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4. ROBUSTNESS AGAINST SMALL SAMPLE SIZE 

In this chapter Monte Carlo results are presented for the robustness 

of LISREL against small sample size. For each model (or class of 

modeis) a separate section is devoted to results and conclusions. First 

in section 4. I the decisions with respect to sample size, number of re

plications, standardization and model choice are discussed. 

4.1 Introduction 

(i) sample size 

For the first model it was decided to use sample sizes of 25, 50, 

100, 200, 400, and 800. Despite existing counterexamples a researcher 

will seldom work with a sample size smaller than 25, which is really 

very small for exploratory studies in structural modeling. A maximum 

size of 800 was chosen to see whether drastic changes occur going from 

a sample size of 400 to one of 800, which most people would judge to 

be a large sample. 

For the other models appropriate revisions of the sample size were 

made, if necessary, taking into account the results of the first model 

and computer time for generation and analysis. 

(ii) number of replications 

The number of replications NR is decisive for the accuracy of the 

sampling distributions of parameters, standard errors and the goodness 

of fit statistic. The larger NR the more closely a specified probability 

distribution can be appro~imated. To come very close to a theoretical 

distribution the number NR,on which the Monte Ca rio distribution is 

based,must be very large (cf. Massey, 1951; Hartley, 1977). For example, 

if one wants to be 99% sure of estimating the cumulative distribution 

within two percentage points for the entire distribution,NR should be 

equal to 6643. To strive af ter such very high accuracy is completely 

unrealistic. Instead it will be much more desirabie to invest in 

replications across different sample sizes, across different departures 

from normality, and across different types of modeis. When NR is small 
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it can be expected that stabilities or instabilities in the results across 

sample size, non-normality and models will show whether NR was sufficient 

or not for the purpose of this study. 

Apart from accuracy calculations exemplified above, it is important 

to know th at the error in the Monte Carlo estimation of statistics from 

the sampling distributions decreases with NR-~. Suppose, for example, 

that we have a sampling distribution of w .. based on NR parameter 
l.J 

estimates. An estimate for the mean of ~ .. based on that sampling 
l.J 

distribution is then more accurate, more reliable, with increasing NR. 

This is reflected in the s tandard error of the mean derived from the 

sampling distribution. In general the standard error of a statistic is 

the standard deviation of the sampling distribution of that statistic, 

and is of particular importance where th at distribution can be taken 

to be normal, either exactly or to an adequate degree of approximation 

(cf. Kendali & Stuart, 1958, p.221). These authors point out that for 

samples of size NR rhe standard error gives a valid measure of precision, 

prov{ded that the sampling distribution under discussion approaches nor

mality, and that NR is large. They also indicate that it is not always 

easy to say just how large NR must be for such approximations to be 

valid. "So far as it is possible to generalize with safety, we can 

usually (but not always) assume values ••. greater than 500 to be "large"; 

values greater than 100 are of ten great enough to be "large" for our 

purposes; values below 100 are suspect in many instanees; and values 

below 30 are very rarely "large"." (0. c. p. 234) 

As a first choice we decided to take NR = 100 replications. For 

such a lower bound computer time and storage requirements could then 

also be inspected. It will be seen that af ter studying a first model we 

decided to raise the number of replications to NR = 300. For that number 

computer time and storage facilities were demanding but not insuperable. 

Going from 100 to 300 replications has the great advantage that the 

standard errors of statistics are reduced by a factor of almost two. 

To illustrate the impact on standard errors by raising the number 

of replications to 300, for some distributional statistics these values 

are given in Table 4.1. The standard errors are presented for three 

population distributions: the standard normal distribution (relevant 

for standardized parameter estimates), and two chi-square distributions 
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with 4 and 20 degrees of freedom, respectively (relevant for the 

goodness of fit statistic, and covering the range of models that will 

be studied). 

Table 4 . I Standard error of some statistics for NR=IOO and NR=300 

assuming a standard normaZ distribution and a chi- square distribution 

with 4 and 20 degrees of freedom, respectiveZy; p.v. indicates the 

popuZation vaZue . 

N (0, I) 2 2 
X4 X20 

statistic p.v. NR=IOO NR=300 p.v. NR= 100 NR=300 p.v. NR=IOO NR=300 

median 0.00 0.13 0.07 3.36 0.32 0.18 19.34 0.78 0.45 

mean 0.00 0.10 0.06 4.00 0.28 0.16 20.00 0.63 0.37 

varianee 1.00 0.14 0.08 8.00 1. 79 1.03 40.00 6 . 45 3.72 

stand.dev. 1.00 0.07 0.04 2.83 0.32 0.18 6.32 0.5 I 0.29 

skewness 0.00 0.24 0.14 1.41 0.56 0.32 0.63 0.31 0.18 

kurtosis 3.00 0.49 0.28 6.00 4.37 2 .5 2 3.60 1. 30 0.75 

Note the relatively smaller standard error of the standard deviation 

compared to the varianee and the relatively large standard error of the 

kurtosis. 

All our computations for the standard errors Ln the sampling distri

butions are based on formula's given by KendalI & Stuart (1958, p.243). 

The standard error of the skewness, given a chi-square population dis tri

bution, was approximated by methods explained in their sections 10.6 and 

10.7 . 

(iii) s tandardization 

Since the statistical theory of analyzing covariance structures is 

based on the Wishart distribution of ~ (formula(2.5)],it is in accordance 

with that theory to base the LISREL-analysis on sample covariance ma

trices. In practice, however, the user has other options as weIl 

(cf. Jöreskog & Sörbom, 1978, p.12). Very of ten researchers analyze the 

sample correZation matrix R V-! S v-!,where V! is a diagonal matrix _ s _s - s 
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of order k x k with the sample standard deviations of the observed 

variables as elements. Because the unit of measurement of the observed 

variables is frequently arbitrary, it is comrnon practice, at least in 

the field of social sciences, to analyze correlation matrices instead 

of covariance matrices. Indeed, in principle, the researcher is free to 

analyze a correlation structure as well as a covariance structure (cf. 

Jöreskog, 1967, p.458). But,especially in a Monte Carlo study, a 

decision to analyze correlation matrices only is not without compli

cations. 

In our second model for example (see page 76) the population 

covariance matrix L is a correlation matrix with diagonal values 

equal to one . If random samples S are taken from that population by 

procedures described in chapter 3 every element of S will be 

subject to random fluctuation, including the diagonal elements. It 

means that in this example diagonal values of S will fluctuate around 

the value of one (as they should in a Wishart distribution). If instead 

the sample correlation matrices ~, which are standardized covariance 

matrices, are analyzed, diagonal elements of these samples are by 

definition restricted to values of one. The distribution of R is not 
_1 _, - ! 

a Wishart distribution with parameter matrix V 2 L V 2 , where V2 

- cr - -cr -cr 
is a diagonal matrix with the population standard deviations as elements . 

In a practical research situation the effects of standardizing 

observed variables may seem negligible, because apart from longitudinal 

studies hardly ever more than one sample is taken from the same population. 

In our ~1onte Carlo work, however, we deal with NR replications and if 

each of the sample covariance matrices would be standardized to a sample 

correlation matrix this would lead to systematic departures with respect 
_, _1 

to the theoretical Wishart distribution with parameter V 2 L V 2. The 
- cr --cr 

latter could very well affect the sampling distributions of parameter 

estimates and estimates of standard errors. It seems to be improper to 

confound the departures from large samples and normality assumptions 

with the effects of standardization on sampling distributions. In order 

to investigate the effect of standardization, for some models covariance 

matrices as well as correlation matrices were analyzed. See section 4.4, 

where factor analysis models are studied (of ten irrelevant units of 

measurement and astrong tradition of standardization), and section 7.2 for 

a non-normal case. 
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Except for ohapters 4 and 7, throughout this study the matrix to be 

analyzed is denoted by §, regardless whether it is a sample covariance 

or correlation matrix. The population matrix from which S has been 

sampled is, analogously, always denoted by ~ . 

A final question to be handled in this subsection is whether a 

standardized or an unstandardized parameter solution must be examined 

(cf. Jöreskog & Sörbom, 1978, p. 58 f.). A standardized LISREL-solution 

is described in terms of standardized latent variables, while the 

observed variables are still in the original metric. Since the 

standard errors are strictly associated with the unstandardized solution, 

and because of our emphasis on that linkage in section 3. 3, results 

of the unstandardized parameter solution are given for all modeIs. 

(iv) model choice 

In a Monte Carlo study, the departures from large sample size 

and normality must be investigated given specified structural equation 

modeIs. The choice of models certainly has implica tions for the gene

ralization of results, a subject to be discussed in section 8 .1. 

It is weIl known that there is a very broad variety of models 

suited for a LISREL-analysis. Ideally one could take a c ross-section 

from the different types of models most frequently used by practical 

researchers in various disciplines. For generalization to all models 

generally used in applications of structural equation modeIs, such 

a cross-sectional sample would still have to be very large. 

Given the broadness of model applications,restrictive choices 

are practically demanding. Not only because computer simulations 

are time and memory consuming, but also in order to control the number 

of pages needed for the presentation of results. Therefore, only 

a limited number of models are studied,for each of which the previous 

arguments can again be used with respect to the number of observed 

variables and the number of unknown parameters they involve. Moreover, 

it would be desirabIe to deal with models which are frequently discussed 

in the literature. 

Given these theoretical and practical considerations we settled 

to the following compromise: two almost classical,empirical modeIs, one 
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of which is recursive, the other non-recursive, and a class of theoretical 

factor analysis modeis. The main advantage of this decision LS that the 

models are relatively simpie, weIl known from discussions in the litera

ture and covering a range of structural and measurement characteristics . 

We also succeeded in keeping the number of observed variables and the 

number of parameters within a limited range: 6 to 10 observed variables 

and 12 to 17 unknown parameters. 

In the introductions of the following sections each model will be 

discussed in more detail. 

4. 2 Modû 1 

4. 2a Model de scription 

The first model to be investigated was designed for a longitudinal 

study, and has been extensively discussed by Jöreskog (e.g. 1977, 1979, 

1981). It is also presented as example 3 in the LISREL-IV program manual 

(Jöreskog & Sörbom, 1978). Given this broad attention the model can be 

viewed as a classical example of how to perform a LLSREL-analysis on 

longitudinal data. 

From the literature (e.g. Jöreskog, 1981) the following model 

description is given. The model is based on ideas and data presented 

by Wheaton et al. (1977) . Their study was dealing with the stability 

over time of attitudes such as alienation and its relation to background 

variables like education and occupation. Data on attitude scales 

we re collected from 932 persons in two rural regions in Illinois (U.S.A.) 

at three points in time: 1966, 1967 and 1971. The variables used in the 

structural equation model are the anomia subscale and the power lessness 

subscale. These "observed" variables are taken to be indicators of the 

latent variabie ali enation. In the model the subscale variables are used 

for 1967 and 1971 only. The background variables are the respondent's 

educati on (years of schooling completed) and Duncan's SocioEconomie 

Index (SEI) . These observed variables are taken to be indicators of the 

latent variabie SocioEconomie Status (SES). 

In the literature the sample covariances of the observed variables 

have been studied under three different models (e.g. Jöreskog, 1979, p.329) . 
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Among them we deeided to study the best fitting model, whieh is illustrated 

in Figure 4.2.1. 

El El i' 
ANOMIA 67 

1 1 
POWERLESSN ESS 67 

1 1 
ANOMIA 71 

~ Y 
ALlENATION 67 ____ --'f3=-----_____ . { 

/Ji)' ~, 

SES 

I~ cr Figuzoe 4.2.1 Hodel I: The stability of alienation. 

From this figure it ean be seen that the model handles six observed 

variables (Y I = anomia 67, Y2 = powerlessness 67, Y3 = anomia 71, 

Y4 = powerlessness 71, xI = edueation, x2 = SEI), and three latent 

variables (nI = alienation 67, n2 = alienation 71, ~ = SES). The 

stability of alienation from 1967 to 1971 is refleeted in parameter 

8 , one of the rnain parameters of interest. The model deals with 

eorrelated errors, sinee the same subseales anomia and powerlessness 

are used at different times. From Figure 4.2.1 it ean also be noted 
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that three À-parameters are fixed to one in order to achieve th at the 

scales of observed variables and corresponding latent variables are the 

same . For further details of the model, including proofs of identification, 

the reader is referred to the literature cited above. 

Our point of departure is specifying the population covariances 

~n the model of Figure 4 . 2 . I, which proved to have a reasonable fit to 

oY'igi nal data 2 
4.77) . Since this is perfect fit could the (X4 not a we 

not take the original S as our population covariance matrix l: . One quick 

way to arrive at the true population covariance matrix, fitting the model 

perfectly, was to adjust the original ~ slightly . If the original ~ is 

properly adjusted,and if that adjusted ê is taken as the sample covariance 

matrix, Model I fits those data perfectly, i.e. the adjusted ~ equals the 

population covariance matrix and the estimated parameters and corres

ponding standard errors are the true population values. Our population 

covariance matrix of Model I is given in Table 4.2 . I; it is from this 

l: that sample covariance matrices of specific size are generated. 

Table 4.2. I The population covarianee matrix l: o f Model 1 (the s tability 

of ali enati on) . 

YI 11. 832 

Y2 6.946 9 . 364 

Y3 6 . 820 5.085 12.534 

Y4 4 . 790 5.028 7.497 9.985 

xI -3 . 913 -3 . 830 -3 . 919 - 3.6 13 9 . 610 

x2 -20 . 424 - 19 . 990 - 20 . 455 -18 . 858 35 . 522 450.297 

YI Y2 Y3 Y4 xI x2 

Observe that l: is not a corrëlation matrix . By now it is known what the 

population covariances are (Tabie 4.2 . 1) , how the true model looks like 

(Figure 4.2.1) and what the population parameter values and the cor

responding standard errors, for different sample sizes, are (see 

Table 4.2 . 2 ) . 

From Table 4 . 2.2 the relation of sample size to standard errors 
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Table 4.2.2 The parameters of MOdel 1, their population values and 

the corresponding s tandard errors for di f f erent sample si ze . 

sample size and standard errors 

parameter w. 25 50 100 200 400 800 
1. 

" I 
.98 .38 .27 .19 .13 .09 .07 

" 2 .92 .37 .26 .18 .13 .09 .06 

"3 5.22 2.63 I. 84 I. 29 .9 I .64 .46 

- 13 -.61 .32 .22 .16 . I I .08 .05 

YI -.57 .35 .25 . 17 . 12 .09 .06 

Y2 -.23 .33 .23 .16 .11 .08 .06 

~ 6.81 4.05 2.83 1.99 1.4 I .99 .70 

t/J I I 4.85 2.91 2.04 1.43 1.01 .71 .50 

t/J 22 4.09 2.52 I. 76 1.24 .88 .62 .44 

E: 
6 I I 4.73 2.83 I. 98 I. 39 .98 .69 .49 

E: 622 2.57 2.51 I. 76 I. 24 .87 .62 .44 · 

E: 631 1.62 I. 96 I. 37 .96 .68 .48 .34 

E: 633 4.40 3.21 2.25 1.58 I. 12 .79 .56 

E: 642 .34 1.63 I. 14 .80 .57 .40 .28 

E: 644 3.07 2.71 1.90 1.33 .94 .66 .47 

é 
6 I I 2.80 3.16 2.21 1.56 I. 10 .78 .55 

é 622 264.89 113.08 79.14 55.68 39.27 27.73 19.60 

by a factor N-! is clearly visible. 

From the same table it can also be seen that,given a sample 

covariance matrix for Model l,s 17 parameters have to be estimated. 

The first element of the vector w is " I with a population value of 

.98, the second element of ~ is " 2 with a population value of .92, 
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and so on. It can be noted that w4 is express ed wit~ a negative sign; 

this is due to the LISREL-III output which gives - B instead of B. 
Model 1 has k = 6 observed variables, which makes the number of 

different elements in ~ equal to kek + 1)/2 = 21. Since there are 17 

parameters to be estimated for a given ~, the number of de grees of freedom 

for the goodness of fit statistic is equal to 2 1 - 17 = 4 (see page 19 

for the theoretical treatment). 

The Monte Carl o r esults for Model 1 with N = 25, 50, 100, 200, 

400, 800 and NR = 100, 300 are surnrnarized in the next sec tion. 

4. 2b ResuUs 

First a brief summary and concZusions are given. In this chapter 

and in chapter 7 pages with detaiZed presentation of results are 

rnarked by an asterisk. Quick readers may skip these pages. 

Summary and concZusions 

For N ~ 200 every replication leads to a convergent solution. For 

N ~ 100 there is a severe danger of improper solutions. When N ;:. 2 00 no 

bias of importance is found for parameter estimates as weIl as for 

estimates of standard errors. Standard errors are systematically over

estimated. For N ~ 200 the results with respect to confidence intervals 

f or individual parameters and for the mean of standardized parameter 

estirnates are within expectation. When N.:'i 1.00 it appears that the 

assumption of norrnality for the standardized parameter estimates is 

clearly violated. Regarding dependencies among parameter estirnates for 

N ~ 2 00 only small differences with the asymptotic correlations are found. 

All the preceding distributional characteristics behave bet ter with 

increasing sample size. The chi-square estirnate for goodness of fit, however, 

did not clearly show a systematic improvement with increasing N. The 

distribution of this estirnate has a light tail with small N, and a some

what heavy tail with large N. For all estirnates frequently outliers are 

found among the replications. 

It can be concZuded that for this model LISREL is quite robust 

when N ~ 200, and not robust when N ~ 50. 
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For N=50, and N= 100 a separate comparison of the incZusion and 

exclus ion strategy revealed th at the Monte Carlo results are not 

systematically closer to theory when improper cases are included 

rather than excluded . This is not what we expected when it was kept 

in mind that the distribution of the s~bset of samples ~ under exclusion 

of improper cases is less close to a Wishart distribution. Sample size, 

and the occurrence of outliers, which may be removed under exclusion of 

improper solutions, also play a role . On the basis of the limited 

comparisons it cannot be concluded that LISREL is gene rally more robust 

under an exclusion strategy . 

Details 

Because Model I was the one studied firs~ , it served as a basic 

model for deciding how large the number of replications and the range 

of sample size would be for other models as weIl. We started with NR=IOO, 

and with sample sizes N=25, 50, 100, 200, 400, 800. On the basis of the 

results thus obtained it was decided to drop the N=800 case for sub

sequent Monte Carlo work [see section 4 .I (i)]. For reasons discussed 

in section 4. I(ii) the number of replications for Model was raised to 

NR=300; i.e. af ter having seen the results for the first hundred 

replications another 200 were added. 

The main emphasis of the results for this model will be on the 

combined NR=300 case, and on the case where N=800 is omitted. However, 

we like to offer some justification for raising the number of replications 

from 100 to 300, and for excluding results for N=800 . Therefore, occa~ 

sionally, results on the basis of NR=100, including N=800, will be given. 

(In Boomsma, 1982b, more information ean be found.) Note that unless 

indicated otherwise NR is assumed to be 300 in all tables and graphs 

of this study. 

First, attention is paid to the occurrence of non-convergence 

(see Table 4 . 2 . 3) . Note for N = 25 the number of 85 non-convergent repli

cations before 300 convergent solutions were found [100(85/385) = 22.1%]; 

with NR=300 that number was 18 and 2 for N=50 and N=100, respectively. 

For N ~ 200 all replications led to a convergent solution . 
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Table 4 . 2 . 3 The percentage of non- convergence . 
See section 3. 3a . Model I 

N NR= 100 NR=300 

25 22 .1 % 22 .1 % 

50 5. 0% 5 . 7% 

100 0.8% 0. 7% 

~ 200 0 % 0 % 

From Tab l e 4 . 2 . 4 it follows that t her e is a danger of improper 

so l utions , even for a sample size as large as 200. The frequency of 

occurrence depe nds on whe t her the population value w
i 

is close to zero . 

Table 4 . 2 . 4 The percentage of negative estimates of variances , with 

in itaZics the minimum of the estimate, across 300 repZications . 

See section 3. 3a . A bZank means 0% . {rounded vaZues) 

Model I 

sample size 
para-
mete r 

25 50 100 200 400 

1jJ I I 1% - 5 . 0 0 . 6 1.5 2. 3 3. 0 

1jJ22 4% - 6 . 1 0.3% - 1. 0 1 . 1 1 . 9 2. 3 

E: 
8 11 11% - 25 . 7 4% - 36 . 8 0 . 3% - 0 . 7 2. 0 2. 8 

E: 822 19% - 31 . 1 14% - 26 . 7 7% - 13 . 3 2% - 3 . 0 0 . 6 

E: 
8 33 

18% - 58 . 0 8% - 12. 5 1% - 0 . 8 0 . 4 1 . 3 

E: 
8

44 
15% - 56 . 8 14% - 8 . 8 5% - 18 . 9 0 . 37- - 0 . 9 1 . 1 

/) 
8 11 25% - 107 . 6 16% - 140 . 0 9% - 10 . 9 3% - 1 . 7 0 . 4 

w. 
~ 

4. 8 

4. I 

4 . 7 

2 . 6 

4. 4 

3. I 

2.8 

/) 
822 7% - 2395 . 7 1% -241. 5 0 . 3% - 71 . 4 124 . 0 193 . 7 264 . 9 
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If a researcher wants to avoid impraper solutions, without changing the 

model, it is very doubtful whether a sample size smaller than 200 is 

adequate . 

In section 3.3a it was indicated that within one replication more 

than one variance may have a negative estimate. Table 4. 2 .5 gives results 

for Model I where 8 out of 17 parameters are variances. For N=25 27% of the 

300 replications show two or more negative estimates; for N=IOO this 

number drops to 3% and for N=400 to 0%. 

Table 4.2.5 The reZative frequency distribution of the number K out of 

8 varianees with a negative estimate . 

See section 3. 3a . A bZank means 0% . 

Model I 

sample size 

K 25 50 100 200 400 

0 32.0% 60.0% 80.3% 95.7% 100% 

41 . 3% 25 .3% 16.3% 4.0% 

2 20 .7% 13.0% 3.3% 0.3% 

3 6.0% 1.7% 

~4 

In section 3.3a it was also announced that for this model a cam

parison would be made between the results where replications with nega

tive estimates of variances are incZuded and results where they are 

excZuded. This has been done only for a sample size of 50and 100 (for 

N=25 it was unattractive, given the percentage of non-convergence and 

the frequency of imp raper cases). Therefore, same of the following 

tables also give results obtained by the exclusion strategy. They are 

indicated by 50EX and 100EX. In making camparisons between the columns 

50 and 50EX, and between 100 and 100EX, the reader should be aware of 

the fact that for 50EX and 100EX the number of replications is 180 and 241, 

respectively, and not 300 (see Table 4.2.5). 

Now further results are presented. 

In Table 4.2.6 the bias of parameter estimates is indicated 

(NR=300). For N ~ 200 there is na bias of importance; for N~ 100 negative 
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E: as weIl as positive bias is found. Note the &rong underestimation of e
42 

for which many negative estimates are obtained, and the effect when 

replications with improper solutions are excluded. In general the 

exclusion strategy leads to a small decrease in bias (especially for N=50) , 

and to a relative decrease in variance and mean squared error, when the 

quanti ties of formula (3.2 )(page 35 ) are compared among both s trategies. 

If the bias is approached by means of M-estimators results are 

improving (see Table 4.2.7). Apart from parameter e ~2 there is only a 

relative small negative bias for all sample sizes. The comparison of 

Table 4.2 . 6 with Table 4.2.7 is indicative for outliers among the 300 

observations. 

From Table 4.2.8 it can be seen that with NR=IOO at least for some 

parameters the picture would be too optimistic compared to Table 4.2.6. 

For N=800 no bias is found. Bath findings support the decision for 

NR=300 and for the deletion of N=800. 

The bias of estimates forstandard errors (see Table 4.2.9) is 

relatively larger than that of parameter estimates. For some parameters 

(e.g. ~ and e~l) it is very large when the sample size is smaller than 

100. With N~ 200 there is hardly any bias left. There is a systematic 

overestimation of standard errors for all parameters. The bias under the 

inclusion strategy is larger than that under the exclusion strategy. 

If M-estimators are used for evaluating the bias of standard errors 

(see Table 4.2.10) there is a clear improvement. Not only a small bias 

~s found for N ~ 50 now, but we can also claim that for N ~ 100 no bias 

is found. Note that M- estimates show a systematic underestimation 

when the bias is of any importance. A comparison of Table 4.2.9 and 

Table 4 . 2.10, therefore, leads to the conclusion that among 300 obser

vations outliers are present in the right tail of the distribution of 

estimated standard errors. 

In Table 4.2.11 confidence intervals for parameters are analyzed . 

There is a gradual improvement with increasing sample size. For N >., 200 

results are within the expected range from -2 to 2. These findings for 

NR=300 disclosed that results of the first NR=IOO replications (see 

Boomsma, 1982b)were somewhat misleading: for the larger sample sizes 

in the first 100 replications more deviations were found than with the 

additional 200 replications. 

* 
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Table 4 . 2.6 Bias of parameter estimates . 

See section 3. 3b : IO [ (~i/wi)-I ] • where Ul i is the trUB ooZ.ue and Wij 

the estimated averoge acl"088 300 repUcations . Reading exampte : an 

entry -2 means ~i/wi • . 8 . 

Model I (NR- )OO) 

sample size 

paramete r 25 50 100 200 400 50EX 100EX 

ÀI 

À2 

À) 

- B 

YI 

Y2 

+11 

+22 
-I - I 

e~ I -2 - I -I -I 

e~2 -3 - 2 -I 

6;, - 3 - I -I - I 

a;3 -4 -I 

e ~2 -12 -8 - ) -I - I -2 "2 

a~4 - 4 -2 - I 

a~ I - 6 - 5 - I - I 

a~2 - 2 -I -I -I - I 

Tab Le 4 . 2 .7 Bi as o f parameter estiTrt:J.tes . 

See section 3 . 3b : I O r (wi~/w i )-I J • where wi is t he true va l ue and W~J 
the es t i mate based on Hampel 's M-estima te . Reading e:r:anp le : an ent ry 

- I means wi~/wi "" .9 . 

Mode l I 
samp l e s i ze 

parame t e r 25 50 100 200 400 50EX 100EX 

À I 

À
2 

- I 

À) 

-B 

Y I -I 

Y2 
- I -I 

-I 

" 11 
- I -I 

"22 
- 2 - 2 - I - 2 

e ~ I - I - I -I 

e~2 -I 

e~ 1 - 2 -I -I -I 

e~3 - I 

e~2 - 4 -I -I -I 

e~4 -I 

a~ I 
a~2 -I - I -I -I -I 

I 



Table 4.2.8 Bias of parameter estimates . 

See section 3. 3b : 10[(@ . . Iw.)-I] , where w~ is the true vaZue and @ .. 
~J ~. LJ 

the estimated average across 100 repZications . Reading exampZe : 

an entry 1 means @ . . Iw. = I. I . 
~J ~ 

Model I (NR=IOO) 

sample si ze 

parameter 25 50 100 200 400 800 

" I 

"2 2 

"3 2 

-s 

YI 

Y2 

~ 3 2 

lJi ll 2 

lJi 22 3 -J 

E: 
6 II -2 - 2 

E: 622 
-2 -2 -I 

E: 63 1 
-6 -2 

E: 633 
-6 -2 

E: 642 
-7 -5 -6 -I 

E: 644 
-4 -2 -2 

Ö 
6 11 

-6 -6 

Ö 
622 

- 2 -I 

* 
61 



'" * N 

Table 4.2 . 9 Bias of estim:ztes for standard erro1'8. 

See section 3.30: IO[(je ... Isê )-1], WhBI'e 
_ Wij wi 

error and s"'e... the estimate averaged acroSB 
Wij 

e:r:.ampLe : an entry 12 means le... /s""e - 2.2. 
w. . W. 

1J 1 

parameter 25 50 )00 200 400 

1) )2 

1
2 

)5 

À3 

-8 29 

y) 

Y2 22 

)5 25 

tIl 

+22 )2 

e~ I 

e~2 

0;) 

0;3 

°:2 

°:4 
)0 

o~ ) 20 33 

0~2 

s"'e is the tnle s tandard 
wi 

300 rep l ications. Reading 

Model I 

50EX )OOEX 

-) 

-) 

-) 

Table 4.2.10 Bias of estimates for standard e1"l'01'8 . 

See section J . 3e : IO( (s"'e~ /s""e )-1] t /Jhel'e se 
H ~ ~ ~ 

and s"'e,... the e8 timate based On Hampe t ' 8 ~e8 tima te . w .. 
1J H 

entry - I means s'"'e... Is"'e -.9 . 
w . . W. 

Reading e:campZe : an 

is the true va lue 

1J 1 

Model I 

~G..,.."'C 0 ...... 

parameter 25 50 )00 200 400 50EX )OOEX 

1) -) -) -) 

1
2 

-2 -) 

À3 -) -) -) 

-8 

Y ) - ) -) 

Y2 

-2 -) -) -) 

,,)) 

"22 -) -) 

8~ 1 
-) 

e~2 -) -) -) 

e~1 
0;3 -) -) 

°:2 
-) -) 

°:4 
-) -) 

e~ I -3 -) -) -2 -) 

0~2 -) -) 

I 
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Table 4 . 2 . I 1 Confidence inteMJals f or paroameters. 

See section J.Jd: percentage outside aarosB JOO intel'lJals, minus five . 

Reaeling example : an er/try - J means that J am:mg 300 l'€pliaations, 

21 is outside the 951 inteMJals . 

Model 1 

samp l e size 

parameter 25 50 100 200 400 50EX 100EX 

À I 

À
2 

-I -) -I 

À) -I -I -) -) 

- 6 -I -I - I 

YI 
- 4 

Y2 - 2 -I 

-I 

~ II 

~22 

e~ I - ) - ) - I -) -) 

e~2 - 4 -2 -I -2 -4 - 2 

8~ 1 -I - 2 - ) 

a;) -2 - ) -I -4 -) 

a~2 - I - 2 - 2 - I - ) 

8:4 - ) - 2 - 2 -I -2 - 4 - ) 

a~ I -) - I -I - 2 I ' 

a~2 

Table 4.2. 12 Confidence intervals fo r the mean of standcm:iized 

pa:rameter estimates qij' 

See section J . Je . Reading excurrp le : an entry R means that the population 

value of zero is to the right of the 95% interval, ar/ entry L means that 

it is to the left . 

Model 1 

parameter 25 50 100 200 400 50EX 100EX 

À I R R 

À
2 

À) 

-6 

Y I 

Y2 

R R 

~ II R R R R 

·22 R R R R R R 

e~ 1 R R R R 

e~2 

e~ 1 

a;) 

e:2 
L 

e:4 

a~ I L 

a~2 



Results about confidence intervals for the mean of standardized 

parameter estimates are shown in Table 4.2.12. As explained in section 

3.3e, this symmetrie interval around the mean across replications of 

q .. = (w .. - w.)/sê~ should cover the true value of zero with confidence 
~J ~J ~ Wij 

0.95. For N=25,50 the outcomes are worst, while for N=200 they look 

best. For the parameter ~22 the true value of zero lies to the right of 

the 95% interval for the whole range of sample sizes, up to 400 (note 

that results for different sample sizes are independent). Results of the 

first NR=IOO replications (see Boomsma, 1982b) showed fewer deviations for 

all sample sizes than with the additional NR=200 replications. For N=IOO 

the exclusion strategy leads to worse results than the inclusion strategy. 

Where the value of zero is outside the c.onfidence interval for an indi-

vidual standardized parameter estimate, it is systematically on the same 

side (R or L), irrespective of sample size. This is an indication of a 

systematic bias . 

In Table 4.2.13 results of a normality test for standardized 

parameter estimates are given. For N ~ 100 the hypothesis of normality 

is clearly violated (for a = .20 and a = .05 the critical values are 

approximately 6 and 9 respectively; see Table 3. I, page 40). Some 

parameters (e.g. YI , ~II and ~22) behave extremely bailly in small samples, 

others (e.g. e;l)are doing unexpectedly weIl over the whole range of N. 

The NR=IOO replications for sample size N=800 (see Boomsma, 1982b) showed 

no drastic, but some improvement compared to N=400. The general picture 

with NR=IOO was somewhat more favorable than with NR=300. For the cases 

where improper solutions were excluded no normality test was performed. 

Given the discussion in the preceding paragraphs it seems worthwhile 

to look at some graphs of the empirical distribution of standardized 

parameter estimates. Figure 4.2.2 gives the results for Y
1 

with N=IOO, 

showing the presence of outliers in the right tail of the histogram and 

their clear effect on the QQ-plot. Figure 4.2.3 gives similar graphs 

for - ~ with N=200. For larger N the plots of these parameters (not 

reproduced here) look better. 

As discussed in section 3.3h there are dependencies between estimates 

of different parameters. From the estimates of the asymptotic,true values 

of the correlations P
E 

it appears th at negative and positive P
E 

occur in 

about the same frequency. The relative frequency distribution of the 

* 
64 



Table 4 . 2.13 NormaZity test for standardized parameter estimates q .•• 
~ J 

See section 3. 3f: 1000( I- W' ), where w' is a test statistic for normaZity 

(Shapiro & FranciaJ ; t means P .::: .0 I, * means . 0 I < P ~ . 20 (approximateZyJ . 

Reading exampZe : an entry 27 1 means W'=. 729 , indicating ext r eme 

non- norma Zi ty . 

Model I 

sample size 

pa rameter 25 50 100 200 400 

À I 70t 79 t 25 t 13t 9* 

1.. 2 57 t 53t 26t 10* 27t 

1.. 3 28t 29t 17 t 5 8* 

- 13 19t 50t 16 t 19t 6* 

YI 271 t 72 t 69t 5 4 

Y2 79 t 18t 16t 16t 6* 

~ 97t 131 t 24t 16 t 9* 

WI l 142 t 63 t 37t 22t 20t 

W22 
307t 74 t 26t 19t 15t 

e: 9 11 13t 7* 3 2 

e: 922 19t 26t 14t 4 6* 

e: 
931 6* 6* 2 4 4 

e: 933 8* 4 9* 4 13t 

e: 942 9* 7* 10* 5 8* 

e: 944 18t 14t 7* 6* 7* 

Ó 
9 11 24t 40 t 36t 17t 8* 

Ó 922 28t 18t 15t 4 5 
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Figure 4. 2 . 2 Histogram (with standard normaZ density functionJ and QQ- pZot 

of standardized parameter Yl for N=100 . 
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of standardized parameter -§ for N=200 . 
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absolute values of the true correlations P
E 

is as follows: 37% less 

than 0 .1, 24% between 0.1 and 0.3, 15% between 0.3 and 0.5, 18% between 

0.5 and 0.7, and 8% exceeding 0.7 . In Table 4.2.14 some of the highest 

IpEI are compared with the observed correlations across 300 replications. 

Clearly the observed correlations vary with sample size. The differences 

between observed and expected values get smaller with increasing sample 

size. For N 'l 200, with only one exception, all differences are in the 

second decimal place. With N=400, for almost every pair of parameters 

presented, the asymptotic correlations are somewhat larger than the 

observed ones. 

Table 4.2.15 gives the product-moment correlations between each 

parameter estimate and its corresponding standard error. The difference 

between the correlation in a small sample (like N=25) and in a large 

sample (N=400) can be very substantial : for - 6 , the correlation 

coefficient is 0.8 and -0.3, respectively. For almost all parameters 

the differences between correlations for N=200 and for N=400 is na more 

than O. I. The results with NR=IOO (see Boomsma, 1982b)show th at such 

differences are somewhat larger over the sample size range from 200 

to 800, but still for half of the parameters na more than 0.1. The 

exclusion of impraper cases can lead to very drastic differences compared 

to the inclusion strategy: the correlations for the variances tend to be 

smaller when cases are excluded. 

In Figure 4.2.4 for parameter À2 the scatterplot of p~rameter 

estimates and estimates for standard error is shown (N=IOO). The 

observed correlation is 0.89; note the outlier in the upper-right part 

of the plot. 

The resultsfor the goodness of fit statistic are given Ln Table 

4.2.16. With respect to the sampling statistics presented there, no 

systematic improvement with increasing sample size is found. If the 

standard errors of these statistics are taken into account na dramatic 

deviations from the expected y'alues occur for each of the sample sizes. 

For small N the tail of the observed distribution is toa light, for 

N=400 it is clearly toa heavy. Inspection of QQ-plots for N ~ 100 

reveals small differences between results for these three sample sizes. 

Apart from the heavy tail, the picture is best for N=400 (N=IOO shows 

same extreme outliers wieh values around 19.0). 
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Table 4 . 2 . 14 Same dependencies am:mg pal'l:2meter eutimates . 

See section 3.3g : 100(1 60 1 - IpE I), where 60 - 6(wi ,wi ') and PE ·P(Wi,Wi') are 

the observed and ooymptotic Pea1"son pl~oduc:t-momen i C01"1"e la tions ,1"espeC!tive ly. 

Reading eramp!e : an entry 9 mcans Ipol - IpEI - .09. 

Model I 

- -- ----
~i ~. p(w i ,wi) 25 50 

1 
100 200 400 50EX 10DEX 

~ I B~2 -.77 9 14 9 5 2 -8 -8 

~2 e~4 - . 79 12 4 13 2 -3 -19 -4 

~ 3 B~ I .76 -44 -36 2 4 0 -17 0 

- 8 
'2 

- . 61 19 8 I -I -I 12 7 

, I B~ I - .5 7 - 28 -25 I 0 -2 -12 - 6 

'2 B~ I - .33 - 22 -21 -3 -6 0 -21 -8 

• B~ I -. 73 23 25 11 5 2 -IJ -I 

°11 ~ I -.62 -25 -17 -5 I -6 -10 -I 

-22 ~2 -.65 - 36 -8 -11 -2 -2 -1 2 -7 

e~ I e~2 - .6S -16 -14 - 3 5 0 - 12 -7 

e~2 B~2 .65 19 0 10 5 - 6 -9 -5 

e~ 1 e~3 .68 -11 8 5 I 0 -14 -3 

e~3 ~2 .76 -36 -6 - 3 -2 -I -20 -I 

e~2 e~4 .68 9 2 7 3 -1 3 - 26 -4 

B~4 e~3 -.74 -28 -2 -I 3 - 5 -14 - 2 

B~ I é12 - .54 -25 -25 7 8 -I -20 I 

e~2 ~3 -.58 30 9 9 5 -3 -11 0 

Table 4.2. 15 Depende.ncies between par>ameter estimates and their corre-

sponding B tandani error. 

See section 3.3h : Pearson pY'Oduct- moment correlations i)(w .. , s-e_ 
1.J Wi j 

uased on 300 observations . {POunded values) 

Mode l I 

sa ie size 

paramete 25 50 100 200 400 50EX 100EX 

~ I .8 .9 .9 .8 . 8 .7 . 8 

~2 . 9 .8 .9 .8 . 7 .6 . 7 

~3 . 8 .7 .6 .6 .6 .6 . 6 

- 8 . 8 -.1 -.3 -.3 -.3 -.0 -.3 

, I -.6 -.7 -.6 -.6 -.6 - .7 - . 6 

'2 
-.7 -.2 -.4 -. 3 -.5 -. 5 -.3 

.9 .9 .7 .7 .8 .7 .8 

°11 
. 8 .8 .9 .9 .9 .8 .9 

°22 
.6 .7 . 9 . 9 .9 .7 .9 

e~ I -.7 -.7 -. I -.1 .1 -. I -. 2 

e~2 - .7 -. 8 -. 8 -.6 -.6 -.3 -.4 

e; 1 -.6 -.5 .1 . 0 .1 . 0 .0 

e~3 - .9 -.6 -. 3 -.3 -.2 - . I - . 4 

e~2 - . 8 -.6 -.7 -.4 -.3 -.2 -. 2 

e~4 -. 8 -.7 -.8 -.5 -.5 - . 2 - . 3 

e~ I -.9 -.9 -.8 -.7 -.7 - . 3 -. 5 

B~2 - .8 -. 2 -.0 .2 . 4 .2 .2 



2.856 -

1.937 I-

,..: 
r.n 
UJ 

a: 
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. ' . 
. ,~~.~'." 

0.097 O:~~ . I 
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3.1)17 

I 
~.3311 

Figure 4.2.4 Scatterplot of the relation between the parameter 

estimate À2 and its corresponding estimated standard error for 

N=IOO; P(~2' sê~ ) = 0.89 based on 300 observations . 
2 

The question is whether the relatively small standard deviation 

for N=25,50,100, compared to the results for N=200,400, might be due 

to the occurrence of the large number of non-convergent replications 

for small samples sizes, leading to astrong selection of sample 

covariance matrices compared to samples of large size. The results 

gathered under the exclusion strategy are very close to those when 

no replications are excluded, and even bet ter when the larger standard 
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Table 4.2 .16 Distributional characteristics of the chi - square statistic 
2 for goodness of fit corrrpared to the values expected under the x
4 

diatribution . 

See section 3. 3i . 
Model 1 (NR=300) 

observed minus expected value 
2 N med. mean s .d. ske. kur. X4 

> 9.49 P(KS) 

25 -. 2 -. 3 -.4 -.3 1.9 3% .08 

50 -.2 -.3 -.1 .2 1.4 4% . 23 

100 .1 -.0 .0 .3 1.8 4% .92 

200 .4 .4 . 2 -. 3 -1.9 6% .03 

400 .1 .3 .4 .\ -.9 8% .19 

50EX -.2 -.3 -. 2 -. \ -.8 3% .44 

100EX -. \ -. 2 -. 0 .5 3.3 3% . 26 

expected 3.4 4.0 2. 8 1.4 6.0 5% .50 
value 

standard error .2 . 2 . 2 .3 2.5 
of observed 
value(NR=300) 

Table 4.2.17 DistributionaZ characteristics of the chi- square statistic 
2 for goodnes s of fit corrrpared to the vaZues expected under the X
4 

distribution. 

See section 3. 3i . Model I (NR=IOO) 

observed minus expected value 
2 N med. mean s.ci . . ske. kur. X4 

> 9.49 P(KS) 

25 -.5 -.6 -.6 -.4 -2.5 2% .07 

50 -.3 -.3 -.0 -.3 - 2 .5 6% .23 

100 .3 .1 .0 .6 4. I 3% .68 

200 .7 .6 .0 -.5 -2.5 4% .05 

400 .1 -.2 -.4 -.6 - 2.7 3% .74 

800 .2 -. I -. 2 -.4 -1.8 3% .89 

expected 3.4 4.0 2.8 1.4 6.0 5% .50 
value 

standard error .3 .3 .3 .6 4.4 
of observed 
value (NR= 100) 
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2 
Figure 4.2.5 Histog~am (with X4 density functionJ and QQ- plot of the goodness 

of fit statistic fo~ N=200 . 
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errors are taken into account (NR=180 for N=50EX and NR=241 for 

N=IOOEX). The results for goodness of fit seem thus little affected 

by the inclus:Lon of improper cases. 

In Figure 4 . 2 . 5 the histogram and QQ-plot for N=200 is presented 

showing a lack of observations at the left of the expected mean and a 

slightly heavy tail. 

The results for NR=IOO are given in Table 4.2.17. There is little 

difference between the results for N=800 and those for N=400, although 

the first ones are somewhat better . In the comparison of Tabl~ 4.2. 16 

and 4 . 2.17 differences in standard error should be taken into account. 

4. 3 Model 2 

4. 3a Model des cripti on 

The second model to be studied appeared as example four in the 

LISREL-IV manual (Jöreskog & Sörbom, 1978), while it has also been 

discussed by Jöreskog (1977, 1982) and Saris (1979b).The model originates 

from a study by Duncan, Halier & Portes (1968), who were concerned with 

the hypothesis that adolescent boys influence each other in forming 

their occupational and educational aspirations. Their analysis was based 

on a sample of seventeen-year-old boys (the respondents) in the state 

of Michigan (U.S.A.) during 1957 . For 329 of these high- school students 

data were also gathered for persons listed as a "best friend" (peer). The 

hypothesis of the authors was that respondents and their best friend had 

a reciprocal influence on their decisions for occupational and educational 

choice. Therefore they interpreted the verbalized educationaZ and 

occupational aspirations (observed variables) as two indicators of the 

construct ambition (latent variabie), and specified a reciprocal 

causation between the ambitionsof respondent and best friend. As such 

the model can be described as a non- recursive model, in contrast to 

the recursive structural equation system of Model I. At the same time 

the latent variabie ambition is treated as an effect of three other 

observed variables: parentaZ aspirations, inte ZZigence and socioeconomie 

status (for details see Duncan, Halier & Portes, 1968, p . 121). Whereas 

the observed indicators for the latent variabie ambition have a measure

ment error, by definition the latter three observed variables are treated 
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as being identicaZ to the corresponding latent variables, thus having no 

measurement error. 

The resulting model, which is analogous to Model 111 as described 

by Duncan, et al.(o. ç, p.) 30) is depicted in Figure 4.3. I. Since the 

t RESPONDENT '$ Ti 
PARENTAL ASPiRAT10N ~ ~I RESPONDENT 'S 

1
2 

I~ 
RESPONDENT 'S OCCUPATIONAL ASPIRATIQN 

RESPONDENT '$ 

~ INTELLIGENCE AMBITION 
RESPONDENT '$ ' 2 

~ 
EOUCATIONAL A$PIRATION --RESPONDENT 'S 

I~ ,~!,,~o, 
SOCIOECONOMIC STATUS 

BEST FAlEND 'S 
SOCIOECONOMIC STATUS· 

~ 
BEST FRIEND '$ ~ 
OCCUPATIONAL ASPIRATIQN 

BEST FAlEND '$ 
INTELlIGENCE 

.Á2 BEST FAlEND 'S ~ 
.-2!-- AMBITION - EOUCATIONAL A$PIRATION 

BEST FRIEND 'S 
PARENTAL ASP1RATION 

t 
~2 

Figure 4.3.1 Model 2: Peer influence on aspiration. 

number of variables in this model is quite large an overview of them is 

given in Table 4.3.1. Next, additional remarks concerning the structure 

of Model 2 are given. 

First, if the latent independent variable ~i is taken to be 

identical to the observed random variable Xi (i=I, .•• ,6) and if the 

distribution of x = ~ is unconstrained, it follows th at the maximum 

likelihood estimate of ~ equals the covariance matrix of x: ~ 
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Table 4.3.1 Explanation of observed and latent variables in Model 2 

(peer influence on aspirationJ . 

YI respondent's occupational aspiration 

Y2 respondent ' s educational aspiration 

Y3 
best friend's occupational aspiration 

Y4 best friend's educational aspiration 

xI - 1; 1 respondent's paren tal aspiration 

x2 - 1;2 respondent's intelligence 

x3 - 1; 3 respondent's socioeconomic status 

x4 - 1; 4 best friend's socioenonomic status 

x5 - 1; 5 best friend's intelligence 

x6 - 1;6 best friend's parental aspiration 

"I 
.. respondent's ambition 

n2 best friand's ambition 

For this reason, when using LISREL x is specified to be fixed (cf . 

Jöreskog & Sörbom, 1978). Since ~ = I; this model can be interpreted 

as a MIMIC model, in which Multiple Indicators and MultIple Causes of a 

single latent variable appear (cf. Jöreskog & Goldberger, 1975; Saris, 

1979b;Chen, 1981, for diseussions of sueh models). 

Secondly ,the parameters of the two paths between respondent's and 

best friand's ambition are eonstrained to be equal [ S ~ S I = S2] , 

while the eovarianee of the disturbanees is fixed to zero 

It is furthermore assumed that the eovarianees 

between the measurement errors of the observed variables Yi are zero, 

whieh means that ~~ is a diagonal matri x. The seales for n l and n2 
are also fixed to be the same as for YI and Y3' respeetively, by 

setting the eorresponding À-values equal to one. 

For further details of Model 2 the reader is referred to the 

literature eited earl ier in this seetion. 

In the original sample of 329 observations the distributions 

of the observed variables were normalized to a mean of zero and a 

varianee of one. Given the original observed sample of eovarianees 

(eorrelations) for the model speeified above, the overall goodness of 
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2 
fit gave Xl7 = 26.96 (P = .06). For reasons already discussed on page 53 

the original sample covariance matrix S was sli ghtly adjusted in order 

to arrive at the true population covariance matrix L, which is presented 

in Table 4.3.2. 

Table 4.3.2 The population covarianee matrix L of Model 2 (peer 

influence on aspira t i onJ . 

YI 1.000 

Y2 .623 1.000 

Y3 .334 .359 1.000 

Y4 .307 .330 .640 1.000 

xI .228 .246 .094 .086 1.000 

~2 .389 .419 .265 .244 .184 1.000 

x3 .369 .397 .304 .280 .049 .222 1.000 

x4 .229 .246 .403 .371 .019 .186 .271 1.000 

x5 .253 .272 .528 .486 .078 .336 .230 .295 1.000 

x6 
.108 .116 .270 .249 .115 .102 .093 -.044 .209 1.000 

YI Y2 Y3 Y4 XI x
2 x3 x4 x5 x6 

Although ~ is a correlation matrix here, the reader is reminded 

that sample covariance matrices are generated from a multivariate 

normal distribution having this population correlation (covariance) 

structure, without standardizing each resulting S to a sample 

correlation matrix. 

Given ~(Table 4.3.2) and the true population model (Figure 4.3. I), 

it is known how large the population parameters and their standard 

errors for different sample sizes are. Table 4.3.3 shows the population 

parameters, and the population standard errors for N=25,50,100,200,400. 

For Model 2 there are s=17 parameters to be estimated. The first 

element of ~ is À\ with ä population value of 1.08 and the last element is 
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Table 4.3.3 The parameters of Model 2, their population value and the 

corresponding standard errors for N=25, 50, lOO, 200, 400 . 

sample s i ze and s t andard e rrors 

parameter w. 25 50 100 200 400 
~ 

À I I. OS .34 . 24 .17 .1 2 .OS 

À2 .92 . 26 . IS .13 .09 .06 

- 8 -.16 .14 .10 .07 .05 .04 

YI .15 .14 .10 .07 .05 .04 

Y2 .26 .15 . II .OS .05 .04 

Y3 
. 24 .16 .11 .OS .05 .04 

Y4 .05 .15 .11 .07 .05 .04 

Y5 .OS .15 .11 .OS .05 .04 

Y6 .25 .15 .11 .OS .05 .04 

Y7 .36 .16 .11 .OS .06 .04 

YS • IS .14 .10 . 07 .05 .04 

1jJ II .2S .17 .12 .OS .06 .04 

1jJ 22 .27 . 17 .12 .OS .06 .04 

E: 8 11 .42 .19 .13 .09 .07 .05 

E 822 .33 .19 .14 .10 .07 .05 

E 833 .30 .17 .12 .OS .06 .04 

E 844 .41 .17 .12 .OS .06 .04 

I 
I 

I 

: 

I 

I 

I 
I 

, 

, ! 
1'1 
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the varianee of the measurement error of Y4 (best friend's educational 

aspiration), with a population value of 0.41 and a standard error of 

0.12 for N=50. Because there are k=10 observed variables the number of 

"different" elements in ~ equals k(k+l)/2 = 55. The identity relation 

between ~ and ~ implies that for the determination of the number of 

degrees of freedom it does not matter whether x is considered to be 

random or fixed (cf. Jöreskog & Sörbom, 1978). In both cases the 

sample covariance matrix of x (S , with 21 different elements) will 
-xx ~ 

be equal to the corresponding estimated population matrix L , which 
-xx 

is part of ~. For these reasons, the number of degrees of freedom for 

the goodness of fit statistic is 55-21-17 = 17, whether ~ is considered 

to be random or fixed. 

Given the results for Model I it was decided to choose as sample 

sizes for Model 2 N=25,50,100,200,400, while the number of replications 

remained NR=300. In the next section results for Model 2 are presented. 

4. 3b Resu Us 

A summary and conclusions are given first. Pages indicated by 

an asterisk refer to the detailed presentation. 

Summary and concZusions 

Convergence problems occurred only for N ~ 50, while improper 

solutions were serious for N=25 only. For most parameter estimates 

no bias of importance is found when N 7 100; also, the bias of 

estimates for standard errors is almost gone when N ~ 100. The behavior 

of confidence intervals for parameters and for the mean of standardized 

parameter estimates is bad for N ~ 50. Normality tests clearly revealed 

non-normality when N ~ 50, and show improvement with increasing sample 

size. With respect to the chi-square goodness of fit estimates again 

no overall clear picture is found with increasing sample size, but that 

could be due very weIl to fluctuations in replications (outliers). 

Overall, the distribution of the chi-square estimate has a heavy tail, 

especially with small N. 

Generally, the results for this model are a little better than for 

Model I, and much better when the (relative)percentages of non-convergence 
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and improper solutions are taken into account. 

It can be concZuded that for Model 2 LISREL is clearly robust when 

the sample size is as large as 200. For many properties of most estimates 

N=IOO is still a robust sample size. Definitely a sample size of N ~ 50 

cannot be expected to result in robust behavior of the estimates. 

Details 

The detailed presentation and discussion of results for Hodel 2 

again follows the general sequence as described in section 3.3. 

Convergence problems in the analyses were far less serious than 

with Model I. The percentage of non-convergence (see section 3.3a) was 

6.5% and 0.7% for N=25 and N=50, respectively. For larger sample sizes 

all replications led to a convergent maximum likelihood solution. 

In this model a total of six variances is estimated: the variances 

of the disturbances -1; 1 and 1;2 ' and the variances of the measurement 

errors EI' E2 , E3 and E4' In Table 4.3.4 the relative frequency of 

occurrence of negative estimates for each of the six variances is given, 

together with minimum values. It is clear that,although the population 

values are close to zero, compared to Model I the number of improper 

solutions is small. However, some extreme outliers occur , (e . g . for 
E E 833 with N=25, and for 8 11 with N=50) , whieh affect the results 

for the parameters involved in almost every table presented in this 

seetion. As the percentages in Table 4.3.4 show, there remains a 

serious danger of negative estimates of variances when N=25,50; 

when N ~ 100 the danger is almost gone. 

From Table 4.3.5 it ean be seen that only for N=25 some solutions 

were found, where more than one of the six estimates were negative. 

(Apparent differenees between Tables4.3.4 and 4.3.5 are due to rounding.) 

In Table 4.3.6 the bias of the parameter estimates is presented. 

For N ~400 there is no bias of importance. For N ~ 50 oceasionally, for 

some parameters, eonsiderable bias is found. The M-estimate (see Boomsma, 

1982b)did not show any improvement over the use of the mean as a 

location parameter: for some parameters (e.g. ÀI and 11
2

) it behaved 

better, for others (like ~II and ~22) it behaved worse. 

* 
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Table 4.3.4 The percentage of negative estimates of variances , with in 

italics the minimum of the estimate, across 300 replications . 

See section 3. 3a . A blank means 0% . (rounded values) 

Model 2 
sample size 

parameter 25 50 100 200 400 w. 
~ 

\ji ll 6% - 0 . 2 0 . 0 0 . 1 0 . 1 0 . 2 0. 28 

\jin 9% - 0 . 2 1% - 0 . 0 0 . 1 0 . 1 0 . 2 0. 27 

8E 
6% - 2 . 1 1% 11 - 4. 0 0 . 1 0 . 2 0 . 3 0.42 

E 822 13% - 2 . 8 6% - 2 . 4 0 . 0 0 . 1 0 . 2 0 . 33 

E 833 9% - 12 . 4 1% -0 . 2 0.3 %. - 0 . 1 0 . 2 0. 2 0.30 

E 844 5% -1. 7 0.3% -0 . 0 0 . 1 0 . 2 0 . 3 0.41 

Table 4.3.5 The relative frequency distribution of the number K out of 

6 variances with a negative estimate (NR=300) . 

See section 3. 3a . A blank means 0% . 

Model 2 

sample size 

K 25 50 100 200 400 

54.7% 91.3% 99.7% 100% 100% 

42.7% 8.7% 0.3% 

2 2.7% 

~ 3 

In the same way the mean value of the standard errors is compared 

with its true, population value (see Table 4.3.7). In general no bias 

for N ~ 100 is found. For N=25 the situation is worse, especially 

for the varianees \ji22 and 8~3 ' Using M-estimates here leads to considerable 

improvement, which might be indicative for outliers (see the numbers in 

italics of Table 4.3.7). 
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Table 4.3.6 Bias of pa.1"CD'7Jeter estirmtes. 

See secztion 3 . 3b ; 10 [(~i/wi-I J. whero wi is the true value and 

~ij the es tiTTklted _ averoge aaPOas 300 repZicationB . Reading example ; 

an entr>y 2 means Wij /w i - 1. 2 . 

Model 2 

sampLe size 

parameter 25 50 )00 200 400 

A) 

A
2 

- 6 

Y ) - 2 -) 

Y2 
- ) -) 

Y) -) -) 

Y 4 -4 - 2 -) 

Y5 
-) 

Y6 

Y) -) 

YB 
-) 

")) 
-2 -) -) 

"22 -) -) - ) 

e~ I -) 

e~2 -) -) 

e~3 -2 

e:4 
-) 

Table 4.3.7 Bias o[ est"Ïmates [01' standard el'l'Ol's . 

See section 3.30: 10( (le... /sê ) - I). whe1"e s"'e is the tr>ue standaPd erl'01' 
w . . w. W. 

LJ L L 

alld le_ the estimate averoged aC1'OBS 300 repZications . Reading example: 
Wij _ 

an entry -1 means s-e_ /s-e "' . 9. 
Wij wi 

In italics I O(s-e~ /sê ) -1], where s"'e~ is HCUT1pel 's M-estimate. 
w.. w. W .• 

LJ L LJ 

Model 2 

sample size 

paramete r 25 50 100 200 400 

A ) -2 - 1 

A
2 

-] - ] 

-6 -] 

Y ) -) -] -) - ] 

Y2 
-) -1 -) -1 

Y) -) -1 

Y4 
-) - 1 

Y5 
-) -1 

Y6 
- ) - 1 

Y7 
-) -1 

YB 
-) -1 

") ) 
- 3 - ] -) -1 

"22 
2 ) - 3 -) - 1 

e~ I 2 - 1 

a~2 - 1 2 -] 

e~3 22 -1 - 1 

°:4 ) - ] 



Table 4.3.8 shows that the confidence intervals for the parameters 

behave badly for N=25,50. It is noted that some parameters (e.g. ÀI ) 

hardly improve with increasing sample size, while others (e.g. WIl) 

systematically do better. Generally, there are no drastic differences 

between N=IOO and N=400. 

The confidence intervals for the mean of q .. (Tabie 4.3.9) reveal 
~J 

that with all sample sizes deviations are found for WIl and W
22

• 

Apart from these parameters and some elements of SE the picture is 

favorable for N=200,400. For N=25,50 there are too many deviations from 

theoretical expectations • It is also clear that when the expected value 

of zero is not within the 95% confidence interval, the true value is 

always at the right side of that approximated interval. A first indication 

of this finding could already be gathered from Table 4.3.6, where 

negative biases occur almost everywhere. A further clarification of 

negative bias is found when the mean of q .. is inspected (see Boomsma, 
~J 

1982b).Up to N=400 · there remains an overall tendency to negative bias 

for standardized parameter estimates. 

Results for a normality test on standardized parameter estimates 

q . . are shown in Table 4.3 . 10. Clearly this sensitive, but for our pur-
~J 

poses conservative test, reveals how bad the situation is for N=25,50, 

and how it improves from N=IOO to N=400 . Overall the picture is much 

better than for Model I. 

In Figure 4.3.2 a graphical representation of results for the 

standardized parameter estimate ÀI is given for N=IOO, showing a lack 

of observations in the right tail of the distribution. Likewise in 

Figure 4.3 . 3 similar information is found for - B. The picture here 

is rather favorable; for smaller N the plots (not reproduced here) look 

worse . 

Compared to Model 1 the asymptotic correlations among parameter 

estimates are not very large : the relative frequency distribution 

of the absolute values of these correlatioTISPE is such that 67% is 

less than 0 . 1,25% between 0.1 and 0.3, and 8% larger than 0 . 3. In 

Table 4.3 . 11 some of the highest IpEI are compared with the observed 

correlations Ipol. The differences between observed and asymptotic 

values are larger than in Model I , especially with respect to pairs 

of parameters where variances are involved. Observed correlations may 

* 
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Table 4.3.8 Confidenee inte1'1)al,s [or parameters. 

See section 3.3d: percentage outside acrose JOO intt.!l'vata , minus Jive . Reading 

e%a771ple: an entry 4 means that # among 300 repLicatio1'1S# 9% is outside 

the 95% inteM)Qle . 

Model 2 

sample size 

parameter 25 50 100 200 400 

AI -) -2 -4 -4 

A
2 

-) - 4 -4 -4 

-8 17 

Y I la -2 

Y2 
la -I - I 

Y) 12 

Y 4 

Y5 " -) 

Y6 
-I -I 

Y7 " -I -2 

Ya 

'" 
25 - I 

"22 25 -2 

e~ I 
e~2 

e~3 
6:4 la 

Table 4.3.9 Confidence intervals [or the mean of standardiz.ed parameter 

estimates qij· 

See section 3.3e.Reading e:r.amp7.e: an entry R means that the population 

value of zero is to the right of the 95% inte1"OOl. 

Model 2 

sample size 

parameter I 25 50 100 200 400 

A I 

A
2 

-8 R 

Y I R 

Y2 
R R 

Y) 

Y4 
R 

Y5 
R 

Y6 

Y7 
R R 

Ya 

'" 
R R R 

"22 R R R 

e~ I R 

6~2 R 

e;3 R 

6~4 R R 



Table 4.3.10 NormaZity test for standardized parameter estimates q .. . 
~J 

See section 3. 3f: 1000(I-W'), where w' is a test statistic for normaZity 

(Shapiro & prancia) ; t means P'::: . al, * means . a 1 < P <: . 2 a ( approximate Zy) . 

Reading exampZe : an entry 69 means W' . 931, indicating non- normaZity . 

Model 2 

sample size 

parameter 25 50 100 200 400 

" I 
69t 22t 22 t 13t 3 

" 2 36t 8* 5 3 5 

- 8 9* 7* 4 3 5 

y 1 51t 11* 9* 4 4 

Y2 182 t 23t 11* 2 3 

Y3 47t 53 t 7* 10* 5 

Y4 3 4 5 5 13t 

Y5 7* 3 4 6* 9* 

Y6 55t 3 6* 2 7* 

Y7 136t 11* 7* 4 3 

Y8 28t 4 6* 3 4 

Ijl 1 1 99t 23t 31t 23t 11* 

1j122 157t 62t 33t 15t 11* 

E: 
9 11 53t 17t 18t 16t 3 

E: 
922 18t 8* 4 5 12* 

E: 933 17t 13t 14t 4 3 

E: 
944 50t 3at 13t 14t 8* 
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~MFl. DISTR. 
0.55 

§ 
.... 

CIC-PLOT 
3.3 

2.2 N- 100 
NR= 300 

tt: A- -0.06 
S. O= 0.87 

U') 
1. 1 SKH= -0.50 IU 

.= KT5= 2.88 ... 
~ 
03 

...J 0. 0 
a: 
~ ... 
IU 

6 
IU -1 . 1 
%: ... 

-a. 2 

-3.3 -3.1 1.2 2.1 

Figure 4 . 3 . 2 Histogram (with standard normal density function) and QQ- plot 

of standardized parameter ~ 1 for N=100 . 
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~HIl. DISTR. 
O.IW 

0.32 

0.211 

§ 
.... 

0.\6 

0.08 

OQ-PUH 
3.3 

2.2 N- 100 
NA= 300 

HER- -0.17 
S.D= 1.03 

(/') 
\.\ SKH= O.IS IU 

KTS= 2.82 ;: 
~ 

~ 
Cl 

...J 0.0 
a: 
~ 
~ 

IU 

e5 
IU -1.\ 
l: 
~ 

-2.2 

3.0 

Figure 4.3.3 Histogram (with standard normal density functionJand QQ- plotof 

standardized parameter -8 for N=100 . 
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Table 4.3. 11 Some JepemIeYlC'ies am::mg parameter eotimates . 

~e .~ction 3.3g : 100<lpol - I~EI). "here;o' ;<:i'':;i') and 
P

E 
• P (w i .w i

.) are the obl:JeMJed and asymptotic l.}earson produet-moment 

corI'elations . respec:tilJely. Reading example : an entry 36 means 

Ipoi - 16EI • . )6. 

Kadel 2 

sample s i ze 

Wi w. ' P (w i .wiJ 25 50 100 200 400 
1 

" I e~2 -.54 )6 )8 24 2 1 19 

"2 "22 -.47 - 24 -4 -4 

- 6 Y 4 .29 -4 -I -5 

YI " I 
-.21 -7 - I - 2 

Y2 " I 
-. )J -) -7 - 11 -10 

Y) 
" I 

- . )2 -6 -2 

Y 4 Y) -.1) I) 14 

Y5 
-~ . 28 19 -) 

Y6 Y7 
-. 18 18 12 14 

Y7 "2 -.26 -) -I) -) -8 

Y8 Y6 
. 16 - 7 - 10 -9 -16 -11 

"11 " I - . 53 -2\ -28 - 9 - 16 -2 1 

"22 e;3 -. 50 48 17 18 11 

e~ I " I 
.47 15 32 29 32 

e~2 e~ I -.36 13 - 7 -20 - 19 

e;3 "2 .46 -14 27 29 I) 25 

e~4 '2 - . 38 45 45 42 42 42 

Table 4 .3 . 12 Dependencies be ween parwnetel' estimates and their 

COl'I'esponding standard error . 

See section 3 . 3h: Pearson product-moment correlations p (w .. , s"'e_ 
1J w .. 

based on 300 obsel'vations. (rounàed values) 1J 

Mode 1 2 

sample s i ze 

parameter 25 50 100 200 400 

" I 
.9 .9 . 8 .7 .7 

"2 .8 .5 .5 .4 . 4 

- ~ - .5 - . 5 -.5 - . 4 -. 4 

YI 
.) .) .4 · ) .2 

Y2 
. 4 .4 .4 . ) .2 

Y) .4 .) .4 · ) . ) 

Y 4 .1 .1 .2 . 1 . 1 

Y5 
.1 .1 .2 - . 0 . 0 

Y6 
.1 .1 .1 .2 -. I 

Y7 . 1 -.0 .0 -.1 -.1 

Y8 
. ) .2 . 2 .0 .0 

"11 .8 .9 .8 .8 .9 

"22 
1.0 .8 . 8 • B .8 

e~ I -.6 -.9 . 4 . 5 . 6 

e~2 -.7 -.7 - . 0 . 1 .1 

e~] -.9 .0 . 2 · ) . ) 

e~4 -.5 .7 .7 .7 .7 



be too large or too small compared to asymptotic values. Although the 

overall dependency among parameter estimates is not striking, even for 

a sample size of N=400 a few correlations are high (e.g., not presented 
~ E ~ ~ E 

in Table 4.3.11, P(A2,8 44) = -0.80 and p(À
I

, 8
11

) = 0.79)3but these are 

exceptions if the whole matrix of correlations is inspected. 

The dependencies between the parameter estimates and the cor

responding standard errors are given in Table 4. 3.12. For N=25,50 

outliers strongly affect the size of the correlation coefficients 

[cf. for e~3 the change from N=25 (p = -0. 9) to N=50 (p = 0.0»). 

For N=100 , 200,400 the estimated correlations tend to stabilize; they 

8.619 r 

5.78Q r-
...: 
Cf) 
w 
a: 
0 a: a: 
w 

...: 
Cf) 

2.950 I-

. '.MiJil.v:.~""~." .' I I J 
0.115 o!-.""05IIO:::-· ...... -~=--....,2;-1.-:-:17;:;3:-------;;Q.J,.293=------;r'6.lqI2 

PAR. EST. 

Figure 4.3.4 Scatterplot of the relation between parameter estimate À
1 

its corresponding estimated standard error f or N=50 ; P(Àl,s~À )=0.88 
1 on 300 observati ons . 
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are about the same for these th r ee sample sizes . If S instead of - S 

is considered the correlations lie ~oughly within the range from 0 . 0 

to 0.8 fo r N=200 , 400. Figure 4.3.4 markedly shows the presence of outliers 

with N=50; for N=200,400 no outliers are ~n the scatterplot for À
1 

and seX 
1 found . 

Finally results for the goodness of fit s tatistic are discuss e d 

(see Table 4.3.13) . The median and the mean are too large for all sample 

sizes, but there 15 a patte rn towards the true values with increasing 

sample size . For N ~ 100 the expected values of standard deviation, 

skewness and kurtosis are relatively close to the observed values . 

Especially fo r small N the t a il of the empirical distribution is too 
2 

heavy (see the column Xl 7 > 27 . 6, whe r e 27 . 6 is the 95- th quantile of the 

chi - square di stribution with 17 degrees of freedom). In practice this means 

that a researcher would reject Model 2 too of ten when a sample size 

N ~ 100 is used. 

Table 4.3 . I 3 Distributional characteristics of the chi- squaY'e statistic 

for goodness of fit compared to the values expeeted under the x ~ 7 distribution . 

See section 3. 3i . 

Model 2 

b d o serve ml.nus expect e d val ue 2 N med. mean s . d . ske . kur. X17 
> 27 . 6 P (KS) 

25 4.6 4. 5 1. 6 . 0 -. I 17% .00 

50 2. 0 2 . 2 . 9 . 3 1. 8 10% . 00 

100 1. 2 1. 2 . 2 .1 . 4 8% . 00 

200 . 6 1. 0 .6 .3 .7 7% . 06 

400 . 7 . 6 .1 .2 . 9 6% .1 9 

expec t e d va lue 16 . 3 17. 0 5 . 8 . 7 3 . 7 5% .50 

standard e rror of .4 .3 . 3 . 2 .8 
observed value 
(NR=300) 

" 
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CHI-SQUARE DISTR. 
0.08 

QQ-PUH 
~.7r-----r-----r-----~----~----~~~ 

33.8 

:3 27.9 
...J 

! 
...J 22. 0 

5 

i 
~ 15.1 

10.2 

N= 100 
NR- 300 
OF= 17 

~--~~--~I~.--~~--~~--oF~--~.7 
OBSEAVEO QUANTILES 

Figure 4.3.5 2 
Histogram (with X17 density function)and QQ- pZot of the 

goodness of fit statistic for N=100 . 
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The histogram and QQ-plot of the goodness of fit statistic for N=100 

are given in Figure 4.3.5. There is a lack of observations to the left and 

too many observations to the right of the empirical distribution. For 

N=200,400 the extreme observations Ln the right tail are of the same order 

as for N=100. 

4.4 Factor analysis models 

In this section a class of models from factor analysis is studied. 

The reason for this choice is the broad usage of this type of models, 

especially in the field of psychology. 

Before the development of the general LIS REL-model Jöreskog did much 

preliminary wo~k in factor analysis (cf.JÖreskog, 1967,1969,1971). Specific 

computer programs for exploratory and confirmatory factor analyses were also 

developed (Jöreskog & Sörbom, 1976c, and Sörbom & Jöreskog, 1976, respect

ively). The extended program LISREL is structured in such a way that it 

can simply handle factor analysis models, which are regarded as pure 

measurement models [formulae (2.2) and (2.3)] without a structural 

component [formula (2.1)]. On the one hand such models are important 

by themselves, while on the other hand they are an intrinsic part of 

"complete" structural models. 

Since the introduction of maximum likelihood factor analysis by 

Lawley (1940) a few studies have been published dealing with the robustness 

of this method against medium sample size. Henrysson (1950) investigated 

the effect of small sample size (N=200; 12 samples; 9 variables) on Lawley's 

approximate chi-square statistic for goodness of fit, using normally dis

tributed random variables and a model with one common factor. 

Lawley & Swanson (1954) made comparable researches into the 

effect of small sample size ( a total sample of N=400, divided in eight 

subsamples of size 50; 7 variables) on a slightly different chi-square 

statistic for goodness of fit. Here also, normally distributed variables 

were used; the model had two factors. 

Despite their limited designs the authors of both studies were 

rather satisfied with the behavior of the goodness of fit statistic in 

small samples. Geweke & Singleton (1980) did similar work (NR=300; N=10, 

30, 150, 300; five observed variables; one or two factors) and came to 
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much the same conclusions. They suggest (o.c. p.133) that the asymptotic 

theory for the likelihood ratio statistic in testing goodness of fit 

seems to be appropriate when the sample size is at least 30. They found, 

however, that in small samples the null hypothesis will be rejected too 

of ten. 

It can be noted that the small sample effect on parameter estimates and 

on standard errors is not at all discussed in these three studies. Except 

for Geweke & Singleton's research this is partly due to the use of a very 

small number of replications. 

4. 4a Model descriptions 

The general factor analysis model can be specified in LISREL-notation 

assuming that there are no y- and n-variables. The basic model is then 

defined by 

(4. I) 

where x(k x 1) is a vector of observed variables,~ 3 ~x(k x m) is a matrix 

of loadings on m latent variables (common factors) ~I' ~2"'" ~m' which 

are the elements of ~(m x I), and 2(k x I) is a vector of measurement 

errors (unique scor'es). In the notation of page 13, p=O (no y-variables) 

and q=k. 

In accordance with the general theory (page 13f.) it is assumed 

that E(~) = ~ and E(~) = ~. Furthermore it is assumed that E(~~') O. 
The population covariance matrix of ~ has the form 

A Ij> A' + 0 (4.2) 

where Ij> = E(~~') can be taken as a (m x m) correlation matrix of the latent 

variables, and where 0=0=E(óó') - ::() -- is a (k x k) diagonal matrix with the 

variances of the unique scores as its diagonal elements. 

Without 10ss of generality the variances of the observed variables 

in the population are normalized to one by taking ~ = ! - diag(~ ~ ~'): 

the diagonal elements of L are thus equal to one. It should be noted th at 

given a sample covariance matrix ê computationally the estimated uniquenesses 
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are not obtained in a direct way by the simple subtraction diag (~) 

diag (ê - ~ ~ ~ ' ); cf . Lawley & Maxwe ll, 1971, p.30, and Jöreskog, 1967 

p.450. Nevertheless, for all the models of this study , apart from rounding 

errors, diag (f - S) = 0, which is not an unconditional property of struc

tural equation models (cf. Krane & MacDonald, 1978). The ite rative maximum 

likelihood estimation procedure of LISREL impli es tha t the estimates of 

9i = 9ii in factor analysis models are non-trivial; they might, however, 

become negative . 

For the small sample case we studied two- factor modeis, with a number 

of variations. Before details of these variations are given, the modeZ 

indication within the class of factor analysis models is summarized. Each 

two-factor model is indi cated by three symboZs : the first symbol is a 3 

or a 4, depending on the number of observed variables for each factor, the 

second is a U or a edepending on the correlation between the factors,and 

the third is an S, M or L depending on the size of the factor loadings. 

(i) The number of observed variabZes for each factor was chosen as three 

or four [model indi cation 3 and 4, respectively]. 

(ii) The correZation ~ between the two factors was chosen as 0 (uncorrelated, 

orthogonal case) or 0.3 (correlated, oblique case) [mode l indication U 

and e, respectively]. Fo r the orthogonal models the correlation between 

the factors is fixed to ze ro, i.e. no estimate for ~ is made given such 

a model. This corresponds to a common practice, where the researcher 

does not know whether the factors are orthogonal in the population, but 

partly for reasons of simplicity requires them to be orthogonal. In 

the oblique case the correlation between the factors has to be estimated. 

A population value of 0.3 is at the same time non-negligible but not 

large enough to make the two factors almost indistinguishable. 

~ii) The factor pattern ~ was basically so chosen th at half of the observed 

variables has a non-zero loading on the first factor and a zero 

loading on the second factor, and reversely for the other half. 

The symbol À' = [À. ] , i=l, 2, ..• , k, denotes the vector of non-zero 
L 

loadings; for obvious reasons only a row index is used for those 

elements of A which have to be estimated. The non-zero loadings have 

relatively small, medium or large values [model indication S, Mand 

L, respectively]. 

A. With three observed variables for each factor, in Model 3US and 
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Model 3CS 

~ '3US = ~ '3CS = [.4 .4 .6 .4 .4 .6] 

or more completely written 

.4 0 

.4 0 

~3US ~3CS .6 0 

0 .4 

0 .4 

0 .6 

Analogously 

~ '3UM = ~ '3CM [.6 .6 .8 .6 .6 . 8] , 

À ' = 
~ 3UL ~ ' 3CL [ .8 .8 .9 .8 .8 .9]. 

B. With four observed variables for each factor 

~ '4US = ~ '4CS [.4 .4 .6 .6 .4 .4 .6 .6] 

~ '4UM = ~ '4CM [.6 .6 .8 .8 .6 .6 .8 .8] 

~ '4UL ~ '4CL = [.8 .8 .9 .9 .8 .8 .9 .9] 

(iv) In each of the resulting twelve models the varianees of the errors 
2 of measurement (uniquenesses) were defined as e, = 8 ., = 1 - À, , 

1. 11. 1. 

i = I, 2, •.• , k. The squared factor loadings may be interpre ted 

as reliabilities now. 

In Figure 4.4.1 the six-variables oblique and the eight-variables 

orthogonal case are displayed as an illustration of the models and the 

notation used thus faro 

For Model 4CM the population values of the parameters and the 

population standard errors for N=25, 50, 400 are printed in Table 4.4.1 

(the standard errors for N=IOO, 200 can be easily extrapolated). Given 

the parameter values the population covariance matrix L can be 

calculated by hand [formula (4.2)]; Table 4.4.2 shows the result. 

In Table 4.4.3 a summary is given of the number of parameters to 

be estimated and the degrees of freedom for each of the twelve models. 
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a) two-factor, six variables, oblique case 

h) two-factor, eight variahles, orthogonal case 

Figure 4.4 .1 Two general types of two-factor modeis . 

Table 4.4.1 The parameters of ModeZ 4CM, their popuZation VaZue and 

the corresponding standard errors for N=25, 50, 400 . 

standard error 
parameter w. 

l. 
N=25 N=50 N=400 

" 1' ''2'''5'''6 .60 .203 .142 .050 

"3 ' ''4'''7 ' ''8 .80 .191 ; 134 .047 

q, .30 .230 .161 .056 

9 1,9 2,9
5

, 9
6 .64 . 211 .147 .052 

93 ,94 , 97 , 98 .36 .178 .125 .044 
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Table 4.4.2 The popuZation covariance matrix l: of ModeZ 4CM. 

xI 1.000 

x2 .360 1.000 

x3 
.480 .480 1.000 

x
4 

.480 .4 80 . 640 1.000 

Xs .IOS .108 .144 .144 1.000 

x6 .108 .108 .144 .144 .360 1.000 

x7 
.144 .144 .1 92 .192 .4S0 .480 1.000 

Xs .144 .144 .192 .192 .480 .480 .640 1.000 

xI x2 x
3 

x
4 Xs x6 x7 

Table 4.4.3 The number of estimated parameters and the degrees of 

freedom in tweZve factor anaZysis modeZs . 

# estimated degrees of 

parameters freedom 

Model À . e. <IJ 
~ ~ 

3US, 3UM, 3UL 6 6 - 9 

3CS, 3CM, 3CL 6 6 I 8 

4US, 4UM, 4UL 8 8 - 20 

4CS, 4CM, 4CL 8 8 I 19 

x8 

In Boomsma (1982c) the results for the twelve factor analysis models 

were presented based on the analysis of covariance (dispersion) matrices S. 

In practice, however, most researchers using factor analysis almost 

automatically standardize the observed variables to a variance of one, 

thereby analyzing sample correlation matrices ~ instead of ê. For that 

reason the results presented here are based on the anaZysis of sample 

corre Zations . If s triking differences between the resul ts of both approaches 

are found, occasionally both findings will be given; otherwise the reader 
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LS referred to Boomsma (1982c) for detailed comparisons . The decision to 

analyze correlationsinstead of covariances requires some discussion. 

Lawley & Maxwell (1971, sections 5.3 and 7.7) discuss the effect 

of "standardization" in maximum likelihood factor analysis . They gi ve 

formulae for rescaled parameter estimates, i.e. estimates based on analyzing 

correlation matrices, which are simpie: A! = A./S .. ~, ê f = ê ./s .. and L L LL L L LL 
$* = $ (the correlation among factors is unaffected by standardization), 

where sii is the estimated varianee of observed variabie i, and Ài' ei ' 

~ are estimates obtained by analyzing the unstandardized sample covariance 

matrix. In our factor analysis modeis, where diag ( ~ ) !' standardization 

does not affect the population parameter values w
i

. 

Lawley & Maxwell (o.c.) also give (approximate) formulae for the 

sampling varianees and covariances of such rescaled estimates . It appears 

that the effect of standardizing observed variables on the standard errors 

of parameter estimates and on the correlations among parameter estimates 

mainly depends on the size of the factor loadings and on the sample size. 

Here it should be very clear that the option of the LISREL user to 

analyze a correlation matrix can be interpreted as referring to the 

popuZation modeZ : in unrestricted models the option accomplishes that 

diag (~) = I. The sufficient sample information may be a correlation matrix, 

but statistically the latter is always treated as a standardized sample 

covar iance matrix. The unstandardized S and its standardized counterpart 

Rare always regarded as a sample from a Wishart distribution. 

Although Lawley & Maxwell (o .c. ) provided some theory for factor 

analysis modeis, until recently no generaZ theory for the effect of 

standardization on the sampling varianees and covariances was available. 

In 1982 Browne (p .94) gave general formulae for the varianees of rescaled 

parameter estimates, not for their covariances. In the fut ure LISREL could 

probably be improved by giving corrected estimates for standard errors and 

for correlations among parameter estimates, whenever correlation matrices 

are analyzed. 

In the meantime the foregoing paragraphs imply that in the present 

versions of LISREL the estimated population values of standard errors 

sêw. ' and of correlation coefficients iJ (wi ,wi') are still unaffected 

by Lrescaling of the observed variables: the estimated population values 

are the same under analysis of Rand of ê, aZthough in theory they are not . 
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Since we are investigating the robustness of LISREL we chose as population 

values the ones estimated by LISREL (given the input matrix ~ = L and the 

option to analyze a correlation matrix) not the corrected values. 

Thus, by definition, there will be a discrepancy between the observed 

sampling standard deviation of the parameter estimates and the estimated 

population values of the standard errors. For the same reason there will be 

discrepancies between the observed sampling correlations among parameter 

estimates and their estimated population values. 

For a theoretical treatment of scale-free estimation methods and 

scale-invariant estimatorsin factor analysis we refer to Krane & McDonald 

(1978). 

Given the results discussed in sections 4.Z and 4.3, it was decided in 

principle to have NR=300 replications for the analysis of correlation 

matrices in factor analysis models. However, when covariance matrices were 

analyzed first (Boomsma, 198Zc) considerable convergence problems were 

encountered, especiilly for Models 3US and 3CS (with N=Z5 about 50%). 

Therefore, NR=100 was used (rather than NR=300) for N=Z5 in Models 3US, 

3CS, 4CS and 4US. 

As before, the sample sizes N=Z5,50, 100, ZOO, 400 are studied. 

4.4b Results 

Summary and concZusions 

With small loadings and N ~ 50 large numbersof non-convergent cases 

are found. For N ~ 100 no improper solutions occur. 

For N ~ ZOO no bias of parameter estimates is detected in any 

model. The variance of parameter estimates is much smaller in the analysis 

of correlation matrices than in that of covariance matrices. For N > ZOO 

there is little bias in estimating standard errors. Most of the bias is due 

to outliers in the estimates. 

The results of confidence intervals for parameters in analyzing 

correlation matrices are conservative for the factor loadings, irrespective 

of sample size. When analyzing ê results for N ~ ZOO were close to 

expectations; here, analyzing ~,they are not, mainly due to a reduction in 

the observed variance of W . . (j=l, ... , NR). This reduced variance has less 
~J 
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effect on confidence intervals for the mean of standardized parameter 

estimates. Results of the latter confidence intervals are worst for the 

uniquenesses. 

The normality test (invariant for mean and variance) shows no extreme 

deviations for N ~ 200. 

Strong deviations are found between the observed correlations among 

parameter estimates and the asymptotic ones estimated by LISREL in 

analyzing R. In analyzing sample covariances rather than correlations 

the results are generally much better . It is argued that this is due to an 

absence of corrections for standardization in estimating the asymptotic 

covariances . Results for the analysis of Rand S also substantially differ 

in the dependencies between parameter estimates and their corresponding 

standard errors. 

For N ~ 50 the chi-square estimate for goodness of fit does not 

behave too weIl. In genera I the right tail of the empirical sampling 

distribution is too heavy: especially in small samples the specified 

model is rejected too of ten . There are only small differences in the 

results for N=lOO, 200, 400. 

In general results are worst for models with small loadings, and 

a little bet ter for 4-variable models than for 3-variable modeis. There 

are small differences between the results for models with correlated 

factors and those with uncorrelated factors. 

It can be concluded that the factor analysis models are robust 

against a sample size N ~ 200, but not against a size N ~ 50 . It makes 

quite a difference whether correlation instead of covariance matrices 

are analyzed, especially with respect to the variances and the covariances 

of parameter estimates. In analyzing correlation matrices LISREL should be 

improved by using corrected estimates for standard errors and corrected 

estimates for correlations among parameters. 

Details 

Analogous to the presentation in Boomsma (1982c), where sample 

covariance matrices S we re analyzed, if possible a su~ary is given across 

the twelve modeis; details will be illustrated on Nodel 4CH, while other 

models are mentioned only if large deviations from the findings for 

Nodel 4CH occur. 

I 

I 

* 
I 
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In Table 4.4 . 4 an overview lS given of the frequency of non-convergence 

for all the factor analysis modeis. With N=25 (3US, 3CS) about 50% of the re

plications did not converge within 250 iterations . In four other cases the 

percentage is about 30, whi ch is still a remarkable number of "failures". 

Comparison of Table 4.4 . 4 (analysis of correlation matri ces R) and Table 2 

in Boomsma (1982c) shows only slight differences(l % or 2%) in percentages 

of non-convergence. 

Table 4.4.4 The percentage of non- convergence . The percentage is expressed 

as 100x/(NR+x) , where x is the number of non- convergent repZications 

before the NR- th convergent one is found . 

Bee section 3. 3a . Cases for which NR=lOO are marked by an asterisk; 

otherwise NR=300 . A blank means 0% . (rounded vaZues) 

Model 

3US 

3CS 

3UM 

3CM 

3UL 

3CL 

4US 

4CS 

4UM 

4CM 

4UL 

4CL 

25 

48%* 

57%* 

12 % 

11 % 

0.3% 

27%* 

29%* 

1% 

2% 

50 

28% 

36% 

1% 

1% 

8% 

8% 

sample size 

100 200 400 

13% 2% 

15% 3% 

1% 

A partial explanation of non-convergence with these types of models 

can be given in terws of suppressor variables. Inspection of sample 

correlation matrices that did not lead to convergence reveals, for 
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example, that variabIe I has a positive sample correlation with variables 

2 and 3, while 2 and 3 are negatively correlated, although in the population 

all three variables have positive loadings on the same factor. Variations 

in this pattern do occur, but in all inspected cases the general idea is 

that, within a set of variables linked to one factor, one variabIe behaves 

like a suppressor variabIe. The frequency of occurrence depends heavily 

on the population covariances (the size of the factor loadings) and the 

sample size. In ModeÈ 3US and 3CS for variables linked to one factor the 

population covariances range from 0.16 to 0.24, in Models 3UM and 3CM from 

0.36 to 0.48. AIso, note th at the standard error of a correlation coefficient 

p in a bivariate normal distribution equals (I - p2)N-! . In their discussion 

of suppressor variables Lord & Novick (1968, p.272) predict that "the reader 

should not expect to "find" such variables regularly, except as aresuIt 

of sampling fluctuation". Indeed, random sampling can very weIl lead to 

a conflict between the data and a perfectly specified model given the 

population covariance structure. 

The percentage of negative estimates of variances is smaller than 

with Models land 2. The results for Model 4CM are given in Table 4.4.5; 

for N ~ 100 no improper solutions occur. Given the population values of 

the parameters these findings are not bad, but in 3-variable models even 

for N=200 negative estimates occur, and for N=25 about twice as many as Ln 

Table 4.4.5 (see Boomsma, 1982b, for details of Model 3UM). For obvious 

reasons results for S and Rare the same . 

Only for N=25 there are about 1% replications with two negative 

estimates out of eight variances involved, while 26 % of the replications 

have one negative estimate (Model 4CM). 

As expected, the bias of parameter estimates decreases with increasing 

sample size . For 3-variable models it is larger than for 4-variable modeIs. 

There is little difference between models with correlated and uncorrelated 

factors, and less bias with increasing size of the loadings. The bias of 

estimates for e i is larger than that of estimates for the loadings Ài , 

and almost always negative. In Table 4.4.6 results are given for Model 4CM 

(here, if N >50 the bias can be neglected) and for Model 4CS. In general, 

in 4-variable models with N > 100 and in 3-variable models with N ~ 200 

(except in models with small loadings) no bias occurred. The analysis of 

correlation matrices R leads to a small decrease in bias compared 

* 
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Table 4.4 . 5 The percentage of negative estimates of variances, with in 

itaLics the minimum of the estimate across 300 repLications . 

See section 3. 3a . A bLank means 0% . (rounded values) 

Hodel 4CH 

sample size 

parameter 25 50 100 200 400 w. 
1. 

8 1 0 . 1 0 . 3 0 . 4 0 . 4 0 . 5 0.64 

8
2 0.3% - 0. 1 0 . 3 0 . 4 0 . 5 0 . 5 0 . 64 

8
3 8% - 6 . 4 0 . 3% - 0 . 1 0 . 1 0 . 2 0. 2 0 . 36 

8
4 7% -0 . 8 0 . 3% - 0 .1 0 . 1 0 . 2 0 . 3 0 . 36 

8
5 0 .3% - 0 . 1 0 . 3 0 . 4 0 . 5 0 . 5 0 . 64 

8
6 

0 . 0 0 . 2 0 . 4 0 . 5 0 . 5 0 . 64 

8
7 7% - 0 . 6 0.3% - 0 . 0 0 . 1 0 . 2 0 . 2 0.36 

8
8 6% - 2. 8 0. 0 0 . 1 0 . 2 0 . 2 0.36 

to the analysis of covariance matrices S. When H-estimates would be 

used Table 4 . 4.6 would show almost no bias. 

Next some information is presented about the variance of the 

parameter estimates w .. , because it appears to be much larger when co-
1.J 

variance rather than correlation matrices are analyzed. This finding 

is displayed by the weighted variance introduced in formula (3 . 2) 

[page 35; first term af ter the equation signl, which quantity should 

roughly be equal to NR, Therefore, in Table 4.4 . 7 the observed quantity 

minus 300 is given . Analogous results to those of Table 4 .4. 7 are found 

when, instead, the standard deviations of standardized parameter estimates 

are inspected (see Boomsma, 1982b, for details). Note that for some 

parameters (small uniquenesses) the variance of W. . is larger in analyzing 
1.J 

R. In general, however, LISREL gives an overestimation of the variance 

of W . . or q .. when correlation matrices are analyzed . It will be seen 
1.J 1.J 

that these deviations affect the results in some other tab l es of this 
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Table 4 . 4.6 Bias of parameter es timates. 

See section J . Jb : IO[(ai/Ul i ) - I}, LJheroe Ul i is the true vaZue and a i j 
the estimated averoge OO1'OSS JOO replications . Reading example : an 

entry - 1 means ~i/Uli - .9. NR=JOO~ except for N=25 in /obdeZ 4CS 

",here NR=JOO. 

4CM 4CS 

parameter 25 25 50 100 200 400 

À I -I 

À
2 

À) 

\ 
À5 -I 

À6 

À7 

À
S 

-I 

-I 

e l -I 

e
2 

- 2 

e ) -I -2 -I 

e
4 

-I -4 -2 -I 

"5 -I 

°6 -I -I 

" 7 -I -4 -I 

e S -I -I -I 

Table 4 . 4.7 Tlte we"ighted varianae of paf'ameter eatimates ~ minus JOO,in 

anaZysis of covariance (!ij and oo1"1"elation (JiJ matrices : 

NrR (w . . - G; .. )2/s~e2 _ 300 . See section J . 3b ~ f"orrmûa (J. 2) . 
jaJ I.J I.J Ul i 

Model 4CM 

N=IOO N·200 N-400 

parameter 

ÀI 11 -10) )0 -111 -) -115 

À
2 

-7 -124 16 -12) - 115 

À) -9 -IS5 56 -1 72 45 -173 

À4 14 -1 73 -12 -IS I -I -202 

À5 2 1 -114 -7 -1 2S -)1 -133 

À6 - 19 -IJ I -11 -124 -33 -14S 

À7 -24 -192 15 -174 32 -1 92 

ÀS - S -190 -1 7S -4 -1 93 

57 57 -I -I 14 14 

" I 
25 -62 - 47 -44 - 59 

"2 -76 - 14 -58 46 -61 

e
3 

27 34 -1 2 65 16 69 

"4 60 23 42 -23 -16 

"5 -4 -65 -38 -73 -5 - S I 

e
6 

44 -S2 10 -69 -IS -1 01 

" 7 28 14 37 6 1 -36 14 

°8 -2 0 24 32 53 -IS 14 



section to a large extent . 

By interpreting results on the bias of estimates for standard errors 

it should be recalled (see page 97 ) that the population values se are w. 
not the appropriate ones when correlation matrices are analyzed : thêy are 

the uncorrected asymptotic values as estimated by LISREL. By keeping this 

in mind it is found that the bias of estimates for standard errors is 

smaller in 4-variable models than in 3-variable models. The bias reduces 

with increasing size of the loadings. Most deviations occur for the 

uniquenesses. The situation is worse for Model 3US; for Model 4CM with 

N > 25 no bias of importance was found . In Table 4.4.8 results are given 

for Model 3UM; a positive bias is clearly present. The effect of out liers 

is illustrated when the bias is evaluated by means of M-estimates . With 

the use of 10[(se_H /sê )-1] almost no bias is left (see the numbers 
w.. W . 

1.J 1. 
in italics in Tnble 4.4.8). In general, for 4-variable models a sample 

size of at least 200 , is very safe, and N=100 not too bad; except for small 

l oadings, the same can be concluded for 3-variable models . Except for 

N=25 the results under analysis of ê and E are about the same (cf. Boomsma, 

1982c, Table 4). This also holds for the varianee of se_ 
w. , 

1.) 

The 95% confidence intervals for w
i 

show the effect of the relatively 

small varianee of W .. by analyzing R instead of S. Especially for the 
1.J -

factor loadings the results are very conservative : the intervals cover 

the population values of wi too of ten. The observed standard deviation of 

w .. , G_ ,is much smaller than the standard error se ; there is hardly 
1.J Wij wi 

any bias of parameter estimates, and the effect of sew .. in constructing 
1.J 

the intervals is minor For Model 4CM this is exemplified in Table 4.4 . 9 

(cf. Table 6 in Boomsma, 1982c). In a similar table for Model 4UL and 

4CL (not reproduced here) almost all numbers for elements of À are equal to 

-5, indicating that all 300 intervals cover the true value. It only looks 

that results are somewhat better with increasing N, especially for elements 

of ~ (small uniquenesses). There are just small differences between 3-

variabie and 4-variable modeis. 

In general it can be concluded that the confidence intervals are 

more robust against small sample size in an analysis of S than in that 

of R. This is mainly due to the reduction in variance of w .. , which 
1.J 
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Table 4.4.8 Bias of estimates foT' standard eT'l"OT's. 

See section 3 . 3e: 10 «s~ ... /s"'e ) - I) ,whe re sê i s the true 8 tandard 
Wij wi wl, 

the estimated averuge ael'OSS 300 replieations. Reading e1'l"OT' and s~ ... w, ' 
exaJ'f{Jle: an l Jentry 3 means s'è ... /s""e - 1. 3. In italics the cOT'responding 

Wij wi 
M-es timate. 

parameter 

A) 

A
2 

A) 

A4 

AS 

A6 

6 ) 

6
2 

6) 

6
4 

6
S 

6
6 

2S 

)0 

) 0 

26 -1 

) ) 

Model 3UM 

sample size 

so )00 200 400 

- 1 

20 - 1 

Table 4.4 . 9 Con f idenee 'i niervalD fo r parameters . 

See section 3 . Jd: peT'Centage ou.tside aCP03S JOO i ntervaZs , minus f i ve . 

Reading example : an entry - 5 means t hat among 300 r'eplica tions ~ 0% [alla 

outside t he 95% i ntervals. 

parameter 

A) 

A
2 

A) 

A4 

AS 

A6 

Al 

AS 

6 ) 

6
2 

6 ) 

6
4 

Os 

6
6 

0) 

Os 

2S 

-) 

-2 

-4 

-4 

- ) 

- ) 

-4 

-4 

SO 

-) 

-4 

-S 

-S 

-) 

-) 

-S 

-S 

-2 

- ) 

Model 4CM 

sa!!l.21e size 

)00 200 400 

-2 - ) - 4 

-S -4 -) 

-S -S -s 

-S -S -s 

-) -4 -s 

-4 -4 -4 

-S -S -s 

-S -S -s 

-) -) -) 

-) -) 

-) 

-) 

-) -) -) 

-) -2 -) 



effect is especially visible with an increased size of the factor loadings . 

The differences between the analysis of ~ and S are less salient when 

confidence intervals for the mean of standardized paramete r estimates are 

inspected (on average there are no remarkable differences) . Results a r e 

noti ceab ly bet ter with increasing N. There is little effect of the size and 

the number of factor loadings . Fo r Model 4CM findings are reported in 

Table 4.4.10. Except for 3-variable models with small and moderate loadings 

all intervals for elements of e =diag ( ~ ) show dev iations in the same direction: 

the population value of zero lies to the ri ght of the int e rval (this is 

in line with the negative bias for ~ in Table 4.4.6). 

In Table 4.4.11 the results of a normality test for Model 4CM are 

given. They mirror the rather general trend in all modeis: inc reasing normality 

with increasing N. With N=25, clearly extreme non-normality occurs. For 

N > 200 most parameter distributions are not too deviant from normality. 

The 3-variable models behave as well as the 4-variable modeis. Worst 

results are found for elements of e . 

In Fi gure 4.4.2 the histogram and QQ-plot of À
1 

in Model 4CM with 

N=100 are given. 

The product-moment correlations among parameter estimates are 

strikingly different when analyses of Rand S are compared (see Table 

4.4.12 and Table 4.4.13, respectively). This is predicted by theory 

(see page 97 ). When covariance matrices are analyzed, for most 

parameters 1;0 1 - IpE I gets smaller with increasing N; for N=200 all 

differences between the empirical and asymptotic correlations are in 

the second decimal place (Model 4CM). 

The analysis of correlation matrices reveals (i) that for some 

parameters the sign of Po and PE iSAdifferent [e.g. for parameter pair 

( À 1, À3) with N=25, Po = -0.09 and PE = 0.23J , (ii) that the largest dif

ferences I~ o i - i~~ 1 occur when analyzing~ . and (iii) that the 

observed correlations between factor loadings and their corresponding 

uniquenesses, e.g. ;(À
4

, ê
4
), are very close to the minimum value of 

-1.00, which is approached with increasing sample size (see Table 

4.4.12). 

Finding (ii),and partly also finding (i), can be explained by the 

fact that the estimate PE, as computed by LISREL-IV, is valid for analyzing 

covariance matrices, not for correlation matrices. From the discussion on 
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Tab l e 4 . 4 .1 0 Confidenee intePlJals [or the mean of standardized parameter 

estirm tes qij' 

See aeetion 3 . 3e. Reading exanpZe : an entry R means that the popu'lation 

LlaZue of zero is to the right of the 95% interrul, an entry L means that 

it ia to the left. 

Mod e l 401 

sample si ze 

pa rameter 2S SO 100 200 400 

' I 

'2 

' 3 

' 4 L 

' S 

' 6 R 

' 7 

' S L 

6 I R 

9
2 

R R 

9
3 

R R 

9
4 R R 

6
S 

6
6 

6
7 

6
S R 

Table 4 . 4 .11 Nonnality teut [or stanUarodi:.!ed paY'al1letcr estimates q .. . . ~ 

See sect.ion 3.3[: 1000(1 - 1011
) wheY'€ 101' ie a test statiatic for normality 

(Shapiro & FranciaJ. t means P ~ . 0 1, • means . 0 1 < F,,:: . 20(approximatelyJ. 

Reading e:romple : an entry 5 means 101 1 "* . 995 , indicatillg nor-maZity . 

Mode I 4CM 

sam Ie s i ze 

pa ramete r 2S SO 100 200 400 

'I 27t IH 

'2 IH I3t 6 -

'3 10- 6 -

'4 S- 14t 6-

'S 19t 16t 7-

'6 9- 1-

'7 

'S 14t S-

16t 9- 11-

6 I S i t S i t 17t 2St 7-

6
2 

li l t 24t 22t 26t 

9
3 

3 1t 20t 3 1t 

9
4 

17t 7- 6 -

6
S 

SH 26t 23t 12-

6
6 

SSt 6St 2St ISt 10' 

6
7 

S i t 17t IH 

6
S 

27t 14t 19t 
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of standardized parameter À
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for N=100 . Analysis of correlation matr ices ~. 
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Table 4.4 .1 2 Some dependencies cunong pa.l"(lI'I'Jeter estimates . AnalY3is of 

correlation matrices . 

See section J. 3g : 100( lpol - IpEI) . where PO" P(~i' ~i') and P
E

- P(wi? w
i
') 

are the observed ernd Qsymptotic Peapson product-lOO1TIent correlations~ 

l'espectively. A • means that the signa of Po and P
E 

are different; there~ 
Po inatead of Ipo I ie used. 

Reading exanplE.s:an entry 54 meanB : IPol - I~EI .. . 54. an entry 32* means: 

Po - IpEI - .32. 

Hodel 4CH(~) 

w. w. Q(w
i 

, w
i 
') 25 50 100 200 400 , , 

ÀI À3 .23 32 " 22 17 13 

À
2 À3 . 23 30" 2 1 IB 11 

À3 8
3 

-.3B 54 62 62 62 62 

À4 8
4 

-.3B 60 62 62 62 62 

À5 À7 .23 IB 16 2 1 10 

À6 À
B 

.23 26" 23 15 15 

À7 8
7 

-.3B 61 62 62 62 62 

À
B 

8
B 

- .3B 5B 62 62 62 62 

À3 .09 IB" 12" 

8
1 ÀI -.20 7B 79 79 BO BO 

8
2 

À
2 

- .20 77 79 BO BO BO 

8
3 

8
4 

- .35 

8
4 À3 .20 22 12 12 

8
5 À5 -.20 77 79 BO BO BO 

8
6 À6 -.20 7B 79 BO BO BO 

8
7 

a
B 

-.35 10 15 

8
B À7 .20 25 10 10 0 

Table 4.4. 13 Some dependcncies arrt:mg parameter estimates . Analysis of 

cOIJarianc:e matJ-ices . 

See section 3.Jg : 100(lpol - I~EI) . wherc Po " ~(~ i ' : i') and ;E"" ~(wi ,w i') 
al'e the obseroa:i and asyrrptotic PeaI'8on product- rooment cOr'roelations , 1'espeetively . 

Reading example : an entry - 15 means Ipol - I~EI - -.15. 

Hodel 4CH(S) 
sample S Lze 

w . Wil P{w i· wi • } 25 , 50 100 200 400 

À I À3 .23 -15 -4 

À
2 À3 . 23 -14 

À3 8
3 

- .3B 26 -2 

À4 8
4 

- .3B 15 -3 -14 

À5 À7 .23 -9 -2 

À6 À
B 

. 23 -1 2 -4 10 -5 

À7 a
7 

-.3B 16 -5 -B 

À
B 

a
B 

-. 3B 22 11 

À3 . 09 -5 -6 

a I À I -.20 -11 10 

a
2 

À
2 

-. 20 -I -3 -I 

a
3 

a
4 

-.35 11 

a
4 À3 . 20 17 12 - 3 12 

°5 À5 -.20 -B -I 

°6 À6 -. 20 10 - 2 -4 -B 

° 7 a
B 

-.35 -I 

J 
a

B À7 .20 15 -I 



page 97f. it could be inferred that the asymptotic correlations between 

parameters as estimated by LISREL-IV are the same whether covariance 

matrices or corresponding correlations matrices are analyzed. This imp lies 

that under analysis of ~ wrong (uncorrected) estimates of correlations 

among parameters are computed . - -Finding (iii) [with increased N, p(\, ei) ... -1.0l,can be shown ana-

lytically(from Lawley & Maxwell, 1971, p.S9 ff). For reasons of brevity an 

intuitive argument will be given here. With our type of factor analysis 

models (simple structure; half of the loadings fixed to zero) in analyzing 
-2 -

~,sii Ài + ei' where sii is the estimated variance of observed variable i. 

In analyzing R, the observed variables are standardized to a variance of one, 
- 2 - -

thus 1 = Ài + ei ' [ Because sii is stochastic, here also an argument can be 
2 ( . ) found for finding (ii).l If À. is plotted against 1. e i = I - Ài analyz1.ng R , 

o < Ài < 1, we get a parabolic function. When it is kept in mind that the 

variance of À.decreases with 1. . 
relation between À. and e . = 1. _ 1. 
small interval [min( Ài ), max 

increasing N, it will be clear that the 

1 - À~ will almost be linear, because of the 
1. 

(À.)l computed across 300 replications. In 1. 
other words: with increasing sample size the observed correlations between 

factor loadings and their corresponding uniquenesses tend to -1.0 in these 

types of models. The fa ct that this observed correlation between À. and 1. 
ei differs from -1.0 in small samples of size 25 can also be caused by a 

relatively large variance of ê. due to negative estimates (cf. Table 4.4.5). 1. 
With respect to correlations among parameter estimates it is concluded 

that if correlation matrices are analyzed it is very questionable to inspect 

them with the present versions (IV or V) of LISREL. 

In Table 4.4.14 results on the correlations between parameter estimates 

and their corresponding standard errors are given for Model 4CM. From 

Table 4.4.15 the model dependency of such correlations can be inspected. 

The magnitude of the associations depends very much on the size of N and 

on the size of the factor loadings. The correlations are very high for large 

loadings. They are (high) negative for elements of 0,and (high) positive 

for elements of 8 ; however, when the factor loadings are small the signs 

are reversed. Also, except for N~ 50 and for small loadings, the dep end

encies are generally smaller in 3-variable models than in 4-variable models. 

There are substantial differences between the results for correlation 

matrices (Table 4.4. IS)and those for covariance matrices (see Boomsma 
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Table 4.4. 14 Dependencies between parameter estirtrltes and their COl're- Table 4.4. 15 Dependencies beween pa1'QJl'letel' estimates and theil' COl're-

sponding standard el'TOl' . AnaZysis of cOl'relation matFices . sponding standard en'Ol' [01' a sampLe sir;e N=400 . AnaLysis of COl'1"€Zation 

See section 3.3h : Pearson product-moment col'reLations p(w .. • s"'e_ ) based nutr·i(!es . 1J w . . 
on 300 observations . 1.J See section 3. 3g : Pearson product-moment corl'elatioTUJ p(w .. ,s"'e_ ) based 

on 300 observations . 1J Wij 

Mode l 4CH 

sample size Mode l Model 

parameter 25 50 100 200 400 parameter 3CS 3CM 3CL parameter 4CS 4CH 4CL 

À I - .6 1 -.83 -.84 - .86 -.87 À, .02 -. 43 -. 90 À, -. 23 -. 87 - . 98 

À
2 

-.54 -.80 -.83 - . 85 -.87 À
2 

-.11 - .42 -.88 À
2 

-. 28 -. 87 -. 98 

À3 .57 -.57 -.61 -.76 -.71 À3 .64 .1 9 -.6 3 À3 -.08 -.71 -. 96 

À4 - .24 -.58 -.67 -.62 -.65 \ .03 -.65 -.96 

À5 -.54 -.76 -.84 -.84 -.85 À4 .09 -.48 -.90 À5 -. 20 -.85 -.98 

À6 - .66 -.80 -.84 -.83 -.83 À5 -.01 -. 42 -.87 À6 -.2 1 -.83 -.98 

À7 - . 16 -.56 -.66 -.70 -.7J À6 . 67 .17 -.71 À7 .14 -.7J -.95 

À8 .39 -.64 -.68 -.67 -.70 À8 .13 -.70 -. 96 

-.56 -.81 -.90 -.88 -.91 .39 -. 57 -.93 -. 38 -.91 -.97 

8 I .91 .96 .96 .96 .96 8 I -.65 .47 .89 8 I .36 . 96 . 98 

8
2 .88 .93 .96 .96 .96 °2 - . 52 .44 . 86 82 

. 38 .96 .98 

8
3 

-.86 .31 .39 .60 .55 8
3 

-. 75 -. 52 .17 °3 -.38 . 55 .87 

8
4 

-.19 .33 .48 .46 .48 °4 - . 39 .48 .86 

8
5 .89 .94 .96 .96 .96 8

4 
-.62 .52 . 88 8

5 
.35 . 96 .98 

8
6 .88 .94 .96 .96 .96 8

5 
- . 62 .40 .84 °6 .36 .96 . 98 

8
7 

-.25 . 31 .45 .51 .60 °6 - .78 -.53 .3 2 °7 -. 49 . 60 .85 

88 - . 65 .38 .52 .45 .53 °8 -.49 . 53 .88 
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Table 4.4.16 Distr ibutional charac t eristics of the chi - square statistic 

for goodness of fit compared to the values expected under the X ~9 
di str ibution. 

See secti on 3.3i . 

Model 4CM 

observed minus expected value 

N med. s.d. ske. kur. 2 30. I P(KS) mean Xl9 
> 

25 4. I 4.2 1.4 -.2 -.4 17% .00 

50 1.2 1.7 .1 -.0 -.5 7% .00 

100 .3 .4 .3 -.1 -.9 8% .44 

200 .0 .3 -.0 .2 .7 6% .48 

400 -.3 -.2 .3 -.0 -.2 6% .40 

expected value 18.3 19.0 6.2 .6 3.6 5% .50 

standard error .4 .4 .3 .2 .8 
of observed value 

(NR=300) 

1982c; Table 10). For all paramete rs the c<rrelations under analysis of ~ 

are somewhat larger than under analysis of ~, which again can be explained 

mainly by differences between the variance of w .. in both approaches. 
~J 

Surprisingly, however, there is a sign reverse in the correlations of the 

factor loadings: mostly negative for ~, mostly positive for ~. For example, 

P(A4 , se1 ), in Model 4CM with N=400, equals -0.65 and 0.40, respectively . 

For the u~iquenesses there are no such changes of sign. 

Vnder certain conditions of invariance standardizing the observed 

variables to a variance of one does not affect the chi-square estimate 

for goodness of fit (cf. Browne, 1982, p.88).Those conditions hold for the 

factor analysis models studied here. Therefore, given the same sample of 

observations and apart from rounding errors, the goodness of fit is the 

same when covariance or correlation matrices are analyzed. Note that 

Jöreskog & Sörbom (1981,p.I.39) claim that the chi-square statistic is 

"valid only if the analysis is based on the sample covariance matrix ~ 

(standardization is not permitted)." 

For N=25 and N=50 the effect of sample size on the goodness of 

fit is substantial (see Table 4.4.16). Sma ll differences ar e found for 

N=100, 200, 400. There is an overall tendency of the estimates to 
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be too large, especially for N~ 50 . This means that the model is incorrectly 

rejected too of ten . No large differences between various models are detected. 

Details of all models are given in Boomsma (1982b); in Boomsma (1982c) 

histograms and QQ-plots illustrate the findings for N=100, 400 in Model 4CM . 

4. 5 General conclusions and recommendations 

The general qualitative conclusion of this chapter is that the 

maximum likelihood estimation procedure of LISREL is robust against small 

sample size if N ~ 200. Depending on the model under study it might even be 

robust if N 'l100 . In general, with N < 100 clear effects ofnon-robustness 

can be expected. 

The user of LISREL should be very much aware of the fact that the 

analysis of correlation matrices leads to unprecise estimates of the 

variances and covariances of parameter estimates. Therefore, even when 

the sample size is as large as 400 the results of aLISREL analysis may 

be seriously distorted . For this reason it is not recommended to analyze 

correlation matrices. 

These conclusions are based on the Monte Carlo results from two 

empirical structural equation models and twelve factor analysis modeis. 

For the latter ones a comparison was made between analyses of covariance 

matrices and of corresponding correlation matrices,emphasizing the result, 

based on the analyses of correlations here. 

For a general discussion, across all models,of the small sample 

effects on different assessment criteria Table 4.5.1 serves as a summary. 

Only three factor analysis models are summarized: 4CM because all its 

detailed results were given in section 7.4, and 4CS and 4CL because 

differences in results among these models mainly depended on the size 

of the factor loadings . For 3-variable factor analysis models the results 

were worse than for 4-variable modeis, while the differences between 

orthogonal and oblique models were not substantial. 
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Table 4.5.1 Over view of the smaZZ sampZe effect on assessment criteria for 

five modeZs . The number s are appr oximate bounds for sampZe size beZow which 

non-robustness of the criteria can be expected. ~ means anaZysis of 

covar iance matrices, ~ means anaZysis of correZation matr ices . 

[In most cases where the notation Ir > 400 " is used the non- robustness wiZZ 

not disappear by increasing the sampZe size , because it concerns probZems 

inherentZy to the anaZysis of correZation matrices ; the term "aZways " wouZd 

have been an aZternative there .J 

Model (type of analysis) 

assessment criterion 1 (~) 2 (~) 4CS(S) 4CS (R) 4CM(~) 4CM(R) 4CL(S) 4CL(R) - - -
convergence problems 200 50 100 100 50 50 50 25 

negative estimates of 200 100 200 200 100 100 50 50 
variances 

bias of W .. 100 100 100 100 50 50 25 25 
~J 

bias of sê~ 100 100 100 200 50 25 25 25 
w .. 
~J 

variance of w .. (or q .. ) 200 100 200 >400 50 400 25 >400 
~J ~J 

confidence intervals 100 100 200 >400 100 >400 100 >400 
for w. 

~ 

confidence intervals 200 200 200 200 400 400 200 200 
for q .. 

~J 

normali ty test for 200 200 200 >400 200 400 200 >400 
q .. 
~J 

p(w i ' W. ') 
~ 

200 >400 200 >400 50 >400 25 >400 

2 goodness of fit 100 100 50 50 200 200 200 200 X 
estimate 
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Now some concluding comments ' on the results of this chapter are 

given. 

One of the major problems encountered was the failure of the LISREL

program to find a convergent solution within 250 iterations, especially 

with samples of size N~ 50. It was found that the rate of convergence 

not only depends on the sample size, but also very much on the population 

structure (e.g. see Table 4.4.4). Therefore, the sample size needed to avoid 

problems of convergence strongly depends on ~. For all models studied in 

this chapter a sample size of 200 is generally rather safe, but for some 

of them a sample size of 25 never raises problems. 

Compared to previous versions, in LISREL-V a slightly different 

iterative procedure is used (Jöreskog, 1982; personal communication). In 

addition to the modified Fletcher-Powell algorithm which regulates the 

first iterations, the Fisher Scoring algorithm handles the final part of 

the iteration process. LISREL-V, however, gives also a large number of non

convergent cases . This. conclusion is based on LISREL-V analyses of our 

random samples S (N=25) used for Model 3CS, kindly performed by JÖreskog. 

Despite the bet ter minimization algorithm of LISREL-V compared to 

LISREL-III, much the same things happened with LISREL-V. It thus seems 

that our results would not have been substantially different if this 

recent vers ion of the program would have been used. 

It should be noted that the LISREL-V program also stops if more 

than 250 iterations are needed. Of course, one can always restart the 

iteration process by using the "solution" attained af ter the first 250 

iterations as starting values in a continued analysis. It was found, 

however, that even when the latest version of LISREL was used with an 

unrestricted number of iterations, for some samples S(N=25; Model 3CS) 

no convergence could be attained at all. 

Anyway, as a rather general statement we conclude that when the 

sampling fluctuations are relatively large (depending on E and N), 

convergence problems may very weil occur. Further research is needed 

to predict under which circumstances a slow rate of convergence,or no 

convergence,may occur. 

With respect to negative estimates of variances it is clear that 

serious problems may arise if N ~ 50. Here also the results depend on the 

115 

1 

I 

" 

! 
I 

: 

I1 

I" 1 

i 
I 



model under study: for example, if the pop~lation value of a variance is 

close to zero there is a large chance of getting into trouble. 

The practice of fixing some or all parameters with an initial negative 

estimate to a positive value close to zero is not indisputable, and 

certainly not if dependencies among such parameters are considered. One 

strategy would be to fix the variance with the largest negative estimate 

and to see what happens. Another would be to make a decision af ter inspec

tion of the correlations among the parameter estimates. 

Lee (1980) shows that the penalty function method can be used to 

estimate parameters which are subject to a set of functional constraints 

in covariance structure analysis (both for maximum likelihood and 

general least squares approaches). He claims that his methods are simple 

to implement and that it is not difficult to modify an unconstrained 

minimization program to a constrained one. Therefore, in principle they 

could be adopted by LISREL (o.c. p.323).See also Lee & Tsui (1982). 

However, if the LISREL-program would be changed in a (more or less 

arbitrary) way such that only proper solutions are allowed, the us er 

still might want to know how an unrestricted solution would look like. 

Apart from the number of parameters involved, he then would have some 

idea to which extent the unrestricted solution should be "suspected". 

We conclude that a sample of medium or large size seems to be most 

precautious in avoiding improper solutions. 

Generally for N ~ 200 there is little bias in estimating parameters 

and standard errors, even when correlation matrices are analyzed. Negative 

as weIl as positive biases occur when the sample size is small. For 

N ~ 50 of ten large outliers can be expected, which may have a serious effect 

on several other results as weIl, e.g. on confidence intervals. Regarding 

the type of parameters, very frequently out liers occur when variances 

are estimated (large negative estimates). In practice, when the user 

looks at one sample only, the latter findings are easily detected; for 

other types of parameters it is much more difficult to discover "extreme" 

estimates without replication or cross -validation. 

Outliers also give a partial explanation for the underestimation of 

the observed variances of the parameter estimates (in terms of squared 

standard errors se 2 ) if N ~ 50 (analysis of covariance matrices). w. 
~ 
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In contrast, when correlation matrices are analyzed, for several parameters 

a severe overestimation of these variances can be expected for all sample 

sizes, due to the uncorrected estimation of standard errors (see 

Table 4.4.7). 

In analyzing sample covariance matrices a sample size of at least 

100 seems to be the best remedy against bias and deviations in sampling 

variances. 

For N ~ 200 the 95% confidence intervals for parameters are rather 

close to theoretical expectations when covariance matrices are analyzed. 

For N ~ 50 parameters may be covered too of ten or too infrequently by 

the 95% intervals, depending on the type of parameter and the model under 

study . In analyzing correlation matrices it is not recommended to use 

such intervals (or to test hypotheses on parameters), at least not for 

factor analysis modeis: the intervals cover the population values too 

of ten (the null hypotheses cannot be rejected too of ten). 

The reader will have noticed that for all parameters 95%, symmetric, 

confidence intervals were constructed. If w. is contained in some bounded 
~ 

range (all variances are larger than zero; absolute factor loadings are 

smaller than one) such a strategy can becriticized. An alternative would 

be to construct intervals restricted by such bounds, of ten resulting in 

asymmetry. Browne (1982, p.95 ff.) gives some examples how to attain that 

goal by means of suitable transformations; e.g. for variances he advocates 

a logarithmic trans format ion. 

Due to unrestrictive estimation and outliers, in small samples many 

deviations with respect to confidence intervals for w
i 

can be expected 

for the variances among the parameters. The latter is also consistently 

observed with confidence intervals for the mean of standardized parameter 

estimates q ... For N ~ 100 the true value of zero for the variances is 
~J 

of ten to the right of these intervals (negative bias of q .. ). When the 
~J 

results of many independent samples are considered, for N ~ 200 the user 

of LISREL can expect, that on ave rage he will come to the right conclusion. 

In small samples, however, there is a substantial chance to make a wrong 

conclusion, especially with respect to the variances in a model . 

The point could be made that these variances are not the most 
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interesting parameters. Even if this argument was valid, it should be 

realized that parameters are estimated simultaneously, not independently 

from all other parameters in a model . Therefore, it seems to be instructive 

always to inspeet the estimated correlations among parameter estimates . 

In samples of size N ~ 100 the distributional shape of standardized 

parameter estimates may differ substantially from anormal distribution. 

Also, many differences among single distributional shapes of the estimates 

are observed. It is evident that the average user of LISREL cannot make 

specific inferences about the distribution of his estimates. An indirect 

possibility suggested by Jöreskog & Sörbom (1981,p. 111.17), is to 

inspect a QQ-plot of normalized residuals, (S-i), but their main benefit 

is to indicate specification errors . 

For N ~ 100 the correlations among parameter estimates can seriously 

deviate from their ' asymptotic values. The observed correlations can 

either be too large or too small, and they may depend substantially 

on out liers. In practice one should of ten try to cross-validate results, 

and when necessary apply simultaneous parameter testing or interval 

construction . When correlation matrices are analyzed the user is re

commended to neglect the estimated correlations as computed by LISREL; 

they are uncorrected estimates. 

In Table 4.5.1 the correlations between parameter estimates and 

their corresponding estimates for standard errors are not included 

among the assessment criteria, by lack of general theoretical (asymptotic) 

knowiedge. In the future it should be investigated whether approximate 

asymptotic theory can be developed here. Meanwhile,it is found that the 

observed correlations vary substantially with sample size (25 ~ N ~ 400), 

but tend to converge to some~nknown)value with increasing N. 

At present the user of LISREL has no idea whatsoever about the size 

of the correlations between estimates of parameters and corresponding 

standard errors. On the basis of our results it can be deduced that such 

dependencies exist, that they are probably misleading with small sample 

size, and that it makes a difference whether covariance or correlation 

matrices are analyzed. 
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In general for N ~ 50 the chi-square statistic for goodness of fit 

cannot be completely trusted: depending on the model under study the 

right tail of its sampling distribution may be either too heavy or too 

light. With increasing sample size the results do not improve systematically, 

probably due to sample fluctuations. For N=IOO, 200, 400 striking devi

ations were never found, while between these sample sizes there were no 

substantial differences . Therefore, it is expected that for N ~ 100 to 

a rather large extent the estimated chi-square statistic is close to 

theory . On page 112 it was indicated that under certain conditions 

standardization of observed variables does not affect the estimate for 

goodness of fit. 

Where one of the goals of science is to offer stabIe explanations 

for the relations between empirical phenomena, with the ultimate aim 

of generalization and prediction of results in future samples from the 

same domain of interest, maximum likelihood estimation in covariance 

structure analysis should not be based on a sample size smaller than 

200. The use of samples smaller than 100 has serious dangers and should 

always be followed by replicated observations to allow for reliable 

statistical and substantive interpretation. 
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