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Imitation, rationality and cooperation in spa-
tial public goods games

Imitation is not just the sincerest
form of flattery– it’s the sincerest
form of learning.

George Bernard Shaw

Imitation and rationality are two seemingly paradoxical behaviors that are often
observed in real-life decision-making processes. For example, companies can make

investment decisions based on deliberate benefit-to-cost analysis or simply decide
to invest because a successful competitor has done so already [93–95]. Likewise,
the adoption of a product can be motivated by others, or because it provides some
immediate benefit for an “innovator" [91]. Indeed, whereas rationality is often coupled
to innovation, imitation is often linked to social learning [84]. Also in the literature
of game theory, myopic best response dynamics are known as innovative dynamics
because they can introduce actions that were not played before [37]. Dynamics based
on imitations do not share this innovative feature. It is for this reason that decision-
making processes based on imitations can have significantly different equilibrium
profiles than those processes based on best responses.

The rationality of best responses is in line with economic theories that suggest
absolute optimization is a natural result of evolutionary forces [70]. For these types
of dynamics, the long-run collective behavior of non-cooperative network games, in
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which players interact exclusively with a fixed group of neighbors, have been studied
extensively [42–45,47–49,69] More biologically inspired imitation dynamics on spatial
structures defined by graphs have, amongst others, been studied in [34, 37, 68, 96].
One of the key drivers of evolutionary graph theory is to identify conditions and
mechanisms under which cooperation can emerge, evolve and persist in social dilemmas
in which the individual incentives are contradictory to the benefit of the system as
a whole [8]. As mentioned before, in such social dilemmas, myopic optimizations
tend to generate outcomes with payoffs that are far from the system optimum: a
situation known as the tragedy of the commons [2, 50]. Spatial structure in the game-
play interactions potentially overcomes this problem by means of network reciprocity
through which cooperators can succeed by forming network clusters in which they
help each other [8, 40]. However, for innovative rational dynamics in which players
can introduce new actions at any given time, network reciprocity is far less effective in
promoting cooperative actions. The main reason is that within a cluster of cooperators
the best response of a player is to defect. Hence, the clusters can break down relatively
easily if players can best respond and introduce new actions.

The convergence properties related to decision-making processes based on myopic
optimizations are well understood. However, because the mechanisms for the evolution
of cooperation tends to be less effective, more often than not at the equilibrium of
a social dilemma, the players need to be satisfied with relatively low payoffs. And
even though imitation based dynamics can lead to better outcomes, the mathematical
study of their dynamics on spatial games is a challenging problem: first, because
there typically exist a multitude of possible non-trivial outcomes [68] and second,
because the existing optimization techniques, used in the analysis of rational best
responses, are not applicable. And indeed, imitations can easily prevent the decision
process to converge to an equilibrium at which all players are satisfied with their
decisions [97, Ch. 10], [98]. We study the effects of rationality and imitation on the
convergence properties and cooperation levels in a social dilemma model known as the
spatial public goods game [96] and study the properties of rational imitation. Under
rational imitations, players apply the rationality principle in their decisions to imitate
a relatively successful neighbor or not. That is, actions are imitated only if they are
expected to be efficient in terms of one’s own success. This combination of rational
decisions and imitation leads to beneficial dynamic features in the social dilemma that
cannot be explained only by best responses or imitation. Hence, rational imitations
can open the door to the design of novel methods for complex systems that have to
rely on large scale cooperation for the maintenance of publicly available goods.
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4.1 Spatial public goods games

In n-player games on networks, for each player i, a graph G defines a group of players
N̄i = Ni ∪ {i}, known as the closed neighborhood of player i, that play a public goods
game (PGG) referred to as the game centered around player i. Therefore, in total,
every player i participates in |Ni|+ 1 games; one centered around herself and |Ni|
centered around her neighbors. Every player i chooses an action σi ∈ {0, 1} that is
either to cooperate (σi = 1), namely to contribute a fixed amount ci > 0 to a publicly
available resource called the public good, or defect (σi = 0), namely to contribute
nothing. The player employs this same action in all of the games that she participates
in [96]. This applies to the cases when players do not have the cognitive capabilities
to discriminate between co-players, or when there is only one public good and the
contribution scales with the degree of the player. In the next chapter, we will study a
setting in which this “one-action” assumption is relaxed. Cooperators and defectors
profit equally from the public good: all players participating in a game centered around
player j ∈ V , evenly share the production of that game defined by pj : {0, 1}|N̄j | → R,
which is a function of the actions of the players in the neighborhood N̄j denoted by
the vector σj := {σl : l ∈ N̄j}. The local payoff of an player i upon the participation
in this game is, hence,

πij(σj) =
pj(σj)

|Nj |+ 1
− ciσi ∀i ∈ N̄j . (4.1)

Production functions are, typically, non-decreasing in the number of cooperators,
reflecting that contributions increase the public good. We relax this monotonicity
assumption, allowing us to study the maintenance of artificially scarce goods known
as club goods. The total payoff of player i is a weighted summation of the local payoffs
she earns at each of the |Ni|+ 1 games:

πi(σ) =
∑
j∈N̄i

λjπij(σj), (4.2)

where λj ∈ R, j ∈ V, represents the relative importance of the game centered around
player j, and σ = (σ1, . . . , σN )> ∈ {0, 1}n is the collective action profile of all the
players. We denote the combined payoff function by π = (π1, π2, . . . , πN )> and the
spatial public goods played under the network G by Γ = (G,π). In an alternative
spatial representation, the group structures are determined by a bipartite graph
B = (M,V,K), with the player set V, a set of non-empty group structuresM⊂ 2V

and edge set K ⊂ V ×M (Fig. 4.1) [99]. The biadjacency matrix of B, denoted
by B = [bji] ∈ R|M|×|V|, is defined such that bji = 1 if and only if (j, i) ∈ K and
zero otherwise, for all i ∈ V, j ∈ M. So the jth row of the biadjacency matrix B
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Figure 4.1: Group interaction on a given network can be represented by the neighbor-
hood hypergraph of a network [96]. When the social interaction network is constructed
from information of the group structure itself (middle), the interactions can alterna-
tively be represented by a bipartite graph (right) in which the players are assigned to
those groups in which they interact [99]. In this example, because of the central role
of player 6, the network representation that is a one mode projection of the bipar-
tite graph, induces different group structures than those in bipartite representation.
Therefore the behavior of a spatial public goods game for the two representations
differ. The figure is adapted from [99].

determines which players interact in the PGG played in group j. Hence, the number
of players in a group j ∈ M equals

∑
i∈V bji > 0. The payoff obtained in group

j ∈M and the total payoff of player i ∈ V are, thus,

πij(σj) =
pj(σj)∑
i∈V bji

− ciσi, πi(σ) =
∑
j∈M

bjiπij(σj). (4.3)

We denote the spatial PGG with the bipartite representation B and payoff functions
Eq. (4.3) by Γb = (B,π).

Example 5 (Homogeneous linear public goods game). The simplest and most widely
studied production function scales linearly with the number of cooperators in the game
and every player has the same contribution c > 0, i.e.,

pi(σ) = rc
∑
j∈Ni

σj , 1 < r < N. (4.4)

Here, r is the public good multiplier that can be seen as the benefit-to-cost ratio of
the game. It is worth to mention that, even though the parameters c and r are the
same for every player, a non-regular network structure introduces asymmetries in the
players’ payoffs and contributions as detailed in [96], and therefore, th corresponding
asynchronous dynamics can lead to complex behaviors.
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4.2 Rational and unconditional imitation update
rules

Each player is associated with an action at time t = 0, and at every time t ∈ Z≥0,
a single player it becomes active to update her action at time t+ 1 based on some
update rule, resulting in a dynamical decision making process called an asynchronous
spatial public goods game. We consider two update rules: unconditional imitation and
rational imitation. The unconditional imitation rule dictates that player i active at
time t updates her action at t+ 1 to that of one of the top hi highest-earning in her
neighborhood, hi ∈ {1, . . . , |N̄i|}:

σi(t+ 1) ∈ Iu
i (σ(t)), (4.5)

where Iu
i provides the set of actions of the relatively successful players:

Iu
i (σ) :=

{
σj

∣∣∣ j ∈ arg max
j∈N̄i

hiπj(σ)

}
. (4.6)

When hi = 1, unconditional imitation recovers “imitate-the-best” decisions [68], where
only the most successful players can be imitated. Unconditional imitation may
be seen as an irrational decision since players do not take into account their own
expected payoff change that results from imitating their neighbors’ actions. Arguably,
imitation becomes more rational when the expected payoff change is taken into
account. This is, for instance true under best-response dynamics in which players
choose actions that optimize their own payoffs against the current actions of their
opponents. Similarly, under rational imitation, players seek to improve their payoffs
myopically, but are restricted to only copy their neighbors’ actions. In other words,
(similar to unconditional imitation) players copy their neighbors’ actions (yet) only if
it improves their own payoffs. More specifically, under rational imitation,

σi(t+ 1) ∈ Ir
i (σ(t)), (4.7)

where Ir
i provides those actions of the top hi-earning players in the neighborhood of

player i who earn no less than player i herself:

Ir
i (σ) := {y ∈ Iu

i (σ) ∪ {σi} |πi(y,σ−i) ≥ πi(σi,σ−i)} .

Note that a rational imitation differs from a “relative best response” [74,75], in the
sense that a rational imitation only requires the imitated action in the feasible action
profile to be a better reply, not necessarily a best reply.
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Remark 4. The set Iu
i (σ) may also be defined under the that players only take into

account the actions of neighbors that receive a higher payoff than themselves (see also
Assumption 5). This modification of the feasible action set does not affect the results
presented in the remainder of the chapter.

4.2.1 Asynchronous imitation dynamics

The players’ activation sequence {it}∞t=0 together with the imitation update rule
govern the evolution of the players’ actions over time, resulting in asynchronous PGG
dynamics. Namely, for every time t ∈ Z≥0, there exists a unique player it ∈ V such
that the collective action dynamics satisfy

σ(t+ 1) ∈ (Iit(σ(t)),σ−it(t)), (4.8)

with Ii(·) = Ir
i (·) for rational imitation dynamics and Ii(·) = Iu

i (·) for unconditional
imitation dynamics. We assume Assumption 2, i.e. the activation sequence is
persistent.

In the long-run, the dynamics either reach an equilibrium action profile in which
all players are satisfied with their decisions or undergo perpetual oscillations in
which a subset of the players do not reach a satisfactory decision and, not necessarily
periodically, imitate each other’s actions indefinitely [68]. We call the action profile
σ∗ ∈ {0, 1}N an imitation equilibrium if

σ∗i ∈ Ii(σ∗) ∀i ∈ V. (4.9)

In the following section, we study the asymptotic behavior of the asynchronous PGG
dynamics under rational and unconditional imitation.

4.3 Finite time convergence of imitation dynamics

4.3.1 Rational Imitation

The imitation update rule Eq. (4.7) maps the action of the active player to a set of
actions of size at most two. If the set include both cooperation and defection, the
player can pick any of the two. We postulate the following assumption to ensure that
players switch to another action only if they have an incentive, i.e., earn more.

Assumption 4 (Incentive to deviate). For player i active at time t, σi(t) 6= σi(t+ 1)

only if there exists an action y ∈ Ir
i (σ) such that

πi(y,σ−i(t)) > πi(σi(t),σ−i(t)).
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The assumption is another reason why rational imitation can be considered to
be a rational decision: should the player’s expected payoff at the next time step not
exceed its current payoff, the player would not deviate. This allows us to obtain the
following general result.

Theorem 3 (Finite time convergence under rational imitation). Under Assumption 4,
any asynchronous spatial PGG governed by the rational imitation update rule reaches
an imitation equilibrium in finite time.

Proof. We first show that the local game with the players in N̄i with payoff function
Eq. (4.1) is an exact potential game. Consider the candidate potential function for a
local interaction

ψi(σ) =
pi(σi)

|Ni|+ 1
−

∑
j∈Ni∪{i}

cjσj . (4.10)

The local payoff difference from a deviation of any player j ∈ Ni ∪ {i} switching from
σj = 0 is

πji(0,σ−j)− πji(1,σ−j) =
pi(0,σ−j)

|Ni|+ 1
− pi(1,σ−j)

|Ni|+ 1
+ cj ,

and the difference in the potential function is ψi(0,σ−j)− ψi(1,σ−j), which reads as

pi(0,σ−j)

|Ni|+ 1
−
∑

l∈Ni∪{i}

clσl −
pj(1,σ−j)

|Ni|+ 1
+
∑

k∈Ni∪{i}

ckσl

=
pi(0,σ−j)

|Ni|+ 1
−
∑

k∈Ni∪{i}

ckσl −
pj(1,σ−j)

|Ni|+ 1
+
∑

k∈Ni∪{i}\{j}

ckσl + cj

=
pi(0,σ−j)

|Ni|+ 1
− pi(1,σ−j)

|Ni|+ 1
+ cj .

It follows that πji(0,σ−j) − πji(1,σ−j) = ψi(0,σ−j) − ψi(1,σ−j). Naturally, the
equality holds for the opposite switch as well. Moreover, observe that for all v /∈
Ni ∪ {i}, ψi(σv, σ−v)− ψi(σ′v, σ−v) = 0. Indeed, when the unique deviator is not a
member of the closed neighborhood, any payoffs of the players obtained in this local
game do not change. We proceed to show that the function P (σ) =

∑N
i=1 wiψi(σ) is

a potential function for the aggregated payoff function Eq. (4.2). To see this, note
that πj(σj ,σ−j)− πj(σ′j ,σ−j) reads as∑

k∈Nj

wk
(
πjk(σj ,σ−j)− πjk(σ′j ,σ−j)

)
=
∑
k∈Nj

wk
(
ψk(σj ,σ−j)− ψk(σ′j ,σ−j)

)
=

N∑
i=1

wi
(
ψi(σj ,σ−j)− ψi(σ′j ,σ−j)

)
.

(4.11)
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The last equality in Eq. (4.11) is because for all k /∈ Nj , ψk(σj ,σ−j)−ψk(σ′j ,σ−j) = 0.
It follows that the spatial PGG is an exact potential game. To finish the proof we
use the concept of the Finite Improvement Property (FIP) that is defined in the
preliminaries in Chapter 2. Because of Assumption 3, for every h = (hi)i∈V , the
rational imitation dynamics generates improvement paths and because we have shown
that the PGG is a potential game, by Lemma 1 each such improvement path terminates
in a finite time. This completes the proof.

Theorem 3 shows that for a general class of PGGs, i.e. with heterogeneous
contributions and arbitrary production functions, the rational imitation dynamics are
guaranteed to converge to an imitation equilibrium in finite time. For the bipartite
representation of the PGG, we have the following result.

Theorem 4 (Finite time convergence in bipartite representations). Under Assumption
3, every asynchronous spatial PGG with a bipartite group structure and governed by
the rational imitation update rule reaches an imitation equilibrium in finite time.

Proof. The proof can be obtained by substituting the expressions for the local payoff
and the total payoff in Eq. (4.3) into the payoff expressions in the proof of Theorem 3
and use the local potential function for the payoffs in group j ∈M

ψj(σ) =
pj(σj)∑
i∈V bji

−
∑
i∈V

bjiciσi, (4.12)

and the potential function for the complete payoffs as
∑
j∈M ψj(σ).

Remark 5. It is worth to mention that the proofs of Theorems 3 and 4 imply that for
these general classes of spatial PGG, best response dynamics will converge to a pure
Nash equilibrium in finite time and the stationary distribution of log-linear learning
in spatial public goods games can be characterized analytically for both representations
of the PGG [45, Theorem 6.1].

In Section 4.4, we will discuss how the imitation equilibria of rational imitation can
significantly differ from the long-run behavior of rational innovative dynamics, and in
some cases also from unconditional imitation dynamics. Before doing so, let us take
a closer look at the convergence properties of the unconditional imitation dynamics
for the spatial public goods game in which the group structures are determined by a
neighborhood hypergraph.

4.3.2 Unconditional imitation

The behavior of decision processes based on unconditional imitations is a challenging
open problem because the generated paths in the combined action profile are not
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necessarily improvement paths : by copying the action of a successful neighbor, a player
may decrease its payoff, even if all other players do not change their actions. A second
complicating factor is that imitations are limited to direct neighbors whereas the
payoffs of the players also depend on two-hop neighbors. This creates an asymmetry
in the spatial structure: the interaction graph that determines one’s payoff and
the replacement graph that determines one’s feasible action set are, in general, not
equal. Indeed, equilibration is not guaranteed under unconditional imitation for
arbitrary spatial structures. For example, even for the relatively simple homogeneous
linear PGG in Example 5, imitating the best performing neighbors can lead to
persistent oscillations (Fig. 4.2). Nevertheless, we will discuss in Section 4.4 how these
‘inconvenient’ properties of imitation dynamics can be beneficial for the maintenance
of publicly available goods. Here, our goal is to identify spatial structures that do
allow the players in the homogeneous linear PGG to reach a satisfactory decision.
We restrict our analysis to ‘imitate the best’ unconditional imitation dynamics, i.e.,
hi = 1 for all i ∈ V. Similar to the rational imitation case, here, we restrain the
active player to arbitrarily switch actions; that is, imitation occurs only if the target
action is more successful. Decision rules that have this property are called payoff
monotone [37, 100,101].

Assumption 5 (Payoff monotone [37, 100]). For player i active at time t, σi(t) 6=
σi(t+ 1) only if there exists an player j ∈ Ni with σj ∈ Iu

i (σ(t)) such that

πj(σ(t)) > πi(σ(t)).

It can be easily shown that if Assumption 5 holds and the network is fully connected
(complete), then the linear homogeneous PGG converges to full defection for every
initial action profile in which defectors exist. This is in line with experimental
results in [78], that indicate that focusing on the success of others leads to selfish
behavior in complete network games. This observed highly defective tendency does
not necessarily occur in more complex spatial structures. We proceed to one of the
minimally-connected network structures: a star.

Lemma 4. Consider a linear homogeneous PGG played on a star network. If
the central player defects at some time instance, then the action profile generated
by ‘imitate the best’ unconditional imitation dynamics will reach the full-defection
imitation equilibrium in finite time.

Proof. Let player 1 represent the central player and players lc and ld represent the
cooperating and defecting leaves, respectively. The following result can be derived
directly from Eq. (4.1), Eq. (4.2) and Eq. (4.4).
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Lemma 5. Consider a star network consisting of one central player and p cooperating
and q defecting leaf players. The players’ accumulated payoffs are given by

π1 =
(σ1 + p)r

N
+
σ1 + 1

2
pr +

σ1

2
qr − (N + 1)σ1, (4.13)

πlc =
(σ1 + p)r

N
+

1 + σ1

2
r − 2, (4.14)

πld =
(σ1 + p)r

N
+
σ1

2
r. (4.15)

We now continue proving the main statement in Lemma 4. We prove by induction
on m defined as the number of cooperating leaves when the central player is defecting.
The result is trivial for m = 0, i.e., when all the players are defecting. Assume the
result holds for m = p − 1, p ≥ 1. Consider some time k0 when the central player
is defecting and there are p cooperating leaves in the network, i.e., m = p. If the
active player at k0 is a defecting leaf, she will not switch since her only neighbor is
the central player who is also defecting. Hence, the state at k0 + 1 will be the same as
the initial state. So consider the first time k1 ≥ k0 when a cooperating leaf is active.
This time exists due to the persistent activation assumption. From Lemma 5, the
payoffs at k1 of the active player lc and her neighbor, player 1, are given by

π1 =
pr

N
+

1

2
pr

πlc =
pr

N
+

1

2
r − 2.

 p≥1
==⇒ π1 > πlc .

Therefore, the cooperating leaf will switch to defection at k1 + 1, resulting in a new
state where the central player is still defecting and there are p− 1 cooperating leaves.
This is the case with m = p− 1, which completes the proof.

Next, we consider to the case when the central player is cooperating and provide
sufficient conditions for reaching the full-cooperation equilibrium and a mixed equilib-
rium in which cooperators and defectors coexist. We refer to the non-central players
as leaf players.

Lemma 6. Consider a linear homogeneous PGG played on a star network. Assume
that initially the central player is cooperating and there are p ≥ 0 cooperating and
q ≥ 1 defecting leaf players. Then

• if r < p+q+1
p+ 1

2 q−
1
2

, then the network will reach the full-defection imitation equilib-
rium;

• if r = p+q+1
p+ 1

2 q−
1
2

, the network is already at a mixed imitation equilibrium;
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• if r > p+q+1
p+ 1

2 q−
1
2

, then the network will reach the full-cooperation imitation equi-
librium.

Proof. Case 1: r < p+q+1
p+ 1

2 q−
1
2

. It follows from Lemma 5 that π1 < πld . Now in case
there are no cooperating leaves in the network, the central player switches to defection
in the next time step, and hence, the networks reaches the full-defection equilibrium.
So consider the case when there is at least one cooperating leaf in the network, i.e.,
p ≥ 1. Then since q ≥ 1, it holds that

3 < 3p+ q ⇒ p+ q + 1

p+ 1
2q −

1
2

< 4⇒ r < 4.

Thus, from Lemma 5 it follows that πlc < πld . Now since π1 < πld , it can be concluded
that only the central player may switch at the next time step. Due to the persistent
activation assumption, there exists some time that the central player becomes active,
and the fist time when that happens, she will switch to defection. Then in view of
Proposition 4, the network will reach the full-defection equilibrium state.

Case 2: r = p+q+1
p+ 1

2 q−
1
2

. Then π1 = πld . Hence, neither the central player nor any
of the defecting leaves will switch actions at the next time step. Trivially the same
holds for every cooperating leaf, resulting in an equilibrium state.

Case 3: r > p+q+1
p+ 1

2 q−
1
2

. Then π1 > πld . Hence, since the cooperating leaves do
not switch actions, the first time that a defecting leaf is active, she will switch to
cooperation. So the new number of cooperating and defecting leaves will be p̄ = p+ 1

and q̄ = q − 1. Then the condition r > p+q+1
p+ 1

2 q−
1
2

for the new state becomes

r >
p̄+ q̄ + 1

p̄+ 1
2 q̄ −

1
2

=
p+ q + 1

p+ 1
2q

,

which holds since r > p+q+1
p+ 1

2 q−
1
2

. Hence, again a defecting leaf will switch to cooperation.
Therefore, eventually the network will reach a full-cooperation equilibrium state. This
completes the proof.

Theorem 5 (Finite time convergence star networks). Every linear homogeneous PGG
played on a star network reaches an imitation equilibrium in finite time.

Proof. The proof follows from Proposition 4 and 6.

After establishing convergence of a completely connected and a minimally con-
nected network, we now proceed to a network that has a regular and close-to-minimal
connectivity: a ring. Before stating the main result, let us postulate the following
assumption that we assume to hold for some values of the public goods multiplier r.
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Assumption 6 (Pairwise persistence). For any pair of players i, j ∈ V and each time
k, there exists some finite time k′ > k such that i and j are activated consecutively at
k′ and k′ + 1.

Although stronger than the persistent activation assumption, the pairwise per-
sistent activation assumption still holds almost surely in most stochastic settings,
particularly when players are activated independently, e.g., according to Poisson clocks
or by a stochastic process where at each time step, one random player becomes active
to alter its current action [46].

Theorem 6 (Finite time convergence ring networks). Consider a linear homogeneous
PGG played on a ring network. If the public goods multiplier r belongs to the interval[
0, 9

2

]
the ‘imitate the best’ unconditional imitation dynamics reach an imitation

equilibrium in finite time. The same holds for r > 9
2 , but when the pairwise persistent

activation Assumption 6 holds.

Proof. We first show that the behavior of the homogenous linear PGG under the
imitate the best unconditional imitation dynamics, although depending on the public-
goods multiplier r, is the same for different values of r in certain ranges. In order
to do this we first introduce the notation σ(k)|r=g , which denotes the state vector at
time k, given that r = g ∈ R≥0.

Lemma 7. Given a ring network, its initial action vector and activation sequence,
for every public goods multiplier r1 and r2 taken from one of the following intervals(

0,
9

5

)
,

(
9

5
,

9

4

)
,

(
9

4
,

9

3

)
,
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it holds that for all time k ≥ 0 σ(k)|r=r1 = σ(k)|r=r2 .

Proof. We prove by strong induction. The statement is trivial for k = 0. Assume that
the statement is true for all k ≤ t for some t ∈ Z≥0. Let i denote the active player at
time t. It suffices to show that all r that belong to one of the above 6 intervals yield
the same σi(t+ 1). According to the unconditional imitation update rule with hi = 1

for all i ∈ V in Eq. (4.6), player i’s action at the next time step σi(t+ 1) depends on
the payoffs of player i and her neighbors at time t. The payoff of player i is determined
by the action of herself, her neighbors and the neighbors of her neighbors (recall that
player i also participates in the games centered around her neighbors). Due to the
ring topology, this implies that πi is determined by σi−2, σi−1, σi, ai+1 and σi+2. By
following the same argument for each of the neighbors of player i, i.e., i− 1 and i+ 1,
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we conclude that the payoffs of player i and her neighbors are determined by the
vector

si =
(
σi−3 σi−2 σi−1 σi σi+1 σi+2 ai+3

)
. (4.16)

Therefore, σi(t+ 1) is completely determined by the actions in si(t). Clearly si allows
for 27 different action profiles. Some of the possible action profiles keep the action
of player i unchanged at t+ 1, some others make player i switch and the rest of the
possible action profiles require r to fulfill a certain condition in order for the action of
player i to change. For example, if si(t) = (1, 1, 1, 1, 1, 1, 1), then σi(t + 1) = σi(t).
Moreover, if si(t) = (1, 0, 0, 1, 0, 0, 1), then we obtain the following payoffs:

πi−1 = r, πi = r − 3, πi+1 = r.

Hence, σi(t+ 1) 6= σi(t) since πi−1, πi+1 > πi, implying that player i’s action changes
regardless of r. However, if si(t) = (1, 0, 1, 0, 1, 0, 1), then we obtain the following
payoffs:

πi−1 =
5

3
r − 3, πi =

4

3
r, πi+1 =

5

3
r − 3.

Hence, σi(t + 1) 6= σi(t) if and only if πi−1 = πi+1 > πi, resulting in r > 9. By
investigating all 128 values of si, we obtain the following critical values of r, so that
for a given si(t), all values of r between any two consecutive critical values result in
the same σi(t+ 1):
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,
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2
, 9.

This proves the statement for k = t+ 1, which completes the proof.

We now continue with proving the statement in Theorem 6.
For ring networks consisting of 5 players or fewer, the result can be verified by

exhausting all the cases. For ring networks consisting of more than 5 players, we show
the result only for the following two cases. Other cases can be handled similar to
Case 1. Based on Lemma 7, we prove the theorem for each of the following cases:

Case 1: 0 < r < 9
5 . In view of Lemma 7, we only need to prove the result for just

one value of r in this range, say r = 1. Consider the function n1111(σ) : {0, 1}n → Z≥0

defined as the number of 4 consecutive cooperators in the whole network:

n1111(σ) = |{j ∈ V |σj = σj+1 = σj+2 = σj+3 = 1}|

where |X | denotes the cardinality of the set X . We show that n1111 never decreases
over time, i.e., at every time K ≥ 0,

∆n1111(K) = n1111(σ(K + 1))− n1111(σ(K)) ≥ 0. (4.17)
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Let player i be active at K. Then all consecutive quadruple actions that may change
in number at K + 1 are

(σi−3, σi−2, σi−1, σi), (σi−2, σi−1, σi, σi+1),

(σi−1, σi, σi+1, σi+2), (σi, σi+1, σi+2, σi+3).

Therefore, it suffices to show that the number of these four quadruples equaling
(1, 1, 1, 1) at K + 1 is not less than the number of quadruples at K. Since all of
these four quadruples are included in si defined in Eq. (4.16), it suffices to show
that the number of quadruples (1, 1, 1, 1) in si(K + 1) is no less than that in si(K).
Again, the vector si(K) allows for 27 different states. On the other hand, for each of
these states, si(K + 1) can be determined uniquely based on si(K) as discussed in
the proof of Lemma 7 (this is because only player i’s action may change at K + 1,
which is uniquely determined by the actions of herself and her three left and right
neighbors at K). It is worth to mention that if the action that receives the maximum
payoff in the neighborhood is not unique, then the binary action set implies that
the player will not switch. Stack all 27 different states of si(K) and si(K + 1) in
two 27 × 7 binary-matrices S− and S+ so that for every row j = 1, 2, 3, . . . , 27, if
si(K) = S−j , then si(K + 1) = S+

j where Xj represents the jth row of matrix X.
For every j = 1, 2, 3, . . . , 27, delete the jth rows of S+ and S−, if they are the same,
to obtain S+

0 and S−0 . Then the rows of S−0 represent all possible values of si(K)

that will result in player i switching her action. One can check that the number
of 4 consecutive 1’s in every row of S+

0 is no less than that in the same row in
S−0 . This implies that the number of quadruplets (1, 1, 1, 1) in si(K + 1) is no less
than si(K), regardless of what value si(K) takes. Consequently, Eq. (4.17) holds.
Hence, whenever an player switches, the function n1111 either increases or remains
constant. Since n1111 is bounded, this yields the existence of some time k1 at which
n1111 becomes fixed and never changes afterwards. Consider the matrices S−1 and S+

1

that are obtained from S−0 and S+
0 after deleting each row j from both of them if

the number of (1, 1, 1, 1)s in the jth row of S−0 is less than that in S+
0 . Since n1111

is fixed after k1, no switching that results in a change in the number of quadruples
(1, 1, 1, 1) may take place after k1. Hence, for k ≥ k1, si(k) equals one of the rows
of S−1 and si(k + 1) equals the corresponding row in S+

1 . Now one can check that
the number of quadruples (1, 1, 0, 1) in every row of S+

1 is no less than that in the
same row in S−1 . Hence, the function n1101 defined as the number of (1, 1, 0, 1)s in
the network never decreases after k1. Therefore, similar to the argument above, there
exists some finite time k2 when n1101 becomes fixed and never changes afterwards.
So after k2, the number of quadruples (1, 1, 1, 1) and (1, 1, 0, 1) will remain constant.

Next, we obtain S−2 and S+
2 by deleting all rows j from both S−1 and S+

1 where the
number of (1, 1, 0, 1)s in the jth row of S+

1 is more than that in S−1 . Then by following
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the above process, one can show the existence of some time k5 after which the number
of each of the quadruples (1, 1, 1, 1), (1, 1, 0, 1), (1, 0, 1, 1), (0, 1, 1, 1), (0, 1, 0, 1) and
(1, 1, 1, 0) becomes fixed. Correspondingly, we obtain S−5 and S−5 . Then one can check
that the number of quadruples (0, 0, 0, 0) in every row of S+

5 is no more than that
in the same row in S−5 . Hence, the function −n0000 where n0000 is defined as the
number of quadruples (0, 0, 0, 0) in the network never decreases after k5. Therefore,
there exists some finite time k7, after which n0000 remains constant.

Following this approach and by using consecutively the functions n0011, n0110,
n1100, n1001, −n0010, −n0100, −n1000 and −n0001, one can show the existence of some
time k15 after which, the number of each corresponding quadruple becomes fixed.
Moreover, we obtain S−15 and S+

15 as explained above, yet this time they both become
an empty matrix. This implies that after k15, no more switches of actions may take
place in the network. Hence, the network will reach a stationary state at k15, which
must be an equilibrium due to the persistent activation assumption.

Case 2: 9
5 ≤ r ≤

9
4 . In view of Lemma 7, we only need to prove the result for just

one value of r in this range, say r = 2. Similar to the previous case and by using
the exact same potential-like functions, one can show that the network reaches an
equilibrium.

Case 3: 9
4 ≤ r ≤

9
3 . This case can be proven exactly as case 1.

Case 4: 9
3 ≤ r ≤

9
2 . In view of Lemma 7, we only need to prove the result for just

one value of r in this range, say r = 3.5. Similar to the previous case and by using
consecutively the functions n1110, n1101, n1011, n0111, n0101, n0011, n1100, n1010, n0110,
−n1111, n1001, n0010, n0100 and −n0000, one can show the existence of some time k14

when the network reaches an equilibrium.
Case 5: 9

2 ≤ r ≤ 9. This case can be proved similar to case 6.
Case 6: r > 9. In view of Lemma 7, we only need to prove the result for just one

value of r in this range, say r = 10, which we do in two steps. First, we follow a similar
approach to that in the previous cases. However, this time, instead of particular
quadruples we investigate the number of particular quintuplets. We start with n11111

that is the number of 5 consecutive 1’s in the network. Similar to above, in order to
inspect the evolution of n11111, we consider some time K and denote the active player
at K by i. In order to count the difference of the quintuplets (1, 1, 1, 1, 1) at and after
time K, we need to investigate the actions of 4 players before and after player i in
the ring, resulting in the action vector

qi = (ai−4, σi−3, σi−2, σi−1, σi, σi+1, σi+2, σi+3, σi+4).

Then similar to S−0 and S+
0 , we construct the 29 × 9 binary-matrices Q−0 and Q+

0 .
Now one can check that the number of 5 consecutive 1’s in every row of Q−0 is
non-less than that in the same row in Q+

0 . Hence, there exists some time t1, at
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which −n11111 becomes fixed. By following this approach and using consecutively
the functions −n01111, −n11110, −n01110, n11101, n10111, −n11100, −n01100, −n00111,
n00101, −n00110, −n11010, n11001, n10101, n10001, −n00001, n01010, −n10000, −n11000,
−n00000, −n10011, n00011, n00010, one can show the existence of some time t23, after
which the number of all corresponding quintuplets is fixed. Moreover, we obtain Q−23

and Q+
23 as follows:

Q−23 =

(
1 0 0 1 1 0 1 1 0

0 0 1 0 0 1 0 1 1

)
,

Q+
23 =

(
1 0 0 1 0 0 1 1 0

0 0 1 0 1 1 0 1 1

)
.

Therefore, whenever a player i switches after time t23, the actions of herself and her
four left and right neighbors must be in the form of one of the rows in Q−23 before the
switch and becomes in the form of one of the rows in Q+

23 after the switch.
As the second step of the proof, we show that only a finite number of these switches

is possible. First we prove that only a finite number of switches can happen when the
actions of the active player and her four left and right neighbors are in the form of
the first row in Q−23 before the switch. Assume on the contrary that there are infinite
number of these types of switches. Then there exists some player i ∈ V such that
qi equals the first row of Q−23 for an infinite time sequence K = {k1, k2, . . .}. On the
other hand, due to the pairwise persistent assumption, there exists some time kj ∈ K
such that player i− 1 is active at kj + 1. The actions of player i− 1 and her three
left and right neighbors at kj + 1 are

si−1(kj + 1) = (1, 0, 0, 1, 0, 0, 1).

Hence, player i− 1 switches actions at kj + 2 resulting in

si−1(kj + 2) = (1, 0, 0, 0, 0, 0, 1).

Correspondingly, we have

qi−1(tj + 1) = (∗, 1, 0, 0, 1, 0, 0, 1, ∗),
qi−1(tj + 2) = (∗, 1, 0, 0, 0, 0, 0, 1, ∗)

where ∗ can be either 0 or 1. However, neither qi−1(tj + 1) equals any of the rows of
Q−23, nor q

i−1(tj + 2) equals any of the rows of Q+
23. This is in contradiction with the

fact that the actions of every player who switches and her four left and right neighbors
are in the form of one of the rows in Q−23 before the switch. So there exists some time
k24 ≥ t23, after which no player i whose corresponding qi is in the form of the first row



4.4. Cooperation, convergence and imitation 55

of Q−23 takes place. Similarly, the same can be shown for the second row. Therefore,
after some finite time, no player will switch actions, and hence, the network will be
fixed at some state. On the other hand, due to the persistent activation assumption,
that state must be an equilibrium since every player gets the chance to update her
action infinitely many times. This completes the proof.

The proof of Theorem 6 is algorithmic and can be generalized to symmetric spatial
structures, e.g., regular graphs, but is less useful in the convergence analysis for
games on irregular networks. A key feature of the proof is the exploitation of the
fact that the behavior of the homogeneous linear PGG under the ‘imitate the best’
unconditional imitation dynamics is equivalent for different values of r in certain
ranges. This enabled us to significantly decrease the computations necessary to show
finite time convergence for every r ≥ 0.

4.4 Cooperation, convergence and imitation

We have seen that for the spatial PGG, rational imitation dynamics converge to an
imitation equilibrium regardless of the spatial structure and heterogeneity in the
payoff parameters. When the rationality of having incentives to deviate is broken,
as in unconditional imitation dynamics, convergence of the decision process can only
be guaranteed for specific spatial structures. Thus, even under payoff monotonicity
assumptions, in general, one cannot expect that players reach a decision they are
satisfied with. However, an important aspect of imitation dynamics even in the
absence of convergence and mechanisms such as punishment, reward and voluntary
participation [102], unconditional imitations can allow for cooperative actions to exist
in the imitation equilibrium of a social dilemma game (Lemma 6, Fig. 4.2 and [96]).
Hence, under unconditional imitation dynamics the maintenance of a publicly available
resource (i.e. the public good in a PGG), can be assured with relative ease.

For the homogeneous linear PGG, the best response depends solely on the public
goods multiplier r, the degree of a player and the degree of its neighbors. In this
case, cooperation is promoted (resp. impeded) for players with a degree that is higher
(resp. lower) than their neighbors’ degrees. For regular networks, in which all players
have the same degree, say d ≥ 1, cooperation can only exist at the Nash equilibrium
if r > d+ 1. This simple condition, however, implies that cooperation is a dominant
pure strategy in each local interaction, and hence, at least in the spatial PGG, network
reciprocity [8] is ineffective under such rational and innovative decision processes.
Take, for example, the simple 2-regular tree depicted in Fig. 4.2. For a public goods
multiplier r = 5

2 , the unique Nash equilibrium is full defection. Under ‘imitate the best’
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unconditional imitation dynamics, the action profile has persistent oscillations with a
high number of cooperators in the oscillations action profiles. An example of such
oscillations is shown in Fig. 4.2: starting from the action profile in (a) either the play-
ers labeled as 2 and 5, or 3 and 6 persistently imitate each other’s actions. Thus, even
though players cooperate, they are not necessarily satisfied with their decision and keep
changing their actions. This behavior can also occur in matrix games on networks [97].

Interestingly, for a rational imitation process with hi = 1 for all i, the action
profile in Fig. 4.2(a) is, in fact, an imitation equilibrium that coincides with a
generalized Nash equilibrium [88] in which each players selects a relative best response.
Thus it is not the rationality of selfish players that is necessarily detrimental to the
cooperation levels in spatial PGG, but rather their ability to innovate rationally. This
example shows that rational imitation can facilitate cooperative decisions without
compromising the finite time convergence of the decision process, and hence, rational
imitations of selfish players can facilitate cooperative decisions without requiring
any punishment of defectors [12], reputation considerations [12] or the possibility
of players to waive participation in the game and opt for a more self-sustaining
action [102]. Aside from this specific example, extensive simulations on arbitrarily
connected networks support this finding. Thus, it is not always the irrationality of
imitations that allows cooperation to exist, but rather the combination of imitations
and the ability of players to predict, via the (lack of) success of others, when their
own defective motives will become detrimental to their own success. In the folowing
we will show via simulations, how rational imitation can even result in even higher
cooperation levels than unconditional imitation.

4.4.1 Simulations on a bipartite graphs

Let us set hi = 1 for all players and simulate imitate the best unconditional imitation
and rational imitation dynamics for a homogeneous linear PGG with c = 1 and
a variable public goods multiplier r. By varying r we are interested in how the
public goods parameter, acting like a benefit-to-cost ratio, influences the number
of cooperators in the imitation equilibrium. Group structures are determined by
the neighborhoods of a bipartite graph with two independent and disjoint sets each
containing 14 players so that the total number of players is 28. We vary the number
of connections of a player by varying the probability of a player to be connected
to another player in the other disjoint independent player set. Imitate the best
unconditional imitation dynamics need not converge to an imitation equilibrium.
In this case, we let the action profile evolve for 104 time steps and determine the
fraction of cooperators by the number of cooperators at the final time step t = 104.
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(a) Player 2 imitates its best performing neighbor 4.

(b) Player 5 imitates its best performing neighbor 2.

(c) Player 2 imitates its best performing neighbor 1.

(d) Player 5 imitates its best performing neighbor 2, and the action profile
returns to (a). A similar imitation cycle exists for players 3 and 6 when in the
action profile (c) player 3 imitates its best performing neighbor 1.

Figure 4.2: Persistent imitation oscillations in a spatial PGG on a 2-regular tree under
asynchronous unconditional imitation dynamics with parameters c = 1 and r = 2.5.
Green vertices represents a cooperators, red vertices represent defectors. The square
indicates the unique deviator.
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To get a feeling for how rational imitation can facilitate cooperation we initialize one
of the independent sets as cooperators and the other as defectors. The simulation
results are shown in Fig. 4.3. The plots are obtained by averaging over 100 random
activation sequences. In the top sub-figures of Fig. 4.3 one can see that if the
average degree of the players in the network is relatively high e.g. 10 and 7, rational
imitation can facilitate half the network to cooperate for a large range of public goods
multiplier values, whereas unconditional imitation dynamics result in significantly
lower proportion of cooperators. When the average degree of the players is reduced,
this promoting effect of rational imitation is less noticeable, and the proportion of

Figure 4.3: Simulations for a homogeneous linear PGG on a bipartite network with
a clustered initial condition. The four subgraphs correspond to simulation results
obtained for different levels of connectivity between the two independent and disjoint
sets of vertices with an average degree of: 10, 7, 2.5 and 3 (clockwise starting from
top left).
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Figure 4.4: Simulations for a homogeneous linear PGG on a bipartite network with
initial actions that are determined by a discrete uniform distribution. The average
degrees of the players in the networks correspond with those in Fig. 4.3.

cooperators of rational and unconditional imitations are similar (bottom sub-figures
of Fig. 4.3).

When the initial action profile is random but equal for both dynamics, the number
of cooperators are similar for both unconditional and rational imitation, see Fig. 4.4.
The proportion of cooperators in these simulations are obtained by averaging over 500

random initial conditions and activation sequences. In this case, the rational imitation
dynamics promote cooperation more than unconditional imitation dynamics for larger
values of public goods multipliers and an average degree of 7. These simulations
illustrate that rational imitation dynamics of spatial PGG in which the players have
relatively high degrees, the rational imitation dynamics can facilitate initially clustered
cooperators better than unconditional imitation. It is in these cases that network
reciprocity and rational imitations can optimally maintain publicly available goods.
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4.5 Final Remarks

We have shown that rational imitation dynamics in a general class of asynchronous
spatial PGG converge to an imitation equilibrium in a finite time. By means of a
counter-example we have shown that this general case of convergence is not guaranteed
when imitation is unconditional. For regular spatial structures and production
functions, however, we have proven convergence either directly from the payoff
functions or by using an algorithmic proof technique that takes advantage of the
regularity of the network. We have shown that in the case of rational imitation,
convergence is also guaranteed when the group structures are determined by a
bipartite graph. Such a representation of a social dilemma can, for instance, be used
when the group structures are obtained from data that does not contain information
about the entire social network. Next to convergence, we have provided evidence that
in contrast to best response dynamics, rational imitation can effectively facilitate the
evolution of cooperation via network reciprocity. Our results indicate that through
the combination of rationality and imitation, beneficial dynamic features can arise
that are able to sustain the availability of a publicly available good, providing new
insights in the design of solutions to the tragedy of the commons.
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