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Abstract. We propose a new non-homogeneous dynamic Bayesian net-
work with partially segment-wise sequentially coupled network param-
eters. The idea is to infer the segmentation of a time series of network
data using multiple changepoint processes, and to model the data in
each segment by linear regression models. The conventional uncoupled
models infer the network interaction parameters for each segment sep-
arately, without any systematic information-sharing among segments.
More recently, it was proposed to couple the network interaction param-
eters sequentially among segments. The idea is to enforce the parameters
of any segment to stay similar to those of the previous segment. This cou-
pling mechanism can be disadvantageous, as it enforces coupling and does
not feature any options to uncouple. We propose a new consensus model
that infers for each individual segment whether it should be coupled to
(or better should stay uncoupled from) the preceding one.

Keywords: Network structure learning · Dynamic Bayesian networks ·
Bayesian piece-wise linear regression · Partial segment-wise coupling

1 Introduction

In systems biology, dynamic Bayesian network models (DBNs) have become pop-
ular tools for learning the structures of regulatory networks from data. For tem-
poral data, the usual assumption is that all regulatory interactions are subject to
a time lag. There is then no acyclicity constraint on the network structure, and
the parent nodes of each node can be learned separately. A common approach is
then to make use of independent regression models to infer the parents (=covari-
ates) of each individual network node, and to merge the individual parent sets in
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form of a network; see Sect. 2.3 for a more detailed description. A shortcoming
of dynamic Bayesian networks is that they are homogeneous models, so that the
network parameters are not allowed to change over time. The same set of network
parameters applies to all time points. For many applications, this assumption
of homogeneity is unrealistic. For example, in cellular networks the strengths of
the regulatory interactions often depend on unobserved external factors, such as
cellular or experimental conditions, which do not necessarily stay constant over
time. This renders the traditional dynamic Bayesian network models inappropri-
ate for many biological applications. Therefore various non-homogeneous DBN
models (NH-DBNs) have been proposed in the computational biology literature.
The proposed NH-DBNs can be grouped into two classes: (i) NH-DBNs that
allow only the network parameters to vary in time and (ii) NH-DBNs that allow
the network structure and the network parameters to be time-dependent. We
here focus on NH-DBNs that assume the network structure to be time-invariant
(i), as this assumption is more realistic for our applications in Sect. 4.

When the network structure (i.e. the collection of covariate sets) does not
change over time, while the network parameters (i.e. the regression coefficients)
are time-dependent, piece-wise linear regression models can be used to model the
data. A multiple changepoint process is applied to infer the segmentation of the
data into disjoint segments, and the data within each segment are modelled by
linear regression. The joint network structure, the number of changepoints and
their locations, and the segment-specific network parameters (regression coeffi-
cients) are unknown and have to be inferred from the data. With the conventional
uncoupled models (see, e.g., the work by Lèbre et al. [1]), the segment-specific
network parameters have to be learned for each segment separately, without
information-sharing among segments. For short time series, the segmentation
leads to even shorter segments, sometimes containing a few data points only.
This can lead to inflated inference uncertainties, so that the segment-specific
network parameters cannot be properly learned from the data.

To address this issue, a model with fully sequentially coupled network param-
eters was proposed by Grzegorczyk and Husmeier [2]. The key idea is to allow
for information-exchange among segments by a sequential coupling scheme. The
posterior expectation of the network parameters of each segment h are used
as prior expectation for the next segment h + 1. In the fully sequentially cou-
pled model from Grzegorczyk and Husmeier [2], node-specific coupling strength
parameters regulate the variance of the network parameter priors and so the
effective coupling strength between all pairs (h, h + 1) of neighboring segments.
A disadvantage of this fully coupled model is that each segment h ≥ 2 is enforced
to be coupled to the preceding segment h − 1. That is, the regression coefficient
prior distributions for each segment h ≥ 2 are automatically centered around
their posterior expectations from the preceding segment h − 1, and the coupling
strength parameter only regulates the variance of these prior distributions. Low
coupling strength parameters yield peaked prior distributions while high cou-
pling strength parameters yield vague prior distributions around the posterior
expectations from the preceding segment. In particular, in the fully sequentially
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coupled model from Grzegorczyk and Husmeier [2] there is no option to uncou-
ple a segment h ≥ 2 from the previous segment h − 1. Therefore, for networks
with dissimilar segment-specific network parameters (regression coefficients), this
information coupling scheme can become very counter-productive: Uncoupling
can effectively only be achieved by making the network parameter prior distribu-
tions vague, so as to allow the regression coefficients to get dissimilar from their
prior expectations (= the posterior expectations from the preceding segment).

In this paper, we address this disadvantage of the fully sequentially coupled
model from Grzegorczyk and Husmeier [2]. We extend the fully coupled model by
introducing a new option to uncouple segments. This yields a new model, which
we refer to as the new partially segment-wise coupled model. The new models
infers for each individual segment h ≥ 2 whether it is coupled to (or uncoupled
from) the preceding segment h−1. Hence, our new partially segment-wise coupled
model can infer the best trade-off between the uncoupled model from Lèbre et
al. [1] and the fully sequentially coupled model from Grzegorczyk and Husmeier
[2]. The uncoupled model and the fully coupled model are the limiting cases,
where either all segments are uncoupled or all segments are coupled.

In a complementary work [3], we have generalized the fully sequentially cou-
pled model from Grzegorczyk and Husmeier [2] by introducing segment-specific
coupling strength parameters. Although segment-specific coupling strengths
increase the model flexibility, in this generalized fully coupled model [3] each
segment stays coupled to the previous one and the uncoupled model from Lèbre
et al. [1] cannot be reached as limiting case.

2 Methods

2.1 The New Partially Segment-Wise Coupled Model

Consider a piece-wise Bayesian linear regression model with response variable Y
and covariate set π = {X1, . . . , Xk}. We assume that there are T temporal data
points and that they can be divided into H disjoint segments with segment-
specific regression coefficients. Let yh be the response vector and Xh be the
design matrix for segment h, where Xh includes a column of 1’s for the intercept.
For each segment h = 1, . . . , H we then have:

yh ∼ N (Xhwh, σ2I) (1)

where wh = (wh,0, . . . ,wh,k)T is the regression coefficient vector for segment
h, and σ2 is the noise variance parameter, which we assume to have an inverse
Gamma distribution:

σ−2 ∼ GAM(ασ, βσ)

Onto the regression coefficient vectors wh (h = 1, . . . , H) we impose the following
novel prior distributions:

wh ∼ N (μh,Σh) with μh := δhw̃h−1 and Σh := λcδh λu1−δh σ2I (2)
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where δ1 := 0, δh ∈ {0, 1} for h > 1, w̃0 := 0. This yields:

wh ∼
{

N (0, λuσ2I) if h = 1 or δh = 0
N (w̃h−1, λcσ

2I) if h > 1 and δh = 1
(3)

λc and λu are free hyperparameters, onto which we impose inverse Gamma
prior distributions:

λ−1
c ∼ GAM(αc, βc)

λ−1
u ∼ GAM(αu, βu)

The newly introduced indicator variables δh ∈ {0, 1} indicate whether seg-
ment h ≥ 2 is coupled to segment h − 1 (δh = 1) or not (δh = 0), and w̃h−1

(h ≥ 2) is the posterior expectation of wh−1; see Eq. (5) below.
The subscripts ‘u’ and ‘c’ indicate whether the hyperparameters apply to uncou-
pled (δh = 0) or coupled (δh = 1) segments. The posterior distribution (full
conditional distribution) of wh is:

wh|(σ2, λc, λu, δh,yh) ∼ N (w̃h, σ2Σ̃h) (4)

where

Σ̃h = λ−δh
c λ−(1−δh)

u I + XT
hXh

w̃h =
(
Σ̃h

)−1 (
λ−δh

c λ−(1−δh)
u μh−1 + XT

hyh

)
(5)

We assume that the new indicator variables δ2, . . . , δH follow a Bernoulli distri-
bution:

δh|p ∼ Ber(p)

where the probability hyperparameter p ∈ [0, 1] is Beta distributed:

p ∼ Beta(a, b)

Our new model is then a consensus model between an uncoupled model and
a fully coupled model:

– If δh = 0 for all h, then P (wh) = N (0, λuσ2I) for all h. This is an uncoupled
model without information sharing among segments. The prior expectations
of all regression coefficients wh,j (j = 0, . . . , k) are 0, and λu can be inter-
preted as a signal-to-noise ratio parameter.

– If δh = 1 for h ≥ 2, then P (wh) = N (w̃h−1, λcσ
2I) for h ≥ 2. This refers to

the fully sequentially coupled model from [2]. The prior expectation of
each individual regression coefficient wh,j is its posterior expectation w̃h−1,j

from the previous segment (j = 0, . . . , k), and λc can be interpreted as cou-
pling (strength) parameter, where λ−1

c refers to the coupling strength.
– Our new partially segment-wise coupled model infers the values of the

binary variables δh (h ≥ 2) from the data, so as to find the best trade-off
between the uncoupled and the fully coupled model.
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µh := w̃h−1 Σh := λcI

wh

Σh := λuI µh := 0δh

p

a b

if δh = 0if δh = 1

λc λu

αc βc
αu βu

σ2

yhXh

ασ βσ

wh ∼ N(µh, σ
2Σh)

yh ∼ N(Xhwh, σ
2I)

σ−2 ∼ GAM(ασ, βσ)

λ−1
c ∼ GAM(αc, βc) λ−1

u ∼ GAM(αu, βu)

p ∼ Beta(a, b)

δh ∼ Ber(p)

w̃h−1 w̃h

posterior
of wh

posterior
of wh−1

µh+1 := ...

segment h

Fig. 1. Graphical representation of the new partially segment-wise coupled
model. Parameters that have to be inferred are in white circles. The data and the fixed
hyperparameters are in grey circles. The rectangles contain definitions that determin-
istically depend on the parent nodes. Everything within the plate is segment-specific.

Figure 1 shows a graphical model representation of our new partially coupled
model and lists all prior distributions along with their hyperparameters.

For δh ∼ Ber(p) with p ∼ Beta(a, b) the joint marginal density of {δh} :=
(δ2, . . . , δH) is:

p({δh}) =

1∫
0

p(p)
H∏

h=2

p(δh|p) dp (6)

=
Γ (a + b)
Γ (a)Γ (b)

Γ (a +
H∑

h=2

δh)Γ (b +
H∑

h=2

(1 − δh))

Γ (a + b + (H − 1))

The marginal likelihood, p(y|π, τ , λu, λc, {δh}), where π = {X1, . . . , Xk} is
the covariate set and τ denotes the data segmentation into the H segments
(h = 1, . . . , H), can be computed analytically by applying the rule from Sect. 2.3
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in Bishop [4]:

p(y|λu, λc, {δh}) =
Γ (T

2 + aσ)
Γ (aσ)

· π−T/2 · (2bσ)aσ(
H∏

h=1

det(Ch)
)1/2

· (
2bσ + Δ2

)−(T
2 +aσ) (7)

where σ2 and w1, . . . ,wH have been integrated out, and

Ch := I + XhΣhXT
h

Δ2 :=
H∑

h=1

(yh − δhXhw̃h−1)TC−1
h (yh − δhXhw̃h−1)

2.2 Covariate Set and Data Segmentation Learning

The data segmentation τ and the covariate sets π are usually unknown and the
major objective is to infer them from the data. Given N covariates, we assume
that all subsets π ⊂ {X1, . . . , XN} are equally likely a priori. For the data
segmentation we use changepoint sets; i.e. we use a set of H − 1 changepoints
τ := {τ1, . . . , τH−1} to divide the temporal data points D = {D1, . . . ,DT } into
H segments. Data point Dt is in segment h if τh−1 < t ≤ τh, where τ0 :=
0 and τH := T are two pseudo-changepoints . We assume that the distances
between neighboring changepoints are geometrically distributed with a fixed
hyperparameter p ∈ (0, 1):

p(τ |p) =

(
H−1∏
h=1

(1 − p)τh−τh−1−1p

)
(1 − p)τH−τH−1−1 (8)

= (1 − p)(T−1)−(H−1)pH−1

The posterior distribution then takes the form:

p(λu, λc, {δh},π, τ |D) ∝ p(π) · p(τ |p) · p(λu) · p(λc) · p({δh}) (9)
· p(y|π, τ , λu, λc, {δh})

where the marginal likelihood p(y|π, τ , λu, λc, {δh}) was defined in Eq. 7.
Reversible Jump Markov Chain Monte Carlo (RJMCMC) simulations can be
used to generate posterior samples from the posterior distribution in Eq. 9. In
each RJMCMC iteration we re-sample the parameters in λu, λc and {δh} from
their full conditional distributions (Gibbs sampling), and we perform Metropolis-
Hastings moves to sample covariate sets π and changepoint sets τ .

Covariate Set Inference. For sampling covariate sets π we implement 3
move types: ‘covariate additions (A)’, covariate removals (R)’, and ‘covariate
exchanges (E)’. Each move proposes to replace π by a new covariate set π∗

having one covariate more (A) or less (R) or exchanged (E). When randomly



A New Dynamic Bayesian Network Model for Network Structure Inference 145

selecting the move type and the involved covariate(s), we get the acceptance
probability:

A(π → π∗) = min
{

1,
p(y|π∗, τ , λu, λc, {δh})
p(y|π, τ , λu, λc, {δh})

· p(π∗)
p(π)

· HRπ

}

where the move type (A, R, or E) specific Hastings ratios are:

HRπ ,A =
n − |π|

|π∗| , HRπ ,R =
|π|

n − |π∗| , HRπ ,E = 1

Changepoint Set Inference. For sampling changepoint sets τ we also imple-
ment 3 move types: ‘changepoint birth (B)’, ‘changepoint death (D)’, and
‘changepoint re-allocation (R)’ moves. Each move proposes to replace τ by a
new changepoint set τ ∗ having one changepoint added (B) or deleted (D) or
re-allocated (R). We randomly select the move type, the involved changepoint
and the new changepoint location. Changepoint moves also affect the numbers
of parameters in the collection {δh}. For each segment that stays unchanged we
keep the old parameter. For altering segments we re-sample the corresponding
parameters. To this end, we flip coins to get candidates for the involved δh’s. This
yields a new collection of binary variables {δh}∗ and the Metropolis-Hastings
acceptance probability is:

A([τ , {δh}] → [τ ∗, {δh}∗])

= min
{

1,
p(y|π, τ ∗, λu, λc, {δh}∗)
p(y|π, τ , λu, λc, {δh})

· p(τ ∗)
p(τ )

· p({δh}∗)
p({δh})

· HRτ

}

where the move type specific (B, D, or R) Hastings ratios are

HRτ ,B =
T − 1 − |τ ∗|

|τ | · 1
2
, HRτ ,D =

|τ ∗|
T − 1 − |τ | · 2, HRτ ,R = 1 (10)

2.3 Network Structure Learning

If n variables Z1, . . . , Zn have been observed over time, the conventional dynamic
Bayesian network assumption is that the regulatory interactions are subject to
a time lag. A network edge Zi → Zj then indicates that Zj at time point t + 1
depends on the value of Zi at time point t. The task of learning a network
among the n variables can then be separated into n independent regression
tasks. In the j-th regression model Y := Zj is the response and the other N :=
n−1 variables {Z1, . . . , Zj−1, Zj+1, . . . , Zn} are the potential covariates. Having
inferred a covariate set πj for each Zj , a network can be built by merging the
covariate sets in form of a network N := {π1, . . . ,πn}. There is the edge Zi → Zj

in the network N if and only if Zi ∈ πj .
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Fig. 2. Convergence diagnostic for the yeast data. For different MCMC simu-
lation run length, V ∈ {100, 1000, 10000, 100000}, we performed 10 RJMCMC simula-
tions with the new partially segment-wise coupled model. We used the hyperparameter
p = 0.05 for the changepoint prior in Eq. 8. For each V there is a scatter plot where
the simulation-specific edge scores (vertical axis) are plotted against the average scores
for that V (horizontal axis).

For each network variable Y := Zj we generate a posterior sample from Eq. 9,
{λ

(j,w)
u , λ

(j,w)
c , {δh}(j,w),π(j,w), τ (j,w)}w=1,...,W , and from the covariate sets we

form a network sample: N (w) = {π(1,w), . . . ,π(n,w)}w=1,...,W .
The score êi,j ∈ [0, 1] of the edge Zi → Zj is the fraction of sampled networks

that contain this edge; i.e. êi,j is the estimated marginal posterior probability of
Zi → Zj .

If the true network is known and has M edges, we evaluate the network
reconstruction accuracy as follows: for each threshold ξ ∈ [0, 1] we extract the
nξ edges whose scores êi,j exceed ξ, and we count the number of true positives Tξ

among them. Plotting the precisions Pξ := Tξ/nξ against the recalls Rξ := Tξ/M ,
gives the precision-recall curve. We refer to the area under the precision-recall
curve as AUC (‘area under curve’) value. The higher the AUC value, the higher
the network reconstruction accuracy.

3 Hyperparameter Settings and RJMCMC Simulation
Run Lengths

For the empirical cross-model comparison, we re-use the hyperparameters from
the earlier works by Lèbre et al. [1] and Grzegorczyk and Husmeier [2]:

σ−2 ∼ GAM(ασ = ν, βσ = ν)

with ν = 0.005, and

λ−1
u ∼ GAM(αu = 2, βu = 0.2)

λ−1
c ∼ GAM(αc = 3, βc = 3)

For our new partially segment-wise coupled model we use the same hyperparam-
eters with the extension: δh ∼ BER(p) with p ∼ BETA(a = 1, b = 1).
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Fig. 3. Network topologies. Left: The true yeast network with n = 5 nodes and
M = 8 edges. Centre: Network prediction inferred with the new partially segment-
wise coupled model. We extracted the M = 8 edges with the highest scores. The two
grey solid edges correspond to false positives. The two grey dotted edges refer to false
negatives. Right: RAF pathway with n = 11 nodes and M = 20 edges.

For each of the three models we run RJMCMC simulation for V = 100, 000
iterations. Setting the burn-in phase to 0.5V (50%) and thinning out by the
factor 10 during the sampling phase, yields W = 0.5V/10 = 5000 samples from
each posterior distribution. To check for convergence, we compared the sam-
ples of independent simulations, using standard trace plot diagnostics as well
as scatter plots of the estimated edge scores. For the data sets, analyzed here,
the diagnostics indicated almost perfect convergence already after V = 10, 000
iterations; see Fig. 2 for some example scatter plot diagnostics.

4 Results

4.1 Synthetic RAF Protein Pathway Data

We generate synthetic RAF pathway data and assume the data segmentation
to be known, i.e. we keep the changepoints in τ fixed. The RAF pathway [5]
has n = 11 nodes and M = 20 edges, as shown in the right panel of Fig. 3.
We generate data with H = 4 segments having 10 data points each. For each
node Zj and its parent nodes in πj we sample the regression coefficients for
h = 1 from standard Gaussian distributions and collect them in a vector wj

1,
which we normalize to Euclidean norm 1, wj

1 ← wj
1/|wj

1|. For the segments
h = 2, 3, 4 we use: wj

h = wj
h−1 (δh = 1, coupled) or wj

h = −wj
h−1 (δh = 0,

uncoupled). The design matrices Xj
h contain a first column of 1’s for the intercept

and the segment-specific values of the parent nodes, shifted by one time point.
To the values of Zj : z

j
h = Xj

hw
j
h we add Gaussian noise with standard deviation

σ = 0.05. For all eight coupling scenarios (δ2, δ3, δ4) ∈ {0, 1}3, we generate 25
data sets with different regression coefficients.

Figure 4 compares the network reconstruction accuracies in terms of aver-
age AUC value differences. For 6 out of 8 scenarios the AUC differences are in
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Fig. 4. Network reconstruction improvements for RAF data. For each scenario
(δ2, δ3, δ4) there are two bars of AUC differences between the new and the uncoupled
model (white), and the new and the coupled model (grey). Positive values are in favor
of the new model. The error bars give 95% t-test confidence intervals.

favor of the new partially coupled model. Only when all segments h ≥ 2 are
coupled (‘111’) or all segments are uncoupled (‘000’), the new model performs
slightly worse than the fully coupled or the uncoupled model, respectively. For
the new partially coupled model, Fig. 5 shows the posterior probabilities that
the segments h = 2, 3, 4 are coupled. The trends are in good agreement with
the true coupling scenarios, i.e. the new model correctly infers if the regression
coefficients are similar (identical) or different (opposite signs).

4.2 Saccharomyces Cerevisiae Gene Expression Data

Cantone et al. [6] synthetically designed a network in S. cerevisiae (yeast) with
n = 5 genes and M = 8 edges, and then measured gene expression data under
galactose- and glucose-metabolism: 16 measurements were taken in galactose and
21 measurements were taken in glucose. This is an ideal benchmark data set, as
the network structure is known, so the network reconstruction accuracies can be
cross-compared on real wet-lab data. The true network topology is shown in the
left panel of Fig. 3. We pre-process the data as described in [2]. Here we assume
the changepoint(s) to be unknown, so that we infer them from the data. As the
number of changepoints grows with the hyperparameter p of the changepoint
prior in Eq. 8, we implement the models with different values p. The average AUC
scores of the models are shown in Fig. 6. The uncoupled model is consistently
inferior to the new partially coupled model. The new partially coupled model
also performs better than the coupled model. One exemption occurs for p = 0.1,
where the coupled model is slightly superior.

The center panel of Fig. 3 shows a network prediction that was obtained with
the new partially segment-wise coupled NH-DBN model.
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mented the models with seven different hyperparameters p of the changepoint prior
in Eq. 8. There is a bar chart for each p ∈ {0.02, , 0.025.0.03, 0.05, 0.075, 0.1, 0.2}, and
the bars show the model-specific average AUC scores; the error bars indicate standard
deviations.

4.3 Arabidopsis Thaliana Gene Expression Data

The circadian clock network in A. thaliana optimizes the gene regulatory pro-
cesses w.r.t. the daily dark:light cycles (photo periods). In four experiments Ara-
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Fig. 7. Circadian clock network in Arabidopsis thaliana, inferred with the
newly proposed partially segment-wise coupled NH-DBN model. We have
implemented the model with the hyperparameter p = 0.1 for the changepoint process
prior in Eq. 8. The figure shows the 20 edges with the highest marginal edge posterior
probabilities (edge scores). Many of the inferred edges are consistent with the plant
biology literature; see main text for further details.

bidopsis plants were entrained in different dark:light cycles, before gene expres-
sions were measured under constant light condition over 24- and 48-hours. We
follow earlier studies [2], and merge the four time series to one single data set
with T = 47 data points and focus our attention on the n = 9 core genes: LHY,
TOC1, CCA1, ELF4, ELF3, GI, PRR9, PRR5, and PRR3.

Here we cannot objectively cross-compare the network reconstruction accu-
racies, as the true underlying network topology is not known. Figure 7 shows the
structure of the network that was inferred with the new partially segment-wise
coupled model, using p = 0.1 for the changepoint process prior in Eq. 8. For
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obtaining the prediction in Fig. 7, we extracted the 20 edges with the highest
marginal edge posterior probabilities (edge scores). A proper biological evalua-
tion of the predicted network topology is beyond the scope of this paper, but we
note that many of the inferred edges are consistent with the plant biology litera-
ture. For example, the feedback loop between the two genes LHY and TOC1 is
one of the most important key features of the circadian clock network; see, e.g.,
the early work by Locke et al. [8]. Many of the other predicted network edges have
been reported in more recent works. For example, the five edges LHY → ELF3,
LHY → ELF4, GI → TOC1, ELF3 → PRR3 and ELF4 → PRR9 can all be
found in the Arabidopsis circadian clock network of Herrero et al. [7].

5 Conclusion

We have proposed a new partially segment-wise coupled non-homogeneous
dynamic Bayesian network model (NH-DBN). Our new model is a consensus
model between the standard uncoupled NH-DBN model and the fully coupled
non-homogeneous dynamic Bayesian network model from [2]; see Fig. 1 for a
graphical model representation.

Our empirical results on synthetic RAF pathway data (see Fig. 4) and on S.
cerevisiae gene expression data (see Fig. 6) show that the new partially segment-
wise coupled model reaches higher network reconstruction accuracies than its
competitors, namely the uncoupled NH-DBN and the fully sequentially coupled
NH-DBN. We have also seen that the new partially coupled model can correctly
infer from the data whether the parameters of neighboring segments are similar
or dissimilar; see Fig. 5 for a diagnostic plot.

In the third and last empirical case study, we have applied the new partially
segment-wise coupled model to gene expression data from the circadian clock
network in Arabidopsis thaliana. The inferred network topology (shown in Fig. 7)
is consistent with the plant biology literature.

References
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