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Chapter 6

ABSTRACT

 A growing number of studies use data before and after treatment initiation in groups 
exposed to different treatment strategies to estimate “causal effects” using a ratio 
measure called the prior event rate ratio (PERR). Here, we offer a causal interpretation 
for PERR and its additive scale analog, the prior event rate difference (PERD). We 
show that causal interpretation of these measures requires untestable rate-change 
assumptions about the relationship between (1) the change of the counterfactual 
rate before and after treatment initiation in the treated group under hypothetical 
intervention to administer the control treatment; and (2) the change of the factual rate 
before and after treatment initiation in the control group. The rate-change assumption 
is on the multiplicative scale for PERR, but on the additive scale for PERD; the 
two assumptions hold simultaneously under testable, but unlikely, conditions. Even if 
investigators can pick the most appropriate scale, the relevant rate-change assumption 
is unlikely to hold exactly, so we describe sensitivity analysis methods to examine how 
assumption violations of different magnitudes would affect study results. We illustrate 
the methods using data from a study of proton pump inhibitors and pneumonia.
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INTRODUCTION

Many recent pharmacoepidemiologic studies (e.g., [1-11]) collect outcome data before 
and after treatment initiation in two groups of individuals, each exposed to a different 
strategy (henceforth, we refer to these groups as the treated and control groups, even 
though both can be receiving active treatment; and we refer to the strategies they 
are exposed to as the treatment and control strategy, respectively). These studies 
estimate “treatment effects” on outcomes that can occur multiple times by using a 
measure called the prior event rate ratio (PERR). Though modeling details differ across 
applications, a common thread is that the ratio of event rates before and after treatment 
initiation in the control group is used as a proxy for what the ratio of event rates before 
and after treatment initiation would have been in the treated group, under hypothetical 
intervention to administer the control strategy. Because PERR relies on assumptions 
about the change of the rate before and after treatment we refer to it as a “rate-change” 
method. It is often informally claimed that a causal interpretation of PERR does not 
require the absence of confounding by unmeasured time-fixed variables [12, 13].

Here, we define the target causal quantity of PERR analyses, and formalize the 
requirements for endowing the analyses with a causal interpretation. We show how 
PERR analysis can be viewed as a form of “difference-in-differences” analysis [14] on 
the multiplicative scale. We also describe an analog of PERR on the additive scale, 
the prior event rate difference (PERD), which connects with the econometric literature 
on difference-in-differences methods. For both PERR and PERD analyses, we show 
that identification of the target causal quantities requires strong and untestable rate-
change assumptions about the relationship between (1) the counterfactual change of the 
rate before and after treatment in the treated group under intervention to administer 
the control strategy; and (2) the factual change of the rate before and after treatment 
in the control group. The rate-change assumption is on the multiplicative scale for 
PERR, but on the additive scale for PERD. We show that these assumptions can hold 
simultaneously only under testable, but unlikely, conditions. Even if investigators can 
decide which rate-change assumption is most likely to hold, that assumption is unlikely 
to hold exactly; to address possible violations, we describe sensitivity analysis methods 
that can be used to examine the degree to which violations of assumptions might affect 
study results. We illustrate the methods using data from a recently published study of 
the effect of proton pump inhibitors on pneumonia risk.

6
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STUDY DESIGN AND DATA

Study design
Suppose that two groups of individuals are exposed to two different treatment 
strategies. For example, we might want to compare outcomes among individuals in 
two healthcare plans that are subject to different reimbursement policies after a given 
date. Or, we might want to compare outcomes among individuals who meet some 
eligibility criteria and who receive recommendations to initiate two different treatments 
for the same condition. We will refer to the time of policy implementation or treatment 
initiation as time zero. We focus on outcomes that can be assessed both before time 
zero (during the pre-treatment period), and after time zero (during the post-treatment 
period).

Illustrative example:
For concreteness, in the remainder of the paper we will consider a recent 
pharmacoepidemiologic study that examined the effect of proton pump inhibitor 
prescription on the risk of community acquired pneumonia [5]. The authors used UK-
based primary care electronic health records to identify a treated group that received a 
proton pump inhibitor prescription and a matched control group that did not. We will 
use numerical data from that study to illustrate different methods. Our main objective 
is to discuss the methods in general terms; we do not take any position on the validity 
of this particular study.

Observed data
The study design described in the previous section provides adequate data to estimate 
the rate of the outcome among the treated and control groups, during the pre- and 
post-treatment periods. Specifically, for each of these periods and each of the treatment 
groups we observe the number of events that occurred and the person-time under 
follow-up for the treated and control groups, during the pre- and post-treatment 
periods (Table 1).
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Table 1. Data from the illustrative example.

2*Treatment group
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counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 

 
Identification of the causal rate ratio by PERR 
 
 
Identifiability conditions: 

The following identifiability conditions are sufficient for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1). 

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1); among the treated group, the 

counterfactual event rate under intervention to assign treatment is equal to the factual rate. 

 

2. Hypothetical intervention to administer the control strategy does not affect the pre-treatment event 

rate among the treated: 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1); the factual pre-treatment event rate among the ; the factual 
pre-treatment event rate among the treated equals the counterfactual event rate of 
the same group under intervention to administer the control strategy.

3. Common rate-change assumption on the multiplicative scale:

 

 
 

treated equals the counterfactual event rate of the same group under intervention to administer the 

control strategy. 

 

3. Common rate-change assumption on the multiplicative scale:  
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𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

; 

the ratio of the counterfactual post- and pre-treatment event rates among the treated 

under intervention to administer the control strategy equals the ratio of the factual 

post- and pre-treatment event rates among the control group. 

 

4. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0, so that, in large samples, we observe 

individuals in both the treated and untreated groups. 

 

5. Positivity of event rates: for all treatments 𝑎𝑎𝑎𝑎 𝑎 {0,1}, 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0 and 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0. 

 

In addition to these conditions, we assume that all subjects can be observed from the start 

of the pre-treatment period until the end of the post-treatment period. Extensions to 

address identification in the presence of drop-out or competing events are possible but 

beyond the scope of this paper. 

 

Reasoning about the identifiability conditions: 

Conditions 1 through 3, listed above, make up the core of the PERR method and cannot 

be verified using observed data (i.e., they are untestable). Reasoning about the conditions 

requires background knowledge and can be informed by results of other studies (e.g., 

research about treatment preferences or the impact of time-varying factors on the 

outcome). Appendix 1.3 offers a brief discussion of potential violations of assumptions 1 

through 3. 

 

Identification of the causal rate ratio by PERR: 

As we show in Appendix 1, under identifiability conditions 1 through 5, the causal 

incidence rate ratio among the treated  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) is identifiable by the population 

PERR, defined as  
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In addition to these conditions, we assume that all subjects can be observed from the start 

of the pre-treatment period until the end of the post-treatment period. Extensions to 

address identification in the presence of drop-out or competing events are possible but 

beyond the scope of this paper. 

 

Reasoning about the identifiability conditions: 

Conditions 1 through 3, listed above, make up the core of the PERR method and cannot 

be verified using observed data (i.e., they are untestable). Reasoning about the conditions 

requires background knowledge and can be informed by results of other studies (e.g., 

research about treatment preferences or the impact of time-varying factors on the 

outcome). Appendix 1.3 offers a brief discussion of potential violations of assumptions 1 

through 3. 

 

Identification of the causal rate ratio by PERR: 

As we show in Appendix 1, under identifiability conditions 1 through 5, the causal 

incidence rate ratio among the treated  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) is identifiable by the population 

PERR, defined as  

, so that, in large samples, 
we observe individuals in both the treated and untreated groups.
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5. Positivity of event rates: for all treatments 
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control strategy. 

 

3. Common rate-change assumption on the multiplicative scale:  
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be verified using observed data (i.e., they are untestable). Reasoning about the conditions 

requires background knowledge and can be informed by results of other studies (e.g., 

research about treatment preferences or the impact of time-varying factors on the 

outcome). Appendix 1.3 offers a brief discussion of potential violations of assumptions 1 

through 3. 

 

Identification of the causal rate ratio by PERR: 

As we show in Appendix 1, under identifiability conditions 1 through 5, the causal 
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be verified using observed data (i.e., they are untestable). Reasoning about the conditions 

requires background knowledge and can be informed by results of other studies (e.g., 

research about treatment preferences or the impact of time-varying factors on the 
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through 3. 
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the ratio of the counterfactual post- and pre-treatment event rates among the treated 

under intervention to administer the control strategy equals the ratio of the factual 

post- and pre-treatment event rates among the control group. 

 

4. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0, so that, in large samples, we observe 

individuals in both the treated and untreated groups. 

 

5. Positivity of event rates: for all treatments 𝑎𝑎𝑎𝑎 𝑎 {0,1}, 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0 and 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0. 

 

In addition to these conditions, we assume that all subjects can be observed from the start 

of the pre-treatment period until the end of the post-treatment period. Extensions to 

address identification in the presence of drop-out or competing events are possible but 

beyond the scope of this paper. 

 

Reasoning about the identifiability conditions: 

Conditions 1 through 3, listed above, make up the core of the PERR method and cannot 

be verified using observed data (i.e., they are untestable). Reasoning about the conditions 

requires background knowledge and can be informed by results of other studies (e.g., 

research about treatment preferences or the impact of time-varying factors on the 

outcome). Appendix 1.3 offers a brief discussion of potential violations of assumptions 1 

through 3. 

 

Identification of the causal rate ratio by PERR: 

As we show in Appendix 1, under identifiability conditions 1 through 5, the causal 

incidence rate ratio among the treated  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) is identifiable by the population 

PERR, defined as  

.

In addition to these conditions, we assume that all subjects can be observed from the 
start of the pre-treatment period until the end of the post-treatment period. Extensions 
to address identification in the presence of drop-out or competing events are possible 
but beyond the scope of this paper.

Reasoning about the identifiability conditions
Conditions 1 through 3, listed above, make up the core of the PERR method and 
cannot be verified using observed data (i.e., they are untestable). Reasoning about 
the conditions requires background knowledge and can be informed by results of 
other studies (e.g., research about treatment preferences or the impact of time-varying 
factors on the outcome). Appendix 1.3 offers a brief discussion of potential violations 
of assumptions 1 through 3.

Identification of the causal rate ratio by PERR
As we show in Appendix 1, under identifiability conditions 1 through 5, the causal 
incidence rate ratio among the treated 

 

 
 

Why exchangeability-based methods might not work 
The most commonly used approaches [17] for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) and 
 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) rest on exchangeability (ignorability) assumptions between the 
treatment groups [18]. Specifically, these methods require that the counterfactual event 
rate in the treated group under intervention to implement the control strategy is equal to 
the factual rate in the control group, most often, within strata defined by baseline 
covariates. That is to say, the usual approaches require that, conditional on covariates, 
the observed post-treatment event rate in the control group is a good proxy for the 
counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 

 
Identification of the causal rate ratio by PERR 
 
 
Identifiability conditions: 

The following identifiability conditions are sufficient for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1). 

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1); among the treated group, the 

counterfactual event rate under intervention to assign treatment is equal to the factual rate. 

 

2. Hypothetical intervention to administer the control strategy does not affect the pre-treatment event 

rate among the treated: 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1); the factual pre-treatment event rate among the 

 is identifiable by the population 
PERR, defined as

 

 
 

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

. (1) 

 
 

Identification of the causal rate difference 

Astute readers will have perceived the similarity between PERR and the assumptions 

needed for it to have a causal interpretation, and so-called “difference-in-differences” 

methods [14]. The connection stems from the fact that both PERR and difference-in-

differences methods use the change between the pre- and post-treatment period in the 

“average” factual outcome among the control group as a proxy for the change between the 

pre- and post-treatment period in the counterfactual outcome among the treated group, 

under intervention to administer the control strategy. The difference is that in 

conventional difference-in-differences analyses the assumption is usually made on the 

additive scale (i.e., change over time is expressed as a difference), whereas in PERR 

analyses the assumption is made on the multiplicative scale (i.e., change over time is 

expressed as a ratio). The connection between PERR and difference-in-differences 

analyses suggests that with slight modification of the identifiability conditions for the 

causal incidence rate ratio, we should be able to identify the causal incidence rate 

difference. 

 
Identifiability conditions: 

We replace identifiability condition 3 with the following alternative: 

3 ∗. Common rate-change assumption on the additive scale:  

 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 

the difference between the counterfactual post- and pre-treatment event rate among the 

treated group under intervention to administer the control strategy, is equal to the 

difference of the factual post- and pre-treatment event rate among the control group. 

 

Furthermore, we retain assumptions 1, 2, and 4, but not assumption 5 (i.e., we no longer 

need to assume that the event rates are strictly positive). 

 (1) 

Identification of the causal rate difference
Astute readers will have perceived the similarity between PERR and the assumptions 
needed for it to have a causal interpretation, and so-called “difference-in-differences” 
methods [14]. The connection stems from the fact that both PERR and difference-in-
differences methods use the change between the pre- and post-treatment period in the 
“average” factual outcome among the control group as a proxy for the change between 
the pre- and post-treatment period in the counterfactual outcome among the treated 
group, under intervention to administer the control strategy. The difference is that in 
conventional difference-in-differences analyses the assumption is usually made on the 
additive scale (i.e., change over time is expressed as a difference), whereas in PERR 
analyses the assumption is made on the multiplicative scale (i.e., change over time is 
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expressed as a ratio). The connection between PERR and difference-in-differences 
analyses suggests that with slight modification of the identifiability conditions for 
the causal incidence rate ratio, we should be able to identify the causal incidence rate 
difference.

Identifiability conditions
We replace identifiability condition 3 with the following alternative:

3*. Common rate-change assumption on the additive scale:
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Chapter 6

ESTIMATION
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 Figure 1 is graphical representation of the identification strategies underlying PERR 

and PERD and a visual summary of the estimation results in the illustrative example.

Because our analyses are based on published data, we cannot obtain estimates of 
sampling variability that account for possible dependence between the pre- and post-
treatment rates in the treatment and control groups. Such estimates, however, are 
straightforward to obtain when primary data are available, using standard estimating 
equation methods [19] and the delta method [20].
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Figure 1. Graphical depiction of identification using the PERR and PERD

Observed incidence rates (solid lines) are identical in both graphs (a) and (b). The observed incidence 
rate in the control group 
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 increases from 27.24 in the pre-treatment to 30.41 in the post-treatment 
period. Using a multiplicative scale (a), an increase by factor 1.12. The counterfactual post-treatment 
rate in the treated group (dotted line) is then estimated to be the observed pre-treatment rate, 62.07, 
increased with the same factor 1.12 = 69.29. Using an additive scale (b), the increase in the control 
group is 3.17, and the counterfactual post-treatment rate in the treated group is estimated to be the 
observed pre-treatment rate, 62.07, increased by 3.17 = 65.24. Rates are expressed as events per 1,000 
person-years. 

SHOULD WE USE PERR OR PERD?

At this point, it is natural to wonder how to decide between using PERR or PERD 
and whether it is reasonable to apply both methods on the same data as a form of 
stability analysis. As we show in Appendix 3, if the conditions that are needed to 
endow both PERR and PERD with a causal interpretation hold simultaneously, then 
it has to be that 
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When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 
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overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 
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𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

. (3)

When 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

, we recover the result as when the rate-change condition holds exactly; 
when 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

, PERR underestimates the causal incidence rate ratio by a factor of 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

 (i.e., the causal incidence rate ratio is 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

 times larger than PERR); when 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

, 
PERR overestimates the causal rate ratio by the same factor.
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Because 

 

 
 

When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
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× 𝑢𝑢𝑢𝑢, 

 

where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑢𝑢𝑢𝑢,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

× 𝐴
𝑢𝑢𝑢𝑢

=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 
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 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
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conducted by repeating the analyses while using a sufficiently broad set of values. 
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where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  
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=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
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their sample analogs.
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When that is the case, the identification results presented above do not hold and the PERR 

analysis does not have a causal interpretation. A convenient way to parameterize the 

violations of the common ratio assumption is to assume that  
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where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 

the causal incidence rate ratio among the treated as a function of 𝑢𝑢𝑢𝑢,  
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=  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 × 𝐴
𝑢𝑢𝑢𝑢

. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 
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 and parameterize the violations of the common rate difference assumption as  
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where 𝑢𝑢𝑢𝑢 is a positive bias parameter. Under this sensitivity analysis model, we can express 
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. (3) 

 

When 𝑢𝑢𝑢𝑢 = 1, we recover the result as when the rate-change condition holds exactly; when 

0 < 𝑢𝑢𝑢𝑢 < 1, PERR underestimates the causal incidence rate ratio by a factor of 1/𝑢𝑢𝑢𝑢 (i.e., 

the causal incidence rate ratio is 1/𝑢𝑢𝑢𝑢 times larger than PERR); when 𝑢𝑢𝑢𝑢 > 1, PERR 

overestimates the causal rate ratio by the same factor. 

 

Because 𝑢𝑢𝑢𝑢 cannot be identified using the observed data, sensitivity analysis can be 

conducted by repeating the analyses while using a sufficiently broad set of values. The left 

panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 

varying 𝑢𝑢𝑢𝑢 from 0.8 to 1.2 and estimating all quantities in equation (3) by their sample 

analogs. 

 

Violation of the common rate difference assumption 
 
Similarly, when the common rate difference assumption does not hold, we can 

write  
 
 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) ≠ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 
 and parameterize the violations of the common rate difference assumption as  
 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) − 𝑑𝑑𝑑𝑑, 
  

,

where 

 

 
 

where 𝑑𝑑𝑑𝑑 is a bias parameter represents the magnitude of the assumption violation. Under 
this sensitivity analysis model, we can express the causal incidence rate difference as a 
function of 𝑑𝑑𝑑𝑑:  
 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑑𝑑𝑑𝑑,𝐴𝐴𝐴𝐴 = 1) ≡ �𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1)� − {𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 =
0)} − 𝑑𝑑𝑑𝑑 =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 − 𝑑𝑑𝑑𝑑. (4) 
 

When 𝑑𝑑𝑑𝑑 > 0 the PERD overestimates the causal rate difference by 𝑑𝑑𝑑𝑑; conversely, if 
𝑑𝑑𝑑𝑑 < 0 the PERD underestimates the causal rate difference by the same amount. The right 
panel of Figure 4 shows the results of sensitivity analysis for our illustrative example, 
varying 𝑑𝑑𝑑𝑑 from -5 to 5 events per 1,000 person-years and estimating all quantities in 
equation (4) by their sample analogs. 

 
 

Discussion 
This paper describes the assumptions needed for the causal interpretation of PERR, an 

increasingly popular rate-change method that addresses confounding by unmeasured 

time-fixed covariates when the event of interest is recurring. We show that PERR can be 

viewed as a form of difference-in-differences analysis on the multiplicative scale and show 

how an analog of PERR on the difference scale corresponds to the usual difference-in-

differences approach that is popular in econometrics. Interestingly, we show that 

adopting the assumptions needed to endow both PERR and PERD estimates with a causal 

interpretation, has testable implications for the observed event rates that are unlikely to 

hold exactly in applications. Because the rate-change assumptions for both PERR and 

PERD analyses are unlikely to hold simultaneously, use of such analyses in applications 

requires substantive knowledge about the underlying data generating mechanism to 

identify the scale on which a rate-change identifiability condition is likely to hold. This 

result relates to the well-known dependence of difference-in-differences analyses on 

transformations of the outcome under the linear model usually employed in such analyses 

[21]; our result is distinct because it involves assumptions about the expectation of factual 

and counterfactual outcomes (i.e., the event rates) on different scales. 

 

Even if investigators are able to select the preferred scale, the relevant rate-change 

assumption is unlikely to hold exactly so we sketch simple sensitivity analysis methods 

for PERR and PERD. A benefit of our approach to sensitivity analysis is that investigators 

 is a bias parameter represents the magnitude of the assumption violation. 
Under this sensitivity analysis model, we can express the causal incidence rate difference 
as a function of 
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viewed as a form of difference-in-differences analysis on the multiplicative scale and show 

how an analog of PERR on the difference scale corresponds to the usual difference-in-

differences approach that is popular in econometrics. Interestingly, we show that 

adopting the assumptions needed to endow both PERR and PERD estimates with a causal 

interpretation, has testable implications for the observed event rates that are unlikely to 

hold exactly in applications. Because the rate-change assumptions for both PERR and 

PERD analyses are unlikely to hold simultaneously, use of such analyses in applications 

requires substantive knowledge about the underlying data generating mechanism to 

identify the scale on which a rate-change identifiability condition is likely to hold. This 

result relates to the well-known dependence of difference-in-differences analyses on 

transformations of the outcome under the linear model usually employed in such analyses 

[21]; our result is distinct because it involves assumptions about the expectation of factual 

and counterfactual outcomes (i.e., the event rates) on different scales. 

 

Even if investigators are able to select the preferred scale, the relevant rate-change 
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for PERR and PERD. A benefit of our approach to sensitivity analysis is that investigators 
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DISCUSSION

This paper describes the assumptions needed for the causal interpretation of PERR, an 
increasingly popular rate-change method that addresses confounding by unmeasured 
time-fixed covariates when the event of interest is recurring. We show that PERR can 
be viewed as a form of difference-in-differences analysis on the multiplicative scale 
and show how an analog of PERR on the difference scale corresponds to the usual 
difference-in-differences approach that is popular in econometrics. Interestingly, we 
show that adopting the assumptions needed to endow both PERR and PERD estimates 
with a causal interpretation, has testable implications for the observed event rates 
that are unlikely to hold exactly in applications. Because the rate-change assumptions 
for both PERR and PERD analyses are unlikely to hold simultaneously, use of such 
analyses in applications requires substantive knowledge about the underlying data 
generating mechanism to identify the scale on which a rate-change identifiability 
condition is likely to hold. This result relates to the well-known dependence of 
difference-in-differences analyses on transformations of the outcome under the linear 
model usually employed in such analyses [21]; our result is distinct because it involves 
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assumptions about the expectation of factual and counterfactual outcomes (i.e., the 
event rates) on different scales.

Even if investigators are able to select the preferred scale, the relevant rate-change 
assumption is unlikely to hold exactly so we sketch simple sensitivity analysis methods 
for PERR and PERD. A benefit of our approach to sensitivity analysis is that 
investigators need not have detailed background knowledge about the unmeasured 
time-varying confounding variables or their relationship with the observed data [22]. 
A potential limitation is that the elicitation of the range of the bias parameters from 
domain experts may be challenging.

For simplicity, we assumed no censoring or competing risks, and that incidence rates 
were reasonable measures of incidence. These assumptions will often be tenable over 
short periods of time, but in practical applications more refined methods will be 
needed to address censoring, competing risks, or allow more flexible modeling of 
time. Furthermore, we did not discuss conditioning on baseline (time-fixed covariates). 
As shown in Appendices 1.4 and 2.3, however, such conditioning can be handled 
easily with minor modifications of our approach (in fact, the main text of our paper 
can be read as pertaining to a single stratum of covariates that is sufficiently narrow 
as to justify the required causal assumptions, but not too narrow so as to violate 
the positivity conditions). Most methodological literature on rate-change methods 
on the multiplicative scale has focused on the hazard ratio measure, rather than the 
incidence rate ratio measure. Conceptually, our identification analysis applies with 
little modification to the hazard ratio measure (or the less commonly used odds ratio 
measure) and, when conditioning on covariates, we avoid difficulties due to the non-
collapsibility of some effect measures, such as hazard or odds ratios. For completeness, 
in Appendix 4 we consider identification of the causal hazard ratio among the treated 
by the prior event hazard ratio (PEHR) using proportional hazards models.

Our main message is that a causal interpretation of rate-change methods, even in a 
simplified scenario, requires strong and untestable assumptions. As is well-known 
[17], conventional methods that rely on conditioning on baseline covariates to 
address confounding, also require strong and untestable assumptions, most notably 
that measured covariates are adequate to render the treatment and control groups 
exchangeable. Arguably, interest in rate-change methods, and PERR in particular, 
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is motivated by the belief that the variables in routinely collected data sources do 
not meet this stringent requirement. Whether this belief is true or not needs to be 
examined on a case-by-case basis. Similarly, whether PERR or PERD methods are a 
viable alternative depends critically on the plausibility of their respective rate-change 
assumptions, and thus also needs to be examined on a case-by-case basis. Although an 
a priori preference for rate-change methods over exchangeability-based methods or vise-
versa is not defensible without reference to a particular scientific question, researchers 
might want to consider strategies to detect potential violations of exchangeability 
assumptions (e.g., using negative control outcomes [23]) or rate-change assumptions 
(e.g., by using external data on time-varying factors that affect the outcome and may 
differentially affect the treated and control groups).

We hope that our results will help researchers to make informed choices when 
considering alternative identification strategies.
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1 Identification of the causal incidence rate ratio by PERR
1.1 Identifiability conditions
We re-state the identifiability conditions from the main text:

1. Consistency among the actually treated: 

 

 
 

Why exchangeability-based methods might not work 
The most commonly used approaches [17] for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) and 
 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) rest on exchangeability (ignorability) assumptions between the 
treatment groups [18]. Specifically, these methods require that the counterfactual event 
rate in the treated group under intervention to implement the control strategy is equal to 
the factual rate in the control group, most often, within strata defined by baseline 
covariates. That is to say, the usual approaches require that, conditional on covariates, 
the observed post-treatment event rate in the control group is a good proxy for the 
counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 
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3. Common rate-change assumption on the multiplicative scale:

 

 
 

treated equals the counterfactual event rate of the same group under intervention to administer the 

control strategy. 

 

3. Common rate-change assumption on the multiplicative scale:  

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

; 

the ratio of the counterfactual post- and pre-treatment event rates among the treated 

under intervention to administer the control strategy equals the ratio of the factual 

post- and pre-treatment event rates among the control group. 

 

4. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0, so that, in large samples, we observe 

individuals in both the treated and untreated groups. 

 

5. Positivity of event rates: for all treatments 𝑎𝑎𝑎𝑎 𝑎 {0,1}, 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0 and 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0. 

 

In addition to these conditions, we assume that all subjects can be observed from the start 
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1.2 Identification
We will show that under the identifiability conditions described above, the causal 
incidence rate ratio 

 

 
 

Why exchangeability-based methods might not work 
The most commonly used approaches [17] for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) and 
 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) rest on exchangeability (ignorability) assumptions between the 
treatment groups [18]. Specifically, these methods require that the counterfactual event 
rate in the treated group under intervention to implement the control strategy is equal to 
the factual rate in the control group, most often, within strata defined by baseline 
covariates. That is to say, the usual approaches require that, conditional on covariates, 
the observed post-treatment event rate in the control group is a good proxy for the 
counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 
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Identifiability conditions: 

The following identifiability conditions are sufficient for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1). 

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1); among the treated group, the 

counterfactual event rate under intervention to assign treatment is equal to the factual rate. 

 

2. Hypothetical intervention to administer the control strategy does not affect the pre-treatment event 

rate among the treated: 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1); the factual pre-treatment event rate among the 

 equals the prior event rate ratio (PERR), defined 
as

 

 
 

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

. (1) 

 
 

Identification of the causal rate difference 

Astute readers will have perceived the similarity between PERR and the assumptions 

needed for it to have a causal interpretation, and so-called “difference-in-differences” 

methods [14]. The connection stems from the fact that both PERR and difference-in-

differences methods use the change between the pre- and post-treatment period in the 

“average” factual outcome among the control group as a proxy for the change between the 

pre- and post-treatment period in the counterfactual outcome among the treated group, 

under intervention to administer the control strategy. The difference is that in 

conventional difference-in-differences analyses the assumption is usually made on the 

additive scale (i.e., change over time is expressed as a difference), whereas in PERR 

analyses the assumption is made on the multiplicative scale (i.e., change over time is 

expressed as a ratio). The connection between PERR and difference-in-differences 

analyses suggests that with slight modification of the identifiability conditions for the 

causal incidence rate ratio, we should be able to identify the causal incidence rate 

difference. 

 
Identifiability conditions: 

We replace identifiability condition 3 with the following alternative: 

3 ∗. Common rate-change assumption on the additive scale:  

 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0); 

 

the difference between the counterfactual post- and pre-treatment event rate among the 

treated group under intervention to administer the control strategy, is equal to the 

difference of the factual post- and pre-treatment event rate among the control group. 

 

Furthermore, we retain assumptions 1, 2, and 4, but not assumption 5 (i.e., we no longer 

need to assume that the event rates are strictly positive). 

.

Starting with the right-hand-side of the above expression,
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1  Identification of the causal incidence rate ratio by PERR 
 1.1 Identifiability conditions 

We re-state the identifiability conditions from the main text: 

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1). 

2. Hypothetical intervention to administer the control strategy does not affect the pre-treatment event 

rate among the treated: 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1). 

3. Common rate-change assumption on the multiplicative scale: 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)

. 

4. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

5. Positivity of event rates: for 𝑎𝑎𝑎𝑎 𝑎 {0,1}, 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0 and 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) > 0. 

 
1.2  Identification 
 
We will show that under the identifiability conditions described above, the causal 

incidence rate ratio  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) equals the prior event rate ratio (PERR), defined as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 ≡ 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)

. 

  

Starting with the right-hand-side of the above expression,  

 

 

𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)

× 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝑎𝑎)

=
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)

× 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝐴𝐴𝐴𝐴𝑎𝑎)

=
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝑎𝑎)

≡  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1),

 

  
where the first equality is just an algebraic re-writing of the definition of PERR, the 
second equality uses assumptions 1 through 3, the third from cancellation of terms, 
and the last from the definition of the causal incidence rate ratio.



215

Supporting information

1.3 Examples of violations of the identifiability conditions
As noted in the main text, identifiability conditions 1 through 3, which directly involve 
counterfactual quantities, make up the core of the PERR method and cannot be verified 
using observed data (i.e., they are untestable). Their plausibility is context- dependent, 
and can only be assessed using background knowledge. To develop intuition for these 
three conditions, we now discuss how they might be violated in applications.

Assumption 1 is violated if the treated group (

 

 
 

Why exchangeability-based methods might not work 
The most commonly used approaches [17] for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) and 
 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) rest on exchangeability (ignorability) assumptions between the 
treatment groups [18]. Specifically, these methods require that the counterfactual event 
rate in the treated group under intervention to implement the control strategy is equal to 
the factual rate in the control group, most often, within strata defined by baseline 
covariates. That is to say, the usual approaches require that, conditional on covariates, 
the observed post-treatment event rate in the control group is a good proxy for the 
counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 
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where the first equality is just an algebraic re-writing of the definition of PERR, the second 

equality uses assumptions 1 through 3, the third from cancellation of terms, and the last 

from the definition of the causal incidence rate ratio. 

 
1.3  Examples of violations of the identifiability conditions 

  

As noted in the main text, identifiability conditions 1 through 3, which directly involve 

counterfactual quantities, make up the core of the PERR method and cannot be verified 

using observed data (i.e., they are untestable). Their plausibility is context- dependent, 

and can only be assessed using background knowledge. To develop intuition for these 

three conditions, we now discuss how they might be violated in applications. 

 

Assumption 1 is violated if the treated group (𝐴𝐴𝐴𝐴 = 1), would have a different outcome rate 

in the post-period under (hypothetical) intervention to administer the treatment strategy 

𝑎𝑎𝑎𝑎 = 1, for example, if the implementation of the intervention has an effect on the outcome 

not through treatment itself. Furthermore, implicit in our notation is that 𝑎𝑎𝑎𝑎 = 1 is a well-

defined intervention. For example, assumption 1 is not meaningful when treatment 

variation irrelevance [24] does not hold for different proton pump inhibitors (i.e., when 

different proton pump inhibitors in use have different effects on the outcome). 

 

Assumption 2 is violated if the hypothetical intervention to administer the control 

strategy (i.e., to set 𝑎𝑎𝑎𝑎 = 0) would lead to behavior changes among members of the treated 

group (𝐴𝐴𝐴𝐴 = 1) that would change the rate in the pre-treatment period. For example, if the 

group that normally would have received treatment, upon learning that treatment might 

be denied, changes their behavior in a way that affects the pre-treatment event rate (e.g., 

by adopting ancillary interventions during the pre-treatment period). 

 

Assumption 3 is violated when time-varying factors that affect the outcome differ between 
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interventions during the post-treatment period that affect the outcome and are not 

provided to the treated group, then the observed ratio of the pre- and post-treatment 

period rates in the control group may not be representative of the ratio of the 

, for example, if the implementation of the intervention has an effect 
on the outcome not through treatment itself. Furthermore, implicit in our notation is 
that 

 

 
 

where the first equality is just an algebraic re-writing of the definition of PERR, the second 

equality uses assumptions 1 through 3, the third from cancellation of terms, and the last 

from the definition of the causal incidence rate ratio. 

 
1.3  Examples of violations of the identifiability conditions 

  

As noted in the main text, identifiability conditions 1 through 3, which directly involve 

counterfactual quantities, make up the core of the PERR method and cannot be verified 

using observed data (i.e., they are untestable). Their plausibility is context- dependent, 

and can only be assessed using background knowledge. To develop intuition for these 

three conditions, we now discuss how they might be violated in applications. 

 

Assumption 1 is violated if the treated group (𝐴𝐴𝐴𝐴 = 1), would have a different outcome rate 

in the post-period under (hypothetical) intervention to administer the treatment strategy 

𝑎𝑎𝑎𝑎 = 1, for example, if the implementation of the intervention has an effect on the outcome 

not through treatment itself. Furthermore, implicit in our notation is that 𝑎𝑎𝑎𝑎 = 1 is a well-

defined intervention. For example, assumption 1 is not meaningful when treatment 

variation irrelevance [24] does not hold for different proton pump inhibitors (i.e., when 

different proton pump inhibitors in use have different effects on the outcome). 

 

Assumption 2 is violated if the hypothetical intervention to administer the control 

strategy (i.e., to set 𝑎𝑎𝑎𝑎 = 0) would lead to behavior changes among members of the treated 

group (𝐴𝐴𝐴𝐴 = 1) that would change the rate in the pre-treatment period. For example, if the 

group that normally would have received treatment, upon learning that treatment might 

be denied, changes their behavior in a way that affects the pre-treatment event rate (e.g., 

by adopting ancillary interventions during the pre-treatment period). 

 

Assumption 3 is violated when time-varying factors that affect the outcome differ between 

the treated and control groups. For example, if the control group receives ancillary 

interventions during the post-treatment period that affect the outcome and are not 

provided to the treated group, then the observed ratio of the pre- and post-treatment 

period rates in the control group may not be representative of the ratio of the 

 is a well-defined intervention. For example, assumption 1 is not meaningful 
when treatment variation irrelevance [24] does not hold for different proton pump 
inhibitors (i.e., when different proton pump inhibitors in use have different effects 
on the outcome).

Assumption 2 is violated if the hypothetical intervention to administer the control 
strategy (i.e., to set 

 

 
 

where the first equality is just an algebraic re-writing of the definition of PERR, the second 

equality uses assumptions 1 through 3, the third from cancellation of terms, and the last 

from the definition of the causal incidence rate ratio. 

 
1.3  Examples of violations of the identifiability conditions 

  

As noted in the main text, identifiability conditions 1 through 3, which directly involve 

counterfactual quantities, make up the core of the PERR method and cannot be verified 

using observed data (i.e., they are untestable). Their plausibility is context- dependent, 

and can only be assessed using background knowledge. To develop intuition for these 

three conditions, we now discuss how they might be violated in applications. 

 

Assumption 1 is violated if the treated group (𝐴𝐴𝐴𝐴 = 1), would have a different outcome rate 

in the post-period under (hypothetical) intervention to administer the treatment strategy 

𝑎𝑎𝑎𝑎 = 1, for example, if the implementation of the intervention has an effect on the outcome 

not through treatment itself. Furthermore, implicit in our notation is that 𝑎𝑎𝑎𝑎 = 1 is a well-

defined intervention. For example, assumption 1 is not meaningful when treatment 

variation irrelevance [24] does not hold for different proton pump inhibitors (i.e., when 

different proton pump inhibitors in use have different effects on the outcome). 

 

Assumption 2 is violated if the hypothetical intervention to administer the control 

strategy (i.e., to set 𝑎𝑎𝑎𝑎 = 0) would lead to behavior changes among members of the treated 

group (𝐴𝐴𝐴𝐴 = 1) that would change the rate in the pre-treatment period. For example, if the 

group that normally would have received treatment, upon learning that treatment might 

be denied, changes their behavior in a way that affects the pre-treatment event rate (e.g., 

by adopting ancillary interventions during the pre-treatment period). 

 

Assumption 3 is violated when time-varying factors that affect the outcome differ between 

the treated and control groups. For example, if the control group receives ancillary 

interventions during the post-treatment period that affect the outcome and are not 

provided to the treated group, then the observed ratio of the pre- and post-treatment 

period rates in the control group may not be representative of the ratio of the 

) would lead to behavior changes among members of the 
treated group (

 

 
 

Why exchangeability-based methods might not work 
The most commonly used approaches [17] for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) and 
 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1) rest on exchangeability (ignorability) assumptions between the 
treatment groups [18]. Specifically, these methods require that the counterfactual event 
rate in the treated group under intervention to implement the control strategy is equal to 
the factual rate in the control group, most often, within strata defined by baseline 
covariates. That is to say, the usual approaches require that, conditional on covariates, 
the observed post-treatment event rate in the control group is a good proxy for the 
counterfactual event rate for the treated group, under intervention to implement the 
control strategy. This assumption is often questionable in pharmacoepidemiologic studies 
because it requires that baseline covariates are sufficiently information-rich to remove all 
confounding. 
 
In our illustrative example, we might be suspicious of the assumption that all confounding 
factors are sufficiently captured in the observational data. For example, comorbid 
conditions were categorized on the basis of the Charlson score, obtained using diagnostic 
codes extracted from electronic health records. For many chronic diseases such 
information does not differentiate between different severity levels or reflect how well 
disease is controlled by treatment. Limitations like these might explain why the authors 
themselves considered that treatment effect estimates obtained from methods that 
require exchangeability of the treatment groups conditional on baseline time-fixed 
covariates were likely affected by residual confounding [5]. 
 
A substantial body of recent work has argued that rate-change methods can overcome 
these limitations by allowing identification of the causal quantities of interest even in the 
presence of confounding by unmeasured baseline variables. To our knowledge, these 
arguments have not been couched in explicitly causal terms, and we undertake the task 
in the next section. 

 
Identification of the causal rate ratio by PERR 
 
 
Identifiability conditions: 

The following identifiability conditions are sufficient for identifying  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝐴𝐴𝐴𝐴 = 1). 

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1); among the treated group, the 

counterfactual event rate under intervention to assign treatment is equal to the factual rate. 

 

2. Hypothetical intervention to administer the control strategy does not affect the pre-treatment event 

rate among the treated: 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1); the factual pre-treatment event rate among the ) that would change the rate in the pre-treatment period. For 
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period).

Assumption 3 is violated when time-varying factors that affect the outcome differ 
between the treated and control groups. For example, if the control group receives 
ancillary interventions during the post-treatment period that affect the outcome 
and are not provided to the treated group, then the observed ratio of the pre- and 
post-treatment period rates in the control group may not be representative of the 
ratio of the counterfactual pre- and post-treatment period rates in the treated group 
under intervention to administer the control strategy. Furthermore, environmental 
(e.g., epidemic waves in infectious disease applications) or policy changes (e.g., 
implementation of clinical practice guidelines or reimbursement decisions) that occur 
over time and differentially impact the treated and control group can lead to violations 
of the assumption.
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Chapter 6

1.4 Identification conditional on covariates
For completeness, we show how to extend the results in the previous section to use 
baseline time-fixed covariates. Let 
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intervention to administer the control strategy. Furthermore, environmental (e.g., 

epidemic waves in infectious disease applications) or policy changes (e.g., 

implementation of clinical practice guidelines or reimbursement decisions) that occur 

over time and differentially impact the treated and control group can lead to violations of 
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1.4  Identification conditional on covariates 

 

For completeness, we show how to extend the results in the previous section to use 

baseline time-fixed covariates. Let 𝑋𝑋𝑋𝑋 denote these covariates (unaffected by treatment); 

𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual (potential) post-treatment event rate 

had we intervened to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual post-

treatment event rate had we intervened to implement the treatment strategy 𝑎𝑎𝑎𝑎 = 1 to the 

treated group with covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional 

counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  

 
  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)

𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
, 

 
 and the conditional causal incidence rate ratio as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
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The modified identifiability conditions for the conditional causal incidence rate ratio are:  

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 
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counterfactual quantities, make up the core of the PERR method and cannot be verified 

using observed data (i.e., they are untestable). Their plausibility is context- dependent, 

and can only be assessed using background knowledge. To develop intuition for these 

three conditions, we now discuss how they might be violated in applications. 

 

Assumption 1 is violated if the treated group (𝐴𝐴𝐴𝐴 = 1), would have a different outcome rate 

in the post-period under (hypothetical) intervention to administer the treatment strategy 

𝑎𝑎𝑎𝑎 = 1, for example, if the implementation of the intervention has an effect on the outcome 

not through treatment itself. Furthermore, implicit in our notation is that 𝑎𝑎𝑎𝑎 = 1 is a well-

defined intervention. For example, assumption 1 is not meaningful when treatment 

variation irrelevance [24] does not hold for different proton pump inhibitors (i.e., when 

different proton pump inhibitors in use have different effects on the outcome). 

 

Assumption 2 is violated if the hypothetical intervention to administer the control 

strategy (i.e., to set 𝑎𝑎𝑎𝑎 = 0) would lead to behavior changes among members of the treated 

group (𝐴𝐴𝐴𝐴 = 1) that would change the rate in the pre-treatment period. For example, if the 

group that normally would have received treatment, upon learning that treatment might 

be denied, changes their behavior in a way that affects the pre-treatment event rate (e.g., 

by adopting ancillary interventions during the pre-treatment period). 

 

Assumption 3 is violated when time-varying factors that affect the outcome differ between 

the treated and control groups. For example, if the control group receives ancillary 

interventions during the post-treatment period that affect the outcome and are not 

provided to the treated group, then the observed ratio of the pre- and post-treatment 

period rates in the control group may not be representative of the ratio of the 
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counterfactual pre- and post-treatment period rates in the treated group under 

intervention to administer the control strategy. Furthermore, environmental (e.g., 

epidemic waves in infectious disease applications) or policy changes (e.g., 

implementation of clinical practice guidelines or reimbursement decisions) that occur 

over time and differentially impact the treated and control group can lead to violations of 

the assumption. 

 

1.4  Identification conditional on covariates 

 

For completeness, we show how to extend the results in the previous section to use 

baseline time-fixed covariates. Let 𝑋𝑋𝑋𝑋 denote these covariates (unaffected by treatment); 

𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual (potential) post-treatment event rate 

had we intervened to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual post-

treatment event rate had we intervened to implement the treatment strategy 𝑎𝑎𝑎𝑎 = 1 to the 

treated group with covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional 

counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  
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𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
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The modified identifiability conditions for the conditional causal incidence rate ratio are:  
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where the first equality is just an algebraic re-writing of the definition of PERR, the second 

equality uses assumptions 1 through 3, the third from cancellation of terms, and the last 

from the definition of the causal incidence rate ratio. 

 
1.3  Examples of violations of the identifiability conditions 

  

As noted in the main text, identifiability conditions 1 through 3, which directly involve 

counterfactual quantities, make up the core of the PERR method and cannot be verified 

using observed data (i.e., they are untestable). Their plausibility is context- dependent, 

and can only be assessed using background knowledge. To develop intuition for these 

three conditions, we now discuss how they might be violated in applications. 

 

Assumption 1 is violated if the treated group (𝐴𝐴𝐴𝐴 = 1), would have a different outcome rate 

in the post-period under (hypothetical) intervention to administer the treatment strategy 

𝑎𝑎𝑎𝑎 = 1, for example, if the implementation of the intervention has an effect on the outcome 

not through treatment itself. Furthermore, implicit in our notation is that 𝑎𝑎𝑎𝑎 = 1 is a well-

defined intervention. For example, assumption 1 is not meaningful when treatment 

variation irrelevance [24] does not hold for different proton pump inhibitors (i.e., when 

different proton pump inhibitors in use have different effects on the outcome). 

 

Assumption 2 is violated if the hypothetical intervention to administer the control 

strategy (i.e., to set 𝑎𝑎𝑎𝑎 = 0) would lead to behavior changes among members of the treated 

group (𝐴𝐴𝐴𝐴 = 1) that would change the rate in the pre-treatment period. For example, if the 

group that normally would have received treatment, upon learning that treatment might 

be denied, changes their behavior in a way that affects the pre-treatment event rate (e.g., 

by adopting ancillary interventions during the pre-treatment period). 

 

Assumption 3 is violated when time-varying factors that affect the outcome differ between 

the treated and control groups. For example, if the control group receives ancillary 

interventions during the post-treatment period that affect the outcome and are not 

provided to the treated group, then the observed ratio of the pre- and post-treatment 

period rates in the control group may not be representative of the ratio of the 
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treatment event rate had we intervened to implement the treatment strategy 𝑎𝑎𝑎𝑎 = 1 to the 

treated group with covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional 

counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  

 
  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
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 and the conditional causal incidence rate ratio as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
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𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
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The modified identifiability conditions for the conditional causal incidence rate ratio are:  

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

. Last, for covariate pattern 
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𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual (potential) post-treatment event rate 

had we intervened to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group with 
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counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  
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The modified identifiability conditions for the conditional causal incidence rate ratio are:  

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 
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𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual (potential) post-treatment event rate 

had we intervened to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group with 
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treatment event rate had we intervened to implement the treatment strategy 𝑎𝑎𝑎𝑎 = 1 to the 

treated group with covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional 

counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  
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where the first equality follows from conditions 1 and 2; the second from condition 
3*, the third from cancellation of terms; and the last from the definition of the causal 
incide rate difference.

2.3 Identification conditional on covariates
For completeness, we again show how to extend the results in the previous section 
to use baseline time-fixed covariates. As for the PERR results presented above, 

 

 
 

counterfactual pre- and post-treatment period rates in the treated group under 
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the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  
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 and the conditional causal incidence rate ratio as  
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The modified identifiability conditions for the conditional causal incidence rate ratio are:  

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

 
denotes these baseline covariates. For covariate pattern 

 

 
 

counterfactual pre- and post-treatment period rates in the treated group under 

intervention to administer the control strategy. Furthermore, environmental (e.g., 

epidemic waves in infectious disease applications) or policy changes (e.g., 

implementation of clinical practice guidelines or reimbursement decisions) that occur 

over time and differentially impact the treated and control group can lead to violations of 

the assumption. 

 

1.4  Identification conditional on covariates 

 

For completeness, we show how to extend the results in the previous section to use 

baseline time-fixed covariates. Let 𝑋𝑋𝑋𝑋 denote these covariates (unaffected by treatment); 

𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual (potential) post-treatment event rate 

had we intervened to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional counterfactual post-

treatment event rate had we intervened to implement the treatment strategy 𝑎𝑎𝑎𝑎 = 1 to the 

treated group with covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥; 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) the conditional 

counterfactual pre-treatment event rate had we intervened to administer the control 

strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group; and 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) and 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) denote 

the factual pre- and post-treatment event rate, respectively, among individuals with 

covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. Last, for covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 

define the conditional prior event rate ratio as  

 
  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)

𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)/𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
, 

 
 and the conditional causal incidence rate ratio as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑋𝑋𝑋𝑋𝑎𝑋𝑋𝑋𝑋,𝐴𝐴𝐴𝐴𝑎𝑎)

. 

  

The modified identifiability conditions for the conditional causal incidence rate ratio are:  

1. Consistency among the actually treated: 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

 define the conditional 
prior event rate difference as

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). 

 

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). 

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). 

,

and the conditional causal incidence rate difference as

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). 

.

The modified identifiability condition for the conditional causal incidence rate 
difference are:

3*. Common rate-change assumption on the additive scale:

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). 

;



219

Supporting information

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 
(i.e., we no longer need to assume that the event rates are positive). Under these 
identifiability conditions, the conditional causal incidence rate difference is identified 
by the conditional prior event rate difference; that is,

 

 
 

 

 where the first equality follows from conditions 1 and 2; the second from condition 3 ∗, 

the third from cancellation of terms; and the last from the definition of the causal incide 

rate difference. 

 

2.3  Identification conditional on covariates 

 

For completeness, we again show how to extend the results in the previous section to use 

baseline time-fixed covariates. As for the PERR results presented above, 𝑋𝑋𝑋𝑋 denotes these 

baseline covariates. For covariate pattern 𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥 define the conditional prior event rate 

difference as  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥) ≡ {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1)} − {𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 =

𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0)}, 

 

 and the conditional causal incidence rate difference as  

 

  𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) ≡ 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1). 

  

The modified identifiability condition for the conditional causal incidence rate difference 

are: 

 

  3 ∗. Common rate-change assumption on the additive scale:  

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 0); 

 

Furthermore, we retain assumptions 1, 2, and 4, but no longer need assumption 5 (i.e., 

we no longer need to assume that the event rates are positive). Under these identifiability 

conditions, the conditional causal incidence rate difference is identified by the conditional 

prior event rate difference; that is,  

 

 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼causal(𝑋𝑋𝑋𝑋 = 𝑥𝑥𝑥𝑥,𝐴𝐴𝐴𝐴 = 1) =  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 (𝑥𝑥𝑥𝑥). .

3 Should we use PERR or PERD?
3.1 Observed data implications of the identifiability conditions for PERR and PERD
Suppose that the conditions needed for both PERR and PERD to have a causal 
interpretation held simultaneously. Then, the two rate-change conditions, would be

 

 
 

3  Should we use PERR or PERD? 
  

3.1  Observed data implications of the identifiability conditions for PERR and PERD 

 

Suppose that the conditions needed for both PERR and PERD to have a causal 

interpretation held simultaneously. Then, the two rate-change conditions, would be  

 

 
𝑟𝑟𝑟𝑟post
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)

= 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

 

 

and  

 

 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) − 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0). 

 

By rewriting the first condition as 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

, inserting the 

result into the expression for the second condition, and using straightforward algebraic 

manipulations, we obtain  

     {𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) − 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0)} �𝑟𝑟𝑟𝑟pre
𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴𝐴𝐴)
𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴𝐴𝐴)

− 1� = 0, 

 which implies that  

 {𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) 𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟pre𝑎𝑎𝑎𝑎𝐴𝐴(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0)}, 

 

and, by condition 2, that  

     {𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 0) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0) 𝑜𝑜𝑜𝑜𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 1) = 𝑟𝑟𝑟𝑟pre(𝐴𝐴𝐴𝐴 = 0)}. 

 

In summary, if the conditions that are needed to endow both PERR and PERD with a 

causal interpretation hold simultaneously, then it has to be that the pre- and post-

treatment event rates among the control group are equal (i.e., there was no change over 

time in the control group) or the pre-treatment event rates of the treated and control 
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, inserting the 

result into the expression for the second condition, and using straightforward algebraic 
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In summary, if the conditions that are needed to endow both PERR and PERD with a 

causal interpretation hold simultaneously, then it has to be that the pre- and post-

treatment event rates among the control group are equal (i.e., there was no change over 

time in the control group) or the pre-treatment event rates of the treated and control 
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Chapter 6

In summary, if the conditions that are needed to endow both PERR and PERD with 
a causal interpretation hold simultaneously, then it has to be that the pre- and post-
treatment event rates among the control group are equal (i.e., there was no change over 
time in the control group) or the pre-treatment event rates of the treated and control 
group are equal (i.e., there is an indication that the treatment and control groups are 
similar during the pre-treatment period).

The conditions 

 

 
 

group are equal (i.e., there is an indication that the treatment and control groups are 
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the observed data and thus if one of them is rejected by the data with high confidence, 

then we could infer that at least one of the conditions needed for both PERR and PERD 

to have a causal interpretation does not hold. Such rejection does not imply that either 

PERR or PERD have a causal interpretation; it only implies that at most one of PERR or 

PERD can have a causal interpretation in the particular application. In such cases, it is 

not sensible to conduct both PERR and PERD analyses on the same data. In fact, because 

neither of the observed data conditions we derived above is likely to hold in practice, it 

will usually be necessary to rely on background knowledge to choose on which scale a 

rate-change condition is most likely to hold and, thus, to decide whether PERR or PERD 

analysis is most appropriate. 

 

3.2  Implications for the counterfactual event rate among the treated under intervention to 

administer the control strategy 

 

When the assumptions needed to endow both PERR and PERD with a causal 

interpretation hold, the two methods lead to the same inferences about the counterfactual 

post-treatment rate in the treated group, under intervention to administer the control 

strategy, 𝑟𝑟𝑟𝑟post𝑎𝑎𝑎𝑎𝑎𝑎(𝐴𝐴𝐴𝐴 = 1). Using the identification result for PERR, consistency among the 

actually treated (condition 1), and positivity of 𝑟𝑟𝑟𝑟post(𝐴𝐴𝐴𝐴 = 1) (condition 5), we obtain 
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an identification strategy for the causal hazard ratio among the treated that relates 
closely to the strategies we used to identify the causal rate ratio and rate difference. The 
strategy can be extended to more complex schemes for failure-time outcomes (e.g., see 
[13]) but a detailed treatment of each of these schemes is outside the scope of this paper.
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Under this definition, the hazard ratio in the post-treatment period may vary over time. 
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; among the treated group, the counterfactual hazard rate under 
intervention to assign treatment is equal to the factual hazard rate.

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 
period hazard rate among the treated: 

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

 
the factual pre-treatment hazard rate among the treated equals the counterfactual 
hazard rate of the same group under intervention to administer the control 
strategy.

HR3. Proportional hazards in the pre-treatment period: 

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

  

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

; this assumption states that the hazard ratio 
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comparing the treated and untreated group during the pre-treatment period 
does not vary over time.

HR4. Proportional hazards in the post-treatment period: 

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

  

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 

 

 
 

  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) ≡
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

. 

  

Under this definition, the hazard ratio in the post-treatment period may vary over time. 

 

4.3  Identification of the causal hazard rate ratio by PEHR 

 

 

4.3.1  Identifiability conditions 

 

We assume that the following identifiability conditions hold: 

HR1. Consistency among the actually treated: ℎpost𝑎𝑎𝑎𝑎𝐴𝐴 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; 

among the treated group, the counterfactual hazard rate under intervention to assign 

treatment is equal to the factual hazard rate. 

HR2. Hypothetical intervention to withhold treatment does not affect the pre-treatment 

period hazard rate among the treated: ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; the 

factual pre-treatment hazard rate among the treated equals the counterfactual 

hazard rate of the same group under intervention to administer the control strategy. 

HR3. Proportional hazards in the pre-treatment period: ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽pre), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre; this assumption states that the hazard ratio comparing the 

treated and untreated group during the pre-treatment period does not vary over 

time. 

HR4. Proportional hazards in the post-treatment period: ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 =

0)exp(𝛽𝛽𝛽𝛽post), 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; this assumption states that the hazard ratio comparing the 

treated and untreated group during the post-treatment period does not vary over 

time. 

HR5. Common hazard ratio assumption:  

ℎpost𝑎𝑎𝑎𝑎𝐴𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

=
ℎpre𝑎𝑎𝑎𝑎𝐴𝑎(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1)
ℎpre(𝑡𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 0)

,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡pre. 

HR6. Positivity of the treatment probability: 1 > Pr[𝐴𝐴𝐴𝐴 = 1] > 0. 
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0, for 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡post; and 𝛽𝛽𝛽𝛽pre and 𝛽𝛽𝛽𝛽post are real numbers (i.e., not infinite). 

 

In addition to these conditions, we assume that all subjects can be observed from the start 

of the pre-treatment until the end of the post-treatment period. Extensions to address 

identification in the presence of drop-out or competing events are possible but beyond 

the scope of this paper. 
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4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 

hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, among individuals who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎; and 

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the post-treatment hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, among individuals who 

received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 

 

For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, let ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate 

under intervention to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group and 
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ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual pre-treatment hazard rate had we intervened to 

administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group. We define the causal hazard 

ratio (HR) among the treated at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, as  
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 are real numbers (i.e., 
not infinite).

In addition to these conditions, we assume that all subjects can be observed from the 
start of the pre-treatment until the end of the post-treatment period. Extensions to 
address identification in the presence of drop-out or competing events are possible but 
beyond the scope of this paper.

4.3.2 Identification
We will show that under identifiability conditions HR1 through HR7 described above, 
the causal hazard ratio among the treated 

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 

identifiable by the population prior event ratio of hazard ratios (PEHR),  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

,   𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑤  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎  𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡  𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 . 

 

To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
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 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
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𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
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where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
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4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 
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received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 
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ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate under intervention to 

administer the treatment strategy 𝑎𝑎𝑎𝑎 = 1 in the treated group;]. For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, let 
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are well-defined by condition HR6.
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Next, by assumptions HR3 and HR7, 

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 
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  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

,   𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑤  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎  𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡  𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 . 

 

To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, (1) 

 

 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post 

and is positive. Using assumption 1, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽post) =
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
, (2) 

  

where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ 𝑎 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post, 

 

, 

which does not vary over 

 

 
 

  

4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 

hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, among individuals who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎; and 

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the post-treatment hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, among individuals who 

received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 

 

For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, let ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate 

under intervention to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group and 

ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate under intervention to 

administer the treatment strategy 𝑎𝑎𝑎𝑎 = 1 in the treated group;]. For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, let 

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual pre-treatment hazard rate had we intervened to 

administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group. We define the causal hazard 

ratio (HR) among the treated at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, as  

 

 and is positive. Using assumption HR2, this result 
implies that

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 

identifiable by the population prior event ratio of hazard ratios (PEHR),  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

,   𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑤  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎  𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡  𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 . 

 

To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, (1) 

 

 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post 

and is positive. Using assumption 1, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽post) =
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
, (2) 

  

where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ 𝑎 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post, 

 

, (1)
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4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 

hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, among individuals who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎; and 

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the post-treatment hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, among individuals who 

received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 

 

For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, let ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate 

under intervention to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group and 

ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate under intervention to 

administer the treatment strategy 𝑎𝑎𝑎𝑎 = 1 in the treated group;]. For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, let 

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual pre-treatment hazard rate had we intervened to 

administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group. We define the causal hazard 

ratio (HR) among the treated at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, as  

 

 and is positive.

By assumptions HR4 and HR7, 

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 

identifiable by the population prior event ratio of hazard ratios (PEHR),  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)
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To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
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 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post 

and is positive. Using assumption 1, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽post) =
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
, (2) 

  

where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ 𝑎 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post, 

 

, 

which does not vary over 

 

 
 

  

4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 

hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, among individuals who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎; and 

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the post-treatment hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, among individuals who 

received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 

 

For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, let ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate 

under intervention to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group and 

ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate under intervention to 

administer the treatment strategy 𝑎𝑎𝑎𝑎 = 1 in the treated group;]. For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, let 

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual pre-treatment hazard rate had we intervened to 

administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group. We define the causal hazard 

ratio (HR) among the treated at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, as  

 

 and is positive. Using assumption 1, this result 
implies that

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 

identifiable by the population prior event ratio of hazard ratios (PEHR),  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

,   𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑤  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎  𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡  𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 . 

 

To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, (1) 

 

 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post 

and is positive. Using assumption 1, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽post) =
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
, (2) 

  

where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ 𝑎 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post, 

 

, (2)

where the right-hand-side also does not vary over 

 

 
 

  

4  Identification of the causal hazard ratio by PEHR 
  

 

4.1  Observed data 

 

We assume a common time origin at the beginning of the pre-treatment period (𝑡𝑡𝑡𝑡 = 0); 

the interval 𝑇𝑇𝑇𝑇pre represents time from the origin to the end of the pre-treatment period 

and the interval 𝑇𝑇𝑇𝑇post represents time from the start of treatment to the end of the post-

treatment period (i.e., the end of the study). Let ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the pre-treatment 

hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, among individuals who received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎; and 

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎) be the post-treatment hazard rate at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, among individuals who 

received treatment 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎. As in the main text, we take treatment 𝐴𝐴𝐴𝐴 to be binary, so that 

𝑎𝑎𝑎𝑎 𝑡 {0,1} and we assume that the outcome of interest can recur (i.e., it is not a terminal 

outcome). This simple scheme for failure-time outcomes allows us to illustrate an 

identification strategy for the causal hazard ratio among the treated that relates closely to 

the strategies we used to identify the causal rate ratio and rate difference. The strategy 

can be extended to more complex schemes for failure-time outcomes (e.g., see [13]) but a 

detailed treatment of each of these schemes is outside the scope of this paper. 

 

4.2  Causal quantities of interest 

 

For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, let ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate 

under intervention to administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group and 

ℎpost𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual post-treatment hazard rate under intervention to 

administer the treatment strategy 𝑎𝑎𝑎𝑎 = 1 in the treated group;]. For time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇pre, let 

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) be the counterfactual pre-treatment hazard rate had we intervened to 

administer the control strategy 𝑎𝑎𝑎𝑎 = 0 in the treated group. We define the causal hazard 

ratio (HR) among the treated at time 𝑡𝑡𝑡𝑡 𝑡 𝑇𝑇𝑇𝑇post, as  

 

 and is positive.

Using the definition of PEHR, and the results in (1) and (2), we obtain

 

 
 

4.3.2  Identification 

We will show that under identifiability conditions HR1 through HR7 described above, the 

causal hazard ratio among the treated  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1) does not vary over time and is 

identifiable by the population prior event ratio of hazard ratios (PEHR),  

 

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

,   𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑤  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜  𝑑𝑑𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑎𝑎𝑎𝑎  𝑎𝑎𝑎𝑎𝑜𝑜𝑜𝑜𝑡𝑡𝑡𝑡  𝑒𝑒𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡𝑜𝑜𝑜𝑜 . 

 

To derive the identification result, first, note that PEHR is well-defined by assumption 

HR7 and throuhgout this derivation all quantities conditional on 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎, for 𝑎𝑎𝑎𝑎 𝑎 {0,1} are 

well-defined by condition HR6. 

Next, by assumptions HR3 and HR7, exp(𝛽𝛽𝛽𝛽pre) = ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎

𝑇𝑇𝑇𝑇pre and is positive. Using assumption HR2, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, (1) 

 

 where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇pre and is positive. 

 

By assumptions HR4 and HR7, exp(𝛽𝛽𝛽𝛽post) = ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

, which does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post 

and is positive. Using assumption 1, this result implies that  

 

 exp(𝛽𝛽𝛽𝛽post) =
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
, (2) 

  

where the right-hand-side also does not vary over 𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post and is positive. 

Using the definition of PEHR, and the results in (1) and (2), we obtain 

  

  𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
,   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ 𝑎 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 𝑎 𝑇𝑇𝑇𝑇post, 

 

,

and where the far right-hand-side does not vary over 

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

 or 

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

.
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Supporting information

By assumption HR5, we can re-write the above result as

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

 where all ratios or ratios-of-ratios do not vary over 

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

 or 

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

.

Remark:

As shown above, 

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  

 

 exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

Because the far left-hand-side does not vary over time, it has to be that  

 

 
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
= ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
   𝑓𝑓𝑓𝑓𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre   𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑒𝑒   𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

This expression is analogous to the rate-change assumptions in the main text. 

 

  

, and thus, using assumption HR5,

 

 
 

and where the far right-hand-side does not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

 

By assumption HR5, we can re-write the above result as  

 

 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 ≡ exp(𝛽𝛽𝛽𝛽post)
exp(𝛽𝛽𝛽𝛽pre)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)/ℎpost(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

=
ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

ℎpost
𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴𝐴𝐴)

≡  𝐻𝐻𝐻𝐻𝐼𝐼𝐼𝐼 causal(𝑡𝑡𝑡𝑡,𝐴𝐴𝐴𝐴 = 1),

 

 

 where all ratios or ratios-of-ratios do not vary over 𝑡𝑡𝑡𝑡′ ∈ 𝑇𝑇𝑇𝑇pre or 𝑡𝑡𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇post. 

  

Remark: 

 As shown above, exp(𝛽𝛽𝛽𝛽pre) = ℎpre𝑎𝑎𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)
ℎpre(𝑡𝑡𝑡𝑡′,𝐴𝐴𝐴𝐴𝐴𝐴)

, and thus, using assumption HR5,  
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This expression is analogous to the rate-change assumptions in the main text.

5 Identifiability conditions of PERR in comparative influenza effectiveness 
studies
This Appendix is not part of the publication in the American Journal of Epidemiology

5.1 Introduction
Retrospective cohort studies comparing the effect of two influenza vaccines on 
preventing or delaying a negative outcome are prone to biases that do not exist, or less 
likely to be impactful, in pharmacoepidemiologic studies with the same design that 
do not have to consider exposure to the external environment (i.e., factors outside 
the human body). These biases can, for example, be introduced when regional and 
temporal heterogeneity in viral exposure and herd immunity cannot sufficiently be 
adjusted. Notably, for the most specific outcomes like lab-confirmed influenza, the 
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time at risk is highly temporal (seasonal) and local. Because of this: 1) the time of 
vaccination matters – vaccination after the peak of the local influenza season will 
have less of a protective effect than vaccination before the peak, and; 2) the place of 
residence matters – if you live in an area without any viral activity and do not visit big 
sport, music or other events, you will contribute to the ‘time at risk’ in the study, but 
you are, of course, not really at risk. Seniors living in a nursing home with very high 
vaccination rates (residents and staff) are less likely to get infected (not only because of 
herd immunity, but also because of associated risk awareness of the staff to take other 
preventative measures like isolation of symptomatic residents and screening of visitors), 
while community dwelling seniors, with grand children who attend a day-care facility 
with very low vaccination rates, are more likely to get infected. Physical mobility, travel 
and social habits play a role in the magnitude an individual will be affected by these 
local differences and cannot be measured in claims data or electronic medical records.

It is with these unique characteristics in mind that we discuss the three most important 
identifiability conditions that make up the core of the prior event rate ratio (PERR) 
method for influenza vaccine effectiveness studies [7, 25]. These conditions include 
observable and hypothetical (non-observable) interventions, where an observable 
intervention results in factual event rates and a hypothetical intervention results in 
counterfactual event rates. Condition 1 – consistency among the actually treated – 
assumes that among the treated group, the counterfactual event rate under intervention 
to assign treatment is equal to the factual rate. Condition 2 – hypothetical intervention 
to administer the control strategy does not affect the pre-treatment event rate among 
the treated – assumes that the factual pre-treatment event rate among the treated equals 
the counterfactual event rate of the same group under intervention to administer 
the control strategy; and last; Condition 3 – common rate-change assumption on 
the multiplicative scale (common rate ratio assumption) – formalizes the intuitive 
requirement that the ratio of the counterfactual post- and pre-treatment rates among 
the treated under intervention to administer the control strategy equals the ratio of 
the factual post- and pre-treatment rates among the control group.

5.2 Examples of violations
Condition 1 is violated if the group who actually received treatment (A=1), would have 
a different outcome rate in the post-period under implementation of a hypothetical 
intervention (the treatment of interest [ a=1]), for instance, if the intervention would be 
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experienced negatively (e.g. lengthy administrative paperwork) and affect the outcome 
because of emotional stress. In influenza effectiveness studies, this type of violation 
seems unlikely. Another way assumption 1 can be violated, is through a poorly defined 
intervention that does not take the yearly variation of strains, or the timing of the 
vaccination into account. This is especially a concern for observational influenza 
vaccination studies where the index date (date of vaccination) is not fixed. Fortunately, 
in the US, most vaccines are given in October and November, which is before the peak 
of the influenza seasons, typically in January and February. However, it is important 
to check for differences in the distribution of vaccination dates between the cohorts. 
Especially in smaller studies, tail effects of late vaccinations could bias the study as it 
inflates the rates in the pre-treatment period. A potential (and often applied) solution 
is to match the cohorts on vaccination date.

Condition 2 is violated when the group who would normally receive treatment (A=1) 
becomes aware that treatment will be withheld (a=0) and change their behavior that 
results in a different outcome rate in the pre-period. This might happen if the treatment 
vaccine is unavailable due to production problems, and people in response avoid mass 
gatherings, or increase personal hygiene (e.g., hand washing).

Condition 3, the common rate-change assumption, is violated when time-varying 
factors have an unequal effect on the treatment and control group. If important patient 
characteristics or comorbid conditions turn out to be less ‘’time-fixed’’ than assumed 
(e.g. smoking status, frailty), and change more - from pre-treatment to post-treatment 
- in the control group than the treatment group (or vice versa), the rate-change in the 
control group can no longer be used as a proxy for the counterfactual rate-change 
in the treated, had treatment been withheld. This assumption is also violated when 
heterogeneity of exposure to the influenza virus cannot be ruled out. Because viral 
activity is regionally dependent, a potential (and often applied) solution is to match the 
cohorts on location of vaccination. One of the limitations of using insurance claims 
data is the limited geographic granularity. In our HD vs. aIIV3 study (comparing the 
effectiveness of high-dose with adjuvanted influenza vaccine), we only had access to 
state-level data, arguably too big a region to adjust for regional differences [25].
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5.3 Stability analyses
Conditions 1 through 3, listed above, make up the core of the PERR method and 
cannot be verified using observed data (i.e., they are untestable). Reasoning about 
the conditions requires background knowledge and can be informed by empirical 
results of other studies. For example, in our HD vs. aIIV3 study, we analyzed 
regional heterogeneity of vaccination rates in the general population (to see if regional 
differences in herd immunity could bias our results) and the length of the peak of 
the influenza season (to see if regional differences in viral activity could bias our 
results) [25]. Not unexpectedly, we observed big regional differences in viral activity 
and added a stability analysis that repeated the main analysis with a regionally matched 
cohort, which did not change the estimated relative vaccine effectiveness. Arguably, 1) 
regional differences in viral activity were similar for both cohorts and did not bias the 
estimate, or; 2) our matching algorithm was unable to sufficiently adjust for within-
state differences (because we only had access to state-level data) resulting in a biased 
estimate.

5.4 Sensitivity analysis
As mentioned earlier, Condition 3 is also violated if measured and unmeasured baseline 
comorbid conditions are less time-fixed than assumed, and more prevalent in one of the 
cohorts – something fine geographic matching cannot adjust for. Because Condition 3 
can be violated in many ways, investigators may be interested in examining how their 
conclusions might be affected under different “degrees of assumption violation”, or 
values of bias parameter u. To illustrate this method, Figure 1 shows the sensitivity 
analysis for the HD vs. aIIV3 study [25]. Because the bias parameter u is not identifiable, 
our estimate is biased (under or over estimating the treatment effect), we chose a range 
of +/- 0.2 for u (u=1 equals the published estimate or base case, a pooled rVE of 12% 
(95% CI: 3.3% - 20%) to allow for a sign switch of the treatment effect.
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Figure 1. PERR of HD vs. aIIV3 for different values of the bias parameter u with 95% confidence 
intervals.

base

The main limitation of this sensitivity analysis is that we don’t know which value of 
u the true value is, or what a realistic range would be: further research is necessary to 
address this question. Intuitively, we can say that small violations of Condition 3 (in 
either direction) will keep the treatment effect of HD versus aIIV3 positive, but when 
there are major violations, the direction does matter. A bias parameter smaller than 
0.97 results in a non-significant treatment effect. In other words, if HD recipients are 
more likely to decrease their health status from pre to post period compared to aIIV3 
recipients, PERR underestimates the treatment effect. Here, it is helpful to remember 
that baseline hospitalization rates during the summer period were 20% higher in the 
HD group compared with the aIIV3 group, suggesting that HD recipients were sicker or 
frailer than aIIV3 recipients. Going into the post-treatment period, the winter, it is not 
unlikely that the health status of HD recipients decreases more than the health status 
of aIIV3 recipients (resulting in u < 1). Continuing this line of thought, the estimated 
rVE of 12% is likely to be an underestimation of the true rVE.

As mentioned earlier, we were only able to match the cohort at the state level to address 
geographic heterogeneity in viral activity. Let us assume that within-state heterogeneity 
still confounded our results. If HD recipients more often lived in localities with severe 
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viral activity than aIIV3 recipients (resulting in u < 1), PERR will underestimate the 
treatment effect. If the opposite is true (u > 1), PERR will overestimate the treatment 
effect.
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