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Chapter 2

The cross-linked network model

Various three-dimensional computer based models and methods have been pro-

posed and used to generate random fibrous (biopolymer) networks in order to

study their microstructural properties and mechanical behavior. To name a few,

the methods range from molecular and Brownian dynamics (Kim et al., 2009a;

Kurniawan et al., 2012), Monte Carlo methods (Huisman et al., 2008; Chelakkot

et al., 2009) to various finite element techniques (Huisman et al., 2007; Astrom

et al., 2008; Cyron and Wall, 2009) and lattice based models (Buxton and Clarke,

2007; Broedersz et al., 2011). In the cases, such as for collagen I type networks

(Lindstrom et al., 2010), the network geometry was directly reconstructed in 3D

from high resolution images.

The approach used in this thesis continues along the way proposed by Huisman

et al. (2007), where the biopolymer fiber is seen as an athermal slender continu-

ous beam with homogeneous circular cross-section. A fully periodic representative

volume element (RVE) of a 3D random network of cross-linked fibers will be self-

assembled by simulating the dynamics of fibers governed by a weak 1/r2 attractive

potential between fibers, as explained in § 2.2. The large strain mechanical re-

sponse of generated network, e.g., the shear stress-strain dependence, is calculated

by subjecting the RVEs to simple shear in a separate, quasi-static finite element

simulation following an updated Lagrangian scheme (§ 2.3). Since biopolymer

fibers will be modeled by beam elements that can stretch, bend and twist, it is in-

structive to first introduce the essential framework of a beam finite element before

addressing the generation and deformation simulations in some more detail.
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Figure 2.1. The degrees of freedom of a beam element in 3D. Local and global coordinate
systems attached to a beam element are represented by vectors x, y, z and vectors x̃, ỹ,
z̃, respectively.

2.1 The beam finite element

A beam element, depicted in Figure 2.1, is a line object that has two nodes, each

having six degrees of freedom in 3D space. For defined nodal displacement and

load vectors of a beam element in a local coordinate system as

u = {ux1, uy1, uz1, `φx1, `φy1, `φz1, ux2, uy2, uz2, `φx2, `φy2, `φz2}T (2.1)

and

f =
{
fx1, fy1, fz1,

mx1

`
,
my1

`
,
mz1

`
, fx2, fy2, fz2,

mx2

`
,
my2

`
,
mz2

`

}T

, (2.2)

respectively, with ` being some reference length, the external virtual work, δWe =

δuTf , of a beam element in a static equilibrium is balanced by the internal virtual

work, δWi = δeTs, where generalized measures for the strain e and the stress s are

chosen as, e.g.,

e =



ux2 − ux1

uy1 − uy2 + Lφz1

uz2 − uz1 + Lφy1

(φx2 − φx1)L

(φy2 − φy1)L

(φz2 − φz1)L


, (2.3)
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and

s =
{
fx2, fy1, fz2,

mx2

L
,
my2

L
,
mz2

L

}T

, (2.4)

and where L is the current beam element length. The constitutive relation of such

beam element, s = Se, is obtained from the classical Euler-Bernoulli beam theory

and is characterized by the well known stiffness matrix,

S =



EA
L 0 0 0 0 0

0 12EIL3 0 0 0 6EIL3

0 0 12EIL3 0 6EIL3 0

0 0 0 GJ
L3 0 0

0 0 6EIL3 0 4EIL3 0

0 6EIL3 0 0 0 4EIL3


, (2.5)

where E is the Young’s modulus, G is the shear modulus, I is the axial and

J is the polar area moment of inertia. By relating generalized strain to nodal

displacements, e = Bu, via appropriate strain-displacement matrix

BT =



−1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0

0 0 0 −L` 0 0

0 0 L
` 0 −L` 0

0 L
` 0 0 0 −L`

1 0 0 0 0 0

0 −1 0 0 0 0

0 0 1 0 0 0

0 0 0 L
` 0 0

0 0 0 0 L
` 0

0 0 0 0 0 L
`



, (2.6)

the principle of virtual work becomes δuTf = δuTBTSBu. From this, one can

obtain a system of linear equations, f = Keu, that describes the deformation of a

beam element at small strains and where element stiffness matrix Ke = BTSB.

For the small strain beam element formulation outlined above, the strain mea-

sure e in (2.3) is linear function of displacements u, leading to the matrix B in

(2.6) being independent of u thus, variation δe = Bδu. However, in the case of

large displacement formulations, e.g. Besseling (1974), the chosen strain measure

of a beam element, e.g. ê, generally is a nonlinear function of displacement u,

such that all nonlinear contributions can be collected in a vector g in equation
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ê = Bu + g (Zienkiewicz and Taylor, 2000b; Bathe and Bolourchi, 1979). Since

g then obviously has to depend on components of u, δê = (B + BG)δu, with

BG = ∂g/∂u.

Large deformation of a beam element can be obtained by employing the lin-

earized incremental solution procedure within the updated Lagrangian scheme

(Bathe and Bolourchi, 1979). By incrementing the element stress s, strain ê,

nodal displacements u and forces f , respectively, form step i to i+ 1, the principle

of virtual work at step i+ 1 can be written as

(δê + ∆δê)T(s + ∆s) = (δu + ∆δu)T(f + ∆f). (2.7)

Using now the Euler-Bernoulli beam theory for the incremental beam element

constitutive relation, ∆s = S∆ê, and noting that the strain and displacement

increment variations are zero, e.g., ∆δê = ∆δu = 0, equation (2.7) takes the form

of,

K∆u = ∆f + (f −BTs−BT
Gs). (2.8)

The K on the left-hand side of (2.8) now represents the total element tangent

stiffness matrix generally defined as K = Ke + KG, where KG = BT
GSBG is

known as the geometric stiffness matrix. The term in brackets on the right hand

side of (2.8) reflects the deviation of an element from the force equilibrium at

step i. Ideally, this deviation is zero. However, in numerical simulations, this

often not needs to be the case due to accumulation of numerical errors. The

stiffness matrix K is evaluated for the current configuration in each iteration.

From prescribed boundary conditions, the equation (2.8) then can be first solved

for the displacement increments ∆u, followed by finding the increments of all other

state variables, e.g. stress, strain, reaction force, etc. The new configuration, i.e.

the current configuration for the next iteration, results from updating the state

variables by their incremental values.

For a general structure containing many beam elements, a full set of incre-

mental linear equations is commonly assembled and solved in a global coordinate

system. For this, local quantities of the beam elements in (2.8) are transformed

to global coordinate system via vector and matrix coordinate transformations and

assembled by following standard finite element assembly rules (Zienkiewicz and

Taylor, 2000a).

The simulation results presented throughout this thesis are obtained with the

small strain beam formulation. In small strain formulation geometric stiffness

matrix KG is ignored, so that K = Ke. However, it is acknowledged the possible

presence of small errors due to assumption of g ≈ 0.
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2.2 Random network generation

The main idea behind the generation procedure proposed by Huisman et al. (2007)

is to self-assemble a homogeneous and isotropic random network (Figure 2.2) by

simulating the fiber dynamics subject to a weak 1/r2 attractive force field between

fibers.

Figure 2.2. Typical example of a generated network with fibers shown in blue and
cross-links in red.

A mono-disperse system of straight fibers of length l0 with concentration cf
is prepared within a fully periodic box of size W 3. The number of fibers in the

box, nf , is determined by the concentration of the fiber constituent defined as

cf = ρf(t/2)2πnf l0/W
3, where ρf and t are intrinsic fiber density and diameter,

respectively. Fibers are considered to be semi-flexible, hence they have axial as

well as bending stiffness. However, the thermal fluctuating nature of the semi-

flexible polymers is not accounted. Initially, randomly positioned and oriented

fibers are discretized into 3D beam finite elements that can stretch, bend and

twist, as described in the previous section. The motion of the fibers is assumed

to take place in a viscous fluid environment (water), giving rise to hydrodynamic

drag. In addition, the fibers are assumed to behave as a Kelvin-Voigt material,

with the stress being dependent on the strain and the strain-rate, i.e. s = Se+Siė.

The internal damping matrix Si is introduced for numerical convenience to further

suppresses the fiber natural vibrational modes.

For the system of beam elements with vectors for nodal displacements, q, ve-
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locities, q̇ and accelerations, q̈, the governing equation of motion reads

Mq̈ = fp − (fv + fi)− fe, (2.9)

where M is the diagonally lumped mass matrix, fq is the resultant nodal force

vector of the pairwise attractive potential between uncross-linked nodes of the

fibers, fv and fi are the nodal drag force vectors due to viscous effects and internal

damping, respectively and fe is the nodal elastic force vector. The Eq. (2.9) is

solved for nodal displacement vector q and stepwise integrated in time adopting

the velocity Verlet algorithm.

Any two fibers that approach each other within some threshold distance during

the simulation are permanently cross-linked by a rigid link (no relative motion

between filaments is allowed). As the fibers deform and move through the box,

they form cross-links and progressively self-assemble into a network. The multiple

cross-linking of a fiber partitions it into a number of sections. The generation

process is stopped once the mean distance between two neighbouring cross-links

along the fiber, lc, reaches the desired value.

With the force field tuned to prevent fiber bundling and for fixed filament

material parameters, the microstructure of the self-assembled network can be ma-

nipulated by varying the total concentration of fibers, cf , the initial fiber length,

l0, and the mean cross-link spacing along the fiber, lc. Network realizations rep-

resenting the same microstructure are therefore generated for the same triplet (cf ,

l0, lc).

2.3 Network response

The method described in § 2.2 generates a periodic geometry of a random net-

work of interconnected filaments. In order to obtain the macroscopic stress-strain

response of the network, a random realization of the network geometry is first

used for constructing the three-dimensional representative volume element (RVE),

which is then subjected to a simple shear in a quasi-static finite element simulation

(Huisman et al., 2007).

At the macroscopic scale, the biopolymer network needs to satisfy the principle

of virtual work. For macroscopic network stress Σij , strain Eij and associated RVE

of volume V = WxWyWz, via principle of virtual work, δETΣV = δQTF, one can

introduce the macroscopic displacement and force vectors,

Q = {WxExx,WyEyy,WzEzz,WzΓxy,WyΓxz,WxΓyz}T (2.10)
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and

F =



WyWzΣxx
WxWzΣyy
WxWyΣzz
WxWyTxy
WxWzTxz
WyWzTyz


, (2.11)

respectively. Since RVE is fully periodic, displacements across its boundary are

constrained by the set of vector equations:

q(Wx, ỹ, z̃) =q(0, ỹ, z̃) +Q1x̃, (2.12)

q(x̃,Wy, z̃) =q(x̃, 0, z̃) +Q2ỹ +Q4x̃, (2.13)

q(x̃, ỹ,Wz) =q(x̃, ỹ, 0) +Q3z̃ +Q5x̃ +Q6ỹ, (2.14)

where q is a displacement vector for the nodes at the boundary of the microscopic

structure, Qi for i = 1, .., 6, are (usually prescribed) components of Q introduced

in (2.10) and x̃, ỹ and z̃ are unit vectors of the global coordinate system.

In addition, biopolymer networks are hydro-gels thus, network filaments with

volume fraction f are immersed in water with volume fraction 1 − f . Assuming

that the water is incompressible and at rest during the RVE deformation and by

neglecting all viscous effects on the filaments, the virtual work δWb of hydrostatic

pressure associated with the change of the RVE volume can be expected to be

dominated by the water constituent and its bulk modulus, e.g. b. Thus, δWb =

b(1−f)V trδEtrE, or in terms of the macroscopic displacements and forces, δWb =

δQTKbQ, where

Kb = b(1− f)



WyWz

Wx
Wz Wy 0 0 0

Wz
WxWz

Wy
Wx 0 0 0

Wy Wx
WxWy

Wz
0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


. (2.15)

With this, the macroscopic virtual work associated only with the deformation of

the network is δQT (F−KbQ).

Taking the above considerations into account and by further neglecting filament

inertia, the finite element discretization of the principle of virtual work for the total

RVE leads to the quasi-static incremental law that governs the deformation of the
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network, {
K + K0 K2

KT
2 K1

}[
∆q

∆Q

]
=

[
∆f

∆F

]
−
{

0 0

0 Kb

}[
∆q

∆Q

]
(2.16)

In (2.16), K represents an assembled tangent stiffness matrix of a generated net-

work geometry discretized by the beam elements (see § 2.1), while K0, K1 and K2

are the coupling matrices of the macroscopic displacement increments ∆Q that in-

corporate the periodic boundary conditions expressed by equations (2.12)–(2.14).

The last term on the right-hand side of the equation (2.16) originates from the

work of the hydrostatic pressure. By prescribing ∆Q, the system (2.16) can be

solved for the displacement increments ∆q, and all microscopic and macroscopic

state variables are obtained by integrating the incremental solutions, as described

in § 2.1.

In this thesis, the network response is calculated by subjecting the RVE to

simple shear, i.e. by prescribing ∆Q such that only ∆Q4 is nonzero. The response

of the RVE realization to such simple shear is then represented by the dependence

of the macroscopic shear stress Txy on macroscopic shear strain Γxy. From this,

the strain dependent elastic shear modulus of the network is obtained as Gxy =

∂Txy/∂Γxy. For simplicity of the notation, in the following chapters of this thesis

the indices indicating the simple shear “xy” will be omitted. In addition, often

of interest are going to be the ensemble averaged network response and the mean

elastic shear modulus. The dependence of the macroscopic stress T on the mean

shear strain 〈Γ〉 will be calculated as the ensemble average over commonly seven

to ten random RVE realizations at constant stress level. The mean elastic shear

modulus then follows from the mean network response as 〈G〉 = ∂T/∂〈Γ〉.

2.4 The cross-link model

In order to include the cross-link mechanical properties in simulations of deformed

networks, the cross-links are simply modeled as linear springs.

In general, there are six degrees of freedom between two fibers at each cross-

linking site. However, since the two directions in the plane of the cross-linked

filaments, e.g. y and z in Figure 2.3, can be considered as equivalent, only four

independent spring constants are required. As shown in Figure 2.3, the spring

constants and their associated degrees of freedom in the local cross-link coordinate

system are: s1 for the axial displacement, s3 for two transverse displacements,

s4 for the axial rotation (torsion) and s2 for two rotations around two transverse

axis y and z. Note that the spring constants s1 and s3 are considered to be the

proportionality factors between forces and displacements in units of N/m, while s2
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Figure 2.3. A cross-link is a two node element whose general six relative degrees of
freedom between two fibers are controlled by the four independent spring constants.

and s4 are the proportionality factors between moments and rotations in units of

Nm.

The model of a cross-link is implemented in the finite element framework as

a two node element with the nodal displacement and force vectors defined as in

(2.1) and (2.2). The cross-link incremental constituent behavior is ∆scl = Scl∆ecl,

where the generalized strain and stress measures are chosen as

ecl =



ux2 − ux1

uy1 − uy2

uz2 − uz1
(φx2 − φx1)`

(φy2 − φy1)`

(φz2 − φz1)`


, scl =



fx2

fy1

fz2

mx2/`

my2/`

mz2/`


, (2.17)

respectively, and the stiffness matrix is

Scl =



s1 0 0 0 0 0

0 s3 0 0 0 0

0 0 s3 0 0 0

0 0 0 s4 0 0

0 0 0 0 s2 0

0 0 0 0 0 s2


. (2.18)

Similar as for beam elements, the generalized strain of a cross-link element can
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be related to the nodal displacements, ∆ecl = Bcl∆u, via a strain-displacement

matrix Bcl. From the principle of virtual work written for a cross-linked element,

one obtains a set of incremental linear equations, ∆f = Kcl∆u, with tangent

stiffness matrix Kcl = BT
clSclBcl. Once transformed to the global coordinates, the

contributions of Kcl can be added to the tangent stiffness matrix K of the full

system in (2.16).

By tuning the four cross-link spring constant, s1, s2, s3 and s4, various cross-

link and network behaviors can be obtained. For example, setting the cross-link

spring constants to be very high, the cross-links become rigid-like, so that the

network response in this case is determined only by the filament constituent. The

mechanical behavior of such rigidly cross-linked networks is studied in Chapter 4

and Chapter 5. The mechanical behavior of networks with compliant cross-links,

such that the all spring constants are coupled to a single parameter s, are studied

in Chapter 6.


