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Chapter 7

Two-stage robust network design with

temporal characteristics

Abstract. We analyze a two-stage stochastic network design problem inspired by

operations between city distribution centers. Here, commodities have an uncertain

delivery window in which they can be transported between their associated origin and

destination location. By taking a robust optimization point of view, our goal is to analyze

networks that on a day-to-day basis allow for transportation of the commodities while

minimizing the worst-case realization of fixed and variable transportation costs. We

introduce the concept of time-invariant vehicle paths: In the first-stage, we determine a

sequence of visited locations, while in the second-stage, after observing uncertainty, we

determine the departure and arrival times of the vehicle path and which commodities

to transport. We model the use of time-invariant vehicle paths by combining a flat

network with a time-expanded network. Next to providing a generic two-stage robust

formulation, we provide a lower bound approach by means of a large-scale scenario-

based mixed integer programming formulation, and an upper bound approach by means

of robust counterparts to a static, single-stage formulation. We end this paper by

sketching situations for which time-invariant vehicle paths are most promising. In

addition, we provide a small numerical analysis comparing the scenario-based large-

scale MIP with the static, single-stage counterparts. We show that the concept of

time-invariant vehicle paths is a promising way to design robust networks between city

distribution centers.

This chapter is based on Schrotenboer, Ursavas, and Vis (2019c):
Schrotenboer AH, Ursavas E, Vis IFA, 2019c Two-stage robust network design with temporal charac-
teristics. Working paper
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7.1 Introduction

Network design problems generally consist in finding a cost-minimizing set of links

in a network so as to transport commodities between their corresponding origin and

destination locations along the opened links (Gendron, Crainic, and Frangioni 1999,

Crainic 2000). Due to the increased interconnectivity of supply chains and distribution

networks, the accurate modeling of the commodities’ temporal characteristics such

as the earliest possible pickup time and latest possible delivery time has become

prevalent nowadays (Boland et al. 2017). Especially in city distribution networks,

temporal characteristics have an high impact on the daily operations but are uncertain

in practice. If not taken into account properly, small deviations might invalidate the

operations planned, leading to high costs and dissatisfied customers up- or downstream

the supply chain.

One particular way to deal with uncertainty is two-stage robust optimization (Ben-

Tal et al. 2004, Hanasusanto, Kuhn, and Wiesemann 2015, Yanıkoğlu, Gorissen, and

Den Hertog 2019). Here, recourse decisions are taken to best-react on first-stage

decisions after uncertainty is revealed while minimizing overal worst-case performance.

We adopt this approach to develop robust networks to deal with the uncertainty of

the temporal characteristics. That is, we search for an a-priori network design that

minimizes the worst-case outcome of daily operations. Compared to stochastic pro-

gramming, where the average performance is minimized, two-stage robust optimization

performs on-average only slightly worse while it excludes extremes of daily observed

costs (as the worst case is minimized). To the best of the authors’ knowledge, this

is the first work that unites the fields of two-stage robust (integer) optimization and

network design with temporal characteristics.

Network design, as approached in this paper, refers to the design of the network

for a single consolidation carrier that is responsible for transporting all commodities

(i.e., shipments of parcels or freight) between distinct origin and destination locations.

Consolidation of the commodities leads to higher on-average truckloads and less

required vehicles, and is the major opportunity to reduce costs in network design

problems (Dejax and Crainic 1987, Chouman, Crainic, and Gendron 2016). At the

same time, distribution networks typically depend upon upstream and downstream

parts of the supply chain, which are often controlled by different stakeholders (Van der

Heide et al. 2018). Hence, a commodity’s earliest possible pickup time at the origin

and its latest possible delivery time at the destination are beyond the consolidation

carrier’s control, and, therefore, possess a great amount of uncertainty and risk for daily

operations. Namely, slight changes in temporal characteristics can disrupt the efficient
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consolidation of commodities, thereby reducing average truck loads and increasing the

number of required vehicles. We, therefore, aim to design robust networks so that

changes in temporal characteristics can be handled efficiently in day-to-day operations

(Ardestani-Jaafari and Delage 2017, Van Engeland et al. 2018).

We adopt a two-stage robust integer optimization paradigm (see, e.g. Bertsimas and

Caramanis 2007, Bertsimas and Georghiou 2015, Hanasusanto, Kuhn, and Wiesemann

2015, Postek and Hertog 2016) to cope with the uncertain temporal parameters of

the commodities. In two-stage robust (integer) optimization, also called adjustable

robust (integer) optimization, the decision maker is allowed to take decisions both

here-and-now (before uncertainty is revealed) and, in addition, to adapt or further

specify their decisions after uncertainty is revealed. The objective is to minimize the

sum of the first-stage decision costs and the worst-case realization of the second-stage

decision costs. The resulting optimization problem is a trilevel optimization problem

(min - max - min). This reflects situations, where the decision maker is able to alter

decisions based on dynamically arising information, but for which it is crucial to

provide feasible and robust solutions. Two-stage robust optimization thereby improves

upon the static robust optimization paradigm in which parameter uncertainty is dealt

with by taking here-and-now decisions only. Here, uncertainty is assumed to be

modeled by user-specified uncertainty sets containing the possible outcomes of the

uncertain parameters (see, e.g. Gorissen, Yanıkoğlu, and Den Hertog 2015, Yanıkoğlu,

Gorissen, and Den Hertog 2019).

In this paper, we introduce the Two-stage Robust Network Design Problem with

Temporal Characteristics, or short the Robust Network Design Problem (RNDP), in

which we need to select a number of time-invariant vehicle paths in the first-stage,

and after observing uncertainty, need to determine the departure and arrival times

at the locations of the selected vehicle paths in the second-stage. The time-invariant

vehicle paths include a fixed cost for using a vehicle and arc-dependent travel costs.

We further consider commodity specific arc-dependent transportation costs. The goal

of the RNDP is then to find a set of vehicle paths that simultaneously minimizes the

first-stage vehicle paths costs and the worst-case realization of second stage commodity

transportation costs. Here, realizations of temporal characteristics and commodity

weights are assumed to be drawn from a user-specified uncertainty set.

We model the first-stage decisions of the RNDP on a flat network and the second-

stage decisions on a time-expanded network. By discritizing the uncertainty set (i.e.,

taking scenarios), we present a large scale MIP formulation for solving the RNDP.

We present a sampling approach that randomly selects such scenarios to provide

lower bounds on the optimal solution of the RNDP. To determine the value of taking
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decisions dynamically instead of statically, we present a robust counterpart for taking

all decisions before uncertainty is revealed. The latter model is an upper bound for the

optimal solution of the RNDP. We used these models to assess the value of dynamic

decision making for different configurations of the network. By numerical examples and

computational experiments we show the potential of using dynamic decision making

and using time-invariant vehicle paths.

Throughout this paper, we interpret the notions of links, commodities, and transport

in the context of transportation networks, i.e., an opened link corresponds to a vehicle

transporting commodities (i.e., freight or parcels) between two locations in the network.

However, we would like to stress that they can be interpreted as more general descriptors

for numerous other applications including the design of flight networks for airline

operations (Büdenbender, Grünert, and Sebastian 2000), post-disaster debris collection

operations (Çelik, Ergun, and Keskinocak 2015), health-care scheduling (Zarrinpoor,

Fallahnezhad, and Pishvaee 2018), or maintenance operations at offshore wind farms

(Schrotenboer, Ursavas, and Vis 2019b).

In the remainder of the introduction, we first detail the notion of time-invariant

vehicle paths and afterwards review the relevant concepts in robust optimization and

indicate how our contributions are positioned within this field. Next, we provide

an overview of network design problems that are already addressed from a robust

optimization point of view, and how our work contributes there. We finish with a

summary of this paper’s contributions and an outlook of the remainder of this paper.

7.1.1 Time-invariant vehicle paths

Traditionally, two-stage optimization problems in network design with uncertain

parameters ask to open a set of (capacited) links in the first stage, and, after observing

uncertain parameters, to route the commodities from their origin to destination

locations in the second-stage along the links opened in the first stage (see, e.g. Silva,

Poss, and Maculan 2018a,b). This is, however, not particularly suitable for the

temporal aspects that are involved in the RNDP, as we need to decide upon the

departure and arrival time of locations associated with the opened links. Deciding

in the first-stage might be to conservative and does not exploit information readily

availably in the era of big data and the internet of things. On the other hand, if we

decide upon arrival and departure times solely in the second-stage (and thereby which

links to open) it requires practically yet unattainable high levels of coordination and

cooperation between the operated vehicles on the links.

We introduce the notion of time-invariant vehicle paths in which the nodes to
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be visited are determined a priori. After uncertainty is revealed, we determine the

departure and arrival times associated with the a-priori selected time-invariant vehicle

paths to route the commodities between origin and destiantion location. Using this

concept, we decide upon the number of operated vehicles and their associated paths

in a static way, but allow for the operational flexibility to determine departure and

arrival times after uncertainty is revealed.

Besides its practical value, using time-invariant vehicle paths allows us to study the

trade-off between the number of vehicles available in the system and its corresponding

operational flexibility. Namely, we include a fixed cost for selecting a time-invariant

vehicle path. If only single links are opened in the first stage (with associated times),

it is difficult to determine the minimum number of required vehicles. This is a difficult

optimization problem by itself and leads to a MIP formulation (of the complete

problem) that is hard to solve.

7.1.2 Two-stage robust optmization with integer second stage.

We will model the RNDP on a so-called time-expanded network. In general terms,

it entails copying the nodes (and links) for a set of discretized time steps, so that a

node decodes a combination of time and location. The details on this can be found in

Section 7.2, but it implies that the second-stage decisions are to select links associated

with the time-invariant vehicle path in the time-expanded network.

Hence, in the RNDP, we both take integer first-stage decisions (i.e., which time-

invariant vehicle path to choose) and second-stage integer decisions (i.e, choose

associated links in the time-expanded network). We, therefore, briefly summarize the

literature on two-stage integer robust optimization.

Two-stage robust optimization, or adaptive robust optimization Yanıkoğlu, Goris-

sen, and Den Hertog (2019), entails tri-level optimization problems where first-stage

decisions are taken so that the worst-case second stage costs, where we are allowed

to take decisions after uncertainty is revealed, is minimized. Two-stage robust op-

timization does not allow for directly determining the robust counterpart, which is

the straightforward concept in static robust optimization (Gorissen, Yanıkoğlu, and

Den Hertog 2015). Therefore, tailored methods have been developed for solving

two-stage robust optimization problems, which we shortly review in the following.

Linear decision rules, originating from non-integer adaptive robust optimization,

model the second stage decision as an affine function of the realization of uncertain

parameters (Ben-Tal et al. 2004). This has recently been translated to also be valid

for integer second-stage decisions by (Bertsimas and Georghiou 2015). Another way
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to deal with two-stage robust integer models is finite adaptability (Bertsimas and

Caramanis 2010). In such an approach, one restricts the number of second-stage

decisions that are allowed to take. Geometric characteristics, under which conditions

finite adaptability provides good approximations, are discussed in Bertsimas, Iancu,

and Parrilo (2010). More recently, Hanasusanto, Kuhn, and Wiesemann (2015) discuss

finite adaptability for two-stage robust binary optimization. We choose to not use

K-adaptability for solving the RNDP, as it opposes the concept of time-invariant

paths where we can still select arrivel and departure times completely dynamic in the

second stage. Lastly, Bertsimas and Dunning (2016) and Postek and Hertog (2016)

discuss the concept of iteratively splitting the uncertainty set. The general idea is to

split the uncertainty in subsets with its own decisions.

We choose to follow an algorithmic approach recently proposed by Zeng and Zhao

(2013). It is a column-and-row generation method that iteratively generates scenarios

that are either infeasible for the current first-stage solution or define a a new worst-case

scenario. As we aim to infer how much the value is of dynamically adjusting vehicle

paths after observing uncertainty, i.e., using two-stage robust optimization instead of

static robust optimzation, we deemed this approach suitable. Namely, it gives us lower

bounds at each moment in time, allowing us to infer upon the value of dynamically

adjusting paths at any point during the execution of the algorithm.

7.1.3 Network design problems

As network design problems are well established problems within the field of Operations

Research, many applications have been studied, and also robust approaches have found

there way (see, e.g., Van Engeland et al. 2018). First, we discuss deterministic works

that are related to the RNDP, and afterward, we discuss to which extent uncertainty

has been studied in general network design problems.

At the basis of RNDP lies the multi-commodity fixed-charge network design

problem (see, e.g., Chouman, Crainic, and Gendron 2016). Here, the goal is to open a

set of arcs and route the commodities from their origin to destination location along

the opened arcs. In these problems, a fixed charge is payed when an arc is opened

and variable commodity transportation costs are incurred if the arc is used. This

also forms the core of the decisions present in the RNDP, however, two distinctions

are observed. First, the multi-commodity fixed-charge network design problem does

not consider temporal characteristics as we do, and second, there is no limit (and

associated costs) to the number of vehicles that are required to perform the operations

on the opened links.
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A few papers consider the management of additional resources in network design

problems. In Andersen et al. (2011) and Crainic et al. (2014), the authors consider

the management of (among others) a fleet of vehicles, and ensure that the resulting

network design is periodic. In their context, a period is typically a day, and a vehicle

can only travel along a single arc in a single period. In the RNDP, we model operations

inspired on high-pace city-logistics, where the complete time horizon comprises several

hours instead of several days. Hence, we consider vehicle paths (i.e., a sequenced of

opened arcs associated with a single vehicle) within a single period.

The RNDP has been studied in a determenistic setting by Boland et al. (2017),

where the authors propose a so-called dynamic discretization discovery algorithm. This

algortihm iteratively enhances the discretization instead of considering a complete

time-expanded network. As we focus on the impact of dynamically adjusting decisions

after uncertainty is revealed, we take the discretization as given which does not require

us to explore opportunities of applying dynamic discovery algorithms in the robust

setting.

From a robust optimization point of view, surprisingly few studies focused on

‘flow’ problems on graphs. In Atamtürk and Zhang (2007), two-stage robust network

flows such as the maximum flow problem are studied, and found to be NP hard in

general. They present specific network structures that allow for solving flow problems

in polynomial time. After that, several works on robust ‘flow’ problems have emerged.

Namely, robust optimization approaches to the single-commodity robust network

design problem have been considered by Cacchiani et al. (2016), two-stage robust

approaches for minimum cost flows for general graphs have been discussed by Simchi-

Levi, Wang, and Wei (2018), and two-stage robust maximum flows problems for

networks with failing arcs are discussed in Bertsimas, Nasrabadi, and Stiller (2013).

Although these works provide fundamental insights in (two-)stage robust optimization

for network design problems, they do not focus on practical and rich network design

problems such as the RNDP. Finally, Silva, Poss, and Maculan (2018a) and Silva, Poss,

and Maculan (2018b) study K-adaptability variants of the fixed-charge capacitated

network design problem, for a set of given vehicle paths. However, the authors do not

consider temporal characteristics as we do.

There are a few miscellaneous studies that relate to the RNDP, but do not belong

to any particular category. The multi-commodity fixed-charge capacitated network

design has been considered from a stochastic programming point of view recently

(Rahmaniani et al. 2017). The authors propose enhanced benders-decomposition

algorithms to solve this problem. Also heuristics have been considered within this

context, see Sarayloo, Crainic, and Rei (2018). In Ardestani-Jaafari and Delage (2017),
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the authors study multi-period location-transportation problems. In particular, they

quantify the value of flexibility by comparing the static location-transportaion problem

with a variant where demand can be fulfilled after uncertainty has been realized.

Although this analysis has a similar aim as our study, i.e., it compares static with

dynamic decision making, we introduce the new concept of time-invariant vehicle paths

and investigate its impact on flexibility on network design problems with temporal

characteristics.

7.1.4 Contributions and outlook

We aim to contribute by analyzing two-stage robust networks and possible ways to

obtain lower and upper bounds to their associated optimal solutions. Our contributions

can be summarized as follows:

• We study two-stage robust solutions of a practically relevant problem arising in

transportation and logistics, namely, a service network design problem arising in

city-logistics operations.

• We introduce the concept of time-invariant vehicle paths in which a sequence of

location visits is made a-priori, and the associated departure and arrival times

are determined after uncertainty is revealed.

• We provide a path-based formulation and reformulate it as a large-scale, scenario

based, mixed-integer programming model. In addition, we present the robust

counterpart to the static variant of the RNDP.

• We analyze the value of using time-invariant vehicle paths by comparing the

efficiency gain of allowing two-stage decision making over single-stage decision

making.

The remainder of this paper is as follows. In Section 7.2, we introduce the RNDP

formally and provide a generic two-stage robust formulation. A lower bound approach,

by means of a large-scale scenario-based MIP, is presented in Section 7.3. In Section

7.4, we analyze the single-stage variant of the RNDP and provide its tractable robust

counterpart. We provide experimental insights in Section 7.5, and we conclude the

paper in Section 7.6.
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7.2 Problem formulation

In the following, we present a general formulation for the two-stage Robust Continuous

Time Network Design Problem (RNDP). We start with a general description of the

RNDP on a flat network, i.e., where time is not explicitly encoded within the network.

Thereafter, we provide the necessary notation to model the RNDP on a time-expanded

network (see, e.g. Boland et al. 2017). We end this section with a general formulation

that exploits elements from both the flat network and the time-expanded network.

We model the uncertain parameters by a polyhedral uncertainty set, i.e., Ξ := {ξ |
Eξ ≤ f}, where E and f are a matrix and vector of compatible size, respectively. We

denote dependency of uncertain parameters on this set by ·(ξ) with ξ ∈ Ξ.

7.2.1 Problem statement

The RNDP is situated on directed graph G = (N ,A), where N = {1, . . . , N} denotes

the set of nodes and A = {1, . . . , A} denotes the set of arcs. We consider a set of

commodities K = {1, . . . ,K}, each of which have an associated quantity qk(ξ) ∈ N≥0,

an origin ok ∈ N , a destination dk ∈ N , an earliest possible pickup time ek(ξ) ∈ N≥0

at the origin node, and a latest possible delivery time `k(ξ) ∈ N≥0 at the destination

node. We call δk(ξ) := (`k(ξ) − ek(ξ)) ≥ 0 the delivery time of commodity k. All

events take place on a continuous time horizon [0, T ].

Let V = {1, . . . , V } be the set of vehicles that are available for transporting

commodities along the graph G. Using a vehicle comes at a fixed vehicle cost f ∈ N>0

and at transportation cost cij ∈ N>0 for traversing arc (i, j) ∈ A. Moreover, variable

commodity costs c̃kij ∈ N>0 are incurred if commodity k is transported by some vehicle

long arc (i, j) ∈ A.

Let P be the exponentially large set of time-invariant vehicle paths (in short, vehicle

paths) through graph G. Each vehicle path p ∈ P is defined by a sequence of visited

arcs (ap1, a
p
2, . . . , a

p
np), aj ∈ A, j ∈ {0, . . . , np}. Let cp denote the costs associated to

path p ∈ P, i.e., the fixed costs f and the transportation costs cij for all (i, j) ∈ A
that are contained in path p.

We take decisions in two-stages. In the first stage, we select a set of vehicle paths

along arcs (i, j) ∈ A. Let xp be binary decision variables that equal 1 if p ∈ P is

selected in the first-stage, and 0 otherwise. We do not specify any temporal aspects

of the selected paths, as we do not specify which commodities are transported along

the set of paths. In the second stage, after uncertainty is revealed, we need to specify

1) the actual departure (or arrival) times at the nodes for each vehicle path selected

in the first stage, and 2) we need to transport the commodities from their associated
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origin to their associated destination locations along the ‘timed’ copies of the arcs.

Whereas the first-stage decisions are situated upon the flat network G, the second-

stage decisions take place in a time-expanded network where time is explicitly modeled

in the nodes of the network. Before we detail the construction of the time-expanded

network and the corresponding second-stage decisions, we make several remarks explicit

for future reference.

Remark 7.1. Although we do not specify any temporal aspect of the paths in the

first stage, some necessary conditions can be imposed. For instance, the chosen paths

should allow for transportation of all the comodities if we set the delivery times (and

the time horizon length) arbitrarily large. Valid inequalities could be developed on

the basis of such observations to enhance the computational efficiency of any method.

Remark 7.2. For degenerate Ξ and f = 0, the RNDP reduces to a single-stage

deterministic continuous time network design problem as introduced by Boland et al.

(2017). Namely, we can interpret a vehicle route as opening a single arc (i, j) since

f = 0, and use the arc-based formulation of Boland et al. (2017) and their proposed

solution approach. However, in order to give a meaningful and practical interpretation

of robustness in continuous time service network design problems, we will consider

vehicle routes with f > 0.

Remark 7.3. For degenerate Ξ, one can design a compact MIP formulation of the

RNDP based on the flat network described above by tracking the order in which

vehicles (i.e., open arcs) arrive at the nodes in the network and by introducing sufficient

variables tracking the time of commodities throughout the graph. Nevertheless, this

formulation includes many linearized constraints resulting in weak LP relaxations,

which reduces its practical usability.

7.2.2 Time-expanded network and second stage decisions

In line with Boland et al. (2017), we consider a partial time-expanded network

formulation in which for each node i ∈ N a set of times T (i) is defined so that for

each τ i ∈ T (i) it holds that 0 ≤ τ i ≤ T . We define T = ∪i∈NT (i) as the collection of

all time-node combinations.

Let GT = (NT ,AT ) be time-expanded network that results from evaluating graph

G subject to T . Each node (i, τ i) ∈ GT describes the original node i ∈ N and an

explicit moment in time τ i ∈ T (i). Two different arc subsets constitute the arc set

AT . First, traveling arcs ((i, τ i), (j, τ j)) ∈ AT , with i 6= j, denote traveling along arc

(i, j) ∈ A departing from i at τ i and arriving at j before or at τ j . Second, there are

holdover arcs ((i, τ i), (i, (τ + 1)i) that model waiting at node i ∈ N .
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To determine the temporal characteristics of a vehicle path in the second-stage

decision, we consider binary variables yp(i,τ i),(j,τj) equalling 1 if path p ∈ P visits in the

time-expanded network arc ((i, τ i), (j, τ j)) ∈ AT , and 0 otherwise. We only consider

yp(i,τ i),(j,τj) variables that include timed arcs corresponding to path p. Moreover, for

all p ∈ P it holds that

yp(i,τ i),(j,τj) = 0 for all ((i, τ i), (j, τ j)) ∈ AT ⇐⇒ x̄p = 0. (7.1)

This can straightforwardly be modeled by introducing parameters ζp(i,τ i),(j,τj) equalling

0 if arc (i, τ i), (j, τ j) ∈ AT cannot be traversed with path p. This allows defining

y for all arcs in GT with y ≤ ζ. However, for readibility reasons, we ensure that

by construction we only generate y variables that can take a positive value, and no

constraints of the form y ≤ ζ will be included in the mathematical formulations that

will folow.

We visualize the relation between first and second stage decisions by the following

example.

Example 7.1. Consider a graph with 4 nodes n1, n2, n3, and n4. Consider the first-

stage vehicle path p = (n1, n2, n3, n4) that visits all nodes. Let the travel times

be equal to tn0,n1
= 10, tn1,n2

= 5, and tn2,n3
= 10. Suppose we have a sets of

discretized time stemps T (ni) = {0, 5, 10, 15, 20, 25, 30, 35} for all i ∈ {1, 2, 3, 4}. The

corresponding time expanded network is given in Figure 7.1. In the time expanded

network, we depicted all the arcs that are allowed to be choosen if path p is selected in

the first-stage. Namely, that are all the red arcs corresponding to departing as early

as possible from each node, all the blue arcs that correspond to the latest departure

possible at each node, and all dashed arcs which fall between departing as early and

as late as possible. It is clear that longer paths have less flexibility than shorter paths,

as there is not much flexibility to allow for waiting at nodes. C

From the example, it follows that determining the second stage solution is equivalent

to finding “cheapest” (s, t)-paths, beginning at node in the time-expanded network

corresponding to the first visited location of the path at the earliest possible time

stamp, ending at the node at the latest visited location of the path at the latest possible

time stamp, only using the induced arcs of the vehicle path on the time-expanded

network. Here “cheapest” means determining (s, t)-paths so that the costs of the

worst-case second-stage solution are minimized.
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7.2.2.1 Second-stage optimization model.

Next to the the first-stage variables x and the associated second-stage variables y, we

introduce the binary second-stage variables zk(i,τ i),(j,τj)(ξ) that equal 1 if commodity

k ∈ K travels along arc ((i, τ i), (j, τ j)) ∈ AT , and equal 0 otherwise. The relation

between the variables z and the quantities q(ξ) is rather straightforward but nonlinear.

The relation of the uncertain temporal characteristics (release times e(ξ) and deadlines

`(ξ)) with the z (and the y) variables is less straighforward and certainly nonlinear.

We can, however, project the uncertain release times and deadlines on AT by means of

the binary parameter θk(i,τ i),(j,τj)(ξ) that equals 1 if transporting commodity k along

arc ((i, τ i), (j, τ j)) is feasible for realization ξ, and is 0 otherwise. Note that θ typically

exhibits a nonlinear relation to a convex uncertainty set (e.g., deadlines are from a

convex set) or a linear relation to a nonconvex uncertainty set (e.g., deadlines are from

a discrete nonconvex set). We make this relation explicit in Section 7.4.

We formulate the second-stage optimization model as a network design problem

in which we need to conserve both the flow of the commodities as modeled by the z

variables and the flow of the selected vehicle paths in the first stage by means of the y

variables. To do so, we need to model the appropriate nodes in the time-expanded

network that act as source and sink for the flows corresponding to the commodities

and the vehicle paths. Let φ(i,τ i)
k(ξ) be a parameter equalling -1 if ok = i and τ i

is the first feasible time stamp of node (i, τ i) in GT (depending on ξ), equalling 1

if dk = i and τ i is the latest feasible time stamp, and 0 otherwise. Let χp(i,τ i) be a

parameter equalling -1 if i is the first node of path p and τ i is the first time stamp of

node i in GT , equalling 1 if i is last node of path p and τ i is the latest time stamp of

node i, and 0 otherwise.

Let δ+((i, τ i)) denote all the nodes connected to (i, τ i) via traveling arcs leaving

(i, τ i). Let δ−((i, τ i)) denote all the nodes connected to (i, τ i) via traveling arcs

entering (i, τ i). Then, for a given first-stage solution x̂, the second-stage optimization

problem can be written as follows:

Ψ(x̂,y(ξ), z(ξ) | T ) := max
ξ∈Ξ

min
∑

((i,τ i),(j,τj))∈AT

∑
k∈K

zk(i,τ i),(j,τj)c̃
k
ij (7.2)

s.t.
∑

(j,τj)∈δ−((i,τ))

zk(j,τj),(i,τ i) −
∑

(j,τj)∈δ+((i,τ))

zk(i,τ i),(j,τj) = φk(i,τ i)(ξ)

∀(i, τ i) ∈ N T , k ∈ K (7.3)∑
(j,τj)∈δ−((i,τ))

yp(j,τj),(i,τ i) −
∑

(j,τj)∈δ+((i,τ))

yp(i,τ i),(j,τj) = χp(i,τ i)x̂
p
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∀(i, τ i) ∈ N T , p ∈ P (7.4)∑
k∈K

zk(i,τ i),(j,τj)q
k(ξ) ≤ Q

∑
p∈P

yp(i,τ i),(j,τj) ∀((i, τ i), (j, τ j)) ∈ AT (7.5)

zk((i,τ i),(j,τj)) ≤ θ
k
(i,τ i),(j,τj)(ξ) ∀((i, τ i), (j, τ j)) ∈ AT , k ∈ K (7.6)

zk(i,τ i),(j,τj) ∈ {0, 1} ∀((i, τ i), (j, τ j)) ∈ AT , k ∈ K (7.7)

yp(i,τ i),(j,τj) ∈ {0, 1} ∀((i, τ i), (j, τ j)) ∈ AT , p ∈ P (7.8)

Here, Objective 7.2 minimizes the transportation costs of the commodities. Constraints

(7.3) and (7.4) model flow conservation of the commodity variables z and the arc

selection variables y. Via Constraints (7.5) we ensure that the capacity of the selected

vehicles is respected. Constraints (7.6) strengthen the bounds on z with respect to

uncertain parameters. Finally, Constraints (7.7) and (7.8) impose the integrality

conditions.

Remark 7.4. Note that we can impose so-called strong-inequalities (see, e.g. Trick

2005) on the above formulation. These are of the form zk(i,τ i),(j,τj) ≤ yp(i,τ i),(j,τj) for

all k ∈ K and p ∈ P. However, directly including such inequalities would result

in a too large number of constraints. As modern MIP solvers can generate these

inequalities in a dynamic fashion automatically, we will not implicitly mention such

strong-inequalities in the remainder of this paper.

7.2.3 Two-stage Robust formulation

The complete two-stage robust integer programming formulation of the RNDP is given

by

min
∑
p∈P

cpxp + Ψ(x,y, z | ξ) (7.9)

s.t
∑
p∈P

xp ≤ R (7.10)

xp ∈ {0, 1} ∀p ∈ P (7.11)

Here, Objective (7.9) minimizes the costs of the selected vehicle paths in the first-

stage plus the costs corresponding to the worst-case realization Ψ(x,y, z | ξ) in the

second-stage. Constraint (7.10) ensures that at most R paths are selected. Note

that nonanticipativity constraints are already included via flow conservation of the y

variables in the second-stage problem. Note that these nonanticipativity constraints



Two-stage robust network design
∣∣ 211

can be strengthen by strong inequalities as well, see Remark 7.4.

The set P is exponentially large, and hence, we will consider restricted path sets

P ⊆ P. Column generation is then the natural way to iteratively generate paths of

reduced costs until optimality of the linear relaxation to the MIP is reached. However,

the resulting pricing problem is far from trivial due to its dependency on the uncertain

parameters and its associated second-stage decisions.

We choose to not pursue column generation based solution approaches for two

main reasons. First, it will distract from our aim to introduce dynamic network design

problems and the associated gain in flexibility over static network design problems.

Second, from a practical point of view, city-distribution comprises typically of time

horizons of at most a few hours. Hence, the path lengths will be relatively restricted

and might be enumerated smartly. For the remainder of this paper, we therefore assume

the set of vehicle paths to be given. We detail the construction in the experimental

results (see Section 7.5).

7.3 A lower bound approach

In order to solve the two-stage robust integer formulation, we consider a discretized

uncertainty set Ξ. That is, every ξ ∈ Ξ can be considered a scenario (i.e. a particular

uncertain realization). We will work with a subset of uncertain realizations Ξ̄ ⊆ Ξ,

and we explicitly consider second stage solutions (xξ̄,yξ̄) for all ξ̄ ∈ Ξ̄. Then, we

can rewrite the RND by using an epigraph formulation, resulting in the following

large-scale MIP model:

min
∑
p∈P

cpxp + η (7.12)

s.t. η ≥
∑

((i,τ i),(j,τj))∈AT

∑
k∈K

zkξ̄(i,τ i),(j,τj)c̃
k
ij ∀ξ̄ ∈ Ξ̄ (7.13)

∑
(j,τj)∈δ−((i,τ))

zkξ̄(j,τj),(i,τ i) −
∑

(j,τj)∈δ+((i,τ))

zkξ̄(i,τ i),(j,τj) = φkξ̄(i,τ i)

∀ξ̄ ∈ Ξ̄, (i, τ i) ∈ N T , k ∈ K (7.14)∑
(j,τj)∈δ−((i,τ))

ypξ̄(j,τj),(i,τ i) −
∑

(j,τj)∈δ+((i,τ))

ypξ̄(i,τ i),(j,τj) = χp(i,τ i)x
p

∀ξ̄ ∈ Ξ̄, (i, τ i) ∈ N T , p ∈ P (7.15)
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∑
k∈K

zkξ̄(i,τ i),(j,τj)q
kξ̄ ≤ Q

∑
p∈P

yp(i,τ i),(j,τj)

∀ξ̄ ∈ Ξ̄, ((i, τ i), (j, τ j)) ∈ AT (7.16)

zkξ̄((i,τ i),(j,τj)) ≤ θ
kξ̄
(i,τ i),(j,τj) ∀ξ̄ ∈ Ξ̄, ((i, τ i), (j, τ j)) ∈ AT , k ∈ K (7.17)

zkξ̄(i,τ i),(j,τj) ∈ {0, 1} ∀ξ̄ ∈ Ξ̄, ((i, τ i), (j, τ j)) ∈ AT , k ∈ K (7.18)

ypξ̄(i,τ i),(j,τj) ∈ {0, 1} ∀ξ̄ ∈ Ξ̄, ((i, τ i), (j, τ j)) ∈ AT , p ∈ P (7.19)

xp ∈ {0, 1} ∀p ∈ P (7.20)

η ≥ 0 (7.21)

In the above formulation, η is a continuous variable that is greater or equal to any

second stage objective, as depicted by Constraints (7.13), and therefore equals the

worst-case second stage solution. Hence Objective 7.12 minimizes the costs of the

chosen vehicle paths and the worst-case costs of the second-stage decisions. Constraints

(7.14) - (7.19) are the second-stage constraints for each scenario ξ̄, and impose the

same conditions as Constraints (7.3) - (7.8).

For fixed route sets P the above formulation can be solved by means of column

and row generation, as is introduced by Zeng and Zhao (2013). It iteratively generates

new scenarios which either invalidate the current worst-case objective or that result

into infeasibility of the current solutions. In case of the former, we should include this

scenario and resolve the complete model in order to check if worst-case costs can be

reduced by taking different (first-stage) decisions. In case of infeasibility, it is clear

that we need to take different decisions as a robust solution should be feasible for all

scenarios.

Let Ξ̄ := (ξ1, ξ2, . . . , ξn) be the current set of scenarios. Let zdisc(Ξ̄) be the

objective of solving the discretized formulation subject to the scenarios in Ξ̄. Let

z2-stage(x) be the solution to the second stage problem for a fixed first-sage decision

x. The column-and-row generation algorithm by Zeng and Zhao (2013) then consists

of the following steps:

1. Solve the discretized formulation to obtain zdisc(Ξ̄). This is a lower bound on

optimal solution. Let x∗ be the corresponding first-stage solution and let zx∗

be the costs associated with the first-stage only.

2. Solve the second-stage subproblem, defined by equations (7.2) - (7.7) for the

given first stage solution x∗. Then z2-stage(x∗) + zx∗ is an upper bound for the

optimal solution.
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3. If z2-stage(x∗) + zx∗ > zdisc(Ξ̄), include the scenario associated with z2-stage(x∗)

and go back to step 1. Otherwise, the upper bound equals the lower bound and

the problem has been solved to optimality.

Major difficulty in this algorithm is how to solve the second-stage optimization

problem, i.e., how to generate a new scenario. To the best of the authors’ knowledge,

no general methods exists yet how to generate such scenarios efficiently. Moreover, for

the purpose of this paper, we deemed it feasible to sample “extreme” scenarios and

to solve the discretized formulation directly. However, we urge future researcher to

develop efficient scenario generation methods.

7.4 The single-stage RNDP as upper bound

In this section, we present an upper bound for the RNDP. It results from interchanging

the maximization over the uncertain parameters and the minimization over the second-

stage variables. In words, we take both first- and second-stage decisions before

uncertainty is known. Indeed, this reflects a single-stage robust optimization approach,

also called static robust optimzation.

In the following, we first give an explicit description of a polyhedral uncertainty

set that will be used in the remainder of this paper. Then, we provide the tractable

robust counterpart (which is a MIP) that solves the static variant of the RNDP.

7.4.1 The uncertainty set

Although the derivation in the following is similar for any affine Ξ(ξ), we will illustrate

it using the uncertainty set detailed below. It equals the following polytope.

`k − ek = ∆k
1 ∀k ∈ K (7.22)

ek ≤ ekmax ∀k ∈ K (7.23)

ek ≥ ekmin ∀k ∈ K (7.24)∑
k∈K

ek ≤ ∆3 +
∑
k∈K

ekmin (7.25)

qk ≥ qmin ∀k ∈ K (7.26)

qk ≤ qmax ∀k ∈ K (7.27)∑
k∈K

qk ≤ ∆2 +
∑
k∈K

qkmin (7.28)
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In Equation (7.22), we ensure that there is a fixed time window in which a commodity

can be transported. The motivation stems from analyzing the network from a total

throughput time point of view. Indeed, increasing ∆k
1 provides more time to deliver

the commodities. Equations (7.23) and (7.24) impose bounds on the commodities’

deadlines and the release times, respectively. With Equation (7.25), we control the

degree of uncertainty that is present in the system. Namely, we restrict the sum of

deviations from a (given) minimum release time. With Equations (7.26) and (7.27) we

impose minimum and maximum quantities on the commodities’ weights, respectively.

Finally, with Equation (7.28), we restricted the sum of deviations from the (given)

minimum quantities.

Modeling the uncertainty set in this way, we are able to relate the uncertain pa-

rameters (e, `,q) to the second stage decision (y, z) by the following set of constraints:∑
(j,τj)∈δ+(ok,τok )

zk
(ok,τok ),(j,τj)

ek ≤ τok ∀(ok, τo
k

) ∈ N T , k ∈ K, (7.29)

(ek + ∆k
1) ≥

∑
(j,τj)∈δ−(dk,τdk )

zk
(j,τj),(dk,τdk )

τdk ∀(dk, τd
k

) ∈ N T , k ∈ K, (7.30)

∑
k∈K

zki,τ iq
k ≤ Q

∑
p∈P

ypi,τ i ∀(i, τ i) ∈ AT . (7.31)

With Inequalities (7.29) we ensure that we can only use arcs leaving the origin of a

commodity k ∈ K if its corresponding time τok is larger than ek. Similarly, Inequalities

(7.30) models that only arcs can enter the destination of commodity k if τdk is smaller

than `k := ek + ∆k
1 . Lastly, we denote the relation between the commodities weight

and the arc usage via Inequalities (7.31). Note that these inequalities also model the

relation between the z and y variables.

7.4.2 A MIP-based upper bound

We construct a compact MIP (i.e., with polynomial number of variables and constraints)

that gives an upper bound on the optimal solution to (7.9) -(7.11). It is obtained by

interchanging the inner minimization y ∈ Y with the maximization ξ ∈ Ξ. That is,

we consider a static, single-stage robust optimization variant of the RNDP, where we

select vehicle paths with associated loadings and departure times here-and-now so

that the worst-case costs are minimized.

After interchanging the minimization and maximization, we can deploy standard

robust optimization techniques to lose the inner maximization over the uncertainty

set.
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First, regarding the uncertain parameter ek, k ∈ K, we can replace φk(i,τ i) by its

robust counterpart φ̄k(i,τ i) that is defined as

φ̄k(i,τ i) =


−1 τ i > ekmax and τ i − ekmax < δ,

1 τ i > ekmin + ∆k
3 and τ i − (ekmin + ∆k

3) < δ,

0 otherwise.

(7.32)

Here, δ is the difference in time between the two consecutive time epochs in the

time-expanded network, assuming all time epochs are of the same length. In other

words, we set the delivery window for each commodity k as [ekmax, e
k
min +∆k

3 ], assuming

this is well defined.

Remark 7.5. When ∆k
3 < ekmax − ekmin, the above transformation of φ is remains valid.

However, it would entail to plan multiple transports for the commodity k. After

uncertainty is revealed, one can than choose which of the planned transports will be

performed.

In order to formulate the tractable robust counterpart to the static variant of

the RNDP, we need to introduce some dual variables. Let πj , j ∈ {1, 2, 3} be dual

variables corresponding to inequalities (7.26) - (7.28). Then, the robust counterpart is

given by

min
∑
p∈P

cpxp +
∑

((i,τ i),(j,τj))∈AT

∑
k∈K

zk(i,τ i),(j,τj)c̃
k
ij (7.33)

s.t.
∑

(j,τ)∈δ−((i,τ))

zk(j,τj),(i,τ i) −
∑

(j,τ)∈δ+((i,τ))

zk(i,τ i),(j,τj) = φ̄k(i,τ i)

∀(i, τ i) ∈ N T , k ∈ K (7.34)∑
(j,τ)∈δ−((i,τ))

yp(j,τj),(i,τ i) −
∑

(j,τ)∈δ+((i,τ))

yp(i,τ i),(j,τj) = χp(i,τ i)x
p

∀(i, τ i) ∈ N T , p ∈ P (7.35)∑
k∈K

[
−π1

k,((i,τ i),(j,τj))q
k
min + π2

k,((i,τ i),(j,τj))q
min
k

]
+ (∆2 +

∑
k∈K

qkmin)π3
((i,τ i),(j,τj)) ≤ Q

∑
p∈P

ypi,τ i ∀((i, τ i), (j, τ j)) ∈ AT (7.36)

− π1
k,((i,τ i),(j,τj)) + π2

k,((i,τ i),(j,τj)) + π3
((i,τ i),(j,τj)) ≥

∑
k∈K

zk(i,τ i),(j,τj)

∀((i, τ i), (j, τ j)) ∈ AT (7.37)
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zk(i,τ i),(j,τj) ∈ {0, 1} ∀((i, τ i), (j, τ j)) ∈ AT , k ∈ K (7.38)

yp(i,τ i),(j,τj) ∈ {0, 1} ∀((i, τ i), (j, τ j)) ∈ AT , p̂ ∈ P̂ (7.39)

xp ∈ {0, 1} ∀p ∈ P
(7.40)

π1
k,((i,τ i),(j,τj)), π

2
k,((i,τ i),(j,τj)), π

3
((i,τ i),(j,τj)) ≥ 0

∀k ∈ K, ((i, τ i), (j, τ j)) ∈ AT

(7.41)

Objective (7.33) minimizes the costs of the selected vehicle paths and the variable

commodity transportation costs. With Constraints 7.34 and (7.35) we model flow

conservation of the z and y variables. Constraints (7.36) and (7.37) are the robust coun-

terpart of the capacity constraints. As we considered the uncertainty constraint-wise,

we required a ‘for all arcs’ identifier in these constraints. The remaining constraints

indicate variable domains.

7.5 Experimental insights

The goal of this section is twofold. First, by means of an explorative example of the

RNDP, we show the potential of using time-invariant vehicle paths. Second, by a

numerical analysis, we compare the different models and quantify the added value of

making decisions dynamically.

7.5.1 Potential of time-invariant vehicle paths

Consider the graph in Figure 7.1. Assume that K = 3, and that each commodity has

a delivery window of 40 minutes on an overal time horizon of 1.5 hour. We discretize

the time-horizon in steps of 10 minutes. We consider four commodities. Commodities

1-3 originate from node n1 and destignate to n2, n2, and n3 respectively. Commodity

4 originates from n2 and needs to be delivered to n4. Above the graph, the interval

between ekmax and ekmin + ∆k
1 is denoted for each commodity k. Furthermore, ekmin = 0

for all the commodities, the vehicle capacity is equal to the commodities weight, which

is determenistic in this example. Finally, ∆3 = 20, indicating that total deviation of

release times from the minimum values e3
min is at most 20 minutes.

In Figure 7.1, we denote two time-expanded networks. The upper-one visualizes

the static robust solution, and the lower-one visualizes the two-stage robust solution

using time-invariant vehicle paths. It can be seen that four links are opened in both the
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t = 0 t = 10 t = 20 t = 30 t = 40 t = 50

n1

n2

n3

n4

e1max e1min + ∆1
1

e2max e2min + ∆2
1

e3max e3min + ∆3
1

e4max e4min + ∆4
1

t = 0 t = 10 t = 20 t = 30 t = 40 t = 50

n1

n2

n3

n4

Figure 7.1: Graph associated with explorative example to show the potential of time-invariant
paths

static and robust solution. However, as ∆3 = 20, there does not exist an uncertainty

realization where both commodities 1 and 2 are released at t = 20. If one of them

releases after t = 10, the other one will be available for pickup at t = 10. But, for a

static robust solution, where we need to determine the commodities traveling along

the chosen vehicle paths, it is impossible to anticipate upon this behavior. Hence, two

vehicle paths starting at time t = 20 are used in the robust solution. This leads to

using four vehicles.

In the two-stage robust solution, we can anticipate upon the limited deviation from

the minimum release times. That is, we select a time-invariant vehicle path that will

start at t = 10 and takes either commodity 1 or 2 (i.e., the one that will be available)

and delivers it to node n2, where it can then take commodity 4 and delivers that to

node n1. In total, only three vehicles are used, which is a 25% reduction compared to

the static robust solution that uses 4 vehicles.
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The above depicted benefit indicates that not-assigning commodities to the vehicle

paths in the first-stage is promising. Next, we sketch when assigning departure and

arrival times in the second-stage is beneficial.

Consider a situation where ek ∼ U(0, 10) with probability 0.5 and ek ∼ U(30, 40)

with probability 0.5. Not using time-invariant vehicle paths then implies to treat

each such commodity k as two distinct commodities, and to ensure that the distinct

commodities are scheduled at both times. However, using time-invariant vehicle paths

there is no need to consider two distinct commodities. Indeed, one can imagine to

select a time-invariant vehicle path that can transport this commodity under each

realization of ek.

Finally, consider the following example, as depicted in Figure 7.2. Here, a small

graphs is given with four locations n1, . . . , n4, and links (n1, n2), (n2, n3), and (n3, n4).

The travel time along the links is indicicated in Figure 7.2. There are three commodities

to transport, each with destination n4 but with distinct origins n1, n2, and n3. We

consider a time horizon [0, 80] and we assume there are no capacity restrictions. Let the

earliest possible pickup time ek at the origin locations of commodity k ∈ {1, 2, 3} be

realizations from a budget uncertainty set B = {e |
∑3
k=1(ek− ekmin) ≤ 20, ek ≤ ekmax},

with ekmin = 0, 20, 40 and ekmax = 20, 40, and 60 for k = 1, 2, and 3, respectively. Let

delivery time be equal to 15 for each commodity. Clearly, the static robost solution

implies to assign a vehicle dedicated for each transportation. However, a two-stage

robust solution using time-invariant vehicle paths will only use two vehicles, as for

any realization of uncertain parameters one vehicle path can always transport two of

the commodities.

n1 n2 n3 n4

5 5 5

Figure 7.2: Graph to illustrate the potential of time-invariant vehicle paths

7.5.2 Numerical examples

To show the potential of the introduced models, and to explore the potential of

two-stage robust decision making compared to static decision making, we perform a

short numerical analysis.

We create three small-scale instances that vary in the number of nodes, arcs,

and commodities required to transport, see Table 7.1 for the details. The nodes are

randomly drawn in a 1000 by 1000 block, and arcs are inserted randomly between the

nodes ensuring that there are no duplicates. The travel speed of the vehicle equals
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100 so that traveling from corner to corner in the 1000 by 1000 block is at most

1000
√

2/100 ≈ 29 minutes. The vehicle capacity equals Q = 50 for all the instances.

We include a fixed vehicle cost of 100 for each selected (time-invariant) vehicle path,

and traveling along an arc equals the distance between the nodes divided by 200.

The uncertainty set is randomly generated for each instance as follows. The

minimum weight qkmin is randomly drawn between 5 and 10 for each commodity k,

and its associated maximum weight qmax equals its minimum weight plus a randomly

drawn number between 1 and 10. The release times ek are drawn from a uniform

distribution between 0 and 20, and the associated maximum release times ekmax equals

ekmin plus a random uniformly drawn number between 30 and 80. This gives a good

mix of express deliveries (with relatively short delivery windwos) and normal deliveries.

The commodities origin and destination locations are selected randomly, and

duplicates are possible. Note that due to different temporal characteristics this still

requires to treat them independently. Variable commodity transportation costs are

included and are randomly distributed between 3 and 8.

All models are implemented in C++ using the constraint programming framework

SCIP 6.0 in combination with CPLEX 12.8 to solve LP relaxations. All computations

are obtained single-threaded and are performed on an i7-4500U CPU @ 1.80GHz.

In Table 7, we compare the resulting objective value of the single-stage, static

robust solution (“Static obj”) with a proxy for the 2-stage, dynamic robust solution

(“Dynamic sol.”). The latter is obtained by considering a randomly drawn number

of scenarios (replicated 5 times and taking the worst outcome) that are generated so

that the budget constraints for time and weight deviations hold with equality. We

considered this 2-stage robust solution for 2, 3 and 4 scenarios included in the large-

cale MIP formulation. Finally, all the reported numbers are averages for randomly

generated route sets, where at least each commodity could be transported directly.

A few observations stand out. First, the reported objective values of the 2-stage

robust solution with 4 scenarios are on average 12.52% lower than the single stage

robust solution. Hence, dynamic decion making seems to have much potential as

well in these numerical experiments. Second, the objective value of the dynamic

solution does not increase much by considering more scenarios. This is in line with the

observations of Zeng and Zhao (2013) where indeed only a small number of worst-case

scenarios where generated. We finally like to mention that the computation times are

all within a few minutes.
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Inst. N A K Static sol. # Scen. Dynamic sol. % Improvement

1 5 15 10 534.6 2 478.2 10.55
3 480.6 10.10
4 482.2 9.80

2 5 20 15 761.2 2 626 17.76
3 646 15.13
4 648.4 14.82

3 6 24 12 757.4 2 635.4 16.11
3 656 13.39
4 659.4 12.94

Table 7.1: Computational results for 3 small-scale instances

7.6 Conclusion

We studied the value of dynamic (i..e, two-stage) decision making in network design

problems by introducing the concept of time-invariant vehicle paths. In the context of

two-stage decision making under uncertainty, a time-invariant vehicle path consists

of an a-priori selection and sequence of geographical locations. After observing

uncertainty, as a second stage decision, one needs to assign departure times to the

visited locations of the time-invariant vehicle path. This has a practical motivation: It

provides guidance for the involved practictioners as visited locations are equal for the

day-to-day operations, only the departure and arrival times may vary slightly.

We applied this concept in a two-stage robust network design problem with

temporal characterics. Here, we take the viewpoint of a single consolidation carrier

that is responsible for transporting multiple commodities between distinct origin and

destination locations. We investigate the impact of uncertain temporal characteristics

and commodity weights on robust decision making. With temporal characteristics we

refer to an earliest available pickup time and a latest possible delivery time, and with

robust decision making we indicate that we minimize the sum of first-stage costs and

worst-case but minimized second-stage costs.

We modeled this by a combination of flat and time-expanded networks. We provide

a generic two-stage robust integer programming formulation, as well as its scenario-

based large-scale mixed integer programming programming formulation. This latter

serves, for a given set of scenarios, as a lower bound for the optimal two-stage robust

solution. To estimate the value of dynamic decision making, we also provided the

static, single-stage robust optimization model of the dynamic network design problem.

In a short numerical section, we showed by means of two examples the potential of
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time-invariant vehicle paths. Thereafter, we provided a small numerical experiment

where we showed the potential of dynamic decision making. Namely, dynamic deci-

sion making leads to a decrease in objective value of 12.52% compared to its static

counterpart.

There are ample of opportunities for further research. Let us first discuss the two

clear extensions from an algorithmic point of view.

First, we considered a given set of time-invariant paths and evaluated these with the

tools developed in this paper. However, one could utilize the concepts presented in this

paper and develop a branch-and-price(-and-cut) framework that dynamically generates

these time-invariant vehicle paths. This will give less dependencies on initalizing the

models with vehicle paths and provides opportunities for solving large-scale instances.

Second, we take a given time discretiziation as given. For the deterministic version

of the RNDP, good results are obtained by dynamically generating time epochs in

the considered discretization. We urge future researchers to also explore algorithmic

oppertunities in this area, as we observed that for fine discretizations the RNDP

becomes difficult to solve.

Another avenue for future research is to increase the level of dynamism, thus

to consider real-time decision making. This relates to dynamically solving pickup-

and-delivery problems, which has received a fair amount of attention in the last few

decades. However, important questions, such as determining the required capacity of

the network (i.e., number of vehicles) to robustly perform day-to-day operations, are

still left unanswered.

We, finally, mention possible extensions of this work by considering more practical

factors such as time-dependent travel times, restricted loading and unloading space

for city-distribution networks in dense inner cities, or a non-homogeneous fleet of

vehicles including electric vans and bike couriers. Including such practical factors

would enhance applicability to real-life scenarios, and research is required to find out

what the potential of time-invariant vehicle paths would be in such situations.
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