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Evolutionary stability of ZD strategy

Mutation is random; natural
selection is the very opposite of
random.

Richard Dawkins

In the previous two chapters we have seen how a single memory-one player can
exert a level of control on the payoffs of opponents by employing a ZD strategy

in a repeated game. In this chapter we explore the stability of such strategies in
an evolutionary setting. In [130], stochastic evolutionary imitation dynamics were
studied in a finite population of ZD strategists playing an iterated prisoner’s dilemma
game. In these dynamics, strategies that receive higher expected payoffs are typically
preferred by forces of selection [131]. It was shown that in reasonably large popula-
tions, extortionate strategies can act as a catalyst for the evolution of cooperation
but they are not a stable outcome of natural selection. Through numerical simulation,
it was also argued that the population size has a considerable impact on the dynamics
and long-run outcomes in a well-mixed population, see also [132]. This effect was
attributed to the probability of one being paired to themselves, which decreases as the
population size increases. In [133], it was analytically shown that, in the limit of weak
selection and pairwise interactions in a finite population, only generous strategies are
“evolutionarily robust” against any other strategy in the repeated prisoner’s dilemma
game. That is, under the stochastic evolutionary imitation dynamics proposed in [134],
only generous strategies cannot be selectively replaced by a mutant strategy. The
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Figure 8.1: As a result of a random mutation, a population of C players is invaded by
a single D player. If the mutant D player has an advantage in terms of payoffs over
resident C players, selection will tend to favor D and the mutant can eventually take
over the population. Figure from [8], reprinted with permission from AAAS.

evolutionary performance of ZD strategy in multiplayer games under similar stochastic
evolutionary imitation dynamics were studied in [135]. Their simulations showed
that for small group sizes extortionate ZD strategy are critical for the emergence of
cooperation, and generous strategies are important to maintain cooperation in large
finite populations. However, as group sizes become larger, the generous strategies
become unstable and selfish behavior dominates in the long-run.

In this chapter, we study conditions for ZD strategy to be evolutionarily stable in
a finite population of size N , when players interact in randomly formed groupwise
contests of size 2 ≤ n ≤ N . When the number of interactions is large, the composition
of these groups can be described by a hypergeometric distribution. To obtain neat
analytical results in this setting, we will focus on a finite population that is invaded
by a single mutant (Fig. 8.1). Selection prefers the mutant strategy if the single
mutant obtains a higher expected payoff than the resident players. On the other hand,
selection will favor the resident strategy if residents obtain a higher expect payoff
than the mutant. An illustration of this process in a social dilemma game is shown
in Fig. 8.1, were a defecting mutant can take over the population of cooperators.
In the following, we will derive explicit relations between the population size, the
group size, and the ZD strategy parameters that allow us to characterize necessary
and sufficient conditions under which a resident ZD strategy is evolutionarily stable
with respect to a single mutant strategy. Moreover, a computationally convenient
method is provided to evaluate the evolutionary stability of a resident strategy that is
invaded by any number of mutant ZD strategy. The theoretical conditions shed light
on how population sizes and group sizes influence the emergence and maintenance of
cooperation in large finite populations and are consistent with simulation results in
existing literature [130,135].

The results in this chapter may appropriate only for the situation in which all
players apply ZD strategies, however, when mutual defection leads to the lowest
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possible average group payoff, extortionate ZD strategies can ensure to do at least as
good as any other strategy. In this case, the result presented in this chapter can be
generalized to an arbitrary mutant strategy and therefore provide a rather general
stability condition for extortionate strategies. The same holds for generous strategies
when mutual cooperation leads to the highest possible average group payoff.

8.1 The standard ESS conditions

Consider a large well-mixed population of players of which the majority employs a
resident strategy indicated by pR, and a small number of mutants employ a mutant
strategy pM . The players interact in random pairwise contests. If a resident is
matched with another resident they obtain π(pR,pR), likewise if a resident is matched
with a mutant the resident receives π(pR,pM ) and the mutant receives π(pM ,pR).
If two mutants are matched they receive π(pM ,pM ). Let πR (resp. πM ) denote
the expected payoff of a resident (resp. mutant) player in the evolutionary game.
Then, the resident strategy is an Evolutionarily Stable Strategy (ESS) if it satisfies
the following two conditions [29,136].

Equilibrium condition: the resident strategy pR is a best response against itself

∀pM 6= pR : π
(
pM ,pR

)
≤ π

(
pR,pR

)
. (8.1)

a)

Stability conditions: if π(pM ,pR) = π
(
pR,pR

)
, then

π
(
pM ,pM

)
< π

(
pR,pM

)
. (8.2)

b)

These conditions are valid in infinite populations. To see this, suppose that a small
fraction ε > 0 of the population are mutants, then

πR = (1− ε)π
(
pR,pR

)
+ επ

(
pR,pM

)
, (8.3)

and
πM = (1− ε)π

(
pM ,pR

)
+ επ

(
pM ,pM

)
. (8.4)

The conditions in Eq. (8.1) and Eq. (8.2) simply imply that

∃ε > 0 : πM < πR,

and thus the mutation will be selected against. However, if the population size is
finite a problem arises with this definition. Because a player cannot be matched in a
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contest against herself, the probability of a mutant being matched to another mutant
is not equal to the probability of a resident being matched to a mutant. Naturally,
this discrepancy becomes larger when N becomes smaller and smaller.

8.2 Generalized ESS equilibrium condition

Earlier work that studied ESS ZD strategy in finite populations used the evolutionary
stability conditions presented in [132] that rely on the computation of fixation probabil-
ities. In contrast, this chapter employs an approach proposed in [136] that is suitable
for analysis and has an intuitive connection to the standard Maynard-Smith condi-
tions for evolutionarily stable strategies described in the previous section. Let us now
consider a finite population of size N . At each discrete time step, that may represent
a generation, groups of size n are randomly formed by sampling from the population
without replacement and engage in contests of size n ≤ N . Let π(pR|n − 1 − j, j)
denote the payoff that a resident player obtains from a contest with n− 1− j other
residents and j mutants and let π(pM |n− 1− j, j) denote the payoff that a mutant
obtains from a contest against n − 1 − j residents and j mutants. Starting from
a homogeneous population of resident players, let us assume one resident player is
replaced by a mutant. With this single mutant in the population, the average payoff
of a resident ZD player is

πR =

(
1− n− 1

N − 1

)
π
(
pR|n− 1, 0

)
+
n− 1

N − 1
π
(
pR|n− 2, 1

)
. (8.5)

And the average payoff of the mutant is simply:

πM = π
(
pM |n− 1, 0

)
. (8.6)

Using the expected payoffs in Eq. (8.5) and Eq. (8.6), for the resident strategy to be
evolutionarily stable the following equilibrium condition is necessary [136],

∀pM 6= pR : πM ≤ πR. (8.7)

By substituting the expected payoffs, we obtain

π
(
pM |n− 1, 0

)
≤
(

1− n− 1

N − 1

)
π
(
pR|n− 1, 0

)
+
n− 1

N − 1
π
(
pR|n− 2, 1

)
.

Observe that for n = 2 and N →∞, this equilibrium condition turns into the standard
Maynard-Smith equilibrium condition in Eq. (8.1) in which pR needs to be a best
response against itself.
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Remark 16 (Playing the field). The following observations were made in [136], well
before ZD strategy were invented. A strategy satisfying the ESS equilibrium condition
Eq. (8.7) may be written as a solution of

argmax
pM

πM − πR. (8.8)

Now suppose that n = N , which is a situation Maynard-Smith refers to as “playing
the field”. Then, πR = π(pR|n− 2, 1) and an ESS strategy is a solution to

argmax
pM

π
(
pM |n− 1, 0

)
− π

(
pR|n− 2, 1

)
(8.9)

Because every player in the population is in the contest, we can use the conventional
notation of n-player games. To this end, label the mutant as player m and the ESS
players as r 6= m. Furthermore, denote the strategy of player j by sj, j = 1 . . . N .
Because all ESS players employ the same strategy, for symmetric games, we may write

πESS = πR = π
(
pR|n− 2, 1

)
=

1

n− 1

N∑
i 6=m

π (si, s−i) ,

by substituting this into the equilibrium condition Eq. (8.8) one can see that any
strategy satisfying the equilibrium ESS condition is a solution to

argmax
pM

πM − 1

n− 1

N∑
i6=m

π(si, s−i). (8.10)

This, in turn, is a best response for Shubik’s zero sum “beat-the-average” game [137].
The relation in Eq. (8.10) is a natural connection between the ESS equilibrium condition
and extortionate strategies that ensure the ZD strategist’s expected payoff is larger than
the average of her opponents. Thus, when n = N , extortionate ZD strategy satisfy the
ESS equilibrium condition. This property is further examined in Theorem 12.

8.3 Equilibrium conditions for ZD strategies

To investigate the ESS conditions of ZD strategy in finite populations and groupwise
contests, we assume that at each time step, groups of size n are randomly formed by
sampling from the population without replacement and engage in contest in the form
of a finitely repeated n-player game. The following assumption ensures that the ZD
strategists enforce a linear relation in each groupwise contest.

Assumption 9 (Repeated contests). In each contest, the players in the evolutionary
game participate in a sufficient number of expected rounds to enforce a payoff relation.
This can be determined by the threshold discount factors in Chapter 7.
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Assumption 9 requires multiple interactions to occur during one time step or
generation in the evolutionary game. This differs from the traditional setup but is
common in evolutionary dynamics of direct reciprocity [131].

To obtain an equilibrium condition for some resident ZD strategy, we assume
all weights are equal such that Assumption 8 is satisfied. Let us consider a finite
population that is initially composed entirely of players that employ a ZD strategy
such that each player enforces a payoff relation with parameters (s, l). Now, say that
one random player is replaced by a mutant that employs a ZD strategy that enforces
the payoff relation (ŝ, l̂). We indicate this mutant strategy by pM 6= pR.

Theorem 12 (Equilibrium conditions). Assume all weights are equal and payoffs
satisfy Assumption 7. When the N − 1 resident players employ an enforceable ZD
strategy pR and the single mutant employs some enforceable ZD strategy pM 6= pR

in a population of size N with contests of size n ≤ N , then the resident ZD strategy
pR satisfies the equilibrium condition Eq. (8.7) if and only if one of the following
conditions hold:

(i) s > 1
N−1 + n−2

n−1 and l̂ ≤ l;

(ii) s < 1
N−1 + n−2

n−1 and l̂ ≥ l;

(iii) s = 1
N−1 + n−2

n−1 .

Proof. We begin by finding an expression for π(pR|n − 1, 0). Because the payoff
relation (s, l) is assumed to be enforceable it must hold that s < 1. Then each resident
enforces the linear relation:

π
(
pR|n− 1, 0

)
= π

(
pR|n− 1, 0

)
s+ (1− s)l.

It follows that π
(
pR|n− 1, 0

)
= l. We continue to find expressions for the payoffs when

the mutant is present in the contest. For ease of notation, let π∗ = π
(
pR|n− 2, 1

)
.

Because the residents apply an enforceable ZD strategy we obtain the payoff relation:

n− 2

n− 1
π∗ +

1

n− 1
πM = π∗s+ (1− s)l. (8.11)

Define s∗ := s(n− 1)− (n− 2). Then the above equation can be written as

πM = s∗π∗ + (1− s∗)l. (8.12)

Because the mutant plays an enforceable ZD strategy with parameters (l̂, ŝ) the
following linear relation is enforced by the mutant:

π∗ = πM ŝ+ (1− ŝ)l̂. (8.13)
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Substituting this into Eq. (8.12) we obtain an expression for the payoff of the mutant
in terms of the ZD parameters s∗, l, ŝ, l̂:

πM =
l(1− s∗) + l̂s∗(1− ŝ)

1− ŝs∗
. (8.14)

Because s < 1, it holds that s∗ < 1 and because the mutant payoff relation is also
assumed to be enforceable it also holds that ŝ < 1. Hence the above equation is well
defined for any enforceable ZD strategy in the repeated contest. By substituting the
expressions for πM , π∗ and π(pR|n− 1, 0) into the equilibrium condition Eq. (8.7),
we obtain

s∗π∗ + (1− s∗) l ≤
(

1− n− 1

N − 1

)
l +

n− 1

N − 1
π∗. (8.15)

Collecting the terms in π∗ and bringing them to the left-hand side we obtain(
s∗ − n− 1

N − 1

)
π∗ ≤

(
s∗ − n− 1

N − 1

)
l. (8.16)

From Eq. (8.16) we can distinguish three cases: first, s∗ = n−1
N−1 ; second, s

∗ > n−1
N−1 ;

third, s∗ < n−1
N−1 . We consider these cases separately. First suppose s∗ = n−1

N−1 then
Eq. (8.16) implies 0 = 0 and the equilibrium condition is always satisfied and condition
(iii) follows. Now suppose s∗ > n−1

N−1 , then Eq. (8.16) implies:

π∗ ≤ l Eq. (8.13)
======⇒ πM ŝ+ (1− ŝ)l̂ ≤ l.

By substituting Eq. (8.14) into this equation we obtain[
l(1− s∗) + l̂s∗(1− ŝ)

1− ŝs∗

]
ŝ+ (1− ŝ)l̂ ≤ l. (8.17)

Because 1− ŝs∗ > 0, Eq. (8.17) is satisfied if and only if

(l̂ − l)(1− ŝ) ≤ 0.

And because (1− ŝ) > 0, this inequality can be satisfied if and only if

l̂ ≤ l.

Hence, when s∗ > n−1
N−1 , then l̂ ≤ l is a necessary and sufficient condition for the

equilibrium condition to be satisfied for enforceable payoff relations (s, l) and (ŝ, l̂).
Condition (i) is obtained by substituting the definition of s∗ into this requirement.

Now suppose s∗ < n−1
N−1 ; then Eq. (8.16) implies:

π∗ ≥ l⇒ l̂ ≥ l.

By flipping the inequality sign in Eq. (8.17), condition (ii) follows. This completes
the proof.
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Corollary 7 (Playing the field equilibrium conditions). Under the conditions of
Theorem 12, when the group size of the contests is equal to the population size, that
is n = N , in the finitely repeated n-player game only extortionate ZD strategy can
satisfy the equilibrium condition Eq. (8.7). In particular, by substituting N = n into
condition (ii) it follows that any extortionate ZD strategy with a slope s < 1 satisfies
the equilibrium condition.

Corollary 8 (Maynard-Smith conditions). Let n = 2 such that the interactions
are pairwise. From condition (ii), it follows that an extortionate strategy satisfies
the equilibrium condition if and only if s < 1

N−1 . Now, observe that in the limit
of an infinite population size N → ∞ this condition becomes s < 0, which is a
contradiction with the definition of an extortionate strategy that have positive slopes
0 < s < 1. Hence, in the standard Maynard-Smith ESS equilibrium condition,
extortionate strategies cannot be ESS. In fact, only equalizer strategies with s = 0 and
generous strategies with s > 0 and l = an−1 satisfy the equilibrium condition under
the classic conditions.

Remark 17. When N →∞, the equilibrium condition (i) in Theorem 12 is in line
with the analytical condition for generous strategies being able to withstand an invasion
of an ALLD mutant given in [135]. Our result however shows that when the population
size N is finite, in order for generous strategies to withstand an invasion from an
extortionate mutant, the generosity of the residents players needs to decrease according
to the size of the population.

Remark 18 (Instability of generous equalizers). Condition (i) in Theorem 12 indi-
cates that for a resident ZD strategy with l = an−1 to satisfy the equilibrium condition
it must hold that s > 1

N−1 + n−2
n−1 . Because this equilibrium condition on the slope

implies s > 0, any equalizer strategy with s = 0 and l = an−1 cannot be evolutionarily
stable. Hence, strategies that enforce the full cooperation payoff to all co-players exist
in the public goods game and the n-player snowdrift game but cannot be sustained in
an evolutionary selection process within a finite population.

8.4 Stability conditions for ZD strategies

Let us now consider the case in which there exist k identical mutants in the population.
Assuming a large number of interactions, the expected payoffs of the residents and
mutants are [136]
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πR =

k∑
j=0

(
k
j

)(
N−1−k
n−1−j

)(
N−1
n−1

) π(pR | n− 1− j, j), (8.18)

πM =

k−1∑
j=0

(
k−1
j

)(
N−k
n−1−j

)(
N−1
n−1

) π(pM | n− j, j − 1). (8.19)

To obtain convenient expressions for these payoffs we use the following Lemma
from which the payoffs of a group of ZD strategists can be obtained in terms of the
slopes and baseline payoffs of their strategies.

Lemma 13 (payoffs of groups of ZD strategists, [135]). Suppose in a group of n
players, every player applies some ZD strategy with parameters si and li. Then the
expected payoff of player i can be written as

πi = (κi + 1)

∑n
k=1 κk · lk∑n
k=1 κk

− κi · li, with κk :=
(n− 1)(1− sk)

1 + (n− 1)sk
. (8.20)

Proof. The proof follows from rewriting the enforced linear payoff relations by including
one’s own expected payoff in the average of the group. Further details can be found
in [135].

In order to obtain an expression for the expected payoffs of residents and mutants,
let us define

κR :=
(n− 1)(1− s)
1 + (n− 1)s

, κM :=
(n− 1)(1− ŝ)
1 + (n− 1)ŝ

, ψj :=
j · κM · l̂ + (n− j)κR · l
j · κM + (n− j)κR

.

From Lemma 13 it follows that the payoffs of the residents and mutants in a group
with j identical mutants and n− j identical residents are given by

π(pR | n− 1− j, j) = (κR + 1) · ρj − κR · l,

π(pM | n− j, j) = (κM + 1)ρj − κM · l̂.

By plugging these payoffs into Eq. (8.18), the stability condition in a finite population
of ZD strategy can be evaluated solely on the basis of the hypergeometric distribution
and the ZD strategy parameters in the population.

8.5 Applications

In the remainder of this chapter, we apply the result in Theorem 12 to the n-player
linear public goods games, n-player snowdrift games and n-player stag hunt games. In
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doing so, we combine the existence conditions for generous and extortionate strategies
in the n-player social dilemma games with the equilibrium condition Eq. (8.7). The
following results give insight under which conditions on the population size N and
the group size n, generous and extortionate strategies exist and when they are able to
withstand an invasion by a single mutant strategist with an arbitrary but fixed strategy.
Throughout this section it is assumed that Assumptions 9 and 8 are satisfied such
that within each generation, the expected number of rounds is sufficient for the ZD
strategist to enforce the linear payoff relation. Depending on the game being played,
this minimum number of expected rounds in each generation can be determined by
the threshold discount factor for generosity in Propositions 14, 16 and 18.

8.5.1 n-player linear public goods games

The following propositions characterize the conditions under which generous and
extortionate strategies satisfy the equilibrium condition in the linear public goods
game.

Proposition 19 (Stable generosity in public goods games). Suppose Assumptions 9
and 8 are satisfied. Then in the n-player linear public goods game, all generous strate-
gies with slopes s ≥ r−1

r are enforceable independent of n and satisfy the equilibrium
condition if and only if r < n < 1 + r and

N ≥ n(r − 1)− 1

r − n+ 1
.

Smaller enforceable slopes s ≥ 1− n
r(n−1) satisfy the equilibrium condition if and only

if s ≥ 1
N−1 + n−2

n−1 .

Proof. From Proposition 7 we know that in order for generous strategies to enforce a
payoff relation independent of the group size n it must hold that s ≥ r−1

r . Moreover,
from the conditions (i) and (iii) in Theorem 12, we know that the slope must satisfy

s ≥ 1

N − 1
+
n− 2

n− 1
. (8.21)

This equilibrium condition on the slope can be satisfied for all enforceable slopes
s ≥ r−1

r if and only if
1

N − 1
+
n− 2

n− 1
≤ r − 1

r
.

This inequality is satisfied for the conditions in the statement. For smaller slopes
s < r−1

r to be enforceable, it needs to hold that n ≤ r(1−s)
r(1−s)−1 or equivalently,
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s ≥ 1− n
r(n−1) . Hence for s < r−1

r , the equilibrium condition can be satisfied if and
only if

s ≥ max

{
1

N − 1
+
n− 2

n− 1
, 1− n

r(n− 1)

}
r<n
==⇒ s ≥ 1

N − 1
+
n− 2

n− 1
.

Proposition 20 (Stable extortion in public goods games). Suppose Assumptions 9
and 8 are satisfied. Then in the n-player linear public goods game, any enforceable
extortionate strategy with a slope s ≥ r−1

r satisfies the equilibrium condition if n >
r + 1 or n < r + 1 and N ≤ n(r−1)−1

r−n+1 . Smaller enforceable slopes s < r
r−1 require

n ≤ r(1−s)
r(1−s)−1 , but satisfy the equilibrium condition for all N ≥ n > r.

Proof. From Theorem 12 and Proposition 6 it follows that in order for enforceable
slopes s ≥ r

r−1 to satisfy the equilibrium condition it must hold that

r − 1

r
≤ s ≤ 1

N − 1
+
n− 2

n− 1
.

These inequalities are satisfied for the conditions in the statement. Smaller slopes
s < r

r−1 are only enforceable if the group size satisfies n ≤ r(1−s)
r(1−s)−1 . Together with

the requirements in Theorem 12, it follows that in order for the enforceable slope to
satisfy the equilibrium condition it needs to hold that

1− n

r(n− 1)
≤ s ≤ 1

N − 1
+
n− 2

n− 1
.

This condition is satisfied for any N ≥ n > r.

Figure 8.2 shows numerical examples of the influence of N and n on the equilibrium
conditions for generous and extortionate strategies in the n-player linear public
goods game. The blue regions indicate the slopes and population sizes for which
generous strategies satisfy the equilibrium condition. Extortionate strategies satisfy
the equilibrium condition in the region between the vertical line and the border of
the blue region, this region is indicated in the figure by the dot and text "stable
extortion". Thus, for relatively small slopes, extortionate strategies satisfy the
equilibrium condition. On the contrary, for higher slopes, generous strategy satisfy the
equilibrium condition. At the border of the equilibrium regions for extortionate and
generous strategies at s = 1

N−1 + n−2
n−1 , both strategies satisfy the equilibrium condition.

This is an immediate result of condition (iii) in Theorem 12. One can observe in the
figures that as N increases more generous slopes satisfy the equilibrium condition.
Thus, as the population size increases, players can become more generous without
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0.2 0.4 0.6 0.8 1.0
0

100

200

300

400

500

s

N
n=5, r=2

0.5 0.6 0.7 0.8 0.9 1.0
0

100

200

300

400

500

s

N

n=10, r=2

0.5 0.6 0.7 0.8 0.9 1.0
0

100

200

300

400

500

s

N

n=5, r=4

0.75 0.80 0.85 0.90 0.95 1.00
0

100

200

300

400

500

s

N
n=10, r=4

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

100

200

300

400

500

s

N

n=3, r=41/20

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

100

200

300

400

500

s

N

n=3, r=201/100

Stable 

extortion

Stable 

extortion

Stable 

extortion

Stable 

extortion

Stable 

extortion

Stable 

extortion

Figure 8.2: Equilibrium condition for generous and extortionate strategies in n-player
linear public goods game played in a finite population of size N . In the blue area,
generous strategies satisfy the equilibrium condition. In the area to the right of the
vertical line and below the blue curve, extortionate strategies satisfy the equilibrium
condition.
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risking an invasion of defecting strategies. However, as n increases, the total region
in which generous strategies satisfy the equilibrium condition shrinks. Indicating
that in larger groups, it becomes more difficult for generous strategies to resist an
invasion of an extortionate strategy. The bottom two figures show an example of
the result in Proposition 19. The vertical line indicates the point s = r−1

r , after
which an extortionate and generous strategy can enforce a linear relation independent
of n (see Propositions 6 and 7). For generous strategies, every such slope satisfies
the equilibrium condition if and only if the population size is sufficiently large, see
Proposition 19. For particular values of n and r, this population size is indicated
by the horizontal line in the bottom two figures. One can see that the equilibrium
condition is very sensitive to slight changes in the public goods multiplier r. When
r = 41

20 , in order for all generous slopes s ≥ r−1
r to satisfy the equilibrium condition,

the population size needs to be just above 90, but when r decreases to r = 201/100

(a difference of 0.04), the population size needs to grow beyond 400.

8.5.2 n-player snowdrift games

Proposition 21 (Stable generosity in n-player snowdrift games). Suppose Assump-
tions 9 and 8 are satisfied. In the n-player snowdrift game, any slope 0 < s < 1

of a generous strategies is enforceable. Moreover, the generous strategy satisfies the
equilibrium condition if and only if

s ≥ 1

N − 1
+
n− 2

n− 1
.

Proof. The proof follows immediately from Proposition 10 and Theorem 12.

Proposition 22 (Stable extortion in n-player snowdrift games). Suppose Assumptions
9 and 8 are satisfied. For the n-player snowdrift game, enforceable extortionate
strategies satisfy the equilibrium condition if and only if n = N or

N ≤ bn− c
b− c

.

Proof. From Proposition 9 we know that enforceable slopes satisfy

s ≥ 1− c

b(n− 1)
.

From Theorem 12 it follows that in order for the extortionate strategy to satisfy the
equilibrium condition it needs to hold that

1− c

b(n− 1)
≤ s ≤ 1

N − 1
+
n− 2

n− 1
.

Such an s exists if and only if n = N or N satisfies the bound in the statement.
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Figure 8.3: Equilibrium condition for generous and extortionate strategies in n-
player snowdrift games played in a finite population of size N . In the blue area,
generous strategies satisfy the equilibrium condition. In the small regions below the
blue curve and to the right of the vertical line, extortionate strategies satisfy the
equilibrium condition. A dot is used to indicate the region. On the border, the slope
is s = 1

N−1 + n−2
n−1 , and both classes of strategies satisfy the equilibrium condition.
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Figure 8.3 shows numerical examples of generous and extortionate slopes in the
n-player snowdrift game that satisfy the equilibrium condition. As can be seen in
the top two figures, when n increases, extortionate slopes can satisfy the equilibrium
condition for larger population sizes and less generous strategies satisfy the equilibrium
condition. As a result, when the size of groupwise contests increases, in order for
generous strategies to satisfy the equilibrium condition, the population size must
increase as well. This is also shown by the vertical lines that indicate the size of N ,
below which extortionate strategies can satisfy the equilibrium condition, see also
Proposition 22. As can be seen in the middle two figures, as the benefit b increases,
in order for extortionate slopes to satisfy the equilibrium condition, the population
size must become smaller. This indicates that, as the benefit increases, extortionate
strategies can only invade a generous population if the population size is sufficiently
smaller.

8.5.3 n-player stag-hunt games

Proposition 23 (Stable generosity in n-player stag-hunt games). Suppose Assump-
tions 9 and 8 are satisfied. For the n-player stag hunt game with b > c, all enforceable
generous strategies satisfy the equilibrium condition if and only if N ≥ bn−c

b−c .

Proof. From Proposition 13 we know that in order for the generous strategy to be
enforceable it is required that s ≥ 1− c

b(n−1) . In this case, the conditions in Theorem
12 can be satisfied for every enforceable slope if and only if 1

N−1 ≤ 1− c
b(n−1) −

n−2
n−1 =

b−c
b(n−1) , note that because b > c > 0 the right-hand side is strictly larger than 0. This
leads to the requirement in the main statement.

Proposition 24 (Stable extortion in n-player stag-hunt games). For the n-player
stag hunt game with b > c, extortionate strategies with a slope s ≥ 1− c

(n−1)b satisfy
the equilibrium condition if and only if N ≤ bn−c

b−c . Smaller enforceable slopes s > n−2
n−1

satisfy the equilibrium condition only if s ≤ 1
N−1 + n−2

n−1 .

Proof. From Proposition 12 we know that an extortionate strategy can enforce any
slope s ≥ 1− c

(n−1)b independent of n. In order to satisfy the equilibrium condition
it must hold that 1 − c

(n−1)b ≤ s ≤ 1
N−1 + n−2

n−1 ; Such an s exists if and only if
the condition on N in the main statement holds. For smaller enforceable slopes
s < 1− c

(n−1)b it is required that n < 2−s
1−s , equivalently, s >

n−2
n−1 ; Such slopes satisfy

the equilibrium condition if and only if n−2
n−1 < s ≤ 1

N−1 + n−2
n−1 , which is clearly

satisfied independent of 1 < N <∞.
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Figure 8.4: Equilibrium condition for generous and extortionate strategies in n-player
stag-hunt games played in a finite population of size N . The vertical line indicates
n−2
n−1 . The dashed line shows the equilibrium condition s = 1

N−1 + n−2
n−1 . The blue

region shows enforceable generous strategies that satisfy the equilibrium condition for
variable N .
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8.6 Final Remarks

We have shown how the population size, the group size of the contests, and the ZD
strategy parameters affect the evolutionary stability of a resident ZD strategy with
respect to a single mutant. Extortionate strategies cannot be evolutionarily stable
under the classic Maynard-Smith conditions. In sharp contrast, when the population
size is equal to the group size, only extortionate strategies can be evolutionarily stable.
In finite populations in which the group size is smaller than the population size both
generosity and extortion can be stable; however, this highly depends on the benefit to
cost ratio, the population size and group size of the contests. In the previous chapter,
we have identified under which conditions equalizers strategies can enforce the full
cooperation payoff in a group of players. However, here we have shown that these
strategies cannot be evolutionarily stable. To show the utility of the results we have
applied them to three n-player social dilemmas and provided explicit conditions under
which generous and extortionate strategies are evolutionarily stable with respect to a
single mutant ZD strategist in a finite population.

In the next chapter we return to the traditional repeated game setting in which a
fixed group of players interact repeatedly. In particular, we will investigate the level of
control that an individual can exert if the probability for continuation δ is uncertain.
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