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SUMMARY 

In the last decade there has been an increased interest in analyzing 

covariance structures by means of maximum likelihood estimation procedures, 

using LISREL (K.G. JÖreskog). In applying this statistical method two 

main assumptions have to be made. First, the sample size should be large 

(asymptotic theory), and secondly, the observed variables should have a 

multivariate normal distribution . In this study the robustness of LISREL 

against violations of these two assumptions is investigated. 

Af ter an introduction the general LIS REL-model is described ~n 

chapter 2 . In section 2 . 5 the two core questions of this study are formulated : 

what is the effect of small sample size and non-normality on maximum like

lihood estimates for parameters, corresponding standard errors, and goodness 

of fit when LISREL is used for structural equation modeling. 

In answering these two questions Monte Carlo methods are used. For 

the small sample case the Monte Carlo procedure is described in sections 

3. land 3.2 . For the non-normal case a new, but similar sampling procedure 

~s introduced in chapter 6 . 

For the evaluation of both robustness questions the empirical sampling 

distributions of the estimates are compared with the expected, theoretical 

sampling distributions. The statistical assessment criteria in making 

such comparisons are discussed in section 3.3.These criteria are used in 

reporting and evaluating results. 

In chapter 5 four empirical studies from the area of the social sciences 

are described with the aim to exemplify the degree of non-normality of 

observed variables used ~n practical research settings. Partlyon the 

basis of those findings it was decided which non-norrnal distributions 

(discrete and of ten skew) would be studied. 

The results for the small sample case (the sample size ranges from 

25 to 400) can be found in chapte r 4, those for the non-normal case in 

chapter 7. The theoretical models (covariance structures) that were used 

in answering the research questions are described also in these chapters. 

For each model separately a summary of the results is given followed by 

detailed findings. Global conclusions and recommendations are presented 

in sections 4.5 (small sample case) and 7.5 (non-normal case) . 

In general it is concluded that LISREL is not robust against the 

use of a sample size smaller than 100. It is even recommended not to 
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use a sample s~ze smaller than 200. Also, in general for a sample size of 

400, it is concluded that LISREL is robust against the use of discrete, 

symmetrically distributed variables, but not against discrete variables 

having a rather skew distribution. 

For those who analyze covariance structures a number of practical 

considerations are discussed in chapter 8. 

..... 



1. I NTRODUCTION 

A general method for the analysis of covariance structures was 

introduced by Jöreskog in 1970. Within the general theoretical frame

work it is possible to estimate structural parameters by means of maximum 

likelihood methods and to test the goodness of fit of a linear structural 

equation system. This early approach became to be known as the ACOVS

model (Analysis of COVariance Structures) af ter the name of the computer 

program, which was available from the start (Jöreskog, Gruvaeus & Van 

Thillo, 1970). Applications of the ACOVS-model can be found in Jöreskog 

(1973a, 1974). 

Three years later Jöreskog (1973b) developed a more general model 

to analyze covariance structures, cal led LISREL (Llnear Structural 

RELations) . The ACOVS-model, which is not discussed here, can be 

viewed as a suomodel of the LISREL-model; for comparisons between the 

two approaches we refer to Jöreskog (1981). The first LISREL computer 

program was developed by Jöreskog & Van Thillo (1973) . The latest 

public version of the program is LISREL-V (Jöreskog & Sörbom, 1981). 

In this study a slightly adapted form of the LISREL-III vers ion will 

be used. Since 1973 several applications of the LISREL approach have 

been published, e.g. Jöreskog (1977, 1978, 1979), Jöreskog & Sörbom 

(1976a, 1977), Sörbom (1974, 1976, 1978), Sörbom & Jöreskog (1981), Werts, 

Linn & Jöreskog (1977,1978), De Pijper & Sa'ris (1976), Blok & Saris (1980) , 

Ormel (1980). Books like Goldberger & Duncan (1973) and Aigner & 

Goldberger (1977) can almost be considered as classical introductions 

to the field of structural modeling. A further account of the literature 

is given in section 2.1. 

The general LISREL-model considers a data matrix? (N x k) of N 

observations on k random variables. It is assumed that the rows of Z 

are independently distributed, each having a multivariate normal (Nk ) 

distribution with the same covariance matrix~, while the expectation 

of a row from ~ has some specified form (see section 2.2) . For large 

samples the sampling distribution of the structural model parameters 

and the appropriate goodness of fit statistic are approximately known, 

if the assumptions hold. Detailed attent ion to the mathematical aspects 
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of these assumptions ~s given ~n chapter 2. 

In our research two questions are posed: 

(i) how robust are parameter estimates. their standard errors . and 

the goodness of fit statistic against the us e of small s ample sizes? 

(ii) how serious are departures from the assumption of multivariate 

normality for the estimation of structural model parameters, 's1: andard 

errors, and for testing goodness of fit ? 

In this chapter the concept of robustness and procedures related 

to that concept are briefly discussed. The general structural equation 

model is defined explicitly in chapter 2, while procedures used to 

investigate the two questions under study are treated in chapter 3 and 

chapter 6, respectively. The answers to the questions are presented in 

chapter 4 and chapter 7. Intermediately, the characteristics of data from 

some empirical studies are ctiscussed in chapter 5. 

1. 1 The concept of robustness 

The term "robustness" used as a statistical concept was introduced 

by Box (1953, p . 318). He called a statistical procedure "robust" if 

its performance was relatively insensitive to departures from the under

lying assumptions used to derive that procedure. Although the concept 

of robustness was not introduced before the fifties, scientists have 

been concerned with departures from assumptions, particularly with the 

assumption of normality, as long as they have been employing well

defined statistical procedures (cf. Stigler, 1973, for some historical 

notes). But even today the concept of robustness is not without debate, 

let alone the interpretation of results from studies on robustness. This 

might weIl be illustrated by the position taken by Bradley (1968). 

He most strongly states that there is no cornmonly accepted 

definition of robustness, no agreed-upon criterion to distinguish 

between a condition of robustness and a condition of non-robustness. 

To his opinion, statements like "test A is robust" or even "test A is 

robust against assurnption Y" are objectionable. He is making astrong 

point for the so-called "myth of robustness" when indicating and illus

trating that "the''degree'' of a test's robustness against violation of a 

given assurnption is strongly dependent upon factors which are not involved 
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in the statement of a test's assumptions,which are of ten not required in a 

complete description of the assumption's violation, and which are not 

mentioned in the usual allegation of robustness ( .. . ). These factors 

cause no distortion of Type I or Type 11 errors when all assumptions are 

met, but greatly influence the distortion occurring under a given violation 

of assumptions - i.e ., the factors interact with whatever violations 

occurs." (o.c. p. 26) That might be factors concerned with testing (e.g. 

location of the rejection region, size of significante level), with 

sampling or with factors involving population characteristics. Moreover, 

the fact that the effect of certain violations is of ten impredictable 

and counter to statistical intuition makes it all worse. It can be con

cluded that not only the dogma of normality is into debate, but the myth 

of robustness as weIl. 

Hatch & Posten (1969) proposed a quantitative approach to the 

concept of robustness by which vagueness would vanish. Until now their 

approach of regions of robustness has not attracted much attention, but 

similar ideas are basic to recent studies of Vijn (1980), Vijn & 

Molenaar (1981), who use the term robustness region in a Bayesian 

context . 

Despite the somewhat ambiguous character of the concept of 

robustness, it has turned out to be useful to study robustness in order 

to see how and to what extent certain violations of assumptions affect 

statistical procedures. As a result of such studies it is known for 

example, that the estimation of ·the mean,or the slope of aregression 

line in a population,is strongly affected by outliers ~n the sample. 

In such situations traditional statistical procedures are not robust 

and should be replaced by robust procedures. (see section 1.4) The 

interested reader in robustness studies is referred to bibliographical 

overvieuws (e. g .Hyrenius,et al . ,1964; Fridshal & Posten, 1966; Posten, 

1969; Govindarajulu & Leslie, 1972) and to summaries of robustness 

studies concerning specific or related statistical procedures (e.g. 

Hatch & Posten, 1966, or Bowman, Beauchamp & Shenton, 1977, on Student

procedures and Dijkhuizen, 1977, on classical econometric estimation 

procedures) . 
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1. 2 The robustness question in statistical analysis 

The majority of statistical theory can be placed in the following 

context (Cox & Hinkley, 1974). If a family F of probability models is 

chosen, from the data under analysis it is required to answer questions 

of one or both of the following types. 

(i) Are the data consistent with the family F ? 

(ii) Assuming provisionally that the data are derived from one of the 

models in F, what can be concluded about values of unknown para

me ters, or less commonly about the values of further observations 

drawn from the same model? 

Obviously robustness will be of concern to a researcher if the 

answer to question (i) is negative, while at the same time the re

searcher continues his analysis, trying to find an answer to question 

(ii) . But even if the answer to question (i) turns out to be positive 

the researcher may beseverely worried about the consistency of his data 

with family F, let alone for future data sets. 

Two points are made very clear by Cox & Hinkley. 

First, the initial choice of F is seldom straightforward, but will be 

made af ter preliminary and graphical analysis of the data, while of ten 

iterative procedures will be necessary. It is here where preliminary 

tests can be performed; e.g. tests for multivariate normality (Malkovitch 

& Afifi, 1973; Andrews, Gnanadesikan & Warner, 1973; Cox & Small, 

1978). It should be stressed that these pure significance tests have 

some serious limitations: the difficulty of choosing a suitable test 

statistic and, more important, the absence of a direct indication of 

the importance of any departure from the null hypothesis (Cox & Hinkley, 

1974, 81 f.). Techniques of graphical analysis, especially for multivariate 

observations, are receiving growing attention in the statistical lite

rature; these techniques can be of great help. Gnanadesikan (1977) 

gives a fairly complete account; Everitt (1978)gives a modest summary, 

while Wang (1978) and Barnett (1981) present some recent developments. 

~, at the end of the analysis it is recommended always to con-

sider, "even if only brief and qualitatively, how the general 

conclusion would be affected by departures from the family F. Of ten 

this is conveniently done by asking questions sueh as: . how great 

would a particular type of departure from F have to be for the major 
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conclusions of the analysis to be altered?" (Cox & Hinkley, 1974, p. 3) 

These recommendations seem to imply that the applied statistician 

does weIl to choose his model af ter a first inspection of the data andto 

pose robustness questions af ter the statistical analysis has beert completed . 

To our opinion, it seems fruitful not to postpone these latter questions 

to the end of the analysis, but to let these considerations interfere 

with a suitable choice of F. 

Questions of the kind mentioned in the second point are not easily 

answered . Of ten the type of departures are difficult to summarize . 

Besides, even if the type and amount of departure is fully known, 

research results from robustness studies should be available to get an 

indication of the effect on the conclusions made in the analysis,and 

hopefully such results can be interpreted without much debate (see 

Olson, 1974, 1976 and Stevens, 1979, for an exampl~). Surely, 

this is an idealized situation, which will be seldom if ever fulfilled. 

Carefully planned studies in robustness will be needed to give, whatever 

rough, guidelines to the applied statistician. As an example ·of such an 

attempt , reference is made to Pearson & Please (1975),elegantly starting 

from empirical distribution functions . 

1.3 Procedures to investigate robustness 

A variety of methods are used to assess the robustness of a specific 

statistical procedure. They can be classified under four main approaches 

(Hatch & Posten, 1966, p. II f.). Each of them is characterized by the 

way a specific measure of effectiveness (of ten, but not neccesarily, 

the probability of a type I error) is obtained. This measure of effec

tiveness is the criterion by which the procedure's sensitivity to assump

tion departures is determined . 

(i) an analytic method: the values for the measure of effectiveness 

are computed exactly . 

(ii) an approximation method: a more manageable form for the measure 

of effectiveness or some numerical approximation technique is used. 

(iii) an empirical method : a sampling scheme is used to generate data 

from which the measure of effectiveness is computed (so cal led 

Monte Carlo experimentation). 
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(iv) an assumpt i on free approach: here either a non-parametric or a 

Bayesian technique is used to select an alternative procedure. 

The sensitivity of the original procedure is then assessed "by 

determining how nearly equivalent (relative to the measure of 

effectiveness) the two procedures are" .(Hatch & Posten, 1969, 

p. 5) 

Because of its relative simplicity an empirical methad was chosen 

in this study; the other methads seemed either impossible or very dif

ficult to deal with in the analysis of covariance structures . 

1. 4 Robus t pr ocedures 

It is weIl known that, in practice, most models seldom fit exactly 

to the data under analysis. Therefore, it is of ten unwise to use optimal 

procedures within .a restricted family of modeis. Frequently it is far 

more realistic to try and find statistical procedures which are good 

for a rather braad class of modeis, but which are not necessarily 

optimal for each of them separately. For example, in estimating a 

location parameter using the mean as an estimator is not the best 

choice, most of the times. We could simply use the median or a so

called M-estimator (see page 32 ), with the effect that a procedure 

is used which is robust against outliers. Hence, such procedures are 

developed in a way that makes them inherently robust. 

50, instead of trying to find out whether existing statistical 

procedures may be termed robust or not (in a specified way), there is 

a development to look systematically for procedures which may be 

cal led robust . For the analysis of structural equation models it 

would mean that instead of using the existing maximum likelihood 

estimation procedure (LISREL) we should try to find a different 

estimation procedure which would have specified robust characteristics. 

Robust statistical procedures have been developed largely for 

estimation problems. For example, several statistics have been presented 

which are robust against possible outliers in the data (see Barnett & 

Lewis, 1978). But although most work concentrates on estimation, in 

principle robust procedures can be provided for interval estimation 

and significanee testing as weIl (Cox & Hinkley, 1974, p. 271). 
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An illustrative example of robust procedures can be found in the 

well-known Princeton-study (Andrews, et al. 1972). A more recent study 

on robust estimation in so-called Rasch-models is reported by Wainer 

& Wright (1980). A compact and technical summary of robust statistical 

procedures is given by Huber (1977b), whopublished a review in 1972 and a 

monograph in 1981. Hogg (1974, 1979a, 1979b) and BickeI (1976) also dis

cuss recent developments, while Stigler (1980) gives account of very 

early propositions in this field. Practical and easy introductions 

are given by Wainer (1982) and by Mallows (1979). A multivariate 

example for location and scatter estimators is treated by Maronna 

(1976) . 

To our knowledge applications of robust estimation with respect 

to the parameters in a system of linear structural equations have not 

been published yet. A different approach worth mentioning is that when 

the departures from the crucial assumption of multivariate normality 

are large, it may be advisable to work with robust estimators of 

covarianees before an analysis of the covariance structure is done. 

However, if we want to use maximum likelihood estimation and goodness 

of fit tests af ter the robust estimation of ~ has been completed, the 

distribution of the robust estimator must be analytically tractable. 

Unfortunately, the methods for obtaining nonsingular robust estimators 

of a covariance matrix are not perfect yet (cf. Gnanadesikan & Kettenring, 

1972; Gnanadesikan, 1977, p.132 ff.).More research is needed to get an 

estimator of covariance matrices which is robust against outliers, con

siders both scale and orientational aspects and results in a positive 

definite L. The reader is referred to Devlin, Gnanadesikan & Kettenring 

(1975) for robust estimators of correlation coefficients, to Huber 

(1977a)for some new developments elaborating on the work of Maronna 

(1976), and to Marazzi (1980a, 1980b) and Campbell (1980). 

One final point should be mentioned in this section. Earlier a 

distinction was made between an approach where robust procedures for 

the estimation of structural parameters were used, and the approach where 

robust estimators for the elements of L were applied. In structural 

equation modeling the first can be conceived as an ultimate purpose, 

the latter as an intermediate step. Of course, it is important to 

have reliable estimates of the population covariance matrix ~. In 
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order to generalize the sample results of a structural analysis to the 

population under study it is a substantial prerequisite that the estimate 

of ~ is not too much biased and does not have too large a variance. Such 

estimates of E should not be very dependent on outliers, they should not 

be influenced too much by a few conspieuous observations in the sample. 

In other words, the estimates of the structural parameters should not 

depend dramatically on one single row (or a few rows) from ~ (N x k) . 

By Zooking at the observations in Z the researcher mayor may not get 

worried about the generalizations he is trying to make from a structural 

analysis given the sample results. But if he feels uneasy af ter an 

inspection of the observations , he may, along with robust procedures, 

resort to two techniques which can cope with the dangers we just referred 

to, at least to a certain degree . Those are the j ackkni f e technique 

(cf. Milier, 1974) and the boots t rap method (Efron, 1979). Given a 

particular data set in structural equation modeling both methods could 

be used to re duce the bias and the variance of the estimates of ~, and 

so indirectly to improve the estimators of the structural model para

meters ahd the estimators of their corresponding standard errors . In 

Qpplying both techniques one of the main disadvantages will be the 

relatively "huge" amount of computer time they need. 

Given this state of affairs it was decided to take the "ordinary" 

sample covariance matrix as the basis for maximum likelihood estimation 

with LISREL. 
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2. ANALYSIS OF STRUCTURAL EQUATION MODELS 

In this chapter the general structural model called LISREL will be 

described in mathematical detail, dealing with the main objectives 

of the use of such modeIs, model fitting and estimation of parameters. 

The reasons why we choose to investigate the robustness against small 

sample size and non-normality are discussed in section 2.4 . First a 

small amount of background information is given. 

2.1 Some re f erences 

In planning this book we intended to include a brief historical 

account of structural equation modeIs. Given recent reviews in the 

literature (e.g . . Bielby & Hauser, 1977; BentIer, 1980; Saris, 1979a, 

p. 32 ff., 1980) this is no longer necessary. The papers of Bielby & 

Hauser and BentIer with hundreds of references give also full attention 

to the main fields of application of structural modeIs: sociology, 

econometrics, educational and psychological sciences. It can be noticed 

from their reviews that in the late seventies little was known about 

the robustness of maximum likelihood estimators against violation of 

assumptions in LISREL-type models (see Bielby & Hauser, 1977, p . 153 

and BentIer, 1980, p. 444 ff.). 

Before the LISREL-model is defined it must be stressed that this 

model can be viewed as a special case of a more general approach to 

the analysis of covariance structures (see Jöreskog, 1981). The latter 

approach is more general first, because it has no restrictions with 

respect to the form of ~ , so that any covariance structure can be 

handled, secondly, three different methods of estimation (unweighted 

least squares, generalized least squares and maximum likelihood) 

can be used. The LISREL-model on the other hand assumes a definite 

form of ~ and,until the LISREL-V versionwas made public,maximum 

likelihood estimation. According to Jöreskog (o . c . , p. 76) the LISREL

model is still very general and in contrast to the more general approach 

sa flexible, that it can handle almost any structural equation problem 

arising in practice. 

Less general models for the analysis of covariance structures 
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have been introduced earlier,for example by Bock (1960) and Bock & 

Bargmann (1966); see also Wiley, Schmidt & Bramble (1973) who present 

a generalization of the Bock & Bargmann class of models. 

Af ter Jöreskog's introduction of the LISREL-model several other 

models have been discussed in the literature, which are either viewed 

as generalizations, simplifications, or different representations of 

the LISREL-model. See for example Bentler (1976), Weeks (1978, 1980), 

Bentler & Weeks (1979, 1980), who define models for the analysis of 

moment structures; McDonald (1978, 1979) with the COSAN-program for a 

class of general models; and McArdle (1979, 1980), Horn & McArdle (1980), 

McArdle & McDonald (1980) with the RAM-representation. All these different 

models for the analysis of covariance and moment structures are not 

discussed here. The only thing to be noted is that from a very general, 

but impractical and inflexible class of modeIs, the LISREL-model,with 

its specific covariance structure and its maximum likelihood estimation 

method, is chosen to be studied for its robustness characteristics. There 

is one simple reason why this particular model was chosen: when we 

started to think about this dissertation it was the most general model 

with an available computer program, ready for use. It is very unlikely 

that at this very moment, 1983, our choice would be a different one, 

because the prevailing practical use of the LISREL-program makes 

answers as to its robustness most urgent. 

Finally, some attention should be given to a type of modeling 

known as "soft modeling",or as the PLS (Partial Least Squares)-approach. 

This general, distribution-free method for path models with latent 

variables has been developed chiefly by Wold (1978, 1980, 1982). He 

frequently states that PLS modeling is primarily designed for 

causal predictive analysis of problems with high complexity and low 

information , and emphasizes that the maximum likelihood LISREL and 

partial least squares approaches to path models with latent variables 

are complementary rather than competitive. A more detailed comparison 

of maximum likelihood and PLS techniques is given by Dijkstra (1981) 

and by Jöreskog & Wold (1982). 
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2.2 The general LISREL-model 

For the genera l model a notation was chosen whi ch is almost identical 

to the notation used by Jöreskog (e.g. 1977) and to the one found in pro

gr am descriptions ofLISREL (e.g. Jöreskog & Sörbom, 1978). Two deviations 

should be noted: N instead of M will be used for the number of independent 

observations, and k = P + q will s ymboli ze the total number of observed 

r andom va riables. 

The general mode l specifies a linear structura l relationship between 

a random vector of latent dependent (endogenous ) variables 

~ = (n1,n2, .•. ,nm)' and a random vector of latent independent (exogenous ) 

variables ~ = ( ~ I' ~ 2""' ~n)', which relation is express ed by 

[~ + ~ , (2. 1) 

where ~ (m x m) and r (m x n) are coefficient matrices and 

5 = ( ~I, Ç 2'" · , çm)1 is a random vector of error s in equations (residuals, 

disturbances) . It is assumed that B is non-singular and that ~ is 

uncorrelated with ~ . 

Corresponding to the unobserved vectors of latent variables ~ and 

~ there are random vectors of obser ved variables ~ = (Yl'Y2'" "Yp)1 and 

~ = (x 1,x2 ' •. . ,Xq)l. The relation between latent variables and observed 

variables is expressed by 

Y (2.2) 

v + ~x~ + 0 (2 . 3) 

where A (p x m) and A (q x n) are regres sion matrices of l on n and 
- Y - x 

of ~ on ~ , respectively, with ~ and 0 as the corresponding vectors of 

errors in the observe d variables (errors of measurement ), while 

~ E(l) and ~ = E(~) by de finition. 

It is assumed th at the errors of measurement are uncorrelated 

with D, ~ and ~ , but they may be correlated among themselves . Without 

1055 of generality it is furthermore assumed that E(~ ) = E( ~ ) = 9 and 

E( ~ ) = Q.[As shown by Sörbom (1982), these assumptions are not necessary 

and the LISREL-program can also estimate the means E( ~ ) and E(~).l 
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It follows tha t E(E)=O and E( o)=O. 

Finally,the covariance matrices of ~ , ~ , E and 0 are denoted by 

4> (n x n), 'I' (m x m), ~E(P xp) and ~6 (q x q), respectively . 

Let z (~ ',~')' be the vector of k = P + q observed random 

variables. The covariance matrix ~ (k x k) of z can then be de rive d 

from the above assumptions (e.g. Dijkhuizen, 1978, p . 7): 

l.: 

A 4>A ' + 8 
-x- -x -0 

(2 . 4) 

It is easily seen that the elements of l.: are functions of the 

elements of A , A , B, r, 4> , '1' , 8 and 8
0

, The elements of these e i ght 
-y - x - -E-

matrices are of three kinds: a) fixed parameters, having assigned values, 

b) constr ained parameters, unknown but equal to at l east one other para

meter, c) free parameters, unknown and not constrained to be equal to any 

other parameter. The vector of all independent constrained (counting 

each distinct constrained parameter once only) and free parame t ers will 

be denoted by ~ = (w
l

, W2""'Ws )'. In section 4.2 (page 51) an example 

is given of a model with a specific covariance struc ture l.: . In that 

particular example it is shown of what t ype the e l ements of the eight 

matrices are, they are either fixed or f r ee . Fina lly , i t is illustrated 

there how the free parameters (the elements of l.: which have to be 

estimated given a sample of observations) can be put one by one in a 

vector w. 

The general model is defined by equa tions (2.1), (2 .2) and (2 .3). 

More specifically, the structuraZ equation modeZ is constituted by 

equation (2. I), and the measurement modeZ by equations (2. 2) and (2 . 3). 

It should be mentioned that there is a distinction between the modeZ 

as defined by the three equations and the program used by the researcher 

in order to get estimates of the unknown parameters of the model. In 

this study we use the term LISREL both for the model and for the 
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I I -=~"""""""""""""""""""""""""""""------------------------~ 

program. It will be clear from the context in which we use the term, 

whether the model or the program is meant. Others (e.g. Bentler & Weeks, 

1980, p. 290) would strictly insist on a distinction between what is 

called the Jöreskog-Keesling-Wiley model (cf. Keesling, 1972; Wiley, 

1973) and the Jöreskog-Sörbom program . 

So far, we have only described the model in terms of the population . 

The general aim of the use of LISREL is to estimate the s model parameters, 

given the observed sample values on kvariables for N individuals (or 

other objects under study). It is from. here where the statistical 

assumptions start to play a role . Before the essentials of structural 

parameter estimation by LISREL are summarized it should be noted that 

only in this chapter a distinction is made between the stochastic 

values of the variables (denoted by a vector ~ of length k) and the 

realized values of those random variables (denoted by ~ ). 

Given N independent identically distributed observations 

~1' ~2""' ~N of z ' = (y',x') ' with expectation (~' , ~ ') ' and covariance 

matrix ~ as defined by (2.4), estimates of the unknown parameters ~ in 

A A u r ~ ~ 0 and ~~ are required. Assuming that the distribution 
~y ' ~x ' ",-, ~ , ~ , ~ ' ~E.u 

of ~ is multivariate nonnal (Nk ) it is possible to get maximum likelihood 

estimates of the elements of ~, having nice distributional properties. The 

estimates derived with LISREL are based on the sample covariance matrix 

S (k x k). A more detailed presentation of the properties of the estimates 

follows in the next section . 

2. :5 Estimation of parameters 

Let ~ = ( ~ I' ~2""' ~N) " where ~i is a vector of length k, denote the 

N independently realized values of random variables ~ = (l',x')'. 

And let f(~;~) denote the joint probabili t y density function of Z, 

where w = (w l , w2, .. . ,w s )' is a vector of s-:; !k (k + I) unknown parameters, 

which belongs to the set of pennissib le values for w. This set ~s 

cal led the parameter space and denoted by ~ . The likelihood of ~ E n 
given the observations, is a function of~ : 
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In practice, it is convenient to work with the natural logarithm of the 

likelihood, denoted by l(~; ~ ) = log f( ~ ;~). 

The principle of maximum likelihood consists of taking that 

w (~I'~2""'~s)' as the estimate of ~, for which 

sup I(~; ~ ) 
wdl 

In our case z has a multivariate normal distribution with 

E(~) = (~',~')'and covariance matrix E. The sample covariance matrix of 

z is defined by 

S (2.5) 

"':1 N 
where ë N Ez .• This sample covariance matrix is an unbiased estimate 

i=I-~ 

of ~ . It ean be proved (Anderson, 1958, p. 159) that the distribution of 

S is a Wishart distribution with parameter matrix (N-I)-I ~ and N-I 
- -I 
degrees of freedom, shortly Wk[(N-I) ~,N-I]. 

Because the first moment in the population is unconstrained, the 

log 1ike1ihood function l(~;ê) can be used direct1y instead of considering 

the log 1ike1ihood function l(~,v,E;x,y,S), which is equa1 to 

log f( Z ;~,v,E); as noted before,here we have no interest in getting 
... - ....... 

est~mates of ~ and ~(cf. Sörbom, 1974, 1976, 1982,for examp1es where such 

an interest does exist; cf. a1so Lee & Tsui, 1982). Now it can be derived 

that the likelihood function of ~, given ~, is 

(2.6) 

where c is a suitable constant (Anderson, 1958, p. 157). The corresponding 

log likelihood function 

I(E;S) log f(S;L) - !(N-I) [log IEl + tr SE-I] + log c, (2.7) 

follows from (2.6). 

16 



Since the elements of ~ can be expressed as functions of ~(page 14), 

f(~; ~ ) f(~; ~ ). Thus maximum likelihood estimates for ~ are defined by 

sup log f(~;~). 
wEQ 

The maximum likelihood estimates ~ are found by maximizing (2.7). The 

estimates ~ , which maximize the log likelihood as defined by (2.7) are 

the same as those which minimize the function 

F* 
-I 

log I ~ I + tr S r (2.8) 

Of ten the following equivalent function is chosen to be minimized 

F log I~I + tr S r- I 
- log I~I - k (2.9) 

It is clear that the value of F equals 0 if ê = ~ . 

Thus the maximum likelihood estimate of w is found by accepting 

that ~ = (~I'~2""'~s)1 as an estimate of ~ for which 

The central part of the LISREL-program is the algorithm used for 

minimizing the function F. The iterative minimization method is due to 

Davidon (1959) and described by Fletcher & Powell (1963). The LISREL

program follows the Fletcher-Powell algorithm with a few modifications 

(see Jöreskog, 1969 and Gruvaeus & Jöreskog, 1970,for details). 

Under certain conditions maximum likelihood estimates have 

desirable asymptotic properties. If Z = ( ~ 1' ~2""' ~N)1 is a sample 
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with the density function f(~;~), where certain regularity conditions 

are satisfied, then it can be shown (cf. Cramér, 1946, p. 500 ff; Wilks, 

1962, p. 379 ff .) that the joint maximum likelihood estimators have the 

following properties: 

(i) they are consistent, and thus tend towardSunbiased estimators as 

N increases; 

(ii) asymptotically they are efficient, attaining minimum variance for 

large N; 

(iii) asymptotically the sampling distribution of ~ is multivariate 
-1 

normal N [w,I ], where I is the so-called information matrix 
s - -w -w 

(cf. Rao, 1973, p. 329 ff:). 
-1 

The elements of diag (I ) are lower bounds of the corresponding 
-lY 

variances of unbiased estimators of w .. It should be noted 
1 

that in our case asymptotically ~ is an unbiased estimate of ~. It 

follows that asymptotically (~ - w) is distributed as N (0, I-I). 
_ 1 - s - -t:; 

Given I ,standard errors of w can be computed by taking the square 
-w 

root of-the diagonal elements from I-I. With a finite sample size 
-w 

estimates of standard errors are obtained. It is then possible to 

compute approximate confidence intervals for wi (i=I,2, ... ,s). 

The properties discussed above are also valid for restricted 

maximum likelihood estimators, with fixed or constrained parameters 

[s < !k(k+1)]. This occurs when additional knowledge about the true 

parameters is available or postulated, or when certain restrictions on 

the vector of parameters have to be made in order to specify a model which 

is identified. Vnder such conditions the asymptotic properties of 

~ still hold (Silvey, 197~ p.79 ff.). 

When z has a multivariate normal distribution, which is one of 

the basic assumptions of LISREL, the regularity conditions referred 

to above are satisfied, implying that when the observed random variables 

have such a distribution, the asymptotic properties just mentioned hold. 

Although the asymptotic sampling theory for maximum likelihood estimators 

is limited to independent, identically distributed random variables, 

Hoadley (1971) established conditions under which maximum likelihood 

estimators are consistent and asymptotically normal in the case where 

the observations are independent but not identically distributed. 

In concluding this section the asymptotic character of the properties 
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of maximum likelihood estimators should be stressed above all . Therefore, 

the first aim of the present study is to investigate the behavior of the 

sampling distributions of the estimators when the finite sample is of 

smal I to moderate size . A second goal is to study the effect of departures 

from multivariate normality. 

2 . 4 Tests of hypotheses 

Once maximum likelihood estimates have been obtained in large 

samples, the goodness of fit of the specified model may be tested by 

the likelihood ratio technique. Under sampling and distributional 

conditions described in the previous section and given the specifi

cation of fixed, constrained and free parameters let BO be the null 

hypothesis that the model, thus specified , holds. Now, two general cases 

can be considered. 

(i) Let H
1 

be the alternative hypothesis that L is any positive definite 

matrix . Then 

-2 log À -2 log L(~O; ? ) 
L ( ~ ; ? ) 

(2. 10) 

where L(~O;~) is the likelihood under HO with r = !k(k+I) - s 

restrietions posed, s being the number of independent parameters 

under HO,while L( G; ? ) is the maximum of the likelihood under Hl 

with no restrietions imposed. It can be shown that minus twice 

the logarithm of the likelihood ratio equals (N- I)FO' where FO 

is the minimum value of F defined in (2 . 9). When HO holds, it 

can be proved (cf. Kendall & Stuart, 1973, p.240 f.; Silvey, 

1975, p. 113 ff.) that asymptotically, in large samples, 

(N-I)FO is distributed as chi-square with !k(k+l)-s = r degrees 

of freedom . 

(ii) Let Hl be an alternative hypothesis which is less restrictive 

than a specified HO' which is a part of the parametrie structure 

of the model under Hl' So Hl is not just some specified model with 

less restrictions, but a closely related model. Then in large 

samples it is possible to test HO against Hl' The likelihood ratio 

test is now 
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-2 log À -2 log 
L(u:O; ~ ) 

L(~I ; ~ ) 
(2. I I) 

where L(~O;~) is the likelihood under HO and L(0 1 i ? ) is the. 

likelihood under Hl' rO > r
l 

being the respective number of 

restrictions imposed,and So < sI the corresponding numbe~ of 

independent parameters to be estimated. Vnder HO and Ïl. 1 ·'t:he. 

minimum of F as defined in (2.9) is denoted by F 0 and F 1; j 

! 

respectively . It follows that FO ~ FI and -2 log À = : (N-!)(FO-F I ). 

Vnder HO' - 2 log À is asyrnptotically distributed as chi~~q~are 

with sI - So degrees of freedom. 

By this asymptotic theory the goodness of fit of different ... models 

for the same data can be compared (e.g. Jöreskog, 1974; Jöreskög & 

Sörbom, 1977) . Although in th is section much emphasis was on statistical 

tests for goodness of fit, it should be mentioned that in practical 

situations especially when the sample size is not large, the likelihood 

ratio statistics are used as indices of fit rather than as forrnal 

tests of goodness of fit. In an exploratory analysis looking at residuals 

(ê-~ ) will be an indispensable help in the search for a model that fits 

well. Other means for assessing the fit of the model are mentioned by 

Jöreskog (1981). Mellenbergh (1980) provides a general discussion on 

model fitting. Bentler & Bonett (1980) eváluate the goodness of fit 

in the analysis of covariance structures by means of coefficients 

which do not depend on the sample size. Eiting & Mellenbergh (1980) 

are working within a decision theoretic framework of hypothesis 

testing using Monte Carlo procedures. From such Monte Carlo studies 

an optirnal combination of number of observations, significance level 

and power is deterrnined (cf. Eiting, 1981; Kelderrnan, Mellenbergh & 

Elshout, 1981). 

Finally, it is emphasized again that the results above hold only 

if the conditions for the asyrnptotic norrnality and asymptotic efficiency 

of the maximum likelihood estimators are satisfied, which will be the 

case if z has a multivariate norrnal distribution. But even if the latter 

condition is met, it is of interest to look at the sampling distribution 

of -2 log À for srnall and moderate sample size to investigate the 

extent to which it dep arts from its theoretical sampling distribution. 
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2. 5 The ppobZems undep investigation 

From the main theoretical background of maximum likelihood estimation 

in structural equation models which has been treated in the previous 

part of this chapter, it can be understood that the important assump

tions are: independent observations, large samples and multivariate 

normality of the variables under study. Although it might be of 

interes t to investigate the robustness of LISREL against dependent 

observations we did not do so because in the social sciences one seems 

to be least worried about this assumption. In many studies where 

observations are made on individuals it is unlikely that there are 

dependencies between the measurements of different persons. The 

reader is referred to Shaw (1978) for an example of a robustness study 

against dependent observations in factor analysis modeIs. 

The first goal of this research is to see how robust the LISREL

procedure is against smaZZ samp Ze size . So, for a variety of models 

samples of specified small size are taken from multivariate normal 

distributions, resulting in sample covariance matrices ~ on which a 

LISREL-analysis is performed. By repeating this a number of times 

the empirical sampling distributions of parameter estimates and the 

goodness of fit st.atistic can then be compared with the theoretical 

distributions. Thus, in the first part of this study small sample 

behavior is not mixed up with non-normal behavior. It depends on the 

small sample results whether the robustness against a combination of 

small samples and non-normality is worth being studied. 

If the results for the small sample case are excellent or 

moderately good the second goal of our work will be to study the 

robustness of LISREL against non-noPmaZity . If, on the other hand, 

those results are bad, even for large samples, then there seems to be 

hardly a reason why the non-normal case is of practical interest any 

longer. It cannot be expected th at the outcomes would be bet ter if 

besides the unsufficiency of large samples an extra deficiency in 

assumptions is introduced. So, a full outline of the varieties in this 

Monte Carlo study cannot be given yet, because some of the next steps 

in the total research design dep end on the results of the previous steps. 
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3. MONTE CARLO METHOD AND ASSESSMENT CRITERIA 

In the previous chapter the problem of this study was formulated as 

follows: (i) how robust is the LISREL-procedure against small sample size? 

(ii) how robust is the LISREL-procedure against non-normality? Our approach 

to both parts of the problem has some common and some specific elements. 

The general approach, both for the small sample and the non-normal case, 

is described in sections3.1 and 3.2. The specific research design for the 

small sample case can also be found in these sections, while the tech

nical details for the non-normal case are elaborated in chapter 6. The 

results of most Monte Carlo studies end up with a huge amount of numbers. 

Several decisions have to be made how to handle these numbers. In section 

3.3 an outline is given of the bases of our decisions in order to effect 

that the reader gets answers to the questions posed, while at the same 

time he is not overwhelmed with results. 

3. 1 Basic procedure 

As stated in section 1.3 we do not try to get answers to our 

questions by means of an analytical solution method because of the 

difficulties encountered. Instead an empirical solution method is chosen 

for, known in literature as a Monte Carlo method. One could also describe 

our work as a simulation study, but several others (e.g. Kleijnen, 1974, 

p. 12) prefer to define simulation as experimenting with a model over 

time. In that sense this study is a Monte Car lo study , and not a 

simulation study. 

Here the Monte Carlo method is applied in the area of di st ribu

tional sampling in order to study the robustness of some statistics 

(estimates for parameters, for standard errors and for goodness of fit) 

against violations (small samples, non-normality) of the underlying 

assurnptions. The main feature of the Monte Carlo method in this area 

is to take a specific number of samples of given size from a specified 

probability distribution. 

Clearly, at this point f our questions have to be answered. 
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(i) What is the probability distribution from which to take samples? 

It is recalled (see chapter 2) that by using LISREL it is assurned 

that we have a sample ~(N x k) from a multivariate normal dis tri

bution. However, for the maximum likelihood estimation and the 

assessment of goodness of fit for most problems only the sample 

covariance matrix ê (k x k) based on Z is essential. Regarding 

the small sample case there are now two possible probability 

distributions from which to sample. First, from a multivariate normal 

distribution data samples ~ are attained, from which sample co

variance matrices can be computed. Secondly, there are procedures 

which make use of the Bartlett decomposition of a Wishart matrix 

(see Kshirsagar,1959) for the generation of random covariance 

matrices . These lat ter procedures take more or less directly sample 

covariance matrices S from a Wishart distribution with one of its 

parameters E. See Odell & Feweson (1966) and Browne (1968) for a 

theoretical discussion, and Linn (1968) or Scott & Fleishman (1978) 

for a Monte Carlo application . The Wishart sampling procedure is 

computationally more efficient than the multinormal sampling 

procedure . 

Despite its advantages no Wishart sampling was applied, for 

two reasons. The main reason was that even for the non-normal case 

it turned out that the use of transformed samples from a mul ti

variate normal distribution would be appropriate, where existing 

Wishart sampling certainly was not . In order to have basically 

the same sampling procedure for the small sample case and the non

normal case, our decision is obvious. Secondly, at the time we got 

acquainted with Browne (1968) we already had a ready made program 

for the generating part of the study . Because of the relatively small 

extra ga in in computer time given the total time needed for the 

whole study, no Wishart sampling procedure was programrned. 

Thus, if the small sample case is handled,the probability 

distribution is a multivariate normal distribution with a 

specified (population) covariance matrix ~. The specification of 

E results from the structural equation model chosen to be studied. 

The model choice for small samples is discussed in section 4.1. 

In chapter 6 it will be seen why and how we shall use (transformed) 
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samples from a multivariate normal distribution with an (adapted) 

covariance matrix L*. The model choice for the non-normal case is 

handled in section 7.1. 

(ii) What is the sampLe size, denoted by N ? 

Sequential decisions are discussed in sections 4.1,4.3 and 7.1. 

(iii) How many samples denoted by NR (number of replicationsJare taken? 

The number of replications is of importance for the accuracy of 

results, and should ideally be the same for the different kinds of 

problems studied. Again, the reader is referred to sections 4.1,4.3, 

and 7.1. 

(iv) By means of which sampling procedure are samples of size N taken 

from a .multivariate normal distribution with covariance matrix ~ ? 
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While the final answers to questions (i), (ii), and (iii) are 

postponed, the sampling procedure will be discussed in the rest of 

this section. 

For the main computations in this study a CDC Cyber 74/18 

machine was used, for a smaller part a CDC Cyber 170/760 was of 

quick help. The first step of the Monte Carlo work involved the 

generation of multivariate random deviates from a multivariate 

normal distribution with covariance matrix L. For this purpose a 

computer program SIMLISwas written in Fortran by the author. 

In SIMLIS the IMSL-routine GGNMS was used to generate N 

vectors of k multivariate normal deviates, distributed with zero 

mean and covariances ~ (IMSL, 1982, Vol. 11). Important for this 

generation process is the GGUBS-routine, which is the basic IMSL 

pseudo-random rtumber generator (discussed for example in Lewis, 

Goodman & MilIer, 1969). 

The generation process will now be treated in small detail. 

GGUBS is basic to the generation of N x k univariate normal random 

deviates with zero mean and variance one, which ean be done by 

using the IMSL-routine GGNML. Let these normal random deviates 

be the elements of X (N x k). In order to obtain a sample from a 

multivariate normal distribution with a speeified eovarianee 

structure, ~ is decomposed by a Cholesky faetorization (using 

IMSL-routine LUDECP) into ~~', where ~ (k x k) is a lower triangular 

matrix. The required muLtivariate normal random deviates are now 
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given by ~ = ~b' (N x k). From the expected value of ~'~ it can be 

seen that it equals the population covariance matrix: 

E(~'~) = E(b~'~) = bE(~'~)b' = b!b' = ~. 
More information about the generation procedure can be found in 

the IMSL-manual, previously referred t~. There, details can be found 

about the accuracy of the pseudo-random number generator GGUBS basic 

to our Monte Carlo results; also relevant literature is mentioned. 

In the foregoing the sampling procedure for one replication 

(given N, k and ~) is described, resulting in one sample ~. For more 

samples (N, k and ~ being the same) the procedure is repeated NR times. 

It can be safely assumed that the sampling results are independent 

of each other. Note that for the small sample case independence 

between the results of separated problems (different modeis, 

different sàmple sizes within a model)was ultimately secured by 

choosing different starting-values (SEED-values) in the generation 

process for each problem. 

In generating random deviates we did consider the possibility 

of variance reduction techniques (cf. Kleijnen, 1974, chapter 111), 

but an application of one of those techniques does not seem to be 

very appropriate here. The purpose of a variance reducing technique 

is to re duce the variance of an estimator by replacing the original 

sampling procedure by a more sophisticated one that leads to the 

same expected value but with a smaller variance (o.c., p. lOS). In 

our case the estimators are estimators of covariances and the original 

sampling procedure is that of random sampling from a multivariate 

normal distribution. The goal of this study is not to 'collect 

estimates of covariances with as small a variance as possible, which 

for example could be done with antithetic variates. Our research 

goal is tó study the effect of small random samples and non-normal 

random samples, without reducing the variances of the estimates in 

such samples in an artificial way. Moreover, the effect of a variance 

reducing technique on the final results would have been far from clear 
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g~ven the complicated intermediate step_s. The only advantage would have 

been a r ·elatively small reduct:idn of the total computer til'!e , but that 

~s a possible side effect and n,o;t the purpose of such techniques. 

3. 2 Erom random deviates to thè LISREL-anaZysi s 

Once N x k random deviates have been generated and a matrix Z has 

been obtained, its sample ~ovariance matrix ~ (which mayor may not be 

transformed to a correlation matrix) is computed with the SIMLIS-program. 

The final results of the data gene rating process are NRS (number of 

repZications in stock) covariance matrices ê; the matrices ~ are not pre

served, but the covariance matrices S are, and they will serve as the 

input for the LISREL-analyses. 

A note should be made about the number of replications in stock. 

At least for some problems it could be expected that some sample co

varianee matrices S would not lead to a successful LISREL-solution. 

A LISREL-analysis can fail for different reasons, e.g. for reasons 

of slow or no convergence. If, for an input matrix ~, the analysis 

was not stopped by IND = 0 (normal termination; see Gruvaeus & Jöreskog, 

1970) no LISREL-results for this specific S were available and the 

analysis of the sample covariance matrix generated next was started. 

Care was taken that always a fixed number of replications NR < NRS 

was analyzed . This procedure makes that for different problems the 

results are always comparable with respect to the number of replications. 

Throughout the planning of this study at least 100 replications 

were analyzed. This made it necessary for us to adapt the LISREL-III 

program, originally developed by Jöreskog & Van Thillo (1973) and 

by Jöreskog & Sörbom (1976b).The adapted version called LISREP makes 

it possible to complete NR analyses successfully in one computer run. 

In order to save computer time the true values of the parameters 

to be estimated were chosen as starting values for the iterative 

maximum likelihood solution, thereby exploiting the advantage, 

compared to the customary use of LISREL, that in a Monte Carlo study 

these true va lues are known . 

For each problem the average computer time needed for a LIS REL

analysis is available, though not published here. We did not keep 
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track of the number of iterations needed for each analysis, but we 

recorded the number of analyses th at could not be finished within 250 

iterations, which was the maximum allowed by the program. 

This section can be summarized by saying that given a specified 

model with population covariance matrix E and given NRS generated sample 

covariance matrices ~, a LISREL-analysis according to that specified 

model was successfully performed on NR of the matrices §. 

3. 3 Assessment criteria for estimates of parameter s , standard er r ors , and 

goodnes s of f it 

For each replication the output produced by LISREP consists of the 

parameter estimates, the estimates of their corresponding standard . error 

and an estimate for goodness of fit. 

Although the researcher has many options to get more printed output 

(cf: Jöreskog & Sörböm, 1978, p. 56 ff.), these estimates are of major 

interest to an average user of LISREL. 

Af ter a successful analysis of NR replications with a model in which 

s parameters have to be estimated, the final result will thus be: NR x s 

parameter estimates, NR x s estimates of standard errors,and NR estimates 

for goodness of fit. 

The last step in our investigations is to give the reader information 

about the behavior of these estimates . Earlier (page 21) it was stated that 

our emphasis will be on a comparison of the theoretical sampling distribu

tion of the estimators with their empirical sampling distribution based on 

NR replications. A Fortran program called DISLIS was written by the au thor 

to condense the results into distributional statistics and graphical infor

mation in order to make the comparison of distributions as easy as possible. 

Here, several decisions had to be made. The rest of this section contains 

a discussion of the kind of comparisons that were made and further charac

teristics of distributions that might be of importance. At the same time 

some notation is introduced for the headings of tab les and figures throughout 

the study. 

Furtheron it is specified what results will be presented in chapters 4 

and 7, and how they will be presented. In evaluating the results of the 

research, these assessment criteria form. the basis of our conclusions. 
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Before discussing the criteria in a systematic way some preliminary, general 

remarks are made . 

Given the large amount of information contained in the results drastic 

reductions cannotbe avoided. Criteria for deciding whether results for a 

specific model are presented or not will follow. Readers who are unsatis

fied by the decisions taken, can, on request, get more detailed information 

about every model that was studied. However, even those results would still 

be limited in the sense that they consist only of characteristics pri

marily thought to be of importance (see Boomsma, 1982b). If one would be 

interested in characteristics which are not part of the printed output 

of DISLIS, in principle the NR x s estimates of parameters and standard 

errors and the NR goodness of fit estimates can also be made available. 

The body of results is reflected in nine basic tab Zes , which will 

be described and discussed below. Besides the information contained in 

these tables other characteristics of the empirical distributions of the 

estimates were calculated. Some of them will be considered in the rest 

of this chapter; they have a low priority in common. If the results in 

the basic tables are such that further information is necessary, or if 

something occurs which makes additional characteristics interesting, 

attention will be paid to these extra features. 

The nine tables each deal with a specific type of information, as 

the following overview shows. 

Type of information contained in nine basic tab Zes 

a. non-convergence and improper solutions; 

b. bias of parameter estimates; 

c. bias of estimates for standard errors; 

d. confidence intervals for parameters; 

e. confidence intervals for the mean of standardized parameter estimates; 

f. normality test for standardized parameter estimates; 

g. dependencies among parameter estimates; 

h. dependencies between parameter estimates and their corresponding 

standard error; 

i. the chi-square statistic for goodness of fit. 

In addition, in section 3.3j some of the graphs used in this study are 

mentioned. 
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Although most tables (b through f, i) and graphs give direct information 

about the degree of robustness against small sample size and non-normality, 

others are primarily intended to give information about non-convergence and 

improper solutions (table a) or to clarify relations among and between 

certain estimates (g and h). The degree and direction of the latter depend

encies should serve for a better understanding of those tables and graphs, 

the only purpose of whi ch it is to show the effect of assumption violations. 

If the reader is primarily interested in the concLusions of this study 

he may well skip the rest of this chapter and turn to the separate summaries 

for each model in chapters4 and 7, or to the general conclusionsat the end 

of these chapters . The rest of this section contains a detailed justification 

foreach of the tables and graphs summarized above. 

In general the func tions in the tables were chosen in such a way that 

an entry means: there is at least a substantial difference between empirical 

and expected values . Blanks are entered if such a difference was not detected. 

3. 3a Non - conver gence and imp rop er soLutions 

(ij non- conver gence 

Earlier (page 27)it was indicated that all results are based on 

samples ê leading to a convergent maximum likelihood solution within 250 

iterations.Therefore,all tables and graphs need a conditional interpretation: 

they are based not on strictly random samples ê, but on the first NR=lOO 

or NR=300 among a given number of random replications in stock (NRS), 

which led to a convergent solution. Since the asymptotic theory holds for 

the total set of random replications, including those which do not converge 

within 250 iterations, the restrietion to a subset of converging repli

cations is theoretically unjustified. It could imply that we are dealing 

with a biased sample of size NR from a specified Wishart distribution. 

There is little choice, however, if we want to study the robustness of 

LISREL with all its "restrictions" (criterion of convergence, maximum 

number of iterations) imposed. Of course, the maximum number of iterations 

could be raised, but it is uncertain whether extra iterations would lead 

to a genuine maximum likelihood solution. This is all the more questionable, 

because the known population parameters are used as starting points for 

the analysis. Instead of raising computer time with extra iterations it 
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seems more reasonable to learn to live with the subset of converging 

replications . 

In this study inforrnation was gathered about the frequency of non

convergence. In chapter 4 it will be noted that some of our recomrnendations 

with respect to sample size are partly dependent upon the occurrence of 

non-convergence, because it frequently shows up with small sample size. There

fore, information about this phenomenon is given in terms of percentages of 

occur~ence arnong a given nurnber of replications. It is recalled th at LISREP 

analyzes new replications until NR convergent solutions are found. If there 

are x non-convergent replications before the NR-th convergent replication 

is found, the percentages given in the tables are 100 x/(NR+x). 

(ii) improper solutions 

A second, but not less serious problem is that of negative estirnates 

of variances (in factor analysis similar issues have been discussed under 

the term "Heywood cases"). The occurrence of such improper solutions has 

been discussed by Mattson, Olsson & Rosén (1966); see also Jöreskog (1967). 

A detailed discussion of the phenomenon Ln maximum likelihood factor 

analysis is given by Van Driel (1978). 

Theoretically and practically negative estimates of variances are 

unattractive. How should they be interpreted? What can be done about them? 

It should be noted that such questions are not restricted to structural 

equation modeling. Similar problems are weIl known, e.g. in the estimation 

of variance components (cf. Scheffé, 1959 ,p.228 f.; Verdooren, 1980). 

In practice improper solutions rnight be caused by misspecification 

of the model, but that cannot be the case in this Monte Carlo study. 

Given our Monte Carlo design there are at least three strategies in 

dealing with sample covariance matrices which lead to improper solutions: 

1) include replications with improper solutions; 

2) exclude replications with improper solutions; 

3) given a number of negative estimates of variances within a specific 

replication, fix the corresponding parameters to zero or to small positive 

values, and reanalYze the same replication under the modified model. 

Each of these strategies has its own disadvantages. The third strategy, 

for example, cannot be followed in a Monte Carlo study, because it would 
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lead to the impossible task of comparing different models within NR 

replications. Moreover, it would bias the comparisons between different 

sample sizes. Theoretically the inclusion strategy seems to be most 

attractive, because it comes closest to a full set of random replications 

(non-convergent ones are excluded). Compared to the inclusion strategy 

the exclusion of improper cases means that the sampling distribution 

of S is more different from a Wishart distribution. On the other hand, 

the disadvantage with inclusion is that the estimates are not maximum 

likelihood estimates, 50 the asymptotic theory cannot apply to them. 

The question is where and to what extent inclusion leads to different 

results compared to exclusion. Therefore, differences between these 

two strategies are investigated under Model 1 for N=50, 100; for details 

see section 4.2b. 

Although no strategy is perfect it was decided to incZude improper 

soZutions for all the models under study. This decision was made before 

inspecting the results of the comparisons just mentioned. 

The frequency of occurrence of improper solutions will be presented 

for each model at the beginning of the results section, af ter reporting 

on non-convergence. Apart from percentages of negative estimates of 

variances among NR replications, their minimum observed values are given. 

For all modeis, within a single replication more than one variance 

can have a negative estimate, which mayor may not be due to dependencies 

between parameter estimates . Therefore, occasionally the relative 

frequency distribution of the number K of negative estimates of variances 

within a single replication is reported. 

In summary, tables of the kind described in this section give 

percentages of occurrence of non- convergence and improper 

soZutions among specified numbers of repZications. 

An example is found on page 57 and 58. A more detailed discussion of the 

two problems encountered here can be found in Boomsma (1982d). 

3.3b. Bias of parameter estimates 

The main table discussed in this section gives 

10 times , the ratio of the mean of the estimated parameters 

(the average across repZicationsJ and their corresponding popuZation 
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va l ue, minus one ; 10[(~ .. / w.)-ll, wher e w .. 
~J ~ ~J 

(i=I, •••• s; j=I, ••• ,NR). 

NR 
L W •• /NR, 

j= I ~J 

These tables show the relative bias of the parameter estimates based 

on NR replications. With small sample size, and with non-normal observed 

variables, the researcher is interested whether there is a systemati c 

under- or overestimation of the population parame ter values, given a 

correctly specified model. 

In some models the separate parameter values had a broad range 

(see for an example page 54). Therefore, 10 times the ratio ((;3 . . - w.) / w. 
~J ~ ~ 

is given, which is "value free", instead of 10 times the pure difference 

(~ .. - w.). 
~J ~ 

An example can be found on page 60 . An entry 3 means that the ratio 

equals 1. 3; the observed mean parameter estimate being considerably l a r ge r 

than the expected value. A blank means that the ratio ~ .. / w. l i es be t ween 
~J ~ 

0.95 and 1.0~, pointing a t no sub s t antia l di f fer ence. 

For the evaluation of bias primarily the arithmetic mean of the NR 

estimates was used. For a clear interpretation of centrality in the sampling 

distributions other location statistics are considered as weIl. From the 

literature it is known that the mean is of ten not the best estimator for 

a location parameter. The Princeton study of Andrews et al. (1972) indicates 

that in some situations the mean is the worst of all choices, and it stresses 

how worthwhile it might be to consider robust estimators, espec ially in 

small samples. On the basis of their results a robust es timator was chosen, 

which could be compared with the mean in the evaluation of bias. 

Although a suitable choice from the Princeton results is not without 

subjective preference, the so-called three-part descending M-estimator s , 

including the related sine-type M-estimator AMT, clearly have desirable 

properties. They are efficient for near-normal distributions, handling long 

and heavy tailed distributions, and outliers. The gener al principle of 

M-estimators is that the influence of observations at the extremes of a 

distribution is restricted and ultimately rejected; in simple terms 

an M-estimator can be viewed as a weighted mean. 

Our choice among the M-estimators was one from a three parameter 

family of estimators, introduced by Hampel and involving ~-functions 
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whose graphs are line segments: 

x I x I < a, 

a sign (x) a < I x I < b, 

Iji(x;a,b,c) .d& a b < I x I ~ c, c- b 

0 c < I x I 

b c x 

Fi gure 3.) Groph of the function ,,(xja.b, c ). 

The location estimate H is then found by solving 

NR 
L 1ji [(x(J') - H)/sll = 0 , 

j=1 
(3. I) 

where x(j) is an order statistic of the sample ~ = (xI'" "~R)' ,and sI 

is the median of the absolute deviations from the median. 

Given the Princeton results it was decided among the family of 

linear M-estimators to choose for estimator 12A ,which is indexed 

by a= 1.2, b=3.5 and c=8.0 (Figure 3.1 is drawn in this scale). "For 
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very broad resistance" 12A seems to be one of the best choices; 17A or 

AMT would have been proper choices as well (Andrews e t al., 1972 , p. 247). 

The iterative solution of (3.1), starting at the me dian of the NR 

observations, was performed in DISLIS by subroutine HAM3MD (o.c., chapter 

I I). The M-estimates will be denoted by w~., which corresponds to H in 
~J 

formula (3. I), and where H stands for Hampel's three-part descending 

estimate. 

Tables for bias evaluation of parameter estimat es using M-es timates 

for location are analogous to those discussed at the beginning of this 

section: the non-robust estimator w .. being replaced by the robust 

estimator w~. ~J 
~J 

TabZes with M-estimates thus aontain 10[(w~./w .)-ll. 
~J ~ 

With respect to bias it was decided to concentrate on the arithme tic 

mean 'and to use M-estimators as a check on sampling distributions,for a 

number of reasons. First,for . parameter estimates we expect nearly normal 
'" ~H distributions and thus small differences between w . . and w.. . Good 
~J ~J 

agreement between mean and M-estimate can also be expected because the 

number of replications on which the sampling distribution will be based 

shall be 300 (and occasionally 100). We do not expect that the mean will 

th en be a "horrible estimator·'. M-estimators are therefore used as a check 

on deviations in the shape of the expected distributions, and as a tool to 

neutralize the impact of outliers. As aresult, tables of such findings will 

be only presented if the robust estimator behaves substantially bet ter than 

the arithmetic mean. 

3. 3a Bias of estimates f or stan.dard errors 
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The main table described in this section gives 

10 t imes, the ratio of the mean of the estimated standard 

error s (the ave rage 

sponding popuZation 
NR 

aaross repZiaations J and their aorre

vaZue, minus one; 10[ (s~~ /sê )-1], 
w.. w. 

where s:;::e~ = L s~e~ /NR, 
~Jij j=1 Wij 

~J ~ 

(i=I, ... ,s; j=I, ... ,NR). 

An example can be found on page 62. First, note the difference 
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between sêw . . and sew .. Earlier (page 18),it was stated that asymptotically 

the standaràJerrors afe a function of diagonal elements of the inverse of 

Fisher's information matrix I. If this inverse is approximated given 

estimates w .. of w., the corresponding standard errors are indicated by 
l.J l. 

If, however, the inverse is approximated given the population sê~ 
w . • 

valMs, thus given W .. = w. , the standard errors are written as se 
l.J l. ~_I ~_I wi Implicitly, diagonal elements of I~ and I are compared. Both 

-w -w 
standard errors are dependent on thè sample - size N. And in both cases 

we write se because we refer to large sample estimates of the standard 

errors (cf. Jöreskog, 1981, p.75), although se 
w. 

is viewed as the 

"true" value. l. 

It is weIl known that the true values se depend on the sample 
I w. 

size N by a factor N-', and that the values ar~ of ten small compared 

to wi . In order to facilitate the comparison of results for different 

sample sizes, these results are presented in terms of la times the ratio 

(sê~ 
w •• 

- se )/se , instead of 
w. w. 

la times the difference (se~ - se ). A 
w.. W. 

l.J l. l. l. 

a table indicates that 0.95 
l.J 

blank in < fe~ /sê < 1.05. 
w.. W . 

l.J l. 

Analogous to what was discussed in section 3.3b the issue of robust 

location estimation is also relevant here. The M-estimate 12A, denoted by 

sê~ ,will only be reported when it behaves roticeab'l..y differently from 
w • . 

_ l.J 

s~e~ . Contrary 
w .. 

l.J 

is unknown. 

to parameter estimates, however, the distribution of sew . . 
l.J 

So far,we have concentrated on the bias of estimators for parameters 

and standard errors. Sometimes, as a point of lower priority,the varianee of 

these estimators around their own mean will be discussed as weIl, because 

the smaller the varianees the better the estimators . 

One step further is to consider the relationship between the varianee 

of parameter estimates and the true squared standard error se2 . One way to w. 
l. 

do this is to calculate the mean squared error of the parameter estimates 

W .. , which equals the sum of the 
l.J 

if multiplied by the appropriate 

varianee 

NR/s~e2 , 
w. 

l. 

NR ~ 2 ~ 2 NR ~ ::: 2 ~ 2 
L (w .. -w.) /se = L (w .. -w.) /se + 

j=1 l.J l. wi j=1 l.J l.j wi 

and the squared bias. In formula, 

( ::: ) 2/ ~ 2 NR w .. -wo se 
IJ 1 wi 

(3.2) 
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Under the null hypothesis th at the variance of w .. equals se
2 

the three 
1.J wi 

terms in this equation have a chi-square distribution with NR , NR-I and 

1 degree(s) of freedom, respectively (cf. Hays , 1970, p. 341 ff.).These 

quantities may serve as indicators of "deficiency" or "efficiency" of the 

parameter estimators, while they may ultimately be used to t est whether 

the mean squared errors, the variances and the biases of w .. are of expe c ted 
l.J 

s1.ze. 

Generally , tables of type band c will not be discussed extensively 

for one main reason. In practice the estimated standard error will always 

be used in relation to the corresponding parameter estimate. Obviously, the 

standard error is not computed for its own sake, as the sample estimate of the 

variance of w .. in a sample of size N, but as astatistic which is linked to 
lJ 

an individual parameter estimate. Therefore, a large part of results in 

chapters4 and 7 will consist of des criptions where that relationship is 

maintained. 

3. 3d Confidence intervals for parameters 

The table discussed here gives 

the percentage of repZications, minus five,in which wi does not l i e 

in the approximate 95% confidence interval w .. + 1.96 sê~ 
l.J Wij 

An example is found on page 63 • Confidence intervals for model 

parameters of interest are a useful statistical tooI, in which both the 

estimate and its reliability are indicated. Staying close to this research 

practice it was decided to compute from NR replications the percentage in 

which the true paramecer value wi falls outside the 95 % confidence interval. 

given by W .. + 1.96 se~ , where se~ is the estimate of the standard 
l.J - Wij Wij 

error calculated from the same replication as W ... 
l.J 

At first thought one would expect that five percent of the NR intervals 

do not cover w
i 

,for i=I, .•.• s. if all the statistical model assumptions 

would hold. There are some pitfalls for such a hasty interpretation, three 

of which are mentioned. 
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(i) For one single parameter the five percent expectation might be right, 

but one should note the limitations of such an expectation. Calling a 

success that w
i 

falls outside th e 95% confidence inte rval, as estimated 

through the approximation above, we have NR=300 experiments with unknown 

success probability TI . If TI=0.05,as expected, all values between 9 and 2 1 

[approximately the central 92% interval of the binomial (300,0.05) distri

bution] are more or l ess plausible. Therefore,in tables of t ype d with 

NR=300, numbers between [(9-15)/300]100= -2 and [(21-15)/300]100= 2 can 

easily be ascri~ed t o chance fluctuation. 

ai)For a given mode l suppose that t here is not just one parameter 

of prime interest, but instead all, or at least some other of the s un

known parameters as weIl. If the es timates of al l these parameters of 

interes t were i ndependent for a given samp Ie out of NR samp les , in 

principle there would be little t o worry about. (Concerns about the overall 

Type I error co uld be removed by appropriate adjustments.) However, the 

parameter estimates are of t en dependent. Between sparameter estimates 

positive as weIl as negative dependencies might occur (see also section 

3.3g) . Fortunately, it still remains true that the expectation of the 

percentage of confidence intervals not covering the true value is five, 

even if dependencies are involved. But within single repli cations the de

pendencies among different confidence intervals may be clearly visible. 

In section 3.4 it will be argued that our primary interest is a single 

parameter point of view. 

(Ui) Given the fact that in all models some parameters are vari'ances, 

we are confronted with boundary problems not reflected in the percen

tag~of these confidence intervals. In principle it is possible that the 

95% confidence interval for a variance has a negative lower bound, if 

no restrictions are imposed . In section 3.3a it was noted that LISREL 

allows negative point estimates of variances. 

3. 3e Confidence intervals for the mean of standardized parameter estimates 

Compared to the previous section a slightly different way to inspect 

the data is by looking at the standardized parameter estimates 
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q .. = (w .. - w.)/sê_ • (i=\ ••••• s; j=\, .•. ,NR). Here. also the emphasis 
LJ LJ L Wij 

is on the direct relationship between the estimate w .. and its corresponding 
LJ 

standard error se_ . In applied research this standardization is impli-
w •• 

citly used. for e~1mple to test whether wi equals zero or another constant, 

orto compute confidence intervals for w .• Therefore q .. , which in theory 
L LJ 

(asymptotically. under normality conditions) has a standard normal distri-

bution, is practically relevant. Note th at q .. is different from 
LJ 

(w .. - ~ .. )/8_ • where 8_ is the estimated standard deviation of 
LJ LJ Wij Wij 

estimated parameter i based on NR replications. In practice, where the 

researcher has only one sample the lat ter standardization, being a 

function of the paraneter estimates only. is impossible. 

Given q . . , as defined above. in NR replications a confidence interval 
LJ 

for its expected value can be computed. With a confidence of 95% such an 

interval is given by q .. + t 025; /NR!. where q .. = ~R q .. /NR, cr 
LJ -. qij LJ j=\ LJ qij 

is the estimated standard deviation of q .. based on NR observations. and 
LJ 

t. 025 is the .025 critical value of the Student t-distribution with NR-\ 

degrees of freedom. In the tables a blank. an R or an L indicates the 

relative position of the expected mean value of qij' which equals zero, 

with respect to these confidence bounds. 

In summary. the table described in this section gives an answer to 

the following question: 

popuZation vaZue of zero? 

does the confidence intervaZ q .. + t. 025 cr /NR! cover the 
LJ qij 

Anà the answer can be Blank = yes, R = tr~e value to the right, or 

L = true value to the left. An example can be found on page 63. 

3.3f NormaZity test for standardized parameter estimates 

So far, we have concentrated mainly on location statistics and tails 

of distributions. By looking at tables b through e indirectly the para

meters of the expected normal distribution of w .. are checked. 
LJ 

Rather than inspecting these salient characteristics, an overall test 

can be used to see whether the distribution of the standardized parameter 

estimates q .. is normal, as predicted by theory. 
LJ 
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There are several multivariate and univariate approaches for assessing 

joint and marginal normality, respectively . But whatever choice one makes 

the possibilities for departures from multivariate normality are many and 

varied. From that point of view the problem of choosing a single best test 

for assessing joint normality "would seem to be neither pragmatically 

sensible nor necessary" (Andrews, Gnanadesikan & Warner, 1973 , p . 95). 

"In practice, a single overall multivariate analysis of data is seldom 

sufficient or adequate by itself, and almost always it needs to be 

augmented by analyses of subsets of the responses, including univariate 

analyses of the original variables ." (Gnanadesikan, 1977, p. 97). 

Although marginal normality does not garantee joint normality, many 

types of non-normality are of ten reflected in the marginal distributions 

as weIl. Hence, to the authors cited above, it would be a "natural, simple 

and preliminary" step to study marginal normality for each of the variables. 

Given the difficulties encountered in testing joint normality, it was 

decided to combine ·univariate formal methods with informal graphical 

procedures to reveal relevant information . 

In 1972 Shapiro & Francia came up with an approximate \~ ' -test for 

univariate normality, which can be viewed as a modification of the 

W-statistic (Shapiro & Wilk, 1965). It was used to investigate whether 

q .. has a no rma I distribution (the test is scale and origin invariant). 
1J 

On page 38 it was discussed why q . . and not (w .. - @ . . )/a~ is 
1J 1J 1J Wij 

primarily of interest . The W'-test is a generally adequate test for 

non-normality (see also Shapiro, Wilk & Chen, 1968), which could reveal 

additionaZ information ab out the sampling distributions not covered by the 

tables discussed earlier. 

Shapiro & Francia (1972) have approximated the null distribution of 

W' by empirical sampling for a sample size ranging from 35 to 99 based 

on lOOD normal deviates, using expected values of normal order statistics 

given by Harter ( 1961). Their published empirical percentage points of 

the W'-test are not sufficient for our purposes . Dur maximum number of 

observations NR is 300; moreover, the published percentiles are based 

on lOOD replications only. Therefore, empirical percentage points for 

the number of replications in this study were calculated on the basis of 

10.000 generated deviates (Boomsma, 1982a). 

In order to evaluate tables of the kind discussed here,the empirical 
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percentage points of the null distribution of W' for NR=100,300 are pre

sented in Table 3. I. For each of the eleven percentage points also 

approximate 99 % confidence intervals are given, computed with formula 

11.2.11 from wilks (1962, p.332). 

Table 3. I Empirical quantiles of the approximate w'-test (Shapiro & 
Francia, 1972) for 100 and 300 observations, with their approximate 

99% confidenee intervals . 

99% 0 99 % 0 

quantile NR= IOO conf. interv. NR=300 conf .interv. 

I . 9645 .9623 . .9664 .9871 .9866 .9877 

5 .9744 .9738 .9750 .9907 .9904 .9909 

10 .9790 .9784 .9794 .9922 .9920 .992 3 

15 .9815 .9811 .9818 .9930 .99 29 .99 31 

20 .9833 .9829 .9836 .9936 .9935 .9937 

50 .9891 .9889 .989 3 .9957 .9956 .9957 

80 .99 27 .9925 .9928 .9970 .9970 .9971 

85 .9934 .9932 .9934 .9973 .9972 . 9973 

90 .9940 .9939 .9942 .9975 .9975 .9976 

95 .9949 .9948 .9950 .9979 .9978 .9979 

99 .9962 .9963 .9963 .9984 .9983 .9984 

It should be noted that small values of W', or large values of 

1000(I-W'), indicate non-normality. In terms of hypothesis testing this 

means, for NR=300, that a researcher would reject the hypothesis of a 

normal distribution with a Type I error a ~ .01 if 1000(1-W') ~ 12.9, and 

with .01 < a ~ . 20 if 1000(1-W') ~ 6.4 (approximately). For a quick glance at 

tables of the type presented in this section rejection of the latter tests 

are indicated by the symbol t (a~ .01) and * (.01 < a ~ .20),respectively. 

For more specific details the reader should consult Table 3.1. 
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In summary, tables of this type give 

1000(I-W'), where w'is a test statistic for normality (Shapiro & 

Francia, 1972) of standardized parameter estimates q ... The 
1.J 

symbol t means that 1000(I-W') has a probability of exceedance 

p ~ .01, the symbol * means .01 < P ~ .20. 
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An example can be found on page 65. Although numbers like the 

W'-statistic give an indication of the size of overall departures from 

normality, they do not reveal where deviations in the distribution of q .. 
~J 

occur. Graphical tools may be of same help here, in addition to the 

inspec tion of statistic s like the median, the mean and moments of hi ghe r 

order. 

3. 3g Dependeneies among parameter estimates 

The table described in this s ection gives 

100 times the differenee between the absoZute vaZue of the 

Pearson produet~oment eorreZation p(w. ,w.,) of parameter 
~ ~ 

estimates w. and w., ( i ol i') eaZeuZated aeross NR 
~ ~ 

repZieations , and the absoZute vaZue of the eorresponding 

asymptotie vaZue P(wi,wi ,); in shor t 100( [PO[ - [PEl). 

An example is found on page 69 • Earli e r (page 37 ) i t was noticed 

t hat of ten the results for individual parameters are not independent. One 

way to investigate the degree of such dependencies is to calculate Pears on 

product-moment correlations among parameter estimates w ... One step further 
~J 

is to compare these empirical correlations with the asymptotic correlations 

in the population, based on the estimated inverse of the information matrix 

given w .. = w~ (with an option in LISREL-IV this can be easily done). 
~J • 

Differences between observed and theoretical correlations for different 

sample sizes can then be inspected ön their closeness to zero. 

Here, clearly two questions are dealt with: (i) are the observed 

correlations close to expectations? ( a pure robustness question); (ii) 

how large are the dependencies involved? (a question of how to interpret 

results in other tables). 

The following notation is used: correlations between pairs of parameter 

estimates (w.,w.,) based on NR replications are indicated by p(w.,w . ,), 
~ ~ ~ ~ 

shortly PO; the corresponding expected correlations are indicated by 

p(w. ,w.,), shortly P
E

. For the latter an estimation sign is used because 
~ ~ 

these correlations are estimated by approximations based on Fisher's 

information matrix; the notation is thus analogous to that used for 
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standard errors (see page 35). It should be noted, that the expected 

correlation is independent of sample size N, unlike the expected standard 

errors. 

In the Monte Carlo results with a few exceptions the sign of Po equals 

that of PE. The interpretation of Ipol - I~EI is thus straightforward. A 

positive value of ]OOClpol - IpEI) rneans that the observed dependency 

between parameter estimates is larger than the expected one. 

Because the complete correlation matrix of parameter estimates may 

be quite large, it was decided not te look at all possible pairs of 

parameters, but at a selected number of them. On the basis of the ex

pected correlation matrix the selection of pairs of parameters went 

as follows: start with the first parameter w] and select the absolute 

highest correlation, next go to the second parameter w
2 

and take the 

absolute highest correlation under pairs of parameters not yet selected, 

and so on, until a choice for Ws is made. 

3.3h Dependencies between parameter estimates and their corresponding 

standard error 

The table in this section gives 

Pearson product-moment oorrelations oCw .. . se A ). calculated 
1.J' w .. 

across NR repZications. between parameter es~tmates and their 

corresponding standard error. 

An example can be found on page 69 . It is weIl known that there 

is arelation between w arld the correponding vector of standard errors 

seA , because the elements of the latt~r are based on elements of the 
-w 

estimated inverse of the information matrix IA, which is conditional -w 
on @ . The dependencies between estimates of parameters and standard 

errors are expressed in terms of Pearson product-moment correlations. 

Occasionally, for a single parameter a scatter plot of the relationship 

is presented in order to give the reader some idea about joint and marginal 

dis tributions. 

It should be noted that the size and the sign of the correlations 

have an effect on the results of the confidence intervals. Tables of type h 
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may be of help when interpreting such results. In addition, they reveal 

information which cannot be found elsewhere: the LISREL program does 

not give estimates of such correlations. Therefore, despite the fact 

that these tables do not contain robustness results, they are of interest 

both by themselves and from an interpretation point of view. 

3.3i The ah i -square statistia for goodness of fit 

The table discussed here gives 

distributional aharaateristias of the ahi - square statistia 

for goodness of fit. [formula (2.10); page 19] 

An example can be found on page '71 . To evaluate the sampling 

distribution of the goodness of fit statistic a two-sided Kolmogorov

Smirnov one sample test was performed using IMSL-routine NKS 1 (see 

IMSL, 1982 ). From the output of th at routine only the probability level 

P(KS) of the two-sided test is given. 

Tables of this type also show the difference between the observed 

and the expected values of five distributional statistics: median, mean, 

standard deviation, skewness and kurtosis. In evaluating the size of 

such differences the standard error of the observed value of these 

statistics, based on NR replications, should be taken into account. 

Furthermore, the percentage of observed chi-square values larger than 

the theoretical 95-th quantile is depicted. 

3.3j Graphs 

In addition to the tables described above, occasionally graphs will 

be used to illustrate the findings. Two main types of graphs are shown: 

1. Histograms of empirical sampling distributions in combination with 

their theoretical density function. Such graphs are applied to the 

standardized parameter estimates q .. (normal density function) as well 
1.J 

as to the goodness of fit estimate (chi-square denstiy function). 

2. QQ-plots for these estimates, comparing observed and theoretical 
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quantiles. For det ailed descriptions of such probability plots see 

Wilk & Gnanadesikan (1968) or Gnanadesikan (1977). 

An example of both types of graphs can be found on page 66 . 

3. 4 AdditionaZ considerati ons 

It will have been noticed that almost all statistical measures 

mentioned in section 3.3 were computed from a univariate type of 

approach: this study emphasizes individual model parameters rather 

than vectors of parameters. 

The question whether estimators for s parameters are biased or 

not (tables of type b) would allow for a multivariate approach: test 

with a one sample Hotelling's T2 statistic whether the expectation 

of w equals ~ . Questions of type d could be tackled in a multivariate 

way by counting the percentage of NR vectors ~ lying outside a 95 % 

s-variate confidence region. Likewise for questions of type e one 

could look whether the null vector lies within a 95% confidence region 

(cf. Morrison, 1976). 

We prefer a univariate approach, because in practical research 

the user is seldom interested in all elements of ~. More of ten the 

researcher's main interest is in two or three out of sparameters. It 

should also be realized that the different parameters in a specific model 

are usually of a different type: errors of measurement or uniquenesses 

are not the same as factor loadings or as structural parameters. Since 

it is expected that the effect of departures from assumptions is not the 

same for different types of parameters, specific results are necessary from 

the start. It could very weIl be that a multivariate test to decide whether 

or not to pay addi tional at tention to specific uni variate results would 

be an inadequate criterion. AIso, since the multivariate tests referred 

to above emphasize a linear combination of the parameters one might 

wonder whether such a linear combination is meaningful for parameters 

of different types, and what rejection or acceptance of such tests means. 

We believe, that the most common practice in structural analysis is, 

and will be, to restrict interest to a limited number of individual para

meters, not to all parameters for a single model, nor to a linear 

44 



combination of some, let alone all parameters . What we really want to 

know is what the effect of assumption violations is on specific parameters , 

or classes of parameters. 

Nevertheless, when using LISREL in a research setting two strategies 

might be advocated. First, one can look at univariate "t-statistics" 

(w./sê~ ), or at approximate confidence intervals of type d to test 
~ w. 

~ 

the parameters of interest with a suitable choice of Type I errors. 

Second, given an estimate of the covariance matrix of the parameter 

estimates, one could, in practice, perform a multivariate test only for 

the parameters of interest with the option of additional univariate 

investigations. 
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4. ROBUSTNESS AGAINST SMALL SAMPLE SIZE 

In this chapter Monte Carlo results are presented for the robustness 

of LISREL against small sample size. For each model (or class of 

modeis) a separate section is devoted to results and conclusions. First 

in section 4. I the decisions with respect to sample size, number of re

plications, standardization and model choice are discussed. 

4.1 Introduction 

(i) sample size 

For the first model it was decided to use sample sizes of 25, 50, 

100, 200, 400, and 800. Despite existing counterexamples a researcher 

will seldom work with a sample size smaller than 25, which is really 

very small for exploratory studies in structural modeling. A maximum 

size of 800 was chosen to see whether drastic changes occur going from 

a sample size of 400 to one of 800, which most people would judge to 

be a large sample. 

For the other models appropriate revisions of the sample size were 

made, if necessary, taking into account the results of the first model 

and computer time for generation and analysis. 

(ii) number of replications 

The number of replications NR is decisive for the accuracy of the 

sampling distributions of parameters, standard errors and the goodness 

of fit statistic. The larger NR the more closely a specified probability 

distribution can be appro~imated. To come very close to a theoretical 

distribution the number NR,on which the Monte Ca rio distribution is 

based,must be very large (cf. Massey, 1951; Hartley, 1977). For example, 

if one wants to be 99% sure of estimating the cumulative distribution 

within two percentage points for the entire distribution,NR should be 

equal to 6643. To strive af ter such very high accuracy is completely 

unrealistic. Instead it will be much more desirabie to invest in 

replications across different sample sizes, across different departures 

from normality, and across different types of modeis. When NR is small 
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it can be expected that stabilities or instabilities in the results across 

sample size, non-normality and models will show whether NR was sufficient 

or not for the purpose of this study. 

Apart from accuracy calculations exemplified above, it is important 

to know th at the error in the Monte Carlo estimation of statistics from 

the sampling distributions decreases with NR-~. Suppose, for example, 

that we have a sampling distribution of w .. based on NR parameter 
l.J 

estimates. An estimate for the mean of ~ .. based on that sampling 
l.J 

distribution is then more accurate, more reliable, with increasing NR. 

This is reflected in the s tandard error of the mean derived from the 

sampling distribution. In general the standard error of a statistic is 

the standard deviation of the sampling distribution of that statistic, 

and is of particular importance where th at distribution can be taken 

to be normal, either exactly or to an adequate degree of approximation 

(cf. Kendali & Stuart, 1958, p.221). These authors point out that for 

samples of size NR rhe standard error gives a valid measure of precision, 

prov{ded that the sampling distribution under discussion approaches nor

mality, and that NR is large. They also indicate that it is not always 

easy to say just how large NR must be for such approximations to be 

valid. "So far as it is possible to generalize with safety, we can 

usually (but not always) assume values ••. greater than 500 to be "large"; 

values greater than 100 are of ten great enough to be "large" for our 

purposes; values below 100 are suspect in many instanees; and values 

below 30 are very rarely "large"." (0. c. p. 234) 

As a first choice we decided to take NR = 100 replications. For 

such a lower bound computer time and storage requirements could then 

also be inspected. It will be seen that af ter studying a first model we 

decided to raise the number of replications to NR = 300. For that number 

computer time and storage facilities were demanding but not insuperable. 

Going from 100 to 300 replications has the great advantage that the 

standard errors of statistics are reduced by a factor of almost two. 

To illustrate the impact on standard errors by raising the number 

of replications to 300, for some distributional statistics these values 

are given in Table 4.1. The standard errors are presented for three 

population distributions: the standard normal distribution (relevant 

for standardized parameter estimates), and two chi-square distributions 
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with 4 and 20 degrees of freedom, respectively (relevant for the 

goodness of fit statistic, and covering the range of models that will 

be studied). 

Table 4 . I Standard error of some statistics for NR=IOO and NR=300 

assuming a standard normaZ distribution and a chi- square distribution 

with 4 and 20 degrees of freedom, respectiveZy; p.v. indicates the 

popuZation vaZue . 

N (0, I) 2 2 
X4 X20 

statistic p.v. NR=IOO NR=300 p.v. NR= 100 NR=300 p.v. NR=IOO NR=300 

median 0.00 0.13 0.07 3.36 0.32 0.18 19.34 0.78 0.45 

mean 0.00 0.10 0.06 4.00 0.28 0.16 20.00 0.63 0.37 

varianee 1.00 0.14 0.08 8.00 1. 79 1.03 40.00 6 . 45 3.72 

stand.dev. 1.00 0.07 0.04 2.83 0.32 0.18 6.32 0.5 I 0.29 

skewness 0.00 0.24 0.14 1.41 0.56 0.32 0.63 0.31 0.18 

kurtosis 3.00 0.49 0.28 6.00 4.37 2 .5 2 3.60 1. 30 0.75 

Note the relatively smaller standard error of the standard deviation 

compared to the varianee and the relatively large standard error of the 

kurtosis. 

All our computations for the standard errors Ln the sampling distri

butions are based on formula's given by KendalI & Stuart (1958, p.243). 

The standard error of the skewness, given a chi-square population dis tri

bution, was approximated by methods explained in their sections 10.6 and 

10.7 . 

(iii) s tandardization 

Since the statistical theory of analyzing covariance structures is 

based on the Wishart distribution of ~ (formula(2.5)],it is in accordance 

with that theory to base the LISREL-analysis on sample covariance ma

trices. In practice, however, the user has other options as weIl 

(cf. Jöreskog & Sörbom, 1978, p.12). Very of ten researchers analyze the 

sample correZation matrix R V-! S v-!,where V! is a diagonal matrix _ s _s - s 
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of order k x k with the sample standard deviations of the observed 

variables as elements. Because the unit of measurement of the observed 

variables is frequently arbitrary, it is comrnon practice, at least in 

the field of social sciences, to analyze correlation matrices instead 

of covariance matrices. Indeed, in principle, the researcher is free to 

analyze a correlation structure as well as a covariance structure (cf. 

Jöreskog, 1967, p.458). But,especially in a Monte Carlo study, a 

decision to analyze correlation matrices only is not without compli

cations. 

In our second model for example (see page 76) the population 

covariance matrix L is a correlation matrix with diagonal values 

equal to one . If random samples S are taken from that population by 

procedures described in chapter 3 every element of S will be 

subject to random fluctuation, including the diagonal elements. It 

means that in this example diagonal values of S will fluctuate around 

the value of one (as they should in a Wishart distribution). If instead 

the sample correlation matrices ~, which are standardized covariance 

matrices, are analyzed, diagonal elements of these samples are by 

definition restricted to values of one. The distribution of R is not 
_1 _, - ! 

a Wishart distribution with parameter matrix V 2 L V 2 , where V2 

- cr - -cr -cr 
is a diagonal matrix with the population standard deviations as elements . 

In a practical research situation the effects of standardizing 

observed variables may seem negligible, because apart from longitudinal 

studies hardly ever more than one sample is taken from the same population. 

In our ~1onte Carlo work, however, we deal with NR replications and if 

each of the sample covariance matrices would be standardized to a sample 

correlation matrix this would lead to systematic departures with respect 
_, _1 

to the theoretical Wishart distribution with parameter V 2 L V 2. The 
- cr --cr 

latter could very well affect the sampling distributions of parameter 

estimates and estimates of standard errors. It seems to be improper to 

confound the departures from large samples and normality assumptions 

with the effects of standardization on sampling distributions. In order 

to investigate the effect of standardization, for some models covariance 

matrices as well as correlation matrices were analyzed. See section 4.4, 

where factor analysis models are studied (of ten irrelevant units of 

measurement and astrong tradition of standardization), and section 7.2 for 

a non-normal case. 
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Except for ohapters 4 and 7, throughout this study the matrix to be 

analyzed is denoted by §, regardless whether it is a sample covariance 

or correlation matrix. The population matrix from which S has been 

sampled is, analogously, always denoted by ~ . 

A final question to be handled in this subsection is whether a 

standardized or an unstandardized parameter solution must be examined 

(cf. Jöreskog & Sörbom, 1978, p. 58 f.). A standardized LISREL-solution 

is described in terms of standardized latent variables, while the 

observed variables are still in the original metric. Since the 

standard errors are strictly associated with the unstandardized solution, 

and because of our emphasis on that linkage in section 3. 3, results 

of the unstandardized parameter solution are given for all modeIs. 

(iv) model choice 

In a Monte Carlo study, the departures from large sample size 

and normality must be investigated given specified structural equation 

modeIs. The choice of models certainly has implica tions for the gene

ralization of results, a subject to be discussed in section 8 .1. 

It is weIl known that there is a very broad variety of models 

suited for a LISREL-analysis. Ideally one could take a c ross-section 

from the different types of models most frequently used by practical 

researchers in various disciplines. For generalization to all models 

generally used in applications of structural equation modeIs, such 

a cross-sectional sample would still have to be very large. 

Given the broadness of model applications,restrictive choices 

are practically demanding. Not only because computer simulations 

are time and memory consuming, but also in order to control the number 

of pages needed for the presentation of results. Therefore, only 

a limited number of models are studied,for each of which the previous 

arguments can again be used with respect to the number of observed 

variables and the number of unknown parameters they involve. Moreover, 

it would be desirabIe to deal with models which are frequently discussed 

in the literature. 

Given these theoretical and practical considerations we settled 

to the following compromise: two almost classical,empirical modeIs, one 
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of which is recursive, the other non-recursive, and a class of theoretical 

factor analysis modeis. The main advantage of this decision LS that the 

models are relatively simpie, weIl known from discussions in the litera

ture and covering a range of structural and measurement characteristics . 

We also succeeded in keeping the number of observed variables and the 

number of parameters within a limited range: 6 to 10 observed variables 

and 12 to 17 unknown parameters. 

In the introductions of the following sections each model will be 

discussed in more detail. 

4. 2 Modû 1 

4. 2a Model de scription 

The first model to be investigated was designed for a longitudinal 

study, and has been extensively discussed by Jöreskog (e.g. 1977, 1979, 

1981). It is also presented as example 3 in the LISREL-IV program manual 

(Jöreskog & Sörbom, 1978). Given this broad attention the model can be 

viewed as a classical example of how to perform a LLSREL-analysis on 

longitudinal data. 

From the literature (e.g. Jöreskog, 1981) the following model 

description is given. The model is based on ideas and data presented 

by Wheaton et al. (1977) . Their study was dealing with the stability 

over time of attitudes such as alienation and its relation to background 

variables like education and occupation. Data on attitude scales 

we re collected from 932 persons in two rural regions in Illinois (U.S.A.) 

at three points in time: 1966, 1967 and 1971. The variables used in the 

structural equation model are the anomia subscale and the power lessness 

subscale. These "observed" variables are taken to be indicators of the 

latent variabie ali enation. In the model the subscale variables are used 

for 1967 and 1971 only. The background variables are the respondent's 

educati on (years of schooling completed) and Duncan's SocioEconomie 

Index (SEI) . These observed variables are taken to be indicators of the 

latent variabie SocioEconomie Status (SES). 

In the literature the sample covariances of the observed variables 

have been studied under three different models (e.g. Jöreskog, 1979, p.329) . 
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Among them we deeided to study the best fitting model, whieh is illustrated 

in Figure 4.2.1. 

El El i' 
ANOMIA 67 

1 1 
POWERLESSN ESS 67 

1 1 
ANOMIA 71 

~ Y 
ALlENATION 67 ____ --'f3=-----_____ . { 

/Ji)' ~, 

SES 

I~ cr Figuzoe 4.2.1 Hodel I: The stability of alienation. 

From this figure it ean be seen that the model handles six observed 

variables (Y I = anomia 67, Y2 = powerlessness 67, Y3 = anomia 71, 

Y4 = powerlessness 71, xI = edueation, x2 = SEI), and three latent 

variables (nI = alienation 67, n2 = alienation 71, ~ = SES). The 

stability of alienation from 1967 to 1971 is refleeted in parameter 

8 , one of the rnain parameters of interest. The model deals with 

eorrelated errors, sinee the same subseales anomia and powerlessness 

are used at different times. From Figure 4.2.1 it ean also be noted 
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that three À-parameters are fixed to one in order to achieve th at the 

scales of observed variables and corresponding latent variables are the 

same . For further details of the model, including proofs of identification, 

the reader is referred to the literature cited above. 

Our point of departure is specifying the population covariances 

~n the model of Figure 4 . 2 . I, which proved to have a reasonable fit to 

oY'igi nal data 2 
4.77) . Since this is perfect fit could the (X4 not a we 

not take the original S as our population covariance matrix l: . One quick 

way to arrive at the true population covariance matrix, fitting the model 

perfectly, was to adjust the original ~ slightly . If the original ~ is 

properly adjusted,and if that adjusted ê is taken as the sample covariance 

matrix, Model I fits those data perfectly, i.e. the adjusted ~ equals the 

population covariance matrix and the estimated parameters and corres

ponding standard errors are the true population values. Our population 

covariance matrix of Model I is given in Table 4.2 . I; it is from this 

l: that sample covariance matrices of specific size are generated. 

Table 4.2. I The population covarianee matrix l: o f Model 1 (the s tability 

of ali enati on) . 

YI 11. 832 

Y2 6.946 9 . 364 

Y3 6 . 820 5.085 12.534 

Y4 4 . 790 5.028 7.497 9.985 

xI -3 . 913 -3 . 830 -3 . 919 - 3.6 13 9 . 610 

x2 -20 . 424 - 19 . 990 - 20 . 455 -18 . 858 35 . 522 450.297 

YI Y2 Y3 Y4 xI x2 

Observe that l: is not a corrëlation matrix . By now it is known what the 

population covariances are (Tabie 4.2 . 1) , how the true model looks like 

(Figure 4.2.1) and what the population parameter values and the cor

responding standard errors, for different sample sizes, are (see 

Table 4.2 . 2 ) . 

From Table 4 . 2.2 the relation of sample size to standard errors 
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Table 4.2.2 The parameters of MOdel 1, their population values and 

the corresponding s tandard errors for di f f erent sample si ze . 

sample size and standard errors 

parameter w. 25 50 100 200 400 800 
1. 

" I 
.98 .38 .27 .19 .13 .09 .07 

" 2 .92 .37 .26 .18 .13 .09 .06 

"3 5.22 2.63 I. 84 I. 29 .9 I .64 .46 

- 13 -.61 .32 .22 .16 . I I .08 .05 

YI -.57 .35 .25 . 17 . 12 .09 .06 

Y2 -.23 .33 .23 .16 .11 .08 .06 

~ 6.81 4.05 2.83 1.99 1.4 I .99 .70 

t/J I I 4.85 2.91 2.04 1.43 1.01 .71 .50 

t/J 22 4.09 2.52 I. 76 1.24 .88 .62 .44 

E: 
6 I I 4.73 2.83 I. 98 I. 39 .98 .69 .49 

E: 622 2.57 2.51 I. 76 I. 24 .87 .62 .44 · 

E: 631 1.62 I. 96 I. 37 .96 .68 .48 .34 

E: 633 4.40 3.21 2.25 1.58 I. 12 .79 .56 

E: 642 .34 1.63 I. 14 .80 .57 .40 .28 

E: 644 3.07 2.71 1.90 1.33 .94 .66 .47 

é 
6 I I 2.80 3.16 2.21 1.56 I. 10 .78 .55 

é 622 264.89 113.08 79.14 55.68 39.27 27.73 19.60 

by a factor N-! is clearly visible. 

From the same table it can also be seen that,given a sample 

covariance matrix for Model l,s 17 parameters have to be estimated. 

The first element of the vector w is " I with a population value of 

.98, the second element of ~ is " 2 with a population value of .92, 
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and so on. It can be noted that w4 is express ed wit~ a negative sign; 

this is due to the LISREL-III output which gives - B instead of B. 
Model 1 has k = 6 observed variables, which makes the number of 

different elements in ~ equal to kek + 1)/2 = 21. Since there are 17 

parameters to be estimated for a given ~, the number of de grees of freedom 

for the goodness of fit statistic is equal to 2 1 - 17 = 4 (see page 19 

for the theoretical treatment). 

The Monte Carl o r esults for Model 1 with N = 25, 50, 100, 200, 

400, 800 and NR = 100, 300 are surnrnarized in the next sec tion. 

4. 2b ResuUs 

First a brief summary and concZusions are given. In this chapter 

and in chapter 7 pages with detaiZed presentation of results are 

rnarked by an asterisk. Quick readers may skip these pages. 

Summary and concZusions 

For N ~ 200 every replication leads to a convergent solution. For 

N ~ 100 there is a severe danger of improper solutions. When N ;:. 2 00 no 

bias of importance is found for parameter estimates as weIl as for 

estimates of standard errors. Standard errors are systematically over

estimated. For N ~ 200 the results with respect to confidence intervals 

f or individual parameters and for the mean of standardized parameter 

estirnates are within expectation. When N.:'i 1.00 it appears that the 

assumption of norrnality for the standardized parameter estimates is 

clearly violated. Regarding dependencies among parameter estirnates for 

N ~ 2 00 only small differences with the asymptotic correlations are found. 

All the preceding distributional characteristics behave bet ter with 

increasing sample size. The chi-square estirnate for goodness of fit, however, 

did not clearly show a systematic improvement with increasing N. The 

distribution of this estirnate has a light tail with small N, and a some

what heavy tail with large N. For all estirnates frequently outliers are 

found among the replications. 

It can be concZuded that for this model LISREL is quite robust 

when N ~ 200, and not robust when N ~ 50. 
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For N=50, and N= 100 a separate comparison of the incZusion and 

exclus ion strategy revealed th at the Monte Carlo results are not 

systematically closer to theory when improper cases are included 

rather than excluded . This is not what we expected when it was kept 

in mind that the distribution of the s~bset of samples ~ under exclusion 

of improper cases is less close to a Wishart distribution. Sample size, 

and the occurrence of outliers, which may be removed under exclusion of 

improper solutions, also play a role . On the basis of the limited 

comparisons it cannot be concluded that LISREL is gene rally more robust 

under an exclusion strategy . 

Details 

Because Model I was the one studied firs~ , it served as a basic 

model for deciding how large the number of replications and the range 

of sample size would be for other models as weIl. We started with NR=IOO, 

and with sample sizes N=25, 50, 100, 200, 400, 800. On the basis of the 

results thus obtained it was decided to drop the N=800 case for sub

sequent Monte Carlo work [see section 4 .I (i)]. For reasons discussed 

in section 4. I(ii) the number of replications for Model was raised to 

NR=300; i.e. af ter having seen the results for the first hundred 

replications another 200 were added. 

The main emphasis of the results for this model will be on the 

combined NR=300 case, and on the case where N=800 is omitted. However, 

we like to offer some justification for raising the number of replications 

from 100 to 300, and for excluding results for N=800 . Therefore, occa~ 

sionally, results on the basis of NR=100, including N=800, will be given. 

(In Boomsma, 1982b, more information ean be found.) Note that unless 

indicated otherwise NR is assumed to be 300 in all tables and graphs 

of this study. 

First, attention is paid to the occurrence of non-convergence 

(see Table 4 . 2 . 3) . Note for N = 25 the number of 85 non-convergent repli

cations before 300 convergent solutions were found [100(85/385) = 22.1%]; 

with NR=300 that number was 18 and 2 for N=50 and N=100, respectively. 

For N ~ 200 all replications led to a convergent solution . 
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Table 4 . 2 . 3 The percentage of non- convergence . 
See section 3. 3a . Model I 

N NR= 100 NR=300 

25 22 .1 % 22 .1 % 

50 5. 0% 5 . 7% 

100 0.8% 0. 7% 

~ 200 0 % 0 % 

From Tab l e 4 . 2 . 4 it follows that t her e is a danger of improper 

so l utions , even for a sample size as large as 200. The frequency of 

occurrence depe nds on whe t her the population value w
i 

is close to zero . 

Table 4 . 2 . 4 The percentage of negative estimates of variances , with 

in itaZics the minimum of the estimate, across 300 repZications . 

See section 3. 3a . A bZank means 0% . {rounded vaZues) 

Model I 

sample size 
para-
mete r 

25 50 100 200 400 

1jJ I I 1% - 5 . 0 0 . 6 1.5 2. 3 3. 0 

1jJ22 4% - 6 . 1 0.3% - 1. 0 1 . 1 1 . 9 2. 3 

E: 
8 11 11% - 25 . 7 4% - 36 . 8 0 . 3% - 0 . 7 2. 0 2. 8 

E: 822 19% - 31 . 1 14% - 26 . 7 7% - 13 . 3 2% - 3 . 0 0 . 6 

E: 
8 33 

18% - 58 . 0 8% - 12. 5 1% - 0 . 8 0 . 4 1 . 3 

E: 
8

44 
15% - 56 . 8 14% - 8 . 8 5% - 18 . 9 0 . 37- - 0 . 9 1 . 1 

/) 
8 11 25% - 107 . 6 16% - 140 . 0 9% - 10 . 9 3% - 1 . 7 0 . 4 

w. 
~ 

4. 8 

4. I 

4 . 7 

2 . 6 

4. 4 

3. I 

2.8 

/) 
822 7% - 2395 . 7 1% -241. 5 0 . 3% - 71 . 4 124 . 0 193 . 7 264 . 9 
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If a researcher wants to avoid impraper solutions, without changing the 

model, it is very doubtful whether a sample size smaller than 200 is 

adequate . 

In section 3.3a it was indicated that within one replication more 

than one variance may have a negative estimate. Table 4. 2 .5 gives results 

for Model I where 8 out of 17 parameters are variances. For N=25 27% of the 

300 replications show two or more negative estimates; for N=IOO this 

number drops to 3% and for N=400 to 0%. 

Table 4.2.5 The reZative frequency distribution of the number K out of 

8 varianees with a negative estimate . 

See section 3. 3a . A bZank means 0% . 

Model I 

sample size 

K 25 50 100 200 400 

0 32.0% 60.0% 80.3% 95.7% 100% 

41 . 3% 25 .3% 16.3% 4.0% 

2 20 .7% 13.0% 3.3% 0.3% 

3 6.0% 1.7% 

~4 

In section 3.3a it was also announced that for this model a cam

parison would be made between the results where replications with nega

tive estimates of variances are incZuded and results where they are 

excZuded. This has been done only for a sample size of 50and 100 (for 

N=25 it was unattractive, given the percentage of non-convergence and 

the frequency of imp raper cases). Therefore, same of the following 

tables also give results obtained by the exclusion strategy. They are 

indicated by 50EX and 100EX. In making camparisons between the columns 

50 and 50EX, and between 100 and 100EX, the reader should be aware of 

the fact that for 50EX and 100EX the number of replications is 180 and 241, 

respectively, and not 300 (see Table 4.2.5). 

Now further results are presented. 

In Table 4.2.6 the bias of parameter estimates is indicated 

(NR=300). For N ~ 200 there is na bias of importance; for N~ 100 negative 

* 
58 



E: as weIl as positive bias is found. Note the &rong underestimation of e
42 

for which many negative estimates are obtained, and the effect when 

replications with improper solutions are excluded. In general the 

exclusion strategy leads to a small decrease in bias (especially for N=50) , 

and to a relative decrease in variance and mean squared error, when the 

quanti ties of formula (3.2 )(page 35 ) are compared among both s trategies. 

If the bias is approached by means of M-estimators results are 

improving (see Table 4.2.7). Apart from parameter e ~2 there is only a 

relative small negative bias for all sample sizes. The comparison of 

Table 4.2 . 6 with Table 4.2.7 is indicative for outliers among the 300 

observations. 

From Table 4.2.8 it can be seen that with NR=IOO at least for some 

parameters the picture would be too optimistic compared to Table 4.2.6. 

For N=800 no bias is found. Bath findings support the decision for 

NR=300 and for the deletion of N=800. 

The bias of estimates forstandard errors (see Table 4.2.9) is 

relatively larger than that of parameter estimates. For some parameters 

(e.g. ~ and e~l) it is very large when the sample size is smaller than 

100. With N~ 200 there is hardly any bias left. There is a systematic 

overestimation of standard errors for all parameters. The bias under the 

inclusion strategy is larger than that under the exclusion strategy. 

If M-estimators are used for evaluating the bias of standard errors 

(see Table 4.2.10) there is a clear improvement. Not only a small bias 

~s found for N ~ 50 now, but we can also claim that for N ~ 100 no bias 

is found. Note that M- estimates show a systematic underestimation 

when the bias is of any importance. A comparison of Table 4.2.9 and 

Table 4 . 2.10, therefore, leads to the conclusion that among 300 obser

vations outliers are present in the right tail of the distribution of 

estimated standard errors. 

In Table 4.2.11 confidence intervals for parameters are analyzed . 

There is a gradual improvement with increasing sample size. For N >., 200 

results are within the expected range from -2 to 2. These findings for 

NR=300 disclosed that results of the first NR=IOO replications (see 

Boomsma, 1982b)were somewhat misleading: for the larger sample sizes 

in the first 100 replications more deviations were found than with the 

additional 200 replications. 
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Table 4 . 2.6 Bias of parameter estimates . 

See section 3. 3b : IO [ (~i/wi)-I ] • where Ul i is the trUB ooZ.ue and Wij 

the estimated averoge acl"088 300 repUcations . Reading exampte : an 

entry -2 means ~i/wi • . 8 . 

Model I (NR- )OO) 

sample size 

paramete r 25 50 100 200 400 50EX 100EX 

ÀI 

À2 

À) 

- B 

YI 

Y2 

+11 

+22 
-I - I 

e~ I -2 - I -I -I 

e~2 -3 - 2 -I 

6;, - 3 - I -I - I 

a;3 -4 -I 

e ~2 -12 -8 - ) -I - I -2 "2 

a~4 - 4 -2 - I 

a~ I - 6 - 5 - I - I 

a~2 - 2 -I -I -I - I 

Tab Le 4 . 2 .7 Bi as o f parameter estiTrt:J.tes . 

See section 3 . 3b : I O r (wi~/w i )-I J • where wi is t he true va l ue and W~J 
the es t i mate based on Hampel 's M-estima te . Reading e:r:anp le : an ent ry 

- I means wi~/wi "" .9 . 

Mode l I 
samp l e s i ze 

parame t e r 25 50 100 200 400 50EX 100EX 

À I 

À
2 

- I 

À) 

-B 

Y I -I 

Y2 
- I -I 

-I 

" 11 
- I -I 

"22 
- 2 - 2 - I - 2 

e ~ I - I - I -I 

e~2 -I 

e~ 1 - 2 -I -I -I 

e~3 - I 

e~2 - 4 -I -I -I 

e~4 -I 

a~ I 
a~2 -I - I -I -I -I 

I 



Table 4.2.8 Bias of parameter estimates . 

See section 3. 3b : 10[(@ . . Iw.)-I] , where w~ is the true vaZue and @ .. 
~J ~. LJ 

the estimated average across 100 repZications . Reading exampZe : 

an entry 1 means @ . . Iw. = I. I . 
~J ~ 

Model I (NR=IOO) 

sample si ze 

parameter 25 50 100 200 400 800 

" I 

"2 2 

"3 2 

-s 

YI 

Y2 

~ 3 2 

lJi ll 2 

lJi 22 3 -J 

E: 
6 II -2 - 2 

E: 622 
-2 -2 -I 

E: 63 1 
-6 -2 

E: 633 
-6 -2 

E: 642 
-7 -5 -6 -I 

E: 644 
-4 -2 -2 

Ö 
6 11 

-6 -6 

Ö 
622 

- 2 -I 
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Table 4.2 . 9 Bias of estim:ztes for standard erro1'8. 

See section 3.30: IO[(je ... Isê )-1], WhBI'e 
_ Wij wi 

error and s"'e... the estimate averaged acroSB 
Wij 

e:r:.ampLe : an entry 12 means le... /s""e - 2.2. 
w. . W. 

1J 1 

parameter 25 50 )00 200 400 

1) )2 

1
2 

)5 

À3 

-8 29 

y) 

Y2 22 

)5 25 

tIl 

+22 )2 

e~ I 

e~2 

0;) 

0;3 

°:2 

°:4 
)0 

o~ ) 20 33 

0~2 

s"'e is the tnle s tandard 
wi 

300 rep l ications. Reading 

Model I 

50EX )OOEX 

-) 

-) 

-) 

Table 4.2.10 Bias of estimates for standard e1"l'01'8 . 

See section J . 3e : IO( (s"'e~ /s""e )-1] t /Jhel'e se 
H ~ ~ ~ 

and s"'e,... the e8 timate based On Hampe t ' 8 ~e8 tima te . w .. 
1J H 

entry - I means s'"'e... Is"'e -.9 . 
w . . W. 

Reading e:campZe : an 

is the true va lue 

1J 1 

Model I 

~G..,.."'C 0 ...... 

parameter 25 50 )00 200 400 50EX )OOEX 

1) -) -) -) 

1
2 

-2 -) 

À3 -) -) -) 

-8 

Y ) - ) -) 

Y2 

-2 -) -) -) 

,,)) 

"22 -) -) 

8~ 1 
-) 

e~2 -) -) -) 

e~1 
0;3 -) -) 

°:2 
-) -) 

°:4 
-) -) 

e~ I -3 -) -) -2 -) 

0~2 -) -) 

I 
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Table 4 . 2 . I 1 Confidence inteMJals f or paroameters. 

See section J.Jd: percentage outside aarosB JOO intel'lJals, minus five . 

Reaeling example : an er/try - J means that J am:mg 300 l'€pliaations, 

21 is outside the 951 inteMJals . 

Model 1 

samp l e size 

parameter 25 50 100 200 400 50EX 100EX 

À I 

À
2 

-I -) -I 

À) -I -I -) -) 

- 6 -I -I - I 

YI 
- 4 

Y2 - 2 -I 

-I 

~ II 

~22 

e~ I - ) - ) - I -) -) 

e~2 - 4 -2 -I -2 -4 - 2 

8~ 1 -I - 2 - ) 

a;) -2 - ) -I -4 -) 

a~2 - I - 2 - 2 - I - ) 

8:4 - ) - 2 - 2 -I -2 - 4 - ) 

a~ I -) - I -I - 2 I ' 

a~2 

Table 4.2. 12 Confidence intervals fo r the mean of standcm:iized 

pa:rameter estimates qij' 

See section J . Je . Reading excurrp le : an entry R means that the population 

value of zero is to the right of the 95% interval, ar/ entry L means that 

it is to the left . 

Model 1 

parameter 25 50 100 200 400 50EX 100EX 

À I R R 

À
2 

À) 

-6 

Y I 

Y2 

R R 

~ II R R R R 

·22 R R R R R R 

e~ 1 R R R R 

e~2 

e~ 1 

a;) 

e:2 
L 

e:4 

a~ I L 

a~2 



Results about confidence intervals for the mean of standardized 

parameter estimates are shown in Table 4.2.12. As explained in section 

3.3e, this symmetrie interval around the mean across replications of 

q .. = (w .. - w.)/sê~ should cover the true value of zero with confidence 
~J ~J ~ Wij 

0.95. For N=25,50 the outcomes are worst, while for N=200 they look 

best. For the parameter ~22 the true value of zero lies to the right of 

the 95% interval for the whole range of sample sizes, up to 400 (note 

that results for different sample sizes are independent). Results of the 

first NR=IOO replications (see Boomsma, 1982b) showed fewer deviations for 

all sample sizes than with the additional NR=200 replications. For N=IOO 

the exclusion strategy leads to worse results than the inclusion strategy. 

Where the value of zero is outside the c.onfidence interval for an indi-

vidual standardized parameter estimate, it is systematically on the same 

side (R or L), irrespective of sample size. This is an indication of a 

systematic bias . 

In Table 4.2.13 results of a normality test for standardized 

parameter estimates are given. For N ~ 100 the hypothesis of normality 

is clearly violated (for a = .20 and a = .05 the critical values are 

approximately 6 and 9 respectively; see Table 3. I, page 40). Some 

parameters (e.g. YI , ~II and ~22) behave extremely bailly in small samples, 

others (e.g. e;l)are doing unexpectedly weIl over the whole range of N. 

The NR=IOO replications for sample size N=800 (see Boomsma, 1982b) showed 

no drastic, but some improvement compared to N=400. The general picture 

with NR=IOO was somewhat more favorable than with NR=300. For the cases 

where improper solutions were excluded no normality test was performed. 

Given the discussion in the preceding paragraphs it seems worthwhile 

to look at some graphs of the empirical distribution of standardized 

parameter estimates. Figure 4.2.2 gives the results for Y
1 

with N=IOO, 

showing the presence of outliers in the right tail of the histogram and 

their clear effect on the QQ-plot. Figure 4.2.3 gives similar graphs 

for - ~ with N=200. For larger N the plots of these parameters (not 

reproduced here) look better. 

As discussed in section 3.3h there are dependencies between estimates 

of different parameters. From the estimates of the asymptotic,true values 

of the correlations P
E 

it appears th at negative and positive P
E 

occur in 

about the same frequency. The relative frequency distribution of the 
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Table 4 . 2.13 NormaZity test for standardized parameter estimates q .•• 
~ J 

See section 3. 3f: 1000( I- W' ), where w' is a test statistic for normaZity 

(Shapiro & FranciaJ ; t means P .::: .0 I, * means . 0 I < P ~ . 20 (approximateZyJ . 

Reading exampZe : an entry 27 1 means W'=. 729 , indicating ext r eme 

non- norma Zi ty . 

Model I 

sample size 

pa rameter 25 50 100 200 400 

À I 70t 79 t 25 t 13t 9* 

1.. 2 57 t 53t 26t 10* 27t 

1.. 3 28t 29t 17 t 5 8* 

- 13 19t 50t 16 t 19t 6* 

YI 271 t 72 t 69t 5 4 

Y2 79 t 18t 16t 16t 6* 

~ 97t 131 t 24t 16 t 9* 

WI l 142 t 63 t 37t 22t 20t 

W22 
307t 74 t 26t 19t 15t 

e: 9 11 13t 7* 3 2 

e: 922 19t 26t 14t 4 6* 

e: 
931 6* 6* 2 4 4 

e: 933 8* 4 9* 4 13t 

e: 942 9* 7* 10* 5 8* 

e: 944 18t 14t 7* 6* 7* 

Ó 
9 11 24t 40 t 36t 17t 8* 

Ó 922 28t 18t 15t 4 5 
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Figure 4. 2 . 2 Histogram (with standard normaZ density functionJ and QQ- pZot 

of standardized parameter Yl for N=100 . 

* 
66 

-



§ 
11.. 

'" IU 
...l 

...l a: 
u ... 
6 

t..oRHR.. DISTR. 
0.'1'1 

OO-PLOT 
3.3r------r------r------r------r------v-----, 

2.2 

1.1 

0.0 

N-
NA= 

HER-
5.0= 
SKH= 
KTS= 

200 
300 
-0. OS 

1.00 
0. 117 
11.08 

I 
~ -1.1 ... 

-2.2 

-3.3 -1:;3""'. 8:-'---.,..I;;------..."----.,,...------. ... ----"----....,~"'.·6 

Fi gure 4 . 2 . 3 Histogram (with standard normal density f unctionJ and QQ- plot 

of standardized parameter -§ for N=200 . 
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absolute values of the true correlations P
E 

is as follows: 37% less 

than 0 .1, 24% between 0.1 and 0.3, 15% between 0.3 and 0.5, 18% between 

0.5 and 0.7, and 8% exceeding 0.7 . In Table 4.2.14 some of the highest 

IpEI are compared with the observed correlations across 300 replications. 

Clearly the observed correlations vary with sample size. The differences 

between observed and expected values get smaller with increasing sample 

size. For N 'l 200, with only one exception, all differences are in the 

second decimal place. With N=400, for almost every pair of parameters 

presented, the asymptotic correlations are somewhat larger than the 

observed ones. 

Table 4.2.15 gives the product-moment correlations between each 

parameter estimate and its corresponding standard error. The difference 

between the correlation in a small sample (like N=25) and in a large 

sample (N=400) can be very substantial : for - 6 , the correlation 

coefficient is 0.8 and -0.3, respectively. For almost all parameters 

the differences between correlations for N=200 and for N=400 is na more 

than O. I. The results with NR=IOO (see Boomsma, 1982b)show th at such 

differences are somewhat larger over the sample size range from 200 

to 800, but still for half of the parameters na more than 0.1. The 

exclusion of impraper cases can lead to very drastic differences compared 

to the inclusion strategy: the correlations for the variances tend to be 

smaller when cases are excluded. 

In Figure 4.2.4 for parameter À2 the scatterplot of p~rameter 

estimates and estimates for standard error is shown (N=IOO). The 

observed correlation is 0.89; note the outlier in the upper-right part 

of the plot. 

The resultsfor the goodness of fit statistic are given Ln Table 

4.2.16. With respect to the sampling statistics presented there, no 

systematic improvement with increasing sample size is found. If the 

standard errors of these statistics are taken into account na dramatic 

deviations from the expected y'alues occur for each of the sample sizes. 

For small N the tail of the observed distribution is toa light, for 

N=400 it is clearly toa heavy. Inspection of QQ-plots for N ~ 100 

reveals small differences between results for these three sample sizes. 

Apart from the heavy tail, the picture is best for N=400 (N=IOO shows 

same extreme outliers wieh values around 19.0). 
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Table 4 . 2 . 14 Same dependencies am:mg pal'l:2meter eutimates . 

See section 3.3g : 100(1 60 1 - IpE I), where 60 - 6(wi ,wi ') and PE ·P(Wi,Wi') are 

the observed and ooymptotic Pea1"son pl~oduc:t-momen i C01"1"e la tions ,1"espeC!tive ly. 

Reading eramp!e : an entry 9 mcans Ipol - IpEI - .09. 

Model I 

- -- ----
~i ~. p(w i ,wi) 25 50 

1 
100 200 400 50EX 10DEX 

~ I B~2 -.77 9 14 9 5 2 -8 -8 

~2 e~4 - . 79 12 4 13 2 -3 -19 -4 

~ 3 B~ I .76 -44 -36 2 4 0 -17 0 

- 8 
'2 

- . 61 19 8 I -I -I 12 7 

, I B~ I - .5 7 - 28 -25 I 0 -2 -12 - 6 

'2 B~ I - .33 - 22 -21 -3 -6 0 -21 -8 

• B~ I -. 73 23 25 11 5 2 -IJ -I 

°11 ~ I -.62 -25 -17 -5 I -6 -10 -I 

-22 ~2 -.65 - 36 -8 -11 -2 -2 -1 2 -7 

e~ I e~2 - .6S -16 -14 - 3 5 0 - 12 -7 

e~2 B~2 .65 19 0 10 5 - 6 -9 -5 

e~ 1 e~3 .68 -11 8 5 I 0 -14 -3 

e~3 ~2 .76 -36 -6 - 3 -2 -I -20 -I 

e~2 e~4 .68 9 2 7 3 -1 3 - 26 -4 

B~4 e~3 -.74 -28 -2 -I 3 - 5 -14 - 2 

B~ I é12 - .54 -25 -25 7 8 -I -20 I 

e~2 ~3 -.58 30 9 9 5 -3 -11 0 

Table 4.2. 15 Depende.ncies between par>ameter estimates and their corre-

sponding B tandani error. 

See section 3.3h : Pearson pY'Oduct- moment correlations i)(w .. , s-e_ 
1.J Wi j 

uased on 300 observations . {POunded values) 

Mode l I 

sa ie size 

paramete 25 50 100 200 400 50EX 100EX 

~ I .8 .9 .9 .8 . 8 .7 . 8 

~2 . 9 .8 .9 .8 . 7 .6 . 7 

~3 . 8 .7 .6 .6 .6 .6 . 6 

- 8 . 8 -.1 -.3 -.3 -.3 -.0 -.3 

, I -.6 -.7 -.6 -.6 -.6 - .7 - . 6 

'2 
-.7 -.2 -.4 -. 3 -.5 -. 5 -.3 

.9 .9 .7 .7 .8 .7 .8 

°11 
. 8 .8 .9 .9 .9 .8 .9 

°22 
.6 .7 . 9 . 9 .9 .7 .9 

e~ I -.7 -.7 -. I -.1 .1 -. I -. 2 

e~2 - .7 -. 8 -. 8 -.6 -.6 -.3 -.4 

e; 1 -.6 -.5 .1 . 0 .1 . 0 .0 

e~3 - .9 -.6 -. 3 -.3 -.2 - . I - . 4 

e~2 - . 8 -.6 -.7 -.4 -.3 -.2 -. 2 

e~4 -. 8 -.7 -.8 -.5 -.5 - . 2 - . 3 

e~ I -.9 -.9 -.8 -.7 -.7 - . 3 -. 5 

B~2 - .8 -. 2 -.0 .2 . 4 .2 .2 
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Figure 4.2.4 Scatterplot of the relation between the parameter 

estimate À2 and its corresponding estimated standard error for 

N=IOO; P(~2' sê~ ) = 0.89 based on 300 observations . 
2 

The question is whether the relatively small standard deviation 

for N=25,50,100, compared to the results for N=200,400, might be due 

to the occurrence of the large number of non-convergent replications 

for small samples sizes, leading to astrong selection of sample 

covariance matrices compared to samples of large size. The results 

gathered under the exclusion strategy are very close to those when 

no replications are excluded, and even bet ter when the larger standard 
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Table 4.2 .16 Distributional characteristics of the chi - square statistic 
2 for goodness of fit corrrpared to the values expected under the x
4 

diatribution . 

See section 3. 3i . 
Model 1 (NR=300) 

observed minus expected value 
2 N med. mean s .d. ske. kur. X4 

> 9.49 P(KS) 

25 -. 2 -. 3 -.4 -.3 1.9 3% .08 

50 -.2 -.3 -.1 .2 1.4 4% . 23 

100 .1 -.0 .0 .3 1.8 4% .92 

200 .4 .4 . 2 -. 3 -1.9 6% .03 

400 .1 .3 .4 .\ -.9 8% .19 

50EX -.2 -.3 -. 2 -. \ -.8 3% .44 

100EX -. \ -. 2 -. 0 .5 3.3 3% . 26 

expected 3.4 4.0 2. 8 1.4 6.0 5% .50 
value 

standard error .2 . 2 . 2 .3 2.5 
of observed 
value(NR=300) 

Table 4.2.17 DistributionaZ characteristics of the chi- square statistic 
2 for goodnes s of fit corrrpared to the vaZues expected under the X
4 

distribution. 

See section 3. 3i . Model I (NR=IOO) 

observed minus expected value 
2 N med. mean s.ci . . ske. kur. X4 

> 9.49 P(KS) 

25 -.5 -.6 -.6 -.4 -2.5 2% .07 

50 -.3 -.3 -.0 -.3 - 2 .5 6% .23 

100 .3 .1 .0 .6 4. I 3% .68 

200 .7 .6 .0 -.5 -2.5 4% .05 

400 .1 -.2 -.4 -.6 - 2.7 3% .74 

800 .2 -. I -. 2 -.4 -1.8 3% .89 

expected 3.4 4.0 2.8 1.4 6.0 5% .50 
value 

standard error .3 .3 .3 .6 4.4 
of observed 
value (NR= 100) 
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Figure 4.2.5 Histog~am (with X4 density functionJ and QQ- plot of the goodness 

of fit statistic fo~ N=200 . 
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errors are taken into account (NR=180 for N=50EX and NR=241 for 

N=IOOEX). The results for goodness of fit seem thus little affected 

by the inclus:Lon of improper cases. 

In Figure 4 . 2 . 5 the histogram and QQ-plot for N=200 is presented 

showing a lack of observations at the left of the expected mean and a 

slightly heavy tail. 

The results for NR=IOO are given in Table 4.2.17. There is little 

difference between the results for N=800 and those for N=400, although 

the first ones are somewhat better . In the comparison of Tabl~ 4.2. 16 

and 4 . 2.17 differences in standard error should be taken into account. 

4. 3 Model 2 

4. 3a Model des cripti on 

The second model to be studied appeared as example four in the 

LISREL-IV manual (Jöreskog & Sörbom, 1978), while it has also been 

discussed by Jöreskog (1977, 1982) and Saris (1979b).The model originates 

from a study by Duncan, Halier & Portes (1968), who were concerned with 

the hypothesis that adolescent boys influence each other in forming 

their occupational and educational aspirations. Their analysis was based 

on a sample of seventeen-year-old boys (the respondents) in the state 

of Michigan (U.S.A.) during 1957 . For 329 of these high- school students 

data were also gathered for persons listed as a "best friend" (peer). The 

hypothesis of the authors was that respondents and their best friend had 

a reciprocal influence on their decisions for occupational and educational 

choice. Therefore they interpreted the verbalized educationaZ and 

occupational aspirations (observed variables) as two indicators of the 

construct ambition (latent variabie), and specified a reciprocal 

causation between the ambitionsof respondent and best friend. As such 

the model can be described as a non- recursive model, in contrast to 

the recursive structural equation system of Model I. At the same time 

the latent variabie ambition is treated as an effect of three other 

observed variables: parentaZ aspirations, inte ZZigence and socioeconomie 

status (for details see Duncan, Halier & Portes, 1968, p . 121). Whereas 

the observed indicators for the latent variabie ambition have a measure

ment error, by definition the latter three observed variables are treated 
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as being identicaZ to the corresponding latent variables, thus having no 

measurement error. 

The resulting model, which is analogous to Model 111 as described 

by Duncan, et al.(o. ç, p.) 30) is depicted in Figure 4.3. I. Since the 

t RESPONDENT '$ Ti 
PARENTAL ASPiRAT10N ~ ~I RESPONDENT 'S 

1
2 

I~ 
RESPONDENT 'S OCCUPATIONAL ASPIRATIQN 

RESPONDENT '$ 

~ INTELLIGENCE AMBITION 
RESPONDENT '$ ' 2 

~ 
EOUCATIONAL A$PIRATION --RESPONDENT 'S 

I~ ,~!,,~o, 
SOCIOECONOMIC STATUS 

BEST FAlEND 'S 
SOCIOECONOMIC STATUS· 

~ 
BEST FRIEND '$ ~ 
OCCUPATIONAL ASPIRATIQN 

BEST FAlEND '$ 
INTELlIGENCE 

.Á2 BEST FAlEND 'S ~ 
.-2!-- AMBITION - EOUCATIONAL A$PIRATION 

BEST FRIEND 'S 
PARENTAL ASP1RATION 

t 
~2 

Figure 4.3.1 Model 2: Peer influence on aspiration. 

number of variables in this model is quite large an overview of them is 

given in Table 4.3.1. Next, additional remarks concerning the structure 

of Model 2 are given. 

First, if the latent independent variable ~i is taken to be 

identical to the observed random variable Xi (i=I, .•• ,6) and if the 

distribution of x = ~ is unconstrained, it follows th at the maximum 

likelihood estimate of ~ equals the covariance matrix of x: ~ 
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Table 4.3.1 Explanation of observed and latent variables in Model 2 

(peer influence on aspirationJ . 

YI respondent's occupational aspiration 

Y2 respondent ' s educational aspiration 

Y3 
best friend's occupational aspiration 

Y4 best friend's educational aspiration 

xI - 1; 1 respondent's paren tal aspiration 

x2 - 1;2 respondent's intelligence 

x3 - 1; 3 respondent's socioeconomic status 

x4 - 1; 4 best friend's socioenonomic status 

x5 - 1; 5 best friend's intelligence 

x6 - 1;6 best friend's parental aspiration 

"I 
.. respondent's ambition 

n2 best friand's ambition 

For this reason, when using LISREL x is specified to be fixed (cf . 

Jöreskog & Sörbom, 1978). Since ~ = I; this model can be interpreted 

as a MIMIC model, in which Multiple Indicators and MultIple Causes of a 

single latent variable appear (cf. Jöreskog & Goldberger, 1975; Saris, 

1979b;Chen, 1981, for diseussions of sueh models). 

Secondly ,the parameters of the two paths between respondent's and 

best friand's ambition are eonstrained to be equal [ S ~ S I = S2] , 

while the eovarianee of the disturbanees is fixed to zero 

It is furthermore assumed that the eovarianees 

between the measurement errors of the observed variables Yi are zero, 

whieh means that ~~ is a diagonal matri x. The seales for n l and n2 
are also fixed to be the same as for YI and Y3' respeetively, by 

setting the eorresponding À-values equal to one. 

For further details of Model 2 the reader is referred to the 

literature eited earl ier in this seetion. 

In the original sample of 329 observations the distributions 

of the observed variables were normalized to a mean of zero and a 

varianee of one. Given the original observed sample of eovarianees 

(eorrelations) for the model speeified above, the overall goodness of 
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2 
fit gave Xl7 = 26.96 (P = .06). For reasons already discussed on page 53 

the original sample covariance matrix S was sli ghtly adjusted in order 

to arrive at the true population covariance matrix L, which is presented 

in Table 4.3.2. 

Table 4.3.2 The population covarianee matrix L of Model 2 (peer 

influence on aspira t i onJ . 

YI 1.000 

Y2 .623 1.000 

Y3 .334 .359 1.000 

Y4 .307 .330 .640 1.000 

xI .228 .246 .094 .086 1.000 

~2 .389 .419 .265 .244 .184 1.000 

x3 .369 .397 .304 .280 .049 .222 1.000 

x4 .229 .246 .403 .371 .019 .186 .271 1.000 

x5 .253 .272 .528 .486 .078 .336 .230 .295 1.000 

x6 
.108 .116 .270 .249 .115 .102 .093 -.044 .209 1.000 

YI Y2 Y3 Y4 XI x
2 x3 x4 x5 x6 

Although ~ is a correlation matrix here, the reader is reminded 

that sample covariance matrices are generated from a multivariate 

normal distribution having this population correlation (covariance) 

structure, without standardizing each resulting S to a sample 

correlation matrix. 

Given ~(Table 4.3.2) and the true population model (Figure 4.3. I), 

it is known how large the population parameters and their standard 

errors for different sample sizes are. Table 4.3.3 shows the population 

parameters, and the population standard errors for N=25,50,100,200,400. 

For Model 2 there are s=17 parameters to be estimated. The first 

element of ~ is À\ with ä population value of 1.08 and the last element is 
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Table 4.3.3 The parameters of Model 2, their population value and the 

corresponding standard errors for N=25, 50, lOO, 200, 400 . 

sample s i ze and s t andard e rrors 

parameter w. 25 50 100 200 400 
~ 

À I I. OS .34 . 24 .17 .1 2 .OS 

À2 .92 . 26 . IS .13 .09 .06 

- 8 -.16 .14 .10 .07 .05 .04 

YI .15 .14 .10 .07 .05 .04 

Y2 .26 .15 . II .OS .05 .04 

Y3 
. 24 .16 .11 .OS .05 .04 

Y4 .05 .15 .11 .07 .05 .04 

Y5 .OS .15 .11 .OS .05 .04 

Y6 .25 .15 .11 .OS .05 .04 

Y7 .36 .16 .11 .OS .06 .04 

YS • IS .14 .10 . 07 .05 .04 

1jJ II .2S .17 .12 .OS .06 .04 

1jJ 22 .27 . 17 .12 .OS .06 .04 

E: 8 11 .42 .19 .13 .09 .07 .05 

E 822 .33 .19 .14 .10 .07 .05 

E 833 .30 .17 .12 .OS .06 .04 

E 844 .41 .17 .12 .OS .06 .04 

I 
I 

I 

: 

I 

I 

I 
I 

, 

, ! 
1'1 
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the varianee of the measurement error of Y4 (best friend's educational 

aspiration), with a population value of 0.41 and a standard error of 

0.12 for N=50. Because there are k=10 observed variables the number of 

"different" elements in ~ equals k(k+l)/2 = 55. The identity relation 

between ~ and ~ implies that for the determination of the number of 

degrees of freedom it does not matter whether x is considered to be 

random or fixed (cf. Jöreskog & Sörbom, 1978). In both cases the 

sample covariance matrix of x (S , with 21 different elements) will 
-xx ~ 

be equal to the corresponding estimated population matrix L , which 
-xx 

is part of ~. For these reasons, the number of degrees of freedom for 

the goodness of fit statistic is 55-21-17 = 17, whether ~ is considered 

to be random or fixed. 

Given the results for Model I it was decided to choose as sample 

sizes for Model 2 N=25,50,100,200,400, while the number of replications 

remained NR=300. In the next section results for Model 2 are presented. 

4. 3b Resu Us 

A summary and conclusions are given first. Pages indicated by 

an asterisk refer to the detailed presentation. 

Summary and concZusions 

Convergence problems occurred only for N ~ 50, while improper 

solutions were serious for N=25 only. For most parameter estimates 

no bias of importance is found when N 7 100; also, the bias of 

estimates for standard errors is almost gone when N ~ 100. The behavior 

of confidence intervals for parameters and for the mean of standardized 

parameter estimates is bad for N ~ 50. Normality tests clearly revealed 

non-normality when N ~ 50, and show improvement with increasing sample 

size. With respect to the chi-square goodness of fit estimates again 

no overall clear picture is found with increasing sample size, but that 

could be due very weIl to fluctuations in replications (outliers). 

Overall, the distribution of the chi-square estimate has a heavy tail, 

especially with small N. 

Generally, the results for this model are a little better than for 

Model I, and much better when the (relative)percentages of non-convergence 
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and improper solutions are taken into account. 

It can be concZuded that for Model 2 LISREL is clearly robust when 

the sample size is as large as 200. For many properties of most estimates 

N=IOO is still a robust sample size. Definitely a sample size of N ~ 50 

cannot be expected to result in robust behavior of the estimates. 

Details 

The detailed presentation and discussion of results for Hodel 2 

again follows the general sequence as described in section 3.3. 

Convergence problems in the analyses were far less serious than 

with Model I. The percentage of non-convergence (see section 3.3a) was 

6.5% and 0.7% for N=25 and N=50, respectively. For larger sample sizes 

all replications led to a convergent maximum likelihood solution. 

In this model a total of six variances is estimated: the variances 

of the disturbances -1; 1 and 1;2 ' and the variances of the measurement 

errors EI' E2 , E3 and E4' In Table 4.3.4 the relative frequency of 

occurrence of negative estimates for each of the six variances is given, 

together with minimum values. It is clear that,although the population 

values are close to zero, compared to Model I the number of improper 

solutions is small. However, some extreme outliers occur , (e . g . for 
E E 833 with N=25, and for 8 11 with N=50) , whieh affect the results 

for the parameters involved in almost every table presented in this 

seetion. As the percentages in Table 4.3.4 show, there remains a 

serious danger of negative estimates of variances when N=25,50; 

when N ~ 100 the danger is almost gone. 

From Table 4.3.5 it ean be seen that only for N=25 some solutions 

were found, where more than one of the six estimates were negative. 

(Apparent differenees between Tables4.3.4 and 4.3.5 are due to rounding.) 

In Table 4.3.6 the bias of the parameter estimates is presented. 

For N ~400 there is no bias of importance. For N ~ 50 oceasionally, for 

some parameters, eonsiderable bias is found. The M-estimate (see Boomsma, 

1982b)did not show any improvement over the use of the mean as a 

location parameter: for some parameters (e.g. ÀI and 11
2

) it behaved 

better, for others (like ~II and ~22) it behaved worse. 
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Table 4.3.4 The percentage of negative estimates of variances , with in 

italics the minimum of the estimate, across 300 replications . 

See section 3. 3a . A blank means 0% . (rounded values) 

Model 2 
sample size 

parameter 25 50 100 200 400 w. 
~ 

\ji ll 6% - 0 . 2 0 . 0 0 . 1 0 . 1 0 . 2 0. 28 

\jin 9% - 0 . 2 1% - 0 . 0 0 . 1 0 . 1 0 . 2 0. 27 

8E 
6% - 2 . 1 1% 11 - 4. 0 0 . 1 0 . 2 0 . 3 0.42 

E 822 13% - 2 . 8 6% - 2 . 4 0 . 0 0 . 1 0 . 2 0 . 33 

E 833 9% - 12 . 4 1% -0 . 2 0.3 %. - 0 . 1 0 . 2 0. 2 0.30 

E 844 5% -1. 7 0.3% -0 . 0 0 . 1 0 . 2 0 . 3 0.41 

Table 4.3.5 The relative frequency distribution of the number K out of 

6 variances with a negative estimate (NR=300) . 

See section 3. 3a . A blank means 0% . 

Model 2 

sample size 

K 25 50 100 200 400 

54.7% 91.3% 99.7% 100% 100% 

42.7% 8.7% 0.3% 

2 2.7% 

~ 3 

In the same way the mean value of the standard errors is compared 

with its true, population value (see Table 4.3.7). In general no bias 

for N ~ 100 is found. For N=25 the situation is worse, especially 

for the varianees \ji22 and 8~3 ' Using M-estimates here leads to considerable 

improvement, which might be indicative for outliers (see the numbers in 

italics of Table 4.3.7). 
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Table 4.3.6 Bias of pa.1"CD'7Jeter estirmtes. 

See secztion 3 . 3b ; 10 [(~i/wi-I J. whero wi is the true value and 

~ij the es tiTTklted _ averoge aaPOas 300 repZicationB . Reading example ; 

an entr>y 2 means Wij /w i - 1. 2 . 

Model 2 

sampLe size 

parameter 25 50 )00 200 400 

A) 

A
2 

- 6 

Y ) - 2 -) 

Y2 
- ) -) 

Y) -) -) 

Y 4 -4 - 2 -) 

Y5 
-) 

Y6 

Y) -) 

YB 
-) 

")) 
-2 -) -) 

"22 -) -) - ) 

e~ I -) 

e~2 -) -) 

e~3 -2 

e:4 
-) 

Table 4.3.7 Bias o[ est"Ïmates [01' standard el'l'Ol's . 

See section 3.30: 10( (le... /sê ) - I). whe1"e s"'e is the tr>ue standaPd erl'01' 
w . . w. W. 

LJ L L 

alld le_ the estimate averoged aC1'OBS 300 repZications . Reading example: 
Wij _ 

an entry -1 means s-e_ /s-e "' . 9. 
Wij wi 

In italics I O(s-e~ /sê ) -1], where s"'e~ is HCUT1pel 's M-estimate. 
w.. w. W .• 

LJ L LJ 

Model 2 

sample size 

paramete r 25 50 100 200 400 

A ) -2 - 1 

A
2 

-] - ] 

-6 -] 

Y ) -) -] -) - ] 

Y2 
-) -1 -) -1 

Y) -) -1 

Y4 
-) - 1 

Y5 
-) -1 

Y6 
- ) - 1 

Y7 
-) -1 

YB 
-) -1 

") ) 
- 3 - ] -) -1 

"22 
2 ) - 3 -) - 1 

e~ I 2 - 1 

a~2 - 1 2 -] 

e~3 22 -1 - 1 

°:4 ) - ] 



Table 4.3.8 shows that the confidence intervals for the parameters 

behave badly for N=25,50. It is noted that some parameters (e.g. ÀI ) 

hardly improve with increasing sample size, while others (e.g. WIl) 

systematically do better. Generally, there are no drastic differences 

between N=IOO and N=400. 

The confidence intervals for the mean of q .. (Tabie 4.3.9) reveal 
~J 

that with all sample sizes deviations are found for WIl and W
22

• 

Apart from these parameters and some elements of SE the picture is 

favorable for N=200,400. For N=25,50 there are too many deviations from 

theoretical expectations • It is also clear that when the expected value 

of zero is not within the 95% confidence interval, the true value is 

always at the right side of that approximated interval. A first indication 

of this finding could already be gathered from Table 4.3.6, where 

negative biases occur almost everywhere. A further clarification of 

negative bias is found when the mean of q .. is inspected (see Boomsma, 
~J 

1982b).Up to N=400 · there remains an overall tendency to negative bias 

for standardized parameter estimates. 

Results for a normality test on standardized parameter estimates 

q . . are shown in Table 4.3 . 10. Clearly this sensitive, but for our pur-
~J 

poses conservative test, reveals how bad the situation is for N=25,50, 

and how it improves from N=IOO to N=400 . Overall the picture is much 

better than for Model I. 

In Figure 4.3.2 a graphical representation of results for the 

standardized parameter estimate ÀI is given for N=IOO, showing a lack 

of observations in the right tail of the distribution. Likewise in 

Figure 4.3 . 3 similar information is found for - B. The picture here 

is rather favorable; for smaller N the plots (not reproduced here) look 

worse . 

Compared to Model 1 the asymptotic correlations among parameter 

estimates are not very large : the relative frequency distribution 

of the absolute values of these correlatioTISPE is such that 67% is 

less than 0 . 1,25% between 0.1 and 0.3, and 8% larger than 0 . 3. In 

Table 4.3 . 11 some of the highest IpEI are compared with the observed 

correlations Ipol. The differences between observed and asymptotic 

values are larger than in Model I , especially with respect to pairs 

of parameters where variances are involved. Observed correlations may 

* 
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Table 4.3.8 Confidenee inte1'1)al,s [or parameters. 

See section 3.3d: percentage outside acrose JOO intt.!l'vata , minus Jive . Reading 

e%a771ple: an entry 4 means that # among 300 repLicatio1'1S# 9% is outside 

the 95% inteM)Qle . 

Model 2 

sample size 

parameter 25 50 100 200 400 

AI -) -2 -4 -4 

A
2 

-) - 4 -4 -4 

-8 17 

Y I la -2 

Y2 
la -I - I 

Y) 12 

Y 4 

Y5 " -) 

Y6 
-I -I 

Y7 " -I -2 

Ya 

'" 
25 - I 

"22 25 -2 

e~ I 
e~2 

e~3 
6:4 la 

Table 4.3.9 Confidence intervals [or the mean of standardiz.ed parameter 

estimates qij· 

See section 3.3e.Reading e:r.amp7.e: an entry R means that the population 

value of zero is to the right of the 95% inte1"OOl. 

Model 2 

sample size 

parameter I 25 50 100 200 400 

A I 

A
2 

-8 R 

Y I R 

Y2 
R R 

Y) 

Y4 
R 

Y5 
R 

Y6 

Y7 
R R 

Ya 

'" 
R R R 

"22 R R R 

e~ I R 

6~2 R 

e;3 R 

6~4 R R 



Table 4.3.10 NormaZity test for standardized parameter estimates q .. . 
~J 

See section 3. 3f: 1000(I-W'), where w' is a test statistic for normaZity 

(Shapiro & prancia) ; t means P'::: . al, * means . a 1 < P <: . 2 a ( approximate Zy) . 

Reading exampZe : an entry 69 means W' . 931, indicating non- normaZity . 

Model 2 

sample size 

parameter 25 50 100 200 400 

" I 
69t 22t 22 t 13t 3 

" 2 36t 8* 5 3 5 

- 8 9* 7* 4 3 5 

y 1 51t 11* 9* 4 4 

Y2 182 t 23t 11* 2 3 

Y3 47t 53 t 7* 10* 5 

Y4 3 4 5 5 13t 

Y5 7* 3 4 6* 9* 

Y6 55t 3 6* 2 7* 

Y7 136t 11* 7* 4 3 

Y8 28t 4 6* 3 4 

Ijl 1 1 99t 23t 31t 23t 11* 

1j122 157t 62t 33t 15t 11* 

E: 
9 11 53t 17t 18t 16t 3 

E: 
922 18t 8* 4 5 12* 

E: 933 17t 13t 14t 4 3 

E: 
944 50t 3at 13t 14t 8* 
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Figure 4 . 3 . 2 Histogram (with standard normal density function) and QQ- plot 

of standardized parameter ~ 1 for N=100 . 
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Figure 4.3.3 Histogram (with standard normal density functionJand QQ- plotof 

standardized parameter -8 for N=100 . 
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Table 4.3. 11 Some JepemIeYlC'ies am::mg parameter eotimates . 

~e .~ction 3.3g : 100<lpol - I~EI). "here;o' ;<:i'':;i') and 
P

E 
• P (w i .w i

.) are the obl:JeMJed and asymptotic l.}earson produet-moment 

corI'elations . respec:tilJely. Reading example : an entry 36 means 

Ipoi - 16EI • . )6. 

Kadel 2 

sample s i ze 

Wi w. ' P (w i .wiJ 25 50 100 200 400 
1 

" I e~2 -.54 )6 )8 24 2 1 19 

"2 "22 -.47 - 24 -4 -4 

- 6 Y 4 .29 -4 -I -5 

YI " I 
-.21 -7 - I - 2 

Y2 " I 
-. )J -) -7 - 11 -10 

Y) 
" I 

- . )2 -6 -2 

Y 4 Y) -.1) I) 14 

Y5 
-~ . 28 19 -) 

Y6 Y7 
-. 18 18 12 14 

Y7 "2 -.26 -) -I) -) -8 

Y8 Y6 
. 16 - 7 - 10 -9 -16 -11 

"11 " I - . 53 -2\ -28 - 9 - 16 -2 1 

"22 e;3 -. 50 48 17 18 11 

e~ I " I 
.47 15 32 29 32 

e~2 e~ I -.36 13 - 7 -20 - 19 

e;3 "2 .46 -14 27 29 I) 25 

e~4 '2 - . 38 45 45 42 42 42 

Table 4 .3 . 12 Dependencies be ween parwnetel' estimates and their 

COl'I'esponding standard error . 

See section 3 . 3h: Pearson product-moment correlations p (w .. , s"'e_ 
1J w .. 

based on 300 obsel'vations. (rounàed values) 1J 

Mode 1 2 

sample s i ze 

parameter 25 50 100 200 400 

" I 
.9 .9 . 8 .7 .7 

"2 .8 .5 .5 .4 . 4 

- ~ - .5 - . 5 -.5 - . 4 -. 4 

YI 
.) .) .4 · ) .2 

Y2 
. 4 .4 .4 . ) .2 

Y) .4 .) .4 · ) . ) 

Y 4 .1 .1 .2 . 1 . 1 

Y5 
.1 .1 .2 - . 0 . 0 

Y6 
.1 .1 .1 .2 -. I 

Y7 . 1 -.0 .0 -.1 -.1 

Y8 
. ) .2 . 2 .0 .0 

"11 .8 .9 .8 .8 .9 

"22 
1.0 .8 . 8 • B .8 

e~ I -.6 -.9 . 4 . 5 . 6 

e~2 -.7 -.7 - . 0 . 1 .1 

e~] -.9 .0 . 2 · ) . ) 

e~4 -.5 .7 .7 .7 .7 



be too large or too small compared to asymptotic values. Although the 

overall dependency among parameter estimates is not striking, even for 

a sample size of N=400 a few correlations are high (e.g., not presented 
~ E ~ ~ E 

in Table 4.3.11, P(A2,8 44) = -0.80 and p(À
I

, 8
11

) = 0.79)3but these are 

exceptions if the whole matrix of correlations is inspected. 

The dependencies between the parameter estimates and the cor

responding standard errors are given in Table 4. 3.12. For N=25,50 

outliers strongly affect the size of the correlation coefficients 

[cf. for e~3 the change from N=25 (p = -0. 9) to N=50 (p = 0.0»). 

For N=100 , 200,400 the estimated correlations tend to stabilize; they 

8.619 r 

5.78Q r-
...: 
Cf) 
w 
a: 
0 a: a: 
w 

...: 
Cf) 

2.950 I-

. '.MiJil.v:.~""~." .' I I J 
0.115 o!-.""05IIO:::-· ...... -~=--....,2;-1.-:-:17;:;3:-------;;Q.J,.293=------;r'6.lqI2 

PAR. EST. 

Figure 4.3.4 Scatterplot of the relation between parameter estimate À
1 

its corresponding estimated standard error f or N=50 ; P(Àl,s~À )=0.88 
1 on 300 observati ons . 

88 
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are about the same for these th r ee sample sizes . If S instead of - S 

is considered the correlations lie ~oughly within the range from 0 . 0 

to 0.8 fo r N=200 , 400. Figure 4.3.4 markedly shows the presence of outliers 

with N=50; for N=200,400 no outliers are ~n the scatterplot for À
1 

and seX 
1 found . 

Finally results for the goodness of fit s tatistic are discuss e d 

(see Table 4.3.13) . The median and the mean are too large for all sample 

sizes, but there 15 a patte rn towards the true values with increasing 

sample size . For N ~ 100 the expected values of standard deviation, 

skewness and kurtosis are relatively close to the observed values . 

Especially fo r small N the t a il of the empirical distribution is too 
2 

heavy (see the column Xl 7 > 27 . 6, whe r e 27 . 6 is the 95- th quantile of the 

chi - square di stribution with 17 degrees of freedom). In practice this means 

that a researcher would reject Model 2 too of ten when a sample size 

N ~ 100 is used. 

Table 4.3 . I 3 Distributional characteristics of the chi- squaY'e statistic 

for goodness of fit compared to the values expeeted under the x ~ 7 distribution . 

See section 3. 3i . 

Model 2 

b d o serve ml.nus expect e d val ue 2 N med. mean s . d . ske . kur. X17 
> 27 . 6 P (KS) 

25 4.6 4. 5 1. 6 . 0 -. I 17% .00 

50 2. 0 2 . 2 . 9 . 3 1. 8 10% . 00 

100 1. 2 1. 2 . 2 .1 . 4 8% . 00 

200 . 6 1. 0 .6 .3 .7 7% . 06 

400 . 7 . 6 .1 .2 . 9 6% .1 9 

expec t e d va lue 16 . 3 17. 0 5 . 8 . 7 3 . 7 5% .50 

standard e rror of .4 .3 . 3 . 2 .8 
observed value 
(NR=300) 
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Figure 4.3.5 2 
Histogram (with X17 density function)and QQ- pZot of the 

goodness of fit statistic for N=100 . 
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The histogram and QQ-plot of the goodness of fit statistic for N=100 

are given in Figure 4.3.5. There is a lack of observations to the left and 

too many observations to the right of the empirical distribution. For 

N=200,400 the extreme observations Ln the right tail are of the same order 

as for N=100. 

4.4 Factor analysis models 

In this section a class of models from factor analysis is studied. 

The reason for this choice is the broad usage of this type of models, 

especially in the field of psychology. 

Before the development of the general LIS REL-model Jöreskog did much 

preliminary wo~k in factor analysis (cf.JÖreskog, 1967,1969,1971). Specific 

computer programs for exploratory and confirmatory factor analyses were also 

developed (Jöreskog & Sörbom, 1976c, and Sörbom & Jöreskog, 1976, respect

ively). The extended program LISREL is structured in such a way that it 

can simply handle factor analysis models, which are regarded as pure 

measurement models [formulae (2.2) and (2.3)] without a structural 

component [formula (2.1)]. On the one hand such models are important 

by themselves, while on the other hand they are an intrinsic part of 

"complete" structural models. 

Since the introduction of maximum likelihood factor analysis by 

Lawley (1940) a few studies have been published dealing with the robustness 

of this method against medium sample size. Henrysson (1950) investigated 

the effect of small sample size (N=200; 12 samples; 9 variables) on Lawley's 

approximate chi-square statistic for goodness of fit, using normally dis

tributed random variables and a model with one common factor. 

Lawley & Swanson (1954) made comparable researches into the 

effect of small sample size ( a total sample of N=400, divided in eight 

subsamples of size 50; 7 variables) on a slightly different chi-square 

statistic for goodness of fit. Here also, normally distributed variables 

were used; the model had two factors. 

Despite their limited designs the authors of both studies were 

rather satisfied with the behavior of the goodness of fit statistic in 

small samples. Geweke & Singleton (1980) did similar work (NR=300; N=10, 

30, 150, 300; five observed variables; one or two factors) and came to 
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much the same conclusions. They suggest (o.c. p.133) that the asymptotic 

theory for the likelihood ratio statistic in testing goodness of fit 

seems to be appropriate when the sample size is at least 30. They found, 

however, that in small samples the null hypothesis will be rejected too 

of ten. 

It can be noted that the small sample effect on parameter estimates and 

on standard errors is not at all discussed in these three studies. Except 

for Geweke & Singleton's research this is partly due to the use of a very 

small number of replications. 

4. 4a Model descriptions 

The general factor analysis model can be specified in LISREL-notation 

assuming that there are no y- and n-variables. The basic model is then 

defined by 

(4. I) 

where x(k x 1) is a vector of observed variables,~ 3 ~x(k x m) is a matrix 

of loadings on m latent variables (common factors) ~I' ~2"'" ~m' which 

are the elements of ~(m x I), and 2(k x I) is a vector of measurement 

errors (unique scor'es). In the notation of page 13, p=O (no y-variables) 

and q=k. 

In accordance with the general theory (page 13f.) it is assumed 

that E(~) = ~ and E(~) = ~. Furthermore it is assumed that E(~~') O. 
The population covariance matrix of ~ has the form 

A Ij> A' + 0 (4.2) 

where Ij> = E(~~') can be taken as a (m x m) correlation matrix of the latent 

variables, and where 0=0=E(óó') - ::() -- is a (k x k) diagonal matrix with the 

variances of the unique scores as its diagonal elements. 

Without 10ss of generality the variances of the observed variables 

in the population are normalized to one by taking ~ = ! - diag(~ ~ ~'): 

the diagonal elements of L are thus equal to one. It should be noted th at 

given a sample covariance matrix ê computationally the estimated uniquenesses 
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are not obtained in a direct way by the simple subtraction diag (~) 

diag (ê - ~ ~ ~ ' ); cf . Lawley & Maxwe ll, 1971, p.30, and Jöreskog, 1967 

p.450. Nevertheless, for all the models of this study , apart from rounding 

errors, diag (f - S) = 0, which is not an unconditional property of struc

tural equation models (cf. Krane & MacDonald, 1978). The ite rative maximum 

likelihood estimation procedure of LISREL impli es tha t the estimates of 

9i = 9ii in factor analysis models are non-trivial; they might, however, 

become negative . 

For the small sample case we studied two- factor modeis, with a number 

of variations. Before details of these variations are given, the modeZ 

indication within the class of factor analysis models is summarized. Each 

two-factor model is indi cated by three symboZs : the first symbol is a 3 

or a 4, depending on the number of observed variables for each factor, the 

second is a U or a edepending on the correlation between the factors,and 

the third is an S, M or L depending on the size of the factor loadings. 

(i) The number of observed variabZes for each factor was chosen as three 

or four [model indi cation 3 and 4, respectively]. 

(ii) The correZation ~ between the two factors was chosen as 0 (uncorrelated, 

orthogonal case) or 0.3 (correlated, oblique case) [mode l indication U 

and e, respectively]. Fo r the orthogonal models the correlation between 

the factors is fixed to ze ro, i.e. no estimate for ~ is made given such 

a model. This corresponds to a common practice, where the researcher 

does not know whether the factors are orthogonal in the population, but 

partly for reasons of simplicity requires them to be orthogonal. In 

the oblique case the correlation between the factors has to be estimated. 

A population value of 0.3 is at the same time non-negligible but not 

large enough to make the two factors almost indistinguishable. 

~ii) The factor pattern ~ was basically so chosen th at half of the observed 

variables has a non-zero loading on the first factor and a zero 

loading on the second factor, and reversely for the other half. 

The symbol À' = [À. ] , i=l, 2, ..• , k, denotes the vector of non-zero 
L 

loadings; for obvious reasons only a row index is used for those 

elements of A which have to be estimated. The non-zero loadings have 

relatively small, medium or large values [model indication S, Mand 

L, respectively]. 

A. With three observed variables for each factor, in Model 3US and 
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Model 3CS 

~ '3US = ~ '3CS = [.4 .4 .6 .4 .4 .6] 

or more completely written 

.4 0 

.4 0 

~3US ~3CS .6 0 

0 .4 

0 .4 

0 .6 

Analogously 

~ '3UM = ~ '3CM [.6 .6 .8 .6 .6 . 8] , 

À ' = 
~ 3UL ~ ' 3CL [ .8 .8 .9 .8 .8 .9]. 

B. With four observed variables for each factor 

~ '4US = ~ '4CS [.4 .4 .6 .6 .4 .4 .6 .6] 

~ '4UM = ~ '4CM [.6 .6 .8 .8 .6 .6 .8 .8] 

~ '4UL ~ '4CL = [.8 .8 .9 .9 .8 .8 .9 .9] 

(iv) In each of the resulting twelve models the varianees of the errors 
2 of measurement (uniquenesses) were defined as e, = 8 ., = 1 - À, , 

1. 11. 1. 

i = I, 2, •.• , k. The squared factor loadings may be interpre ted 

as reliabilities now. 

In Figure 4.4.1 the six-variables oblique and the eight-variables 

orthogonal case are displayed as an illustration of the models and the 

notation used thus faro 

For Model 4CM the population values of the parameters and the 

population standard errors for N=25, 50, 400 are printed in Table 4.4.1 

(the standard errors for N=IOO, 200 can be easily extrapolated). Given 

the parameter values the population covariance matrix L can be 

calculated by hand [formula (4.2)]; Table 4.4.2 shows the result. 

In Table 4.4.3 a summary is given of the number of parameters to 

be estimated and the degrees of freedom for each of the twelve models. 
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a) two-factor, six variables, oblique case 

h) two-factor, eight variahles, orthogonal case 

Figure 4.4 .1 Two general types of two-factor modeis . 

Table 4.4.1 The parameters of ModeZ 4CM, their popuZation VaZue and 

the corresponding standard errors for N=25, 50, 400 . 

standard error 
parameter w. 

l. 
N=25 N=50 N=400 

" 1' ''2'''5'''6 .60 .203 .142 .050 

"3 ' ''4'''7 ' ''8 .80 .191 ; 134 .047 

q, .30 .230 .161 .056 

9 1,9 2,9
5

, 9
6 .64 . 211 .147 .052 

93 ,94 , 97 , 98 .36 .178 .125 .044 
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Table 4.4.2 The popuZation covariance matrix l: of ModeZ 4CM. 

xI 1.000 

x2 .360 1.000 

x3 
.480 .480 1.000 

x
4 

.480 .4 80 . 640 1.000 

Xs .IOS .108 .144 .144 1.000 

x6 .108 .108 .144 .144 .360 1.000 

x7 
.144 .144 .1 92 .192 .4S0 .480 1.000 

Xs .144 .144 .192 .192 .480 .480 .640 1.000 

xI x2 x
3 

x
4 Xs x6 x7 

Table 4.4.3 The number of estimated parameters and the degrees of 

freedom in tweZve factor anaZysis modeZs . 

# estimated degrees of 

parameters freedom 

Model À . e. <IJ 
~ ~ 

3US, 3UM, 3UL 6 6 - 9 

3CS, 3CM, 3CL 6 6 I 8 

4US, 4UM, 4UL 8 8 - 20 

4CS, 4CM, 4CL 8 8 I 19 

x8 

In Boomsma (1982c) the results for the twelve factor analysis models 

were presented based on the analysis of covariance (dispersion) matrices S. 

In practice, however, most researchers using factor analysis almost 

automatically standardize the observed variables to a variance of one, 

thereby analyzing sample correlation matrices ~ instead of ê. For that 

reason the results presented here are based on the anaZysis of sample 

corre Zations . If s triking differences between the resul ts of both approaches 

are found, occasionally both findings will be given; otherwise the reader 

96 



LS referred to Boomsma (1982c) for detailed comparisons . The decision to 

analyze correlationsinstead of covariances requires some discussion. 

Lawley & Maxwell (1971, sections 5.3 and 7.7) discuss the effect 

of "standardization" in maximum likelihood factor analysis . They gi ve 

formulae for rescaled parameter estimates, i.e. estimates based on analyzing 

correlation matrices, which are simpie: A! = A./S .. ~, ê f = ê ./s .. and L L LL L L LL 
$* = $ (the correlation among factors is unaffected by standardization), 

where sii is the estimated varianee of observed variabie i, and Ài' ei ' 

~ are estimates obtained by analyzing the unstandardized sample covariance 

matrix. In our factor analysis modeis, where diag ( ~ ) !' standardization 

does not affect the population parameter values w
i

. 

Lawley & Maxwell (o.c.) also give (approximate) formulae for the 

sampling varianees and covariances of such rescaled estimates . It appears 

that the effect of standardizing observed variables on the standard errors 

of parameter estimates and on the correlations among parameter estimates 

mainly depends on the size of the factor loadings and on the sample size. 

Here it should be very clear that the option of the LISREL user to 

analyze a correlation matrix can be interpreted as referring to the 

popuZation modeZ : in unrestricted models the option accomplishes that 

diag (~) = I. The sufficient sample information may be a correlation matrix, 

but statistically the latter is always treated as a standardized sample 

covar iance matrix. The unstandardized S and its standardized counterpart 

Rare always regarded as a sample from a Wishart distribution. 

Although Lawley & Maxwell (o .c. ) provided some theory for factor 

analysis modeis, until recently no generaZ theory for the effect of 

standardization on the sampling varianees and covariances was available. 

In 1982 Browne (p .94) gave general formulae for the varianees of rescaled 

parameter estimates, not for their covariances. In the fut ure LISREL could 

probably be improved by giving corrected estimates for standard errors and 

for correlations among parameter estimates, whenever correlation matrices 

are analyzed. 

In the meantime the foregoing paragraphs imply that in the present 

versions of LISREL the estimated population values of standard errors 

sêw. ' and of correlation coefficients iJ (wi ,wi') are still unaffected 

by Lrescaling of the observed variables: the estimated population values 

are the same under analysis of Rand of ê, aZthough in theory they are not . 
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Since we are investigating the robustness of LISREL we chose as population 

values the ones estimated by LISREL (given the input matrix ~ = L and the 

option to analyze a correlation matrix) not the corrected values. 

Thus, by definition, there will be a discrepancy between the observed 

sampling standard deviation of the parameter estimates and the estimated 

population values of the standard errors. For the same reason there will be 

discrepancies between the observed sampling correlations among parameter 

estimates and their estimated population values. 

For a theoretical treatment of scale-free estimation methods and 

scale-invariant estimatorsin factor analysis we refer to Krane & McDonald 

(1978). 

Given the results discussed in sections 4.Z and 4.3, it was decided in 

principle to have NR=300 replications for the analysis of correlation 

matrices in factor analysis models. However, when covariance matrices were 

analyzed first (Boomsma, 198Zc) considerable convergence problems were 

encountered, especiilly for Models 3US and 3CS (with N=Z5 about 50%). 

Therefore, NR=100 was used (rather than NR=300) for N=Z5 in Models 3US, 

3CS, 4CS and 4US. 

As before, the sample sizes N=Z5,50, 100, ZOO, 400 are studied. 

4.4b Results 

Summary and concZusions 

With small loadings and N ~ 50 large numbersof non-convergent cases 

are found. For N ~ 100 no improper solutions occur. 

For N ~ ZOO no bias of parameter estimates is detected in any 

model. The variance of parameter estimates is much smaller in the analysis 

of correlation matrices than in that of covariance matrices. For N > ZOO 

there is little bias in estimating standard errors. Most of the bias is due 

to outliers in the estimates. 

The results of confidence intervals for parameters in analyzing 

correlation matrices are conservative for the factor loadings, irrespective 

of sample size. When analyzing ê results for N ~ ZOO were close to 

expectations; here, analyzing ~,they are not, mainly due to a reduction in 

the observed variance of W . . (j=l, ... , NR). This reduced variance has less 
~J 
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effect on confidence intervals for the mean of standardized parameter 

estimates. Results of the latter confidence intervals are worst for the 

uniquenesses. 

The normality test (invariant for mean and variance) shows no extreme 

deviations for N ~ 200. 

Strong deviations are found between the observed correlations among 

parameter estimates and the asymptotic ones estimated by LISREL in 

analyzing R. In analyzing sample covariances rather than correlations 

the results are generally much better . It is argued that this is due to an 

absence of corrections for standardization in estimating the asymptotic 

covariances . Results for the analysis of Rand S also substantially differ 

in the dependencies between parameter estimates and their corresponding 

standard errors. 

For N ~ 50 the chi-square estimate for goodness of fit does not 

behave too weIl. In genera I the right tail of the empirical sampling 

distribution is too heavy: especially in small samples the specified 

model is rejected too of ten . There are only small differences in the 

results for N=lOO, 200, 400. 

In general results are worst for models with small loadings, and 

a little bet ter for 4-variable models than for 3-variable modeis. There 

are small differences between the results for models with correlated 

factors and those with uncorrelated factors. 

It can be concluded that the factor analysis models are robust 

against a sample size N ~ 200, but not against a size N ~ 50 . It makes 

quite a difference whether correlation instead of covariance matrices 

are analyzed, especially with respect to the variances and the covariances 

of parameter estimates. In analyzing correlation matrices LISREL should be 

improved by using corrected estimates for standard errors and corrected 

estimates for correlations among parameters. 

Details 

Analogous to the presentation in Boomsma (1982c), where sample 

covariance matrices S we re analyzed, if possible a su~ary is given across 

the twelve modeis; details will be illustrated on Nodel 4CH, while other 

models are mentioned only if large deviations from the findings for 

Nodel 4CH occur. 
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In Table 4.4 . 4 an overview lS given of the frequency of non-convergence 

for all the factor analysis modeis. With N=25 (3US, 3CS) about 50% of the re

plications did not converge within 250 iterations . In four other cases the 

percentage is about 30, whi ch is still a remarkable number of "failures". 

Comparison of Table 4.4 . 4 (analysis of correlation matri ces R) and Table 2 

in Boomsma (1982c) shows only slight differences(l % or 2%) in percentages 

of non-convergence. 

Table 4.4.4 The percentage of non- convergence . The percentage is expressed 

as 100x/(NR+x) , where x is the number of non- convergent repZications 

before the NR- th convergent one is found . 

Bee section 3. 3a . Cases for which NR=lOO are marked by an asterisk; 

otherwise NR=300 . A blank means 0% . (rounded vaZues) 

Model 

3US 

3CS 

3UM 

3CM 

3UL 

3CL 

4US 

4CS 

4UM 

4CM 

4UL 

4CL 

25 

48%* 

57%* 

12 % 

11 % 

0.3% 

27%* 

29%* 

1% 

2% 

50 

28% 

36% 

1% 

1% 

8% 

8% 

sample size 

100 200 400 

13% 2% 

15% 3% 

1% 

A partial explanation of non-convergence with these types of models 

can be given in terws of suppressor variables. Inspection of sample 

correlation matrices that did not lead to convergence reveals, for 
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example, that variabIe I has a positive sample correlation with variables 

2 and 3, while 2 and 3 are negatively correlated, although in the population 

all three variables have positive loadings on the same factor. Variations 

in this pattern do occur, but in all inspected cases the general idea is 

that, within a set of variables linked to one factor, one variabIe behaves 

like a suppressor variabIe. The frequency of occurrence depends heavily 

on the population covariances (the size of the factor loadings) and the 

sample size. In ModeÈ 3US and 3CS for variables linked to one factor the 

population covariances range from 0.16 to 0.24, in Models 3UM and 3CM from 

0.36 to 0.48. AIso, note th at the standard error of a correlation coefficient 

p in a bivariate normal distribution equals (I - p2)N-! . In their discussion 

of suppressor variables Lord & Novick (1968, p.272) predict that "the reader 

should not expect to "find" such variables regularly, except as aresuIt 

of sampling fluctuation". Indeed, random sampling can very weIl lead to 

a conflict between the data and a perfectly specified model given the 

population covariance structure. 

The percentage of negative estimates of variances is smaller than 

with Models land 2. The results for Model 4CM are given in Table 4.4.5; 

for N ~ 100 no improper solutions occur. Given the population values of 

the parameters these findings are not bad, but in 3-variable models even 

for N=200 negative estimates occur, and for N=25 about twice as many as Ln 

Table 4.4.5 (see Boomsma, 1982b, for details of Model 3UM). For obvious 

reasons results for S and Rare the same . 

Only for N=25 there are about 1% replications with two negative 

estimates out of eight variances involved, while 26 % of the replications 

have one negative estimate (Model 4CM). 

As expected, the bias of parameter estimates decreases with increasing 

sample size . For 3-variable models it is larger than for 4-variable modeIs. 

There is little difference between models with correlated and uncorrelated 

factors, and less bias with increasing size of the loadings. The bias of 

estimates for e i is larger than that of estimates for the loadings Ài , 

and almost always negative. In Table 4.4.6 results are given for Model 4CM 

(here, if N >50 the bias can be neglected) and for Model 4CS. In general, 

in 4-variable models with N > 100 and in 3-variable models with N ~ 200 

(except in models with small loadings) no bias occurred. The analysis of 

correlation matrices R leads to a small decrease in bias compared 
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Table 4.4 . 5 The percentage of negative estimates of variances, with in 

itaLics the minimum of the estimate across 300 repLications . 

See section 3. 3a . A bLank means 0% . (rounded values) 

Hodel 4CH 

sample size 

parameter 25 50 100 200 400 w. 
1. 

8 1 0 . 1 0 . 3 0 . 4 0 . 4 0 . 5 0.64 

8
2 0.3% - 0. 1 0 . 3 0 . 4 0 . 5 0 . 5 0 . 64 

8
3 8% - 6 . 4 0 . 3% - 0 . 1 0 . 1 0 . 2 0. 2 0 . 36 

8
4 7% -0 . 8 0 . 3% - 0 .1 0 . 1 0 . 2 0 . 3 0 . 36 

8
5 0 .3% - 0 . 1 0 . 3 0 . 4 0 . 5 0 . 5 0 . 64 

8
6 

0 . 0 0 . 2 0 . 4 0 . 5 0 . 5 0 . 64 

8
7 7% - 0 . 6 0.3% - 0 . 0 0 . 1 0 . 2 0 . 2 0.36 

8
8 6% - 2. 8 0. 0 0 . 1 0 . 2 0 . 2 0.36 

to the analysis of covariance matrices S. When H-estimates would be 

used Table 4 . 4.6 would show almost no bias. 

Next some information is presented about the variance of the 

parameter estimates w .. , because it appears to be much larger when co-
1.J 

variance rather than correlation matrices are analyzed. This finding 

is displayed by the weighted variance introduced in formula (3 . 2) 

[page 35; first term af ter the equation signl, which quantity should 

roughly be equal to NR, Therefore, in Table 4.4 . 7 the observed quantity 

minus 300 is given . Analogous results to those of Table 4 .4. 7 are found 

when, instead, the standard deviations of standardized parameter estimates 

are inspected (see Boomsma, 1982b, for details). Note that for some 

parameters (small uniquenesses) the variance of W. . is larger in analyzing 
1.J 

R. In general, however, LISREL gives an overestimation of the variance 

of W . . or q .. when correlation matrices are analyzed . It will be seen 
1.J 1.J 

that these deviations affect the results in some other tab l es of this 
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Table 4 . 4.6 Bias of parameter es timates. 

See section J . Jb : IO[(ai/Ul i ) - I}, LJheroe Ul i is the true vaZue and a i j 
the estimated averoge OO1'OSS JOO replications . Reading example : an 

entry - 1 means ~i/Uli - .9. NR=JOO~ except for N=25 in /obdeZ 4CS 

",here NR=JOO. 

4CM 4CS 

parameter 25 25 50 100 200 400 

À I -I 

À
2 

À) 

\ 
À5 -I 

À6 

À7 

À
S 

-I 

-I 

e l -I 

e
2 

- 2 

e ) -I -2 -I 

e
4 

-I -4 -2 -I 

"5 -I 

°6 -I -I 

" 7 -I -4 -I 

e S -I -I -I 

Table 4 . 4.7 Tlte we"ighted varianae of paf'ameter eatimates ~ minus JOO,in 

anaZysis of covariance (!ij and oo1"1"elation (JiJ matrices : 

NrR (w . . - G; .. )2/s~e2 _ 300 . See section J . 3b ~ f"orrmûa (J. 2) . 
jaJ I.J I.J Ul i 

Model 4CM 

N=IOO N·200 N-400 

parameter 

ÀI 11 -10) )0 -111 -) -115 

À
2 

-7 -124 16 -12) - 115 

À) -9 -IS5 56 -1 72 45 -173 

À4 14 -1 73 -12 -IS I -I -202 

À5 2 1 -114 -7 -1 2S -)1 -133 

À6 - 19 -IJ I -11 -124 -33 -14S 

À7 -24 -192 15 -174 32 -1 92 

ÀS - S -190 -1 7S -4 -1 93 

57 57 -I -I 14 14 

" I 
25 -62 - 47 -44 - 59 

"2 -76 - 14 -58 46 -61 

e
3 

27 34 -1 2 65 16 69 

"4 60 23 42 -23 -16 

"5 -4 -65 -38 -73 -5 - S I 

e
6 

44 -S2 10 -69 -IS -1 01 

" 7 28 14 37 6 1 -36 14 

°8 -2 0 24 32 53 -IS 14 



section to a large extent . 

By interpreting results on the bias of estimates for standard errors 

it should be recalled (see page 97 ) that the population values se are w. 
not the appropriate ones when correlation matrices are analyzed : thêy are 

the uncorrected asymptotic values as estimated by LISREL. By keeping this 

in mind it is found that the bias of estimates for standard errors is 

smaller in 4-variable models than in 3-variable models. The bias reduces 

with increasing size of the loadings. Most deviations occur for the 

uniquenesses. The situation is worse for Model 3US; for Model 4CM with 

N > 25 no bias of importance was found . In Table 4.4.8 results are given 

for Model 3UM; a positive bias is clearly present. The effect of out liers 

is illustrated when the bias is evaluated by means of M-estimates . With 

the use of 10[(se_H /sê )-1] almost no bias is left (see the numbers 
w.. W . 

1.J 1. 
in italics in Tnble 4.4.8). In general, for 4-variable models a sample 

size of at least 200 , is very safe, and N=100 not too bad; except for small 

l oadings, the same can be concluded for 3-variable models . Except for 

N=25 the results under analysis of ê and E are about the same (cf. Boomsma, 

1982c, Table 4). This also holds for the varianee of se_ 
w. , 

1.) 

The 95% confidence intervals for w
i 

show the effect of the relatively 

small varianee of W .. by analyzing R instead of S. Especially for the 
1.J -

factor loadings the results are very conservative : the intervals cover 

the population values of wi too of ten. The observed standard deviation of 

w .. , G_ ,is much smaller than the standard error se ; there is hardly 
1.J Wij wi 

any bias of parameter estimates, and the effect of sew .. in constructing 
1.J 

the intervals is minor For Model 4CM this is exemplified in Table 4.4 . 9 

(cf. Table 6 in Boomsma, 1982c). In a similar table for Model 4UL and 

4CL (not reproduced here) almost all numbers for elements of À are equal to 

-5, indicating that all 300 intervals cover the true value. It only looks 

that results are somewhat better with increasing N, especially for elements 

of ~ (small uniquenesses). There are just small differences between 3-

variabie and 4-variable modeis. 

In general it can be concluded that the confidence intervals are 

more robust against small sample size in an analysis of S than in that 

of R. This is mainly due to the reduction in variance of w .. , which 
1.J 
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Table 4.4.8 Bias of estimates foT' standard eT'l"OT's. 

See section 3 . 3e: 10 «s~ ... /s"'e ) - I) ,whe re sê i s the true 8 tandard 
Wij wi wl, 

the estimated averuge ael'OSS 300 replieations. Reading e1'l"OT' and s~ ... w, ' 
exaJ'f{Jle: an l Jentry 3 means s'è ... /s""e - 1. 3. In italics the cOT'responding 

Wij wi 
M-es timate. 

parameter 

A) 

A
2 

A) 

A4 

AS 

A6 

6 ) 

6
2 

6) 

6
4 

6
S 

6
6 

2S 

)0 

) 0 

26 -1 

) ) 

Model 3UM 

sample size 

so )00 200 400 

- 1 

20 - 1 

Table 4.4 . 9 Con f idenee 'i niervalD fo r parameters . 

See section 3 . Jd: peT'Centage ou.tside aCP03S JOO i ntervaZs , minus f i ve . 
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effect is especially visible with an increased size of the factor loadings . 

The differences between the analysis of ~ and S are less salient when 

confidence intervals for the mean of standardized paramete r estimates are 

inspected (on average there are no remarkable differences) . Results a r e 

noti ceab ly bet ter with increasing N. There is little effect of the size and 

the number of factor loadings . Fo r Model 4CM findings are reported in 

Table 4.4.10. Except for 3-variable models with small and moderate loadings 

all intervals for elements of e =diag ( ~ ) show dev iations in the same direction: 

the population value of zero lies to the ri ght of the int e rval (this is 

in line with the negative bias for ~ in Table 4.4.6). 

In Table 4.4.11 the results of a normality test for Model 4CM are 

given. They mirror the rather general trend in all modeis: inc reasing normality 

with increasing N. With N=25, clearly extreme non-normality occurs. For 

N > 200 most parameter distributions are not too deviant from normality. 

The 3-variable models behave as well as the 4-variable modeis. Worst 

results are found for elements of e . 

In Fi gure 4.4.2 the histogram and QQ-plot of À
1 

in Model 4CM with 

N=100 are given. 

The product-moment correlations among parameter estimates are 

strikingly different when analyses of Rand S are compared (see Table 

4.4.12 and Table 4.4.13, respectively). This is predicted by theory 

(see page 97 ). When covariance matrices are analyzed, for most 

parameters 1;0 1 - IpE I gets smaller with increasing N; for N=200 all 

differences between the empirical and asymptotic correlations are in 

the second decimal place (Model 4CM). 

The analysis of correlation matrices reveals (i) that for some 

parameters the sign of Po and PE iSAdifferent [e.g. for parameter pair 

( À 1, À3) with N=25, Po = -0.09 and PE = 0.23J , (ii) that the largest dif

ferences I~ o i - i~~ 1 occur when analyzing~ . and (iii) that the 

observed correlations between factor loadings and their corresponding 

uniquenesses, e.g. ;(À
4

, ê
4
), are very close to the minimum value of 

-1.00, which is approached with increasing sample size (see Table 

4.4.12). 

Finding (ii),and partly also finding (i), can be explained by the 

fact that the estimate PE, as computed by LISREL-IV, is valid for analyzing 

covariance matrices, not for correlation matrices. From the discussion on 
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Tab l e 4 . 4 .1 0 Confidenee intePlJals [or the mean of standardized parameter 

estirm tes qij' 

See aeetion 3 . 3e. Reading exanpZe : an entry R means that the popu'lation 

LlaZue of zero is to the right of the 95% interrul, an entry L means that 

it ia to the left. 

Mod e l 401 

sample si ze 

pa rameter 2S SO 100 200 400 

' I 
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' S L 

6 I R 

9
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9
3 

R R 

9
4 R R 

6
S 

6
6 

6
7 

6
S R 

Table 4 . 4 .11 Nonnality teut [or stanUarodi:.!ed paY'al1letcr estimates q .. . . ~ 

See sect.ion 3.3[: 1000(1 - 1011
) wheY'€ 101' ie a test statiatic for normality 

(Shapiro & FranciaJ. t means P ~ . 0 1, • means . 0 1 < F,,:: . 20(approximatelyJ. 

Reading e:romple : an entry 5 means 101 1 "* . 995 , indicatillg nor-maZity . 
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'7 

'S 14t S-
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6
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9
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9
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6
S 
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6
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6
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Fi gure 4.4.2 Histogram (with standard normal density function)and QQ- plot 

of standardized parameter À
1 

for N=100 . Analysis of correlation matr ices ~. 
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Table 4.4 .1 2 Some dependencies cunong pa.l"(lI'I'Jeter estimates . AnalY3is of 

correlation matrices . 

See section J. 3g : 100( lpol - IpEI) . where PO" P(~i' ~i') and P
E

- P(wi? w
i
') 

are the observed ernd Qsymptotic Peapson product-lOO1TIent correlations~ 

l'espectively. A • means that the signa of Po and P
E 

are different; there~ 
Po inatead of Ipo I ie used. 

Reading exanplE.s:an entry 54 meanB : IPol - I~EI .. . 54. an entry 32* means: 

Po - IpEI - .32. 

Hodel 4CH(~) 

w. w. Q(w
i 

, w
i 
') 25 50 100 200 400 , , 

ÀI À3 .23 32 " 22 17 13 

À
2 À3 . 23 30" 2 1 IB 11 

À3 8
3 

-.3B 54 62 62 62 62 

À4 8
4 

-.3B 60 62 62 62 62 

À5 À7 .23 IB 16 2 1 10 

À6 À
B 

.23 26" 23 15 15 

À7 8
7 

-.3B 61 62 62 62 62 

À
B 

8
B 

- .3B 5B 62 62 62 62 

À3 .09 IB" 12" 

8
1 ÀI -.20 7B 79 79 BO BO 

8
2 

À
2 

- .20 77 79 BO BO BO 

8
3 

8
4 

- .35 

8
4 À3 .20 22 12 12 

8
5 À5 -.20 77 79 BO BO BO 

8
6 À6 -.20 7B 79 BO BO BO 

8
7 

a
B 

-.35 10 15 

8
B À7 .20 25 10 10 0 

Table 4.4. 13 Some dependcncies arrt:mg parameter estimates . Analysis of 

cOIJarianc:e matJ-ices . 

See section 3.Jg : 100(lpol - I~EI) . wherc Po " ~(~ i ' : i') and ;E"" ~(wi ,w i') 
al'e the obseroa:i and asyrrptotic PeaI'8on product- rooment cOr'roelations , 1'espeetively . 

Reading example : an entry - 15 means Ipol - I~EI - -.15. 
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À7 a
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À
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a
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a
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page 97f. it could be inferred that the asymptotic correlations between 

parameters as estimated by LISREL-IV are the same whether covariance 

matrices or corresponding correlations matrices are analyzed. This imp lies 

that under analysis of ~ wrong (uncorrected) estimates of correlations 

among parameters are computed . - -Finding (iii) [with increased N, p(\, ei) ... -1.0l,can be shown ana-

lytically(from Lawley & Maxwell, 1971, p.S9 ff). For reasons of brevity an 

intuitive argument will be given here. With our type of factor analysis 

models (simple structure; half of the loadings fixed to zero) in analyzing 
-2 -

~,sii Ài + ei' where sii is the estimated variance of observed variable i. 

In analyzing R, the observed variables are standardized to a variance of one, 
- 2 - -

thus 1 = Ài + ei ' [ Because sii is stochastic, here also an argument can be 
2 ( . ) found for finding (ii).l If À. is plotted against 1. e i = I - Ài analyz1.ng R , 

o < Ài < 1, we get a parabolic function. When it is kept in mind that the 

variance of À.decreases with 1. . 
relation between À. and e . = 1. _ 1. 
small interval [min( Ài ), max 

increasing N, it will be clear that the 

1 - À~ will almost be linear, because of the 
1. 

(À.)l computed across 300 replications. In 1. 
other words: with increasing sample size the observed correlations between 

factor loadings and their corresponding uniquenesses tend to -1.0 in these 

types of models. The fa ct that this observed correlation between À. and 1. 
ei differs from -1.0 in small samples of size 25 can also be caused by a 

relatively large variance of ê. due to negative estimates (cf. Table 4.4.5). 1. 
With respect to correlations among parameter estimates it is concluded 

that if correlation matrices are analyzed it is very questionable to inspect 

them with the present versions (IV or V) of LISREL. 

In Table 4.4.14 results on the correlations between parameter estimates 

and their corresponding standard errors are given for Model 4CM. From 

Table 4.4.15 the model dependency of such correlations can be inspected. 

The magnitude of the associations depends very much on the size of N and 

on the size of the factor loadings. The correlations are very high for large 

loadings. They are (high) negative for elements of 0,and (high) positive 

for elements of 8 ; however, when the factor loadings are small the signs 

are reversed. Also, except for N~ 50 and for small loadings, the dep end

encies are generally smaller in 3-variable models than in 4-variable models. 

There are substantial differences between the results for correlation 

matrices (Table 4.4. IS)and those for covariance matrices (see Boomsma 
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Table 4.4. 14 Dependencies between parameter estirtrltes and their COl're- Table 4.4. 15 Dependencies beween pa1'QJl'letel' estimates and theil' COl're-

sponding standard el'TOl' . AnaZysis of cOl'relation matFices . sponding standard en'Ol' [01' a sampLe sir;e N=400 . AnaLysis of COl'1"€Zation 

See section 3.3h : Pearson product-moment col'reLations p(w .. • s"'e_ ) based nutr·i(!es . 1J w . . 
on 300 observations . 1.J See section 3. 3g : Pearson product-moment corl'elatioTUJ p(w .. ,s"'e_ ) based 

on 300 observations . 1J Wij 

Mode l 4CH 

sample size Mode l Model 

parameter 25 50 100 200 400 parameter 3CS 3CM 3CL parameter 4CS 4CH 4CL 

À I - .6 1 -.83 -.84 - .86 -.87 À, .02 -. 43 -. 90 À, -. 23 -. 87 - . 98 

À
2 

-.54 -.80 -.83 - . 85 -.87 À
2 

-.11 - .42 -.88 À
2 

-. 28 -. 87 -. 98 

À3 .57 -.57 -.61 -.76 -.71 À3 .64 .1 9 -.6 3 À3 -.08 -.71 -. 96 

À4 - .24 -.58 -.67 -.62 -.65 \ .03 -.65 -.96 

À5 -.54 -.76 -.84 -.84 -.85 À4 .09 -.48 -.90 À5 -. 20 -.85 -.98 

À6 - .66 -.80 -.84 -.83 -.83 À5 -.01 -. 42 -.87 À6 -.2 1 -.83 -.98 

À7 - . 16 -.56 -.66 -.70 -.7J À6 . 67 .17 -.71 À7 .14 -.7J -.95 

À8 .39 -.64 -.68 -.67 -.70 À8 .13 -.70 -. 96 

-.56 -.81 -.90 -.88 -.91 .39 -. 57 -.93 -. 38 -.91 -.97 

8 I .91 .96 .96 .96 .96 8 I -.65 .47 .89 8 I .36 . 96 . 98 

8
2 .88 .93 .96 .96 .96 °2 - . 52 .44 . 86 82 

. 38 .96 .98 

8
3 

-.86 .31 .39 .60 .55 8
3 

-. 75 -. 52 .17 °3 -.38 . 55 .87 

8
4 

-.19 .33 .48 .46 .48 °4 - . 39 .48 .86 

8
5 .89 .94 .96 .96 .96 8

4 
-.62 .52 . 88 8

5 
.35 . 96 .98 

8
6 .88 .94 .96 .96 .96 8

5 
- . 62 .40 .84 °6 .36 .96 . 98 

8
7 

-.25 . 31 .45 .51 .60 °6 - .78 -.53 .3 2 °7 -. 49 . 60 .85 

88 - . 65 .38 .52 .45 .53 °8 -.49 . 53 .88 
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Table 4.4.16 Distr ibutional charac t eristics of the chi - square statistic 

for goodness of fit compared to the values expected under the X ~9 
di str ibution. 

See secti on 3.3i . 

Model 4CM 

observed minus expected value 

N med. s.d. ske. kur. 2 30. I P(KS) mean Xl9 
> 

25 4. I 4.2 1.4 -.2 -.4 17% .00 

50 1.2 1.7 .1 -.0 -.5 7% .00 

100 .3 .4 .3 -.1 -.9 8% .44 

200 .0 .3 -.0 .2 .7 6% .48 

400 -.3 -.2 .3 -.0 -.2 6% .40 

expected value 18.3 19.0 6.2 .6 3.6 5% .50 

standard error .4 .4 .3 .2 .8 
of observed value 

(NR=300) 

1982c; Table 10). For all paramete rs the c<rrelations under analysis of ~ 

are somewhat larger than under analysis of ~, which again can be explained 

mainly by differences between the variance of w .. in both approaches. 
~J 

Surprisingly, however, there is a sign reverse in the correlations of the 

factor loadings: mostly negative for ~, mostly positive for ~. For example, 

P(A4 , se1 ), in Model 4CM with N=400, equals -0.65 and 0.40, respectively . 

For the u~iquenesses there are no such changes of sign. 

Vnder certain conditions of invariance standardizing the observed 

variables to a variance of one does not affect the chi-square estimate 

for goodness of fit (cf. Browne, 1982, p.88).Those conditions hold for the 

factor analysis models studied here. Therefore, given the same sample of 

observations and apart from rounding errors, the goodness of fit is the 

same when covariance or correlation matrices are analyzed. Note that 

Jöreskog & Sörbom (1981,p.I.39) claim that the chi-square statistic is 

"valid only if the analysis is based on the sample covariance matrix ~ 

(standardization is not permitted)." 

For N=25 and N=50 the effect of sample size on the goodness of 

fit is substantial (see Table 4.4.16). Sma ll differences ar e found for 

N=100, 200, 400. There is an overall tendency of the estimates to 

* 
112 



be too large, especially for N~ 50 . This means that the model is incorrectly 

rejected too of ten . No large differences between various models are detected. 

Details of all models are given in Boomsma (1982b); in Boomsma (1982c) 

histograms and QQ-plots illustrate the findings for N=100, 400 in Model 4CM . 

4. 5 General conclusions and recommendations 

The general qualitative conclusion of this chapter is that the 

maximum likelihood estimation procedure of LISREL is robust against small 

sample size if N ~ 200. Depending on the model under study it might even be 

robust if N 'l100 . In general, with N < 100 clear effects ofnon-robustness 

can be expected. 

The user of LISREL should be very much aware of the fact that the 

analysis of correlation matrices leads to unprecise estimates of the 

variances and covariances of parameter estimates. Therefore, even when 

the sample size is as large as 400 the results of aLISREL analysis may 

be seriously distorted . For this reason it is not recommended to analyze 

correlation matrices. 

These conclusions are based on the Monte Carlo results from two 

empirical structural equation models and twelve factor analysis modeis. 

For the latter ones a comparison was made between analyses of covariance 

matrices and of corresponding correlation matrices,emphasizing the result, 

based on the analyses of correlations here. 

For a general discussion, across all models,of the small sample 

effects on different assessment criteria Table 4.5.1 serves as a summary. 

Only three factor analysis models are summarized: 4CM because all its 

detailed results were given in section 7.4, and 4CS and 4CL because 

differences in results among these models mainly depended on the size 

of the factor loadings . For 3-variable factor analysis models the results 

were worse than for 4-variable modeis, while the differences between 

orthogonal and oblique models were not substantial. 
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Table 4.5.1 Over view of the smaZZ sampZe effect on assessment criteria for 

five modeZs . The number s are appr oximate bounds for sampZe size beZow which 

non-robustness of the criteria can be expected. ~ means anaZysis of 

covar iance matrices, ~ means anaZysis of correZation matr ices . 

[In most cases where the notation Ir > 400 " is used the non- robustness wiZZ 

not disappear by increasing the sampZe size , because it concerns probZems 

inherentZy to the anaZysis of correZation matrices ; the term "aZways " wouZd 

have been an aZternative there .J 

Model (type of analysis) 

assessment criterion 1 (~) 2 (~) 4CS(S) 4CS (R) 4CM(~) 4CM(R) 4CL(S) 4CL(R) - - -
convergence problems 200 50 100 100 50 50 50 25 

negative estimates of 200 100 200 200 100 100 50 50 
variances 

bias of W .. 100 100 100 100 50 50 25 25 
~J 

bias of sê~ 100 100 100 200 50 25 25 25 
w .. 
~J 

variance of w .. (or q .. ) 200 100 200 >400 50 400 25 >400 
~J ~J 

confidence intervals 100 100 200 >400 100 >400 100 >400 
for w. 

~ 

confidence intervals 200 200 200 200 400 400 200 200 
for q .. 

~J 

normali ty test for 200 200 200 >400 200 400 200 >400 
q .. 
~J 

p(w i ' W. ') 
~ 

200 >400 200 >400 50 >400 25 >400 

2 goodness of fit 100 100 50 50 200 200 200 200 X 
estimate 
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Now some concluding comments ' on the results of this chapter are 

given. 

One of the major problems encountered was the failure of the LISREL

program to find a convergent solution within 250 iterations, especially 

with samples of size N~ 50. It was found that the rate of convergence 

not only depends on the sample size, but also very much on the population 

structure (e.g. see Table 4.4.4). Therefore, the sample size needed to avoid 

problems of convergence strongly depends on ~. For all models studied in 

this chapter a sample size of 200 is generally rather safe, but for some 

of them a sample size of 25 never raises problems. 

Compared to previous versions, in LISREL-V a slightly different 

iterative procedure is used (Jöreskog, 1982; personal communication). In 

addition to the modified Fletcher-Powell algorithm which regulates the 

first iterations, the Fisher Scoring algorithm handles the final part of 

the iteration process. LISREL-V, however, gives also a large number of non

convergent cases . This. conclusion is based on LISREL-V analyses of our 

random samples S (N=25) used for Model 3CS, kindly performed by JÖreskog. 

Despite the bet ter minimization algorithm of LISREL-V compared to 

LISREL-III, much the same things happened with LISREL-V. It thus seems 

that our results would not have been substantially different if this 

recent vers ion of the program would have been used. 

It should be noted that the LISREL-V program also stops if more 

than 250 iterations are needed. Of course, one can always restart the 

iteration process by using the "solution" attained af ter the first 250 

iterations as starting values in a continued analysis. It was found, 

however, that even when the latest version of LISREL was used with an 

unrestricted number of iterations, for some samples S(N=25; Model 3CS) 

no convergence could be attained at all. 

Anyway, as a rather general statement we conclude that when the 

sampling fluctuations are relatively large (depending on E and N), 

convergence problems may very weil occur. Further research is needed 

to predict under which circumstances a slow rate of convergence,or no 

convergence,may occur. 

With respect to negative estimates of variances it is clear that 

serious problems may arise if N ~ 50. Here also the results depend on the 
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model under study: for example, if the pop~lation value of a variance is 

close to zero there is a large chance of getting into trouble. 

The practice of fixing some or all parameters with an initial negative 

estimate to a positive value close to zero is not indisputable, and 

certainly not if dependencies among such parameters are considered. One 

strategy would be to fix the variance with the largest negative estimate 

and to see what happens. Another would be to make a decision af ter inspec

tion of the correlations among the parameter estimates. 

Lee (1980) shows that the penalty function method can be used to 

estimate parameters which are subject to a set of functional constraints 

in covariance structure analysis (both for maximum likelihood and 

general least squares approaches). He claims that his methods are simple 

to implement and that it is not difficult to modify an unconstrained 

minimization program to a constrained one. Therefore, in principle they 

could be adopted by LISREL (o.c. p.323).See also Lee & Tsui (1982). 

However, if the LISREL-program would be changed in a (more or less 

arbitrary) way such that only proper solutions are allowed, the us er 

still might want to know how an unrestricted solution would look like. 

Apart from the number of parameters involved, he then would have some 

idea to which extent the unrestricted solution should be "suspected". 

We conclude that a sample of medium or large size seems to be most 

precautious in avoiding improper solutions. 

Generally for N ~ 200 there is little bias in estimating parameters 

and standard errors, even when correlation matrices are analyzed. Negative 

as weIl as positive biases occur when the sample size is small. For 

N ~ 50 of ten large outliers can be expected, which may have a serious effect 

on several other results as weIl, e.g. on confidence intervals. Regarding 

the type of parameters, very frequently out liers occur when variances 

are estimated (large negative estimates). In practice, when the user 

looks at one sample only, the latter findings are easily detected; for 

other types of parameters it is much more difficult to discover "extreme" 

estimates without replication or cross -validation. 

Outliers also give a partial explanation for the underestimation of 

the observed variances of the parameter estimates (in terms of squared 

standard errors se 2 ) if N ~ 50 (analysis of covariance matrices). w. 
~ 
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In contrast, when correlation matrices are analyzed, for several parameters 

a severe overestimation of these variances can be expected for all sample 

sizes, due to the uncorrected estimation of standard errors (see 

Table 4.4.7). 

In analyzing sample covariance matrices a sample size of at least 

100 seems to be the best remedy against bias and deviations in sampling 

variances. 

For N ~ 200 the 95% confidence intervals for parameters are rather 

close to theoretical expectations when covariance matrices are analyzed. 

For N ~ 50 parameters may be covered too of ten or too infrequently by 

the 95% intervals, depending on the type of parameter and the model under 

study . In analyzing correlation matrices it is not recommended to use 

such intervals (or to test hypotheses on parameters), at least not for 

factor analysis modeis: the intervals cover the population values too 

of ten (the null hypotheses cannot be rejected too of ten). 

The reader will have noticed that for all parameters 95%, symmetric, 

confidence intervals were constructed. If w. is contained in some bounded 
~ 

range (all variances are larger than zero; absolute factor loadings are 

smaller than one) such a strategy can becriticized. An alternative would 

be to construct intervals restricted by such bounds, of ten resulting in 

asymmetry. Browne (1982, p.95 ff.) gives some examples how to attain that 

goal by means of suitable transformations; e.g. for variances he advocates 

a logarithmic trans format ion. 

Due to unrestrictive estimation and outliers, in small samples many 

deviations with respect to confidence intervals for w
i 

can be expected 

for the variances among the parameters. The latter is also consistently 

observed with confidence intervals for the mean of standardized parameter 

estimates q ... For N ~ 100 the true value of zero for the variances is 
~J 

of ten to the right of these intervals (negative bias of q .. ). When the 
~J 

results of many independent samples are considered, for N ~ 200 the user 

of LISREL can expect, that on ave rage he will come to the right conclusion. 

In small samples, however, there is a substantial chance to make a wrong 

conclusion, especially with respect to the variances in a model . 

The point could be made that these variances are not the most 
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interesting parameters. Even if this argument was valid, it should be 

realized that parameters are estimated simultaneously, not independently 

from all other parameters in a model . Therefore, it seems to be instructive 

always to inspeet the estimated correlations among parameter estimates . 

In samples of size N ~ 100 the distributional shape of standardized 

parameter estimates may differ substantially from anormal distribution. 

Also, many differences among single distributional shapes of the estimates 

are observed. It is evident that the average user of LISREL cannot make 

specific inferences about the distribution of his estimates. An indirect 

possibility suggested by Jöreskog & Sörbom (1981,p. 111.17), is to 

inspect a QQ-plot of normalized residuals, (S-i), but their main benefit 

is to indicate specification errors . 

For N ~ 100 the correlations among parameter estimates can seriously 

deviate from their ' asymptotic values. The observed correlations can 

either be too large or too small, and they may depend substantially 

on out liers. In practice one should of ten try to cross-validate results, 

and when necessary apply simultaneous parameter testing or interval 

construction . When correlation matrices are analyzed the user is re

commended to neglect the estimated correlations as computed by LISREL; 

they are uncorrected estimates. 

In Table 4.5.1 the correlations between parameter estimates and 

their corresponding estimates for standard errors are not included 

among the assessment criteria, by lack of general theoretical (asymptotic) 

knowiedge. In the future it should be investigated whether approximate 

asymptotic theory can be developed here. Meanwhile,it is found that the 

observed correlations vary substantially with sample size (25 ~ N ~ 400), 

but tend to converge to some~nknown)value with increasing N. 

At present the user of LISREL has no idea whatsoever about the size 

of the correlations between estimates of parameters and corresponding 

standard errors. On the basis of our results it can be deduced that such 

dependencies exist, that they are probably misleading with small sample 

size, and that it makes a difference whether covariance or correlation 

matrices are analyzed. 
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In general for N ~ 50 the chi-square statistic for goodness of fit 

cannot be completely trusted: depending on the model under study the 

right tail of its sampling distribution may be either too heavy or too 

light. With increasing sample size the results do not improve systematically, 

probably due to sample fluctuations. For N=IOO, 200, 400 striking devi

ations were never found, while between these sample sizes there were no 

substantial differences . Therefore, it is expected that for N ~ 100 to 

a rather large extent the estimated chi-square statistic is close to 

theory . On page 112 it was indicated that under certain conditions 

standardization of observed variables does not affect the estimate for 

goodness of fit. 

Where one of the goals of science is to offer stabIe explanations 

for the relations between empirical phenomena, with the ultimate aim 

of generalization and prediction of results in future samples from the 

same domain of interest, maximum likelihood estimation in covariance 

structure analysis should not be based on a sample size smaller than 

200. The use of samples smaller than 100 has serious dangers and should 

always be followed by replicated observations to allow for reliable 

statistical and substantive interpretation. 
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5. SOME EMPIRICAL DATA SETS 

This chapter should serve as an introduction to the second problem 

of this study: the robustness of LISREL against multivariate non-normal 

distributions. Geary (1947, p. 240) pointed out that during the past 

century there have been fluctuations in the attitude of statisticians 

on the question of the occurrence of the normal frequency distribution 

in nature. He also gives some reasons for the prejudice in favor of 

the hypothesis of universal normality up to the end of the last century. 

Today it would be interesting to know how strongly the "myth of normality" 

has survived. More important however, is to present facts about the real 

state of nature: what are the' distributional properties of the variables 

to which statistical methods are applied ? 

If it turns out that all the variables used in linear structural 

equation models are approximately normal, there is no need for a ro

bustness study against non- normality. On the other hand, if it can 

be shown that (potential) users of such models work with variables 

definitely having non-normal distributions, there are serious reasons 

to find answers to the robustness question with respect to non-normal 

observations . Also, if in practice researchers are dealing with non

normal variables, inspection of the frequency distributions of those 

variables may be of importance for the design of a robustness study. 

An example can be found in Pearson & Please (1975) who studied histo

grams of industrial data before making the design for their robustness 

work . 

Our aim in this chapter is to get an impression of the departures 

from multivariate normality, which can be expected to exist in real-life 

data. Therefore, a summary is given of the distributional characteristics 

of variables taken from four studies in the area of social sciences. We 

have limited ourselves to the social sciences, because a major part of 

the applications with linearequation models has occurred in this 

field, where the analysis of covariance structures is of so great import

ance. These particular four studies were chosen because it was relatively 

easy for us to contact the people who had access to those data. The 

choice of the four studies is nevertheless partly arbitrary . They have 
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all in common that either linear structural models could have been used 

given the questions posed by the researchers, or that such models really 

were used. 

In section 5.1 a concise description of the content of the four 

studies is given. In section 5.2 characteristics of the frequency distri

butions of some variables are summarized. Finally , some attention is given 

to the problem of missing data (section 5.3). 

5. 1 Data de scriptions 

a . The X-data 

Knol (1980) did research on social cultural processess of change in 

the Dutch society. In the second part of his study an attempt was made 

to distinguish dimensions in the configurations of attitudes on which 

information was gathered. For that purpose LISREL-analyses we re carried 

out, showing that the dimensions tolerance, religiousness and a politi

cal left-right dimension were the most important endogenous latent 

variables. 

It is of interest to see how data from the same research project 

are analyzed by Gadourek (1982), who also uses log-linear modeIs, thereby 

avoiding strong distributional assumptions of the observations. 

b. The M- data 

Meijnen (1977) studied the influence of family and school charac

teristics on the development of intelligence in children. In chapter ten 

of his dissertation some path-analyses are reported by which several 

dependencies between the variables under study were investigated. In 

principle the data could have been analyzed with LISREL-models . 

c . The P-data 

Peschar (1975) investigated the effect of social class membership 

on educational and occupational carreers by an ex-post-facto study, using 

a matching procedure for the variables sex, intelligence and testing age . 

These data are appropriate, at least in principle, to constitute the ob

servations for some sort of structural model (cf. Peschar, 1977, p. 14) . 
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d . The T- data 

The relationships between dental nealth (disease and care) and a 

number of sociological and psychological variables were studied by 

Tijmstra (1980). In principle this study a l so conta ins several possi

bilities (o.c .. sections 7.5 and 8.4.4) for cons truc ting struc tura l mode i s . 

5. 2 Data character istics 

For the assessment of the di s tributional properties of the 

observations several methods are available as can be seen from s ec tion 

3 . 3. Here also, only the marginal distributional properties of the 

variables will be evaluated. Given the purpose of this chapter, just 

to get an impression of the frequency distributions of variables in the 

social sciences, some descriptive distributional statistics were cal cu

lated. 

In each data-set about twenty "important" variables were involved. 

For each of these variables sample statistics were computed. In Table 

5 . 1 a summary is given of the frequency distribution of those sample 

characteristics. Following Tukey (1977, p. 32 ff.) extremes, hinges 

(the median of the values ranging from an extreme to the median, which 

is thus roughly equal to the quartile) and the medians are displayed . 

For the K-data 24 variables (marked #) are involved; the depth of the 

median (marked M) is 12h (twelve and a half), the depth of the hinges 

(marked H) is 6h and the depth of the extremes I. As an illustration 

of how to read Table 5.1, take the skewness of the 24 variables for the 

K-data. It can be seen that the smallest skewness among these variables 

is -0 . 1, the largest skewness 2.3 and the median 0.1; the H-spread 

(interquartile range) of the skewness is 0 . 8 . The wide variety of data 

is weIl illustrated by the first two columns of Table 5.1, while the 

other columns give a first impression of non-normality. 

All variables in the data-sets were more or less discrete, of ten 

far from the continuity assumed by a structural analysis . Typically, 

data from the social sciences have an ordinal level of measurement . 

Variables measured on a nominalor an interval scale less frequently occur, 

but in each study some variables had one of those levels of measurement 
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Table 5 . 1 Five-number summaries [median (M) , hinges (H) , extremes ( I ) ] and 

H-spr ead (di fferences between the vaZues of hinges) of some s tatistics from 

four empi ricaZ s tudies . Note that the number of observations are variabZes . 

valid cases 
number of 

kur t osis cat egories skewness 

K- data ; # 24 

MI2h 1.147 21. 5 O. I 2 .7 

H6h 129 1 1370 79 6 . 5 66 . 5 60 - 0.3 0 . 5 0 . 8 2 . 0 3 .0 1.0 

1 875 1373 2 . 0 225 . 0 - 0 .1 2 . 3 1. 3 8.6 

M-data ; # 19 

MlO 435 

I : 
6 

I 
- O. I 2 . 5 

H5 375 435 60 25 20 -0 . 4 0 . 2 0 . 6 2.1 2.8 0 . 7 

1 l Ol 435 73 - 0 .7 0 .7 1.8 3.5 

P-da t a ; # 19 

MlO 233 8 , 0 .1 2 .4 

H5 202 224 22 -0 .1 0 . 7 0 . 8 1.6 2 . 8 1.2 

1 196 224 2 46 - 0 . 8 1. 3 1. 0 5 . 4 

T-da t a ; # 24 

MI2h 525 13 . 0 -0 . 2 2 . 9 

H6h 52 1 527 6 6 . 5 16 . 5 10 - 0.6 0.4 1.0 2 . 6 3 . 8 1. 2 
~ 

1 520 527 2. 0 56.0 - 1.8 1.4 1.4 5 . 9 N 
w 

-' -- - _. - - ---~ .- - -- ~ - - .... - -



(e.g. church membership, intelligence). From column two of Table 5.1 it 

can be seen that the K- study contains a relatively large number of 

"continuous" variables. Most of the time the variables, are scale- free; 

the unit of measurement being arbitrary or irrelevant (except for the 

K-data all variables have positive values). This makes an exposition of 

the mean values of no interest (partly the same holds for the standard 

deviation), and it also makes it sufficient to look at the covariance 

structure for the standardized variables. 

Table 5.2 gives some additional easy summar ies of the data in the 

form of stem-and-leaf displays (cf . Tukey, 1977, p . 9 ff . ,for qui ck under

standing). It is not our purpose to explain in every detail how the 

stem-and-leaf displays must be read. Our main goal is to give an impres

sion of the distributional properties of some statistics. For instance, 

it can ver y easily be seen that the spread of the kurtosis is larger 

than the spread of the skewness . We give two clarifications. In the 

K-data 11**15 means that there is one variable with a number of valid 

cases between 1150 and 1159. For the same data 11 . 123 means that there 

is one variable with a number 0 f valid cases between 1120 and 1129 and 

one variable for which that number is between 1130 and 1139 . 

From the distributional characteristics of the number of categories 

(column two of Table 5 . 1), and given the fact that most variables have 

integer values, it can be seen that the discrete variables have a small 

number of categories (ranging from 2 to 225, and a median of 7 categories, 

say). 

The skewness (ske) of the variables has a rather limited range; it 

seldom differs very extremely from the "normal" value of zero. Both 

long tails to the left (ske < 0) and long tails to the right (ske > 0) 

occur . Tables5.1 and 5.2 also show how the kurtosis (kur) varies within 

each study. Overall there are more leptokurtic (kur > 3) than platikurtic 

(kur < 3) variab les . 

In Figure 5 . 1 from each study the frequency distribution of some 

typical variables is given. [It was convenient to expose intelligence 

(M-data) in a compact way by combining ten categories throughout the 

scale .] These histograms illustrate the level of measurement, the 

discreteness and the non-normality of data from the social sciences . 

The most salient distributional aspects of the data are the di screteness 
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'l'able 5.2 Stem-and- leaf displays of same statistics from four empirical 

studies . 

valid cases number of categories 

K-data 13** 555667777777 2** 2 
13. 344444 1** 2 
12** 
12. 4 9* 
11** 5 8 7 
11. 23 7 9 
10** 8 6 0589 
10. 5* 69 
9** 4 0 
9. 3 
8** 7 2 12 

1* 44 
0 233556779 

M-data 4** 22333333333333 7* 3 
3 4577 6 
2 5 4 

0 4 
3 7 
2 556 
1 
0 4444555666666 

P-data 22** 123444444444 4* 6 
21 45 3 
20 2 2 1 
19 6678 1 3 

0 2246677777999999 

T-data 52155556677777777 5* 6 
52. 0000003334 4 

3 
2 

1I 

1 11 24455667779 
0 235566788 

I' 
I' 

, 
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Table 5.2 (continued) Stem-and- leaf displays of some s tatistics from 

four empirical studies . [unit = 10 times; doubtful roundings (originally 

ending i n 5 ) are made to nearest even number.l 

skewness 

K-data 2* 3 
1 7 
0 0001234455558 

-0 743221 1 
-1 11 

M-data 0*100223777 
-0 77644443210 

P-data 
1*1

23 
o 00011167789 

-0 851110 

T-data 1* 34 
o 235599 

-0 997775443221111 
-1 8 
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kurtosis 

8* 6 
7 
6 
5 
4 0 
3 00022 
2 000122367889 

38899 

3*1
45 

2 11233456778899 
1 899 

5* 14 
4 
3 
2 
1 

03 
34456688 
0034677 

5* 59 
4 02 
3 1346789 
2 14566688899 
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and the fact that of ten one or two ca t egories of a variable conta i n most 

of the observations, which in most cases is weIl reflected in the value 

of the s kewne ss and in tha t of the kurtosis . 

Seeing the data characteristics of a rather arbitrary sample of 

studies from the social sciences it is clear that of ten variables 

have a distribution which is far from normal. This makes it worthwhile 

and even necessary to study the robustness of LISREL against non

normality. Moreover, it was found that social science data are typically 

discrete, having a limited number of categories, while at the same time 

they are characterized by a certain amount of skewness and kurtosis. 

It was therefore decided that the non- normal distributions in our 

Monte Carlo study should at least have the property of both discreteness 

and skewness . In the next chapter we discuss a procedure by which both 

the discreteness and the skewness of the non-normal variables are 

controlled for. There, it will also be shown that this controlled 

degree of discreteness and skewness results at the same time in a 

varying degree of kurtosis. 

5. 3 Missing data 

Although we do not attack the problem of missing data in this study, 

the drawback it has on the sample size as weIl as on the estimation of co

variance matrices seems serious enough to pay at least some attention to 

this subject. Inspection of Table 5.2 shows that the number of valid cases 

is not the same for each variabIe. In the M-study for example the minimum 

number of valid cases is lOl, the maximum number 435. The reasons for 

such fluctuations can be found in missing values, which occur for what

ever human insufficiency, like " I do not know", "not applicable",or an 

error made by the interviewer. It is very weIl known that the presence 

of missing values is a rule rather than an exception in studies of the 

kind described. This has serious consequences most of the time . 

If, in the presence of missing values, an investigator wants to esti

mate correlation coefficients or covariances in the population under study, 

a decision has to be made as to the sample size these estimates are 

supposed to be based upon . At least two strategies are possible. 
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Although there are other procedures for handling mi ssing data (cf . 

Afifi & Elashoff, 1966; Timm, 1970; Beale & Little, 1975; Gleason & 

Stae lin, 1975; Finkbeiner, 1976, p. 14 ff.; Frane, 1976; Verbeek, 1979) 

the two approaches mentioned below are the ones which will be available 

in most statistical computer packages. 

(i) Each correlation coeffi cient p . . is based on the maximum number of 
1.J 

complete, valid cases for the pair of variables i and j (so-cal l ed 

pairwise deletion ). Ordinarily, this means that for a specific set 

of variables the estimates of tbe correlation coefficients are based 

on different numbers of observations. It may be true that the 

estimated correlation matrix R so constructed is based on a relative 

maximum amount of information, but the result could we Il be that ~ 

is a non-positive definite matrix. If the lat t e r occurs such a sampl e 

correlation matrix cannot be taken as the input for a LISREL-analys i s 

using maximum likelihood estimation methods. Instead unwei ghted 

l eas t squares methods could be used . Frane (1976) discusses possible 

adjustments when ~ is singular. Jöreskog & Sörbom (1981, p.IV.5 f.) 

give severe warnings in using maximum likelihood methods even when 

R is positive definite. 

Table 5.3 Difference between listwise and pairwise deletion : range, 

median and mean of product-moment correlation coefficients and the 

number of observations (N) they are based on in four empirical studies . 

listwise deletion pairwise deletion 

p .. medlp· .1 mealp· .1 N Pij medlp· .1 mealp· .1 N 
1.J 1.J 1.J 1.J 1.J 

min max ffil.n max !min max 

K -.65 .61 .13 .17 443 -.54 .57 .11 .15 736 1373 

M -.13 .79 . 26 .32 59 -.01 .75 .24 . 29 75 435 

p -.95 .86 . 23 .30 164 -.95 .86 .24 .30 175 224 

T -.23 .55 .11 .14 504 -.24 .55 .11 .14 517 527 
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(ii) Within a set of variables all estimated correlation coefficients 

p .. are based on the total number of cases complete for all variables 
~J 

( l is twise detetion ). In practice this willoften result in a large 

reduction of the number of observations (sample size) . For the M

study that number would be reduced from 435 to 59! (See Table 5.3 

for an overview of the four studies.) Although with this method 

the estimated correlation matrix R willoften be based on a small 

number of observations, in principle it does not lead to computational 

difficulties when LISREL is used. Bu t it is certainly true that 

frequently much information will be lost, which might have been 

expensively gathered, while at the same time serious biases may 

occur in estimating correlation coefficients. 

In LISREL-V the user can handle missing values by pairwise deletion, 

if the raw data matrix Z is used as input. There are also statistical 

computer packages which can handle missing data for the estimation of 

S, using approaches different from the two described earlier (e.g. Frane, 

1975). See also Verbeek (1979) and Van der Sluis (1981) who evaluate 

statistical computer packages on their treatment of missing data. 

For the multiple common factor model Finkbeiner (1979) proposed 

a maximum likelihood approach when data are missing. It is very weIl 

known that models for exploratory and confirmatory factor analysis can 

be handled by LISREL. In a personal communication Finkbeiner confirmed 

that the adaption of his method to more general structural equation models 

should raise no additional problems, although the method may be expected 

to require lots of computing time. Under circumstances, similar and quicker 

methods might do as weIl (cf. Frane, 1976, and especially Dempster, Laird 

& Rubin, 1977). 

Finally, in Figure 5.2 the frequency distribution of the estimated 

correlation coefficients, based on the method of pairwise deletion, is 

given for each of the four data sets. It is characteristic of data from 

the social sciences that on average the correlations are moderate to 

small . Table 5.3 also contains the median of the absolute values of the 

correlation coefficients , again indicating how low many correlations 

are . In this respect the distributions of the sample correlation coeffi

c i ents based on listwise deletion hardly differ from those presented 

in Figure 5.2 (see also Table 5.3). The absence of strong dependencies 
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between variables is partly due to the non-normality of the marginal 

distributions of the variables , which sets severe limits to the maximum 

absolute value of the coefficients that might be attained (cf.Carroll, 

1961). 

There are three maLn points to be summarized. First, missing data 

of ten occur in samples from which covariance structures are analyzed. 

Secondly, the most commonly used estimation methods dealing with missing 

values either lead to non-positive definite covariance matrices ~ (un

suitable for maximum likelihood estimation), or to sample covariance 

matrices which are based on a very small number of observations. The 

seriousness of the lat ter for a LISREL-analysis was discussed Ln chapter 

4 . Thirdly, it was noticed that data from the social sciences of ten have 

a strong handicap of non-relevant dependencies, making structural modeling 

unattractive if not useless. 
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6. MONTE CARLO SAMPLI NG FROM NON-NOR~L DI STRIBUTIONS 

In the previous chapter it was decided to characterize non

normality by the skewness of the observed variables and by categorizing 

these variables. In this chapter a numerical solution is presented how 

to generate the sample covariance matrices S of such discrete and skew 

variables, while at the same time the true population covariance matrix 

L is known and has a specified structure. Before going into the 

technical details of such procedures, a theoretical discussion of two 

possible strategies in treating the non-normal case is given in 

section 6 . 1. It will be seen that the true structural model can either 

hold for unobserved latent variables or for the observed variables and 

that a choice has to be made between these two approaches. In section 

6.4 an overviewof the procedure for non-normal observations is given. 

It should be stressed that throughout this chapter the concept 

" latent variable" denotes an unobserved normally distributed variabie , 

which has a non- l i near relation to the observed variabie due to a 

specific categorization of that latent variabie . In section 6.2 the 

relationship between the latent variables and the observed variables 

is mathematically specified. At this place the reader should ' note the 

difference . between this new concept and the latent variables in 

the LISREL-model, which are tied to the observed variables by linear 

relationships of the type y fI n + E: or x = fI ç; + IS . [cf (2.2) and 
- -y - - - x - -

(2 . 3) J 

The idea of an underlying normal variabie which corresponds to 

a classified, discrete observed variabie can be traced back to the 

work of Karl Pearson (1901) . He suggested the tetrachoric correlation 

coefficient as a measure of bivariate normal correlation. Although 

Pearson liked the mathematical niceties of bivariate normal dis tri-

butions he was worried from the start about the real life situation, 

where skew and discrete variables frequently occurred(Pearson, 1895, 

1913). Generalization of the tetrachoric correlation coefficient to more 

than two classes in the observed variables leads to the polychoric 

correlation coefficient. Recent work on polychoric correlation is 

discussed by Olsson (1979a),who also derived asymptotic covariance 
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matrices for estimates of polychoric correlations. 

6. 1 Considering the true model 

Some of the ideas which led to our solution of the non-normal 

sampling problem arose from Olsson's (1978) dissertation, where a 

study on the robustness of factor analysis against crude classification 

of the observations is reported (see also Olsson, 1979b) . Crucial 

Ln that work is the hypothesis that the observed variables are obtained 

through a classification of some true, latent variables which have a 

multivariate normal distribution and for which the (factor analysis) 

model holds. Olsson numerically demonstrates the relationships between 

the true latent model and the results obtained from classified ob-

servations. A preliminary reflection on his study and its relations 

to our work can be found in Boomsma (1980a). 

The present section serves to clarify th at basically two approaches 

can be distinguished in handling non-normal observations. 

case a : an approach in which the structural model holds for the 

observed non-normal variables, and 

case b : an approach in which the structural model is true with 

respect to the latent variables. 

The differences between both approaches will be treated now. 

Let us assume th at there are functional relationships G
i 

between latent continuous variables ç~ which cannot be observed 
L 

directly, and observed variables zi (i = I, ... , k). It is 

furthermore assumed that the vector ç* has a multivariate standard 

normal distribution, while z has some non-normal multivariate 

distribution. The non-normal distributions of zi might be any 

non-normal distributions, continuous as weIl as discrete; variables zi 

might be numerically discrete, ordinal as weIl as nominal. 

Next, since ç* is standardized, let us denote the correlation 

matrix of the latent variables ~* by L* and that of the observed 

variables ~ by ~, while the sample covariance matrix (which might 

be a correlation matrix) based on the observed scores is ~. The 

basis for the two different approaches thus lies in the answer to 
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the question whether E* or E satisfies the struc tura l equation model 

under study . Each approach has consequences for a possible structural 

analysis and for the design in a robustness study; these will be 

discussed in more detail now. 

Case a 

If the true model is satisfied by ~, and a LISREL-analysis is perforrned 

on the basis of ê,a wrong procedure is used, because the observed 

variables have a non-norrnal distribution while the maximum likelihood 

procedure expects a multivariate normal distribution. Here the latent 

variables do not play any role of iluportance. In effect, if the 

multivariate distribution function of the true observed variables would 

be known (at least for numerical variables) maximum likelihood estimation 

procedures might be derived. The only problem that remains for a robust

ness study, if this approach would be chosen, is how to sample from 

which multivariate distribution, given ~ . In sections 6.2 and 6 . 3 it 

will be seen that specific functional relationships between ~ and ~ 

can be chosen to solve the sampling problem if E is the true model. 

Case b 

If, however, the true model is satisfied by ~ *,and again a LISREL

analysis is carried out on the basis of the sample covariance matrix 

S of non-normal variables,the main handicap is that the model is 

true for the latent variables and not for the observed non-normal 

variables. 

The difficulties involved are illustrated for a factor analysis 

model. Suppose for example th at a researcher doing a robustness study 

knows what the true model is (given ~ *, multivariate normal variables), 

and let us assume that it is a factor analysis model. This means that 

if the correlation matrix E* A* ~* A*'+ e* specifies such a model, all 

elements of the matrices on the right-hand side of this equation are 

known. However, E* is nat the correct model for the observed variables 

(linked to the latent variables by some functional form), because 

that would be E. 

If normal variables would be categorized to discrete and possibly 

skew variables, in a way described in section 6.2, the difference 
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between the absolute value of the normal produc t-moment correlation 

and the corresponding so-called multinomial product-moment correlation 

is always non-negative: lp'!'· I - Ip .. 1 ~ 0 (see Lord & Novick, 1968, 
~J ~J 

p. 346 for dichotomized variables) . 50, if LISREL would be used to 

estimate E* on the basis of ê the fit would be imperfect, because of 

the discrepancies between E and E* 

specifies a one-factor model,and ~ 

For example, if ~ * = A* ~* A*' + e* 

A ~ A' + ~ is the analogous 

decomposition of ~ , the corresponding order of A and ~ , let alone the 

values of the elements of A, ~ and e ,are unknown . It is very unlikely 

that, given ~*, a one-factor model also fits ~ , and very probable that 

more than one factor is needed (o.c., p. 382). 

Let us summarize what can and what cannot be done ~n case b. 

Given that E* = A* ~* A*' + ~* specifies the true factor analysis model, 

and given the estimate E* based on ê (multivariate non-normal 

variables), by using the LISREL-procedure 

(i) the parameter estimates and their corresponding standard errors can 

be compared with the true values, which are known, 

(ii) the approximate chi-square goodness of fit statistic can be 

compared with the known true chi-square distribution with a 

specified number of degrees of freedom. 

But in both cases, (i) and (H), it is clear from the start that there 

will be discrepancies in the comparisons because of the differences 

between E* and E ! 

Olsson's (1978) computations exactly show what happens in such a 

situation. In his study the true model for the latent variables is 

a one-factor model. A maximum likelihood estimation procedure M was 

used,which can be summarized by M(~ = ~I~*,MND) = E*, meaning that 

on the basis of the perfect covariance matrix ê, given the true 

population model E* and an estimation procedure assuming that the 

latent variables have a multivariate normal distribution (MND), an 

estimation of the population covariance matrix,~*,is made. His 

results for goodness of fit and for the bias of computed factor 

loadings very well show the discrepancies which might occur, 

depending on the skewnesses and the number of categories of the 

observed variables. 
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What cannot be done in case b is to evaluate parameter estimates, 

corresponding standard errors and the chi-square statistic for goodness 

of fit under the model ~ A ~ A' + e , because this model is simply unknown . 

Given these two approaches a decision must be made what our point 

of view in thi s robus tness s tudy will beo Should the true model hold 

for the normal latent variables or for the non-normal observed variables? 

Clearly, -two aspects of robustness must be distinguished if the LISREL

procedure is used. Firs~the robustness against non-normal observations 

(including discrete classification) in a pure sense, where the observed 

non-normal variables are confronted with a maximum likelihood procedure 

which assumes a multivariate normal distribution (relevant in case a 

as weIl as in case b). Secondly , the robustness against the wrong model 

fit, e.g. M(~I~*,MND) = ~* (relevant in case b,not in case a). 

This creates a rather complex situation. The theoretical idea of 

continuous latent variables is attractive and sometimes unavoidable. 

If the model would hold for these latent variables, in our robustness 

study we could simply sample from a multivariate normal distribution 

and observe what the effect of a certain categorization (with or without 

skewness side effects) of the normal variables is. That is what Olsson 

(1978) did . Or we might want to transform the normal variabl~s 

to non-normal continuous variables. But for sure we would fit the 

wrong model . And it would be very hard,if not impossible,to disentangle 

the two aspects of robustness just mentioned. 

On the other hand, for our purposes it would be very nice to 

know what the true model is for the observed variables, what the values 

of parameters and standard errors are in the non-normal population, 

like we knew it all the time in the normal population for the small 

sample case . Such an approach would have the advantage that only one 

main aspect of robustness, that of the use of non-normal observations, 

is dealt with. As mentioned on page 136 there is only one restriction: 

a solution must be found for the problem how to obtain random samples from 

a discrete multivariate distribution with a specified ~. In the next 

sections it will be seen that there is a conditional solution to 

this problem. 

It was therefore decided th at in our robustness study the true 
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model would hold for the observed non-normal variablesj the structural 

model would be satisfied by ~ , not by ~*. This decision can be summarized 

by saying that it was decided to choose M(~I~,MND) = L as the estimation 

procedure for the non-normal case (in fact case a). 
So far the discussion was rather general. We did neither specify 

the functional relationship between 5* and z, nor the non-normality 

of z in distributional t'erms. This was postponed in an attempt to 

illustrate that the problems discussed are indeed of a general kind, 

not restricted to discrete observations alone. Our choice for discrete 

skew variables has empirical grounds, which were treated in chapter 

5 This choice now has to be made explicit in an operational procedure 

how to sample froma non-normal distribution with specified ~ . 

Before that problem is dealt with in the following sections, two 

final points should be made here. Firs t , the observed variables 

which are chosen are assumed to be discrete (or discretized), numerical 

variable s with sample covariance matrix S. In section 6.2 it will be 

seen that for the non-normal case the observed values have been as

signed discrete values, which happen to be non-negative integers (see 

page 141 ). It would also be possible to assume that the variables 

are ordinal, or nominal, but there is one reason why we did not do so. 

Since the scales of ordinal and nominal variables are arbitrary, there 

is no unique true population model. Such a model depends on what numbers 

are assigned to the categories. On the other hand, a unique true 

population model for ~ may exist if the variables are discrete and 

numerical. Secondly, in this section the pro's and contra's of 

case a and case b have been discussed primarily within the frame-

work of our robustness study,apart from considerations with re gard 

to the practical application of structural equation models; the 

consequences of both approaches were compared from the viewpoint 

of a researcher doing Monte Carlo work. As such,the function of 

introducing the concept of latent variables and their relationships 

with observed variables served mainly technical purposes of a 

specified sampling design: the exposition was a theoretical 

discourse with technical, Monte Carlo purposes. If the applied 

statistician would be restricted to the LISREL-program, he of course 

has no choice from a practical point of view: he had to use 
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M(sI L*,MND) = f* , whether his observed variables are multivariate - - .... 
normal, or whether they are not, or leave it . In applied situations one 

can undoubtedly think of different analytical methods M which can 

be used, depending on the theoretical and observed characteristics of 

variables, of the availability of programs which mayor may not be 

suited for non-normal variables, and which mayor may not assume 

specific distributional properties . It is up to the user with his 

theoretical knowled ge of the variables under study, whether latent 

normal variables are assumed or whether they are not . 

6. 2 The reZations hi p between Zatent and observed var iabZe s 

For the univariate case there are relatively easy methods for 

generating non-normal distributions with a controlled degree of 

skewness and kurtosis (Fleishman, 1978). However, the introduction 

of non-normality into a multivariate distribution makes it difficult, 

especially when the number of variables is larger than two and a 

specified covariance structure is desired. 

Ideally, we would generate random multinomial deviates from a 

multivariate multinomial distr i bution with population covariance 

structure L. To our knowledge there are no subroutines available 

in statistical computer libraries which can handle this, like the IMSL

routines used for the normal, small sample case . 50 we must either 

make such a program of our own, which might be tedious, or find another 

solution, which we did. 

The problem was attacked by specifying the relationship between 

latent variables ç* and observed variables z . Once more, the only role 

of ç* in what follows is that it is of help in finding a solution for 

the non- normal sampling problem. First , together with the basic concepts 

some notation will be introduced, partly following Olsson (1978) for 

reasons of analogy and efficiency. 

In the following it is assumed that there is a relationship between 

a latent continuous variable çi, which cannot be observed directly, 

and an observed discrete variabie zi (i=l, . .. , k) . It is furthermore 

assumed that each çi has a standard normal distribution . From now on, 

for reasons of simplicity in most notations the index i is omitted as 
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long as the relationship for one variable is discussed. If Ts(s=l, ... , r) 

are thresholds in the standard normal distribution for variable i, 

which are unknown in practice, the monotone relationship between the 

latent variable and the observed variable is given by the following 

prescriptions: 

if 1;* < TI then z 0 

if T 1 ~ 1;* < T2 then z = 

if TZ ~ 1;* < T3 then z = Z 

then z = r 

Such a relationship between 1;* and z is illustrated Ln Figure 

6 . 1, where the observed variable has five categories and where the 

skewness of the discrete 

histogram equals zero. 

distribution as depicted by a symmetrie 

Figure 6.1 The reZationship between the laten.t vaPiabZe r;: * anti the 

obsel'ved variabZe z~ with skewnes8 y = 0 and a number of categories 

c = 5; Ps (s = o~ . . '3 4) denotes the probabiZity wuiel' the distribution 
functions. 

(6. I) 
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As has been stated previously, the main eharaeteristies of the 

observed variables we want to use are the skewness y and the number 

of eategories e (or its number of thresholds r = e-I). It ean be 

understood that we want to speeify y and e for eaeh variabie under 

study. Thus, first of all we need a family of distributions whieh 

ean be manipulated on e eategories and in whieh the skewne ss y ean be 

ef fiei ently rnodified. 

More or less arbitrarily it was ehosen to eharaeterize the 

distribution of z as a binomial di s tribution . That is the reason why 

non-negative integers have been assigned to z; the value of an 

observation depends on the eategory in whieh it falls. 

It may be elarifying to see how the skewness and the kurtosis 

fluetuate as a funetion of the parameters rand p of a binomial 

distribution. These relations are exemplified in Table 6.1 for a 

number of eategories ranging from two to seven, whieh is the range 

used in our robustness design (see ehapter 7). For r > I the values 

for p > .5 are omitted beeause the kurtosis and the absolute value 

of the skewness are symmetrieal about .5, as may be seen from the 

va lues for r I. By varying the number of eategories and the 

skewness [cf. formula (6.3») in a binomial distribution the kurtosis, 

{3+ [1-6p(1-p»)/ [rp(1-p»)} is ehanged at the same time. 

Note how close the range of skewness and kurtosis in the empirieal 

data sets (Table6 5.1 and 5.2) is refleeted by the range of values 

in Table 6.1. 

In Figure 6.1 the probabilities Ps are thus defined by the 

binomial probability distribution: 

P 
s P(z=slr,p) (r) s(l_ )r-s ( 0 1 ) s p p ,S=" ... , r • 

where rand pare the parameters of the binomial B(r,p) distribution. 

In order for z to have the same skewness with a varying number 

(6.2) 

of eategories, the parameter p was adapted to the number of eategories. 

Results are then eomparable for different values of e. 

The parameter p is thus a funetion of rand y • For given rand y , 

p ean be solved from 

y = (1-2p)/[rp(l-p»)!, (6.3) 
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Table 6. I The values of the skewness and the kurtosis in binomial 

B(r,p) distributions . 

r p skewness kurtosis 

.1 2.67 8.11 

. 2 I. 50 3.25 

. 3 .87 I. 76 

.4 .41 I. 17 

.5 . 00 1.00 

.6 -.41 I. 17 

.7 -.87 I. 76 

.8 -1.50 3. 25 

.9 -2.67 8.11 

2 .1 I. 89 5 . 56 
. 2 I. 06 3 .1 3 
.3 . 62 2.38 
.4 . 29 2 .08 
.5 .00 2.00 

3 .1 I. 54 4.70 
.2 . 87 3 . 08 
.3 .50 2.59 
.4 .24 2.39 
. 5 .00 2.33 

4 .1 I. 33 4.28 
.2 .75 3.06 
.3 .44 2.69 
.4 .20 2 .54 
.5 .00 2 .50 

5 .1 I. 19 4.02 
.2 .67 3.05 
.3 .39 2.75 
.4 .18 2.63 
.5 .00 2.60 

6 .1 I. 09 3.85 
. 2 .61 3.04 
.3 .36 2.79 
.4 .17 2.69 
.5 .00 2.67 
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which is the skewness of the B(r,p) distribution. 

Now the binomial probabilities P can be computed, which clearly 
s 

dep end on the number of categories and the skewness of variabie z. 

In Figure 6 . 1 the only unknown quantities are the thresholds 

TS' For given P l(s=l, ... ,r) they can be computed by the inverse 

standard normals~istribution function: TI = ~-I(PO)' 
TS ~-I[PS-I + ~ (Ts_I)J, for s = 2, ... ,r, 

where 

in which TO = - co and Tt:+1 = 

The functional relationship between a latent variabie and an 

observed variabie, as illustrated in Figure 6.1, has now been fully 

specified: crucial is that for a given number of categories and a 

given skewness a binomial distribution is chosen,resulting in proba

bilities Ps which are linked to the standard normal distribution by 

thresholds T. 

Our next goal is to investigate the relationship between 

normal two variabZes ç! and ç!, having a standardized bivariate 
1. J 

distribution with product-moment correlation p ~., 
1.J 

element of the correlation matrix ~*, which is of 

where p ~. is an 
1.J 

order kxk. (H 

is only for reasons of simplicity that ~* is a correlation matrix 

and not a general covariance matrix.) As before, corresponding 

to the latent variables ~* there are observed, discrete variables ~. 

The bivariate situation is illustrated in Figure 6 . 2, where zi has 

four categories and z. has three categories . 
J 

Given the correlation p ~. between two latent, bivariate normal 
1.J 

distributed variables we are ultimately in a position to calculate 

the correlation p .. between the corresponding observed, classified 
1.J 

variables z. and z .. If, given the skewnesses and the nurnber of 
1. J 

categories, the thresholds for ç~ are TI" T2 ., . .. , T . and 
1. ,1,1. r i ,1. 
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Figure 602 The positive reZationship beween -1: and _j depiated by 

an isodensity contour; Z( and Zj are the aOl"l"esponding obsepved 

variabLes . 

those for ç~ are TI Ol T2 Ol " ' 1 T Ol then the probability that 
J ,] IJ r oi J 

Zo = s and Zo = t may be computed as J 
1. J 

where 

P 
st 

2 I [ z~+z~ - 2P~ozozo ] '" ( I * ) - [(2 )b 1_ * ) 1 - 2 _ 1. J 1.J 1. J 'f' Z 0 I Z 0 P 0 0 - TT""\ P 0 0 exp 2 
1. J 1. J 1.J 2(I - p'!'o) 

1.J 

is the density of the standardized bivariate normal distribution 

with cor r elat ion p'!'o . 
1.J 

(6 . 5) 

(6 . 6) 

Given t he t hresholds and P'!'OI t he bivariate discrete distribution 
1.J 

of Zo and z . is completely specified by P tand their corre l ation may be 
1. J S 
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cornputed as 

r. r. r. r. r. r. 
l: ~ l: J P st - l: ~ l: J P s l: ~ l: J p t 
0 0 

st 
0 0 st 0 0 

st 
p .. r' r. (~i ~j psts)2]4[~i 

r . 4 . (6 .7) 
~J 2 2 C· r . 

l: ~ EJ P s EJ p t - E ~ l: J 
P stt tJ o 0 st 0 st 

0 0 o 0 

Such correlations will be cal led multinomial correlations . 

From (6.5) and (6 . 7) one thus obtains the relationship be tween l:* 

and ~, where l:* is the correlation matrix of latent variables ç* and 

l: that of observed variables z . This relationship will be basic for 

the next section, where it will be reversed. In our Monte Carlo study 

we need to compute ~ * , given that the structural equation model is 

satisfied by ~ ,which is fully known. In this sec tion it was shown 

how to compute ~ given ~ *. Unfortunately, it is not possible to 

calculate ~* given ~ in a straight forward way. In section 6.3 an 

iterative procedure is described by which this problem can be solved. 

6. 3 The numericaZ soZution 

In section 6 . 1 it was decided th at for the non-normal case the 

true population model should hold for the multivariate multinomial 

variables . In the previous section a specified relationship between l: * 

and ~ was formulated, taking discreteness and skewness into account. 

The solution of the problem how to solve the sampling process from 

a mul~ivariate multinomial distribution with a true model ~ can shortly 

be described as follows: take random samples from a multivariate normal 

distribution with ~ * corresponding to the true population model l: . 

The solution looks simple, but as will be seen (page 147) it 

is not without restrictions. The advantage of our proposal is that 

the basic generation of random deviates is exactly the same as for 

the normal, small sample case, making results at least comparable in 

that r espec t. 

In order to compute l: * corresponding to a given l: a Fortran 

computer program cal led NONNOR was written by the author (Boomsma, 

1980b). The algorithm, which in its simplified form is shown in 
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Figure 6.3, ean be summarized as follows . 

I . Given that E s a tisfies a LISREL-model, start with ~ O = ~ , and given 

the skewnesses and the number of categories find the corresponding 

multinomial ~O by means of (6.5) and (6 . 7). 

2 . Use an iterative procedure resulting in a final E* 
- f 

whieh corresponds 

to a ~ f in whieh the elements Pij,f differ from the true values p . . 
~J 

only to a small degree (for details see Figure 6.3) . 

3 . Check whether E* is a positive definite matrix by investigating 

its eigenvalues. 

4. If the smallest eigenvalue is positive the algorithm stops. 

5. If there are eigenvalues less than zero, the in absolute sense 

largest negative eigenvalue is looked for; say its absolute value 

equals d . 

6. In order to arrive at a positive definite correlation matrix the 

non-diagonal elements of ~ f are divided by (I + d + E), where 
-5 

E = 10 . Denot e this adapted matrix by ~ ~f' (Since for the models 

used in chapter 7 it was neve r necessary to adapt ~ ~, we do not 

comment on thi$ provision). 

7. Calculate ~df eorresponding to ~df and see whether it is close 

enough to ~ . If it is, the algorithm stops . If it is not, the 

number of categories and/or the skewnesses are manipulated and a 

new attempt is made to find a suitable E* corresponding to E. 

From Figure 6.3 it can be seen that the iterative procedure is 

first used to find p* of E* 21 _ successively all !k(k - I) different 

elements of E* are computed. In the algorithm provisions were made 

to prevent l p'!' · I ~ I. 
~J 

It turned out that the algorithm is rather fast. In particular, 

when the skewnesses and the number of categories are chosen in 

harmony with the correlations p .. , hardly ever more than 10 iterations 
~J 

are required for convergence. 

This condition of harmony, which is the main~estriation of 

our procedure,may weIl be illustrated. Suppose variabIe i is a 

dichotomized variabIe with Yi = l and variabIe j is also a dichoto

mized variabIe with y. -2, while p .. = 0.3 It is then impossible 
J ~J 

to find a suitable p'!' . < I; if p'!'. = 0.99999 the corresponding 
~J ~J 
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p .. = O.26,which under the circumstances lS the largest possible multi
q 

nomial correlation coefficient . 

6 . 4 Overview af the non-nar mal procedure 

The handling of the non-normal case can briefly be described as 

follows: 

I. For a given structural equation model with ~, the number of 

categories c i and the skewnesses Yi' (i=l, ... , k) are selected. 

This is done by taking the elements p .. of L into account, sa as 
1J 

to avoid a selection of c. 
1 

and Yi which would be unlikely or 

impossible,given the size and direction of those elements. 

2. With NONNOR an attempt lS made to find the multinormal covariance 

matrix ~ *, given ~ , c i and Yi' (i=l, ... , k). If such an attempt 

fails same c i and/or Yi are adapted in such a way that a positive 

definite L* can be computed, where the corresponding multinomial 

correlation matrix is close enough to L. 

3. With SIMLIS Nxk random normal deviates are generated from a 

multivariate normal distribution with covariance matrix L* (see 

section 3 . I) . These multinormal random deviates are transformed 

to multinomial random deviates according to (6. I). At this stage 

aremark should be made about the next step, which is the 

transformation of the matrix of multinomial random deviates, say ~, 

to either a sample covariance matrix or a sample correlation matrix. 

This point was discussed earlier in section 4 . I. 

If a sample carrelation matrix is wanted each multinomial sample 

covariance matrix S is standardized by its own sample variances: 

V -!S V - ~ , where -V -~ is a 
_s - - s -s 
i-th element of the diagonal 

of variabie i . 

diagonal matrix of order kxk, and the 
1 

of V 2 is the sample standard deviation 
-s 

If, however, a proper multinomial sample covariance matr i x is 

wanted, which can be viewed as a sample from ~, also same 

standardization has to be performed, because of the difference 

between multinomial correlations and multinomial covariances. 

In this chapter the relationship between L* and L was treated in 

I1 

I1 
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terms of correlations. The generated samples §, however, are 

multinomial covariance samples, with multinomial sample variances on 

their diagonals. These variances are very restricted because of the 

specific transformation from continuous multinormal deviates to 

discrete multinomial deviates. Therefore, each multinomial sample 

covariance matrix S is standardized by the multinomial populati on 
! - I I 

variances : V- S V-i, where V-i 
- 0 - -0 -0 

the i-th diagonal element of 

is a kxk diagonal matrix ; 

V! equals [r. p. (1 - p.) l!, the 
- 0 ~ ~ ~ 

standard deviation of the multinomial variabie i in the population. 

The final results af ter this stage are NRS multinomial random 

sample covariance (or correlation) matrices S. 

4. The following steps are exactly equal to those for the normal, 

small sample case (see section 3.2 for a detailed description). 

The sample covariance matrices S are taken as input for LIS REL

analyses. Agatn,with LISREP a fixed number of replications NR < NRS 

is analyzed . 

5. Finally, the estimates of parameters, standard errors and the 

goodness of fit statistic, gathered for NR replications, are 

analyzed by means of DISLIS . The results of these analyses, which 

is mainly a comparison of theoretical and empirical sampling 

distributions, are reported in the next chapter for different kinds 

of modeis. 
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7. ROBUSTNESS AGAINST NON- NORMALITY 

This chapter gives Monte Carlo results for the robustness of LISREL 

against non-normal, discrete distributions of observations. In the intro

duction decisions are covered with respect to sample size, number of rep

lications, standardization, model choice, and Monte Carlo design. 

7. 1. Intraductian 

Compared to the introduction of chapter 4, where several decisions 

on the small sample part of this study were discussed rather extensively, 

similar choices for the non-normal case are only briefly mentioned here. 

(i) sample size 

The main objective of our research is to investigate the effect of 

non-norrnality separately from the effect of small sample size. Because 

the results of chapter 4 show.that LISREL is generally robust against a 

sample size of 400, it was decided to use that size for all models studied 

here. Departures from the theoretical distributions of parameter estimates, 

estimates for standard errors and goodness of fit can then be ascribed 

mainly to non-normality. Thus N=400 in all the tables and figures presented 

~n this chapter. 

In the whole framework of this study it is possible to think of an 

interaction design, where not only the main robustness effects of small 

sample size and non-normality, but in addition a n interaction effect of 

both types of model violations are investigated. Dur primary goal, however, 

is to study the main effects. Depending on the results the planning of 

future research could be directed to an interaction design, with suitable 

choices of sample size and degrees of non-normality. 

Given a specific model all variations in non-normality were compared 

to the norrnal case with N=400 • In that way it is possible not only to 

compare non-normal cases with the theoretical, asymptotic expectations, 

but also with result s under normality given the same sample size. 

(ii) number af r eplicatians 

For all models the number of replications was chosen to be 300 
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[cf. section 4. I (ii) J. The accuracy or reliability of results in chapter 

4 and this chapter are thus the same . 

(iii) standardization 

Except for ModelID (see section 7. 2) only sample covariance matrices 

are analyzed . For ModelID a comparison is made between analyses of co

varianee and of correlation matrices. 

For all rnodels results of the unstandardized parameter solution are 

given [cf . section 4. I (iii) J. 

(iv) model choice 

Non-normality is studied for three types of modeIs, which are 

basically the same as before. Apart from a standardization described in 

section 7 . 2a, in this chapter ModelID is the same as the one described 

in section 4.2a . Model 2D is exactly the same as that of section 4.3a. In 

addition to these two empirical models some theoretical factor analysis 

models are studied. The whole class of factor analysis models as de

scribed in section 4 . 4a is not investigated . 

Model indication: throughout this chapter the non-normal models are 

generally indicated by capital D (Discrete), and their corresponding norrnal 

variation by NM (No r Mal) . Additional indicators for various degrees of 

non-normality (Categoriza t ion and Skewness) will be treated for each model 

separately in one of the following sections . 

(v) Monte Carlo design 

In order to facilitate comparisons among non-norrnal , and between 

norrnal and non- norma l variations the start value in the data generation 

process (see page 25) i s the same for all variations of a single model . 

Between the diff erent models (seetions 7.2, 7.3, and 7 . 4) data were 

generated independently by taking different start values . Each non

normal model has its own design with respect to variations in numb ers 

of categories and in degrees of skewness. 

7. 2 Model lD 

7. 2a Model descr iption 

Thi s model was describe d earlier in section 4 . 2a, and illustrated in 
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Table 7.2.1 The population covarianee matrix ~ of Model lD (the 

stability of alienation) . 

Y1 
1. 000 

Y2 .660 1.000 

Y3 .560 . 469 1.000 

Y4 . 44 1 .520 .670 1.000 

x I -. 367 -. 404 -. 357 -.369 1.000 

x2 -. 280 -.308 -. 272 -. 28 1 .540 

YI Y2 Y3 Y4 x I 

1.000 

x2 

Table 7.2.2 The parameters of Model lD, their population values and 

the corresponding standard errors (N=400). ' 

parameter w. s~e parameter w. s~e 
1- w. 1- w. 

1- l. 

"I 1. 10 .11 E 
8 II .40 .06 

"2 1.03 .10 E 822 .27 .07 

"3 .76 .09 E 831 
.13 .04 

- (3 -.59 .08 E 8
33 

.35 .06 

-.52 .08 E 
.04 .04 YI 8

42 

-.20 .07 E .31 .07 Y2 844 

cp .71 .10 ê 
8 II .29 .08 

1jJ I 1 .41 .06 ê 822 .59 .06 

1jJ22 .33 .05 
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Figure 4 . 2 . I.Model I in chapter 4 and ModelID differ in the population 

covariance matrix L. In the small sample study L was a covariance matrix in 

a pure sense (see Table 4.2 . 1): the variances were unequal to one. For 

reasons of simplicity (s ee page 144) the popula tion covariance 

matrices of all models studied for the non-normal case are correlation 

matrices . Therefore, ~ from Table 4.2.1 was transformed to a population 

correlation matrix. The result is shown in Table 7. 2 . 1; this L will 

considered to be the (standardized) population covariance matrix . Because 

L has been standardized, the values of parameters and standard errors 

are also different from those presented in Table 4 . 2.2 . The present 

population values of the parameters and the corresponding standard 

errors (given N=400) are presented in Table 7.2 . 2. 

L in Table 7. 2. I is the covariance matrix of the multivariate 

distribution where samples of size N=400 are taken from in the continuous 

normal (NM) case .. but not l.n the dis cre te (D), non- normal case . Before 

we turn to the latter matrix, ~ *, the design of the study will be given 

(see Table 7.2. 3 ), which indicates for each of the six observed 

variables its number of categorie s , its skewness and for convenience the 

resulting parameter p of the 5inomial distribution used as a marginal 

(see page 14 2). 

Table 7.2 . 3 Number of categories c, varia ti ons in skewness 5, and 

parameter p of the corresponding binorrrial rrarginal distribution for 

the observed variables in Mod&l lD . 

var iabIe c 50 p 5 I P 52 P 

YI 4 0 .50 0.75 .23 1.5 .10 

Y2 5 0 . 50 0 .50 0 .50 

Y3 4 0 . 50 0 . 75 . 23 1.5 .10 

Y4 5 0 .50 0 .50 0 .50 

x I 2 0 . 50 -0 . 50 . 62 - 1. 0 .72 

x2 3 0 . 50 - 1. 00 . 79 -2.0 .91 
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The number of categories ranges from 2 to 5; no variations ~n 

these numbers are considered . For four of the six observed variables 

(Y I , Y
3

, xI and x2) three different degrees of skewness denoted by 

50 , SI' 52 are introduced. 

50 : All the observed variables have a symmetric discrete distribution 

(the skewness y=O). 

SI : Four out of six variables have a moderate positive or negative 

skewness . The median of the absolute value of the six skewnesses 

is 0 . 63 (standard deviation 0.42). 

52 : The skewnesses are twice as large as in variation SI. Median 

absolute value 1.25 (s.d. 0.84). 

The design for ModelID is thus indicative for a pure effect of 

categorization (50 ) and additional effects due to varying degrees of 

skewness (SI and 52). 

It would have been possible to use numbers of categories and 

degrees of skewness which are close to the original empirical data 

obtained by Wheaton et. al (1977). Details of those research findings, 

kindly placed at our disposal by G.F. Summers, show that on ave rage the 

observed number of categories was 21, which is too large for our 

purposes. The variation in the empirical skewness of the observed 

variables was very small; all skewnesses were positive with an approxi

mate ave rage of 0.2. Clearly more variation in our skewnesses was desir-

able. 

With regard to the final choices on the skewnesses with our method 

of non-normal sampling, it was impossible to introduce much larger ones 

than under 52 (cf. page 147) . For example, other quantities being equal, 

a skewness of 2.0 for variabie YI and Y3 would not result in a suitable 

E* because the calculated P*(Y1'Y3) would then exceed 1.0. 

Given the number of categories and the skewnesses from Table 7 . 2.3 

the multinormal ~* corresponding to the multinomial population covariance 

matrix E was calculated for each of the three discrete variations 50 , SI 

and 52 (see Table 7. 2.4). 

By now the model is specified (Figure 4.2 . 1), the population 

covariance matrix E for the discrete (and normal) observed variables 

is known (Tabie 7 . 2. I),together with the population values of parameters 
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Table 7.2.4 The muZtinomiaZ correZations pand the corresponding muZti 

normaZ correZations p* in variations SO'SI and S2. 

sa SI S2 

pair of variables p p* p* p* 

Y2 Y1 .66 .73 .78 .89 

Y3 Y1 
.56 .63 .67 .74 

Y3 Y2 .47 .52 .55 .64 

Y4Y 1 .44 .49 .52 .60 

Y4Y 2 .52 .57 .57 .57 

Y4Y3 
.67 .75 .79 .91 

x
1Y1 

-.37 -.49 -.51 -.55 

x
1Y2 

-.40 -.53 -.54 -.56 

x
1Y3 

-.36 -.47 -.49 -.54 

x
1Y4 

-.37 -.48 -.49 -.51 

x
2Y1 

-.28 -.33 -.37 -.44 

x2
y 2 -.31 -.36 -.39 -.47 

x
2Y3 

-.27 -.32 -.36 -.43 

x
2Y4 

-.28 -.33 -.36 -.43 

x
2
x

1 
.54 .72 .75 .81 

and standard errors (Table 7.2.2), and we have defined the covariance 

structures E* of multivariate normal distributions, where samples of 

size 400 are taken from in the discrete (D) case. 

For each of the four variations of the model (the discrete cases 

Sa' SI' S2 and the normal case NM) two types of generated data matrices 

were analyzed: sampZe covariance matrices S and sampZe correZation 
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matrices ~ (for a discussion cf. page 96 f .). I n order to facilitate 

camparisons between analyses of bath types of samples, most results 

are presented in a joint tabie. Results for analyses of ê are printed 

in roman , results for ana l yses of R in itaLics . 

7. 2b Results 

A summary and conc lusions are given first, followed by detailed 

results (page s marked by an asterisk). 

Summary and conclusions 

There are na problems of convergence (N=400) and only a few 

ne gative estimates of variances. There is na bias in estimating para

meters and standard errors. Confidence intervals for parameters and 

for the mean of standardized parameters show an effect of skewness, 

but little effect of cate gorization. With respect to correlations 

among parameter estimates and between parameter estimates and cor

responding standard errors a slight effect of categorization and no 

systematic skewness effect is found. Very small differences are 

detected in the chi-square statistic for goodness of fit between 

the four variations studied under this model . 

In general there are same differences between analyses based on 

Rand S, most clearly with relatively large Skewnesses . Clearly the 

standard deviation of (standardized) parameter estimates with R is 

smaller than with S, leading to conservative test results regarding 

individual parameter estimates when sample correlations are analyzed. 

It can be concluded that a very small effect of categorization 

is found and a somewhat larger effect of skewness. The confidence 

intervals for parameters and the correlations among parameter estimates 

are clearly influenced by analyzing R instead of S. 

In summary, this model seems to be rather robust against an effect 

of non-normality (median absolute value of skewnesses at most 1.25). 
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Details 

Problems of non-convergence did not occur: apparently the s ample 

size of 400 was weIl ehosen in order to avoid sueh diffieulties. 

Ne gative estimates of varianees are found for on ly two pa r ame t e r s 
E /) 

(622 and 611 ) , which have population values close to zero (see 

Table 7.2.5). There are only small differenees be tween variations 

(NM, SO' SI and S2) of the model. Mo s t impraper s olutions oe eur und er 

S2 ' the varia tion with the lar ges t skewnesses. There a r e na d i ffe r enees 

between the analyses of S and R. 

Table 7.2.5 The percentages of negative estimates of variances , with 

in itaZics the minimum of the esti mate, across 300 repZications . 

See section 3. 3a . A bZank means 0% . AnaZysis of covar iance matrices S . 

parameter NM So 

E 622 . 0 . 0 

/) 
6 11 . 0 . 0 

In terms of 10[(w .. / w.) - I] 
/) ~J ~ 

parameter 6
11 

(under S3) no bias is 

ModelID 

SI S2 w. 
~ 

. 0 0.3% -. 0 .27 

0.3% -. 2 1.7% -. 2 . 29 

(see seetion 3.3b) exeept for 

found. In terms of 100(~ . . - w.) it 
~J ~ 

is possible to loeate some differenees between variations of the model. 

With inereasing skewness the latter funetion of the bias gets larger, 

but remains relatively small (see Table 7.2.6). Negative as weIl as 
/) 

positive biases oeeur: parameters ~ and e lI have the largest bias 

(they have a high negative eorrelation, as ean be noted furth eron). 

There are very small differenees between the analysis of ~ and ~. 

However, eompared to ~ the analysis of R leads to smaller varianees 

(see Boomsma 1982b), and to smaller mean squared errors. For standard

ized parameter estimates similar findings will be reported (see 

Table 7. 2 .10). 
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Tabl e 7. 2 .6 The bias of parameter estimates . 100 times the di fference 

between the mean of parameter estimates (the average across 300 

replicationsJ and their corresponding populati on value : 100(~ .-w.) 
l. l. 

A blank indicates that I ~ .-w. I is smaller than 0 . 005 . 
l. l. 

Model 1D 

NM 5
0 

5
1 52 

parameter ~ R 5 R 5 R 5 R w. - - - - - - - l. 

" 1 -1 1. 10 

"2 1 1 -1 1. 03 

" 3 1 -1 .76 

- (3 -1 - 1 -.59 

Y1 -.52 

Y2 1 1 1 -.20 

~ 1 1 1 1 1 1 2 2 .71 

t)i 11 1 .41 

t)i 22 .33 

E: 9 11 
-1 - 1 -1 - 1 .40 

E: 922 .27 

E: 931 
.13 

E: 9
33 

-1 - 1 .35 

E: 
942 .04 

E: 9
44 

-1 - 1 .31 

0 
9 11 

-1 - 1 -1 -1 -1 - 1 -2 - 2 . 29 

Ii 
922 .59 
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The bias of estimates for standard errors is of no importance [the 
E: 

was 0.00407 for 6 II (13) J. largest difference se~ - s~e 
w .. w. 

1.J 1. 
Resul ts about confidence intervals for parameters are presented 

1.n Table 7.2.7. They get worse with increasing skewness, and show little 

effect of categorization (comparing NM with Sa). Except for S2 no large 

deviations occur. There are only small differences between the analyses of 

S and R. 

With respect to confidence intervals for the mean of standardized 

parameters q .. (Table 7.2.8) it is found again that there is little 
1.J 

effect of categorization, that there are small differences between Sa 

and SI' but a clear effect of skewness in variation S2' No substantial 

differences between S and Rare found. 

The normality test for standardized parameter estimates (rable 7.2.9) 

gives no clear results. There is only a minor effect of categorization, 

no systematic decrease in normality with increasing skewness and no 

systematic differences between ~ and ~. 

What the normality test of Shapiro & Francia does not reveal are 

differences between S and R in the standard deviations of q .. , which 
1.J 

are asyrnptotically equal to one. Table 7.2.10 shows that these observed 

standard deviations are smaller in the analysis of R than in the analysis 

of ê. This finding is also present in Table 7.2.7, showing a dominance of 

negative signs under~. (Note that Table 7.2.10 is just another way of 

presenting similar results with respect to w .. , as was done for factor 
1.J 

analysis models in Table 4.4.7.) In practice a researcher analyzing cor-

relation matrices too of ten would conclude that the null hypotheses,of 

standardized parametersbeing equal to zero,cannot be rejected. 

In Figure 7.2. I a histogram and a QQ-plot of the empirical distribu

tion of standardized parameter estirnate ÀI (variation S2) can be found. 

Generally the dependencies among parameter estirnates (see Table 7.2.11) 

are larger for R than for S, also in the normal case (NM). For R there 

is little effect of categorization and skewness: for S a minor effect 

of categorization is found (larger observed correlations in the discrete 

case Sa than in NM) and no systematic effect of skewness. Note the high 
~ ~o 

negative correlation PO($, 6
11

) = -1.00 (rounded value). 
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Table 7 . 2.7 Confidcnce inteI'ools for parameters . 

See section 3. Jd : percentage outsick acI'OSS 300 inteI'vals ~ minus five . 

Reading example : an entry - 2 means that amor/a 300 replications 3% is 

out8id2 the 95% intervaZd. 

Model i D 

NM 5
0 

5
1 

5
2 

parameter 

À 1 - 2 - 2 - 3 
- 2 I - 2 

À
2 

- 1 - 2 

À ) - I -3 - 2 - J 

- 6 - 2 - 2 - 3 - 2 

, 1 -J 

'2 
-I 

- I - 4 - ) - 3 -4 - 4 -3 

~ I I - 2 - 1 - 2 - 3 - 4 

~22 - 1 - 2 - J - 2 

e~ 1 -I -1 

e~2 - I -2 - 1 I - 2 - 2 

6;1 - I - 2 - I - 2 - 1 

6~3 -I - 1 - I - J 

e~2 - I - 1 

e~4 I -2 - J 

e~ 1 -2 - 2 

e~2 

Table 7 . 2 .8 Conficknce intervals jOl" the mean of standardized parameters qij' 

Sec ucciion J. 3~. 

Reading example : an entry R means that the population lJalue of zero 

is to the r-ight of the 95% interval .. an entry L means that it i s te the 

left . 

ModeliD 

NM 5
0 

5
1 

5
2 

parameter ~ ~ ~ ~ ~ ~ ~ ~ 

À 1 R R R R R R R 

À
2 

R R R 

À) 

- 6 R R 

, 1 

'2 
L L L L L L L L 

~ 

·11 
·22 

R R R R 

e~ 1 R R 

e~2 

e~ l R 

e~3 R 

e~ 2 

e~ 4 

e ~ I 
O~2 
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Table 7.2.9 NOI'TMUty test fol' standa:l'diz.ed parameter estim::ztes qiJ 

See section J. 3h : I OOQ( )- W') t where w' is a test statistic fol' 

normality rShapiro & Frwu:ia) ; t means P .:E .0 1" * means . 0 1 < P ~ . 20 

(app1'Oril7t2tûy) • 

Reading example : an entry 5 means W"' " . 995 .. indicating normality. 

Mode l 10 

NM 5
0 5 I Sz I 

parame ter ~ ~ ~ ~ ~ ~ ~ ~ 

À I 5 4 Z J IZ' 7' Il o 5 

ÀZ 7' 9 ' Il o 13t 5 10' 13t 15t 

À3 4 3 5 4 Il o n ' S· 8' 

- 6 4 4 Z 5 6' 3 3 6' 

Y I 7' 5 7- 5 IO- n - 7- 6 ' 

YZ 6- 5 6- 6- S- 7- 3 4 

$ ,,- 11 - 15t 15t 10- 9- 4 2 

"" 
19t 12' Z4t 26t 5 7- 7- 7-

"ZZ 
Ist 13t ,,- 13t 10- 6- Ilo n -

a ~ I Z 3 3 3 5 5 5 4 

e~2 4 3 4 4 5 4 6- 4 

6~ 1 6- 5 6' 7' 4 5 3 2 

e~3 6- 7- 5 3 3 2 5 5 

e~2 4 4 3 J IZ- 12- s- 7-

e!4 5 3 7- 4 10' 4 15 t 8-

a~ I 16t 14t Zit 2lt IZ' 13t 6' 6 -

a~z S· 11 - 9- 17t 10' 9- 6- 1Jt 

Tabl e 7 . 2 .1 0 100 times the standard deviation of standardized parameter'S 

qij '" minus one . 

Reading example: an entry -1 2 means that the star/oord deviation is 0.88. 

Model 10 

NM 5
0 5 I 5

Z 

parameter ~ ~ ~ ~ ~ ~ ~ ~ 

À, -z - 12 - 6 - 15 -z - lJ 7 -l J 

ÀZ Z - 5 Z - 4 I - 4 3 - 10 

À3 Z - 8 3 - J 3 -5 ZZ 8 

- 6 - 3 - 11 -z - 9 - 10 Z - 8 

Y I 3 - 4 I - J 7 1 ZO 10 

YZ -1 3 2 7 5 19 18 

$ -I - 22 16 -16 - ZO - 24 -4 - 15 

"" 
6 - 16 -z - 16 - 6 - 21 6 - 24 

"ZZ 
- 8 -3 - 9 - 5 -8 7 - 6 

e~ ) -4 1 -5 - 2 -3 - 6 - J 

e~2 1 - 4 - 1 - Z 1 -5 - 4 

e~ I - 2 -z - 2 5 9 3 

e~3 3 3 Z 3 6 2 3 - 3 

e~2 5 4 Z 2 -z - 2 -I - 1 

e~4 4 5 5 6 5 5 2 

a~ I -z - 1 6 6 -3 - 3 6 6 

a~z 2 I 4 19 9 34 22 
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NORHAl DISTR. 
0.~9 

0.39 

0.30 

§ 
..... 

0.20 

0.\0 

OO-PlOT 
3.3 

2.2 N- 1100 : 
NR= 300 -

HEA- -0.15 // 5.0= 0.87 rn SKW= -0.16 .... \.\ 

= KT5= 2.77 
..... 

~ 
0 

..J 0. 0 
a: 
~ ..... .... 
i!5 .... -1 . 1 
~ ..... 

-2.2 

-3.3 -3.1 -2.\ 2.6 

Figure 7. 2 . 1 Histogram (with standard normaZ density functionJ and 

QQ- pZot of standardized parameter À
1 

in variation S2 . AnaZysis of 

correZation matrices R. 
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Table 7.2. 1 J Same ckpemJencies among parameter estimates . 

See section 3. 3g: loo(lpOI - IpED. wheI'e Po = P(wi'~\') and PE=P(w i • wi') 
aI'e the observed and asymptotic Pea1'son product-moment cor1"eZations , 'Y'espec iivf:tZy. 

Readinge""""Le : anentry 11 means loOI- loEI = . 11. 

Model 10 

NM 5
0 

5 52 
w. w. P(wi,w i ') ~ ~ 5 ~ ~ ~ 5 R , , - -
, I 0;2 -. 77 - 2 11 1 11 2 14 -6 15 

'2 e~4 -.79 4 13 5 14 2 14 -7 12 

' 3 e~ I .76 0 5 I 7 - 5 2 -8 3 

- 8 Y2 -.61 - 4 6 I 9 -3 6 1 8 

Y 1 e~ I -. 57 -I 5 6 9 8 9 6 10 

Y2 e~ 1 -.33 -4 -3 - 4 - 3 - 5 -4 1 2 

~ e~ I -.73 27 27 27 27 23 27 15 27 

" 11 'I -.62 - 2 -3 - 2 -2 -3 - 6 -I - 15 

"22 '2 -.65 - 2 1 -I 1 -I 1 -8 - 13 

e~ 1 e~2 -.69 0 - 11 0 -1 2 5 -3 0 -1 

e~2 e: 2 .65 6 3 4 3 2 2 3 5 

e~ 1 e~3 . 68 I 2 I 1 3 1 I -5 

e~3 '2 .76 I 16 4 15 -3 17 -9 15 

e~2 e: 4 
.68 2 - 1 3 1 2 2 1 - 1 

e~4 e~3 -.74 4 -4 4 - 4 7 1 2 - 6 

a~ I e~2 -.54 -2 -fi 2 - 3 -13 - 9 -11 - 9 

a~2 '3 - .58 0 31 18 32 6 32 -9 32 

-

Table 7 . 2 .1 2 Depend2n.cies beween parameter estimates and their 

ol1r'1'esponding standard elTor. 

[Jee section J . Jh : Pearson product-moment cor'relations p(w ..• s .... e .... ) 
1J Wij 

based on JOO ovseJ'>JJations . (round2d vaZues) 

Model 10 

NM 5
0 SI 52 

parameter 

'I .8 . 8 . 8 .8 .8 . 8 .9 . 8 

'2 .8 . 7 .8 . 7 .8 . 7 .8 .8 

'3 . 4 . 3 .4 . 4 .3 .2 . 4 . 2 

- 8 -.3 -. 1 -. 3 -. 1 -.2 -. 0 -.2 . 0 

Y I -.5 - .4 -.6 -. 6 -.5 -. 5 -. 6 -. 5 

Y2 
-.4 -.4 -.5 -. 5 -.5 -.5 -.5 -. 5 

.8 .7 .8 .8 .8 . 7 .8 .8 

" 11 
.9 .9 .9 .9 .9 . 9 .9 .9 

"22 .9 . 9 . 9 . 9 .9 .9 .9 . 9 

e~ 1 -.0 .0 -.0 . 0 .1 -. 0 . 3 .2 

e~2 -.5 -. 5 -.6 -. 5 - . 6 -. 5 -.6 -.6 

e~ l .0 -. 0 -.0 -. 1 .2 -. 0 .5 . 3 

e~3 -.3 -. 3 -.4 - .4 -.3 -. 3 .1 -. 1 

e~2 -. 4 -.4 -. 5 -.5 - .5 -. 5 -.5 -. 5 

O~4 -. 5 -. 5 -. 5 -. 5 -.5 -. 5 -. 5 -.5 

e~ I -.7 -. 6 -. 7 -. 7 -.7 -. 7 - .7 -. 7 

e~2 . 4 . 3 .3 . 3 .5 .4 .6 .4 

I 



The correlations between parameter estimates and their corresponding 

standard error (see Table 7.2.12) are in the normal case slightly smaller 

for R than for S. There is a minor effect of categorization and a very 

small effect of skewness. 

Finally, the results of the chi-square statistic for goodness of 

fit are presented in Table 7.2.13. There is little difference between 

the symmetrie categorical case and the normal case; the largest difference 

between NH and 50 is the li ght tail under Sa. With respect to the median, 

mean and standard deviation their is a slight effect of skewness, results 

being worse for S2' Considering the standard error of the observed values 

the results for Sa and SI show no large deviations. 

Table 7.2.13 Distr ibutional oharaoteri stios of the ohi- square 

for goodness of f it oompared to the values expeoted under the 

distribution (N=400). 

See seotion 3. 3i . 

Model ID 

observed minus expected value 

med. s.d. ske. kur. 
2 

9.49 mean X4 > 

NM .0 .0 .1 .3 1.2 5% 

So .1 .0 -. I .2 1.2 3% 

SI .2 .3 -.0 -.2 -1.2 6% 

S2 .9 .7 .2 -.3 -1.1 6% 

expec ted value 3.4 4.0 2.8 1.4 6.0 5% 

standard error .2 .2 .2 .3 2.5 
of observed 
value (NR=300) 

statistio 
2 

X4 

P(KS) 

.79 

.73 

.02 

.00 

.50 

Because for this model the standardization of the · observed variables 

hardly influences the e stimate for goodness of fit the results of 

the analyses of S and Rare the same within two decimal places (cf. 

page 112). 

In Figure 7.2.2 the empirical and theoretical distribution of 

the chi-square estimates is illustrated for S2' 
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CHI-SQUARE DISTR. 
0.18 

0.15 

0.11 

0.07 

0.01 

OO-PLOT 
17.7 

Iq.7 N- 1100 
NR- 300 
OF- 11 

rn 
11.7 OU 

..J ... 
~ : 
Ol 

..J 8 . 7 
Cl: 
~ ... 
OU 
@5 
OU S.7 z: ... 

2.7 

18.Q 

Figure 7. Z. Z Histogram (with xZ density funationJ and QQ- pZot of the 

goodness of fit statistia in variation SZ' AnaZysis of aovarianae ma~aes S. 
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7. 3 Model 2D 

7. 3a Mode l description 

The model studied here was deseribed earlier in seetion 4 . 3a, and 

illustrated in Figure 4.3.1. The population eovarianee matrix is the 

same as in the small sample study beeause population var i anees were 

al ready 1.0 (see Table 4.3. 2 ). The values of the population parameters 

and the eorresponding standard error for N=400 are found in Table 4.3.3. 

The design of the s tudy for this model is given in Table 7.3 . I . 

Under C I the number of eategories of the ten observed variables is 

rather small (the number of thresholds ranges from I to 3); under C2 
the number of thresholds is doubled. There are three variations in the 

skewness : So (symmetrie distributions), SI (small positive skewnesses; 

rnedian value 1.25; s.d. 0 . 53), and S2 (skewnesses twiee as large as in 

variation SI; median value 2.50; s.d. 1.05). The normal eontinuous ease 

is indieated by NM . 

Table 7.3 . 1 Variations in number of categories and in skewness for the 

obser ved variables of Model 2D . 

# eategories c skewness 

variabie Cl C2 So SI S2 

YI 3 5 0 1. 25 2 . 5 

Y2 4 7 0 0.50 1. 0 

Y3 3 5 0 1.25 2.5 

Y4 4 7 0 0 . 50 1. 0 

xI 3 5 0 2.00 4.0 

x2 3 5 0 1. 50 3.0 

x
3 

2 3 0 1. 00 2.0 

x
4 

2 3 0 1.00 2.0 

x5 3 5 0 1. 50 3.0 

x6 3 5 0 2.00 4.0 
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The choice of skewnesses requires some comments. Af ter inspecting 

the results of ModelID it was desirabie to introduce more extreme 

skewnesses than those of var i a t ion S2 in Table 7. 2 . 3. We also tried 

to have positive as weil as negative skewnesses in the total set of 

observed variables . Given Land a given choice for the number of 

categories both objectives appeared to be conflicting. The size of 

the multinomial correlations and our non-normal simulation procedure 

set limits to the choice of the skewnesses. Given the correlation 

between two discrete variables and their number of categories, opposite 

skewnesses are limited in their size. For example, if the skewness for 

YI (c=3) and x2 (c=3) is chosen as 2.5 and -1.0, respectively, the required 

multinomial correlation of P(Y 1' x2) = 0 . 389 cannot be attained: 

P*(YI'x2) gets larger than l. O. 

As it was our main objective to include rather extreme skewnesses, 

it was decided to use positive skewnesses only . This decision does not 

seem to be a severe limitation because it is of ten arbitrary which 

category of an observed variabie is labeled 'high' or 'low'. 

The interactive design with number of categories and skewness as 

factors leads to six non-normal variations (see Table 7.3.1). With this 

design it is possible to study the effect of categorization (comparing 

the results of NM, C1S0 and C2S0), and the effect of increasing skewness 

by comparing SO,S1and S2 under Cl and C2 . 

For each of the six non-normal variations a positive definite 

multinormal ~* , corresponding to the multinomial ~ of Table 4.3.2, 

has been calculated (for details see Boomsma, 1982b). As an example, 

for NM, C2S0 and C1S2 the correlation P (Y1'Y2) = 0.62, P*(YI'Y2) = 0.67 

and P*(YI'Y2) = 0.92, respectively . 

For this model only sampZe covariance matrices S are analyzed . 

The sample size is 400. 

? 3b ResuUs 

Summary and concZus ions 

There are no convergence problems and no negative estimates of 

variances. Like for ModelID no bias of parameter estimates and 
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estimates for standard errors is found. The confidence intervals for 

parameters show no effect of categorization, but a substantial effect 

of skewness (too of ten the population parameters are not covered by 

the confidence intervals). However, confidence intervals for the mean 

of standardized parameters only reveal very small effects of categor

ization and skewness. There is also a small effect of categorization 

and a clear effect of skewness with respect to correlations among 

parameter estimates; these effects are minor regarding correlations 

between parameter estimates and corresponding standard errors. The 

chi-square estimate for goodness of fit is little affected by 

categorization but strongly by skewness. With increasing skewness the 

estimates get too large, thereby rejecting the model too of ten. 

It is concluded that this model is rather robust against categor

ization, but not against skewness (median absolute value of skewnesses 

at least 1.25). 

Details 

There are no convergence problems, neither do negative estimates 

of variances occur. For the parameter estimates no bias of importance 

is found nor any substantial bias of estimates for standard 

errors. 

In Table 7.3.2 results of confidence intervals for parameters are 

given (the columns of the table are ordered by increasing violation of 

normality assumptions: NM, C2 , Cl and SO' SI' S2) . The effect of categor

ization (comparing NM, CISO and C
2

S0) is very small. The influence of 

skewness is very substantial (see CIS2 and C
2

S2). Under SI and strongly 

under S2 too of ten the true parameter values are not covered by the 

intervals. 

This is mainly caused by the relatively large sampling variance 

of the estimators (see Table 7.3.3). Under So for some parameters that 

variance is slightly too small . Comparable deviations are found when the 

standard deviation of standardized parameter estimates is inspected 

(see Boomsma, 1982b). Detailed results, not given here, also demonstrate 

that especially under S2 the standard deviation of w .. ,0_ , is larger 
~J Wij 
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Table 7.3.2 Confidence intervals fop pa~tel"tL 

SeB section 3. 3d: pel"Centage outside aCl'OBB 300 interovals, minus five. 

Reading exanple : an er/try - 2 means that ClJTOng 300 replications 3~ 

is outaide the 95% intel"Vals . 

Model 2D 

C2 Cl 

parameter NM So SI S2 So SI S2 

1.
1 - I 16 -2 14 

1.
2 

-2 -2 II 

- 8 II 

Y I II 

Y2 
-2 -I 17 -I 14 

Y3 15 13 

Y4 
-I -I 

Y5 10 

Y6 16 -I 13 

Y7 
-I -2 12 -I 17 

Y8 10 12 

~ I I 14 10 

"22 16 16 

e~ I -I -I 12 12 

e~2 -I -I 10 

e~3 

°:4 

Tab l e 7.3.3 The weighted varianee of parameter estimates, minus 300: 

Nr.
R 

(w .. _ ~ . . )2/sê 2 _ 300. 
j _ J I.J 1.J wi 

See section 3 . 3b .. fOPmUla (3 . 2). 

Model 2D 

C2 Cl 

parameter NM So SI S2 So S I S2 

À I 23 -14 3 1 479 -45 3 I 439 

1.
2 

-29 -48 56 277 - 33 149 169 

- 8 13 10 58 263 32 46 247 

YI 
2 I 12 34 305 -28 25 362 

Y2 -26 -25 45 457 -15 82 450 

Y3 
54 73 99 380 II 105 44 I 

Y4 
26 26 63 107 -15 73 15 I 

Y5 
-4 29 83 189 22 46 256 

Y6 
- 26 31 -I 361 -43 81 300 

Y7 
-41 -77 60 369 -48 94 426 

Y8 
II 163 334 64 77 316 

"I I 
16 55 279 -15 23 190 

"22 
10 49 403 20 85 382 

e~ I -3 90 223 II 44 255 

e~2 - 12 -31 -18 258 -7 43 2 10 

e~3 13 47 4 I 109 74 137 

e~4 13 22 42 145 -18 55 64 

I 



than the mean value of 

0_ 
w • . 
~J 

is 0 . 13,0.08 and 

s-ew .. (NR=300). As an example, for "1'''2 and -8, 
~J 

0.05,respectively, while the corresponding le_ 
w • . 
~J 

is O.OS, 0 . 06 and 0.03. With extreme skewness the sampling variance 

is thus systematically underestimated by the squared standard errors. 

Table 7.3.4 gives the 95% confidence intervals for the mean of 

standardized parameter estimates q ..• Very small effects of categorization 
~J 

and of skewness are found. In comparing these results with the findings 

in Table 7. 3.2,where a strong effect of skewness on confidence intervals 

for w. is shown, it should be realized th at the mean value of q .. is 
~ ~J 

inspected here . Because the estimators for parameters are almost unbiased 

and because in most cases the standard deviation of q .. is larger than 
~J 

one , the results of Table 7.3.4 look not too bad. Like in the normal 

case (NM) all true values of zero are either inside or to the right 

of the interval . For all parameters, but especially for the variances 

~II through 8~4 this is due to outliers. E.g. for ~II under CIS2 the 

minimum standardized estimate is -6 . 84, the maximum estimate 2.51 (median 
E -0.13, mean -0 . 23); for 833 these numbers are -5 . 30 and 3.78,respectively 

(median -0. IS, mean -0.35). It can be noted that there are no extreme 

skewnesses in the distributions of q .. ; the two highest values among 17 
~J 

skewness estimates are -0.79 (yS) and -0 . 44 (8~2)' 

As in section 7. 2b the normality test for standardized parameter 

estimates (see Table 7 . 3.5) does not reveal very systematic effects 

of categorization and skewness. Nevertheless, the results are worst 

under C
I
S2 and C2S2 , while also some negative effect of categorization 

(comparing NM with CISo and C2S0) can be noticed. 

As an example, the histogram and QQ-plot for the standardized 

parameter estimate ÀI in variation CIS2 are displayed in Figure 7.3. I. 

It should be observed that Table 7 . 3 . 3 shows how severely the 

variance of w.' can be underestimated . That result cannot be detected 
~J 

in Table 7 . 3.5 because the normality test of Shapiro & Francia is 

scale invariant: it is sensitive for deviations from normal distributional 

shape, not for deviations from the expected mean of zero and the expected 

variance of one. In contrast, Figure 7. 3.1 indicates, both in the upper 

and lower picture, how badly the distribution of standardized parameter 

estimate ÀI follows the standard normal distribution. 
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Table 7.3.4 Confidenee intervals fOl' the mean of standardized parameter 

cstimates qi j 

See section 3. Je. Reading exampu.: an entroy R mean8 that the popuwtion 

valu.e of zero is to the Pight of the 95% inteT'Val, an entroy L means that 

it is te the lert. 

Model 20 

C2 Cl 

parameter NM So SI S2 So S I S2 

ÀI R R 

À
2 R R 

-6 R R R 

Y I 

Y2 

Y3 R 

Y4 

YS 

Y6 

Y7 R 

YS 

" 11 R R R R R R R 

"22 R R R R R R R 

a~ I R R R R 

e~2 

e~3 R 

°:4 R R R 

Tab l e 7.3 .5 NOT'r'Mlity test for ctandal'di;;ed parameter estimates qij' 

See section 3 . 3[: IOOO(l'W)'~ whe1'e w' is a test statistic for nonnality 

(Shapil'O & Fran.cia} ; t meQt1S P ~ . O l~* meQrJS .0 1 < P ~ . 20(approximatelyJ . 

Reading example : an entry 19 meQn8 1,..1' '' .981 , in.dicating non-noT"mality . 

Mode l 2D 

C2 Cl 

parameter Ni'1 So SI S2 So S I S2 

À I S 7- 14 t 12 - 3 lI- S 

À
2 

19t 20t lO- S- 17t 4 S 

- 8 2 I 7- 4 2 4 7-

Y I S 7- 10- 3 7- S 10-

Y2 
4 7- 4 6- 4 6- 14t 

Y3 
12 _ 

13t 2 7- S 3 7-

Y4 9- S- S- 3 S 12- 6-
i 

YS 
2 3 4 12- 4 4 6-

Y6 

10 _ 
7- 9- 7- 4 S S 

Y7 
3 4 S 6- 11- 2 4 

YS 4 S S 11- 6- S 2 

" 11 4 12- 4 34t 22t ISt 33t 

·22 3 3 4 16 t 4 S 9-

e~ I 6- 4 2 2 4 2 S 

O~2 3 3 2 7- 10- 4 7-

0;) 4 S- 4 6- 6- S 16t 

O~4 S 3 3 4 12- S 4 

I 
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Figure 7.3.1 Histogram (with standard normal density functionJ and QQ- plot 

of standardized parameter À
1 

in variation C 1S2 • 
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* Table 7.3 . 6 Some dependencies c:uoong parameter> estimates . 

See section 3. 3g ; 100(J60 1 - 16E I) .. where PO· P(wi.W i
l

) and PE" (wi,w i ') 

are the observed and asyrrptotic Pearson product moment cOPPelations .. 

respectiveZy . 

Reading e""""Ple: an ent"Y 2 ""'ane liiol - liiEI •. 02. 

Model 20 

C
2 Cl 

w. w. o P(wi,w i
t

) NM So S I S2 S SI S2 1 1 0 

À e~2 -.S4 2 S 6 19 8 6 23 
I 

À
2 ~22 - .47 -6 - 10 2 - I -9 3 -IS 

-8 Y4 
. 29 3 3 6 -4 2 2 -6 

YI ÀI - .21 -3 - 6 -6 7 - 19 -S 9 

Y2 ÀI -. 33 - I - 2 - 2 tO 4 I 13 

Y3 ÀI -.32 S -4 7 19 -7 8 17 

Y4 Y3 
- .13 3 I -10 -8 7 -7 -13 

YS 
-8 .28 -4 - 2 - 2 -S 2 I I 

Y6 Y7 
-.18 - I - 4 -8 -8 -3 I -S 

Y7 
À

2 
-. 26 - 4 -6 8 6 -2 9 16 

Y8 Y6 
. 16 - 8 -9 0 -3 - 14 -7 - 2 

~ I I ÀI -.S3 - I - I -I 4 - 4 -11 I 

~22 a~3 -.SO 0 I -9 -33 S -1 0 -38 

e~ I À I .47 S 11 - 8 -2 4 8 - 9 

e~2 e~ 1 -.36 -2 0 I 19 0 11 19 

a~3 À
2 

.46 - 4 -I -8 -9 S 9 -I 

6:4 À2 -.38 4 12 17 27 16 22 
33 i 

Table 7.3.7 . DistPibutional chal'actenstics of the chi - squaI'e statistic for 

gOOdneS8 of fi t cOrTrpa:f'ed to the vaLues expected undeI' the X~7distribution 
(N-400) . 

See section 3.3i. 

Model 2D 

observed minus e~ected value 

... d . s.d. ske. kur. X~7 > 27 . 6 P(KS) 

NM - . I . 6 .4 -. 0 - . 8 8% . 32 

So .4 .6 . 2 - .0 . 1 4% .07 

C2 S I 2.3 2 . 6 1.0 . 3 .4 12% .OJ 

S2 8.8 9.3 4.0 .3 1.0 40% .00 

So 1.1 . 6 .1 . 0 1.0 4% .04 

Cl SI 2.4 2.6 1.4 .1 -.3 14% .00 

S2 8.8 9.S 3.6 .2 .6 39% .00 

expected value 16.3 17.0 S.8 .7 3.7 S% .SO 

standard error 
of observed . 4 .3 .3 .2 .8 
value 
(NR-300l 

I 



CHI-SQUARE DISTR. 
0.07 

0. 06 

O.IJI 

"'8 
..... 

0. 03 

0.01 

0.00 0. 66. 1 

OO-PLlH 
39.7 

33. 8 
N= 1100 

NR- 300 
DF = 17 

rn 27 .9 .... 
f .. 1 ...J 

.... 
~ .I 
0 j' ...J 22 .0 
Cl: 

~ .... .... 
6 .... 16. 1 :z:: .... 

10 .2 

.' 

q.3 7.2 .9 36.8 q&.6 56.5 .3 
OBSERVED CUANTILES 

Figure 7.3.2 Histogr am (with X~7 density f unctionJ and QQ- plot of the goodness 

of fit statistic in var iation C 1 S2· 
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Differences between observed and expected correlations among parameter 

estimates are given in Table 7.3.6. There is a small effect of categor

ization (small differences between NM and C
2

S0 , CIS
O

' respectively) and 

a clear effect of skewness (large differences between NM and C
2

S2 , C
1
S2 , 

respectively). Compared to the asymptotic values the observed correlations 

can be either too large or too small in the non-normal case. 

As with ModelID there are only minor effects of categorization 

and skewness on the correlations between parameter estimates and their 

corresponding standard error (see Boomsma, 1982b, for details). 

The results of the chi-square estimates for goodness of fit (see 

Table 7.3.7) show small differences between the normal case (NM) and 

the symmetrical non-normal cases C
2

S
0 

and C
1

S
0

. The effect of skewness 

is very substantial: there are large deviations from the expected values. 

With increasing skewness the estimates get too large: under S2 the 

median is too large, and the percentage of estimates above the theoret

ical 95-th quantile is 40% rather than 5%. In practice, with skewnesses 

of observed discrete variables between 1.0 and 4.0, Model 2D would be 

rejected far too of ten (to alesser extent, it also holds for SI). 

Note that this finding was not observed in ModelID (Table 7.2.13), 

although the absolute value of the skewnesses under 52 for that model 

was not smaller than here under SI. Some model-dependency of the 

results seems to be apparent . 

The extreme values in the empirical distribution of the goodness 

of fit estimates under CIS2 are illustrated in Figure 7. 3.2. 

7. 4 Factor analysis models 

7.4a Mode l desariptions 

The two types of factor analysis models studied are Model 4CMD, 

a discrete version of Model 4CM introduced in section 4.4a, and Model 6D, 

a one-factor model with six observed variables similar to one of the 

models discussed by Olsson (1979b). 
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(i) Model 4CMD 

The population covariance matrix of this oblique two-factor model 

was given in Table 4.4.2. The 17 population parameter values and cor

responding standard errors for N=400 are found in Table 4.4. I. 

In the design for the study of Model 4CMD only the skewness of 

the eight observed variables is varied; the number of categories for 

each variabIe has been kept constant (see Table 7.4. I). All variables 

have a positive skewness for the same re as ons as for Model 2D (see 

page 168) . In variations SI' S2 and S3 the mean value of the skewness 

is 0.56, 1.13 and 2.25, respectively,with a corresponding standard 

deviation of 0.29,0.58 and 1.17. 

Table 7.4.1 Number of categories c and variations in skewness S for the 

observed variables of Model 4CMD. 

variabIe c So SI S2 S3 

xI 5 0 0.375 0.75 1.5 

x2 2 0 0.750 1. 50 3.0 

x3 3 0 0.500 1.00 2 .0 

x4 2 0 0.250 0.50 1.0 

x5 5 0 1.000 2.00 4.0 

x6 2 0 0.375 0.75 1.5 

x
7 3 0 1.000 2.00 4.0 

x8 
2 0 0.750 1.50 3.0 

By this design a pure effect of categorization can be investigated 

by comparing So with the normal case (NM), and additional effects due to 

skewness by comparing SO' SI' S2 and S3' 

The positive definite multinormal ~* corresponding to the multi

nomial ~ of Table 4.4.2 for each of the four variations are given by 

Boomsma (I 982b). 
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In contras t to the approach for this model in sec tion 4.4, he r e 

sampZe covariance matrices are analyzed, not sampl e correlation matri ces. 

By doing so we are not troubled by possible interacting effects of 

non-normality and analyzing correlation matrices instead of cova riance 

matrices (the seriousness of the lat ter under normality conditions was 

discussed in section 4.4). The sample size is 400. 

(ii) ModeZ 6D 

This one-factor model with six observed variables was chos en from 

Olsson (1979b,p.493; second case). The formal model in terms of formul a 

(4.1) is :~ = ~ ~ + ~ , with 11 ' (.3. 3 .5.5.7.7]. The population 

covariance matrix has the form L ~ p!. + 0 [ cf. formula (4. 2)]. T he 
2 

1- Ài ' i=I, ... ,6. uniquenesses in the population are defined as 8
i 

The population covariances are found in Table 7.4. 2 (lowe r triangula r). 

Table 7.4.2 The muZtinomiaZ popuZation covariance matrix f of 
ModeZ 6D (Zower trianguZar J and the corresponding muZtinormaZ ~ * fo r 

varia t i on Cl S3 (upper trianguZarJ . 

xl 1.00 • 17 .27 .27 .55 .55 

x2 .09 1.00 .27 .27 .55 .55 

x
3 . IS · IS 1.00 .38 .6 2 .62 

x
4 . IS · IS .25 1.00 .6 2 .62 

Xs .21 . 2 1 .35 .35 I. 00 .74 

x6 .21 .21 .35 .35 .49 J. 00 

xI x2 x
3 

x
4 Xs x

6 

The population values of the factor loadings 1.
1

, .•. , 1.
6 

and the 

uniquenesses 8
1

, ... , 86 (12 parameter estimates) are defined above; the 

estimated asymptotic values of the standard errors for the estimates 

(N=400) range from .054 for 1.5 and 1.6 to .067 for 8 1 and 8
2

, 

With 6 observed variables and 12 parameters to be estimated the 

number of degrees of freedom in Model 6D is 21 - 12 = 9. 

The design for the study of this model has three variations in 
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the number of categories (Cl' C2 and C3) and three variations ~n the 

de gree of skewness (SI' S2 and S3)' resulting in nine non-normal sampling 

variations (see Table 7.4.3). In variations SI' S2 and S3 the median of 

the absolute value of the skewnesses is 0.38,0.75 and 1.13, respectively, 

with a corresponding standard deviation of 0.26, 0.52 and 0.78. 

Table 7.4.3 Variations in number of categories and in skewness for t he 

observed variables of Model 6D . 

# cate gories skewness 

variable Cl C2 C
3 SI S2 S3 

x I 2 3 5 -.5 - I -1.5 

x2 2 3 5 -.5 - I -1.5 

x
3 

2 3 5 0 0 0 

x
4 

2 3 5 0 0 0 

x
5 

2 3 5 .5 1.5 

x6 
2 3 5 .5 1.5 

This design comes close to some of the choices made by Olsson (1979b, 

p.49 2 , point 3). If instead of absolute skewnesses of 1.5 a choice for 

absolute values of 2.0 would have been made, the variation with two 

categories would have resulted in a ~* with correlations larger than I. 

In Table 7.4.2 the multinormal covariance matrix ~* for CIS3 
(largest distance between ~ and ~* under the nine variations) is given. 

Details for other variations can be found in Boomsma (1982b). 

Here to~, only sample covariance matrices are analyzed, based 

on a sample size of 400. 

7. 4b Results Model 4CMD 

Summary and conclusions 

No convergence problems and no negative estimates of varianees 

are encountered. Again no bias in estimating parameters and standard 
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errors is found. There is little effect of categorization, but astrong 

effect of skewness on the confidence intervals for parameters (with 

skew distributions too of ten the population parameters are not covered 

by the intervals). This can be explained by the observed standard 

deviations of w .. , which are either too small (symmetrie discrete 
LJ 

distributions) or too large (skew distributions) . Categorization 

and skewness effects are absent when confidence intervals for the mean 

of standardized parameter estimates are inspected. Correlations among 

parameter estimates as weil as correlations between such estimates and 

their corresponding standard errors are substantially affected by both 

categorization and skewness. No effect of categorization but a very 

strong one of skewness is found for the goodness of fit statistic.Like 

for Model ZD this model is rejected too of ten when the observed 

variables have a skew, discrete distribution. 

It is conc luded that the model is rather robust against 

categorization, but not robust against skewness (median absolute 

value of the skewnesses at least 0.56). 

Details 

In addition to what was just reported in the summary, Table 7.4.4 

illustrates the small categorization effect and the large skewness 

effect on the confidence intervals for parameters. With symmetrie, 

discrete distributions there are too few intervals not covering the 

true value, while under Sz and S3 there are far too many. 

For a large part this is explained by a too low empirical varianee 

of the parameter estimates under SO' whereas that varianee is far too hi gh 

under Sz and S3; see Table 7.4.5, where the observed varianee is 

compared with its expected, asymptotic value. Also,for most parameters 

the standard deviation of standardized parameter estimates q .. is too 
LJ 

small under So and too large under Sz and S3 (see Boomsma, 198Zb, 

for details). 

With respect to the confidence intervals for the mean of 

standardized parameter estimates there are very small differences 

between the four variations.For the factor loadings Ài and for ~ the 

* 
180 



Table 7.4.4 Confiderwe i ntel'vals [01' pan:une te l's . Table 7 .4.5 The weighted variance of parametel' estirra tes , minus 300: 

See section 3. 3d: pel'centage outsi dE acI'OSS 300 in tel'va ls , minus five . ~\w .. -Q .. ) 2 / sê 2 - 300. 
Reading e:canple : an ent ry 2 means that am:m g 300 l'eplications 7% is j _ 1 1J 1J wi 

outaide the 95S interval. D. See sec tion 3. 3b, fO fflTU la (3 . 2) 

Model 4CMD 
Hodel 4CMD 

parameter NM Sa SI 5 2 5
3 

parameter NH Sa 5 I 5
2 

5
3 

'I 
-2 -2 

' I -24 - 5 -6 20 7 

'2 
-4 -I 20 

' 2 29 -93 -50 60 539 

'3 
-I 14 

' 3 32 -47 - 14 41 369 

'4 -5 -5 -4 -2 
'4 

)) -182 -168 -152 -76 

'5 16 35 
'5 

-12 106 368 1503 

'G -) -3 -2 
'6 20 -81 -90 -53 -5 

'7 -I -4 la 41 
' 7 

-72 21 257 17 19 

'8 -5 -4 25 
'8 

-I -199 -138 69 717 

11 
-5 22 62 99 274 

6
1 

-I la 
6 I - 34 228 

6
2 

-I 17 
6

2 
- 7 -30 -4 44 372 

6
3 

-I 15 
6

3 
-19 50 76 351 

6
4 11 

6
4 

47 40 92 111 328 

6
5 

-2 18 45 
-20 27 42 412 1.46 65 

6
6 

-I 16 
-3 16 - 5 10 3 380 66 

6
7 16 34 

67 
-12 15 121 354 Ion 

6
8 13 40 

~ 
109 30 1409 

co 
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intervals cover the true value of zero. If for Si' the interval is not 

covered by zero, in all cases the population value is to the right of the 

interval; the number of that occurrence among the eight uniquenesses is 

4,2,3,5 and 6 for NM, SO' SI' S2 and S3' respectively. These small dif

ferences can be explained by sampling fluctuations (for further details 

see Boomsma, 1982b). 

Results of the normality test for standardized parameter estimates 

hardly reveal an effect of categorization, but a clear effect of skewness. 

Under S3 the results are of the same order as the values for sample size 

50 in the normal case; see Table 4.4.11 (Boomsma, 1982b, gives details). 

How extreme the deviations from the standard normal distribution 

can be,is illustrated in Figure 7.4. I for the standardized estimate À7 

under S3' 

Table 7 .4. 6 gives results for dependencies among parameter estimates. 

Their 1S a substantial effect of categorization as weIl as of skewness, 

which in some cases leads to large differences Ipol - IpE I. Note that 

the sign of some observed correlations is the reverse of their asymptotic 

value. 

Categorization and skewness of the observed variables both 

have a dramatic effect on the correlations between parameter estimates 

and their corresponding standard error. As an example, for À2 this 

product-moment correlation under NM, SO' SI' S2 and S3 is 0 . 21, -0.89, 

-0.49, 0.13 and 0.71, respectively (for more details see Boomsma, 1982b). 

In Table 7.4.7 it can be seen that the chi-square statistic for 

goodness of fit is hardly affected by categorization, but strongly by 

the skewness. The deviations again result in a heavy right tail of 

the empirical sampling distribution of the statistic (cf. Table 7.3.7). 

With increased skewness the percentage of estimates above the expected 

95-th quantile of 30. I gets very large, and the range of observed chi

square values increases. 

Figure 7.4.2 illustrates the discrepancy between the empirical 

and the expected distribution of the goodness of fit statistic in 

variation S3' 
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of standardized parameter À7 in variation S3' 
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Table 7. 4 . 6 Some dependencies among pa~eter estimates . 

See section 3. 3g : IOO(lpol - IpEI), where Po = p(wi,G\') and PE = p(wi,wi) 
are the observed and asymptotic Pearson product-moment correZations J 

respectiveZy . A * means that the signs of Po and PE are different; 

there Po instead of Ipol is used . 

Reading exampZe : an entry - 7 means Ipol - IpEI = - . 07 . 

Model 4CMD 

W. W .I p (wi , wi ') NM So S I S2 S3 ~ ~ 

" 1 "3 . 23 - 1 -7 -1 2 7 11 

"2 "3 . 23 3 -1 0 - 5 6 15 

"3 83 
- .38 13 27 30 10 - 3 

"4 8
4 

-. 38 - 8 62 58 49 33 

"5 "7 . 23 -2 - 24* 0 9 11 

"6 "8 . 23 - 4 - 7 - 9 - 3 13 

"7 87 
-. 38 - 2 29 14 -1 6 -27 

"8 88 
-. 38 - 3 62 39 15 -11 

cp " 3 .09 0 0 -6 6 3 

8 1 " 1 -. 20 -1 16 19 8 0 

8
2 "2 -.20 5 80 59 13 -55* 

8
3 

84 
-. 35 8 20 5 - 2 1 - 18 

84 "3 .20 9 -5 6 -1 14 

85 "5 -. 20 - 2 20 - 5 -1 9 - 28* 

86 "6 -. 20 7 80 73 57 19 

87 88 - .35 - 6 8 - )7 -42* - 60* 

88 "7 . 20 4 -) 7 3 -5 - 6 
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Table 7.4.7 Distributional characteristics of the chi - square statistic 
2 

for goodness of fit compared to the va lues expected under the xl9 
distribution (N=400). 

See section 3. 3i . 

Model 4CMD 

observed minus expected value 

med. s.d. ske. kur. 
2 

30.1 mean Xl9 
> 

NM .2 .4 .5 .3 1. 2 5% 

Sa .7 .6 .5 -.0 -.2 8% 

SI 1.0 1.3 .5 .4 1.0 9% 

S2 4.8 4.9 1.4 .1 .5 19% 

S3 13.8 15.4 6. I .1 .1 54% 

expected value 18.3 19.0 6.2 .6 3.6 5% 

standard error 
of observed .4 .4 .3 .2 .8 
value (NR=300) 

7.4c Results Model 6D 

Summary and conclusions 

P(KS) 

. 17 

.24 

.00 

.00 

.00 

.50 

There are no problems of non-convergence and no negative estimates 

of uniquenesses. There is no bias of estimates for parameters or for 

standard errors. Confidence intervals for parameters are only little 

affected by categorization and skewness. Again it is found that the 

standard deviation of (standardized) parameter estimates is clearly 

influenced by non-normality. A strong effect of categorization and 

skewness on the correlations among parameter estimates as weIl as on 

the correlations between those estimates and their corresponding 

standard errors is detected. Like for ModelID the chi-square goodness 
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of fit statistic is hardly influenced by categorization and skewness. 

In general, it is concZuded that this model is rather robust 

against deviations from non-normality (median absolute value of the 

skewness at most 1.13). 

DetaiZs 

In addition to what was reported in the preceding summary,Table 7.4.8 

gives results of the confidence intervals for parameters. There is a 

small effect of categorization and a small effect of skewness, which is 

most clear under C3 . It can be noticed that the variations in skewness 

(SI' SZ' S3) are not very large, and do not lead to fully systematic 

patterns. For À5' À6' 8 1 and 8Z there is a tendency from too small per

centages (SI) towards too large percentages (S3)' Whether the percentages 

are too smallor too large is again strongly influenced by the empirical 

variance of the parameters, more than by their estimated standard errors. 

In cases of too low percentages the parameter estimates are in a 

close range around their almost unbiased mean, in cases of too large 

percentages the variance is larger than expected. This is illustrated 

in Table 7.4.9 for NM and Cl' If the empirical standard deviation 

of standardized parameters is inspected similar conclusions can be made 

(see Boomsma, 198Zb, for details). 

The confidence intervals for the mean of standardized parameter 

estimates (see section 3.3e) show a very small effect of categorization 

(Cl being better than NM, Cz and C3), and no effect of skewness. All 

population values outside the 95% intervals are to the right of these 

intervals; this again refers predominantly to the variances 8i (for 

details see Boomsma, 198Zb). There, details can also be found on the 

normality test for standardized parameter estimates, showing small to 

moderate effec~of categorization and of skewness. 

The asymptotic correlations among parameter estimates are relatively 

small; 88% of the absolute values of PE is smaller than .15, while max IpEI 
is .46. In Table 7.4.10 it can be seen that categorization and skewness 

both strongly affect the size of the observed correlations (results 

for Cz are given in Boomsma, 198Zb). The deviations from PE get smaller 

with an increase in the number of categories. The effect of skewness is 
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Table 7.4.8 Confickmce intel'oaZs [or paPametel's . Table 7.4 . 9 The weighted varianee of parumeter estimate8 ~ minus 300: 

See section 3. Jd: pel"Centage outJside aaY'OB8 300 intel'vaZs" minus Jive . 
Nr.

R 
(w .. _ ~ . ,)2!s"'e 2 - 300 . Reading erampZe: an entry -] means that arrr:mg 300 repZications 4~ is j""] 1.J ij Wi 

outside the 95% inter"lJals. 
See section 3. Sb, fOPmula (3. 2). 

Model 6D 
Model 6D 

C
3 

C
2 C, 

parameter NM C IS] C, S
2 C IS3 

parameter NM S , S2 S3 S, S2 S3 S, S2 S3 

" -I -I -2 -3 -3 - I -4 -4 -5 
' I 

25 -89 -146 

'2 
-I -I -2 -3 -2 - 2 -4 -3 -4 '2 -22 -2 -80 -136 

'3 
-I - 2 -I - 2 -I -3 -2 -3 -4 '3 -21 -44 -78 -116 

'4 
-2 -2 -3 -3 - 4 -3 - I -4 -4 '4 - 7 -60 -82 -95 

'5 
-2 -I -3 -I '5 -ilO -53 76 

'6 -2 -3 -4 -I '6 -78 - 23 91 

6 , -I -2 -4 -I -4 -4 -I 6 , -8 -185 -136 -35 

62 
-I 11 -4 -5 -4 6

2 
-39 -187 -130 

6
3 

-I -2 -2 -I - 2 -3 -4 -4 6
3 

-32 -87 -1 19 -47 

6
4 

-I -I -I -I -2 -3 -4 -4 6
4 0 -105 -125 - 34 

6
5 

-I - I -I - I 6
5 

-52 18 54 78 

66 6
6 

35 47 44 80 



00 
~ * 

Table 7.4.10 Some dependencies cunong pa1'ameter estima tes . 

See section 3. 3g : 100( lpol - IpEP. where Po -P (~ i' ~ il) and PE- P( wi. wi' ) 

ar e the observed and asymptotic Pear son product-moment correZati ons , 

Y'espectively. A * means tha t the signs of Po and PE aY'e diffeY'e nt ; t here 

Po i nstead of I Po I i. used. 

Readi ng example : an en t ry 67 meanB Ipo l - IpEI - . 67 . 

Model 6D 

C
3 Cl 

"'. Wi' P(wi, wi ,) NM 5 I 5
2 

53 
5

1 S2 S3 
L 

AI 8
1 

-.14 0 8 - 3 -)6· 67 2 1 -)4· 

A
2 

82 
-.14 7 13 - 9 - )). 65 20 - 29· 

A3 8
3 

-.25 4 15 17 17 75 75 75 

A4 8
4 

-.25 0 14 12 13 75 75 75 

A5 8
5 

-. 46 - 4 7 -7 - 22 44 26 9 

A6 86 
-.46 -5 2 -13 -18 46 28 3 

8
1 

8
5 

-.01 10 3 5 10 I 14 34 

8
2 

8
5 

-.01 5 12 6 2 6 9 28 

8
3 

8
5 

-. 05 3 2 - 4 7 I 7 11 

8
4 

8
5 

-.05 4 I 0 6 7 8 19 

85 
8

6 
-. 27 -5 -2 -11 - )3· -2 1 -46· -80· 

8
6 A5 .2 1 I 3 -3 -20 -6 -22· -4 ). 

Tab( e 7.4.11 Dependencies between parameter estimates and their cor

responding standard e rror. 

See sec t ion 3. 3h : PearsGn product-moment cor roeZations p(w .. ,s-e_ ) 
1J Wij 

baaed on 300 obseY'oo t i ons . 

Mode 1 6D 

C
3 

C2 Cl 

parameter I NM 5 I 5
2 

5
3 

5
1 

52 
5

3 
5

1 
5

2 
5

3 

AI .11 .06 .09 . 20 - . 04 .02 . 24 -.36 -.05 .34 

A
2 

- . 02 - . 06 .13 .28 -.09 .09 . 34 -.39 -.05 .33 

A3 .10 .02 -.00 - . 03 -.14 -.11 -.07 -.60 -.55 -.41 

A4 .17 .07 .04 -.00 -.17 -.14 -.20 -.57 -.53 - . 45 

A5 .24 .14 . 18 .24 -.06 .10 .18 -.33 -.25 -.12 

A6 . 17 .10 .22 .21 -.15 .08 .19 -. 40 -.29 - . 02 

8
1 

.98 .97 .99 .99 .97 .97 .99 .95 .97 .98 

8
2 

.98 .97 .98 .99 .97 .98 .99 .96 .97 .98 

8
3 

.89 .88 . 88 .88 .87 .87 . 86 .88 .84 .77 

8
4 

.89 . 87 . 88 .88 .88 .88 . 89 . 88 .84 .80 

8
5 

.39 .37 .48 .58 .36 .41 .59 . 33 .49 . 57 

8
6 

.45 .43 .52 . 58 .40 .46 .54 .33 .46 .55 



substantial but not systematie . The Slze of both effeets depends on the 

values of the factor loadings. It ean be noted that unde r Cl the observed 

correlations for À3 and À4 are 1. 00, and that the sign of some Po is 

reversed eompared to P
E

• 

Tab Ie 7.4 .1 2 DistributionaZ character istics of the chi -square statistic 
2 

for goodness of fi b compar ed to the vaZues expected under the x
9 

dis -

t r ibution (N =400) . See section 3. 3i . 

Mod e l 6D 
observed minus expeeted value 

med. s.d . ske. kur . 2 16 . 9 P (KS) mean XC) > 

NM .5 .5 -. I -.0 -.2 4% .10 

SI . 3 . 2 -. 4 -.1 -.3 3% .19 

C3 S2 -.4 . 2 .0 -. 2 -1.1 6% . 22 

S3 :-.4 -. 4 . 2 . 3 . 9 5% . .04 

SI .1 .0 -.2 -.3 -1.1 5% . 79 

C2 S2 .6 .4 .1 -.0 -.3 6% .17 

S3 -.6 -.7 -. 2 .0 .5 3% .05 

SI .6 .8 . 4 -.2 -1. 0 7% . 02 

Cl S2 . 3 . 2 .1 -. I -.5 5% . 64 

S3 -.7 -.6 . 2 -.1 -1.0 5% . 00 

expeeted value 8 .3 9.0 4.2 .9 4.3 5% .50 

standard error 
of observed .2 . 2 .2 .2 1.3 
value (NR=300) 

As with Model 4CMD, th ere are substantial and systematic effeets 

of cate go rization and skewness on the eorrelations between parameter 

estimates and their corresponding standard error (see Table 7 . 4 .11 ). 

The differenee between NM and C
3 

is rather small, while for the factor 

Ioadings the difference between NM and Cl is rather large. With an 

inerease in the number of categories as weIl as with an increase in 

skewness the eorrelations t end to get less negative and more positive. 

With respect to the chi-square statistic for goodness of fit (see 

Table 7.4.12) no categorization and no skewness effect is detected . 
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There are only slight deviations for the mean and the median under 5
3

, 

No substantial differences in the right tail of the empirical sampling 

distributions are found . These findings are very close to those of ModelID 

(see Table 7.2.13), but far from those of Model 2D (Table 7.3.7) and 

Model 4CMD (Table 7 . 4 . 7), where large deviations were found . 

7.5 General eonelusions and reeommendations 

The results of this chapter lead to the general qualitative conclu

sion that, given a sample size of 400, the maximum likelihood estimation 

procedure of LISREL is robust against categorization of the observed 

variables, but not against (rather) skew distributions of those measure-

ments . 

This conclusion is based on the results of a number of variations 

Ln four models. Some of their characteristics are summarized in Table 

7.5. I, which is meant as a reminder of the basis of our generalizations . 

Table 7.5.1 Some eharaeteristies of models studied for non- normality . 

Extrema for the number of eategories and for the absolute skewness are 

ealeulated aeross all non- normal variations, those for the median 

absolute skewness aeross all non-symmetrie variations . 

# observed It parameter H non-normal H categories absolute skewness median absolute 
variables k estimates 5 variations among kvariables among kvariables skewness of k 

variables 
~bdel min . max. min. max. min. 

10 6 17 3 2 5 0 2.0 0.63 

20 10 17 6 2 7 0 4.0 1. 25 

4CMD 8 17 * 2 5 0 4.0 0.56 

60 6 12 9 2 5 0 1. 5 0.38 

In order to generally discuss the effects of non-normality on our 

assessment criteria Table 7.5.2 gives an overview of the results for the 

four models. The qualitative evaluation across variations of a categor

ization and a skewness effect on each of the criteria is summarized as 

being zero or minor (0), smaU (*J, moderate (**J or strong (***J. 

max. 

1. 25 

2.50 

2.25 

1. 13 
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Table 7. 5 . 2 Overview of a categorization (e) and a skewness (S) effect 

on assessment criteria for four modeZs . 

Effect size : zero or minor (0) , smaZZ (*) , moderate (**) , strong (***) . 

AnaZysis of covariance matrices . 

Model 

ID 2D 4CMD 6D 

assessment criterion C S C S C S C S 

convergence problems 0 0 0 0 0 0 0 0 

negative estimates 
of varianees 0 * 0 0 0 0 0 0 

bias of W .. 0 0 
~J 

0 0 0 0 0 0 

bias of se~ 0 0 0 0 0 0 0 0 w . . 
~J 

varianee of W .. 0 * * ** * *** ** ** 
~J 

(or q .. ) 
~J 

confidence inter vals 
for w . 0 * 0 *** * *** * * 

~ 

confi dence intervals 
fo r q . . 0 * 0 * 0 0 * 0 

~J 

normality test fo r 
q .. 0 0 * * 0 *** * * 
~J 

p(wi ' W i ' ) 0 * * ** *** *** *** *** 

P (w . . , s~ew ) 0 0 0 
~J ij 

0 *** *** *** *** 

2 
goodness of fit X 

estimate 0 0 * *** 0 *** 0 0 
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The overview should be interpreted with care: for assessment criteria 

differences across models cannot be ascribed only to differences in the 

model structures themselves, but to differences in degrees of violations 

within those models as weil. 

Finally, some comments on the overall results are given . 

With a sample size of 400, discrete and skew variables do not lead 

to convergence problems. Vnder the same conditions hardly any negative 

estimates of variances can be expected, except when the population 

variances are very close to zero (see ModelID). 

It is a general finding th at there is no bias of parameter estimates 

and no bias of estimates for standard errors when non-normality is 

introduced . This means that on average, in the long run, the applied 

statistician is not too far Erom the population values of those estimates. 

This seems to be reassuring. 

However, the empirical standard deviation of the estimates should 

also be considered. It is found that the standard deviation of the 

observed parameter estimates,o_ ,is of ten not in accordance with the 
w· . 

expected, asymptotic standard eftor se The values can either be too 
w. 

small (mostly for variations with zero 5r small skewnesses), or too 

large (for variations with moderate and large skewnesses). Here, both 

a categorization and a skewness effect are observed. This finding is 

also expressed by the empirical standard deviation of standardized 

parameter estimates. 

These results on the variance of (standardized) parameter estimates 

are one of the major findings of this chapter . An enlarged variance of 

almost unbiased parameter estimates implies that their mean squared error 

increases; it decreases when the variance is too small . In practice, this 

means that in a single sample the estimated parameters may be either 

too far off their expected value or too close to it . Given a specific 

correlation structure among parameter estimates this may happen for several 

parameters in the same sample . In applied research an urgent need for 

cross-validation is feit here. 
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The effect of an increased or decreased variance of parameter 

estimates on confidence intervals for parameters is substantial. The 

population value w
i 

is either too infrequently or too of ten covered by 

the 95% intervals. The effect of skewness is very dominant, while the 

categorization effect is less clear. With extreme skewnesses (Models 2D 

and 4CMD) the departures are dramatic. This result is not primarily caused 

by the observed estimated standard errors, because they behave relatively 

well. 

Since it can be expected that such confidence intervals are regularly 

inspected, users of LISREL should be warned. The findings in many non

normal variations imply that too of ten the researcher would conclude that 

the observed parameter value differs from the population value, which 

obviously would not be known in applications. 

Given the favorable results with respect to the bias of estimates 

for parameters and for standard errors it may happen (see Model 4CMD) 

that strong effects of skewness on confidence intervals for wi dis

appear if a 95% confidence interval for the mean of standardized 

parameter estimates is inspected. This is not a big help for the user 

of LISREL. Across all models it can be concluded th at in the long run 

the ave rage confidence interval will cover the true value of zero . But 

in practice it seldom happens that the same model is analyzed with 

repeated samples from the same population. From a statistical consulting 

point of view the user should be recommended to be aware of the 

uniqueness of his one-sample result, and to be "very careful about 

generalizing statements in non-normal conditions . 

In many cases the shape of the distribution of standardized 

parameter estimates is not dramatically different from a normal distri

bution (a strong effect of skewness was found for Model 4CMD) . Of ten, for 

different parameters no systematic changes we re detected across varia

tions . 

Table 7.5 . 2 next shows a categorization and a skewness effect on 

the correlations among parameter estimates . The correlationsbetween 

parameter estimates and their corresponding standard errors are also 

194 



substantially affected by categorization and skewness. As discussed 

in section 4.5, the user of LISREL should be fully aware of these 

dependencies, especially of those among parameter estimates . It was 

stressed that one or two outlying parameter estimates may have overall 

effects on several other parameter estimates, and that inspection of 

estimated correlations among parameter estimates should be a standard 

rather than an optional practice. 

Because for the chi-square goodness of fit statistic we are 

dealing with one outcome per replication, its robustness can more easily 

be summarized in quantitative terms . It is clear that only a minor or 

small effect of categorization is observed for all modeIs . With respect 

to the skewness in ModelID and 6D (with median absolute values of the 

skewnesses of the observed variables ~ 1.25 and~ 1.13, respeetively), 

there are hardly any deviations from the asymptotie theory. However, 

for Models 2D and 4CMD (where more extreme skewnesses were studied; 

median ~ 0.56 in non-symmetrie variations), it is found that with 

inereased skewness the population model is rejeeted too of ten. Therefore, 

in exploratory analyses it will be very diffieult to find the appropriate 

model when the observed variables have long tailed, skew distributions. 

On the basis of our findings we shall not dissuade researchers 

to apply maximum likelihood estimation in structural equation modeling, 

when the observed variables are discrete but symmetrie . However, we do 

not reeommend to use such a procedure when the median (or mean) absolute 

value of the skewnesses of the observed variables is larger than 1.0 

(approximately), because it would affect crueial elements of statistieal 

estimation (confidenee intervals for parameters, eorrelations among 

parameter estimates ), and model fitting. 

It must be stressed that the emphasis on the median absolute 

value of the skewnesses, which was used throughout this ehapter is 

somewhat arbitrary. The rnedian appeared to be a rather satisfying 

criterion in summarizing some of the results; it should not be 

considered to be the one and only guideline in generalizing our 

eonelusions . For example , one or two very extreme skewnesses, among 

several other variables having symmetrie distributions, eould very 
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weil lead to non-robust results. In such situations the criterion 

is inappropriate in deciding whether or not to use LISREL . The variance 

of the skewnesses of observed variables should also be taken into 

account. 

Some final remarks are made. 

(i) It should be noted that the results are not completely independent 

of the model under study. Also, in a specific model some (classes 

of) parameters behave clearly differently, bet ter or worse, than 

other (classes of) parameters. 

(ii) The use of sample correlation matrices R (see Model 1D) is not without 

consequences: it leads to smaller variances of (standardized) parameter 

estimates and affects the correlations among parameter estimates. 

(iii) The present study has only considered skewly distributed variables 

with two to seven categories . It is probable that maximum likelihood 

estimation with LISREL is also not robust against the use of non

symmetric continuous distributionswith skewnesses comparable to 

the non-robust discrete variations of Models 4CMD and 2D . 

(iv) Given the results of this chapter (and those of chapter 4) for future 

research we would recommend to use an interaction desi gn (see page 

151) in order to investigate the effects of moderate skewnesses 

in combination with moderate sample size, e.g . N=100 and N=200. 

(v) Finally, some reference should be made to a number of alternative 

but related developments of covariance structure analysis based 
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on non-normally distributed variables . Factor analysis for dichot

omous variables has been treated by Bock & Lieberman (1970), 

Christoffersson (1975, 1977), and Muthén (1978). They assume under

lying latent variables having a normal distribution (see also section 

8.5); both generalized least squares and maximum likelihood 

estimators are considered. Others use different approaches, e.g. 

Bartholomew (1980), who treats factor analysis in the context of 

latent structure analysis. Mooijaart (1981) discusses factor 

analysis of data with integer manifest values only and normally 

distributed latent response variables. He shows mathematically that 

such analyses are very sensitive to the skewness of the observed 

variables and to the size of the factor loadings(analogous to the 



work of Olsson, 1979b , the model holds for the latent variables) . 

He proposes a "simpie" method for factor analysis of categorical 

data. 

Although the ma~n emphasis of alternative methods has been 

on factor analysis, Muthén (1982a) describes other categorical 

response models as weIl. They all have in common the idea that 

latent continuous variables are measured dichotomously . For most 

models generalized least squares methods are used to estimate 

parameters, standard errors and a measure for goodness of fit; for 

some of them maximum likelihood methods are applied . When the number 

of observed variables ~s large and/or when a multivariate normal 

distribution function is involved the computations can be very 

heavy . 

For a discussion of the treatment of polychotomous variables 

see section 8 . 5. For many of the methods discussed here the absence 

of public computer programs is a handicap. Fortunately, LISREL- V 

can handle some of the recent developments. 

197 



8 . DISCUSSION 

In this chapter some miscellaneous topics will be discussed briefly. 

They either serve as a reminder to relevant subjects from the literature 

not covered previously, or as general reflections on elements of this study. 

Since science is in continuous progress two methods used in this 

study are out of date at the completion of this book. First, LISREL-VI 

is being completed, which LS an up-dated, improved and extended vers ion 

of LISREL-V (see Jöreskog & Sörbom, 1982). Secondly, Royston (1982a, 

1982b) published an extension of Shapiro & Wilk ' s W-test for normality. 

This development makes future use of the approximate W'-test, as applied 

here, superfluous. 

Also, note that we readLi& Hammond (1975) only recently; their 

theoretical work LS relevant for non-normal sampling procedures akin 

to our approach Ln chapter 6 . 

8. 1 Generalizability of results 

Given the almost infinite number of models that can be analyzed 

with LISREL one surely must ask to which extent the results obtained 

from our limited number of models can be generalized. To some extent 

the results seem to be general [e.g. negative estimates of variances with 

small N, no bias under non-normal conditions (N=400), overestimation of 

the variances of the parameters when correlation matrices are analyzed], 

and to some other extent they are not. The model dependency of various 

findings has been noticed a couple of times. For example, in the small 

s ample case, where Model 2 behaves better than Model 1 (probably due to 

a relatively large number of variances in Model 17). 

One advantage of this study is that with respect to -two robustness 

questions, at least for some modeis, results are available now. To some 

degree it is known in advance under which circumstances problems may 

arise, and how serious certain violations of assumptions could beo 

It is the objective of fut ure research to reveal how valid our 

results are for other modeis. It is also of interest, for example, 

to study other departures from non-normality than the ones investigated 

here (e.g. skew, continuous variables). However, until our conclusions 

as formulated in sections 4.5 and 7.5 are falsified, we attach some general 
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importance to them. 

8. 2 Skewness and kurtosis 

In defining the degree cf non-normality for the observed variables, 

as weIl as in reporting the results for the non-normal case, there was 

much emphasis on the skewness statistic. It was pointed out, however, 

that by varying the sk ewness of the marginal binomial distributions 

implicitlythe kurtosi s is varied (see Table 6.1). On the other hand 

emphasizing the skewness rather than the kurtosis was not an arbitrary 

decision. Particularly, it is easier to see sample deviations from the 

population in skewness than in kurtosis: each element of non-symmetry 

implies non-zero skewness. We also refer to Bradley (1977), who stresses 

that far too of ten nice symmetri e distributions are used in robustness 

studies. He gives a general plea to investigate the robustness of "non

familiar" distributional shapes. 

From the theory of mathematical statistics there is, and has been, 

a disproportional attention for the kurtosis of distributions, e . g. with 

respect to robustness studies on normal theory tests for covariances 

(cf. Layard, 1972, 1974; Mardia, 1974). In this example such an emphasis 

can be traeed back to the role of fourth order cumulants of the covariance 

matrix in the limiting distribution of sample covariance matrices 

(cf. Cramèr, 1946, p. 365, or Layard, 1972, p. 125) . However, despite 

vague suggestions from the literature (e . g . Mardia, 1974),this does 

not imply that the skewness of the marginal distributions should not be 

of any importance, or that it should have less effect than the kurtosis 

when robustness questions are considered. 

In a more general framework the crucial role of the kurtosis is 

also found in the work of Muirhead & Waternaux (1980; tests for covariance 

matrices) and Browne (1982; covariance structures), who study general 

classes of elliptical distributions (e.g. multivariate t-distributions, 

and contaminated normal distributions). Again, it is important to note 

that such distributions are continuous and symmetrie. Therefore, appli

ca tibility of their findings to empirical data from the social sciences 

l.S rather limited. 

In statistics astrong tradition exists in developing theory based 

on symmetrie distributions and in doing robustness research based on 
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non-normal, but symmetrie, distributions. See for example the distributions 

used by Andrews, et al. (1972), or by Layard (1974). There is a clear 

overemphasis on deviations in the tails of symmetrie distributions. With 

zero skewness the kurtosis might indeed be an important statistic to 

detect such deviations, and possibly a useful tooI in developing robust 

statistics. 

In psychometr~c theory the emphasis on the kurtosis is less strong, 

and compared to statistical theory more attention is paid to the skewness 

of empirical distributions (cf . Lord & Novick, 1968; Ten Berge , 1972). 

It is concluded that in statistical theory and in robustness studies, 

in general the occurrence of skew empirical distributions has been l a r gely 

neglected. By overemphasizing the kurtosis of symmetrie distributions it 

is incorrectly suggested th at the skewness does not matter . 

8. 3 Transforming observed variabZes 

Since LISREL was clearly non-robust when extreme skewnesses of 

the observed variables were introduced (see chapter 7) it can be questioned 

what the researcher might do in practice with such types of (discrete) 

distributions. 

First, it LS of interest to know how of ten such long tailed, skew 

distributions are encountered . In the four empirical data sets described in 

chapter 5 the skewnesses are rather moderate (see Figure 5.2). But this 

does not prove that in empirical studies more extreme distributions are 

not found. Bradley (1977) mentions some examples of long tailed, skew 

distributions from the area of behavioral sciences. 

Without any doubt a certain lack of occurrence of such distributions 

can be ascribed to the common practice of regrouping discrete categories 

with few observations . Af ter such regrouping and recoding the discrete 

distribution has less categories and looks more symmetrie . Whether such 

procedures should be advocated can be questioned. 

Each researcher might be tempted to transform his discrete or 

continuous variables to approximately symmetrie distributions, in the 

discrete case for example by making the number of categories with few 

observations as small as possible. From our Monte Carlo results it is 

clear that such procedures would lead to a diminishing effect of skewness 

200 



and thus to statistical estimates which would be "closer to theory" than 

those obtained in a situation where such transformations are rejected. 

But is it possible to talk about the same theoretical domain before 

and af ter transforming the variables? It should be clear that (co)

variances could drastically change by such transformations. And is it allowed 

to transform the variables af ter inspection of the observations in the 

sample? 

We express two recommendations. 

(i) Given our robustness results the researcher should avoid analyzing 

covariance structures on the basis of discrete, strongly skewed 

variables . 

(ii) Rather than performing transformations it is far more attractive 

to develop instruments of measurement which have better distributional 

properties and also substantial theoretical body. The reliability and 

validity of these instruments, to be used for the measurement of 

theoretical constructs, should be tested thoroughly. Next, with 

the help of such instruments,individual scale values (e.g . from 

Rasch- or Mokken-scales) instead of separate scores on a lot of 

items could be applied. In separate analyses the researcher might 

then be able to develop relatively simple LISREL-models to explain 

dependencies between constructs of interest. 

In addition it can be remarked that if the researcher seemed to 

have reasons to bother respondents with questions having c categories, it 

is hardly defensible to make a statistical analysis with the same variables 

having less than c categories. Before starting a sampling procedure, 

which can be justified theoretically and from a measurement point of 

view, it is in any way important to make rational decisions. Haphazard 

and ad hoc transformations of the variables af ter the data have been 

gathered should be rejected. 

Finally, it is noted that the crucial question in LISREL- analyses 

remains to be whether or not a linear model fits the data . with or 

w~thout scale transformations . We do not prefer to use optimal weighting 

of the categories of the observed variables before linear model fitting 

is performed (cf . Gifi , 1981): gambling is not in the game. 
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8 . 4 Least squar es es t imators 

It is weIl known that maximum likelihood estimation is not without 

alternatives in analyzing covariance structures . With LIS REL-V for 

example the user can also obtain unweighted least squares estimates . In 

the literature least squares estimation has been given considerable 

attent ion . 

Early work on generalized least squares methods for factor analysis 

models and for linear covariance models was published by Jöreskog & 

Goldberger (1972) and Anderson (1973), respectively . On the basis of 

their findings Browne (1974) developed a general approach to estimation 

in covariance structure modeis . He describes a class of generalized least 

squares estimators that share many of the asymptotic properties of 

maximum likelihood estimators. Asymptotically, in large sampl~they are 

consistent, have a multivariate normal distribution, and are efficient 

(cf. page 18). 

Asymptotic properties of max~mum likelihood and partial least squares 

estimators are discussed by Dijkstra (1981, 1983), who implicitly compares 

the asymptotic statistical aspects of LISREL with those of PLS (partial 

least squares; Wold, 1982) . 

In arguments in favor of least squares methods (e . g . Bentier & Weeks, 

1980) it is of ten stressed that, unlike the maximum likelihood approach 

such procedures do not require the observed variables to have a multivariate 

normal distribution. Instead, by using generalized least squares estimator5 

it is only assumed that all fourth order cumulants of the distribution of 

the observed variables are zero (Browne, 1974, p.2). Although this may 

be a less restrictive requirement than the normality assumption, it 

remains a point of consideration how to check those conditions on the 

cumulants . Recommending least squares methods without reflections on 

these matters cannot be advocated. 

It is also of ten claimed that least squares methods are computationally 

faster than maximum likelihood methods (see Lee & Jennrich, 1979) . This 

is a minor advantage compared to the disadvantage of an absence of 

estimates for standard errors and of estimates for correlations between 

parameter estimates in LISREL-V (see Jöreskog & Sörbom, 1981, p . 1.36). 

Most important, very little is known about the small sample 
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behavior of least squares estimators compared to maximum likelihood 

estimators. Comparative robustness research is needed here. 

8.5 Polychor ic and polyserial corre la t i ons 

With LISREL-V one can compute polychoric (including tetrachoric) 

and polyserial correlations from the raw data and analyze matrices of 

such correlations (cf. Olsson, 1979a, and Olsson, Drasgow & Dorans, 

1982, respectively ) . In principle one can thus handle discrete (ordinal) 

variables as weIl as continuous ones . Apart from possible problems in 

finding a sample correlation matrix which is positive definite, the user 

is more or less forced to analyze correlation matrices. Earlier (page 49) 

it was already indicated that such a decision is not without complica

tions. 

By using these type of correlations it is assumed that the observed 

variables are discrete (ordered) realizations of hypothetical latent 

variables which have normal distributions (cf. the discussion in chapter 6, 

page 136; case b: the model holds for E*). This is a very strong 

assumption, which can be very unrealistic for many of the empirical 

variables used in analyses of covariance structures. In fact, the basic 

assumptions for LISREL remain the same. 

The latent variable analysis of dichotomous, ordered categorical 

and continuous indicators (LACCI) as developed by Muthén (1982b) also 

deals with polychoric and polyserial correlations. In practice one can 

thus handle discrete data, but conceptually little has changed: normality 

assumptions are back from stage, behind the curtain. 

8.6 Starting values 

In this Monte Carlo work we were in a position to choose the 

population values as initial estimates in each replication. Such 

values can be regarded as ideal starting values. This may raise the 

question whether the results of this study give too favorable an 

impression . In practice, a researcher does not know what the population 

values are and he will thus start with estimates which are at some 

distance from the true values. It is therefore of interest to know 

whether and how the choice of alternative starting values, not being 
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the population values, might have affected our Monte Carlo conclusions. 

For Model 1 this question was investigated by comparing the maximum 

like lihood solutions obtained by using ideal starting values with solutions 

from alternative starting values for N=100, 200, 400. Detailed results 

of these comparisons can be found in Boomsma (1982d). In the summary of 

that limited study it is concluded, that the use of ideal starting 

values does not give a too favorable picture of the distributional 

properties of estimates compared with the use of alternative starting 

values. 

It will be known that LISREL-V has the appealing feature of automatic 

starting values. This version uses non-iterative instrumental variabie 

methods and least squares methods developed by Hägglund (1982) "to compute 

consistent estimates called initial estimates , which in most cases are 

very close to the final solution" (Jöreskog & Sörbom, 1981, p.i). 

8. 7 The robustness of the correlation coeffûient against non- normality 

In answering our two main robustness questions it is not sufficient 

to have knowledge of the sensibility of Pearson product-moment correlations 

against violation of assumptions, though it is of interest to take notice 

of the latter results. For one thing the small sample question is not 

of importance for correlations as such, whereas it is for maximum 

likelihood and least squares estimators in LISREL. The robustness 

of product-moment correlations against non-normality surely is important 

in itself. 

References, summaries and some research examples on the robustness 

of correlations against non-normality can be found in Norris & Hjelm 

(1961), Kowalski (1972),. Duncan & Layard (1973),Havlicek & Peterson 

(1977) and Kraemer (1980). Typically (cf. Bradley, 1978) the results 

in the literature do not lead to consistent conclusions; they are 

contradictory and ambiguous. 

The robustness of correlations against non-normality seems to be 

a necessary condition for a corresponding robustness of maximum likelihood 

estimation with LISREL, but it is certainly not a sufficient condition. 

Particularly, because in maximum likelihood estimation we are dealing with 

asymptotic theory. Also, because small deviations in the proper estimation 
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of correlations could very well have large effe~ts on different statistical 

criteria in structural equation estimation . 
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SAMENVATTING 

Bij het analyseren van covariantiestructuren worden relaties tussen 

meerdere verschijnselen (variabelen) onderzocht. De sterktes van die re

laties (onbekende parameters) kunnen met statistische methoden worden ge

schat. Voor dergelijke analyses worden theoretische modellen opgesteld, 

welke statistisch op basis van steekproefgegevens aan de werkelijkheid 

kunnen worden getoetst. Voor het schatten van onbekende modelparameters 

en hun bijbehorende standaardfouten, alsmede om te onderzoeken hoe groot 

de discrepantie is tussen het theoretische model en de steekproef

gegevens, worden vaak meest aannemelijke schattingsmethoden gebruikt. 

De analyse van covariantiestructuren met behulp van meest aannemelijke 

schattingsprocedures is met name ontwikkeld door K. G. JÖreskog. Voor 

gebruikers van deze methode van onderzoek is het bijbehorende reken

programma LISREL (lineaire structurele relaties) beschikbaar. 

De meest aannemelijke schattingsmethoden gaan onder meer uit van 

twee belangrijke vooronderstellingen: de omvang van de steekproef moet 

zeer groot zijn (asymptotische theorie) en de geobserveerde variabelen 

moeten een multivariaat normale verdeling hebben . In de onderhavige studie 

wordt de robuustheid van deze twee assumpties onderzocht . Dat wil zeggen 

dat het effect van deze assumptieschendingen op de statistische schattingen 

bestudeerd is en dat wordt nagegaan wat de consequenties van mogelijke 

effecten voor de gebruikers van LISREL zijn. Kortom, voor deze analyse

techniek wordt het effect van kleine steekproeven en het effect van niet

normaliteit onderzocht. Die robuustheidsvragen zijn van belang, omdat in 

de wetenschappelijke praktijk waar zulke analyses worden uitgevoerd (bij

voorbeeld in de sociale wetenschappen en in de economie), de omvang van 

de steekproeven vaak niet groot is, terwijl ook de verdeling van de ge

observeerde variabelen meestal niet op een multivariaat normale verdeling 

lijkt. 

Na een inleiding wordt in hoofdstuk 2 het algemene model voor co

variantiestructuur-analyse (LISREL) beschreven, terwijl daar bovendien bo

vengenoemde probleemstelling wordt uitgewerkt. 

Om een antwoord op beide onderzoeksvragen te krijgen zijn Monte Carlo 

procedures gebruikt: dat wil zeggen dat de praktijk van het steekproef 

trekken met behulp van een rekenmachine is nagebootst bij nauwkeurig ge

definiëerde schendingen van de statistische assumpties. In het geval van 

206 



kleine steekproeven wordt die simulatieprocedure beschreven in paragraaf 

3.1 en 3.2. Een nieuwe, vergelijkbare procedure in het geval van niet 

normaliteit wordt in hoofdstuk 6 geïntroduceerd. 

Ter evaluatie van de twee robuustheidsvragen worden de empirische, 

gesimuleerde steekproevenverdelingen der meest aannemelijke schattingen, 

zoals verkregen bij schending van assumpties, vergeleken met de theoretische 

steekproevenverdelingen, zoals die gelden wanneer wel aan die assumpties 

is voldaan. De criteria op basis waarvan die vergelijkingen worden uit

gevoerd en Ln termen waarvan de resultaten van het onderzoek zijn samen

gevat worden besproken in paragraaf 3.3. 

In hoofdstuk 5 worden vier empirische, sociaal wetenschappelijke 

studies beschreven, waaruit met name een indruk kan worden verkregen van 

de niet-normaliteit in de verdelingen van empirische verschijnselen. Mede 

op basis van dit soort gegevens is besloten de robuustheid van discrete 

en scheve verdelingen bij het gebruik van LISREL te onderzoeken . 

De resultaten betreffende het geval van kleine steekproeven (met 

een omvang van 25 tot 400) staan in hoofdstuk 4, die betreffende het 

geval van niet-normaliteit (discrete en scheve verdelingen) in hoofdstuk 7. 

In elk van deze twee hoofdstukken staan ook de theoretische modellen 

(covariantiestructuren) beschreven aan de hand waarvan de robuustheids

vragen zijn onderzocht. Met betrekking tot de resultaten wordt per model 

telkens een samenvatting gegeven, gevolgd door een presentatie van gede

tailleerde uitkomsten (zie de inhoudsopgave) . 

Zeer globaal tonen de resultaten aan dat LISREL zeker niet robuust 

is tegen het gebruik van een steekproefomvang die kleiner is dan 100. 

Aanbevolen wordt de steekproefgrootte niet kleiner dan 200 te nemen . Met 

betrekking tot niet-normaliteit wordt , gegeven een steekproefgrootte van 

400, globaal geconcludeerd dat LISREL robuust is tegen het gebruik van 

variabelen met discrete, symmetrische verdelingen, maar niet tegen dat 

van variabelen met discrete verdelingen die tamelijk scheef zijn. 

Enkele praktische overwegingen voor onderzoekers van covariantie

structuren zijn terug te vinden in de algemene samenvattingen (paragraaf 

4 . 5 en 7.5)en in hoofdstuk 8, waar enkele voor dit onderzoek minder 

centrale onderwerpen kort worden besproken. 
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