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Chapter 4

Bayesian decision rule approach for target selection

4.1 Introduction

In order to decide which individuals should be selected it is of crucial impor-
tance for the organization to assess how the individual’s response probability
depends on his characteristics (demographic variables, attitudes, etc.). If the
effect of the characteristics on the response probability are known, the indi-
viduals can be ranked and the targets can be selected. Of course, these effects
are unknown and have to be estimated. Typically, an organization specifies and
estimates - at the individual level - a model based on a test mailing to obtain
some prior knowledge on the effects of the characteristics on the response
probability (see chapter 2). The estimates obtained are then used to formulate
a decision rule to select households from the mailing list.

By and large this separation of parameter estimation and formulation of a
decision rule does not lead to optimal profits since a suboptimal decision rule
is specified (Klein et al. 1978). The reason for this is that estimation usually
takes place by considering (asymptotic) squared-error loss, which puts equal
weight at overestimating and underestimating the parameters. However, while
a squared-error loss function may be useful when summarizing properties
of the response function, it completely ignores the economic objectives of
the direct marketing organization. Rather, the inferential process should be
embedded in the organization’s decision making framework, taking explicitly
into account the organization’s objective of maximizing expected profit. Put
differently, the decision maker should take the estimation uncertainty into
account when formulating a decision rule regarding which individuals to select.
The resulting loss structure is, broadly speaking, asymmetric in contrast to the
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traditional squared-error loss structure. Consequently, the traditional methods
yield suboptimal decision rules.

The purpose of this chapter is to formulate a strict decision theoretic frame-
work for a direct marketing organization. In particular, we derive an optimal
Bayesian rule deciding when to send a mailing to an individual with a given
set of characteristics. This formal approach has a number of advantages. First
of all, a rigorous decision theoretic framework clarifies the essential ingre-
dients entering the organization’s decision problem. By deriving the optimal
Bayesian rule based on an expected profit loss function, the present framework
yields admissible decision rules with respect to the organization’s economic
objective. Furthermore, the estimation uncertainty resulting from the organiza-
tion’s assessment of the characteristics of the population of targets is explicitly
taken into account as an integral part of the optimal decision procedure. Thus,
the decision theoretic procedure provides a firmer theoretical foundation for
optimal decision making on the part of the organization. Equally important,
the present framework provides decision rules yielding higher profits to the
organization.

It is important to realize that even in a non-Bayesian framework, it is gen-
erally not correct to ignore the effect of estimation uncertainty on the decision.
This follows directly from the Von Neumann-Morgenstern (Von Neumann and
Morgenstern, 1967) paradigm which says that a decision maker chooses a de-
cision that maximizes the expected utility, e.g. profits. It is, however, difficult
for a non-Bayesian decision maker to take the uncertainty into account in a
non ad-hoc way (Klein et al. 1978).

Integration of the estimation and decision steps has been studied thoroughly
in statistics (e.g. Berger 1985, DeGroot 1970). This formal decision theoretic
framework has been employed in a number of economic decision making
situations (e.g. Cyert and DeGroot 1987).

An illustrative economic application is given by Varian (1975). He uses the
approach for a real estate assessor whose decision is to estimate the value of a
house on the basis of a linear regression model. If the assessor underestimates
the value of a house, the loss equals the amount of underestimation. If the
house is overestimated, the homeowner can appeal to an Assessment Board,
which evaluates the assessment. If the assessor loses this case, the loss consists
not only of the amount of overassessment but also of the costs involved in the
appeal procedure. It is clear that the loss is asymmetric. Varian shows that the
average loss resulting from the loss minimizing Bayesian regression is only
72% of the loss resulting from applying ordinary least squares.
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In the finance literature estimation uncertainty is recognized to be an impor-
tant aspect in portfolio theory. Recently, Chopra and Ziemba (1993) stressed
the importance of estimation uncertainty in portfolio selection. They show
that in particular the estimation uncertainty of expected returns causes large
differences in the optimal portfolio choice. We illustrate the idea and effect of
incorporating estimation uncertainty in the portfolio choice by the following
very simple example (Bawa et al. 1979). The technicalities are omitted.

Consider an individual who chooses to invest the proportion Dof his capital
in a single risky asset yielding return ra. The other part of his capital is in the
form of riskless securities yielding a known rate of return rf. The individual
chooses D in such a way that the variance of the portfolio, the so-called risk,
equals a value specified by the individual, v2. For reasons of simplicity, we
assume that ra ∼ N(µa, σ

2), where µa is unknown to the individual and σ 2 is
known. There are n observations on ra and we assume that the prior information
is negligible. The rate of return for a given value of D is given by

rD = (1 − D)rf + Dra,

which, conditional on µa, is distributed as N
(
(1 − D)rf + Dµa, D2σ 2

)
. Let

p(µa) ∝ constant − ∞ < µa < ∞

be the uninformative prior information on µa. Zellner (1971, p. 20) showed
that, conditional on the sample size, the posterior distribution for the mean,
µa, is N(r̄a, σ

2/n), where r̄a is the sample mean. This posterior distribu-
tion can be used to derive the unconditional distribution, of rD, which is
N
(
(1 − D)rf + Dr̄a, D2(1 + 1/n)σ 2

)
(Zellner 1971, pp. 29-30). If the individ-

ual ignores the estimation uncertainty, D is chosen such that D2σ 2 = v2. Hence,
D = v/σ . However, if the individual does take into account the estimation un-
certainty D is chosen such that D2(1+1/n)σ 2 = v2, or D = v/(σ

√
1 + 1/n).

Hence, a different decision is made, namely, less is invested in the risky asset
when estimation uncertainty is taken into account. A rigorous overview on
estimation uncertainty in portfolio analysis is provided by Bawa et al. (1979).

To the best of our knowledge, only a few papers on optimal decision
making under uncertainty have been applied to marketing questions. Blattberg
and George (1992) consider an organization whose goal it is to maximize profits
by setting the optimal price. They conclude that the organization is better off
by charging a higher price than the price resulting from traditional methods
which are based on an estimated price elasticity. However, in contrast with
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our approach, they consider a loss function that results from a rather ad-hoc
specified model, with only one unknown parameter. Kalyanam (1996) extends
this model by taking into account the uncertainty about the specified model.
Rossi et al. (1996) employ the decision theoretic approach to determine the
optimal face value of a coupon, i.e. the price discount provided by the coupon.
They conclude that separation of the estimation and decision step generates a
larger face value than integration of the two steps. Unfortunately, they do not
demonstrate the effect of neglecting estimation uncertainty on the net revenue.

This chapter, which is based on Muus, Van der Scheer, and Wansbeek
(1996), is organized as follows. In the section below we formulate the deci-
sion theoretic framework and derive the optimal Bayesian decision rule. We
demonstrate that the decision rule crucially depends on the estimation uncer-
tainty facing the organization. The estimation uncertainty can be incorporated
through a posterior density. An important aspect of our approach is the evalu-
ation of the integral resulting from the Bayesian decision rule. In section 4.3
we derive a closed form for this integral by approximating the posterior by the
asymptotically normal density of the maximum likelihood (probit) estimator.
In section 4.4 we discuss the Laplace approximation and Markov chain Monte
Carlo integration that can be used to calculate the integral resulting from the
optimal decision rule. In section 4.5 we discuss an empirical example, using
data provided by a charity foundation. Applying the formal decision frame-
work appears to generate higher profits indeed. In this section we also show the
asymmetric loss. For illustrative purposes we show - in section 4.6 - how point
estimates can be derived within the proposed framework. Finally, in section
4.7, we demonstrate how the above approach can be used in the case that the
response elicited from the campaign varies over the individuals, as discussed
in chapter 3. We conclude in section 4.8.

4.2 The decision theoretic framework

Consider a direct marketing organization that has the option whether or not to
mail to potential targets. In case a mail is sent to a given individual the profit
to the organization, 5, is given by

5 = a R − c,
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where a is the revenue from a positive reply, c is the mailing cost, and R is a
random variable given by

R =
{

1 if the individual responds
0 if the individual does not respond.

Clearly, c < a if the organization has to obtain positive profits at all. We assume
that the response is driven by a probit model. Hence, the response probability
of an individual is

P(R = 1 | x, β) = 8(x ′β),

where 8(·) is the standard normal distribution function, x is a k × 1 vector of
regressors of which the first element equals one, and β ≡ (α, β2, . . . , βk) is
a k × 1 vector of regression coefficients (β ∈ B ⊆ IRk), where α denotes the
intercept. In case a mail is sent, the expected profit given x and β is

E(5 | x, β) = aE(R | x, β) − c = a8(x ′β) − c. (4.1)

With an unknown β the organization has to make a decision whether to send a
mail (d = 1) to a given individual or not (d = 0). The loss function considered
in the following is given by

L(d, β | x) =
{

a8(x ′β) − c if d = 1
0 if d = 0.

(4.2)

Note that the above loss function is naturally induced by the organization’s
economic profit maximization objective. In this sense, the present decision
theoretic framework naturally encompasses the phenomena of estimation
uncertainty, without introducing rather ad hoc statistical criteria.

Inference on the parameter vector β is obtained through a test mailing,
resulting in the sample

Sn ≡ {(x1, R1), ...., (xn, Rn)}.
The posterior density, using Bayes’ rule, is given by

f (β | Sn, θ) = L(β | Sn) f (β | θ)

f (Sn | θ)
, (4.3)

where L(β | Sn) is the likelihood function corresponding to the sample,

L(β | Sn) =
n∏

i=1

8(x ′
iβ)Ri (1 − 8(x ′

iβ))1−Ri ,
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and f (β | θ) denotes the prior density; θ ∈ 2 ⊆ IRp is a p × 1 vector of
so-called hyperparameters. Finally, f (Sn | θ) denotes the predictive density
given by,

f (Sn | θ) =
∫

L(β | Sn) f (β | θ) dβ. (4.4)

The posterior risk corresponding to the loss function (4.2) is then given by

R(d | x) ≡ E(L(d, β | x) | Sn)

=
{

a
∫

8(x ′β) f (β | Sn, θ) dβ − c if d = 1
0 if d = 0.

(4.5)

The Bayesian decision rule corresponding with the posterior risk (4.5) is the
decision variable d maximizing R(d | x). It is obvious that this decision rule
is given by

d = 1 if and only if
∫

8(x ′β) f (β | Sn, θ) dβ ≥ c

a
. (4.6)

Note that this decision rule explicitly takes into account the estimation uncer-
tainty inherent when the organization does not know the parameter vector β.
The Bayesian optimal mailing region, denoting the individuals to whom a mail
should be sent, is given by

MB ≡
{

x ∈ IRk |
∫

8(x ′β) f (β | Sn, θ) dβ ≥ c

a

}
.

Generally speaking, the structure of the mailing region may be quite compli-
cated.

It is often recommended to base the organization’s mailing decision on
the point estimates obtained from the test mailing. These point estimates are
typically derived by implicitly assuming a squared-error loss function, resulting
from the use of standard estimation procedures. As this squared-error loss
does not reflect the actual loss suffered by the organization, the use of the
point estimate motivated by squared-error loss will be inappropriate. If the
organization neglects the estimation uncertainty it would specify a decision
rule on the basis of a point estimate of β, say β̂, e.g. the probit estimator based
on Sn . The point estimate is then used as if it were the true parameter value.
The resulting decision rule, which we call the naive decision rule, is thus given
by

d = 1 if and only if 8(x ′β̂) ≥ c

a
. (4.7)
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This rule evidently ignores the estimation uncertainty surrounding β̂. By a
second order Taylor series expansion of 8(x ′β), we obtain

8(x ′β) ≈ 8(x ′β̂) + (β − β̂)′xφ(x ′β̂) − 1

2
x ′β̂φ(x ′β̂)x ′(β − β̂)(β − β̂)′x,

using the fact that the derivative of φ(t) is −tφ(t), where φ(·) is the standard
normal density. Hence, an approximate Bayesian decision rule is given by

8(x ′β̂) − 1

2
x ′β̂φ(x ′β̂)x ′ Mx ≥ c

a
, (4.8)

since E(β − β̂) = 0; M ≡ E(β̂ − β)(β̂ − β)′ denotes the mean square error
matrix of the estimator β̂. The major difference between the (approximate)
Bayesian rule (4.8) and the naive rule (4.7) is that estimation uncertainty
is explicitly taken into account in the former. Evidently, if the estimation
uncertainty is small, i.e. M is small, the approximate Bayesian rule (4.8) is
adequately approximated by the naive decision rule (4.7). Note that the mailing
region for the naive rule is the space given by

MN ≡
{

x ∈ IRk | 8(x ′β̂) ≥ c

a

}
.

The result of applying the naive decision rule is thus an approximation of the
mailing region MB by the space MN. As will be demonstrated below this
approximation may be rather crude, resulting in a suboptimal level of profits.

In order to implement the optimal decision rule (4.6), we need to evaluate
the expectation of 8(x ′β) over the posterior density of β. If the posterior
admits a closed form solution and is of a rather simple analytical form, this
expectation can be solved analytically. Otherwise, numerical methods need to
be implemented in order to assess the decision rule (4.6). In section 4.4 we
explore various numerical strategies to evaluate the decision rule. However,
it is instructive to consider the case where the posterior density is normal, in
which case we can fully characterize the mailing region.

4.3 The case of a normal posterior

If the posterior density is normal with mean µ and covariance matrix �, we
can obtain a closed form expression for (4.6), viz.1:

1. We are indebted to Ton Steerneman for bringing the result to our attention and for providing
this derivation.



58 Bayesian decision rule approach for target selection

∫
8(x ′β) f (β | Sn, θ) dβ

= Eβ

(
8(x ′β)

)
where β ∼ N(µ,�)

= Eb

(
8(x ′�1/2b + x ′µ)

)
where b = �−1/2(β − µ) ∼ N(0, Ik)

= EbEz I(−∞,x′�1/2b+x′µ)(z) with z ∼ N(0, 1), independent of b

= EbEz I(−∞,x′µ)(z − x ′�1/2b)

= P(z − x ′�1/2b < x ′µ)

= 8

(
x ′µ

(1 + x ′�x)1/2

)
, (4.9)

where I(·,·)(·) is an indicator function that is one if its argument falls in the
region specified by (·, ·) and is zero otherwise. Hence, the mailing region is
given by

MB =
{

x ∈ IRk | 8

(
x ′µ

(1 + x ′�x)1/2

)
≥ c

a

}
= {

x ∈ IRk | x ′µ ≥ τ (1 + x ′�x)1/2
}
, (4.10)

where
τ ≡ 8−1

( c

a

)
.

Since in any practical situation c � a, we assume τ < 0 whenever the sign of
τ is relevant. Notice that, if �1 > �2, 1 + x ′�1x > 1 + x ′�2x . Thus, since
τ < 0, greater uncertainty as to β, indicated by the larger �, implies that the
mailing region expands.

Expression (4.9) enables us to show explicitly that the Bayesian decision
rule generates higher expected profits than the naive decision rule with β̂ = µ0.
The expected profit (cf. (4.1)), in case mail is sent, is

q(x) ≡ Eβ(E(5 | x, β))

= a8

(
x ′µ

(1 + x ′�x)1/2

)
− c.

For all x inMB there holds, by definition, that q(x) > 0. SinceMN ⊆MB it
follows that the expected profit is lower for the naive decision rule.

We consider the mailing regionMB in somewhat more detail. The boundary
of this mailing region is given by{

x ∈ IRk | x ′µ = τ (1 + x ′�x)1/2
}
. (4.11)
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We assume that � > 0. By squaring and rewriting the argument of (4.11) we
obtain

x ′ (µµ′ − τ 2�
)

x = τ 2, (4.12)

which can be written as

x ′�1/2
(
�−1/2µµ′�−1/2 − τ 2 Ik

)
�1/2x = τ 2, (4.13)

where Ik is a (k × k) identity matrix. Let

A1 ≡ �−1/2µµ′�−1/2

µ′�−1µ

A2 ≡ Ik − A1

λ ≡ µ′�−1µ − τ 2;
A1 and A2 are idempotent matrices of rank 1 and k −1, respectively, A1 A2 = 0
and A1 + A2 = Ik . Hence, we can write (4.13) as

x ′�1/2
(
λA1 − τ 2 A2

)
�1/2x = τ 2.

Let A1 = z1z ′
1 and A2 = Z2Z ′

2, so (z1, Z2) is orthonormal. Then

G ≡ λA1 − τ 2 A2

= λz1z ′
1 − τ 2Z2Z ′

2

= (z1, Z2)

(
λ 0
0 −τ 2 Ik−1

)(
z ′

1

Z ′
2

)
.

Hence, the eigenvalues of G are −τ 2 with multiplicity k − 1, and λ with
multiplicity one. The sign of λ depends on � and µ. Informally speaking,
for small values of �, λ > 0, and for large values, λ < 0. In the first case
G has one positive and k − 1 negative eigenvalues. Due to ‘Sylvester’s law
of inertia’ (e.g. Lancaster and Tismenetsky 1985, p. 188), the same holds for
µµ′−τ 2�. Hence, the matrix is indefinite and the boundary is a hyperboloid in
the x-space. When the uncertainty as to β is so large that λ < 0, all eigenvalues
of G are negative and (4.12) does not have a solution. Hence, all individuals
should be included in the mailing campaign.

We illustrate the mailing region for the case with two explanatory variables
(k = 2), µ′ = (1, 1), τ = −1, and

� =
(

σ 2 σ12

σ12 σ 2

)
.
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Then, from (4.10), the mailing region is

MB =
{

x1, x2 | x1 + x2 ≥ −
√

1 + σ 2(x1 + x2) + 2σ12x1x2

}
,

which reduces to the space x1 + x2 ≥ −1 if σ 2 = σ12 = 0. The matrix in (4.12)
becomes

µµ′ − τ 2�

=
(

1 − σ 2 1 − σ12

1 − σ12 1 − σ 2

)

= 1

2

(
1 −1
1 1

)(
2 − σ 2 − σ12 0

0 −(σ 2 − σ12)

)(
1 1

−1 1

)
.(4.14)

Hence, the matrix µµ′ − τ 2� has one negative eigenvalue, −(σ 2 − σ12) and
one eigenvalue that is positive if σ 2 + σ12 < 2. Using (4.14), (4.12) can be
rewritten as

(2 − σ 2 − σ12)(x1 + x2)
2 − (σ 2 − σ12)(x1 − x2)

2 = 2,

which is a hyperbola in IR2. Its asymptotes are found by putting the left-hand
side equal to zero. On letting

ϕ ≡
√

2 − σ 2 − σ12

σ 2 − σ12

,

these asymptotes are found to be

ϕ(x1 + x2) = ±(x1 − x2),

or
x2

x1

= 1 − ϕ

1 + ϕ
and

x2

x1

= 1 + ϕ

1 − ϕ
.

Figure 4.1 illustrates the boundary for σ12 = 0, and σ 2 = 0, 0.5, 1.5 and 1.95,
respectively. If σ 2 = 0 we have a straight line. This bounds the mailing region
of the naive method. The mailing region increases as σ 2 increases; the arrows
indicate the direction of the increase. When σ 2 ≥ 2, the mailing region is
simply IR2. The distance between the straight line corresponding with σ 2 = 0
and the hyperbola is larger when the x-value is larger. This reflects the fact that
the uncertainty as to x ′β increases by the (absolute) value of x .
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Figure 4.1: The naive and Bayesian optimal mailing region compared. The
area to the north-east of the straight line isMN and the ellipsoids boundMB

for various values of σ 2.

4.4 Numerical evaluation of the optimal Bayesian rule

Numerical implementation of the optimal Bayesian decision rule (4.6) requires
the evaluation, for each value of x , of the integral

Q(x) ≡
∫

8(x ′β) f (β | Sn, θ) dβ (4.15)

=
∫

8(x ′β)L(β | Sn) f (β | θ) dβ∫
L(β | Sn) f (β | θ) dβ

, (4.16)

using (4.3) and (4.4) in the last step. We will now explore various methods to
evaluate this integral. Henceforth, we denote the probit estimate of β, based on
Sn , by β̂ and covariance matrix by �̂ (e.g. the inverse of the Fisher information
matrix evaluated in β̂).



62 Bayesian decision rule approach for target selection

Normal posterior approximation

It is well-known that under suitable regularity conditions the posterior density
converges to a normal distribution, with mean β̂ and covariance matrix �̂, if the
sample size is sufficiently large (Jeffreys 1967, p. 193; Heyde and Johnstone
1979). Obviously, the approximation may be rather crude, since it is solely
based on the asymptotic equivalence of the Bayes and maximum likelihood
estimator. Thus, this approximation completely ignores the prior distribution
f (β | θ). However, as we showed in section 4.3, this property appears to be
very valuable since it enables us to obtain a closed form expression for (4.15),
which is given in (4.9) by substitution of β̂ for µ and �̂ for �. Moreover,
Zellner and Rossi (1984) show that, for moderate sample sizes (n = 100), the
normal posterior approximation works well for the logit model.

Laplace approximation

A more refined asymptotic approximation is the Laplace approximation pro-
posed by Tierney and Kadane (1986) (see also Kass et al. 1988, and Tierney
et al. 1989). The Laplace approximation of (4.16) is given by

Q̂(x) = 91(β̂1)|H1(β̂1)|−1/2

90(β̂0)|H0(β̂0)|−1/2

where β̂0 and β̂1 are the maximizers of 90(·) and 91(·), respectively, and

90(β) ≡ L(β | Sn) f (β | θ)

91(β) ≡ 8(x ′β)L(β | Sn) f (β | θ),

and

H0(β) ≡ −∂2 ln 90(β)

∂β∂β ′

H1(β) ≡ −∂2 ln 91(β)

∂β∂β ′ .

By means of the Laplace approximation, the integral Q(x) is thus evaluated
without any need for numerical integration. Instead the Laplace approximation
requires maximization, in order to determine β̂0 and β̂1, and differentiation, in
order to find H0(·) and H1(·). For β̂0 and β̂1 we use the values obtained by a
single Newton-Raphson step from β̂ when maximizing ln 90(β) and ln 91(β),
which does not affect the rate at which the approximation error vanishes. As
demonstrated by Tierney and Kadane (1986), Kass et al. (1988), and Tierney
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et al. (1989), the general error of the approximation vanishes at rate n−2. As
these authors demonstrate, this approximation is often very accurate.

We apply this approximation for an informative prior and an uninformative
prior. As to the former, for f (β | θ) we choose the normal density with mean
β̂ and covariance matrix �̂. This is called empirical Bayes since the prior
is derived from the data. Since ∂ ln f (β | θ)/∂β = −�̂−1(β − β̂), we have
β̂0 = β̂, and

β̂1 = β̂ + ξ(β̂)H0(β̂)−1x,

where

ξ(β) ≡ ζ

1 + ζ(ζ + x ′β)x ′ H0(β)−1x
, (4.17)

with ζ ≡ φ(x ′β)/8(x ′β), the inverse of Mills’ ratio.
The proof of (4.17) follows below. Let

g0(β) ≡ ∂ ln 90(β)

∂β
= ∂ ln L(β | Sn)

∂β
− �̂−1(β − β̂)

g1(β) ≡ ∂ ln 91(β)

∂β
= φ

8
x + g0(β) = ζ x + g0(β),

where φ ≡ φ(x ′β) and 8 ≡ 8(x ′β). Notice that g0(β̂) = 0. Further,

H0(β) = −∂2 ln L(β | Sn)

∂β∂β ′ + �̂−1

H1(β) = φ(φ + x ′β8)

82
xx ′ + H0(β) = ζ(ζ + x ′β)xx ′ + H0(β).

Then β̂1 follows from the Newton-Raphson step

β̂1 = β̂ + H1(β̂)−1g1(β̂)

= β̂ +
(
ζ̂ (ζ̂ + x ′β̂)xx ′ + H0(β̂)

)−1

g1(β̂)

= β̂ + 1

1 + ζ̂ (ζ̂ + x ′β̂)x ′ H0(β̂)−1x
H0(β̂)−1g1(β̂)

= β̂ + ξ(β̂)H0(β̂)−1x,

where ξ(·) is defined in (4.17), and ζ̂ denotes ζ evaluated in β̂.
For the uninformative prior we use Jeffreys’ prior (e.g. Berger 1985, pp.

82-89, and Zellner 1971, pp. 41-53), given by

f (β | θ) =
∣∣∣∣−E

(
∂2 ln L(β | Sn)

∂β∂β ′

)∣∣∣∣
1/2

.
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Note that no hyperparameters are involved here. Within the context of binary
response models this prior has been examined by, among others, Ibrahim and
Laud (1991), and Poirier (1994). These authors support the use of Jeffreys’ prior
as an uninformative prior but note that it can be quite cumbersome to work with,
analytically as well as numerically. However, for the Laplace approximation
we only need to derive the first and second derivative analytically, which is
rather straightforward. The computation of these derivatives is quite a tedious
task indeed but not really problematic with high-speed computers.

The first and second derivative of Jeffreys’ prior can be derived as follows.
Let

A ≡
n∑

i=1

φ2
i

Di

xi x
′
i ,

with φi ≡ φ(x ′
iβ) and Di ≡ 8i(1 − 8i), where 8i ≡ 8(x ′

iβ), hence f (β |
θ) = |A|1/2. Using some well-known properties of matrix differentiation (e.g.
Balestra 1976), we obtain the logarithmic first derivative

∂ ln |A|1/2

∂β
= 1

2

∂ ln |A|
∂|A|

∂|A|
∂β

= 1

2
|A|−1

(
vec(|A|A−1)′ ⊗ Ik

)
vec

(
∂ A

∂β

)

= 1

2

(
vec(A−1)′ ⊗ Ik

)
vec

(
∂ A

∂β

)
.

Let
M ≡ vecIk ⊗ Ik,

then, using the product rule for matrices, we can write the second derivative as

∂2 ln |A|1/2

∂β∂β ′ = 1

2

[(
(vecA−1)′ ⊗ Ik

) (
Ik ⊗ ∂2 A

∂β∂β ′

)

−M ′
(

Ik ⊗
(

(A−1 ⊗ Ik)
∂ A

∂β
A−1 ∂ A

∂β ′

))]
M.

Finally, to complete the derivatives we need an expression for ∂ A/∂β and
∂2 A/∂β∂β ′, which are given by

∂ A

∂β
= −

n∑
i=1

(
2x ′

iβφ2
i

Di

+ φ3
i (1 − 28i)

D2
i

)
xi x

′
i ⊗ xi
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∂2 A

∂β∂β ′ =
n∑

i=1

(
2φ2

i (2(x ′
iβ)2 − 1)

Di

+ 5x ′
iβφ3

i (1 − 28i) + 2φ4
i

D2
i

+ 2φ4
i (1 − 28i)

2

D3
i

)
xi x

′
i ⊗ xi x

′
i,

which enables us to calculate the derivatives of Jeffreys’ prior.

Monte Carlo integration

The recent development of Markov chain Monte Carlo (MCMC) procedures
has revolutionized the practice of Bayesian inference. See, for example, Chib
and Greenberg (1995), Gilks et al. (1995), and Tierney (1994) for expositions
of basic Markov chain Monte Carlo procedures. These algorithms are easy to
implement and have the advantage that they do not require evaluation of the
normalizing constant of the posterior density, given by (4.4). As a candidate
density it is natural to select the asymptotic approximation, q(β) ∼ N(β̂, �̂).
The density of interest, the so-called target density, is given by

h(β) ≡ L(β | Sn) f (β | θ).

The independence sampler (e.g. Tierney 1994), a special case of the Hastings-
Metropolis algorithm, is used to generate random variates βj , j = 1, . . . , J ,
from the (unnormalized) density h(β) through the following algorithm, where
β0 is arbitrarily selected:
1. draw a candidate point, β∗

j , from q(·)
2. draw uj from the uniform density on (0, 1)

3. if uj ≤ α(βj−1, β
∗
j ), then βj = β∗

j , else βj = βj−1.
Here

α(βj−1, β
∗
j ) ≡

{
min

(
h(β∗

j )q(βj−1)

h(βj−1)q(β∗
j )
, 1
)

if h(βj−1)q(β∗
j ) > 0

1 else.

The generated βj ’s, j = 1, . . . , J are used to evaluate the integral by

Q̂(x) = 1

J

J∑
j=1

8(x ′βj).

We use this algorithm instead of more advanced MCMC procedures like the
Gibbs sampler (e.g. Albert and Chib 1993), since we have a candidate den-
sity that is a good approximation of the target distribution (Roberts 1995).
Again, we apply this algorithm for the (informative) normal prior and for the
(uninformative) Jeffreys’ prior.
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Table 4.1: Probit estimates and results of the independence sampler

Probit Estimates1 Independence Sampler2

Normal prior Jeffreys’ prior
Constant -0.3938 -0.3964 -0.3948

(0.4511) (0.3120) (0.4539)
A90 0.0052 0.0053 0.0051

(0.0014) (0.0010) (0.0014)
A89 0.0074 0.0074 0.0072

(0.0030) (0.0021) (0.0030)
INT -0.0056 -0.0057 -0.0053

(0.0029) (0.0019) (0.0027)
ENTRY -0.0063 -0.0063 -0.0063

(0.0048) (0.0033) (0.0048)
FS -0.1526 -0.1503 -0.1513

(0.1408) (0.1003) (0.1397)
CHAR 0.0683 0.0680 0.0685

(0.0537) (0.0371) (0.0530)
1 Asymptotic standard errors in parentheses
2 Standard deviation, based on 10 000 βj ’s, in parentheses

4.5 Application

We illustrate our approach with an application based on data from a charitable
foundation in the Netherlands (see chapter 3). The dependent variable is the
response/nonresponse in 1991. The explanatory variables are the amount of
money (in NLG) donated in 1990 (A90) and 1989 (A89), the interaction
between these two (INT), the date of entry on the mailing list (ENTRY), the
family size (FS), own opinion on charitable behavior in general (CHAR; four
categories: donates never, donates sometimes, donates regularly and donates
always). The data set consists of 40 000 observations. All the individuals on
the list donated at least once to the foundation since entry on the mailing list. In
order to have a sufficiently large validation sample we used 1 000 observations
for estimation.
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Table 4.1 gives the probit estimates and the average of the coefficients
based on the independence sampler with the normal and Jeffreys’ prior, re-
spectively. These results are based on one estimation sample, in contrast with
the estimation results given in table 3.2 of chapter 3. The donations in 1990
and 1989 are, as expected, positively related with the response probability.
The negative sign of the interaction term can be interpreted as a correction for
overestimation of the response probability if an individual responded in 1990
and 1989. The other three coefficients do not significantly differ from zero. As
expected, the average values of the coefficients for the independence sampler
are similar to the probit estimates. The standard deviations, however, of the
normal prior are much smaller.

The basic difficulty in MCMC procedures is the decision when the gener-
ated sequence of parameters has converged to a sample of the target distribution.
Many diagnostic tools to address this convergence problem have been sug-
gested in the recent literature (see Cowles and Carlin (1996) for an extensive
overview). Following the recommendations of these authors, we generated six
parallel sequences of parameters with starting points chosen systematically
from a large number of drawings from a distribution that is overdispersed with
respect to the target distribution. We inspected the sequences of each parameter
by displaying them in a common graph and in separate graphs. We used the
Gelman-Rubin statistics (Gelman and Rubin 1992) to analyze the sequences
quantitatively. The results of these diagnostics are satisfying, indicating an
almost immediate convergence of the sample.

Table 4.2 shows the profit implications for the various approaches to de-
termine the posterior risk function and the naive approach for the validation
sample. As a benchmark we also give the situation in which the foundation
sends all individuals a mailing. Of these 39 000 individuals, 13 274 responded,
generating a net profit of NLG 91 007. If the foundation would have used
the naive selection approach they would have selected 87.03% (33 946) of
the individuals, with a net profit of NLG 93 290. Using the Bayesian deci-
sion rule, the foundation would have selected more individuals, as expected.
This ranges from 34 018 of the Laplace approximation with the normal prior
to 34 271 of the independence sampler with Jeffreys’ prior. Except for the
Laplace approximation with the normal prior, the additional selected individ-
uals generate sufficient response to increase the net profits, thus reinforcing
the importance of the Bayesian decision rule. Net profits increase by 2.5% if
the naive selection is used instead of selecting all the individuals. This per-
centage increases to 3.3% if we apply the normal posterior approximation,
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Table 4.2: Target selection and profit implications

# selected Response Profit (NLG)
No Selection 39 000 13 274 91 007
Naive approach 33 946 12 236 93 290
Normal posterior 34 240 12 337 93 967
Laplace approximation:

Normal prior 34 018 12 250 93 266
Jeffreys’ prior 34 256 12 341 93 796

Independence sampler:
Normal prior 34 153 12 310 93 479
Jeffreys’ prior 34 271 12 347 94 119

and to 3.4% when using the independence sampler with Jeffreys’ prior. Given
that the foundation’s database contains 1.2 million targets, these increases turn
out to be quite substantial. Note that the figures of the Laplace approximation
and independence sampler with the normal prior are much closer to those of
the naive approach than those with Jeffreys’ prior. This makes intuitive sense
since informative priors put more weight to values of β near β̂. In the case of
the posterior density degenerating at β̂, i.e. perfect prior information on β, the
decision rule is equivalent to the naive rule.

In order to illustrate the asymmetry in the loss function we examine the
average loss, given by

L̄(d, β | XN) ≡ 1

N − n

∑(
a8(x ′β) − c

) (
I (x ′β ≥ τ ) − d

)
, (4.18)

where τ ≡ 8−1(c/a),XN ≡ {xn+1, . . . , xN }, i.e. the regressors of the individu-
als for whom the organization has to make a decision, and I (·) is an indicator
function that is one if its argument is true and zero otherwise. The argument
of this indicator function is the optimal decision rule if β is known to the
foundation. If this optimal decision rule and the actual decision d are equal,
the contribution to the loss is zero; if these decisions differ this contribution is
positive.

Figures 4.2 and 4.3 give the average loss for the estimated intercept (α̂)
and the parameter estimate of A90 (β̂A90), respectively, where we use the pro-
bit estimates as the ‘true’ (known) parameters. Thus, the average loss is zero
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Figure 4.2: Relation between the average loss and the estimated intercept, α̂

if the estimated parameter is equal to the probit estimates. The figures make
clear that the loss is asymmetric, i.e. overestimation generates less loss than
underestimation. Hence, it is preferable to reduce the probability of underesti-
mation. This means that on average it is better to overestimate the parameter,
which implies that a larger fraction of the individuals should be selected. This
coincides with figure 4.1 and the empirical illustration. Note that when the
estimated intercept is larger than, say, -0.14 the average loss hardly increases
in α̂ since nearly all the individuals on the list are already selected. Then the
average loss is the difference between the naive approach and ‘no selection’
(divided by 39 000).

For the other parameters similar figures can be drawn. By combining two
of these figures we obtain a three-dimensional graph with the average loss on
the z-axes and estimated coefficients on the x- and y-axes. Since the average
loss, in absolute value, is much larger for changes in the estimated intercept
than for changes in the estimated coefficient of A90, a three-dimensional graph
that combines figure 4.2 and 4.3 would be completely dominated by the former.
Therefore we illustrate it with the estimated coefficients of A90 and A89 (see
figure 4.4). Again, we assume that probit estimates are the ‘true’ parameters,
hence the average loss is zero if (β̂A90, β̂A89) = (0.0052, 0.0074). As expected,
underestimation causes larger losses than overestimation. The ‘peak’ is ob-
tained when both parameters are underestimated. An interesting aspect of the
figure is that the difference between overestimation and underestimation of e.g.
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Figure 4.3: Relation between the average loss and the estimated coefficient of
A90 (β̂A90)

β̂A90 is much larger if β̂A89 is underestimated than if β̂A89 is overestimated. This
can be explained as follows. If β̂A89 is underestimated, it implies that insufficient
individuals are selected, which causes a (relatively) large loss. This loss can be
partly compensated by overestimating the other parameter. Compensation is
less important if β̂A89 is overestimated, since sufficient individuals are selected.

Figures 4.2–4.4 give clear evidence that we have an asymmetric loss func-
tion. Note, however, that asymmetry in each parameter separately or in two
parameters does not necessarily mean that the loss function is asymmetric over
the joint parameter space.

4.6 Point estimation

In the approach described above we did not explicitly derive point estimates of
β. This is not necessary since an organization is not interested in the parameters
per se. This is in contrast with, for example, Blattberg and George (1992), who
use the point estimates to set the optimal price. However, it is interesting to
show the aspect involved in deriving point estimates. Moreover, we are able to
derive a close form expression for the intercept term. Of course, for practical
purposes the mode of the posterior distribution can be used as point estimates.
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Figure 4.4: Relation between the average loss and the estimated coefficient of
A90 (β̂A90) and A89 (β̂A89)

Following the traditional approaches, the objective is to find an estimator β̃

such that an individual receives a mailing if and only if x ′β̃ ≥ τ ; this defines
the following mailing region:

MP ≡
{

x ∈ IRk | x ′β̃ ≥ τ
}

.

Since the profit function equals the risk function defined in (4.5), the total
expected profits, 5T(·), are obtained by integrating the profit function over
the density of x . For the sake of simplicity we consider the case of a normal
posterior, so that we can use (4.9). Then the total expected profits are given by

5T(β̃) ≡
∫
MP

∫ {
a8(x ′β) − c

}
f (β | Sn, θ)g(x) dβ dx

=
∫
MP

{
a8

(
x ′µ√

1 + x ′�x

)
− c

}
g(x) dx, (4.19)

where g(x) is the density function of x , assumed to be positive for all x . Since,
by definition, the expected profits are nonnegative if and only if x ∈MB, and
MP is not equal to MB, it follows that a point estimate does not lead to an
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optimal decision rule. In terms of figure 4.1, the estimator β̃ defines a boundary
of the mailing region by a straight line, in contrast with the optimal decision
rule. Presumably, this line differs from the line of the naive method.

To determine β̃ we have to take the derivative to 5T(·) with respect to β̃, and
set it equal to zero. In general this is very complicated to solve. Therefore, we
consider a simple case to illustrate the approach. We assume that only the first
element of β, i.e. the intercept α, is unknown. As before, we substitute the probit
estimates for µ and �, but only the first element. Thus, µ = (α̂, µ2, . . . , µk),
and

� =




ω̂2
1 0 . . . 0

0 0 0
...

. . .
...

0 0 . . . 0


 .

Define, m ≡ x ′
−1µ−1, where x−1 is x without the first element, and µ−1 =

(µ2, . . . , µk). Assume that m ∼ h(m), h(m) > 0 ∀m, then (4.19) can be
written as

5T(α̃) =
∫ ∞

τ−α̃

{
a8

(
α̂ + m√
1 + ω̂2

1

)
− c

}
h(m) dm

since
MP = {

m ∈ IR1 | m ≥ τ − α̃
}
.

The first order condition is

∂5T(α̃)

∂α̃
= −

{
a8

(
α̂ + τ − α̃√

1 + ω̂2
1

)
− c

}
h(τ − α̃) = 0,

from which it immediately follows that

α̃ = α̂ + τ

(
1 −

√
1 + ω̂2

1

)
.

This expression explicitly shows how the (traditional) estimator (α̂) should be
adjusted in the presence of estimation uncertainty in order to increase expected
profits. That is, the intercept has to be updated in an upward direction (the
second term on the right-hand side is positive), hence more addresses have to
be mailed than the estimator α̂ implies. Thus, the number of selected individuals
increases in ω̂2

1, which coincides with our earlier findings, i.e. the mailing region
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Figure 4.5: The loss for different values of the ‘true’ and estimated intercept

increases when the uncertainty increases. Note that the distribution h(m) of m
plays no role in the estimator.

Finally, we graphically illustrate the loss function, as we have done in
the figures 4.2 and 4.3. Again, we consider the case that only the intercept is
unknown to the organization. As in (4.18) we write the average loss as

L̄T (α̃, α) =
∫ τ−α

τ−α̃

{a8(α + m) − c} h(m) dm.

where α is the true intercept. Figure 4.5 shows the average loss for a = 10,
c = 1, and m ∼ N(0, 3), for a range of (α, α̃) values from which it is
immediately clear that we have an asymmetric loss function. The figure shows
that overestimation generates a smaller loss than underestimation; a result that
corresponds with the conclusions from figures 4.2–4.4.
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4.7 Modeling the quantity of response

The results in table 4.2 clearly favor the Bayesian decision rule approach.
However, we considered only a binary choice model which (see chapter 3)
turned out to generate fewer profits than models which also take the quantity of
response into account. Hence, the next step to be taken is to specify the decision
theoretic framework for those models. For the two-part model (TPM) it turns
out to be rather straightforward. Please recall that the TPM specifies a model
for the quantity conditional on response, i.e. A = x ′γ +u for A > 0. Therefore,
the estimators β̂ and γ̂ are independent. This can be shown as follows. Note that
independence of A and R implies that β̂ and γ̂ are independent. Independence
of the former means that

P(A ∈ F, R ∈ G | A > 0) = P(A ∈ F | A > 0)P(R ∈ G | A > 0),

for two nonempty setsF and G. In our case, G has only two relevant elements,
viz. 0 and 1. If G = {0}, then

P(A ∈ F, R ∈ G | A > 0) = 0 = P(A ∈ F | A > 0)P(R ∈ G | A > 0),

since P(R ∈ G | A > 0) = 0. If G = {1}, then

P(A ∈ F, R ∈ G | A > 0) = P(A ∈ F | A > 0),

since P(R ∈ G | A > 0) = 1. Thus A and R are independent.
The important implication is that we may apply the decision theoretic

framework to the response model and quantity model separately. Write (4.1),
using (3.1), as

E(5 | x, β, γ ) = x ′γ8(x ′β) − c.

Thus the loss function, cf. (4.2), is given by

L(d, β, γ | x) =
{

x ′γ8(x ′β) − c if d = 1
0 if d = 0.

Denote the posterior density of γ by g(γ | Sn, λ), where λ a vector of hy-
perparameters. Then, the posterior risk corresponding to the loss function
is

R(d | x)

≡ E(L(d, β, γ | x) | Sn)
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=
{ ∫ ∫

x ′γ8(x ′β) f (β | Sn, θ)g(γ | Sn, λ) dβ dγ − c if d = 1
0 if d = 0

=
{ ∫

x ′γ g(γ | Sn, λ) dγ
∫

8(x ′β) f (β | Sn, θ) dβ − c if d = 1
0 if d = 0.

The Bayesian decision rule corresponding to the posterior risk (4.5) is the
decision variable d maximizing R(d | x). It is obvious that this decision rule
is given by

d = 1 if and only if∫
x ′γ g(γ | Sn, λ) dγ

∫
8(x ′β) f (β | Sn, θ) dβ ≥ c.

The first integral defines the risk in the quantity. Since the second-order term
of the Taylor series expansion of x ′γ is zero, so x ′γ = x ′γ̂ + (γ − γ̂ )′x , it is
immediately clear that we may neglect the estimation uncertainty of γ if no
prior information is available. Since we will consider the case of a posterior
density with mean γ̂ , we may simply use this point estimate. Thus, the Bayesian
decision rule reduces to

d = 1 if and only if x ′γ
∫

8(x ′β) f (β | Sn, θ) dβ ≥ c.

This decision rule makes clear that the estimation uncertainty problem
reduces to the one we considered in section 4.2, viz. the uncertainty in the
response probability. Hence, we may determine a(= x ′γ ) as before and the
response probability by one of the approximations described in section 4.4.
For the selection of individuals we proceed as in chapter 3. That is, a given
individual should receive a mailing if ( p̂, â) falls in the mailing region, which
is defined by one of the three approximations described in section 3.4. Please
remember that in approximation I it is assumed that the density of a is similar
for the respondents and nonrespondents. In approximation II it is assumed
that both densities are normal with different means and the same variance. In
approximation III the densities are estimated by a kernel. For the TPM these
approximations correspond with methods 5–7. The Bayesian approach of the
methods 1, 5–7 are denoted by method 1B, 5B–7B, respectively.

Table 4.3 shows the results of the various approaches, based on the 500
bootstrap samples of chapter 3. We limit the bootstrap analysis for model com-
parison to the normal posterior approach, due to computer time constraints.
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Table 4.3: Performance of methods

method approx. profit #selected
1 p ā I 89 163 38 068

1B p ā I 89 505 38 136
5 p a I 99 433 27 016

5B p a I 99 791 27 104
6 p a II 99 924 25 214

6B p a II 100 011 25 283
7 p a III 100 123 25 275

7B p a III 100 371 25 334

Given the relatively small differences between the various approaches for eval-
uating the integral of the Bayesian decision rule, we assume that this will
give a reasonable indication of the performance of the Bayesian approach in
the various approximations. Table 4.3 shows that on average the Bayesian
approach performs better than the corresponding ‘naive’ approximation. Ta-
ble 4.4 demonstrates the relative performances of the various methods. For
instance, the table shows that in 71% of the samples method 1B generates
higher profits than method 1. Similarly, method 5 (the basic TPM) generates
in 30% of the samples higher profits than method 7B, which is the model that
generates the highest profits.

4.8 Discussion and conclusion

In order to select addresses from a list for a direct mailing campaign, an or-
ganization can build a response model and use the (consistently) estimated
parameters for selection. The decision rule for selection is often defined on
the basis of the estimated parameters taken as the true parameters. This chap-
ter shows that this leads to suboptimal results. The reason for this is that
the estimation uncertainty resulting from the organization’s assessment of the
characteristics of the potential targets is not taken into account. Put differently,
both steps of a target selection process, estimation and selection, should be
considered simultaneously. We have formulated a rigorous theoretic frame-
work, based on the organization’s profit maximizing behavior, to derive an
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Table 4.4: Relative performance of methods

1 1B 5 5B 6 6B 7
1B 71

5 100 99
5B 100 99 74

6 100 99 63 55
6B 100 99 65 59 60

7 100 99 62 54 59 55
7B 100 99 70 61 66 63 72

Entry (i, j) is the percentage of cases (in 500 bootstrap
samples) where method i outperforms method j .

optimal Bayesian decision rule. We have demonstrated, theoretically as well
as empirically, that this approach generates higher profits.

An important aspect of our approach is the evaluation of the integral
resulting from the Bayesian decision rule. We have used a normal posterior,
Laplace approximation, and Monte Carlo integration to evaluate the Bayesian
rule numerically. Although the normal posterior approach may be rather crude
it has the advantage that a closed form expression is obtained. Moreover, it
performs quite well in the empirical illustration. The advantage of having
a closed form is that we do not need the computational intensive methods.
Furthermore, we obtain a transparent expression for the expected profit, which
explicitly shows the effect of estimation uncertainty. It must be realized, though,
that the empirical results indicate that the decision rule is affected by the
chosen prior density. Since the normal posterior approximation ignores the
prior density, it has to be used with caution when prior information is available.

It is worth noting that Bult (1993), who used Manski’s (1975, 1985) maxi-
mum score estimator, explicitly incorporates the decision rule in the estimation
procedure (see section 2.4). That is, the function he considers accounts for the
fact that the cost of misclassification of an individual that responded to the
mailing is much larger than the cost of misclassification of an individual that
did not respond to the mailing. However, as in the naive approach, the estima-
tion step is completed separately from the selection step. That is, the decision
rule uses the point estimator as if it is the true parameter. Thus, although the
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decision rule is incorporated in the estimation procedure, no attention is given
to estimation uncertainty.

As to future research, it is important, for practical purposes, to analyze
the possible generality of the obtained profit implications with respect to the
numerical evaluation methods and the use of priors. That is, are our results
generalizable to other data sets, and to the use of a larger estimation sample
and/or validation set? Furthermore, we have considered uncertainty in the
parameters only. There is, however, also uncertainty about the chosen model
and unobserved heterogeneity. These kinds of uncertainty could be taken into
account as well. It could very well be that heterogeneity has a much larger
effect on the selection rule than estimation uncertainty.

In the introduction we argued that it is incorrect for a decision maker to
ignore estimation uncertainty. However, the number of empirical applications
that indeed incorporate estimation uncertainty is rather limited. A natural ques-
tion that arises is: why is this the case? First of all, a lot of applied work does
not lead to a strict decision rule. Often, it is sufficient to know whether certain
variables have a significant effect on a particular phenomenon. A model is built
with the intention to represent the data adequately. In that case it is reason-
able to ignore the estimation uncertainty. Second, whereas it is often relatively
easy to specify and estimate a model in a traditional way, it is much harder
to do so in a Bayesian framework. That is, it is often difficult to specify an
appropriate loss function. Moreover, since Bayesian decision problems often
involve high-dimensional integrals, it may be hard to estimate the parameters.
In contrast, sufficient user-friendly software packages are available to estimate
the parameters in a traditional way. Third, the Bayesian ideas are not generally
accepted. One of the main arguments is that it is difficult to achieve objectivity
within a Bayesian framework (e.g. Efron 1986). It is, however, very difficult to
incorporate estimation uncertainty, or in general, to apply statistical decision
theory, in a non-Bayesian way.

In this chapter we have demonstrated how to deal with these problems. That
is, by using an uninformative prior, or a crude approximations, the influence
of the prior vanishes. Hence, if no prior information is available, or if the
decision maker does not want to make use of any prior information, it is still
possible to apply the decision theory in a Bayesian framework. Furthermore,
computational difficulties are no longer an appropriate argument to ignore
estimation uncertainty. In the last decade many computer-intensive algorithms
have been suggested to solve high dimensional integrals. The general idea
behind these methods is to replace difficult calculations by a sequence of easier
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calculations, which are relatively easy to program. Recently, even standard
software for Monte Carlo integration methods and convergence diagnostics
has become available (e.g. BUGS of Spiegelhalter et al. (1994), and CODA of
Best et al. (1995), respectively), which simplifies the implementation. Hence,
given the continuing availability of high-speed computers it is possible to solve
the complicated integrals resulting from the decision framework.


