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Exerting control under uncertain discount-
ing of future outcomes

I believe that we do not know
anything for certain, but everything
probably.

Christiaan Huygens

If individuals choose between rewards that differ only in amount, timing, or certainty,
decisions are relatively predictable because general principles of choice apply. For

example, individuals tend to choose higher rewards over lower ones, sooner rewards
over later rewards, and secure rewards over risky rewards. Indeed, such decisions
make sense from both an economic and evolutionary perspective and are observed in
both humans and animals [138,139]. Predicting decisions becomes more challenging
when the choice options differ in a combination of these factors. For example, it
can be difficult to predict how an individual chooses between a small but immediate
reward and a large but distant one. Although such combinations of different features
usually require trade-offs in decision making, saliently temporal features can be
studied from the perspective of discounting on the basis of the expected time or
likelihood of their occurrence [139, 140]. Theoretical models of both temporal and
probabilistic discounting often use hyperbola-like functions in which discount rates
decrease monotonically over time [141–143]. And indeed, these hyperbolic discounting
functions prove to be a better fit to empirical data than exponential functions [139, and
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the references therein]. From the very nature of games, outcomes depend on not
only one’s own decision but also the decisions of others. This interdependence
inherently causes some level of uncertainty in the (probabilistic) outcome and its
associated payoff. After all, in most real-world scenarios a decision-maker cannot
force others to behave exactly to their liking. It becomes more complicated in repeated
games, where a series of interactions occur over time, and individuals need to deal
with the possibilities of how their past and current decisions can influence future
payoffs under altruism, antagonism, punishment or reward [144–146]. Clearly, this
is a rather complex setting in which both temporal and probability discounting
based on hyperbolic discounting functions are likely to play a role. Consequently,
traditional exponential discounting methods, which are commonly applied to repeated
games, seem less suitable for describing how individuals would make trade-offs in real-
world decisions. Indeed, discrepancies between economic and evolutionary models of
cooperation and observed experimental behaviors motivated researchers to investigate
how an individual’s uncertain beliefs about the number of game interactions affects
the possibilities to cooperate in one-shot prisoner’s dilemma game [147]. It was found
that this source of uncertainty can indeed explain the “overly” generous behavior
that experimentalists observed [20,20, 148,149]. Interestingly, economics research on
discounting shows that there is an immediate connection between uncertainty and
the hyperbolic discounting functions observed in subjects. Namely, if one’s belief of
the discount rate is distributed according to a gamma or exponential distribution,
then discounting will be hyperbolic [138,150]. The exponential discount rates that
are commonly applied to repeated games have two equivalent interpretations. First,
it can be seen as a source of probabilistic discounting in which the constant discount
rate represents a continuation probability. Second, it can be interpreted as a source
of temporal discounting in which the present values of future payoffs are determined
according to a fixed interest rate. However, independent of the interpretation of the
discount rate, uncertainty in its value seems to be coupled to real-world discounting
in such repeated interactions.

Inspired by the work of Press and Dyson [64], recent developments in the theory
of repeated games suggest that a single, or small group of strategic individuals, can
have a much larger influence on the other players’ performances than previously
anticipated [115–118,121]. It is, however, not yet known how these intricate strategies
hold up under the influence of uncertainty. By incorporating a common uncertain
belief about the discount factor into these manipulative strategies, we generalize
existing theories on zero-determinant strategies and show how a witty strategic player
can unilaterally exert control in repeated games with probabilistic discounting. The
proposed theoretical framework of discounting supports the hyperbolic form observed
by experimentalists and can recover infinitely repeated games without discounting
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and exponentially discounted repeated games that were studied in Chapters 6 and
7. We postulate that this theoretical framework is more appropriate for describing
real-world decision-making procedures in which judgments on the number of repeated
interactions is made under uncertainty [147]. To obtain the specific results, we again
consider the general class of symmetric repeated n-player social dilemma games
introduced in Chapter 6.

9.1 Uncertain repeated games

In repeated games with finite but undetermined time horizons, the expected number
of rounds is determined by a fixed and common discount factor δ ∈ (0, 1) that, given
the current round of interactions, determines the probability of a next round and is
therefore referred to as a continuation probability. Consequently, expected payoffs are
calculated using a discounting function δt that corresponds to deterministic discrete-
time exponential discounting with a constant discount rate [53]. If, however, the
continuation probability or discount rate is uncertain, then the payoffs relying on these
future interactions are uncertain as well and it is not immediate that a fixed parameter
can be used to represent expected payoffs. In the spirit of gamma discounting [150],
let us instead assume that discounting takes the form dk(t) = xtk, where the {xk} are
distributed according to the realization of a random variable x, whose probability
density function f(x, α, β), defined for all x ∈ [0, 1], is of the beta form1

f(x, α, β) :=
x(α−1)(1− x)(β−1)

B(α, β)
, α, β ∈ R+,

where B(α, β) is the beta function of the form

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
.

The mean and variance of the beta distribution are, as usual, defined as

µ =
α

α+ β
, σ2 =

αβ

(α+ β)2(α+ β + 1)
.

Indeed, the beta distribution is often used to describe the distribution of a
probability and is thus a suitable choice [151]. Examples of such a distribution are
given in Figure 9.1. By using the relation between beta and gamma functions, the
obtained effective discounting function [150] becomes

d(t) :=

∫ 1

0

xtf(x, α, β)dx =
Γ(t+ α)Γ(α+ β)

Γ(t+ α+ β)Γ(α)
, (9.1)

1The notation of the shape parameters α, β of the Beta distribution should not be confused with
the linear payoff relation parameters used in Chapter 6.



144 9. Exerting control under uncertain discounting of future outcomes

where Γ(·) indicates the gamma function. This effective discounting function indicates
how in beta discounting, delayed or uncertain future payoffs are discounted when the
probability for future interactions is uncertain. As one would expect, the payoffs that
are received now are not subject to this uncertainty and are ‘discounted’ by the factor
d(0) = 1. In contrast to the deterministic case with a fixed discount rate, the rate of
change of the effective discount function in Eq. (9.1) is

d(t+ 1)− d(t)

d(t)
= − β

t+ α+ β
, t ≥ 0, (9.2)

and thus is in line with the empirically well-supported feature of hyperbolic discounting
in which the effective discount rate decreases monotonically over time [138,139,150, and
the references therein]. Evaluations of the effective discounting function and an
example of deterministic exponential discounting are given in Figure 9.2. Going back
to the main formulation of the effective discount function in Eq. (9.1), if one denotes
the expected payoff of player i in round t by πi(t), then the average discounted payoff
of player i in the repeated game with beta discounting is

πi :=

∑∞
t=0 d(t)πi(t)∑∞
t=0 d(t)

. (9.3)

To evaluate this payoff, we note that the series of the effective discounting function
converges for β > 1 to

α+ β − 1

β − 1
. (9.4)

Thus, the shape parameters of the discount factor’s distribution analytically
determine the normalization factor of the average discounted payoffs. It is worth
pointing out that the requirement β > 1 excludes the possibility of a uniform or
U-shaped distribution of the discount rate, but does not limit the skewness of the
distribution as shown in Figure 9.1.

Remark 19 (Determistic limits). In the deterministic limit α→∞ and β <∞,
an infinitely repeated game without discounting is recovered. Moreover, if one sets
β = α(1−δ)

δ with δ ∈ (0, 1), then in the deterministic limit α → ∞, arbitrarily high
probability density is put on δ and exponential discounting with a fixed discount factor
δ is recovered.

9.1.1 Time-dependent memory-one strategies and mean
distributions

Zero-determinant strategies determine the probability to select an action based
only on the outcome of the previous round, and therefore belong to the class of
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Figure 9.1: Examples of distributions of the discount factor for β = 2 and variable
α ∈ {1

2 , 2, 4, 8}. If α = β the distribution is symmetric. If α > β (resp. α < β), the
distribution is negatively skewed (resp. positively skewed). The requirement β > 1

excludes the possibility for a uniform distribution with α = β = 1 or a u-shaped
distribution with α, β < 1.
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Figure 9.2: Evaluations of the effective discount function in Eq. (9.1) for β = 2 and
α = { 1

2 , 2, 4, 8}. The purple line corresponds to deterministic exponential discounting
with δ = 3

4 . One can see that with a constant discount rate, the curve bends faster
towards zero. This deterministic behavior can be approximated by the effective
discounting function in Eq. (9.1) using β = α

3 for sufficiently large values of α.

memory-one strategies. When the rate of change of the discount factor is fixed, these
strategies can be written as a vector whose elements are time-independent conditional
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probabilities [64, 118,152]. However, when the discount factor is uncertain, its rate of
change given in Eq. (9.2), varies with time and a strategic player should take this time
dependency into account when deciding whether to cooperate (C) or defect (D). Now,
let ptσ ∈ [0, 1] denote the probability that the strategic player cooperates at round t+1

given that, at round t, the action profile is σ. By stacking the conditional probabilities
for all possible outcomes into a vector, we obtain a time-dependent memory-one
strategy that determines the probability for the strategic player to cooperate at round
t+ 1:

pt = (ptσ)σ∈{C,D}n .

Accordingly, the repeated memory-one strategy given by prep determines the prob-
ability to cooperate when the current decision is simply repeated and is defined as
in Chapter 6. Let v(t) = (vσ(t))σ∈{C,D}n be the vector of outcome probabilities at
round t as in Chapter 6. Using the limit of the series of the effective discounting
function in Eq. (9.4), the mean distribution of the action profiles is

v =

∑∞
t=0 d(t)v(t)∑∞
t=0 d(t)

=
β − 1

α+ β − 1

∞∑
t=0

d(t)v(t). (9.5)

In order to relate the average discounted payoff to the mean distribution we,
introduce some additional notation adopted from [118]. Remember that giσ denotes
the one-shot payoff that the strategic player i receives in the action profile σ ∈ {C,D}n.
By stacking the possible payoffs into a vector, one obtains gi, which contains all
possible payoffs of player i in a given round of play. As in Chapter 6, the expected
payoff of player i at round t can then be expressed by multiplying this one-shot payoff
vector by the probability of the outcome. That is, πi(t) = gi · v(t). Consequently, the
average discounted payoff is πi = gi ·v, and the expected payoffs in the repeated game
follow from the mean distribution v and the payoff functions of the social dilemma.

9.2 Risk-adjusted zero-determinant strategies

Let us now investigate under which conditions a single strategic player, say player i,
can unilaterally enforce a linear relation in the average discounted payoff calculated
according to Eq. (9.3). Towards this end, one would need to know the relation between
the time dependent memory-one strategy pt and the mean distribution v. As in the
deterministic case, we use the fact that the probability that player i cooperated at
round t is qC(t) = prep · v(t). And the probability that i cooperates at the next round
t+ 1 is qC(t+ 1) = pt · v(t). Now, let us define the function

u(t) :=
d(t+ 1)

d(t)
qC(t+ 1)− qC(t) =

t+ α

t+ α+ β
qC(t+ 1)− qC(t), (9.6)
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and observe that its discounted telescoping sum evaluates as

T∑
t=0

d(t)u(t) = d(0)

(
α

α+ β
qC(1)− qC(0)

)
+

d(1)

(
1 + α

1 + α+ β
qC(2)− qC(1)

)
+ d(2)

(
2 + α

2 + α+ β
qC(3)− qC(2)

)
+ . . .

+ d(t)

(
T + α

T + α+ β
qC(T + 1)− qC(T )

)
= d(t)

T + α

T + α+ β
qC(T + 1)− d(0)qC(0).

(9.7)

For real β > 1 and α > 0, we have

lim
t→∞

d(t) = 0. (9.8)

Thus,

lim
T→∞

T∑
t=0

d(t)u(t) = lim
T→∞

T∑
t=0

d(t)

(
t+ α

t+ α+ β
pt − prep

)
· v(t) = −qC(0).

Furthermore, dividing by the series in Eq. (9.4), we obtain

β − 1

α+ β − 1

∞∑
t=0

d(t)u(t) =
β − 1

α+ β − 1

∞∑
t=0

d(t)

(
t+ α

t+ α+ β
pt − prep

)
· v(t) (9.9)

=
β − 1

α+ β − 1

∞∑
t=0

d(t)v(t) ·
(

t+ α

t+ α+ β
pt − prep

)
(9.10)

= − β − 1

α+ β − 1
qC(0) = − β − 1

α+ β − 1
p0, (9.11)

where p0 is player i’s initial probability to cooperate, i.e. p0 := qC(0).

Remark 20 (Relation to deterministic discounting). The relation in Eq. (9.9)
can be seen as a probabilistic discounting extension of Akin’s result on the relation
between a memory-one strategy and the mean distribution of an infinitely repeated
game without discounting, see [123, Theorem 1.3] and Eq. (6.4). Indeed, in the
deterministic limit α→∞ and β <∞, the influence of p0 on the relation between pt

and v in Eq. (9.9) disappears. In the deterministic limit α→∞ and β = α(1−δ)
δ , one

recovers a relation as in Lemma 9.

The relation in Eq. (9.9) links the mean distribution of the action profiles v to
the time dependent memory-one strategy pt and is the starting point for defining
strategies that allow a single player to exert significant influence on the outcome of
the uncertain repeated game. We are now ready to formulate a risk-adjusted ZD
strategy for repeated games with beta discounting.



148 9. Exerting control under uncertain discounting of future outcomes

Definition 26 (risk-adjusted ZD strategy). A time dependent memory one strat-
egy pt with entries in the closed unit interval is a risk-adjusted ZD strategy for a
symmetric n-player game if there exist shape parameters α > 0, β > 1, constants
(s, l) ∈ R2, weights wj for 1 ≤ j ≤ n and φ such that

pt =
t+ α+ β

t+ α

prep + φ

sgi − n∑
j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01

 , (9.12)

under the requirement that wi = 0,
∑n
j=1 wj = 1 and φ 6= 0.

Remark 21. As detailed in Remark 9, when wj = 1
n−1 for all j 6= i, the formulation

of a risk-adjusted ZD strategy for a symmetric social dilemma can be simplified to
have 2n elements.

Theorem 13 (Enforcing a linear relation under uncertain disocunting). As-
sume the probabilistic discount factor has a fixed beta distribution with real parameters
α > 0 and β > 1. If a player applies a fixed risk-adjusted ZD strategy as in Definition
26 then, independent of the fixed strategies of the n − 1 group members, expected
payoffs obey the equation

π−i = sπi + (1− s)l, (9.13)

Proof. Substituting the expression for pt into Eq. (9.10) we obtain

β − 1

α+ β − 1

∞∑
t=0

d(t)v(t) ·

φ
sgi − n∑

j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01

 =

− β − 1

α+ β − 1
p0 (9.14)

By the distributive and commutative properties of the dot product, this impliesφ
sgi − n∑

j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01

 · v = − β − 1

α+ β − 1
p0

φ

sπi − n∑
j 6=i

wjπj + (1− s)l

− β − 1

α+ β − 1
p0 = − β − 1

α+ β − 1
p0,

φ

sπi − n∑
j 6=i

wjπj + (1− s)l

 = 0.
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where we have used the fact that v · 1 = 1. Finally, because φ 6= 0, it follows that

sπi −
n∑
j 6=i

wjπj + (1− s)l = 0
π−i:=

∑n
j 6=i wjπj

==========⇒ sπi + (1− s)l = π−i. (9.15)

This completes the proof.

9.3 Existence of risk-adjusted ZD strategies

As in the case of deterministic discounting discussed in Chapter 6, the entries of
risk-adjusted zero-determinant strategies are conditional probabilities and in order
to obtain a well-defined strategy, they need to belong to the closed unit interval.
Consequently, there are limitations on how a strategic player can choose the slope s
and the baseline payoff l of the linear payoff relation.

Definition 27 (Enforceable payoff relations under beta discounting). A lin-
ear relation (s, l) ∈ R2 with weights w ∈ Rn, is enforceable under beta discounting if
there exist real uncertainty parameters α > 0 and β > 1 of the beta distribution, and
strategy parameters φ > 0 and p0 ∈ [0, 1] such that for all t ≥ 0 the entries of pt are
in the closed unit interval.

As we have seen in Chapter 6, the parameter φ > 0 determines how fast the linear
relation is enforced and plays a crucial role in determining threshold discount factors
in deterministically discounted games [122, 146]. Because for beta discounting the
discount rate is monotonically decreasing over time, the set of enforceable payoff
relations of a risk-adjusted zero-determinant strategy is determined at time t = 0.
This is formalized in the following lemma.

Lemma 14 (Monotonically decreasing upper bounds). If the entries of p0 are
in the closed unit interval, then also the entries of pt are in the closed unit interval
for all t ≥ 0.

Proof.

0 ≤ pt ≤ 1,

0 ≤ t+ α+ β

t+ α

prep + φ

sgi − n∑
j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01

 ≤ 1,

0 ≤ prep + φ

sgi − n∑
j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01 ≤

t+ α

t+ α+ β
1.
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To satisfy this inequality for all t ≥ 0 it needs to hold for the minimum upper bound
in t. We continue to show that this minimum occurs at t = 0. To this end, observe
that

α

α+ β
≤ t+ α

t+ α+ β

α>0,β>0,t≥0
========⇒ 0 ≤ βt. (9.16)

Clearly, this is satisfied for any t ≥ 0 and β > 0.

The result in Lemma 14 has an intuitive interpretation: for a strategic player, the
possibilities for exerting control over uncertain future interactions are constrained by
her initial possibilities for exerting control.

Lemma 14 implies that the existence problem for risk-adjusted ZD strategies with
beta discounting can be solved by the implications of the inequality

0 ≤ prep + φ

sgi − n∑
j 6=i

wjg
j + (1− s)l1

− β − 1

α+ β − 1
p01 ≤

α

α+ β
1. (9.17)

Let us first show that generous strategies cannot exist in the case of beta discount-
ing.

Proposition 25 (No possibilities for generosity). In the case of beta discounting,
generous payoff relations are not enforceable in symmetric multiplayer social dilemma
games.

Proof. Suppose all players are cooperating e.g. σ = (C,C, . . . , C), then all players
receive the one shot payoff an−1. By plugging these payoffs into the risk-adjusted ZD
strategy in Definition 26, and using the fact that

∑
j 6=i wj = 1, one obtains

pt(C,C, . . . , C) =
t+ α+ β

t+ α

(
1 + φ(1− s)(l − an−1)− β − 1

α+ β − 1
p0

)
. (9.18)

Using Lemma 14, the requirement that at t = 0 the entries of the risk-adjusted ZD
strategy are in the unit interval implies

0 ≤ α+ β

α

(
1 + φ(1− s)(l − an−1)− β − 1

α+ β − 1
p0

)
≤ 1, (9.19)

β − 1

α+ β − 1
p0 − 1 ≤ φ(1− s)(l − an−1) ≤ α

α+ β
+

β − 1

α+ β − 1
p0 − 1. (9.20)

Now for the generous strategy it is required that l = an−1. From the above equation
we obtain the requirement,

β − 1

α+ β − 1
p0 − 1 ≤ 0 ≤ α

α+ β
+

β − 1

α+ β − 1
p0 − 1 (9.21)



9.3. Existence of risk-adjusted ZD strategies 151

Clearly, for any p0 ∈ [0, 1], the lower bound is satisfied. However, the upper bound
reads as

0 ≤ α

α+ β
+

β − 1

α+ β − 1
p0 − 1. (9.22)

Because β > 1 and α > 0, we have β−1
α+β−1 > 0 and because p0 ∈ [0, 1], a necessary

condition for this inequality to hold for some p0 ∈ [0, 1] is that it holds for p0 = 1, i.e.,

0 ≤ α

α+ β
+

β − 1

α+ β − 1
− 1. (9.23)

We proceed to show that Eq. (9.23) cannot be satisfied for α > 0, β > 1. For this, we
write Eq. (9.23) equivalently as

0 ≤ α

α+ β
+

β − 1

α+ β − 1
− α+ β − 1

α+ β − 1
,

0 ≤ α

α+ β
− α

α+ β − 1
,

α

α+ β − 1
≤ α

α+ β
.

Because β > 1 and α > 0 the left hand side is positive. Moreover, because α and β
are reals they are finite and we arrive at a contradiction. This completes the proof.

Remark 22 (Generosity in deterministic limits). In the deterministic limit
α → ∞ and β < ∞, we obtain 1 ≤ 1 which is always satisfied and thus in the
deterministic limit of infinitely repeated games without discounting, generous strategies
can exist, which is consistent with the results in [64, 118]. If we additionally let
β = α(1−δ)

δ , then

lim
α→∞

α

α+ α(1−δ)
δ − 1

≤ lim
α→∞

α

α+ α(1−δ)
δ

⇒ δ ≤ δ,

thus generous strategies also exist in the deterministic limit of exponential discounting,
which is consistent with the results in [152].

We now continue to characterize the enforceable payoff relations of risk-adjusted
zero determinant strategies. We begin by formulating necessary conditions.

Proposition 26. In n-player symmetric social dilemma games with payoffs as in
Chapter 6, the enforceable payoff relations of a risk-adjusted ZD strategy with beta
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discount factors require the following necessary conditions

φ > 0, (9.24)

− 1

n− 1
≤ −min

j 6=i
wj < s < 1, (9.25)

b0 ≤ l < an−1. (9.26)

Proof. In the following, we refer to the ZD strategist as player i. Let t = 0 and
suppose all players are cooperating e.g. σ = (C,C, . . . , C). In this case, every player
receives the one shot payoff an−1. By plugging these payoffs into the risk-adjusted
ZD strategy in Definition 26, and using the fact that

∑
j 6=i wj = 1, one obtains

p0(C,C, . . . , C) =
α+ β

α

(
1 + φ(1− s)(l − an−1)− β − 1

α+ β − 1
p0

)
(9.27)

Now suppose that to the contrary all players defect; then all players receive the one
shot payoff b0 and the entry of the risk-adjusted ZD strategy is

p0(D,D, . . . ,D) =
α+ β

α

(
φ(1− s)(l − b0)− β − 1

α+ β − 1
p0

)
(9.28)

The requirement that Eq. (9.27) and Eq. (9.28) belong to the closed unit interval
results in the inequalities

β − 1

α+ β − 1
p0 − 1 ≤ φ(1− s)(l − an−1) ≤ α

α+ β
+

β − 1

α+ β − 1
p0 − 1 < 0 (9.29)

0 ≤ β − 1

α+ β − 1
p0 ≤ φ(1− s)(l − b0) ≤ α

α+ β
+

β − 1

α+ β − 1
p0, (9.30)

where the strict upper bound in Eq. (9.29) follows from the fact that Eq. (9.22) cannot
be satisfied for α > 0, β > 1 and p0 ∈ [0, 1]. By multiplying Eq. (9.29) by −1 we
obtain

0 < 1− α

α+ β
− β − 1

α+ β − 1
p0 ≤ φ(1− s)(an−1 − l) ≤ 1− β − 1

α+ β − 1
p0 (9.31)

By adding Eq. (9.30) and Eq. (9.31) we obtain

0 < 1− α

α+ β
≤ φ(1− s)(an−1 − b0) ≤ 1 +

α

α+ β
(9.32)

Combining this with the assumption in the main text that an−1 > b0, it follows that
in order for the payoff relation to be enforceable it is necessary that

φ(1− s) > 0. (9.33)
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Now suppose that there is a single defecting player, i.e., σ = (C,C, . . . ,D) or any of
its permutations. In this case, the cooperators receive an−2 and the single defector
obtains bn−1. In the case that the single defector is j 6= i, the entry of the risk-adjusted
ZD strategy is

p0
σ =

α+ β

α

(
1 + φ[san−2 − (1− wj)an−2 − wjbn−1 + (1− s)l]− β − 1

α+ β − 1
p0

)
,

(9.34)

and if the unique defector is i, the entry of prep is equal to zero and thus, the entry
of the risk-adjusted ZD strategy is

p0
σ =

α+ β

α

(
φ[sbn−1 − an−2 + (1− s)l]− β − 1

α+ β − 1
p0

)
. (9.35)

The requirement that Eq. (9.34) and Eq. (9.35) belong to the closed unit interval
results in the following inequalities

β − 1

α+ β − 1
p0 ≤ φ[sbn−1 − an−2 + (1− s)l] ≤ α

α+ β
+

β − 1

α+ β − 1
p0 (9.36)

β − 1

α+ β − 1
p0 − 1 ≤ φ[san−2 − (1− wj)an−2 − wjbn−1 + (1− s)l] ≤

α

α+ β
+

β − 1

α+ β − 1
p0 − 1 (9.37)

By combining these two conditions in a similar manner as was done for the
homogeneous action profile case we obtain

0 < 1− α

α+ β
≤ φ[(s+ wj)(bn−1 − an−2)] ≤ 1 +

α

α+ β
(9.38)

From the assumption bz+1 > az in the main text, it follows that

∀j 6= i : φ(s+ wj) > 0. (9.39)

Together with Eq. (9.33) this implies that

φ(1 + wj) > 0
∃ j 6=i s.t.wj>0
=========⇒ φ > 0.

This also implies that

φ(1− s) φ>0
==⇒ (1− s) > 0⇒ s < 1.

In combination with Eq. (9.39) it follows that

∀j 6= i : s+ wj > 0⇔ ∀j 6= i : wj > −s⇔ min
j 6=i

wj > −s. (9.40)
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Moreover, because it is required that
∑n
j=1 wj = 1, it follows that min

j 6=i
wj ≤ 1

n−1 .

Hence the necessary condition turns into:

− 1

n− 1
≤ −min

j 6=i
wj < s < 1. (9.41)

Let us now investigate the bounds on the baseline payoffs. From Eq. (9.30) we have

0 ≤ β − 1

α+ β − 1
p0 ≤ φ(1− s)(l − b0) (9.42)

Thus, in order for Eq. (9.42) to hold it is required that

0 ≤ β − 1

α+ β − 1
p0 ≤ φ(1− s)(l − b0)

φ(1−s)>0
======⇒ l ≥ b0. (9.43)

From Eq. (9.29) we have

φ(1− s)(l − an−1) ≤ α

α+ β
+

β − 1

α+ β − 1
p0 − 1 < 0 (9.44)

It follows that it must hold that
l < an−1.

Let us now formulate the result that fully characterizes the enforceable payoff
relations of risk-adjusted zero determinant strategies. For this let w = (wj) ∈ Rn−1

denote the vector of weights and let ŵz = min
wh∈w

(
∑z
h=1 wh) denote the sum of the

j smallest weights of j 6= i and finally let ŵ0 = 0. We note that the proof of the
following theorem is very similar to the deterministic case in Chapter 6.

Theorem 14 (Characterizing enforceable sets under uncertain discounting).
For the repeated n-player game with beta discount factors such that α > 0 and β > 1

and payoffs as in the main text that satisfy the social dilemma assumptions in the
main text, the payoff relation (s, l) ∈ R2 with weights w ∈ Rn−1 is enforceable by the
risk-adjusted ZD strategy in Eq. (9.12) if and only if − 1

n−1 < s < 1 and

max
0≤z≤n−1

{
bz −

ŵz(bz − az−1)

(1− s)

}
≤ l < min

0≤z≤n−1

{
az +

ŵn−z−1(bz+1 − az)
(1− s)

}
.

(9.45)

Proof. Let t = 0. In the following we refer to the key player, who is employing the
ZD strategy, as player i. Let σ = (x1, . . . , xn) such that xk ∈ Ak and let σC be the
number of i′s co-players that cooperate and let σD = n− 1− σC , be the number of
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i′s co-players that defect. Also, let |σ| be the total number of cooperators including
player i. Using this notation, and using the fact that α, β > 0, for some action profile
σ we may write the ZD strategy in Eq. (9.12) as

α

α+ β
p0
σ = prep + φ[(1− s)(l − giσ) +

n∑
j 6=i

wj(g
i
σ − gjσ)]− β − 1

α+ β − 1
p0. (9.46)

Also, note that
n∑
j 6=i

wjg
j
σ =

∑
k∈σD

wkg
k
σ +

∑
h∈σC

whg
h
σ , (9.47)

and because
∑n
j 6=i wj = 1 it holds that∑

h∈σC
wh = 1−

∑
k∈σD

wk.

Additionally, note that because of the symmetric one shot payoffs, for all h ∈ σC it
holds that ghσ = a|σ|−1, and for all k ∈ σD, gkσ = b|σ|. It follows that Eq. (9.47) can
be written as

n∑
j 6=i

wjg
j
σ = a|σ|−1 +

∑
j∈σD

wj(b|σ| − a|σ|−1).

Accordingly, the entries of the ZD strategy α
α+βp

0
σ are given by Eq. (9.49). For all

σ ∈ S we require that

0 ≤ p0
σ ≤ 1⇒ 0 ≤ α

α+ β
p0
σ ≤

α

α+ β
. (9.48)

This leads to the inequalities in Eq. (9.50) and Eq. (9.51). Because φ > 0 can be
chosen arbitrarily small, the inequalities in Eq. (9.50) can be satisfied for some α > 0

and β > 1 and p0 ∈ [0, 1] if and only if for all σ such that xi = C the inequalities in
Eq. (9.52) are satisfied.

α

α+ β
pσ =


1 + φ

[
(1− s)(l − a|σ|−1)−

∑
j∈σD

wj(b|σ| − a|σ|−1)

]
− β−1

α+β−1p0, if xi = C,

φ

[
(1− s)(l − b|σ|) +

∑
j∈σC

wj(b|σ| − a|σ|−1)

]
− β−1

α+β−1p0, if xi = D.

(9.49)
By substituting Eq. (9.49) into this requirement we obtain that for all σ such that
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xi = C the following inequalities are required to hold:

0 < 1− α

α+ β
− β − 1

α+ β − 1
p0 ≤ φ

(1− s)(a|σ|−1 − l) +
∑
j∈σD

wj(b|σ| − a|σ|−1)

 ≤
1− β − 1

α+ β − 1
p0. (9.50)

On the other hand, when xi = D the following inequalities are required to hold:

0 ≤ β − 1

α+ β − 1
p0 ≤ φ

(1− s)(l − b|σ|) +
∑
j∈σC

wj(b|σ| − a|σ|−1)

 ≤
α

α+ β
+

β − 1

α+ β − 1
p0. (9.51)

Let us first derive the conditions that result from Eq. (9.50). From the lower
bound we obtain

0 < (1− s)(a|σ|−1 − l) +
∑
j∈σD

wj(b|σ| − a|σ|−1). (9.52)

The inequality in Eq. (9.52) together with the necessary condition that (1− s) > 0

implies that

a|σ|−1 +

∑
j∈σD

wj(b|σ| − a|σ|−1)

(1− s)
> l, (9.53)

and thus provides an upper-bound on the enforceable baseline payoff l. We now turn
our attention to the inequalities in Eq. (9.51) that can be satisfied if and only if for
all σ such that xi = D the following holds

0 ≤ (1− s)(l − b|σ|) +
∑
j∈σC

wj(b|σ| − a|σ|−1)

(1−s)>0
=====⇒ b|σ| −

∑
j∈σC

wj(b|σ| − a|σ|−1)

(1− s)
≤ l.

(9.54)

Combining Eq. (9.54) and Eq. (9.53) we obtain

max
|σ|s.t.xi=D

b|σ| −
∑
l∈σC

wl(b|σ| − a|σ|−1)

(1− s)

 ≤ l,
l < min

|σ|s.t.xi=C

a|σ|−1 +

∑
k∈σD

wk(b|σ| − a|σ|−1)

(1− s)

 .

(9.55)
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Because b|σ|−a|σ|−1 > 0 and (1−s) > 0 the minima and maxima of the bounds in
Eq. (6.42) are achieved by choosing the wj as small as possible. That is, the extrema
of the bounds on l are achieved for those states σ|xi=C in which

∑
l∈σC

wl is minimum

and those σ|xi=D in which
∑
k∈σD

wk is minimum. By the above reasoning, Eq. (9.55)

can be equivalently written as in the theorem in the main statement. This completes
the proof.

Theorem 14 provides insights in the existence of risk-adjusted zero determinant
strategies in repeated games with uncertain discounting. In particular, extortionate
strategies, the baseline payoff is equal to the full defection payoff, that is l = b0. In the
lower bound of Eq. (9.45), this occurs when z = 0 and due to the conservative lower
bound on the baseline payoff, one can conclude that extortionate strategies can exist
in multiplayer social dilemmas with beta discounting. The multiplayer social dilemma
thus remains vulnerable to extortionate behaviors even under uncertainty. Likewise,
equalizing strategies with a slope s = 0 can be enforced as long as their baseline payoff
l satisfies the lower and upper bounds. A crucial implication of uncertainty follows
from the strict upper bound in Eq. (9.45), that implies that generous strategies, for
which l = an−1, cannot exist in multiplayer social dilemmas. This has a revealing
intuitive interpretation: if future interactions and their payoffs are uncertain, then
one cannot guarantee that others will do well. The characterization of the enforceable
payoff relations can also be applied to the repeated prisoners dilemma game. To see
this, let n = 2, b1 = T, b0 = P, a1 = R, and finally a0 = S. Then, the enforceable
slopes satisfy −1 < s < 1 and the enforceable payoff relations must satifsy

max

{
P,

S− Ts

1− s

}
≤ l < min

{
R,

T − Ss

1− s

}
.

It follows that the mutual cooperation baseline payoff l = R cannot be enforced and
hence generous strategies do not exist in the repeated prisoners dilemma with beta
discounting.

9.4 Uncertainty and the level of influence

The characterization of enforceable payoff relations does not specify conditions on the
shape parameters other than α > 0 and β > 1. But how do these shape parameters
affect the payoff relations that a strategic player can enforce? When future interactions
are at least as likely as a termination of the game, the beta distribution is symmetric or
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Table 9.1: Existence of zero-determinant strategies for multiplayer social dilemma
games without discounting, deterministic exponential discounting and probabilistic
beta discounting.

ZD strategy No discounting Exponential Beta
Fair 3 7 7

Generous 3 3 7

Extortionate 3 3 X
Equalizing 3 3 3

negatively skewed such that α ≥ β > 1. In this case, the mean of the beta distribution

µ =
α

α+ β
,

is at least a half. If discounting would be deterministic, the players, in this case, would
expect at least two rounds of play. In the following, we provide a simple condition
on one shot payoffs and the ZD parameters s and l that suggest that in many social
dilemmas, in order to enforce a payoff relation it is, in fact, required that α ≥ β. For
any distribution with α < β, the mean discount factor would simply not allow a player
to exert enough influence because payoffs are discounted too fast. This additional
requirement on the shape parameters of the beta distribution also provides insight
into how uncertain a strategic player can be about the discount rate or continuation
probability before losing the possibility to enforce some desired payoff relation. For
α ≥ β > 1 the variance of the beta distribution is monotonically decreasing in α.
Consequently, the maximum variance that a risk-adjusted zero-determinant strategy
can handle in these situations occurs when α = β > 1, and evaluates as

σ2
max =

1

4(2β + 1)
<

1

12
.

Now let us suppose the strategic player has estimated the shape parameters of the
beta distribution. Then, exactly how extortionate can a payoff relation be? It is
exactly here where the parameter φ > 0 plays a crucial role for the level of influence
of the strategic player. In particular, for a given µ, in order for the risk-adjusted
zero-determinant strategy to be well-defined, additional requirements on φ > 0 are
necessary that in turn determine if the strategic player can enforce the linear payoff
relation fast enough. This is formalized in the following theorem which is related to
the deterministic case in Theorem 9.

Theorem 15 (Mean discount rates and the level of influence). Assume p0 = 0 and
(s, b0) ∈ R2 satisfy the conditions in Theorem 14. Then ρC > 0 and ρD + ρC > 0.
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Moreover, the threshold mean µ above which the extortionate payoff relation can be
enforced is given by

µτ = max

{
ρC − ρC

ρC
,

ρD

ρD + ρC

}
.

Proof. For α > 0, β > 1 for the existence of extortionate payoff relations with l = b0
we know p0 = 0 is required (this fact immediately follows from the lower bound in
Eq. (9.30)). By substituting this into Eq. (9.50) it follows that in order for the payoff
relation to be enforceable it is required that for all σ such that xi = C the following
holds:

0 < 1− α

α+ β
≤ φ

(1− s)(a|σ|−1 − l) +
∑
j∈σD

wj(b|σ| − a|σ|−1)

 ≤ 1.

ρC(σ) := (1− s)(a|σ|−1 − l) +
∑
j∈σD

wj(b|σ| − a|σ|−1) > 0. (9.56)

Hence, Eq. (6.37) with p0 = 0 implies that for all σ such that xi = C it holds that

1− µ
ρC(σ)

≤ φ ≤ 1

ρC(σ)
⇒ 1− µ

ρC(z, ŵz)
≤ φ ≤ 1

ρC(z, w̃z)
. (9.57)

Naturally, ρC ≥ ρC . In the special case in which equality holds, it follows from
Eq. (7.3) that µ ≥ 0, which is satisfied for any α, β > 0. We continue to investigate
the case in which ρC > ρC . In this case, a solution to Eq. (9.57) for some φ > 0 exists
if and only if

1− µ
ρC(z, ŵz)

≤ 1

ρC(z, w̃z)
⇒ µ ≥

ρC − ρC

ρC
, (9.58)

which leads to the first expression in the theorem. Now, from Eq. (9.51) with p0 = 0,
it follows that in order for the payoff relation to be enforceable it is necessary that

∀σ s.t. xi = D : 0 ≤ φρD(σ) ≤ µ⇒ 0 ≤ φρD(z, w̃z) ≤ µ. (9.59)

Because φ > 0 is necessary for the payoff relation to be enforceable, it follows that
ρD(σ) ≥ 0 for all σ such that xi = D. Let us first investigate the special case in which
ρD(z, w̃z) = 0. Then Eq. (9.59) is satisfied for any φ > 0 and µ ∈ (0, 1). Now, assume
ρD(z, w̃z) > 0. Then, Eq. (9.59) and Eq. (9.57) imply

1− µ
ρC(z, ŵz)

≤ φ ≤ µ

ρD(z, w̃z)
. (9.60)
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In order for such a φ to exist it needs to hold that

1− µ
ρC(z, ŵz)

≤ µ

ρD(z, w̃z)

ρD, ρC>0
======⇒ µ ≥ ρD

ρD + ρC
. (9.61)

This completes the proof.

Corollary 9 (symmetric and negatively skewed distributions). If ρC = ρD, enforce-
able payoff relations require α

α+β ≥
1
2 and hence α ≥ β.

Relation to deterministic discounting and generous strategies

Numerical examples of Theorem 15 for the n-player snowdrift game and n-player
linear public goods game are shown in Figure 9.3. These figures are related to
Propositions 9 and 6 in which existence conditions for extortionate strategies in these
games are provided. The n-player linear public goods game and n-player snowdrift
game are also illustrative examples of how uncertainty in the probability for a future
interaction can influence opportunities to enforce generous payoff relations. In the
case of deterministic discounting, in the n-player linear public goods game, generous
strategies can enforce the same slopes as extortionate strategies. For n-player snowdrift
games it can even be shown that a generous strategist can enforce any slope 0 < s < 1

provided that δ < 1 is sufficiently high. In this deterministic setting, it is the fixed
discount factor δ that determines one’s possibilities for the level of control. There is
however a subtle but crucial difference between the effects of µ and δ: only in the
deterministic limit can one enforce generous payoff relations in multiplayer social
dilemmas games.

9.5 Final Remarks

The discovery of zero-determinant strategies by Press and Dyson [64] showed that in the
absence of discounting, individuals can deterministically exert control over the outcome
of 2× 2 games without imposing any restriction on the strategy of the other player.
This surprising finding motivated others to investigate how such strategies hold up
under a variety of circumstances [114, 116, 118, 152]. Zero-determinant strategies were
first studied within the traditional deterministic discounting framework in [121]. One
of the conclusions was that with discounting, the strategic player’s initial probability
to cooperate remains important for her opportunities to influence the outcome of the
game. Perhaps a more important conclusion was that, fair strategies, which enforce
an equal payoff for everyone, do not exist in games with finite but undetermined time
horizons. The existence of extortionate, generous and equalizing strategies however
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remained unchanged. And thus, even with a finite expected number of rounds, a ZD
strategy could promote or maintain cooperative behavior.

Also in an evolutionary setting, generous strategies have since been studied both
theoretically and empirically for their ability to maintain cooperation [114,135,146].
However, independent of how one interprets the discount rate in traditional models of
repeated games, in many real-world scenarios it is likely that there is some degree
of uncertainty. Indeed, interest rates are subject to change over time and decision
makers do not always know the exact probability of a following mutual interaction.
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Figure 9.3: Numerical examples of enforceable slopes by extortionate strategies when
µ = 9

10 . Top: In an n-player snowdrift game with b = 5
4 , c = 1 and n = 3 extortionate

strategies can only enforce slopes after the vertical line at s = 1− c
b(n−1) = 6

10 . Every
slope s for which the blue curve is below µ is enforceable, this is indicated by the
blue region. Bottom: in a linear public goods game with r = 5

4 , c = 1 and n = 3.
extortionate strategies can enforce any slope s for which the red curve is under µ = 9

10 ,
this is indicated by the red region.
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This uncertainty in turn can influence decisions made during the repeated interactions
[147, 153]. Herein, we have extended the theory of repeated n-player games in two
directions. First, from a more general perspective, we provided a unifying framework
of discounting in repeated games that is able to capture infinitely repeated games
without and with traditional deterministic exponential discounting and can capture
the uncertainty in the discount rate or continuation probability. This additional layer
of psychological complexity can be useful in predicting real-world behaviors.

From an empirical point of view, it can be interesting to investigate how the
effective discounting function of this generalized framework holds up in laboratory or
field experiments of human interaction, knowing the promising fact that it supports
the monotone time-inconsistency property of hyperbolic discounting. From a more
theoretical point of view, it can be interesting to investigate classic folk theorems in
this uncertain setting, or to extend the proposed framework to individual beliefs about
the discount rate. For instance, what would happen if there is only one individual
that is uncertain about the continuation probability?

In addition, we have extended the theory of zero determinant strategies to repeated
games with uncertain discount rates or continuation probabilities. We have shown how
the mean discount factor can influence one’s level of control in repeated interactions
and how the amount of uncertainty affects one’s possibility to exert control. An
important consequence is that generous strategies seize to exist in this uncertain
setting. In some sense this theoretical finding is in line with the conclusions of [147].
Namely, when a witty strategic player aims at enforcing a generous payoff relation,
if the uncertain co-players tend to cooperate even when they “should not”, their
increased tendency to cooperate prevents them to profit maximally from the strategic
player’s generous actions. Consequently, the generous strategist cannot enforce that
her co-players do better than herself. In sharp contrast, when this witty strategic
player employs an extortionate strategy, she can enforce that others are worse off.
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