼ @2

@x2
3x2
� �þ @2

@x2
5xyð Þ þ @2

@x2
y3
� � ¼ 6þ 0þ 0 ¼ 6

@2f x; yð Þ
@y2

¼ @2

@y2
3x2
� �þ @2

@y2
5xyð Þ þ @2

@y2
y3
� � ¼ 0þ 0þ 6y ¼ 6y

@2f x; yð Þ
@x@y

¼ @2

@x@y
3x2
� �þ @2

@x@y
5xyð Þ þ @2

@x@y
y3
� � ¼ 0þ 5þ 0 ¼ 5

Thus, calculating partial derivatives is easy as long as you know how to calculate derivatives
in general.

Exercise

6.7. Calculate all possible first and second order partial derivatives of the function: f(x,t)¼e�ixt

6.12 Differential and Total Derivatives

In Sect. 6.8 we defined the derivative as

dy

dx
¼ lim

Δx!0

Δy
Δx

Here Δx¼(x2�x1) is a difference between two points. Thus, for very small Δx we can
think of it as being equal to dx; this is then referred to as a differential. Thus a differential is an
infinitesimally small (very, very small) difference in the variable. We will need the differential
for understanding the total derivative (below) and integrals (Chap. 7). Once we accept this
definition of a differential we can manipulate differential formulas as if the differentials are
variables on their own. For example, as

df xð Þ
dx

¼ df xð Þ
dx

We can rewrite this to:

df xð Þ ¼ df xð Þ
dx

dx
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More generally, for a function f(x,y) the total derivative is equal to:

df x; yð Þ ¼ @f x; yð Þ
@x

dxþ @f x; yð Þ
@y

dy

Example 6.22

Calculate the total derivative of f(x,t)¼e�ixt.

We already know from Exercise 6.7 that @f x;tð Þ
@ x ¼ �ite�ixt and @f x;tð Þ

@ t ¼ �ixe�ixt .
Thus:

df x; tð Þ ¼ @f x; tð Þ
@x

dx þ @f x; tð Þ
@t

dt ¼ �ite�ixtdx þ�ixe�ixtdt

6.13 Practical Use of Derivatives

We already mentioned that derivatives are widely used in science. For example, fitting a
function to a given dataset requires derivatives, because derivatives are used to calculate
maxima and minima. Let’s have a closer look at how derivatives are used to calculate extrema
of a function.

6.13.1 Determining Extrema of a Function

For a smooth function (a function that has well-defined derivatives across its entire domain),
its extrema (minima and maxima) can be determined by identifying the points where the
function is flat (where its slope is zero), or, in other words, where its derivative equals zero.
Consider the function in Fig. 6.7. It is a quadratic function with one minimum. But how

do we know where the minimum is exactly? We find it by taking the first derivative with
respect to x and determining its root. Thus, for this function

f xð Þ ¼ xþ 3ð Þ2 þ 1

Fig. 6.7 Quadratic function (x+3)2+1 with a minimum at (x,y)¼(�3,1).
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we solve the equation

df xð Þ
dx

¼ 0

To determine the derivative, we apply the chain rule in Table 6.2, using that u(x)¼x+3,
resulting in:

df xð Þ
dx

¼ 2 xþ 3ð Þ

Next, we find the root of the derivative:

2 xþ 3ð Þ ¼ 0

xþ 3ð Þ ¼ 0

Thus, the function has a minimum at x¼�3.
How can we determine whether it is a minimum or maximum? The easiest is to look at the

points around it and see whether the function is higher or lower than this extreme value, but
we can also find out mathematically (Box 6.7).

Box 6.7 Distinguishing maxima and minima of a function

1) Determine the stationary points xi of the function f(x) by finding the roots of its derivative.

2) The stationary points are local extrema (maxima or minima) when f 0(xi)¼0 and f 00(xi) 6¼0.

3) The local extrema is a local maximum when f 00(xi)<0 and a local minimum when f 00(xi)>0.

4) When f 00(xi)¼0 the nature of the stationary point must be determined by other means, often by
noting a sign change around that point.

Example 6.23

Consider the function f(x)¼x2+5x+4 and determine its stationary points.

(continued)
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Example 6.23 (continued)

To determine whether this function has extrema, we first calculate its first derivative and find
its roots:

f 0 xð Þ ¼ 2x þ 5 ¼ 0

Thus, for x1 ¼ �5
2 this function has a stationary point. But is it an extrema, and if so is it a

maximum or a minimum? To determine this, we consider the second derivative of f and deter-
mine its sign at x1:

f 00 xð Þ ¼ 2

The second order derivative is constant and positive for the entire domain. Thus, f 00(x1)>0. If
we compare this result to the rules in Box 6.6, we find that the function has aminimum atx1 ¼ �5

2 .
We can confirm this by studying the graph of this function in the figure.

Example 6.24

Consider the function f(x)¼x3 and determine its stationary point(s). Are they extrema?
First we determine the roots of the derivative of f:

f 0 xð Þ ¼ 3x2 ¼ 0

This equation has a solution for x1¼0, i.e. x1¼0 is a stationary point of the function. Next, we
calculate the second order derivative and determine its sign at x1¼0:

f 00 xð Þ ¼ 6x

Hence, at x1¼0 the second order derivative f 00(x1)¼4x1¼0. Thus, f has a stationary point but
not an extrema. Let’s inspect the function’s graph in the figure to find out why. The function
has neither a maximum nor a minimum at x1¼0, but it bends. This is a point of inflection. Not all
third order polynomial functions apparently have a maximum or a minimum.
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Example 6.25

Consider the function f(x)¼2cosx�x and determine its stationary point(s). Are they extrema?

If we study the graph of this function (left part of the figure) we can see that the function has
several local maxima andminima but none is an absolutemaximum orminimum; an extrema over
the entire domain of the function. If we consider only the limited domain x2(�3,5) then the
function has exactly one minimum and one maximum (right part of the figure). We find the
locations of these extrema by finding the roots of the derivative of the function (you need a
calculator for this):

f 0 xð Þ ¼ 0 when sin x ¼ �1
2
and x2 �3;5ð Þ ! xmax ¼ �0:52 and xmin ¼ 3:66

Thus not every function has an absolute maximum or minimum. Some functions have
many local maxima or minima, some have points of inflection. This is very important to
realize as the maximum or minimum are used when finding the best fit of measured data to a
certain function (or distribution).

6.13.2 (Linear) Least Squares Fitting

A frequently used practical application of finding a minimum is (linear) least squares fitting.
Least squares fitting is a method to fit a function f(x,y,. . .) to a given dataset. The idea is to
minimize the offsets between the data and the fitting function. The fitting function is usually
chosen based on some a priori hypothesis about relationships in the data, or experience, and
it can be of any form such as linear, exponential or a power function. Here, to demonstrate
the use of derivatives, we will explain least squares fitting of a linear function.
The general form of a linear function (straight line) is:

f xð Þ ¼ axþ b ð6:2Þ
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where a and b are constants. If we have measured a variable y, at specific points x, we have a
collection of data pairs (xi,yi) where i¼1, . . . ,n. Here n is the number of data pairs. The yi
could be, e.g., temperature read-outs at time points xi. Our aim is to fit the linear function in
Eq. 6.2 to the data. The least squares fitting procedure will aim to minimize the sum of the
square residuals. Here, the residual Ri at a point xi is the difference between the measured
temperature yi and the fitted function at xi:

Ri ¼ yi � f xið Þ

In practice, the perpendicular distances are more often used as residuals (see Fig. 6.8).
For the linear fitting function in Eq. 6.1 they are given by:

di ¼ yi � axi þ bð Þj jffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p
The least squares fitting procedure aims to minimize the sum of squares of these

distances. The sum of squares is used because the derivative of the square function
exists in all points, allowing differentiation of the residuals in all points. The square residuals
are given by:

di
2 ¼ yi � axi þ bð Þj jffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ b2
p

 !2

¼ yi �
�
axi þ b

� ��
2

1þ b2

The sum of squares is then given by:

R2 ¼
Xn
i¼1

yi �
�
axi þ b

� �2
1þ b2

To minimize it we of course use derivatives! We find the minimum of this sum of squares
of residuals by solving the system of equations:

Fig. 6.8 Data points (blue) fitted by a linear function (black). Residuals calculated as perpendicular
distances (green). For one point we illustrate how residuals can be calculated as vertical distances (red
line).
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@y

@a
R2
� � ¼ 0 and

@y

@b
R2
� � ¼ 0

6.13.3Modeling the Hemodynamic Response in Functional MRI

In neuroimaging, we try to determine several brain characteristics, such as its anatomy, the
distribution of white matter tracts and the gray matter volume. We also use neuroimaging
techniques to determine what happens in the brain when a person performs some task (like
reading, or solving a puzzle). Functional neuroimaging is used to accomplish this; when using
MRI techniques we call this functional MRI (fMRI). fMRI is a great technique to measure
brain activation when a person is performing a task, because it has such high spatial
resolution (up to 2 	 2 	 2 mm3). However, the actual brain activation is not measured
directly with fMRI; instead the change in blood oxygenation level, in response to a change in
neuronal electrical activity due to task performance, is measured. This human hemodynamic
response to brief periods of neural activity is sluggish and therefore delayed and dispersed in
time. Approximately 5–6 s after the onset of neuronal activity, the blood oxygenation
level rises to its maximum (see Fig. 6.9 top panel). We already mentioned in Sect. 4.3.2
Example 4.4, that the task-related brain activation can be modeled by a regressor, that
contains a prediction of the brain response. For an experiment that is designed in blocks of
alternating rest and task performance (block design), we expect the brain response to
alternate in areas that are involved in the task, as well. To predict a response, i.e. to make a
regressor, for fMRI experiments, we convolve the regressor that contains task information

Fig. 6.9 Top: model of the hemodynamic response function, bottom: derivative of the function in the
top panel. Red dots indicate extrema of the top function, that correspond to roots of the bottom
function. Blue dots indicate points of inflection of the top function, that correspond to extrema of the
bottom function.
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(onsets and the duration of each block, where rest is indicated by 0 and task by 1 for a
block design) and a prediction of the hemodynamic response. Convolution is explained in
Sect. 7.5.2. In fMRI this prediction of the hemodynamic response is called the hemodynamic
response function (HRF) (see Fig. 6.9 top panel).
To allow for more flexibility in the shape of the prediction of this response, the first

temporal derivative of the HRF (Fig. 6.9 bottom panel) is also used to convolve the block
design regressor with (see explanation in Liao et al. 2002 or Henson et al. 2002), giving a
second regressor. Note how the derivative of the HRF appears shorter-lived. Also, this is a
nice example showing that where a function has an extrema (red dots in Fig. 6.9 top panel) its
derivative is zero. One can also spot the points of inflection (blue dots in Fig. 6.9 top panel),
that are of a different nature than the ones in Example 6.24. At its points of inflection, the
original function (the HRF) does not have stationary points, but its derivative has an
extrema.

6.13.4 Dynamic Causal Modeling

Neuroscientists are interested in how the brain functions and particularly, in how brain
regions communicate with each other. One method to investigate brain communication is
dynamic causal modeling or DCM (Friston et al., 2003). DCM employs derivatives to model
and investigate the dynamic properties of local brain activity. In dynamic causal modeling
bilinear equations are used to describe the interaction between two brain regions.
To explain this in more detail, let’s consider two brain regions 1 and 2, with their activities

z1(t) and z2(t), as measured during a neuroimaging experiment in which participants had to
watch images with positive or negative content. Presentation of images with a positive
content is modeled as up(t) (which is 1 when a positive image is shown and 0 otherwise)
and similarly un(t) is used to model the presentation of negative images. In DCM one
assumes a causal model of interactions between brain regions and how these interactions
change due to experimental manipulations. For example, you can assume that activity in
region 2 causes activity in region 1 and that that activity will be affected by watching negative
images (as modeled by un(t); Fig. 6.10a). Or you can assume that the activities in both
regions affect each other and that the activity in region 1 is affected by watching positive
images (as modeled by up(t); Fig. 6.10b). These assumptions result in two different causal
models.
In general, the dynamic causality is modeled as:

dz tð Þ
dt

¼ Az tð Þ þ Bjuj tð Þz tð Þ þ Cuj

In the example above, z(t) is the activity in either region 1 or region 2. The uj are the inputs
up(t) and un(t). The coefficients A, B

j and C need to be determined. What one can observe is

that the change in activity in one brain region (dz tð Þ
dt ) is coupled via coefficient A to activity in

another brain region. We say that activity in the latter region causes the change in activity in
the first region, where the amount of coupling is given by A. The extent to which the
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coupling is affected by inputs (uj) is modeled by coefficients B. The direct effect of these
inputs on brain activity is modeled by coefficients C.

Example 6.26

Determine the equations that describe the causal model in Fig. 6.10a.
Since we have only one causal interaction from region 1 to region 2 we need only one dynamic

causal equation to describe the model:

dz2 tð Þ
dt

¼ a12z1 tð Þ þ bn
12unz1 tð Þ

However, the input un also directly affects activity in brain region 1, so we need another
equation to describe that:

dz1 tð Þ
dt

¼ cn1 un tð Þ

Example 6.27

Determine the equations that describe the causal model in Fig. 6.10b.
These equations can be found in a similar way as for Example 6.26. This model is a bit more

complex, but can nevertheless be described by two equations:

dz2 tð Þ
dt

¼ a12z1 tð Þ þ bp
12upz1 tð Þ

dz1 tð Þ
dt

¼ a21z2 tð Þ þ bp
21upz2 tð Þcp1 up tð Þ

Fig. 6.10 DCMmodels to model brain activity z1(t) and z2(t) in two brain regions during a neuroimaging
experiment in which participants watched images with positive or negative content. Presentation of
images with a positive content is modeled by up(t) and un(t) is used to model the presentation of
negative images. Different assumptions result in different models. (a) DCM model of activity in region
2 causing activity in region 1, assuming that activity in region 1 will be affected by watching negative
images; (b) DCM model of activities in both regions affecting each other, assuming that the activity in
region 1 is affected by watching positive images.
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Glossary

Absolute As in absolute maximum or minimum: the largest maximum or minimum value over the
entire domain of a function.

Argument Input variable of a function.
Asymptote A line or a curve that approaches a given curve arbitrarily closely; their point of touch tends

towards infinity. It is the tangent of a curve at infinity.
Asymptotic discontinuity A function that has a vertical asymptote for the argument belonging to the

discontinuity.
Blood oxygenation level The level of oxygen in the blood.
Continuous A function that is defined on its domain, for which sufficiently small changes in the input

result in arbitrarily small changes in the output.
Derivative Rate of change of a function; also the slope of the tangent line.
Differential Infinitesimal differences of a function.
Discrete Opposite of continuous; a discrete variable can only take on specific values.
Domain The set of arguments for which a function is defined.
Extrema Collective name for maxima and minima of a function.
Hemodynamic response Here: the increase in blood flow to active brain neuronal tissue.
Infinity An abstract concept that in the context of mathematics can be thought of as a number larger

than any number.
Limit A limit is the value that a function or sequence “approaches” as the variable approaches some value.
Local extrema As in local maximum or minimum: a maximum or minimum value of the function in a

neighbourhood of the point.
One-sided limit Limit that only exists for the variable of a function approaching some value from

one side.
Optimisation problem The problem of finding the best solution from all possible solutions.
Partial derivative A derivative of a function of several variables with respect to one variable, considering

remaining variables as a constant.
Piecewise A function that is defined differently for different parts of its domain.
Point of inflection Point where the curvature changes sign, i.e. where the derivative has an extrema.
Propagation Movement.
Regressor An independent variable that can explain a dependent variable in a regression model.
Removable discontinuity (Also known as point discontinuity) discontinuity that occurs when a

function is defined differently at a single point, or when a function is not defined at a certain point.
Root Point where a function is equal to zero.
(To) sample To digitize an analog signal, analog-to-digital (A/D) conversion.
Stationary point A point on a curve where the derivative is equal to zero.
Tangent (line) A straight line that touches a function at only one point, also an instantaneous rate of

change at that point.

Symbols Used in This Chapter (in Order of Their Appearance)

lim
x!a

f xð Þ Limit

lim
x!aþ

f xð Þ or lim
x#a

f xð Þ Limit from the right

lim
x!a�

f xð Þ or lim
x"a

f xð Þ Limit from the left
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dy
dx

¼ y 0 xð Þ (First order) derivative

df tð Þ
dt

¼ _f
Time derivative

y
00
(x)¼y(2)(x) Second order derivative

y
000
(x)¼y(3)(x) Third order derivative

@ f x; yð Þ
@ x

Partial derivative with respect to x

@ f x; yð Þ
@ y

Partial derivative with respect to y

df(x,y) Differential

Overview of Equations for Easy Reference

Limit

lim
x!a

f xð Þ ¼ L

Function with multiple domains

f xð Þ ¼
f 1 xð Þ, for x2 �1; að �
f 2 xð Þ, for x2 a; bð �
f 3 xð Þ, for x2 b;1ð Þ

8<
:

Arithmetic rules for limits

1. lim
x!c

a � f xð Þ ¼ a � lim
x!c

f xð Þ, when a is constant

2. lim
x!c

f xð Þ � g xð Þ½ � ¼ lim
x!c

f xð Þ � lim
x!c

g xð Þ
3. lim

x!c
f xð Þg xð Þ½ � ¼ lim

x!c
f xð Þ � lim

x!c
g xð Þ

4. lim
x!c

f xð Þ
g xð Þ
h i

¼ lim
x!c

f xð Þ
lim
x!c

g xð Þ, if and only if lim
x!c

g xð Þ 6¼ 0

5. lim
x!c

f xð Þn ¼ lim
x!c

f xð Þ
h in

, n2ℝ

6. lim
x!c

a ¼ a, when a is constant

7. lim
x!c

x ¼ c

Heaviside function

f xð Þ ¼
0, x2 �1; 0ð Þ
1
2
, x ¼ 0

1, x2 0;1ð Þ

8><
>:
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Special limits

1. lim
x!1 1þ 1

x

� �x ¼ e or lim
x!0

1þ xð Þ1x ¼ e

2. lim
x!0

sin x
x ¼ 1

3. lim
x!0

ex�1
x ¼ 1

4. lim
x!0

ln 1þxð Þ
x ¼ 1

Definition of derivative

dy

dx
¼ lim

Δx!0

Δy
Δx

Alternative expressions for the derivative if y ¼ f (x)

y0 ¼ dy

dx
¼ df xð Þ

dx
¼ d

dx
f xð Þ ¼ f

0
xð Þ

Basic derivatives

y xð Þ ¼ C,
dy xð Þ
dx

¼ 0, C is constant

y xð Þ ¼ xn, n2ℚ,
dy xð Þ
dx

¼ nxn�1

y xð Þ ¼ ex,
dy xð Þ
dx

¼ ex

y xð Þ ¼ sin x,
dy xð Þ
dx

¼ cos x

y xð Þ ¼ cos x,
dy xð Þ
dx

¼ � sin x

y xð Þ ¼ logax,
dy xð Þ
dx

¼ 1
x ln a

, x > 0; a > 0 and a 6¼ 1ð Þ

y xð Þ ¼ ln x,
dy xð Þ
dx

¼ 1
x
, x > 0ð Þ

y xð Þ ¼ ax,
dy xð Þ
dx

¼ ax ln a
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Basic rules for differentiation

y xð Þ ¼ cu xð Þ, c is a constant y0 xð Þ ¼ cu0 xð Þ
y xð Þ ¼ u xð Þ þ v xð Þ, y0 xð Þ ¼ u0 xð Þ þ v0 xð Þ
y xð Þ ¼ u xð Þv xð Þ, y0 xð Þ ¼ u0 xð Þv xð Þ þ u xð Þv0 xð Þ, product rule
y xð Þ ¼ u xð Þ

v xð Þ , y0 xð Þ ¼ u0 xð Þv xð Þ � u xð Þv0 xð Þ
v2 xð Þ , quotient rule

y xð Þ ¼ y uð Þu ¼ u xð Þ, dy

du

du

dx
, chain rule

y ¼ y vð Þ v ¼ v uð Þ u ¼ u xð Þ, dy

dx
¼ dy

dv

dv

du

du

dx
, chain rule

Higher order derivatives.
Second order derivative

y00 xð Þ ¼ y 2ð Þ xð Þ ¼ d2y

dx2
¼ d

dx

dy

dx

� 	

Third order derivative

y000 xð Þ ¼ y 3ð Þ xð Þ ¼ d3y

dx3
¼ d

dx

d2y

dx2

� 	
¼ d

dx

d

dx

dy

dx

� 	
 �

Partial derivatives.
First order partial derivatives for a function of two variables:

@f x; yð Þ
@x

¼ df x; yð Þ
dx

� 	
y¼constant

@f x; yð Þ
@y

¼ df x; yð Þ
dy

� 	
x¼constant

Second order partial derivatives

@2f x; y; . . .ð Þ
@x2

¼ @

@x

@f x; y; ::ð Þ
@x

� 	

@2f x; y; . . .ð Þ
@y2

¼ @

@y

@f x; y; ::ð Þ
@y

� 	

@2f x; y; . . .ð Þ
@x@y

¼ @

@x

@f x; y; ::ð Þ
@y

� 	
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More notations for partial derivatives

@f x; y; ::ð Þ
@x

¼ @

@x
f x; y; ::ð Þ ¼ f x x; y; . . .ð Þ ¼ @xf x; y; . . .ð Þ

Total differential of a function of two variables

df x; yð Þ ¼ @f x; yð Þ
@x

dxþ @f x; yð Þ
@y

dy

Answers to Exercises

6.1. a) 18
b) 12
c) 1.5
d) Does not exist.

6.2. a) �1
b) �5
c) 5/6
d) �1/2

6.3. a) 1
b) 0
c) 0
d) ½
e) 1

6.4. a) y 0¼6x+6x2

b) y 0¼3 cos3x
c) y 0¼22x21

d) y 0¼7
e) y 0¼�363 sin11x
f) y 0¼�e�x

g) y0 ¼ 12x3 � 1
2
ffiffi
x

p

6.5. a) y 0¼cosx

b) y 0 ¼ ex x
1
4 þ 1

4x
�3

4

� �
c) y 0¼axxa�1(x ln a+a)
d) y 0 ¼ 5x2�1

2
ffiffi
x

p

e) y 0 ¼ 6
5 x

3
5 � 3

2

ffiffiffi
x

p
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f) y 0¼10x(1+x ln10)
g) y 0¼eaxsinx(1+a2)

6.6. a) y 0(t)¼� iωe�iωt, y 00(t)¼�ω2e�iωt, y 000(t)¼ iω3e�iωt

b) y 0(x)¼3 cos 3x, y 00(x)¼�9 sin 3x, y 000(x)¼�27cos3x
c) y 0(x)¼22x21, y 00(x)¼462x20, y 000(x)¼9240x19

d) y0(x)¼x�2(� ln x+1), y 00(x)¼x�3(2 ln x�3), y 000(x)¼x�4(�6 ln x+11)

6.7. @f x;tð Þ
@x ¼ �ite�ixt , @f x;tð Þ

@t ¼ �ixe�ixt , @2f x;tð Þ
@x2 ¼ �t2e�ixt , @2f x;tð Þ

@t2 ¼ �x2e�ixt ,
@2f x;tð Þ
@x@t ¼ �e�ixt i þ xtð Þ.
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