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1. I NTRODUCTION 

A general method for the analysis of covariance structures was 

introduced by Jöreskog in 1970. Within the general theoretical frame

work it is possible to estimate structural parameters by means of maximum 

likelihood methods and to test the goodness of fit of a linear structural 

equation system. This early approach became to be known as the ACOVS

model (Analysis of COVariance Structures) af ter the name of the computer 

program, which was available from the start (Jöreskog, Gruvaeus & Van 

Thillo, 1970). Applications of the ACOVS-model can be found in Jöreskog 

(1973a, 1974). 

Three years later Jöreskog (1973b) developed a more general model 

to analyze covariance structures, cal led LISREL (Llnear Structural 

RELations) . The ACOVS-model, which is not discussed here, can be 

viewed as a suomodel of the LISREL-model; for comparisons between the 

two approaches we refer to Jöreskog (1981). The first LISREL computer 

program was developed by Jöreskog & Van Thillo (1973) . The latest 

public version of the program is LISREL-V (Jöreskog & Sörbom, 1981). 

In this study a slightly adapted form of the LISREL-III vers ion will 

be used. Since 1973 several applications of the LISREL approach have 

been published, e.g. Jöreskog (1977, 1978, 1979), Jöreskog & Sörbom 

(1976a, 1977), Sörbom (1974, 1976, 1978), Sörbom & Jöreskog (1981), Werts, 

Linn & Jöreskog (1977,1978), De Pijper & Sa'ris (1976), Blok & Saris (1980) , 

Ormel (1980). Books like Goldberger & Duncan (1973) and Aigner & 

Goldberger (1977) can almost be considered as classical introductions 

to the field of structural modeling. A further account of the literature 

is given in section 2.1. 

The general LISREL-model considers a data matrix? (N x k) of N 

observations on k random variables. It is assumed that the rows of Z 

are independently distributed, each having a multivariate normal (Nk ) 

distribution with the same covariance matrix~, while the expectation 

of a row from ~ has some specified form (see section 2.2) . For large 

samples the sampling distribution of the structural model parameters 

and the appropriate goodness of fit statistic are approximately known, 

if the assumptions hold. Detailed attent ion to the mathematical aspects 
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of these assumptions ~s given ~n chapter 2. 

In our research two questions are posed: 

(i) how robust are parameter estimates. their standard errors . and 

the goodness of fit statistic against the us e of small s ample sizes? 

(ii) how serious are departures from the assumption of multivariate 

normality for the estimation of structural model parameters, 's1: andard 

errors, and for testing goodness of fit ? 

In this chapter the concept of robustness and procedures related 

to that concept are briefly discussed. The general structural equation 

model is defined explicitly in chapter 2, while procedures used to 

investigate the two questions under study are treated in chapter 3 and 

chapter 6, respectively. The answers to the questions are presented in 

chapter 4 and chapter 7. Intermediately, the characteristics of data from 

some empirical studies are ctiscussed in chapter 5. 

1. 1 The concept of robustness 

The term "robustness" used as a statistical concept was introduced 

by Box (1953, p . 318). He called a statistical procedure "robust" if 

its performance was relatively insensitive to departures from the under

lying assumptions used to derive that procedure. Although the concept 

of robustness was not introduced before the fifties, scientists have 

been concerned with departures from assumptions, particularly with the 

assumption of normality, as long as they have been employing well

defined statistical procedures (cf. Stigler, 1973, for some historical 

notes). But even today the concept of robustness is not without debate, 

let alone the interpretation of results from studies on robustness. This 

might weIl be illustrated by the position taken by Bradley (1968). 

He most strongly states that there is no cornmonly accepted 

definition of robustness, no agreed-upon criterion to distinguish 

between a condition of robustness and a condition of non-robustness. 

To his opinion, statements like "test A is robust" or even "test A is 

robust against assurnption Y" are objectionable. He is making astrong 

point for the so-called "myth of robustness" when indicating and illus

trating that "the''degree'' of a test's robustness against violation of a 

given assurnption is strongly dependent upon factors which are not involved 
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in the statement of a test's assumptions,which are of ten not required in a 

complete description of the assumption's violation, and which are not 

mentioned in the usual allegation of robustness ( .. . ). These factors 

cause no distortion of Type I or Type 11 errors when all assumptions are 

met, but greatly influence the distortion occurring under a given violation 

of assumptions - i.e ., the factors interact with whatever violations 

occurs." (o.c. p. 26) That might be factors concerned with testing (e.g. 

location of the rejection region, size of significante level), with 

sampling or with factors involving population characteristics. Moreover, 

the fact that the effect of certain violations is of ten impredictable 

and counter to statistical intuition makes it all worse. It can be con

cluded that not only the dogma of normality is into debate, but the myth 

of robustness as weIl. 

Hatch & Posten (1969) proposed a quantitative approach to the 

concept of robustness by which vagueness would vanish. Until now their 

approach of regions of robustness has not attracted much attention, but 

similar ideas are basic to recent studies of Vijn (1980), Vijn & 

Molenaar (1981), who use the term robustness region in a Bayesian 

context . 

Despite the somewhat ambiguous character of the concept of 

robustness, it has turned out to be useful to study robustness in order 

to see how and to what extent certain violations of assumptions affect 

statistical procedures. As a result of such studies it is known for 

example, that the estimation of ·the mean,or the slope of aregression 

line in a population,is strongly affected by outliers ~n the sample. 

In such situations traditional statistical procedures are not robust 

and should be replaced by robust procedures. (see section 1.4) The 

interested reader in robustness studies is referred to bibliographical 

overvieuws (e. g .Hyrenius,et al . ,1964; Fridshal & Posten, 1966; Posten, 

1969; Govindarajulu & Leslie, 1972) and to summaries of robustness 

studies concerning specific or related statistical procedures (e.g. 

Hatch & Posten, 1966, or Bowman, Beauchamp & Shenton, 1977, on Student

procedures and Dijkhuizen, 1977, on classical econometric estimation 

procedures) . 
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1. 2 The robustness question in statistical analysis 

The majority of statistical theory can be placed in the following 

context (Cox & Hinkley, 1974). If a family F of probability models is 

chosen, from the data under analysis it is required to answer questions 

of one or both of the following types. 

(i) Are the data consistent with the family F ? 

(ii) Assuming provisionally that the data are derived from one of the 

models in F, what can be concluded about values of unknown para

me ters, or less commonly about the values of further observations 

drawn from the same model? 

Obviously robustness will be of concern to a researcher if the 

answer to question (i) is negative, while at the same time the re

searcher continues his analysis, trying to find an answer to question 

(ii) . But even if the answer to question (i) turns out to be positive 

the researcher may beseverely worried about the consistency of his data 

with family F, let alone for future data sets. 

Two points are made very clear by Cox & Hinkley. 

First, the initial choice of F is seldom straightforward, but will be 

made af ter preliminary and graphical analysis of the data, while of ten 

iterative procedures will be necessary. It is here where preliminary 

tests can be performed; e.g. tests for multivariate normality (Malkovitch 

& Afifi, 1973; Andrews, Gnanadesikan & Warner, 1973; Cox & Small, 

1978). It should be stressed that these pure significance tests have 

some serious limitations: the difficulty of choosing a suitable test 

statistic and, more important, the absence of a direct indication of 

the importance of any departure from the null hypothesis (Cox & Hinkley, 

1974, 81 f.). Techniques of graphical analysis, especially for multivariate 

observations, are receiving growing attention in the statistical lite

rature; these techniques can be of great help. Gnanadesikan (1977) 

gives a fairly complete account; Everitt (1978)gives a modest summary, 

while Wang (1978) and Barnett (1981) present some recent developments. 

~, at the end of the analysis it is recommended always to con-

sider, "even if only brief and qualitatively, how the general 

conclusion would be affected by departures from the family F. Of ten 

this is conveniently done by asking questions sueh as: . how great 

would a particular type of departure from F have to be for the major 
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conclusions of the analysis to be altered?" (Cox & Hinkley, 1974, p. 3) 

These recommendations seem to imply that the applied statistician 

does weIl to choose his model af ter a first inspection of the data andto 

pose robustness questions af ter the statistical analysis has beert completed . 

To our opinion, it seems fruitful not to postpone these latter questions 

to the end of the analysis, but to let these considerations interfere 

with a suitable choice of F. 

Questions of the kind mentioned in the second point are not easily 

answered . Of ten the type of departures are difficult to summarize . 

Besides, even if the type and amount of departure is fully known, 

research results from robustness studies should be available to get an 

indication of the effect on the conclusions made in the analysis,and 

hopefully such results can be interpreted without much debate (see 

Olson, 1974, 1976 and Stevens, 1979, for an exampl~). Surely, 

this is an idealized situation, which will be seldom if ever fulfilled. 

Carefully planned studies in robustness will be needed to give, whatever 

rough, guidelines to the applied statistician. As an example ·of such an 

attempt , reference is made to Pearson & Please (1975),elegantly starting 

from empirical distribution functions . 

1.3 Procedures to investigate robustness 

A variety of methods are used to assess the robustness of a specific 

statistical procedure. They can be classified under four main approaches 

(Hatch & Posten, 1966, p. II f.). Each of them is characterized by the 

way a specific measure of effectiveness (of ten, but not neccesarily, 

the probability of a type I error) is obtained. This measure of effec

tiveness is the criterion by which the procedure's sensitivity to assump

tion departures is determined . 

(i) an analytic method: the values for the measure of effectiveness 

are computed exactly . 

(ii) an approximation method: a more manageable form for the measure 

of effectiveness or some numerical approximation technique is used. 

(iii) an empirical method : a sampling scheme is used to generate data 

from which the measure of effectiveness is computed (so cal led 

Monte Carlo experimentation). 
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(iv) an assumpt i on free approach: here either a non-parametric or a 

Bayesian technique is used to select an alternative procedure. 

The sensitivity of the original procedure is then assessed "by 

determining how nearly equivalent (relative to the measure of 

effectiveness) the two procedures are" .(Hatch & Posten, 1969, 

p. 5) 

Because of its relative simplicity an empirical methad was chosen 

in this study; the other methads seemed either impossible or very dif

ficult to deal with in the analysis of covariance structures . 

1. 4 Robus t pr ocedures 

It is weIl known that, in practice, most models seldom fit exactly 

to the data under analysis. Therefore, it is of ten unwise to use optimal 

procedures within .a restricted family of modeis. Frequently it is far 

more realistic to try and find statistical procedures which are good 

for a rather braad class of modeis, but which are not necessarily 

optimal for each of them separately. For example, in estimating a 

location parameter using the mean as an estimator is not the best 

choice, most of the times. We could simply use the median or a so

called M-estimator (see page 32 ), with the effect that a procedure 

is used which is robust against outliers. Hence, such procedures are 

developed in a way that makes them inherently robust. 

50, instead of trying to find out whether existing statistical 

procedures may be termed robust or not (in a specified way), there is 

a development to look systematically for procedures which may be 

cal led robust . For the analysis of structural equation models it 

would mean that instead of using the existing maximum likelihood 

estimation procedure (LISREL) we should try to find a different 

estimation procedure which would have specified robust characteristics. 

Robust statistical procedures have been developed largely for 

estimation problems. For example, several statistics have been presented 

which are robust against possible outliers in the data (see Barnett & 

Lewis, 1978). But although most work concentrates on estimation, in 

principle robust procedures can be provided for interval estimation 

and significanee testing as weIl (Cox & Hinkley, 1974, p. 271). 
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An illustrative example of robust procedures can be found in the 

well-known Princeton-study (Andrews, et al. 1972). A more recent study 

on robust estimation in so-called Rasch-models is reported by Wainer 

& Wright (1980). A compact and technical summary of robust statistical 

procedures is given by Huber (1977b), whopublished a review in 1972 and a 

monograph in 1981. Hogg (1974, 1979a, 1979b) and BickeI (1976) also dis

cuss recent developments, while Stigler (1980) gives account of very 

early propositions in this field. Practical and easy introductions 

are given by Wainer (1982) and by Mallows (1979). A multivariate 

example for location and scatter estimators is treated by Maronna 

(1976) . 

To our knowledge applications of robust estimation with respect 

to the parameters in a system of linear structural equations have not 

been published yet. A different approach worth mentioning is that when 

the departures from the crucial assumption of multivariate normality 

are large, it may be advisable to work with robust estimators of 

covarianees before an analysis of the covariance structure is done. 

However, if we want to use maximum likelihood estimation and goodness 

of fit tests af ter the robust estimation of ~ has been completed, the 

distribution of the robust estimator must be analytically tractable. 

Unfortunately, the methods for obtaining nonsingular robust estimators 

of a covariance matrix are not perfect yet (cf. Gnanadesikan & Kettenring, 

1972; Gnanadesikan, 1977, p.132 ff.).More research is needed to get an 

estimator of covariance matrices which is robust against outliers, con

siders both scale and orientational aspects and results in a positive 

definite L. The reader is referred to Devlin, Gnanadesikan & Kettenring 

(1975) for robust estimators of correlation coefficients, to Huber 

(1977a)for some new developments elaborating on the work of Maronna 

(1976), and to Marazzi (1980a, 1980b) and Campbell (1980). 

One final point should be mentioned in this section. Earlier a 

distinction was made between an approach where robust procedures for 

the estimation of structural parameters were used, and the approach where 

robust estimators for the elements of L were applied. In structural 

equation modeling the first can be conceived as an ultimate purpose, 

the latter as an intermediate step. Of course, it is important to 

have reliable estimates of the population covariance matrix ~. In 
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order to generalize the sample results of a structural analysis to the 

population under study it is a substantial prerequisite that the estimate 

of ~ is not too much biased and does not have too large a variance. Such 

estimates of E should not be very dependent on outliers, they should not 

be influenced too much by a few conspieuous observations in the sample. 

In other words, the estimates of the structural parameters should not 

depend dramatically on one single row (or a few rows) from ~ (N x k) . 

By Zooking at the observations in Z the researcher mayor may not get 

worried about the generalizations he is trying to make from a structural 

analysis given the sample results. But if he feels uneasy af ter an 

inspection of the observations , he may, along with robust procedures, 

resort to two techniques which can cope with the dangers we just referred 

to, at least to a certain degree . Those are the j ackkni f e technique 

(cf. Milier, 1974) and the boots t rap method (Efron, 1979). Given a 

particular data set in structural equation modeling both methods could 

be used to re duce the bias and the variance of the estimates of ~, and 

so indirectly to improve the estimators of the structural model para

meters ahd the estimators of their corresponding standard errors . In 

Qpplying both techniques one of the main disadvantages will be the 

relatively "huge" amount of computer time they need. 

Given this state of affairs it was decided to take the "ordinary" 

sample covariance matrix as the basis for maximum likelihood estimation 

with LISREL. 
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