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7. ROBUSTNESS AGAINST NON- NORMALITY 

This chapter gives Monte Carlo results for the robustness of LISREL 

against non-normal, discrete distributions of observations. In the intro

duction decisions are covered with respect to sample size, number of rep

lications, standardization, model choice, and Monte Carlo design. 

7. 1. Intraductian 

Compared to the introduction of chapter 4, where several decisions 

on the small sample part of this study were discussed rather extensively, 

similar choices for the non-normal case are only briefly mentioned here. 

(i) sample size 

The main objective of our research is to investigate the effect of 

non-norrnality separately from the effect of small sample size. Because 

the results of chapter 4 show.that LISREL is generally robust against a 

sample size of 400, it was decided to use that size for all models studied 

here. Departures from the theoretical distributions of parameter estimates, 

estimates for standard errors and goodness of fit can then be ascribed 

mainly to non-normality. Thus N=400 in all the tables and figures presented 

~n this chapter. 

In the whole framework of this study it is possible to think of an 

interaction design, where not only the main robustness effects of small 

sample size and non-normality, but in addition a n interaction effect of 

both types of model violations are investigated. Dur primary goal, however, 

is to study the main effects. Depending on the results the planning of 

future research could be directed to an interaction design, with suitable 

choices of sample size and degrees of non-normality. 

Given a specific model all variations in non-normality were compared 

to the norrnal case with N=400 • In that way it is possible not only to 

compare non-normal cases with the theoretical, asymptotic expectations, 

but also with result s under normality given the same sample size. 

(ii) number af r eplicatians 

For all models the number of replications was chosen to be 300 
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[cf. section 4. I (ii) J. The accuracy or reliability of results in chapter 

4 and this chapter are thus the same . 

(iii) standardization 

Except for ModelID (see section 7. 2) only sample covariance matrices 

are analyzed . For ModelID a comparison is made between analyses of co

varianee and of correlation matrices. 

For all rnodels results of the unstandardized parameter solution are 

given [cf . section 4. I (iii) J. 

(iv) model choice 

Non-normality is studied for three types of modeIs, which are 

basically the same as before. Apart from a standardization described in 

section 7 . 2a, in this chapter ModelID is the same as the one described 

in section 4.2a . Model 2D is exactly the same as that of section 4.3a. In 

addition to these two empirical models some theoretical factor analysis 

models are studied. The whole class of factor analysis models as de

scribed in section 4 . 4a is not investigated . 

Model indication: throughout this chapter the non-normal models are 

generally indicated by capital D (Discrete), and their corresponding norrnal 

variation by NM (No r Mal) . Additional indicators for various degrees of 

non-normality (Categoriza t ion and Skewness) will be treated for each model 

separately in one of the following sections . 

(v) Monte Carlo design 

In order to facilitate comparisons among non-norrnal , and between 

norrnal and non- norma l variations the start value in the data generation 

process (see page 25) i s the same for all variations of a single model . 

Between the diff erent models (seetions 7.2, 7.3, and 7 . 4) data were 

generated independently by taking different start values . Each non

normal model has its own design with respect to variations in numb ers 

of categories and in degrees of skewness. 

7. 2 Model lD 

7. 2a Model descr iption 

Thi s model was describe d earlier in section 4 . 2a, and illustrated in 
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Table 7.2.1 The population covarianee matrix ~ of Model lD (the 

stability of alienation) . 

Y1 
1. 000 

Y2 .660 1.000 

Y3 .560 . 469 1.000 

Y4 . 44 1 .520 .670 1.000 

x I -. 367 -. 404 -. 357 -.369 1.000 

x2 -. 280 -.308 -. 272 -. 28 1 .540 

YI Y2 Y3 Y4 x I 

1.000 

x2 

Table 7.2.2 The parameters of Model lD, their population values and 

the corresponding standard errors (N=400). ' 

parameter w. s~e parameter w. s~e 
1- w. 1- w. 

1- l. 

"I 1. 10 .11 E 
8 II .40 .06 

"2 1.03 .10 E 822 .27 .07 

"3 .76 .09 E 831 
.13 .04 

- (3 -.59 .08 E 8
33 

.35 .06 

-.52 .08 E 
.04 .04 YI 8

42 

-.20 .07 E .31 .07 Y2 844 

cp .71 .10 ê 
8 II .29 .08 

1jJ I 1 .41 .06 ê 822 .59 .06 

1jJ22 .33 .05 
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Figure 4 . 2 . I.Model I in chapter 4 and ModelID differ in the population 

covariance matrix L. In the small sample study L was a covariance matrix in 

a pure sense (see Table 4.2 . 1): the variances were unequal to one. For 

reasons of simplicity (s ee page 144) the popula tion covariance 

matrices of all models studied for the non-normal case are correlation 

matrices . Therefore, ~ from Table 4.2.1 was transformed to a population 

correlation matrix. The result is shown in Table 7. 2 . 1; this L will 

considered to be the (standardized) population covariance matrix . Because 

L has been standardized, the values of parameters and standard errors 

are also different from those presented in Table 4 . 2.2 . The present 

population values of the parameters and the corresponding standard 

errors (given N=400) are presented in Table 7.2 . 2. 

L in Table 7. 2. I is the covariance matrix of the multivariate 

distribution where samples of size N=400 are taken from in the continuous 

normal (NM) case .. but not l.n the dis cre te (D), non- normal case . Before 

we turn to the latter matrix, ~ *, the design of the study will be given 

(see Table 7.2. 3 ), which indicates for each of the six observed 

variables its number of categorie s , its skewness and for convenience the 

resulting parameter p of the 5inomial distribution used as a marginal 

(see page 14 2). 

Table 7.2 . 3 Number of categories c, varia ti ons in skewness 5, and 

parameter p of the corresponding binorrrial rrarginal distribution for 

the observed variables in Mod&l lD . 

var iabIe c 50 p 5 I P 52 P 

YI 4 0 .50 0.75 .23 1.5 .10 

Y2 5 0 . 50 0 .50 0 .50 

Y3 4 0 . 50 0 . 75 . 23 1.5 .10 

Y4 5 0 .50 0 .50 0 .50 

x I 2 0 . 50 -0 . 50 . 62 - 1. 0 .72 

x2 3 0 . 50 - 1. 00 . 79 -2.0 .91 
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The number of categories ranges from 2 to 5; no variations ~n 

these numbers are considered . For four of the six observed variables 

(Y I , Y
3

, xI and x2) three different degrees of skewness denoted by 

50 , SI' 52 are introduced. 

50 : All the observed variables have a symmetric discrete distribution 

(the skewness y=O). 

SI : Four out of six variables have a moderate positive or negative 

skewness . The median of the absolute value of the six skewnesses 

is 0 . 63 (standard deviation 0.42). 

52 : The skewnesses are twice as large as in variation SI. Median 

absolute value 1.25 (s.d. 0.84). 

The design for ModelID is thus indicative for a pure effect of 

categorization (50 ) and additional effects due to varying degrees of 

skewness (SI and 52). 

It would have been possible to use numbers of categories and 

degrees of skewness which are close to the original empirical data 

obtained by Wheaton et. al (1977). Details of those research findings, 

kindly placed at our disposal by G.F. Summers, show that on ave rage the 

observed number of categories was 21, which is too large for our 

purposes. The variation in the empirical skewness of the observed 

variables was very small; all skewnesses were positive with an approxi

mate ave rage of 0.2. Clearly more variation in our skewnesses was desir-

able. 

With regard to the final choices on the skewnesses with our method 

of non-normal sampling, it was impossible to introduce much larger ones 

than under 52 (cf. page 147) . For example, other quantities being equal, 

a skewness of 2.0 for variabie YI and Y3 would not result in a suitable 

E* because the calculated P*(Y1'Y3) would then exceed 1.0. 

Given the number of categories and the skewnesses from Table 7 . 2.3 

the multinormal ~* corresponding to the multinomial population covariance 

matrix E was calculated for each of the three discrete variations 50 , SI 

and 52 (see Table 7. 2.4). 

By now the model is specified (Figure 4.2 . 1), the population 

covariance matrix E for the discrete (and normal) observed variables 

is known (Tabie 7 . 2. I),together with the population values of parameters 
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Table 7.2.4 The muZtinomiaZ correZations pand the corresponding muZti 

normaZ correZations p* in variations SO'SI and S2. 

sa SI S2 

pair of variables p p* p* p* 

Y2 Y1 .66 .73 .78 .89 

Y3 Y1 
.56 .63 .67 .74 

Y3 Y2 .47 .52 .55 .64 

Y4Y 1 .44 .49 .52 .60 

Y4Y 2 .52 .57 .57 .57 

Y4Y3 
.67 .75 .79 .91 

x
1Y1 

-.37 -.49 -.51 -.55 

x
1Y2 

-.40 -.53 -.54 -.56 

x
1Y3 

-.36 -.47 -.49 -.54 

x
1Y4 

-.37 -.48 -.49 -.51 

x
2Y1 

-.28 -.33 -.37 -.44 

x2
y 2 -.31 -.36 -.39 -.47 

x
2Y3 

-.27 -.32 -.36 -.43 

x
2Y4 

-.28 -.33 -.36 -.43 

x
2
x

1 
.54 .72 .75 .81 

and standard errors (Table 7.2.2), and we have defined the covariance 

structures E* of multivariate normal distributions, where samples of 

size 400 are taken from in the discrete (D) case. 

For each of the four variations of the model (the discrete cases 

Sa' SI' S2 and the normal case NM) two types of generated data matrices 

were analyzed: sampZe covariance matrices S and sampZe correZation 
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matrices ~ (for a discussion cf. page 96 f .). I n order to facilitate 

camparisons between analyses of bath types of samples, most results 

are presented in a joint tabie. Results for analyses of ê are printed 

in roman , results for ana l yses of R in itaLics . 

7. 2b Results 

A summary and conc lusions are given first, followed by detailed 

results (page s marked by an asterisk). 

Summary and conclusions 

There are na problems of convergence (N=400) and only a few 

ne gative estimates of variances. There is na bias in estimating para

meters and standard errors. Confidence intervals for parameters and 

for the mean of standardized parameters show an effect of skewness, 

but little effect of cate gorization. With respect to correlations 

among parameter estimates and between parameter estimates and cor

responding standard errors a slight effect of categorization and no 

systematic skewness effect is found. Very small differences are 

detected in the chi-square statistic for goodness of fit between 

the four variations studied under this model . 

In general there are same differences between analyses based on 

Rand S, most clearly with relatively large Skewnesses . Clearly the 

standard deviation of (standardized) parameter estimates with R is 

smaller than with S, leading to conservative test results regarding 

individual parameter estimates when sample correlations are analyzed. 

It can be concluded that a very small effect of categorization 

is found and a somewhat larger effect of skewness. The confidence 

intervals for parameters and the correlations among parameter estimates 

are clearly influenced by analyzing R instead of S. 

In summary, this model seems to be rather robust against an effect 

of non-normality (median absolute value of skewnesses at most 1.25). 
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Details 

Problems of non-convergence did not occur: apparently the s ample 

size of 400 was weIl ehosen in order to avoid sueh diffieulties. 

Ne gative estimates of varianees are found for on ly two pa r ame t e r s 
E /) 

(622 and 611 ) , which have population values close to zero (see 

Table 7.2.5). There are only small differenees be tween variations 

(NM, SO' SI and S2) of the model. Mo s t impraper s olutions oe eur und er 

S2 ' the varia tion with the lar ges t skewnesses. There a r e na d i ffe r enees 

between the analyses of S and R. 

Table 7.2.5 The percentages of negative estimates of variances , with 

in itaZics the minimum of the esti mate, across 300 repZications . 

See section 3. 3a . A bZank means 0% . AnaZysis of covar iance matrices S . 

parameter NM So 

E 622 . 0 . 0 

/) 
6 11 . 0 . 0 

In terms of 10[(w .. / w.) - I] 
/) ~J ~ 

parameter 6
11 

(under S3) no bias is 

ModelID 

SI S2 w. 
~ 

. 0 0.3% -. 0 .27 

0.3% -. 2 1.7% -. 2 . 29 

(see seetion 3.3b) exeept for 

found. In terms of 100(~ . . - w.) it 
~J ~ 

is possible to loeate some differenees between variations of the model. 

With inereasing skewness the latter funetion of the bias gets larger, 

but remains relatively small (see Table 7.2.6). Negative as weIl as 
/) 

positive biases oeeur: parameters ~ and e lI have the largest bias 

(they have a high negative eorrelation, as ean be noted furth eron). 

There are very small differenees between the analysis of ~ and ~. 

However, eompared to ~ the analysis of R leads to smaller varianees 

(see Boomsma 1982b), and to smaller mean squared errors. For standard

ized parameter estimates similar findings will be reported (see 

Table 7. 2 .10). 

* 
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Tabl e 7. 2 .6 The bias of parameter estimates . 100 times the di fference 

between the mean of parameter estimates (the average across 300 

replicationsJ and their corresponding populati on value : 100(~ .-w.) 
l. l. 

A blank indicates that I ~ .-w. I is smaller than 0 . 005 . 
l. l. 

Model 1D 

NM 5
0 

5
1 52 

parameter ~ R 5 R 5 R 5 R w. - - - - - - - l. 

" 1 -1 1. 10 

"2 1 1 -1 1. 03 

" 3 1 -1 .76 

- (3 -1 - 1 -.59 

Y1 -.52 

Y2 1 1 1 -.20 

~ 1 1 1 1 1 1 2 2 .71 

t)i 11 1 .41 

t)i 22 .33 

E: 9 11 
-1 - 1 -1 - 1 .40 

E: 922 .27 

E: 931 
.13 

E: 9
33 

-1 - 1 .35 

E: 
942 .04 

E: 9
44 

-1 - 1 .31 

0 
9 11 

-1 - 1 -1 -1 -1 - 1 -2 - 2 . 29 

Ii 
922 .59 
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The bias of estimates for standard errors is of no importance [the 
E: 

was 0.00407 for 6 II (13) J. largest difference se~ - s~e 
w .. w. 

1.J 1. 
Resul ts about confidence intervals for parameters are presented 

1.n Table 7.2.7. They get worse with increasing skewness, and show little 

effect of categorization (comparing NM with Sa). Except for S2 no large 

deviations occur. There are only small differences between the analyses of 

S and R. 

With respect to confidence intervals for the mean of standardized 

parameters q .. (Table 7.2.8) it is found again that there is little 
1.J 

effect of categorization, that there are small differences between Sa 

and SI' but a clear effect of skewness in variation S2' No substantial 

differences between S and Rare found. 

The normality test for standardized parameter estimates (rable 7.2.9) 

gives no clear results. There is only a minor effect of categorization, 

no systematic decrease in normality with increasing skewness and no 

systematic differences between ~ and ~. 

What the normality test of Shapiro & Francia does not reveal are 

differences between S and R in the standard deviations of q .. , which 
1.J 

are asyrnptotically equal to one. Table 7.2.10 shows that these observed 

standard deviations are smaller in the analysis of R than in the analysis 

of ê. This finding is also present in Table 7.2.7, showing a dominance of 

negative signs under~. (Note that Table 7.2.10 is just another way of 

presenting similar results with respect to w .. , as was done for factor 
1.J 

analysis models in Table 4.4.7.) In practice a researcher analyzing cor-

relation matrices too of ten would conclude that the null hypotheses,of 

standardized parametersbeing equal to zero,cannot be rejected. 

In Figure 7.2. I a histogram and a QQ-plot of the empirical distribu

tion of standardized parameter estirnate ÀI (variation S2) can be found. 

Generally the dependencies among parameter estirnates (see Table 7.2.11) 

are larger for R than for S, also in the normal case (NM). For R there 

is little effect of categorization and skewness: for S a minor effect 

of categorization is found (larger observed correlations in the discrete 

case Sa than in NM) and no systematic effect of skewness. Note the high 
~ ~o 

negative correlation PO($, 6
11

) = -1.00 (rounded value). 

* 
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Table 7 . 2.7 Confidcnce inteI'ools for parameters . 

See section 3. Jd : percentage outsick acI'OSS 300 inteI'vals ~ minus five . 

Reading example : an entry - 2 means that amor/a 300 replications 3% is 

out8id2 the 95% intervaZd. 

Model i D 

NM 5
0 

5
1 

5
2 

parameter 

À 1 - 2 - 2 - 3 
- 2 I - 2 

À
2 

- 1 - 2 

À ) - I -3 - 2 - J 

- 6 - 2 - 2 - 3 - 2 

, 1 -J 

'2 
-I 

- I - 4 - ) - 3 -4 - 4 -3 

~ I I - 2 - 1 - 2 - 3 - 4 

~22 - 1 - 2 - J - 2 

e~ 1 -I -1 

e~2 - I -2 - 1 I - 2 - 2 

6;1 - I - 2 - I - 2 - 1 

6~3 -I - 1 - I - J 

e~2 - I - 1 

e~4 I -2 - J 

e~ 1 -2 - 2 

e~2 

Table 7 . 2 .8 Conficknce intervals jOl" the mean of standardized parameters qij' 

Sec ucciion J. 3~. 

Reading example : an entry R means that the population lJalue of zero 

is to the r-ight of the 95% interval .. an entry L means that it i s te the 

left . 

ModeliD 

NM 5
0 

5
1 

5
2 

parameter ~ ~ ~ ~ ~ ~ ~ ~ 

À 1 R R R R R R R 

À
2 

R R R 

À) 

- 6 R R 

, 1 

'2 
L L L L L L L L 

~ 

·11 
·22 

R R R R 

e~ 1 R R 

e~2 

e~ l R 

e~3 R 

e~ 2 

e~ 4 

e ~ I 
O~2 
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Table 7.2.9 NOI'TMUty test fol' standa:l'diz.ed parameter estim::ztes qiJ 

See section J. 3h : I OOQ( )- W') t where w' is a test statistic fol' 

normality rShapiro & Frwu:ia) ; t means P .:E .0 1" * means . 0 1 < P ~ . 20 

(app1'Oril7t2tûy) • 

Reading example : an entry 5 means W"' " . 995 .. indicating normality. 

Mode l 10 

NM 5
0 5 I Sz I 

parame ter ~ ~ ~ ~ ~ ~ ~ ~ 

À I 5 4 Z J IZ' 7' Il o 5 

ÀZ 7' 9 ' Il o 13t 5 10' 13t 15t 

À3 4 3 5 4 Il o n ' S· 8' 

- 6 4 4 Z 5 6' 3 3 6' 

Y I 7' 5 7- 5 IO- n - 7- 6 ' 

YZ 6- 5 6- 6- S- 7- 3 4 

$ ,,- 11 - 15t 15t 10- 9- 4 2 

"" 
19t 12' Z4t 26t 5 7- 7- 7-

"ZZ 
Ist 13t ,,- 13t 10- 6- Ilo n -

a ~ I Z 3 3 3 5 5 5 4 

e~2 4 3 4 4 5 4 6- 4 

6~ 1 6- 5 6' 7' 4 5 3 2 

e~3 6- 7- 5 3 3 2 5 5 

e~2 4 4 3 J IZ- 12- s- 7-

e!4 5 3 7- 4 10' 4 15 t 8-

a~ I 16t 14t Zit 2lt IZ' 13t 6' 6 -

a~z S· 11 - 9- 17t 10' 9- 6- 1Jt 

Tabl e 7 . 2 .1 0 100 times the standard deviation of standardized parameter'S 

qij '" minus one . 

Reading example: an entry -1 2 means that the star/oord deviation is 0.88. 

Model 10 

NM 5
0 5 I 5

Z 

parameter ~ ~ ~ ~ ~ ~ ~ ~ 

À, -z - 12 - 6 - 15 -z - lJ 7 -l J 

ÀZ Z - 5 Z - 4 I - 4 3 - 10 

À3 Z - 8 3 - J 3 -5 ZZ 8 

- 6 - 3 - 11 -z - 9 - 10 Z - 8 

Y I 3 - 4 I - J 7 1 ZO 10 

YZ -1 3 2 7 5 19 18 

$ -I - 22 16 -16 - ZO - 24 -4 - 15 

"" 
6 - 16 -z - 16 - 6 - 21 6 - 24 

"ZZ 
- 8 -3 - 9 - 5 -8 7 - 6 

e~ ) -4 1 -5 - 2 -3 - 6 - J 

e~2 1 - 4 - 1 - Z 1 -5 - 4 

e~ I - 2 -z - 2 5 9 3 

e~3 3 3 Z 3 6 2 3 - 3 

e~2 5 4 Z 2 -z - 2 -I - 1 

e~4 4 5 5 6 5 5 2 

a~ I -z - 1 6 6 -3 - 3 6 6 

a~z 2 I 4 19 9 34 22 

I 



NORHAl DISTR. 
0.~9 

0.39 

0.30 

§ 
..... 

0.20 

0.\0 

OO-PlOT 
3.3 

2.2 N- 1100 : 
NR= 300 -

HEA- -0.15 // 5.0= 0.87 rn SKW= -0.16 .... \.\ 

= KT5= 2.77 
..... 

~ 
0 

..J 0. 0 
a: 
~ ..... .... 
i!5 .... -1 . 1 
~ ..... 

-2.2 

-3.3 -3.1 -2.\ 2.6 

Figure 7. 2 . 1 Histogram (with standard normaZ density functionJ and 

QQ- pZot of standardized parameter À
1 

in variation S2 . AnaZysis of 

correZation matrices R. 

" 
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Table 7.2. 1 J Same ckpemJencies among parameter estimates . 

See section 3. 3g: loo(lpOI - IpED. wheI'e Po = P(wi'~\') and PE=P(w i • wi') 
aI'e the observed and asymptotic Pea1'son product-moment cor1"eZations , 'Y'espec iivf:tZy. 

Readinge""""Le : anentry 11 means loOI- loEI = . 11. 

Model 10 

NM 5
0 

5 52 
w. w. P(wi,w i ') ~ ~ 5 ~ ~ ~ 5 R , , - -
, I 0;2 -. 77 - 2 11 1 11 2 14 -6 15 

'2 e~4 -.79 4 13 5 14 2 14 -7 12 

' 3 e~ I .76 0 5 I 7 - 5 2 -8 3 

- 8 Y2 -.61 - 4 6 I 9 -3 6 1 8 

Y 1 e~ I -. 57 -I 5 6 9 8 9 6 10 

Y2 e~ 1 -.33 -4 -3 - 4 - 3 - 5 -4 1 2 

~ e~ I -.73 27 27 27 27 23 27 15 27 

" 11 'I -.62 - 2 -3 - 2 -2 -3 - 6 -I - 15 

"22 '2 -.65 - 2 1 -I 1 -I 1 -8 - 13 

e~ 1 e~2 -.69 0 - 11 0 -1 2 5 -3 0 -1 

e~2 e: 2 .65 6 3 4 3 2 2 3 5 

e~ 1 e~3 . 68 I 2 I 1 3 1 I -5 

e~3 '2 .76 I 16 4 15 -3 17 -9 15 

e~2 e: 4 
.68 2 - 1 3 1 2 2 1 - 1 

e~4 e~3 -.74 4 -4 4 - 4 7 1 2 - 6 

a~ I e~2 -.54 -2 -fi 2 - 3 -13 - 9 -11 - 9 

a~2 '3 - .58 0 31 18 32 6 32 -9 32 

-

Table 7 . 2 .1 2 Depend2n.cies beween parameter estimates and their 

ol1r'1'esponding standard elTor. 

[Jee section J . Jh : Pearson product-moment cor'relations p(w ..• s .... e .... ) 
1J Wij 

based on JOO ovseJ'>JJations . (round2d vaZues) 

Model 10 

NM 5
0 SI 52 

parameter 

'I .8 . 8 . 8 .8 .8 . 8 .9 . 8 

'2 .8 . 7 .8 . 7 .8 . 7 .8 .8 

'3 . 4 . 3 .4 . 4 .3 .2 . 4 . 2 

- 8 -.3 -. 1 -. 3 -. 1 -.2 -. 0 -.2 . 0 

Y I -.5 - .4 -.6 -. 6 -.5 -. 5 -. 6 -. 5 

Y2 
-.4 -.4 -.5 -. 5 -.5 -.5 -.5 -. 5 

.8 .7 .8 .8 .8 . 7 .8 .8 

" 11 
.9 .9 .9 .9 .9 . 9 .9 .9 

"22 .9 . 9 . 9 . 9 .9 .9 .9 . 9 

e~ 1 -.0 .0 -.0 . 0 .1 -. 0 . 3 .2 

e~2 -.5 -. 5 -.6 -. 5 - . 6 -. 5 -.6 -.6 

e~ l .0 -. 0 -.0 -. 1 .2 -. 0 .5 . 3 

e~3 -.3 -. 3 -.4 - .4 -.3 -. 3 .1 -. 1 

e~2 -. 4 -.4 -. 5 -.5 - .5 -. 5 -.5 -. 5 

O~4 -. 5 -. 5 -. 5 -. 5 -.5 -. 5 -. 5 -.5 

e~ I -.7 -. 6 -. 7 -. 7 -.7 -. 7 - .7 -. 7 

e~2 . 4 . 3 .3 . 3 .5 .4 .6 .4 

I 



The correlations between parameter estimates and their corresponding 

standard error (see Table 7.2.12) are in the normal case slightly smaller 

for R than for S. There is a minor effect of categorization and a very 

small effect of skewness. 

Finally, the results of the chi-square statistic for goodness of 

fit are presented in Table 7.2.13. There is little difference between 

the symmetrie categorical case and the normal case; the largest difference 

between NH and 50 is the li ght tail under Sa. With respect to the median, 

mean and standard deviation their is a slight effect of skewness, results 

being worse for S2' Considering the standard error of the observed values 

the results for Sa and SI show no large deviations. 

Table 7.2.13 Distr ibutional oharaoteri stios of the ohi- square 

for goodness of f it oompared to the values expeoted under the 

distribution (N=400). 

See seotion 3. 3i . 

Model ID 

observed minus expected value 

med. s.d. ske. kur. 
2 

9.49 mean X4 > 

NM .0 .0 .1 .3 1.2 5% 

So .1 .0 -. I .2 1.2 3% 

SI .2 .3 -.0 -.2 -1.2 6% 

S2 .9 .7 .2 -.3 -1.1 6% 

expec ted value 3.4 4.0 2.8 1.4 6.0 5% 

standard error .2 .2 .2 .3 2.5 
of observed 
value (NR=300) 

statistio 
2 

X4 

P(KS) 

.79 

.73 

.02 

.00 

.50 

Because for this model the standardization of the · observed variables 

hardly influences the e stimate for goodness of fit the results of 

the analyses of S and Rare the same within two decimal places (cf. 

page 112). 

In Figure 7.2.2 the empirical and theoretical distribution of 

the chi-square estimates is illustrated for S2' 
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0.11 

0.07 
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Figure 7. Z. Z Histogram (with xZ density funationJ and QQ- pZot of the 

goodness of fit statistia in variation SZ' AnaZysis of aovarianae ma~aes S. 
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7. 3 Model 2D 

7. 3a Mode l description 

The model studied here was deseribed earlier in seetion 4 . 3a, and 

illustrated in Figure 4.3.1. The population eovarianee matrix is the 

same as in the small sample study beeause population var i anees were 

al ready 1.0 (see Table 4.3. 2 ). The values of the population parameters 

and the eorresponding standard error for N=400 are found in Table 4.3.3. 

The design of the s tudy for this model is given in Table 7.3 . I . 

Under C I the number of eategories of the ten observed variables is 

rather small (the number of thresholds ranges from I to 3); under C2 
the number of thresholds is doubled. There are three variations in the 

skewness : So (symmetrie distributions), SI (small positive skewnesses; 

rnedian value 1.25; s.d. 0 . 53), and S2 (skewnesses twiee as large as in 

variation SI; median value 2.50; s.d. 1.05). The normal eontinuous ease 

is indieated by NM . 

Table 7.3 . 1 Variations in number of categories and in skewness for the 

obser ved variables of Model 2D . 

# eategories c skewness 

variabie Cl C2 So SI S2 

YI 3 5 0 1. 25 2 . 5 

Y2 4 7 0 0.50 1. 0 

Y3 3 5 0 1.25 2.5 

Y4 4 7 0 0 . 50 1. 0 

xI 3 5 0 2.00 4.0 

x2 3 5 0 1. 50 3.0 

x
3 

2 3 0 1. 00 2.0 

x
4 

2 3 0 1.00 2.0 

x5 3 5 0 1. 50 3.0 

x6 3 5 0 2.00 4.0 
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The choice of skewnesses requires some comments. Af ter inspecting 

the results of ModelID it was desirabie to introduce more extreme 

skewnesses than those of var i a t ion S2 in Table 7. 2 . 3. We also tried 

to have positive as weil as negative skewnesses in the total set of 

observed variables . Given Land a given choice for the number of 

categories both objectives appeared to be conflicting. The size of 

the multinomial correlations and our non-normal simulation procedure 

set limits to the choice of the skewnesses. Given the correlation 

between two discrete variables and their number of categories, opposite 

skewnesses are limited in their size. For example, if the skewness for 

YI (c=3) and x2 (c=3) is chosen as 2.5 and -1.0, respectively, the required 

multinomial correlation of P(Y 1' x2) = 0 . 389 cannot be attained: 

P*(YI'x2) gets larger than l. O. 

As it was our main objective to include rather extreme skewnesses, 

it was decided to use positive skewnesses only . This decision does not 

seem to be a severe limitation because it is of ten arbitrary which 

category of an observed variabie is labeled 'high' or 'low'. 

The interactive design with number of categories and skewness as 

factors leads to six non-normal variations (see Table 7.3.1). With this 

design it is possible to study the effect of categorization (comparing 

the results of NM, C1S0 and C2S0), and the effect of increasing skewness 

by comparing SO,S1and S2 under Cl and C2 . 

For each of the six non-normal variations a positive definite 

multinormal ~* , corresponding to the multinomial ~ of Table 4.3.2, 

has been calculated (for details see Boomsma, 1982b). As an example, 

for NM, C2S0 and C1S2 the correlation P (Y1'Y2) = 0.62, P*(YI'Y2) = 0.67 

and P*(YI'Y2) = 0.92, respectively . 

For this model only sampZe covariance matrices S are analyzed . 

The sample size is 400. 

? 3b ResuUs 

Summary and concZus ions 

There are no convergence problems and no negative estimates of 

variances. Like for ModelID no bias of parameter estimates and 
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estimates for standard errors is found. The confidence intervals for 

parameters show no effect of categorization, but a substantial effect 

of skewness (too of ten the population parameters are not covered by 

the confidence intervals). However, confidence intervals for the mean 

of standardized parameters only reveal very small effects of categor

ization and skewness. There is also a small effect of categorization 

and a clear effect of skewness with respect to correlations among 

parameter estimates; these effects are minor regarding correlations 

between parameter estimates and corresponding standard errors. The 

chi-square estimate for goodness of fit is little affected by 

categorization but strongly by skewness. With increasing skewness the 

estimates get too large, thereby rejecting the model too of ten. 

It is concluded that this model is rather robust against categor

ization, but not against skewness (median absolute value of skewnesses 

at least 1.25). 

Details 

There are no convergence problems, neither do negative estimates 

of variances occur. For the parameter estimates no bias of importance 

is found nor any substantial bias of estimates for standard 

errors. 

In Table 7.3.2 results of confidence intervals for parameters are 

given (the columns of the table are ordered by increasing violation of 

normality assumptions: NM, C2 , Cl and SO' SI' S2) . The effect of categor

ization (comparing NM, CISO and C
2

S0) is very small. The influence of 

skewness is very substantial (see CIS2 and C
2

S2). Under SI and strongly 

under S2 too of ten the true parameter values are not covered by the 

intervals. 

This is mainly caused by the relatively large sampling variance 

of the estimators (see Table 7.3.3). Under So for some parameters that 

variance is slightly too small . Comparable deviations are found when the 

standard deviation of standardized parameter estimates is inspected 

(see Boomsma, 1982b). Detailed results, not given here, also demonstrate 

that especially under S2 the standard deviation of w .. ,0_ , is larger 
~J Wij 

* 169 

1 



" o 
* 

Table 7.3.2 Confidence intervals fop pa~tel"tL 

SeB section 3. 3d: pel"Centage outside aCl'OBB 300 interovals, minus five. 

Reading exanple : an er/try - 2 means that ClJTOng 300 replications 3~ 

is outaide the 95% intel"Vals . 

Model 2D 

C2 Cl 

parameter NM So SI S2 So SI S2 

1.
1 - I 16 -2 14 

1.
2 

-2 -2 II 

- 8 II 

Y I II 

Y2 
-2 -I 17 -I 14 

Y3 15 13 

Y4 
-I -I 

Y5 10 

Y6 16 -I 13 

Y7 
-I -2 12 -I 17 

Y8 10 12 

~ I I 14 10 

"22 16 16 

e~ I -I -I 12 12 

e~2 -I -I 10 

e~3 

°:4 

Tab l e 7.3.3 The weighted varianee of parameter estimates, minus 300: 

Nr.
R 

(w .. _ ~ . . )2/sê 2 _ 300. 
j _ J I.J 1.J wi 

See section 3 . 3b .. fOPmUla (3 . 2). 

Model 2D 

C2 Cl 

parameter NM So SI S2 So S I S2 

À I 23 -14 3 1 479 -45 3 I 439 

1.
2 

-29 -48 56 277 - 33 149 169 

- 8 13 10 58 263 32 46 247 

YI 
2 I 12 34 305 -28 25 362 

Y2 -26 -25 45 457 -15 82 450 

Y3 
54 73 99 380 II 105 44 I 

Y4 
26 26 63 107 -15 73 15 I 

Y5 
-4 29 83 189 22 46 256 

Y6 
- 26 31 -I 361 -43 81 300 

Y7 
-41 -77 60 369 -48 94 426 

Y8 
II 163 334 64 77 316 

"I I 
16 55 279 -15 23 190 

"22 
10 49 403 20 85 382 

e~ I -3 90 223 II 44 255 

e~2 - 12 -31 -18 258 -7 43 2 10 

e~3 13 47 4 I 109 74 137 

e~4 13 22 42 145 -18 55 64 

I 



than the mean value of 

0_ 
w • . 
~J 

is 0 . 13,0.08 and 

s-ew .. (NR=300). As an example, for "1'''2 and -8, 
~J 

0.05,respectively, while the corresponding le_ 
w • . 
~J 

is O.OS, 0 . 06 and 0.03. With extreme skewness the sampling variance 

is thus systematically underestimated by the squared standard errors. 

Table 7.3.4 gives the 95% confidence intervals for the mean of 

standardized parameter estimates q ..• Very small effects of categorization 
~J 

and of skewness are found. In comparing these results with the findings 

in Table 7. 3.2,where a strong effect of skewness on confidence intervals 

for w. is shown, it should be realized th at the mean value of q .. is 
~ ~J 

inspected here . Because the estimators for parameters are almost unbiased 

and because in most cases the standard deviation of q .. is larger than 
~J 

one , the results of Table 7.3.4 look not too bad. Like in the normal 

case (NM) all true values of zero are either inside or to the right 

of the interval . For all parameters, but especially for the variances 

~II through 8~4 this is due to outliers. E.g. for ~II under CIS2 the 

minimum standardized estimate is -6 . 84, the maximum estimate 2.51 (median 
E -0.13, mean -0 . 23); for 833 these numbers are -5 . 30 and 3.78,respectively 

(median -0. IS, mean -0.35). It can be noted that there are no extreme 

skewnesses in the distributions of q .. ; the two highest values among 17 
~J 

skewness estimates are -0.79 (yS) and -0 . 44 (8~2)' 

As in section 7. 2b the normality test for standardized parameter 

estimates (see Table 7 . 3.5) does not reveal very systematic effects 

of categorization and skewness. Nevertheless, the results are worst 

under C
I
S2 and C2S2 , while also some negative effect of categorization 

(comparing NM with CISo and C2S0) can be noticed. 

As an example, the histogram and QQ-plot for the standardized 

parameter estimate ÀI in variation CIS2 are displayed in Figure 7.3. I. 

It should be observed that Table 7 . 3 . 3 shows how severely the 

variance of w.' can be underestimated . That result cannot be detected 
~J 

in Table 7 . 3.5 because the normality test of Shapiro & Francia is 

scale invariant: it is sensitive for deviations from normal distributional 

shape, not for deviations from the expected mean of zero and the expected 

variance of one. In contrast, Figure 7. 3.1 indicates, both in the upper 

and lower picture, how badly the distribution of standardized parameter 

estimate ÀI follows the standard normal distribution. 
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Table 7.3.4 Confidenee intervals fOl' the mean of standardized parameter 

cstimates qi j 

See section 3. Je. Reading exampu.: an entroy R mean8 that the popuwtion 

valu.e of zero is to the Pight of the 95% inteT'Val, an entroy L means that 

it is te the lert. 

Model 20 

C2 Cl 

parameter NM So SI S2 So S I S2 

ÀI R R 

À
2 R R 

-6 R R R 

Y I 

Y2 

Y3 R 

Y4 

YS 

Y6 

Y7 R 

YS 

" 11 R R R R R R R 

"22 R R R R R R R 

a~ I R R R R 

e~2 

e~3 R 

°:4 R R R 

Tab l e 7.3 .5 NOT'r'Mlity test for ctandal'di;;ed parameter estimates qij' 

See section 3 . 3[: IOOO(l'W)'~ whe1'e w' is a test statistic for nonnality 

(Shapil'O & Fran.cia} ; t meQt1S P ~ . O l~* meQrJS .0 1 < P ~ . 20(approximatelyJ . 

Reading example : an entry 19 meQn8 1,..1' '' .981 , in.dicating non-noT"mality . 

Mode l 2D 

C2 Cl 

parameter Ni'1 So SI S2 So S I S2 

À I S 7- 14 t 12 - 3 lI- S 

À
2 

19t 20t lO- S- 17t 4 S 

- 8 2 I 7- 4 2 4 7-

Y I S 7- 10- 3 7- S 10-

Y2 
4 7- 4 6- 4 6- 14t 

Y3 
12 _ 

13t 2 7- S 3 7-

Y4 9- S- S- 3 S 12- 6-
i 

YS 
2 3 4 12- 4 4 6-

Y6 

10 _ 
7- 9- 7- 4 S S 

Y7 
3 4 S 6- 11- 2 4 

YS 4 S S 11- 6- S 2 

" 11 4 12- 4 34t 22t ISt 33t 

·22 3 3 4 16 t 4 S 9-

e~ I 6- 4 2 2 4 2 S 

O~2 3 3 2 7- 10- 4 7-

0;) 4 S- 4 6- 6- S 16t 

O~4 S 3 3 4 12- S 4 

I 
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Figure 7.3.1 Histogram (with standard normal density functionJ and QQ- plot 

of standardized parameter À
1 

in variation C 1S2 • 
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* Table 7.3 . 6 Some dependencies c:uoong parameter> estimates . 

See section 3. 3g ; 100(J60 1 - 16E I) .. where PO· P(wi.W i
l

) and PE" (wi,w i ') 

are the observed and asyrrptotic Pearson product moment cOPPelations .. 

respectiveZy . 

Reading e""""Ple: an ent"Y 2 ""'ane liiol - liiEI •. 02. 

Model 20 

C
2 Cl 

w. w. o P(wi,w i
t

) NM So S I S2 S SI S2 1 1 0 

À e~2 -.S4 2 S 6 19 8 6 23 
I 

À
2 ~22 - .47 -6 - 10 2 - I -9 3 -IS 

-8 Y4 
. 29 3 3 6 -4 2 2 -6 

YI ÀI - .21 -3 - 6 -6 7 - 19 -S 9 

Y2 ÀI -. 33 - I - 2 - 2 tO 4 I 13 

Y3 ÀI -.32 S -4 7 19 -7 8 17 

Y4 Y3 
- .13 3 I -10 -8 7 -7 -13 

YS 
-8 .28 -4 - 2 - 2 -S 2 I I 

Y6 Y7 
-.18 - I - 4 -8 -8 -3 I -S 

Y7 
À

2 
-. 26 - 4 -6 8 6 -2 9 16 

Y8 Y6 
. 16 - 8 -9 0 -3 - 14 -7 - 2 

~ I I ÀI -.S3 - I - I -I 4 - 4 -11 I 

~22 a~3 -.SO 0 I -9 -33 S -1 0 -38 

e~ I À I .47 S 11 - 8 -2 4 8 - 9 

e~2 e~ 1 -.36 -2 0 I 19 0 11 19 

a~3 À
2 

.46 - 4 -I -8 -9 S 9 -I 

6:4 À2 -.38 4 12 17 27 16 22 
33 i 

Table 7.3.7 . DistPibutional chal'actenstics of the chi - squaI'e statistic for 

gOOdneS8 of fi t cOrTrpa:f'ed to the vaLues expected undeI' the X~7distribution 
(N-400) . 

See section 3.3i. 

Model 2D 

observed minus e~ected value 

... d . s.d. ske. kur. X~7 > 27 . 6 P(KS) 

NM - . I . 6 .4 -. 0 - . 8 8% . 32 

So .4 .6 . 2 - .0 . 1 4% .07 

C2 S I 2.3 2 . 6 1.0 . 3 .4 12% .OJ 

S2 8.8 9.3 4.0 .3 1.0 40% .00 

So 1.1 . 6 .1 . 0 1.0 4% .04 

Cl SI 2.4 2.6 1.4 .1 -.3 14% .00 

S2 8.8 9.S 3.6 .2 .6 39% .00 

expected value 16.3 17.0 S.8 .7 3.7 S% .SO 

standard error 
of observed . 4 .3 .3 .2 .8 
value 
(NR-300l 

I 
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Figure 7.3.2 Histogr am (with X~7 density f unctionJ and QQ- plot of the goodness 

of fit statistic in var iation C 1 S2· 
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Differences between observed and expected correlations among parameter 

estimates are given in Table 7.3.6. There is a small effect of categor

ization (small differences between NM and C
2

S0 , CIS
O

' respectively) and 

a clear effect of skewness (large differences between NM and C
2

S2 , C
1
S2 , 

respectively). Compared to the asymptotic values the observed correlations 

can be either too large or too small in the non-normal case. 

As with ModelID there are only minor effects of categorization 

and skewness on the correlations between parameter estimates and their 

corresponding standard error (see Boomsma, 1982b, for details). 

The results of the chi-square estimates for goodness of fit (see 

Table 7.3.7) show small differences between the normal case (NM) and 

the symmetrical non-normal cases C
2

S
0 

and C
1

S
0

. The effect of skewness 

is very substantial: there are large deviations from the expected values. 

With increasing skewness the estimates get too large: under S2 the 

median is too large, and the percentage of estimates above the theoret

ical 95-th quantile is 40% rather than 5%. In practice, with skewnesses 

of observed discrete variables between 1.0 and 4.0, Model 2D would be 

rejected far too of ten (to alesser extent, it also holds for SI). 

Note that this finding was not observed in ModelID (Table 7.2.13), 

although the absolute value of the skewnesses under 52 for that model 

was not smaller than here under SI. Some model-dependency of the 

results seems to be apparent . 

The extreme values in the empirical distribution of the goodness 

of fit estimates under CIS2 are illustrated in Figure 7. 3.2. 

7. 4 Factor analysis models 

7.4a Mode l desariptions 

The two types of factor analysis models studied are Model 4CMD, 

a discrete version of Model 4CM introduced in section 4.4a, and Model 6D, 

a one-factor model with six observed variables similar to one of the 

models discussed by Olsson (1979b). 
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(i) Model 4CMD 

The population covariance matrix of this oblique two-factor model 

was given in Table 4.4.2. The 17 population parameter values and cor

responding standard errors for N=400 are found in Table 4.4. I. 

In the design for the study of Model 4CMD only the skewness of 

the eight observed variables is varied; the number of categories for 

each variabIe has been kept constant (see Table 7.4. I). All variables 

have a positive skewness for the same re as ons as for Model 2D (see 

page 168) . In variations SI' S2 and S3 the mean value of the skewness 

is 0.56, 1.13 and 2.25, respectively,with a corresponding standard 

deviation of 0.29,0.58 and 1.17. 

Table 7.4.1 Number of categories c and variations in skewness S for the 

observed variables of Model 4CMD. 

variabIe c So SI S2 S3 

xI 5 0 0.375 0.75 1.5 

x2 2 0 0.750 1. 50 3.0 

x3 3 0 0.500 1.00 2 .0 

x4 2 0 0.250 0.50 1.0 

x5 5 0 1.000 2.00 4.0 

x6 2 0 0.375 0.75 1.5 

x
7 3 0 1.000 2.00 4.0 

x8 
2 0 0.750 1.50 3.0 

By this design a pure effect of categorization can be investigated 

by comparing So with the normal case (NM), and additional effects due to 

skewness by comparing SO' SI' S2 and S3' 

The positive definite multinormal ~* corresponding to the multi

nomial ~ of Table 4.4.2 for each of the four variations are given by 

Boomsma (I 982b). 

177 



In contras t to the approach for this model in sec tion 4.4, he r e 

sampZe covariance matrices are analyzed, not sampl e correlation matri ces. 

By doing so we are not troubled by possible interacting effects of 

non-normality and analyzing correlation matrices instead of cova riance 

matrices (the seriousness of the lat ter under normality conditions was 

discussed in section 4.4). The sample size is 400. 

(ii) ModeZ 6D 

This one-factor model with six observed variables was chos en from 

Olsson (1979b,p.493; second case). The formal model in terms of formul a 

(4.1) is :~ = ~ ~ + ~ , with 11 ' (.3. 3 .5.5.7.7]. The population 

covariance matrix has the form L ~ p!. + 0 [ cf. formula (4. 2)]. T he 
2 

1- Ài ' i=I, ... ,6. uniquenesses in the population are defined as 8
i 

The population covariances are found in Table 7.4. 2 (lowe r triangula r). 

Table 7.4.2 The muZtinomiaZ popuZation covariance matrix f of 
ModeZ 6D (Zower trianguZar J and the corresponding muZtinormaZ ~ * fo r 

varia t i on Cl S3 (upper trianguZarJ . 

xl 1.00 • 17 .27 .27 .55 .55 

x2 .09 1.00 .27 .27 .55 .55 

x
3 . IS · IS 1.00 .38 .6 2 .62 

x
4 . IS · IS .25 1.00 .6 2 .62 

Xs .21 . 2 1 .35 .35 I. 00 .74 

x6 .21 .21 .35 .35 .49 J. 00 

xI x2 x
3 

x
4 Xs x

6 

The population values of the factor loadings 1.
1

, .•. , 1.
6 

and the 

uniquenesses 8
1

, ... , 86 (12 parameter estimates) are defined above; the 

estimated asymptotic values of the standard errors for the estimates 

(N=400) range from .054 for 1.5 and 1.6 to .067 for 8 1 and 8
2

, 

With 6 observed variables and 12 parameters to be estimated the 

number of degrees of freedom in Model 6D is 21 - 12 = 9. 

The design for the study of this model has three variations in 
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the number of categories (Cl' C2 and C3) and three variations ~n the 

de gree of skewness (SI' S2 and S3)' resulting in nine non-normal sampling 

variations (see Table 7.4.3). In variations SI' S2 and S3 the median of 

the absolute value of the skewnesses is 0.38,0.75 and 1.13, respectively, 

with a corresponding standard deviation of 0.26, 0.52 and 0.78. 

Table 7.4.3 Variations in number of categories and in skewness for t he 

observed variables of Model 6D . 

# cate gories skewness 

variable Cl C2 C
3 SI S2 S3 

x I 2 3 5 -.5 - I -1.5 

x2 2 3 5 -.5 - I -1.5 

x
3 

2 3 5 0 0 0 

x
4 

2 3 5 0 0 0 

x
5 

2 3 5 .5 1.5 

x6 
2 3 5 .5 1.5 

This design comes close to some of the choices made by Olsson (1979b, 

p.49 2 , point 3). If instead of absolute skewnesses of 1.5 a choice for 

absolute values of 2.0 would have been made, the variation with two 

categories would have resulted in a ~* with correlations larger than I. 

In Table 7.4.2 the multinormal covariance matrix ~* for CIS3 
(largest distance between ~ and ~* under the nine variations) is given. 

Details for other variations can be found in Boomsma (1982b). 

Here to~, only sample covariance matrices are analyzed, based 

on a sample size of 400. 

7. 4b Results Model 4CMD 

Summary and conclusions 

No convergence problems and no negative estimates of varianees 

are encountered. Again no bias in estimating parameters and standard 
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errors is found. There is little effect of categorization, but astrong 

effect of skewness on the confidence intervals for parameters (with 

skew distributions too of ten the population parameters are not covered 

by the intervals). This can be explained by the observed standard 

deviations of w .. , which are either too small (symmetrie discrete 
LJ 

distributions) or too large (skew distributions) . Categorization 

and skewness effects are absent when confidence intervals for the mean 

of standardized parameter estimates are inspected. Correlations among 

parameter estimates as weil as correlations between such estimates and 

their corresponding standard errors are substantially affected by both 

categorization and skewness. No effect of categorization but a very 

strong one of skewness is found for the goodness of fit statistic.Like 

for Model ZD this model is rejected too of ten when the observed 

variables have a skew, discrete distribution. 

It is conc luded that the model is rather robust against 

categorization, but not robust against skewness (median absolute 

value of the skewnesses at least 0.56). 

Details 

In addition to what was just reported in the summary, Table 7.4.4 

illustrates the small categorization effect and the large skewness 

effect on the confidence intervals for parameters. With symmetrie, 

discrete distributions there are too few intervals not covering the 

true value, while under Sz and S3 there are far too many. 

For a large part this is explained by a too low empirical varianee 

of the parameter estimates under SO' whereas that varianee is far too hi gh 

under Sz and S3; see Table 7.4.5, where the observed varianee is 

compared with its expected, asymptotic value. Also,for most parameters 

the standard deviation of standardized parameter estimates q .. is too 
LJ 

small under So and too large under Sz and S3 (see Boomsma, 198Zb, 

for details). 

With respect to the confidence intervals for the mean of 

standardized parameter estimates there are very small differences 

between the four variations.For the factor loadings Ài and for ~ the 
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Table 7.4.4 Confiderwe i ntel'vals [01' pan:une te l's . Table 7 .4.5 The weighted variance of parametel' estirra tes , minus 300: 

See section 3. 3d: pel'centage outsi dE acI'OSS 300 in tel'va ls , minus five . ~\w .. -Q .. ) 2 / sê 2 - 300. 
Reading e:canple : an ent ry 2 means that am:m g 300 l'eplications 7% is j _ 1 1J 1J wi 

outaide the 95S interval. D. See sec tion 3. 3b, fO fflTU la (3 . 2) 

Model 4CMD 
Hodel 4CMD 

parameter NM Sa SI 5 2 5
3 

parameter NH Sa 5 I 5
2 

5
3 

'I 
-2 -2 

' I -24 - 5 -6 20 7 

'2 
-4 -I 20 

' 2 29 -93 -50 60 539 

'3 
-I 14 

' 3 32 -47 - 14 41 369 

'4 -5 -5 -4 -2 
'4 

)) -182 -168 -152 -76 

'5 16 35 
'5 

-12 106 368 1503 

'G -) -3 -2 
'6 20 -81 -90 -53 -5 

'7 -I -4 la 41 
' 7 

-72 21 257 17 19 

'8 -5 -4 25 
'8 

-I -199 -138 69 717 

11 
-5 22 62 99 274 

6
1 

-I la 
6 I - 34 228 

6
2 

-I 17 
6

2 
- 7 -30 -4 44 372 

6
3 

-I 15 
6

3 
-19 50 76 351 

6
4 11 

6
4 

47 40 92 111 328 

6
5 

-2 18 45 
-20 27 42 412 1.46 65 

6
6 

-I 16 
-3 16 - 5 10 3 380 66 

6
7 16 34 

67 
-12 15 121 354 Ion 

6
8 13 40 

~ 
109 30 1409 

co 
* 



intervals cover the true value of zero. If for Si' the interval is not 

covered by zero, in all cases the population value is to the right of the 

interval; the number of that occurrence among the eight uniquenesses is 

4,2,3,5 and 6 for NM, SO' SI' S2 and S3' respectively. These small dif

ferences can be explained by sampling fluctuations (for further details 

see Boomsma, 1982b). 

Results of the normality test for standardized parameter estimates 

hardly reveal an effect of categorization, but a clear effect of skewness. 

Under S3 the results are of the same order as the values for sample size 

50 in the normal case; see Table 4.4.11 (Boomsma, 1982b, gives details). 

How extreme the deviations from the standard normal distribution 

can be,is illustrated in Figure 7.4. I for the standardized estimate À7 

under S3' 

Table 7 .4. 6 gives results for dependencies among parameter estimates. 

Their 1S a substantial effect of categorization as weIl as of skewness, 

which in some cases leads to large differences Ipol - IpE I. Note that 

the sign of some observed correlations is the reverse of their asymptotic 

value. 

Categorization and skewness of the observed variables both 

have a dramatic effect on the correlations between parameter estimates 

and their corresponding standard error. As an example, for À2 this 

product-moment correlation under NM, SO' SI' S2 and S3 is 0 . 21, -0.89, 

-0.49, 0.13 and 0.71, respectively (for more details see Boomsma, 1982b). 

In Table 7.4.7 it can be seen that the chi-square statistic for 

goodness of fit is hardly affected by categorization, but strongly by 

the skewness. The deviations again result in a heavy right tail of 

the empirical sampling distribution of the statistic (cf. Table 7.3.7). 

With increased skewness the percentage of estimates above the expected 

95-th quantile of 30. I gets very large, and the range of observed chi

square values increases. 

Figure 7.4.2 illustrates the discrepancy between the empirical 

and the expected distribution of the goodness of fit statistic in 

variation S3' 
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Table 7. 4 . 6 Some dependencies among pa~eter estimates . 

See section 3. 3g : IOO(lpol - IpEI), where Po = p(wi,G\') and PE = p(wi,wi) 
are the observed and asymptotic Pearson product-moment correZations J 

respectiveZy . A * means that the signs of Po and PE are different; 

there Po instead of Ipol is used . 

Reading exampZe : an entry - 7 means Ipol - IpEI = - . 07 . 

Model 4CMD 

W. W .I p (wi , wi ') NM So S I S2 S3 ~ ~ 

" 1 "3 . 23 - 1 -7 -1 2 7 11 

"2 "3 . 23 3 -1 0 - 5 6 15 

"3 83 
- .38 13 27 30 10 - 3 

"4 8
4 

-. 38 - 8 62 58 49 33 

"5 "7 . 23 -2 - 24* 0 9 11 

"6 "8 . 23 - 4 - 7 - 9 - 3 13 

"7 87 
-. 38 - 2 29 14 -1 6 -27 

"8 88 
-. 38 - 3 62 39 15 -11 

cp " 3 .09 0 0 -6 6 3 

8 1 " 1 -. 20 -1 16 19 8 0 

8
2 "2 -.20 5 80 59 13 -55* 

8
3 

84 
-. 35 8 20 5 - 2 1 - 18 

84 "3 .20 9 -5 6 -1 14 

85 "5 -. 20 - 2 20 - 5 -1 9 - 28* 

86 "6 -. 20 7 80 73 57 19 

87 88 - .35 - 6 8 - )7 -42* - 60* 

88 "7 . 20 4 -) 7 3 -5 - 6 
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Table 7.4.7 Distributional characteristics of the chi - square statistic 
2 

for goodness of fit compared to the va lues expected under the xl9 
distribution (N=400). 

See section 3. 3i . 

Model 4CMD 

observed minus expected value 

med. s.d. ske. kur. 
2 

30.1 mean Xl9 
> 

NM .2 .4 .5 .3 1. 2 5% 

Sa .7 .6 .5 -.0 -.2 8% 

SI 1.0 1.3 .5 .4 1.0 9% 

S2 4.8 4.9 1.4 .1 .5 19% 

S3 13.8 15.4 6. I .1 .1 54% 

expected value 18.3 19.0 6.2 .6 3.6 5% 

standard error 
of observed .4 .4 .3 .2 .8 
value (NR=300) 

7.4c Results Model 6D 

Summary and conclusions 

P(KS) 

. 17 

.24 

.00 

.00 

.00 

.50 

There are no problems of non-convergence and no negative estimates 

of uniquenesses. There is no bias of estimates for parameters or for 

standard errors. Confidence intervals for parameters are only little 

affected by categorization and skewness. Again it is found that the 

standard deviation of (standardized) parameter estimates is clearly 

influenced by non-normality. A strong effect of categorization and 

skewness on the correlations among parameter estimates as weIl as on 

the correlations between those estimates and their corresponding 

standard errors is detected. Like for ModelID the chi-square goodness 
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of fit statistic is hardly influenced by categorization and skewness. 

In general, it is concZuded that this model is rather robust 

against deviations from non-normality (median absolute value of the 

skewness at most 1.13). 

DetaiZs 

In addition to what was reported in the preceding summary,Table 7.4.8 

gives results of the confidence intervals for parameters. There is a 

small effect of categorization and a small effect of skewness, which is 

most clear under C3 . It can be noticed that the variations in skewness 

(SI' SZ' S3) are not very large, and do not lead to fully systematic 

patterns. For À5' À6' 8 1 and 8Z there is a tendency from too small per

centages (SI) towards too large percentages (S3)' Whether the percentages 

are too smallor too large is again strongly influenced by the empirical 

variance of the parameters, more than by their estimated standard errors. 

In cases of too low percentages the parameter estimates are in a 

close range around their almost unbiased mean, in cases of too large 

percentages the variance is larger than expected. This is illustrated 

in Table 7.4.9 for NM and Cl' If the empirical standard deviation 

of standardized parameters is inspected similar conclusions can be made 

(see Boomsma, 198Zb, for details). 

The confidence intervals for the mean of standardized parameter 

estimates (see section 3.3e) show a very small effect of categorization 

(Cl being better than NM, Cz and C3), and no effect of skewness. All 

population values outside the 95% intervals are to the right of these 

intervals; this again refers predominantly to the variances 8i (for 

details see Boomsma, 198Zb). There, details can also be found on the 

normality test for standardized parameter estimates, showing small to 

moderate effec~of categorization and of skewness. 

The asymptotic correlations among parameter estimates are relatively 

small; 88% of the absolute values of PE is smaller than .15, while max IpEI 
is .46. In Table 7.4.10 it can be seen that categorization and skewness 

both strongly affect the size of the observed correlations (results 

for Cz are given in Boomsma, 198Zb). The deviations from PE get smaller 

with an increase in the number of categories. The effect of skewness is 
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Table 7.4.8 Confickmce intel'oaZs [or paPametel's . Table 7.4 . 9 The weighted varianee of parumeter estimate8 ~ minus 300: 

See section 3. Jd: pel"Centage outJside aaY'OB8 300 intel'vaZs" minus Jive . 
Nr.

R 
(w .. _ ~ . ,)2!s"'e 2 - 300 . Reading erampZe: an entry -] means that arrr:mg 300 repZications 4~ is j""] 1.J ij Wi 

outside the 95% inter"lJals. 
See section 3. Sb, fOPmula (3. 2). 

Model 6D 
Model 6D 

C
3 

C
2 C, 

parameter NM C IS] C, S
2 C IS3 

parameter NM S , S2 S3 S, S2 S3 S, S2 S3 

" -I -I -2 -3 -3 - I -4 -4 -5 
' I 

25 -89 -146 

'2 
-I -I -2 -3 -2 - 2 -4 -3 -4 '2 -22 -2 -80 -136 

'3 
-I - 2 -I - 2 -I -3 -2 -3 -4 '3 -21 -44 -78 -116 

'4 
-2 -2 -3 -3 - 4 -3 - I -4 -4 '4 - 7 -60 -82 -95 

'5 
-2 -I -3 -I '5 -ilO -53 76 

'6 -2 -3 -4 -I '6 -78 - 23 91 

6 , -I -2 -4 -I -4 -4 -I 6 , -8 -185 -136 -35 

62 
-I 11 -4 -5 -4 6

2 
-39 -187 -130 

6
3 

-I -2 -2 -I - 2 -3 -4 -4 6
3 

-32 -87 -1 19 -47 

6
4 

-I -I -I -I -2 -3 -4 -4 6
4 0 -105 -125 - 34 

6
5 

-I - I -I - I 6
5 

-52 18 54 78 

66 6
6 

35 47 44 80 



00 
~ * 

Table 7.4.10 Some dependencies cunong pa1'ameter estima tes . 

See section 3. 3g : 100( lpol - IpEP. where Po -P (~ i' ~ il) and PE- P( wi. wi' ) 

ar e the observed and asymptotic Pear son product-moment correZati ons , 

Y'espectively. A * means tha t the signs of Po and PE aY'e diffeY'e nt ; t here 

Po i nstead of I Po I i. used. 

Readi ng example : an en t ry 67 meanB Ipo l - IpEI - . 67 . 

Model 6D 

C
3 Cl 

"'. Wi' P(wi, wi ,) NM 5 I 5
2 

53 
5

1 S2 S3 
L 

AI 8
1 

-.14 0 8 - 3 -)6· 67 2 1 -)4· 

A
2 

82 
-.14 7 13 - 9 - )). 65 20 - 29· 

A3 8
3 

-.25 4 15 17 17 75 75 75 

A4 8
4 

-.25 0 14 12 13 75 75 75 

A5 8
5 

-. 46 - 4 7 -7 - 22 44 26 9 

A6 86 
-.46 -5 2 -13 -18 46 28 3 

8
1 

8
5 

-.01 10 3 5 10 I 14 34 

8
2 

8
5 

-.01 5 12 6 2 6 9 28 

8
3 

8
5 

-. 05 3 2 - 4 7 I 7 11 

8
4 

8
5 

-.05 4 I 0 6 7 8 19 

85 
8

6 
-. 27 -5 -2 -11 - )3· -2 1 -46· -80· 

8
6 A5 .2 1 I 3 -3 -20 -6 -22· -4 ). 

Tab( e 7.4.11 Dependencies between parameter estimates and their cor

responding standard e rror. 

See sec t ion 3. 3h : PearsGn product-moment cor roeZations p(w .. ,s-e_ ) 
1J Wij 

baaed on 300 obseY'oo t i ons . 

Mode 1 6D 

C
3 

C2 Cl 

parameter I NM 5 I 5
2 

5
3 

5
1 

52 
5

3 
5

1 
5

2 
5

3 

AI .11 .06 .09 . 20 - . 04 .02 . 24 -.36 -.05 .34 

A
2 

- . 02 - . 06 .13 .28 -.09 .09 . 34 -.39 -.05 .33 

A3 .10 .02 -.00 - . 03 -.14 -.11 -.07 -.60 -.55 -.41 

A4 .17 .07 .04 -.00 -.17 -.14 -.20 -.57 -.53 - . 45 

A5 .24 .14 . 18 .24 -.06 .10 .18 -.33 -.25 -.12 

A6 . 17 .10 .22 .21 -.15 .08 .19 -. 40 -.29 - . 02 

8
1 

.98 .97 .99 .99 .97 .97 .99 .95 .97 .98 

8
2 

.98 .97 .98 .99 .97 .98 .99 .96 .97 .98 

8
3 

.89 .88 . 88 .88 .87 .87 . 86 .88 .84 .77 

8
4 

.89 . 87 . 88 .88 .88 .88 . 89 . 88 .84 .80 

8
5 

.39 .37 .48 .58 .36 .41 .59 . 33 .49 . 57 

8
6 

.45 .43 .52 . 58 .40 .46 .54 .33 .46 .55 



substantial but not systematie . The Slze of both effeets depends on the 

values of the factor loadings. It ean be noted that unde r Cl the observed 

correlations for À3 and À4 are 1. 00, and that the sign of some Po is 

reversed eompared to P
E

• 

Tab Ie 7.4 .1 2 DistributionaZ character istics of the chi -square statistic 
2 

for goodness of fi b compar ed to the vaZues expected under the x
9 

dis -

t r ibution (N =400) . See section 3. 3i . 

Mod e l 6D 
observed minus expeeted value 

med. s.d . ske. kur . 2 16 . 9 P (KS) mean XC) > 

NM .5 .5 -. I -.0 -.2 4% .10 

SI . 3 . 2 -. 4 -.1 -.3 3% .19 

C3 S2 -.4 . 2 .0 -. 2 -1.1 6% . 22 

S3 :-.4 -. 4 . 2 . 3 . 9 5% . .04 

SI .1 .0 -.2 -.3 -1.1 5% . 79 

C2 S2 .6 .4 .1 -.0 -.3 6% .17 

S3 -.6 -.7 -. 2 .0 .5 3% .05 

SI .6 .8 . 4 -.2 -1. 0 7% . 02 

Cl S2 . 3 . 2 .1 -. I -.5 5% . 64 

S3 -.7 -.6 . 2 -.1 -1.0 5% . 00 

expeeted value 8 .3 9.0 4.2 .9 4.3 5% .50 

standard error 
of observed .2 . 2 .2 .2 1.3 
value (NR=300) 

As with Model 4CMD, th ere are substantial and systematic effeets 

of cate go rization and skewness on the eorrelations between parameter 

estimates and their corresponding standard error (see Table 7 . 4 .11 ). 

The differenee between NM and C
3 

is rather small, while for the factor 

Ioadings the difference between NM and Cl is rather large. With an 

inerease in the number of categories as weIl as with an increase in 

skewness the eorrelations t end to get less negative and more positive. 

With respect to the chi-square statistic for goodness of fit (see 

Table 7.4.12) no categorization and no skewness effect is detected . 
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There are only slight deviations for the mean and the median under 5
3

, 

No substantial differences in the right tail of the empirical sampling 

distributions are found . These findings are very close to those of ModelID 

(see Table 7.2.13), but far from those of Model 2D (Table 7.3.7) and 

Model 4CMD (Table 7 . 4 . 7), where large deviations were found . 

7.5 General eonelusions and reeommendations 

The results of this chapter lead to the general qualitative conclu

sion that, given a sample size of 400, the maximum likelihood estimation 

procedure of LISREL is robust against categorization of the observed 

variables, but not against (rather) skew distributions of those measure-

ments . 

This conclusion is based on the results of a number of variations 

Ln four models. Some of their characteristics are summarized in Table 

7.5. I, which is meant as a reminder of the basis of our generalizations . 

Table 7.5.1 Some eharaeteristies of models studied for non- normality . 

Extrema for the number of eategories and for the absolute skewness are 

ealeulated aeross all non- normal variations, those for the median 

absolute skewness aeross all non-symmetrie variations . 

# observed It parameter H non-normal H categories absolute skewness median absolute 
variables k estimates 5 variations among kvariables among kvariables skewness of k 

variables 
~bdel min . max. min. max. min. 

10 6 17 3 2 5 0 2.0 0.63 

20 10 17 6 2 7 0 4.0 1. 25 

4CMD 8 17 * 2 5 0 4.0 0.56 

60 6 12 9 2 5 0 1. 5 0.38 

In order to generally discuss the effects of non-normality on our 

assessment criteria Table 7.5.2 gives an overview of the results for the 

four models. The qualitative evaluation across variations of a categor

ization and a skewness effect on each of the criteria is summarized as 

being zero or minor (0), smaU (*J, moderate (**J or strong (***J. 

max. 

1. 25 

2.50 

2.25 

1. 13 
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Table 7. 5 . 2 Overview of a categorization (e) and a skewness (S) effect 

on assessment criteria for four modeZs . 

Effect size : zero or minor (0) , smaZZ (*) , moderate (**) , strong (***) . 

AnaZysis of covariance matrices . 

Model 

ID 2D 4CMD 6D 

assessment criterion C S C S C S C S 

convergence problems 0 0 0 0 0 0 0 0 

negative estimates 
of varianees 0 * 0 0 0 0 0 0 

bias of W .. 0 0 
~J 

0 0 0 0 0 0 

bias of se~ 0 0 0 0 0 0 0 0 w . . 
~J 

varianee of W .. 0 * * ** * *** ** ** 
~J 

(or q .. ) 
~J 

confidence inter vals 
for w . 0 * 0 *** * *** * * 

~ 

confi dence intervals 
fo r q . . 0 * 0 * 0 0 * 0 

~J 

normality test fo r 
q .. 0 0 * * 0 *** * * 
~J 

p(wi ' W i ' ) 0 * * ** *** *** *** *** 

P (w . . , s~ew ) 0 0 0 
~J ij 

0 *** *** *** *** 

2 
goodness of fit X 

estimate 0 0 * *** 0 *** 0 0 
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The overview should be interpreted with care: for assessment criteria 

differences across models cannot be ascribed only to differences in the 

model structures themselves, but to differences in degrees of violations 

within those models as weil. 

Finally, some comments on the overall results are given . 

With a sample size of 400, discrete and skew variables do not lead 

to convergence problems. Vnder the same conditions hardly any negative 

estimates of variances can be expected, except when the population 

variances are very close to zero (see ModelID). 

It is a general finding th at there is no bias of parameter estimates 

and no bias of estimates for standard errors when non-normality is 

introduced . This means that on average, in the long run, the applied 

statistician is not too far Erom the population values of those estimates. 

This seems to be reassuring. 

However, the empirical standard deviation of the estimates should 

also be considered. It is found that the standard deviation of the 

observed parameter estimates,o_ ,is of ten not in accordance with the 
w· . 

expected, asymptotic standard eftor se The values can either be too 
w. 

small (mostly for variations with zero 5r small skewnesses), or too 

large (for variations with moderate and large skewnesses). Here, both 

a categorization and a skewness effect are observed. This finding is 

also expressed by the empirical standard deviation of standardized 

parameter estimates. 

These results on the variance of (standardized) parameter estimates 

are one of the major findings of this chapter . An enlarged variance of 

almost unbiased parameter estimates implies that their mean squared error 

increases; it decreases when the variance is too small . In practice, this 

means that in a single sample the estimated parameters may be either 

too far off their expected value or too close to it . Given a specific 

correlation structure among parameter estimates this may happen for several 

parameters in the same sample . In applied research an urgent need for 

cross-validation is feit here. 
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The effect of an increased or decreased variance of parameter 

estimates on confidence intervals for parameters is substantial. The 

population value w
i 

is either too infrequently or too of ten covered by 

the 95% intervals. The effect of skewness is very dominant, while the 

categorization effect is less clear. With extreme skewnesses (Models 2D 

and 4CMD) the departures are dramatic. This result is not primarily caused 

by the observed estimated standard errors, because they behave relatively 

well. 

Since it can be expected that such confidence intervals are regularly 

inspected, users of LISREL should be warned. The findings in many non

normal variations imply that too of ten the researcher would conclude that 

the observed parameter value differs from the population value, which 

obviously would not be known in applications. 

Given the favorable results with respect to the bias of estimates 

for parameters and for standard errors it may happen (see Model 4CMD) 

that strong effects of skewness on confidence intervals for wi dis

appear if a 95% confidence interval for the mean of standardized 

parameter estimates is inspected. This is not a big help for the user 

of LISREL. Across all models it can be concluded th at in the long run 

the ave rage confidence interval will cover the true value of zero . But 

in practice it seldom happens that the same model is analyzed with 

repeated samples from the same population. From a statistical consulting 

point of view the user should be recommended to be aware of the 

uniqueness of his one-sample result, and to be "very careful about 

generalizing statements in non-normal conditions . 

In many cases the shape of the distribution of standardized 

parameter estimates is not dramatically different from a normal distri

bution (a strong effect of skewness was found for Model 4CMD) . Of ten, for 

different parameters no systematic changes we re detected across varia

tions . 

Table 7.5 . 2 next shows a categorization and a skewness effect on 

the correlations among parameter estimates . The correlationsbetween 

parameter estimates and their corresponding standard errors are also 
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substantially affected by categorization and skewness. As discussed 

in section 4.5, the user of LISREL should be fully aware of these 

dependencies, especially of those among parameter estimates . It was 

stressed that one or two outlying parameter estimates may have overall 

effects on several other parameter estimates, and that inspection of 

estimated correlations among parameter estimates should be a standard 

rather than an optional practice. 

Because for the chi-square goodness of fit statistic we are 

dealing with one outcome per replication, its robustness can more easily 

be summarized in quantitative terms . It is clear that only a minor or 

small effect of categorization is observed for all modeIs . With respect 

to the skewness in ModelID and 6D (with median absolute values of the 

skewnesses of the observed variables ~ 1.25 and~ 1.13, respeetively), 

there are hardly any deviations from the asymptotie theory. However, 

for Models 2D and 4CMD (where more extreme skewnesses were studied; 

median ~ 0.56 in non-symmetrie variations), it is found that with 

inereased skewness the population model is rejeeted too of ten. Therefore, 

in exploratory analyses it will be very diffieult to find the appropriate 

model when the observed variables have long tailed, skew distributions. 

On the basis of our findings we shall not dissuade researchers 

to apply maximum likelihood estimation in structural equation modeling, 

when the observed variables are discrete but symmetrie . However, we do 

not reeommend to use such a procedure when the median (or mean) absolute 

value of the skewnesses of the observed variables is larger than 1.0 

(approximately), because it would affect crueial elements of statistieal 

estimation (confidenee intervals for parameters, eorrelations among 

parameter estimates ), and model fitting. 

It must be stressed that the emphasis on the median absolute 

value of the skewnesses, which was used throughout this ehapter is 

somewhat arbitrary. The rnedian appeared to be a rather satisfying 

criterion in summarizing some of the results; it should not be 

considered to be the one and only guideline in generalizing our 

eonelusions . For example , one or two very extreme skewnesses, among 

several other variables having symmetrie distributions, eould very 
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weil lead to non-robust results. In such situations the criterion 

is inappropriate in deciding whether or not to use LISREL . The variance 

of the skewnesses of observed variables should also be taken into 

account. 

Some final remarks are made. 

(i) It should be noted that the results are not completely independent 

of the model under study. Also, in a specific model some (classes 

of) parameters behave clearly differently, bet ter or worse, than 

other (classes of) parameters. 

(ii) The use of sample correlation matrices R (see Model 1D) is not without 

consequences: it leads to smaller variances of (standardized) parameter 

estimates and affects the correlations among parameter estimates. 

(iii) The present study has only considered skewly distributed variables 

with two to seven categories . It is probable that maximum likelihood 

estimation with LISREL is also not robust against the use of non

symmetric continuous distributionswith skewnesses comparable to 

the non-robust discrete variations of Models 4CMD and 2D . 

(iv) Given the results of this chapter (and those of chapter 4) for future 

research we would recommend to use an interaction desi gn (see page 

151) in order to investigate the effects of moderate skewnesses 

in combination with moderate sample size, e.g . N=100 and N=200. 

(v) Finally, some reference should be made to a number of alternative 

but related developments of covariance structure analysis based 
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on non-normally distributed variables . Factor analysis for dichot

omous variables has been treated by Bock & Lieberman (1970), 

Christoffersson (1975, 1977), and Muthén (1978). They assume under

lying latent variables having a normal distribution (see also section 

8.5); both generalized least squares and maximum likelihood 

estimators are considered. Others use different approaches, e.g. 

Bartholomew (1980), who treats factor analysis in the context of 

latent structure analysis. Mooijaart (1981) discusses factor 

analysis of data with integer manifest values only and normally 

distributed latent response variables. He shows mathematically that 

such analyses are very sensitive to the skewness of the observed 

variables and to the size of the factor loadings(analogous to the 



work of Olsson, 1979b , the model holds for the latent variables) . 

He proposes a "simpie" method for factor analysis of categorical 

data. 

Although the ma~n emphasis of alternative methods has been 

on factor analysis, Muthén (1982a) describes other categorical 

response models as weIl. They all have in common the idea that 

latent continuous variables are measured dichotomously . For most 

models generalized least squares methods are used to estimate 

parameters, standard errors and a measure for goodness of fit; for 

some of them maximum likelihood methods are applied . When the number 

of observed variables ~s large and/or when a multivariate normal 

distribution function is involved the computations can be very 

heavy . 

For a discussion of the treatment of polychotomous variables 

see section 8 . 5. For many of the methods discussed here the absence 

of public computer programs is a handicap. Fortunately, LISREL- V 

can handle some of the recent developments. 
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