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Mean Field Games on Prosumers

Wouter Baar1 and Dario Bauso2

Abstract— In the realm of dynamic demand, prosumers are
agents that can produce and consume goods. In this paper,
we study a large population of prosumers and the strategy of
each prosumer depends on the average behavior of the popu-
lation. Every prosumer optimizes his own objective function
and we formulate the problem as a first order mean field
game. We study the corresponding linear quadratic optimal
control problem, which gives us a mean field equilibrium.
Finally, a connection to the Bass model is studied. A numerical
experiment covering our findings concludes the paper.

Index Terms— Mean field games, dynamic demand, pro-
sumers, best response.

I. INTRODUCTION

In this article we will study dynamic demand by means
of mean field games on a large population of prosumers. A
prosumer is an agent that can produce and consume goods.
The behavior of the prosumer (to produce or to consume)
depends on the behavior of the other players.

In mean field games, the underlying structured network
interconnecting the players does not play a role. Since the
number of players in a mean field game is usually very large
(tending to infinity), it is not of interest to study which player
does what, but how many players do what. Put differently,
when an agent decides his next strategy, it does not consider
the strategies of its neighboring players, but he bases his
strategy on the average behavior of the population.

In the model proposed in this paper, there is a continuous
demand and in order to meet the demand, the prosumer can
produce goods at certain time periods. However, we assume
that one cannot produce indefinitely and at all times (for
example, machines need maintenance, or the worker has
ended his shift, et cetera.) It is thus of interest to know
when the prosumer should switch on to produce, and when to
switch off and consume. The cross-coupling mean field term
we develop models different kinds of smart pricing policies,
aiming at shifting demand to off-peak periods of time.

The model in this paper is as follows. Each prosumer is
characterized by three state variables: the inventory level,
the probability of being in the mode of producer, and the
probability of being in the mode of consumer. The dynamics
of these variables are captured in differential equations.
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Furthermore, every agent is equipped with a finite horizon
cost functional, which involves consumption costs and error
costs. The error costs are deviations from the mean behavior.
Every prosumer wants to minimize its own cost functional,
and by using the error as a cross-coupling term, the mean
field game framework comes into play.

We will now present a small literature overview. Mean
field games were formulated by Lasry and Lions in [1] and
[2], and independently by Huang, Caines and Malhamé in
[3], [4] and [5]. For more information on mean field games in
general, we refer the reader to [6] and [7]. Mean field games
in combination with dynamic marketing are also presented in
[8], where the situation is applied to electrical power grids.
More information on the Bass model can be found in [9].

Regarding notation, we denote by R,Rn and Rn×m the
real numbers, the real n-dimensional vector space and the
set of all real n × m matrices, respectively. For a set of
measured values xi, i = 1, . . . , n, the mean is denoted by x̄.
Finally, 0n×n denotes the n× n zero matrix.

The organization of the paper is as follows. The underlying
model will be presented in Section II and first order mean
field games are introduced in Section III. Next, we analyze
the mean field game for prosumers and we find a mean field
equilibrium in Section IV. In Section V a connection to the
Bass model will be presented and in Section VI a numerical
experiment is run. Section VII concludes our paper with
directions for future research.

II. POPULATION OF PROSUMERS

We will now design the mean field game for the case of
prosumers. This is done with the aim of incentivizing coop-
eration among the prosumers by designing cost functionals,
one per each prosumer.

Consider a large population of prosumers and a finite time
horizon window [0, T ]. Each prosumer is characterized by
the following continuous states: the inventory level x(t), the
probability of being in the mode of producer y1(t) ∈ [0, 1],
and the probability of being in the mode of consumer y2(t) ∈
[0, 1] at time t ∈ [0, T ]. Put differently, if y1(t) = 1 the
prosumer is producing, while if y2(t) = 1 the prosumer is
in consuming mode.

The inventory level of each prosumer evolves according
to the following stock-based differential equation

ẋ(t) =

{
p− d− λx(t) if y1(t) = 1,
−d− λx(t) if y2(t) = 1, t ∈ [0, T ), (1)

where the rates p and d are given positive scalars representing
the production and demand rates, respectively, and λ is some
positive constant.
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In accordance with [8], we set the problem in a stochastic
framework in which each prosumer is in either the mode of
producer or it is in the mode of consumer, with probabilities
y1 ∈ [0, 1] and y2 ∈ [0, 1], respectively. The expected
inventory level x(t) then evolves according to the following
differential equation

ẋ(t) = (p− d− λx(t))y1(t) + (−d− λx(t))y2(t). (2)

The modes y1(t) and y2(t) are characterized by evolving
dynamics in the form of a differential equation as well. To
formulate our problem as a control problem we assume that
y1(t) and y2(t) can be controlled by input variables u1(t)
and u2(t), as follows:

ẏ1(t) = u1(t)− u2(t),

ẏ2(t) = u2(t)− u1(t).
(3)

For a mean-field game formulation, we need to consider a
probability density function m(·) that describes the density
of the prosumers

m : R× [0, 1]× [0, 1]× [t, T ]→ [0,∞),

(x, y1, y2, t) 7→ m(x, y, t).

which satisfies
∫

R

∫
[0,1]×[0,1]m(x, y, t)dxdy = 1 for every

t. Note that y is short hand notation for (y1, y2), so by∫
[0,1]×[0,1]m(·)dy we simply mean

∫
[0,1]

∫
[0,1]

m(·)dy1dy2.
Also note that in fact you integrate over a triangle (and not
the unit square), since y1 + y2 ≤ 1, because a prosumer
cannot be a producer and consumer simultaneously. We
assume that m is simply zero outside the set of feasible
modes. The function m is a probability density function and
describes the distribution of the prosumers, i.e., the way in
which the prosumers are distributed over the states (inventory
level and mode). Let us now define

mp(t) =

∫
R

∫
[0,1]×[0,1]

y1m(x, y, t)dxdy,

mc(t) =

∫
R

∫
[0,1]×[0,1]

y2m(x, y, t)dxdy,

(4)

which are the producer and consumer distributions.
To capture the mismatch between producers and con-

sumers, we define the error as the discrepancy between the
percentage of producers and consumers:

e(t) = pmp(t)− dmc(t), (5)

at every time t. We now consider the running cost c(·) below,
which depends on the distribution m(x, y, t) through the
error e(t):

c(·) = c(x(t), y(t), u(t),m(x, y, t))

= 1
2qx(t)2 + 1

2r1u
2
1(t) + 1

2r2u
2
2(t) + y1(t)Se(t) (6)

+ y1(t)W ,

where q, r1, r2, S and W are propitious positive scalars.
In (6), the term 1

2qx(t)2 penalizes the deviation of the
inventory level of the prosumer from the nominal value,
which we set to zero. Setting the nominal inventory to a

nonzero value would simply imply a translation of the origin.
The terms 1

2r1u
2
1(t) and 1

2r2u
2
2(t) introduce costs on the

inputs. A positive error e(t) > 0 means that there are more
producers than consumers. Since we are minimizing the
costs, y1 → 0 so the prosumer will not produce. If there
is more consumed then produced, so the error is negative,
y1 → 1 so the prosumer will produce. In any case, the term
y1(t)Se(t) penalizes the producers when supply exceeds
demand and penalizes the consumers when demand exceeds
supply. Finally, the term y1(t)W represents the producing
costs, i.e., whenever a prosumer starts producing, the cost is
W . In addition to this, the total cost includes the running cost
c(·) plus some additional terminal cost g : R → [0,+∞),
x(T ) 7→ g(x(T )), to be yet designed.

We will now specify the relation between y1(t) and y2(t).
To simplify our dynamics, we assume that y2(t) = 1−y1(t),
that is, the probability of being in the mode of consumer
is simply the complement of the probability of being in
the mode of producer. By imposing y1(t) + y2(t) = 1,
the variable y2(t) becomes redundant and the above model
simplifies as follows

ẋ(t) =

{
p− d− λx(t) if y1(t) = 1,
−d− λx(t) if y1(t) = 0, t ∈ [0, T ), (7)

and the complete dynamics are governed by

ẋ(t) = (p− d− λx(t))y1(t) + (−d− λx(t))y2(t)

= (p− d− λx(t))y1(t) + (−d− λx(t))(1− y1(t))

= py1(t)− d− λx(t),

ẏ1(t) = u1(t)− u2(t).
(8)

With the constraint y2(t) = 1− y1(t), we note that m(·) =
m(x, y1, t) and

mp(t) =

∫
R

∫ 1

0

y1m(x, y1, t)dxdy1,

mc(t) = 1−mp(t).

(9)

For the error we now have that e(t) = (p+ d)mp(t)− d.
The problem we consider now is the following. Given a

finite horizon T > 0 and an initial distribution m0 : R ×
[0, 1]→ [0,+∞), subject to the dynamics in system (8), we
want to minimize the following cost functional

J(x, y, t, u) =

∫ T

0

c(x(t), y1(t), u(t),m(x, y1, t))dt+ g(X(T )),

over all possible inputs u(·). Here, m(·) is the time-
dependent function describing the evolution of the mean of
the distribution of the state of the prosumer.

III. FIRST-ORDER MEAN FIELD GAME

We will first review the concept of first-order mean field
game. In a first-order mean field game, the microscopic
dynamics is deterministic and the resulting mean-field game
involves only the first derivatives of the value function and of
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the density function. Consider a generic cost and dynamics

J(X(t), u(t), t) = inf
u∈R•

∫ T

0

c(X(t), u(t),m)dt+ g(X(T )),

Ẋ(t) = F (X(t), u(t)) (10)

where c(·) is the running cost, g(X(T )) is the terminal
penalty, and where u(·) is any state feedback closed loop
control. Let now v(X, t) be the value function, i.e., the
optimal value of J(X,U, t). Then from [2] it is well known
that the problem results in the following mean field game
system

∂tv(X, t) + ∂Xv(X, t)T · F (X,u∗) + c(X,u∗,m) = 0,
v(X,T ) = g(X(T )),

u∗(X(t)) = arg min
u∈R•

{
∂Xv(X, t)T · F (X,u) + c(X,u,m)

}
(11){

∂tm(X, t) + div(F (X,u∗)) ·m(X, t) = 0
m(X, 0) = m0(X).

(12)

The first partial differential equation in (11) is the Hamilton-
Jacobi-Bellman equation which returns the value function
v(X, t), once we fix the distribution m(X, t). This partial
differential equation has to be solved backwards with the
boundary condition v(X,T ) = g(X(T )) on the final time
T , represented by the second line in (11). In the third line
of (11) we have the optimal closed-loop control u∗(X(t))
as minimizer of the Hamiltonian function in the right-hand
side. The partial differential equation in (12) represents the
transport equation of the function m immersed in a vector
field F (X,u∗(X)). It returns the distribution m(X, t) once
we fixed the optimal closed-loop control u∗(X(t)), and
consequently the vector field F (X,u∗(X)). Such a partial
differential equation has to be solved forward with the
boundary condition m(X, 0) = m0(X) at the initial time,
represented by the last line of (12). Finally, once we know
m(X, t), it can be put into the running cost c(X,u,m) and
the error can be obtained from (5) with (9). We remark that
X̄(t) is given by

[
x̄(t)
ȳ1(t)

]
=


∫

R

1∫
0

xm(x, y1, t)dxdy1∫
R

1∫
0

y1m(x, y1, t)dxdy1

 =

[
x̄(t)
mp(t)

]
,

and hence, a mean field equilibrium solution is any pair
(v(X, t), X̄(t)) that satisfies (11) and (12).

We will now proceed as follows. The goal of the paper is
to find a mean field equilibrium in the case of prosumers. To
do so, we look at the mean field best response u∗ to a given
distribution m(·). We note that the problem we consider is of
the form (10), if we plug in the running cost (6) together with
the dynamics (8), where X(t) = [x(t), y1(t)]T and u(t) =
[u1(t), u2(t)]T .

IV. MEAN FIELD EQUILIBRIUM

Considering the problem of minimizing the generic cost
in (6) subject to dynamics as displayed in (8), we note that

we have a linear-quadratic optimization problem of the form
(10), namely:

inf
u∈R2

∫ T

0

(
1
2X

TQX + 1
2u

TRuT + LTX
)
dt+ g(X(T )),

Ẋ(t) = AX(t) +Bu(t) + C, (13)

where we recall that X(t) = [x(t), y1(t)]T and where x(t)
denotes the inventory level and y1(t) denotes the probability
of being in the mode of consumer. Furthermore we have

A =

[
−λ p
0 0

]
, B =

[
0 0
1 −1

]
, C =

[
−d
0

]
,

and also

Q =

[
q 0
0 0

]
, R =

[
r1 0
0 r2

]
, L =

[
0

Se(t) +W

]
.

The linear quadratic problem posed in (13) is easily solved
by the use of calculus of variations [10], and we are now in
a position to state and prove the main result.

Theorem 1: A mean field equilibrium for (11) with (12)
is given by

v(X, t) = 1
2X

TP (t)X + ΨT (t)X + χ(t),

˙̄X(t) = [A−BR−1BTP ]X̄(t)−BR−1BT Ψ + C,
(14)

where

Ψ̄(t) =

∫
R

1∫
0

Ψ(t)m(x, y, t)dxdy1,

and P,Ψ, χ can be found by solving the following Riccati
equations

Ṗ + PA+ATP − PBR−1BTP +Q = 0,

Ψ̇ +AT Ψ + PC − PBR−1BT Ψ + L = 0, (15)

χ̇+ ΨTC − 1
2ΨTBR−1BT Ψ = 0,

with boundary condition

P (T ) = φ, Ψ(T ) = 0, χ(T ) = 0, g(X(T )) = 1
2X

TφX.

Furthermore, the mean field equilibrium strategy is

u∗(X, t) = −R−1BT (PX + Ψ).
Proof: As candidate function v(·) that minimizes J(·)

we take

v(X, t) = 1
2X

TP (t)X + ΨT (t)X + χ(t),

where P is an unknown symmetric matrix, Ψ is an unknown
vector, and χ is an unknown scalar function. Then we have

∂tv(X, t) = 1
2X

T Ṗ (t)X + Ψ̇T (t)X + χ̇(t),

∂Xv(X, t) = PX + Ψ.

Now, the optimal state feedback is given by

u∗(X, t) = arg min
u∈R2
{∂Xv(X, t)T · F (X,u) + c(X,u,m)},
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and with substitution of (13) we find

u∗(X, t) = arg min
u∈R2
{(PX + Ψ)T · (AX +Bu+ C)

+ 1
2X

TQX + 1
2u

TRu+ LTX}.

Finding u∗ is straightforward, we can just take the gradient
in the above expression and set it equal to zero to find the
minimum, which is

u∗ = −R−1BT (PX + Ψ).

The corresponding Hamilton-Jacobi equation is now

∂tv(X, t) + ∂Xv(X, t)T · F (X,u∗(X)) + c(X,u∗(X),m) = 0.

And substituting the expression for u∗ and rewriting we find

0 = 1
2X

T Ṗ (t)X + Ψ̇T (t)X + χ̇(t) + (PX + Ψ)T ·
· (AX +Bu∗ + C) + 1

2X
TQX + 1

2 (u∗)TRu∗ + LTX

= 1
2X

T Ṗ (t)X + Ψ̇T (t)X + χ̇(t) + (XTP + ΨT ) ·
(
AX

−BR−1BT (PX + Ψ) + C
)

+ 1
2X

TQX

+ 1
2 (XTP + ΨT )BR−1BT (PX + Ψ) + LTX.

After performing some algebraic manipulations we find

0 = 1
2X

T Ṗ (t)X + Ψ̇T (t)X + χ̇(t) + 1
2X

TPAX

+ 1
2X

TATPX −XTPBR−1BTPX

−ΨTBR−1BTPX +XTPC + ΨTAX

−ΨTBR−1BTPX −ΨTBR−1BT Ψ + ΨTC

+ 1
2X

TQX + 1
2X

TPBR−1BTPX + ΨTBR−1BTPX

+ 1
2ΨTBR−1BT Ψ + LTX.

And grouping the terms yields

0 = XT
(

1
2 Ṗ + 1

2PAi + 1
2A

T
i P − PBiR

−1BT
i P + 1

2Q

+ 1
2PBiR

−1BT
i P
)
X +XT

(
Ψ̇(t)− PBTR−1BT Ψ

+AT Ψ + PC − PBiR
−1BT Ψ + PBR−1BT Ψ + L

)
+(

χ̇(t) + ΨTC −ΨTBiR
−1BT

i Ψ + 1
2ΨTBiR

−1BT
i Ψ
)
.

Now, if the terms between brackets in the above expression
are zero, then at least the right hand side equals zero. So
in order to have a sufficient condition for a solution the
expressions between brackets need to be zero. These are
precisely the required Riccati equations.
To practically implement the above result, we make the
following remark. Often a discretized version of Theorem 1
is considered, which is useful in numerical simulations, of
which we will give an example in Section VI. In the spirit
of receding horizon, at every iteration, instead of solving the
Riccati equations (15) for a finite horizon window, one solves
the Riccati equations corresponding to the infinite horizon
control problem

PA+ATP − PBR−1BTP +Q = 0,

AT Ψ + PC − PBR−1BT Ψ + L = 0, (16)

ΨTC − 1
2ΨTBR−1BT Ψ = 0.

So, at every time instance the above equations are solved
and consequently the optimal control input u∗ is computed.
This is fed through giving us a new state and we repeat the
procedure. We will also use this algorithm when we perform
the numerical experiment in Section VI. However, before
doing so, we elaborate in the next section on the link between
the optimal control law u∗ and the well-known Bass model.

V. LINK TO BASS MODEL

The Bass model is a commonly used diffusion model and
is often used to study for example the way in which a disease
spreads over a population, or the way in which consumers
adapt to a new technology, [9]. To understand the link with
the Bass model, we note that the optimal control law u∗ =
−R−1BT (PX + Ψ) can be rewritten as

u∗ =

[
u∗1
u∗2

]
=

[ 1
r1
P2x+ 1

r1
P3y1 + 1

r1
Ψ2

1
r2
P2x+ 1

r2
P3y1 + 1

r2
Ψ2

]
, (17)

where

P =

[
P1 P2

P2 P3

]
, Ψ =

[
Ψ1

Ψ2

]
,

are the solutions to the following equations

PA+ATP − PBR−1BTP +Q = 0,(
AT − PBR−1BT

)
Ψ = −L− PC.

Now, we remark that the optimal controls u∗1 and u∗2 of (17)
are of the form

u∗1 = α1,1x+ α2,1y1 + c1,

u∗2 = α1,2x+ α2,2y1 + c2.
(18)

This is also depicted in Figure 1 below. We now highlight

y1 1− y1

α1,1x+ α2,1y1 + c1

u∗2

Fig. 1: Transition rates from producer, y1, to consumer, y2,
and vice versa.

that this shows strong connections to the Bass model. The
idea of the Bass model is that we have a large population and
each individual can be classified as a susceptible or infected
player. Let y be the fraction of infected people, so 1 − y
denotes the fraction of the population that is susceptible. In
the Bass model, the rate of change of y depends on two
factors. First of all, susceptible agents can spontaneously
become infected, which is represented by a parameter c.
Secondly, the process of imitation or the word-of-mouth
effect takes place. Susceptible agents become infected due to
a factor proportional to the fraction of infected individuals,
quantified by αy. In a nutshell, the Bass model is then
described by the following differential equation:

ẏ = (c+ αy)(1− y). (19)
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We now remark that the dynamics of mode y1, i.e., the
probability of being a producer, shows striking similarities
with the Bass model. In fact, the optimal control law u∗1 from
(17) is an adjusted Bass model where
• The term 1

r1
Ψ2 accounts for spontaneously infection.

• The term 1
r1
P3y1 is the imitation factor or word-of-

mouth rate.
• The term 1

r1
P2x is a correction term, which takes into

account the inventory level x(t). This term can be
interpreted as a disturbance.

We remark that in the original Bass model, the word-of-
mouth factor induces crowd seeking behavior, since a higher
word-of-mouth rate implies that more people will become
infected. However, in the adjusted Bass model with which
we deal here, the word-of-mouth factor corresponds to crowd
averse behavior, since an agent will be in the mode of
consumer if a large fraction of the population is in the mode
of producer.

An argument for the presence of the correction term is the
following. Consider a single prosumer characterized by its
two states: the inventory level x and the mode y1. Then, the
evolution of y1 is not solely governed by the global interest
given by the general Bass model. At a local level the agent
also has a local objective, governed by the running costs
function (6), so the correction term based on the state x
comes into play.

Finally, we remark that we have an explicit solution to the
infinite time horizon Riccati equations, so we can establish a
priori the optimal control law u∗. Equivalently one can say
that the model parameters in the adjusted Bass model are
known. All this is explored in the following theorem.

Theorem 2: Consider the optimal control law u∗ =
−R−1BT (PX + Ψ), which is of the form

u∗1 = α1,1x+ α2,1y1 + c1,

u∗2 = α1,2x+ α2,2y1 + c2.

Here, the coefficients (which are the parameters of the Bass
model) are given by

α1,i = 1
ri
P2, α2,i = 1

ri
P3,

ci =
−pdP1 + λ(Se+W )− λdP2

ri

(
1
r1

+ 1
r2

)
(λP3 + pP2)

,

where

P1 =

−
(

1
r1

+ 1
r2

)3
P 4
3

4p2
+ q

2λ
, P2 =

P 2
3 r

2p
,

P3 =
2p(

1
r1

+ 1
r2

) ± 2
√
qp(

1
r1

+ 1
r2

) 3
2

.

Proof: From the optimal control law u∗ =
−R−1BT (PX + Ψ), we obtain

u∗1 = 1
r1
P2x+ 1

r1
P3y1 + 1

r1
Ψ2,

u∗2 = 1
r2
P2x+ 1

r2
P3y1 + 1

r2
Ψ2.

Here, the values of P2, P3,Ψ2 can be found by solving the
equations

PA+ATP − PBR−1BTP +Q = 0,(
AT − PBR−1BT

)
Ψ = −L− PC,

since these equations have as solution

P =

[
P1 P2

P2 P3

]
, Ψ =

[
Ψ1

Ψ2

]
.

So we inspect

PA+ATP − PBR−1BTP +Q = 0[
−λP1 pP1

−λP2 pP2

]
+

[
−λP1 −λP2

pP1 pP2

]

−

 P 2
2

(
1
r1

+ 1
r2

)
P2P3

(
1
r1

+ 1
r2

)
P2P3

(
1
r1

+ 1
r2

)
P 2
3

(
1
r1

+ 1
r2

) +

[
q 0
0 0

]
= 02×2.

This yields the following set of equalities

−2λP1 − P 2
2 r + q = 0,

pP1 − λP2 − P2P3r = 0,

2pP2 − P 2
3 r = 0,

where we simplified the notation by introducing r =(
1
r1

+ 1
r2

)
. From the first and third equations, we obtain

P1 =

−r
3P 4

3

4p2
+ q

2λ
, P2 =

P 2
3 r

2p
, (20)

and substituting these equations in the second equation yields

P 2
3 r

2
+

r3P 4
3

4p2
− q

2
− P 3

3 r
2

2p
= 0.

After multiplication by 8p2 we obtain that either P3 = 0 or

4p2r + r3P 2
3 − 4qp2 − 4pr2P3 = 0.

This is a quadratic solution in P3 and has as solution

P3 =
4pr2 ±

√
16p2r4 − 4r3(4p2r − 4qp2)

2r3
=

2p

r
±

2
√
qp

r
√
r
.

This can now be plugged back in (20) to find expressions
for P1 and P2. To find Ψ, we inspect

(AT − PBR−1BT )Ψ = −L− PC,−λ −P2

(
1
r1

+ 1
r2

)
p −P3

(
1
r1

+ 1
r2

)[Ψ1

Ψ2

]
=

[
P1d

P2d− (Se+W )

]
.

We write down the solution of this system of linear equations
directly, by using the adjugate of a matrix

Ψ1 =
−P3 − P2(Se+W ) + P 2

2 d

λP3 + pP2
,

Ψ2 =
−pdP1 + λ(Se+W )− λdP2(

1
r1

+ 1
r2

)
(λP3 + pP2)

.

Note that both Ψ1 and Ψ2 depend on the error e, so
here the cross-coupling comes into play. This completes the
exposition.
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VI. NUMERICAL EXPERIMENT

We start with a population of n = 200 prosumers and
we run the simulation up to T = 40. The production and
demand rates are p = 5 and d = 3, and we take λ = 1.
Finally, as penalties on the input we take r1 = r2 = 10 and
the producing costs are set to W = 10.

To run the simulation, we apply a discretized version
of (14). At every iteration, for every agent, we compute the
best response u∗ for the infinite horizon control problem,
which is then fed through to compute the next state. Equiva-
lent to solving the Riccati equation using the build-in Matlab
command care, we can also use the direct result established
in Theorem 2. We now have

X(t+ 1) =
([
A−BR−1BTP

]
X(t)−BR−1BT Ψ + C

)
dt

+X(t).

In the first simulation, we take a high penalty on the

Fig. 2: a) time plots of the inventory level x(t) and the mode
y1(t) for a large q and small S. Fig. 2: b) time plots of the
inventory level x(t) and the mode y1(t) for a small q and
large S.

inventory level, q = 100, and a relative low penalty on
the error term, S = 10. Due to the significant penalty on
the inventory level, we expect that the inventory levels are
pushed to zero. This can also be observed in Figure 2a, where
we have plotted the results of our simulation. Here, having
no inventory is the desired case, since a shortage in inventory
means that you could not match the demand and one has a
lower profit, while on the other hand a positive inventory
level means storage costs, and this is also undesirable. By
introducing a high costs q on the inventory level x(t) in the
running cost function we penalize for these cases.

Furthermore we note that the mode y1, i.e., the probability
of being in the mode of producer, converges to 0.60. This is
a sensible result, since the dynamics are governed by ẋ =
py1−d−λx and this expression is equal to zero if and only

if y1 =
d

p
.

We now perform a second simulation with a high penalty
on the error, S = 100, while q = 10. The results are shown

in Figure 2b. We expect that for this case the error is pushed
to zero, due to the high penalty. Since e = (p + d)ȳ1 − d,

we note that e = 0 if and only if ȳ1 =
d

p+ d
= 0.375. We

observe from the plotted results in Figure 2b that the mode
y1 indeed converges to this value. Furthermore we note that
the inventory level does not converge to zero, since the error
is penalized more urgently. We have ẋ = py1 − d− λx and
since y1 converges to 0.375, we have that the inventory level

converges to x =
py1 − d
λ

= −1.125. This can also be seen
from the simulation results.

VII. CONCLUSION

In this paper we studied mean field games on prosumers.
A prosumer is an agent that can produce or consume, and its
behavior depends on the average behavior of the population.
Every prosumer is characterized by three states: the inventory
level, the probability of being in the mode of producer,
and the probability of being in the mode of consumer. We
simplified the problem by taking the probability of being a
consumer equal to the complement of the probability of being
a producer. We formulated the problem as a first order mean
field game, and we found a mean field game equilibrium.
We then established a clear connection to the Bass model.

In future research, we would like to add deterministic and
stochastic disturbances to the dynamics, and study robustness
properties. Finally we would like to study the case where the
probability of being a consumer is not the complement of
the probability of being a producer. In such a case, we add
a third state corresponding to being uncommitted (idle), the
prosumer is then not producing nor consuming.
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