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ChapTer 3

Computational Methods

 
 
Physical insight into the light scattering properties of biological photonic structures is 
gained by theoretical or computational modelling of the photonic structure’s optical 
behaviour, based on the topology of the photonic structure and the material properties of its 
components (chapter 2). Various computational techniques have been developed for the 
theoretical study of the interaction of light with photonic nanostructures [1-5]. 

Analytical treatments are only possible for simple topological cases, such as thin films or 
multilayers, treated in chapters 4-7. The analytical solutions, which allow direct calculation 
of the reflectance and transmittance of the photonic structure, are commonly based on 
transfer matrix techniques (Appendix A). Transfer matrix calculations give exact solutions 
for the simple photonic structures, but cannot be extended to more complex nanostructures.

For topologically more complex photonic structures, like disordered multilayers or 
three-dimensional photonic crystals (chapters 8-10), analytical treatments do not exist. 
Fortunately, in the recent decades computational approaches have been developed for 
studying the wave propagation in complex optical systems. These computational programs 
calculate the propagation of the electromagnetic fields in a virtual ‘simulation box’ that 
contains the photonic structure by solving the Maxwell equations [5,6]. 

In this thesis, we use the two most common computational approaches that deal with the 
solution of Maxwell equations in photonic nanostructures: 

- finite-difference time-domain (FDTD) simulations [2,3], which calculate the time 
dependent evolution of electromagnetic fields in a simulation box and thus compute 
reflectance/transmittance spectra, and 

- photonic band structure calculations, which compute the frequency eigenstates of 
Maxwell’s equations in periodic nanostructures, based on the plane wave expansion 
[4,5]. 

These techniques are very powerful tools to understand the interaction of light with 
nanostructured matter. Both simulation techniques reveal different properties of a photonic 
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structure, but have also specific drawbacks. Therefore, we present each technique in detail 
in this section. However, before giving an in-depth presentation of the two computational 
techniques we will first present the macroscopic Maxwell equations and discuss their 
general properties. 

1. inTeraCTion of lighT and maTTer: maxwell’s equations

Fundamental to the study of the propagation of light in a general photonic structure are the 
four macroscopic Maxwell equations 

   

         (1).

Here, E and H are the macroscopic electric and magnetic fields, D and B are the displacement 
and magnetic induction fields and J and ρ are the free currents and charges [2,5,7]. All 
parameters can depend on time t, space vector r and the light frequency ω.

For the discussion of biological photonic crystals, we can often restrict the treatment to 
homogeneous, isotropic, lossless and linear dielectric materials, i.e. to materials where J 
= ρ = 0, that is, metals and nonlinear materials with optical absorption are then excluded. 
With this simplification, we can relate the fields E to D, via D = ε(r) E, with the dielectric 
function ε(r). Similarly, we can connect H to B via B ≈ H, thus assuming a magnetic 
permeability of µ ≈ 1, which is valid for most dielectrics materials [5]. The Maxwell 
equations for a mixed dielectric medium hence are 

         (2)

 

with the speed of light c and the dielectric function ε(r). These four equations determine the 
interaction between light and dielectric matter.

In general, both fields, the electric and the magnetic field, will be complicated functions of 
space and time. However, since the fields in Maxwell’s equations are linear functions the 
time- and space-dependency of the fields can be separated by expanding each field into its 
(time-harmonic) Fourier modes. The magnetic and electric field thus become

 
        (3).

This implies the absence of (electric or magnetic) point sources. Hence

   
      (4).

This implies that no (electric or magnetic) point sources are present in the medium. We can 
therefore use the two curl equations (right side of eq. 2) to get
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        (5).

These equations can be decoupled into a closed equation for H(r). This is achieved by 
dividing the lower equation of eq. 5 by ε(r), taking the curl and eliminating E(r) by inserting 
the upper equation of eq. 5. This yields the following equation

         

(6),

which can be generally expressed as an Eigenvalue problem ( )2( ) / ( )cωΦ =HH r H r  
with the Hermitian operator ( )( )1/ ( )εΦ = ∇× ⋅∇×H r .  Equations 6 and the divergence 
equation 4 complete determine H(r). When H(r) is known, the electric field E(r) can be 
calculated via

         (7).

The strategy to solve the transmission/reflection of light from a given photonic nanostructure 
with the dielectric function ε(r) will be the following: solve equations 4 and 6 that determine 
H(r) for a given frequency and then recover E(r) by using eq. 7. Of course, by creating 
a master equation for the electric field E(r), similar to Eq. 5, H(r) can be subsequently 
solved. However, this implies a more complicated eigenvalue problem, which is difficult 
to solve computationally due to the non-Hermitian eigenvalue operator (see ref. [5] for a 
description).

1.1  General remarks

Maxwell’s equations form a set of coupled, partial differential equations (PDEs) that relate 
the magnetic and electric fields to each other and to charges and currents. Coupled PDEs 
are usually very difficult to solve, because all points in (simulation) space have to be 
solved simultaneously. Solving Maxwell’s equations for any given nanostructure is thus a 
computationally very costly job. The physical parameters in biological photonic systems are 
relatively favourable for a numerical computation since the length scales are not extremely 
small or large in comparison to the wavelength of light and the materials properties can 
often be known accurately (chapter 2). This makes the solutions of Maxwell’s equations 
virtually exact.

Furthermore, as for any differential equation, boundary conditions and properly defined 
initial conditions are necessary to provide a unique solution for a given geometry. In the 
cases presented in this thesis, Maxwell’s equations are solved in a finite region of space 
with either perfectly absorbing boundary layers (see 2.1), that isolate the modelling region 
from the outside world, or with periodic boundary conditions (see 2.2).

Solutions to Maxwell’s equations are easily scalable, since they do not have any fundamental 
length scale. This means that the light scattering properties of a photonic structure change 
linearly with a change in the fundamental length scale of the structure, thus providing ready 
insight for large-scale investigations with replicas in the microwave-regime [8].
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2. computational approaches to solve maxwell’s equations

Many numerical techniques for the solution of the Maxwell equations for the interaction of 
light with the photonic structure exist, with each technique having its particular advantages 
and disadvantages. Most commonly, the Maxwell equations are either solved in the time 
domain, revealing the temporal evolution of the fields while interacting with the (finite) 
structure, or in the frequency-domain, thus calculating the photonic band structure diagram 
ωn(k) of an infinitely periodic structure. Here, we will present both methods in detail.

2.1 Finite-difference time-domain (FDTD) simulations

Finite-difference time-domain (FDTD) simulations calculate the temporal evolution of the 
electromagnetic radiation in a given simulation volume by solving the Maxwell equations, 
thus predicting the reflectance and transmittance spectra of arbitrary geometries that are 
placed in the volume as well as the connected far-field scattering patterns [2]. FDTD 
simulations compute the fields E(r,t) or D(r,t) and H(r,t) or B(r,t) propagating through 
the modelling volume in time, usually by activating a time-dependent current source J(r,t) 
outside the medium of interest – the light source.

As the name implies, FDTD simulations divide time and space points into a grid of discrete 
points and approximate the derivatives of the Maxwell equations, i.e. the curl and the time 
derivatives of equation 2, by finite differences. The grid points are usually placed on a 
discretised cubic mesh of points, the Yee grid. On the Yee grid the electric and magnetic 
fields are distributed in an alternating manner, such that a magnetic field vector lays in-
between two electric field vectors (see figure 1a, ref. [2,9]). A given photonic structure 
is then constructed inside the modelling volume by assigning values of permittivity and 
permeability to each electric field component and magnetic field component, respectively.

The propagation of the electromagnetic wave in time is then conveniently solved by 
iteratively solving Maxwell’s equations in the time domain in a leapfrog scheme (see 
figure 1b): at a given time t, the electric field components at a specific point of space are 
computed from the values of the E field at t-Δt and the magnetic field H at t-Δt/2. Similarly, 
the magnetic field H at t+Δt/2 is computed with the values of E at t and H at t-Δt/2. This 
way, the time-dependent propagation of the E and H field through the modelling space is 
computed iteratively. The propagating fields will reach the limits of the simulation volume 
and will be reflected. This however is unphysical and to fix it, the boundary conditions are 
chosen to be a ‘perfectly matched layer’ that efficiently absorbs the incoming radiation 
[10]. Reflectance and transmittance spectra are obtained by applying Fourier transforms to 
the calculated time-dependent fields.

2.1.1  Advantages and disadvantages
FDTD methods are very powerful in that they enable numerical simulations of absorbing, 
non-linear materials and the light scattering properties for arbitrary, finite sized objects in 
a boundary box. Further, the time dependent evolution of the magnetic and electric field 
is visualised in real space, which allows direct imaging of the dynamic response of the 
photonic system. This greatly adds to building intuitive insight into the scattering events in 
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photonic structures, e.g. by showing the absorption depth into material. Most importantly, 
the far-field scattering pattern of a photonic structure can be calculated. 

Solving the Maxwell equation in the time-domain for large, three-dimensional objects, 
however, can be extremely demanding on computing power, especially since for many 
objects the simulations have to be performed per wavelength and polarisation. Therefore, 
large scale FDTD simulations are usually performed on a parallel computing architecture 
(supercomputer). Furthermore, due to the usage of the Fourier transform, simulations of 
sharp spectral features need a long computation time (many time steps) to converge.

2.1.2  FDTD modelling software
In this thesis, we use the software TDME3D, a massively parallel Maxwell equation 
solver that calculates the light scattering properties by photonic nanostructures [11]. Using 
TDME3D, we can calculate the reflectance and transmittance not only for idealised, periodic 
nanostructures (see below and chapter 10), but also for an arbitrary photonic system with 
known spatial distribution of the refractive index. 

As an example of the latter, figure 2a shows a TEM image of the cross-section of a breast 
feather barbule of a bird of paradise. The breast feather anatomy is unique in that it has 
a chitin-keratin multilayer in a boomerang-like shape that causes highly iridescent, tri-
directional reflections [12]. For FDTD modelling of this nanostructure, we binarise the 
TEM-image, assign RI values to the different materials based on their respective grayscale, 
and place the object in the simulation volume (figure 2b). Figure 2c,d show snapshots 
of the dynamic interaction of light with the sample at different time steps. The approach 
of implementing TEM-images into the FDTD solver thus allows direct calculation of 
the photonic response of arbitrary (three-dimensional) geometries which include natural 
variations or imperfections. This way, we are able to understand the reflectance behaviour 
of this unique photonic structure (in preparation). In Chapter 5, we present results of this 
approach for the occipital, silvery feathers of the bird of paradise, Lawes parotia.

Chapter 10 presents a study of the light propagation in a number of differently oriented 
idealised, single-network diamond photonic crystals. We have modelled the chitin-air 
diamond-type network by assigning the refractive index n(X,Y,Z) = 1.55 + 0.06i for the 
volume filled with chitin (filling function f(X,Y,Z) < -0.5) and n(X,Y,Z) = 1 for the volume 

Figure 1: (a) Illustration of the cubic Yee grid. The electric and magnetic field components, E and H, are 
distributed alternately. A three-dimensional volume is built from a multiplicity of such Yee grids ([9]). (b) 
Illustration of the leap-frog time-ordering scheme used.
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filled with air (f(X,Y,Z) ≥ -0.5) using the filling function for diamond-type photonic crystals 
(see chapter 1)[13]; with a lattice constant a = 445 nm. X = 2πx/a, Y = 2πy/a, and Z = 2πz/a 
are the scaled spatial coordinates, with x, y, and z denoting the coordinates in the cubic 
structure. The simulation boxes had a linear dimension of 16a and the modelled diamond 
structure thickness of 6a, closely matching the experimentally observed thickness. We used 
perfectly-matched-layer boundaries for the simulation box. The photonic structures in the 
simulation volume were oriented as the experimentally observed orientations. One 3D 
simulation run, which is the calculation for one structural orientation, one wavelength, one 
polarization and one incidence angle, required a memory of approx. 60 GB. The simulations 
were performed on the IBM BlueGene/P of the University of Groningen.

2.2 Frequency-domain methods: photonic band structure calculations

Frequency-domain methods solve the Maxwell eigenvalue problem of equation 6 for 
frequencies in a periodic system and thus calculate the photonic band structure ωn(k) for a 
given crystal geometry. The eigenvalue problem can be explicitly constructed by inserting 
a Bloch state into equation 6. This leads to an eigenvalue problem for the periodic Bloch 
envelope function uk(r), which has the same periodicity as the investigate crystal structure. 

Figure 2: FDTD simulation of the photonic nanostructure. The TEM image of the original photonic 
nanostructure (a) is converted into grayscales to which different RI values are assigned, based on the material 
components (b). (c,d) FDTD simulates the timely evolution of the electric and magnetic fields with the 
nanostructure in place. After 7 time steps (c) the incoming light wave is interacting with the structure showing 
transient effects; after 50 time steps (d) a steady-state is reached. Bar: (a) 2 µm.
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The eigenvalue problem then is

        (8),

with the Hermitian operator Φk, that depends on k. This eigenvalue problem can be solved 
computationally by minimization procedures. Due to the symmetry of the investigated, 
ideal crystals, equation 8 only has to be evaluated in the (first or irreducible) Brillouin zone 
of the crystal – the zone where the values of uk are unique. We can generally expect to find 
for every wave vector k an infinite number of modes with band index n with discretely 
spaced energies, the nth eigenmode of equation 8. These modes comprise the family of 
bands ωn(k) that together form the photonic band structure for the particular photonic 
crystal.

The photonic band structure (or photonic bandgap diagram) thus gives the range of allowed 
frequencies in the crystal. If for given crystal orientations, no bands overlap in k-space, a 
photonic bandgap is present. Waves with frequencies within the bandgap cannot propagate 
inside the photonic structure and are consequently reflected. Thus, the photonic bandgap 
size and its position in space are crucial for the photonic properties of a photonic crystal.. 
In case that a bandgap is present for all orientations of the photonic crystal, it is called a 
complete photonic bandgap, else it is a partial photonic bandgap (see also chapter 1). 
Generally, bandgaps are wider for larger refractive index contrasts. Figure 3 presents the 
photonic band structure diagram for the irreducible Brillouin zone of a diamond-type 
photonic crystal.

2.2.1 Advantages and disadvantages
Frequency-domain methods calculate the frequency eigenmodes of the investigated 
photonic system and present the family of eigenmodes in the photonic band structure 
diagram. Frequency-domain calculations are usually very fast, due to the assumed periodic 
boundary conditions. Calculations usually take a few minutes on a standard-PC. 

Frequency-domain methods, however, calculate the band structure diagram for an infinite 
periodic structure, due to the boundary conditions implied by the Bloch states. Furthermore, 

Figure 3: Photonic band structure for a diamond-type photonic crystal. Exemplary simulated photonic 
band structure diagram for a single-network diamond-type photonic crystal with a dielectric constant ε = 2.45 
and a filling fraction of ~30 % for the lowest six energy bands (b). The photonic bandgaps on the faces of 
the first Brillouin zone (sketched in a) will reflect light by constructive light interference (Bragg’s law), the 
bandgaps towards the centre of the Brillouin zone (highlighted yellow) will be mostly inactive (see text and 
also Chapter 9). 
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non-linear, absorbing materials are also excluded from modelling. This approach is 
nevertheless highly valuable, because idealised photonic band structure diagrams provide 
essential insight into the optical behaviour of photonic nanostructures (see chapters 8 and 
9). 

2.2.2 Computational implementation
In this thesis, we used the MIT photonic bandgap solver MPB (freely available at http://
ab-initio.mit.edu/mpb) to calculate photonic band structures. MPB iteratively solves the 
eigenvalue problem of equation 8 by transforming it into a finite matrix eigenproblem of 
the shape Ax = ω2x that can be solved by linear algebra techniques [4,5]. The program 
outputs the photonic band structures for the lowest n bands at a defined resolution. 

In Chapters 8 and 9, we will use the MPB package to calculate the photonic band 
structure diagrams for single-network gyroid and diamond structures and compare it with 
experimentally obtained far-field scattering patterns. For the calculations, we generated 
dielectric functions for each photonic crystal type based on the level-set equations for a 
single gyroid and a single diamond structure (see chapter 1) with the threshold parameter 
t that determines the chitin filling fraction of each network in the unit cell. To simulate a 
dielectric chitin structure in an air environment, the dielectric function f(x,y,z) was chosen 
such that n(x,y,z) = 1.56 if f(x,y,z) ≤  t, and n(x,y,z) = 1 if f(x,y,z) > t, where n(x,y,z) is the 
refractive index at point (x,y,z) of the unit cell. An exemplary photonic band structure for 
the lowest six photonic bands of a diamond-type photonic crystal is shown in figure 3.
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