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Chapter 1

Introduction

A fundamental building block of biological life is the cell. Whether the organism

is single-celled or multicellular, each individual cell performs various functions in

accordance to the internal stimuli or interactions with its physical environment.

Many of these stimuli and interactions involve mechanical forces, which cells need

to recognize and resist. For this, cells require certain mechanical properties, e.g.

stiffness.

Almost all eucharyotic living cells acquire essential mechanical properties from

a scaffold of cellular filaments that constitute the cytoskeleton (Lodish et al.,

2000; Mofrad and Kamm, 2006). The organization of cytoskeletal filaments —mi-

crotubules, intermediate filaments and actin filaments— is mediated by various

“helper” proteins that nucleate, (de)polymerize, cross-link, branch, bundle, cap or

severe the filaments in a cell (Chhabra and Higgs, 2007). Besides having a vital

role in determining cell mechanical properties, the cytoskeleton is also involved in

mechanosensing, transporting and signaling processes (Mofrad and Kamm, 2006).

Of special interest for the mechanical behavior of cells is the actin part of the

cytoskeleton. Actin is mainly localized in the plasma region near the membrane,

where actin filaments form a complex network-like structure, i.e. the cortex, that

reinforces the otherwise highly flexible cell membrane, and is used by the cell to

regulate its mechanical stability and drive shape change and movement (Fletcher

and Mullins, 2010).

Actin is an abundant protein in all eucharyotic cells. Physiological actin con-

centrations range from ∼1 to ∼5 mg/mL. In its globular form, G-actin is a polypep-

tide chain ∼375 amino-acid residues long with a molecular mass of ∼42 kDa (Boal,

2002). G-actin monomers can polymerize into a helical slender filament, i.e. F-
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actin, that has a diameter t ≈ 7 nm and contour length l0 in the range between ∼1

µm (in vivo) and ∼21 µm (in vitro) (Liu and Pollack, 2002; Gittes et al., 1993).

F-actin is nearly inextensible, and despite its slenderness quite resistant to bending

when interacting with its thermal environment. Because of this, it is commonly

regarded as a semi-flexible chain (MacKintosh et al., 1995) with persistence length

∼ 17µm (Ott et al., 1993), that is of the same order of magnitude as its contour

length l0. The persistence length of a molecular chain, defined as lp = κ/kBT , is

a measure of its bending stiffness κ relative to the thermal energy kBT , with kB

being the Boltzmann constant and T the temperature (Doi and Edwards, 2007).

Unlike flexible chains commonly associated with synthetic polymer materials, a

semi-flexible chain is less susceptible to the thermal bending and thus, adopts rel-

atively extended conformations. The large persistence length and axial stiffness

of semi-flexible biopolymers like F-actin are one of the key prerequisites for the

remarkable mechanical behavior of biopolymer networks that will be studied here.

1.1 Bioploymer networks in vitro

In order to circumvent the full cytoskeleton complexity, most investigations of

mechanical properties of actin cytoskeleton, and biopolymer networks in general,

are carried out on in vitro reconstituted networks. Reconstituted networks are

relatively simple hydro-gels that are self-assembled in vitro by entangling, branch-

ing and/or cross-linking biopolymer filaments. In vitro F-actin networks exhibit

a rich mechanical behavior (Bausch and Kroy, 2006; Lieleg et al., 2010) that is

comparable to the elasticity of the cells (Gardel et al., 2006).

Generally, the mechanical behavior of in vitro biopolymer networks reflects the

properties of the constituents, i.e. biopolymer filaments (Shin et al., 2004; Lin

et al., 2010b; Vader et al., 2009) and cross-linking macro-molecules (Gardel et al.,

2006; Wagner et al., 2006), but is also highly dependent on the microstructure

(Shin et al., 2004; Lin et al., 2010b; Vader et al., 2009; Gardel et al., 2004a; Lieleg

et al., 2007; Kasza et al., 2010). In the case of “stiff” cross-linking proteins, such

as scruin (Gardel et al., 2004a) or heavy meromyosin (Tharmann et al., 2007),

the mechanical behavior of the actin network originates mainly from the F-actins

themselves and their spatial organization.

Cross-linked actin networks are representative of the polymorphic nature of

biopolymer networks (Lieleg et al., 2010). Various high resolution imaging and

rheological techniques have been used to obtain an insight into the properties

of the microstructure of in vivo (Svitkina et al., 2003) as well as in vitro actin

networks (Shin et al., 2004; Tharmann et al., 2007; Schmoller et al., 2009). De-
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pending on both type and concentration of the cross-linking molecule, different

morphologies exist. Commonly, the cross-linking molecules at their low to mod-

erate concentrations reorganize weak and entangled F-actin solutions into a more

stiffer isotropically cross-linked networks of individual filaments. For sufficiently

high cross-link concentrations however, the majority of cross-linking molecules act

to bundle F-actins into a composite networks that comprise individual and/or bun-

dled filaments (Lieleg et al., 2010). In addition, the interaction between F-actins

themselves can induce an isotropic-to-nematic transition (Furukawa et al., 1993),

thereby leading to a more parallel alignment of filaments in the network. Also, due

to the transient nature of some of the cross-links and their finite binding lifetimes,

the network microstructure could be a subject of constant remodeling (Xu et al.,

2000).

Each of the above mentioned network microstructures has intrinsic geometrical

length scales associated to it, e.g. mean filament (or bundle) contour length and

diameter, mean cross-linking distance and/or network mesh size, which can be used

to rationalize the mechanical behavior (Tharmann et al., 2007; Shin et al., 2004;

Lieleg et al., 2007). For example, mesh size is a measure of the average distance

between the filaments in the network; it depends on the filament concentration,

i.e. mesh size decreases as the concentration of the filaments increases (Schmidt

et al., 1989), and it has been shown that networks generally become more stiffer

for decreasing mesh size (MacKintosh et al., 1995; Gardel et al., 2004a; Thar-

mann et al., 2007; Schmoller et al., 2009). The mean distance between cross-links

is another important network parameter that is expected to affect the network

stiffness, i.e. as the mean distance between cross-links decreases the network stiff-

ness should increase (MacKintosh et al., 1995; Gardel et al., 2004a,b; Tharmann

et al., 2007). However, unlike the mesh size, it is difficult to experimentally mea-

sure the mean cross-linking distance. Therefore, it has been postulated that mean

cross-linking distance in addition to being dependent on the concentration of cross-

linking molecules, also depends on the entanglement length (MacKintosh et al.,

1995; Tharmann et al., 2007), i.e. a measure commonly used in polymer physics to

define the length scale of the steric (excluded-volume) interactions between chains

entangled in a network (Doi and Edwards, 2007).

In addition, numerical simulations of 3D networks hinted that the network topo-

logical properties, e.g. the connectivity, whether is simply considered as a static

property of the microstructure (Huisman et al., 2007) or a dynamic strain-driven

remodeling factor (Astrom et al., 2008), play also an important role in the network

mechanical behavior. Although it is somewhat intuitive to expect that “more” or

“better” connected network should be stiffer, a quantitative understanding of how

connectivity can be characterized and how it is related to the other parameters of
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the network microstructure is poorly understood.

As mentioned above, the complex network microstructure and its geometri-

cal and topological properties are very important for the mechanical behavior of

biopolymer networks. Despite much research in the recent past, the mechanical

properties of biopolymer networks still hold many mysteries. The conjecture in this

thesis is that they are mostly hidden in the network architecture or microstructure.

1.2 Biopolymer networks strain stiffen

Rheological experiments on single or bundled F-actin networks at time scales

smaller than the binding lifetime of the cross-linking proteins, have shown linear

elastic network behavior at small strains followed by highly nonlinear strain stiff-

ening. The degree to which biopolymer networks can strain-stiffen is remarkable:

at large strains the shear modulus can increase by two to three orders of magnitude

(Gardel et al., 2004a, 2006; Yao et al., 2010). While bundled F-actin networks have

a much larger initial elastic modulus than networks of single F-actins, the strain

stiffening can be similar and follows a seemingly universal trend characterized by

a power-law dependence of the elastic shear modulus on macroscopic stress with

exponent 3/2 (Gardel et al., 2004a,b). More recently, the same power-law depen-

dence has been observed in ionically cross-linked networks of intermediate cellular

filaments (Yao et al., 2010; Lin et al., 2010b).

The network model, proposed by MacKintosh et al. (1995) and Storm et al.

(2005) and based on the physics relevant for a free standing single filament, pre-

dicts that the strain stiffening characterized by the power-law exponent 3/2 is

entropic in origin. The network in this model is considered as a collection of ran-

domly oriented filaments, represented as thermal semi-flexible polymers, that are

stretching affinely with the overall deformation. The response of the whole network

then, is associated to the “mean” filament response and is obtained by averaging

the response of an individual filament over all possible orientations. In this way,

the network response inherits the entropic nature of the semi-flexible polymer be-

havior. In particular, interaction of the semi-flexible filament with the thermal

environment introduces fluctuating undulations that continuously perturb the fil-

ament shape. Such fluctuating filament explores a set of conformations (shapes)

which can be characterized by the mean distance between filament ends, e.g. r. A

force required to change the filament end-to-end distance then, e.g. in the case of

filament stretching, will be opposed by the change in entropy associated to the fila-

ment conformational space. In the limit of nearly full filament extension when the

end-to-end distance approaches the contour length, l0−r → 0, the applied force at
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filament ends, e.g. fr, is found to diverge following a power law fr ∝ (l0−r)−2, and

thereby leading to a power-law dependence of the network elastic shear modulus

on macroscopic stress with exponent 3/21. Hence, it has been argued that strain-

stiffening exponent 3/2 observed in experiments during large network deformation

originates from straightening of the thermal filament undulations.

However, the assumption that the network microscopic deformation field is

affine, is a rather controversial issue, mainly due to numerical studies that have

clearly shown strong non-affine trends (Onck et al., 2005; Hatami-Marbini and

Picu, 2008; Huisman et al., 2008). In addition, once the filament is cross-linked

and becomes part of the network, its thermally fluctuating nature is expected to

be suppressed due to constraints imposed by cross-links (Ghosh et al., 2007). In

another words, multiple cross-linking partitions the filaments into segments whose

length for in vitro networks can be at least an order of magnitude below the

filament persistence length (Tharmann et al., 2007; Yao et al., 2010). Thus, it is

to be expected that the segments of the filament are more straight then the whole

filament itself.

Based on 2D network simulations, Onck et al. (2005) proposed an alternative

mechanism for strain stiffening, where the network microstructure plays a key

role in mediating the transition from a regime dominated by the filament bending

stiffness at smaller strains to a large-strain regime dominated by the filament axial

stiffness. From the 2D network models, these authors concluded that filament

undulations do not change the network stiffening but only postpone it, thereby

suggesting that the presence of thermal filament undulations should not be essential

for understanding the strain-stiffening network behavior. This point of view was

further substantiated by the theoretical study by van Dillen et al. (2008).

If the network strain-stiffening is independent of the nature of the filament

behavior (i.e. thermally undulated vs. athermal filaments), then there must be

something else, more fundamental about the microstructure, that causes nonlinear

behavior in biopolymer networks. The work presented in this thesis is set to inves-

tigate, by means of computer simulations, the fundamental relationships between

properties of the network microstructure and the associated mechanical behavior

of biopolymer-like networks.

1.3 In this thesis

Because single filaments like F-actin are too thin to be experimentally observed

within the network, many details of the network microstructure cannot be directly

1The details of this derivation are addressed in Chapter 5 and Chapter 6
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evaluated experimentally. However, in most general sense, the microstructural

characteristics of cross-linked networks of individual F-actins follow from the as-

sumptions: (i) that the filaments are finite in length and (ii) that the cross-linking

proteins commonly have only two actin binding sites, i.e. a single cross-linking

macromolecule is binary and can cross-link only two filaments.

Starting from these two simple assumptions, this thesis is dedicated to the nu-

merical study of the microstructure and the response of a discrete three-dimensional

isotropic network of cross-linked and unbundled filaments. It is considered the

most simple case of a network where the filaments are athermal and the cross-

links are static (no network remodeling). By neglecting filament fluctuations, the

applicability of the model used here becomes limited to networks for which mean

cross-linking distance is much smaller that the filament persistence length, i.e. a

filament segment in between two cross-links is straight and mechanically equivalent

to a beam.

After briefly reviewing the used finite element network model in Chapter 2, in

Chapter 3 the geometrical and topological properties of the randomly generated

network microstructures are studied. It is shown that the key length scale of an

isotropically cross-linked network, i.e. the mean distance between the cross-links

lc depends only on the macroscopic concentrations of the network constituents and

the mean filament length l0.

The expression for the mean distance between cross-links lc, obtained in Chap-

ter 3, together with the scaling relation for the small strain network response in

the limit of rigid cross-links, derived in Chapter 4, allows a direct comparison for

the initial network shear modulus between the networks generated here and ex-

perimentally studied F-actin networks cross-linked by heavy-meromyosin (HMM)

(Tharmann et al., 2007).

By studying the large strain response of networks with rigid cross-links in Chap-

ter 5, the fundamental strain stiffening mechanism leading to the power-law de-

pendence with exponent 3/2 between the network shear modulus and macroscopic

stress is uncovered. It is observed that large network deformation leads to the

formation of a percolating path composed of highly axially stressed filament seg-

ments, i.e. a so–called stress path, that dominates the response. The concept

of a stress path, is not only key for understanding the strain-stiffening of rigidly

cross-linked networks, but also for the networks with compliant cross-links which

are studied in Chapter 6.

By means of a parametric study of the dependence of the nonlinear network be-

havior on mechanical properties of network constituents, e.g. filaments and cross-

links, and network microstructure, it is shown in Chapter 6 that strain-stiffening

generally originates from two fundamental mechanisms. The first mechanism is a
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bending-dominated, it originates from the pulling-out of stress path undulations,

and it can be characterised by a power-law dependence with exponent 3/2 of the

shear modulus G̃ on macroscopic stress T̃. The second mechanism is a finite strain

effect induced by reorientation of the stress path, it is a stretching-dominated, and

it gives rise to a power-law relation between G̃ and T̃ with exponent 1/2.

It is proposed in Chapter 6 that the nonlinear strain-stiffening behavior of a

cross-linked network can be quantified by a single parameter, i.e. characteristic

ratio l̄b/lc, that relates material properties (bending and axial stiffnesses) of the

network constituents to the key length scale of the microstructure. As such, the

characteristic ratio l̄b/lc reflects the relative importance between the two stiffen-

ing mechanisms, and depending on the mechanical behavior of the filamentous

constituent, the cross-link and the network microstructure, a variety of possible

stiffening behaviors can be obtained. The results obtained in Chapter 6 suggest a

novel and unified way in interpreting the experimentally observed nonlinear elas-

ticity of different biopolymer networks, comprising different types of biopolymer

filaments, cross-links and of different microstructure.





Chapter 2

The cross-linked network model

Various three-dimensional computer based models and methods have been pro-

posed and used to generate random fibrous (biopolymer) networks in order to

study their microstructural properties and mechanical behavior. To name a few,

the methods range from molecular and Brownian dynamics (Kim et al., 2009a;

Kurniawan et al., 2012), Monte Carlo methods (Huisman et al., 2008; Chelakkot

et al., 2009) to various finite element techniques (Huisman et al., 2007; Astrom

et al., 2008; Cyron and Wall, 2009) and lattice based models (Buxton and Clarke,

2007; Broedersz et al., 2011). In the cases, such as for collagen I type networks

(Lindstrom et al., 2010), the network geometry was directly reconstructed in 3D

from high resolution images.

The approach used in this thesis continues along the way proposed by Huisman

et al. (2007), where the biopolymer fiber is seen as an athermal slender continu-

ous beam with homogeneous circular cross-section. A fully periodic representative

volume element (RVE) of a 3D random network of cross-linked fibers will be self-

assembled by simulating the dynamics of fibers governed by a weak 1/r2 attractive

potential between fibers, as explained in § 2.2. The large strain mechanical re-

sponse of generated network, e.g., the shear stress-strain dependence, is calculated

by subjecting the RVEs to simple shear in a separate, quasi-static finite element

simulation following an updated Lagrangian scheme (§ 2.3). Since biopolymer

fibers will be modeled by beam elements that can stretch, bend and twist, it is in-

structive to first introduce the essential framework of a beam finite element before

addressing the generation and deformation simulations in some more detail.
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Figure 2.1. The degrees of freedom of a beam element in 3D. Local and global coordinate
systems attached to a beam element are represented by vectors x, y, z and vectors x̃, ỹ,
z̃, respectively.

2.1 The beam finite element

A beam element, depicted in Figure 2.1, is a line object that has two nodes, each

having six degrees of freedom in 3D space. For defined nodal displacement and

load vectors of a beam element in a local coordinate system as

u = {ux1, uy1, uz1, `φx1, `φy1, `φz1, ux2, uy2, uz2, `φx2, `φy2, `φz2}T (2.1)

and

f =
{
fx1, fy1, fz1,

mx1

`
,
my1

`
,
mz1

`
, fx2, fy2, fz2,

mx2

`
,
my2

`
,
mz2

`

}T

, (2.2)

respectively, with ` being some reference length, the external virtual work, δWe =

δuTf , of a beam element in a static equilibrium is balanced by the internal virtual

work, δWi = δeTs, where generalized measures for the strain e and the stress s are

chosen as, e.g.,

e =



ux2 − ux1

uy1 − uy2 + Lφz1

uz2 − uz1 + Lφy1

(φx2 − φx1)L

(φy2 − φy1)L

(φz2 − φz1)L


, (2.3)
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and

s =
{
fx2, fy1, fz2,

mx2

L
,
my2

L
,
mz2

L

}T

, (2.4)

and where L is the current beam element length. The constitutive relation of such

beam element, s = Se, is obtained from the classical Euler-Bernoulli beam theory

and is characterized by the well known stiffness matrix,

S =



EA
L 0 0 0 0 0

0 12EIL3 0 0 0 6EIL3

0 0 12EIL3 0 6EIL3 0

0 0 0 GJ
L3 0 0

0 0 6EIL3 0 4EIL3 0

0 6EIL3 0 0 0 4EIL3


, (2.5)

where E is the Young’s modulus, G is the shear modulus, I is the axial and

J is the polar area moment of inertia. By relating generalized strain to nodal

displacements, e = Bu, via appropriate strain-displacement matrix

BT =



−1 0 0 0 0 0

0 1 0 0 0 0

0 0 −1 0 0 0

0 0 0 −L` 0 0

0 0 L
` 0 −L` 0

0 L
` 0 0 0 −L`

1 0 0 0 0 0

0 −1 0 0 0 0

0 0 1 0 0 0

0 0 0 L
` 0 0

0 0 0 0 L
` 0

0 0 0 0 0 L
`



, (2.6)

the principle of virtual work becomes δuTf = δuTBTSBu. From this, one can

obtain a system of linear equations, f = Keu, that describes the deformation of a

beam element at small strains and where element stiffness matrix Ke = BTSB.

For the small strain beam element formulation outlined above, the strain mea-

sure e in (2.3) is linear function of displacements u, leading to the matrix B in

(2.6) being independent of u thus, variation δe = Bδu. However, in the case of

large displacement formulations, e.g. Besseling (1974), the chosen strain measure

of a beam element, e.g. ê, generally is a nonlinear function of displacement u,

such that all nonlinear contributions can be collected in a vector g in equation
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ê = Bu + g (Zienkiewicz and Taylor, 2000b; Bathe and Bolourchi, 1979). Since

g then obviously has to depend on components of u, δê = (B + BG)δu, with

BG = ∂g/∂u.

Large deformation of a beam element can be obtained by employing the lin-

earized incremental solution procedure within the updated Lagrangian scheme

(Bathe and Bolourchi, 1979). By incrementing the element stress s, strain ê,

nodal displacements u and forces f , respectively, form step i to i+ 1, the principle

of virtual work at step i+ 1 can be written as

(δê + ∆δê)T(s + ∆s) = (δu + ∆δu)T(f + ∆f). (2.7)

Using now the Euler-Bernoulli beam theory for the incremental beam element

constitutive relation, ∆s = S∆ê, and noting that the strain and displacement

increment variations are zero, e.g., ∆δê = ∆δu = 0, equation (2.7) takes the form

of,

K∆u = ∆f + (f −BTs−BT
Gs). (2.8)

The K on the left-hand side of (2.8) now represents the total element tangent

stiffness matrix generally defined as K = Ke + KG, where KG = BT
GSBG is

known as the geometric stiffness matrix. The term in brackets on the right hand

side of (2.8) reflects the deviation of an element from the force equilibrium at

step i. Ideally, this deviation is zero. However, in numerical simulations, this

often not needs to be the case due to accumulation of numerical errors. The

stiffness matrix K is evaluated for the current configuration in each iteration.

From prescribed boundary conditions, the equation (2.8) then can be first solved

for the displacement increments ∆u, followed by finding the increments of all other

state variables, e.g. stress, strain, reaction force, etc. The new configuration, i.e.

the current configuration for the next iteration, results from updating the state

variables by their incremental values.

For a general structure containing many beam elements, a full set of incre-

mental linear equations is commonly assembled and solved in a global coordinate

system. For this, local quantities of the beam elements in (2.8) are transformed

to global coordinate system via vector and matrix coordinate transformations and

assembled by following standard finite element assembly rules (Zienkiewicz and

Taylor, 2000a).

The simulation results presented throughout this thesis are obtained with the

small strain beam formulation. In small strain formulation geometric stiffness

matrix KG is ignored, so that K = Ke. However, it is acknowledged the possible

presence of small errors due to assumption of g ≈ 0.



2.2. Random network generation 13

2.2 Random network generation

The main idea behind the generation procedure proposed by Huisman et al. (2007)

is to self-assemble a homogeneous and isotropic random network (Figure 2.2) by

simulating the fiber dynamics subject to a weak 1/r2 attractive force field between

fibers.

Figure 2.2. Typical example of a generated network with fibers shown in blue and
cross-links in red.

A mono-disperse system of straight fibers of length l0 with concentration cf
is prepared within a fully periodic box of size W 3. The number of fibers in the

box, nf , is determined by the concentration of the fiber constituent defined as

cf = ρf(t/2)2πnf l0/W
3, where ρf and t are intrinsic fiber density and diameter,

respectively. Fibers are considered to be semi-flexible, hence they have axial as

well as bending stiffness. However, the thermal fluctuating nature of the semi-

flexible polymers is not accounted. Initially, randomly positioned and oriented

fibers are discretized into 3D beam finite elements that can stretch, bend and

twist, as described in the previous section. The motion of the fibers is assumed

to take place in a viscous fluid environment (water), giving rise to hydrodynamic

drag. In addition, the fibers are assumed to behave as a Kelvin-Voigt material,

with the stress being dependent on the strain and the strain-rate, i.e. s = Se+Siė.

The internal damping matrix Si is introduced for numerical convenience to further

suppresses the fiber natural vibrational modes.

For the system of beam elements with vectors for nodal displacements, q, ve-
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locities, q̇ and accelerations, q̈, the governing equation of motion reads

Mq̈ = fp − (fv + fi)− fe, (2.9)

where M is the diagonally lumped mass matrix, fq is the resultant nodal force

vector of the pairwise attractive potential between uncross-linked nodes of the

fibers, fv and fi are the nodal drag force vectors due to viscous effects and internal

damping, respectively and fe is the nodal elastic force vector. The Eq. (2.9) is

solved for nodal displacement vector q and stepwise integrated in time adopting

the velocity Verlet algorithm.

Any two fibers that approach each other within some threshold distance during

the simulation are permanently cross-linked by a rigid link (no relative motion

between filaments is allowed). As the fibers deform and move through the box,

they form cross-links and progressively self-assemble into a network. The multiple

cross-linking of a fiber partitions it into a number of sections. The generation

process is stopped once the mean distance between two neighbouring cross-links

along the fiber, lc, reaches the desired value.

With the force field tuned to prevent fiber bundling and for fixed filament

material parameters, the microstructure of the self-assembled network can be ma-

nipulated by varying the total concentration of fibers, cf , the initial fiber length,

l0, and the mean cross-link spacing along the fiber, lc. Network realizations rep-

resenting the same microstructure are therefore generated for the same triplet (cf ,

l0, lc).

2.3 Network response

The method described in § 2.2 generates a periodic geometry of a random net-

work of interconnected filaments. In order to obtain the macroscopic stress-strain

response of the network, a random realization of the network geometry is first

used for constructing the three-dimensional representative volume element (RVE),

which is then subjected to a simple shear in a quasi-static finite element simulation

(Huisman et al., 2007).

At the macroscopic scale, the biopolymer network needs to satisfy the principle

of virtual work. For macroscopic network stress Σij , strain Eij and associated RVE

of volume V = WxWyWz, via principle of virtual work, δETΣV = δQTF, one can

introduce the macroscopic displacement and force vectors,

Q = {WxExx,WyEyy,WzEzz,WzΓxy,WyΓxz,WxΓyz}T (2.10)
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and

F =



WyWzΣxx
WxWzΣyy
WxWyΣzz
WxWyTxy
WxWzTxz
WyWzTyz


, (2.11)

respectively. Since RVE is fully periodic, displacements across its boundary are

constrained by the set of vector equations:

q(Wx, ỹ, z̃) =q(0, ỹ, z̃) +Q1x̃, (2.12)

q(x̃,Wy, z̃) =q(x̃, 0, z̃) +Q2ỹ +Q4x̃, (2.13)

q(x̃, ỹ,Wz) =q(x̃, ỹ, 0) +Q3z̃ +Q5x̃ +Q6ỹ, (2.14)

where q is a displacement vector for the nodes at the boundary of the microscopic

structure, Qi for i = 1, .., 6, are (usually prescribed) components of Q introduced

in (2.10) and x̃, ỹ and z̃ are unit vectors of the global coordinate system.

In addition, biopolymer networks are hydro-gels thus, network filaments with

volume fraction f are immersed in water with volume fraction 1 − f . Assuming

that the water is incompressible and at rest during the RVE deformation and by

neglecting all viscous effects on the filaments, the virtual work δWb of hydrostatic

pressure associated with the change of the RVE volume can be expected to be

dominated by the water constituent and its bulk modulus, e.g. b. Thus, δWb =

b(1−f)V trδEtrE, or in terms of the macroscopic displacements and forces, δWb =

δQTKbQ, where

Kb = b(1− f)



WyWz

Wx
Wz Wy 0 0 0

Wz
WxWz

Wy
Wx 0 0 0

Wy Wx
WxWy

Wz
0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


. (2.15)

With this, the macroscopic virtual work associated only with the deformation of

the network is δQT (F−KbQ).

Taking the above considerations into account and by further neglecting filament

inertia, the finite element discretization of the principle of virtual work for the total

RVE leads to the quasi-static incremental law that governs the deformation of the
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network, {
K + K0 K2

KT
2 K1

}[
∆q

∆Q

]
=

[
∆f

∆F

]
−
{

0 0

0 Kb

}[
∆q

∆Q

]
(2.16)

In (2.16), K represents an assembled tangent stiffness matrix of a generated net-

work geometry discretized by the beam elements (see § 2.1), while K0, K1 and K2

are the coupling matrices of the macroscopic displacement increments ∆Q that in-

corporate the periodic boundary conditions expressed by equations (2.12)–(2.14).

The last term on the right-hand side of the equation (2.16) originates from the

work of the hydrostatic pressure. By prescribing ∆Q, the system (2.16) can be

solved for the displacement increments ∆q, and all microscopic and macroscopic

state variables are obtained by integrating the incremental solutions, as described

in § 2.1.

In this thesis, the network response is calculated by subjecting the RVE to

simple shear, i.e. by prescribing ∆Q such that only ∆Q4 is nonzero. The response

of the RVE realization to such simple shear is then represented by the dependence

of the macroscopic shear stress Txy on macroscopic shear strain Γxy. From this,

the strain dependent elastic shear modulus of the network is obtained as Gxy =

∂Txy/∂Γxy. For simplicity of the notation, in the following chapters of this thesis

the indices indicating the simple shear “xy” will be omitted. In addition, often

of interest are going to be the ensemble averaged network response and the mean

elastic shear modulus. The dependence of the macroscopic stress T on the mean

shear strain 〈Γ〉 will be calculated as the ensemble average over commonly seven

to ten random RVE realizations at constant stress level. The mean elastic shear

modulus then follows from the mean network response as 〈G〉 = ∂T/∂〈Γ〉.

2.4 The cross-link model

In order to include the cross-link mechanical properties in simulations of deformed

networks, the cross-links are simply modeled as linear springs.

In general, there are six degrees of freedom between two fibers at each cross-

linking site. However, since the two directions in the plane of the cross-linked

filaments, e.g. y and z in Figure 2.3, can be considered as equivalent, only four

independent spring constants are required. As shown in Figure 2.3, the spring

constants and their associated degrees of freedom in the local cross-link coordinate

system are: s1 for the axial displacement, s3 for two transverse displacements,

s4 for the axial rotation (torsion) and s2 for two rotations around two transverse

axis y and z. Note that the spring constants s1 and s3 are considered to be the

proportionality factors between forces and displacements in units of N/m, while s2
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Figure 2.3. A cross-link is a two node element whose general six relative degrees of
freedom between two fibers are controlled by the four independent spring constants.

and s4 are the proportionality factors between moments and rotations in units of

Nm.

The model of a cross-link is implemented in the finite element framework as

a two node element with the nodal displacement and force vectors defined as in

(2.1) and (2.2). The cross-link incremental constituent behavior is ∆scl = Scl∆ecl,

where the generalized strain and stress measures are chosen as

ecl =



ux2 − ux1

uy1 − uy2

uz2 − uz1
(φx2 − φx1)`

(φy2 − φy1)`

(φz2 − φz1)`


, scl =



fx2

fy1

fz2

mx2/`

my2/`

mz2/`


, (2.17)

respectively, and the stiffness matrix is

Scl =



s1 0 0 0 0 0

0 s3 0 0 0 0

0 0 s3 0 0 0

0 0 0 s4 0 0

0 0 0 0 s2 0

0 0 0 0 0 s2


. (2.18)

Similar as for beam elements, the generalized strain of a cross-link element can
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be related to the nodal displacements, ∆ecl = Bcl∆u, via a strain-displacement

matrix Bcl. From the principle of virtual work written for a cross-linked element,

one obtains a set of incremental linear equations, ∆f = Kcl∆u, with tangent

stiffness matrix Kcl = BT
clSclBcl. Once transformed to the global coordinates, the

contributions of Kcl can be added to the tangent stiffness matrix K of the full

system in (2.16).

By tuning the four cross-link spring constant, s1, s2, s3 and s4, various cross-

link and network behaviors can be obtained. For example, setting the cross-link

spring constants to be very high, the cross-links become rigid-like, so that the

network response in this case is determined only by the filament constituent. The

mechanical behavior of such rigidly cross-linked networks is studied in Chapter 4

and Chapter 5. The mechanical behavior of networks with compliant cross-links,

such that the all spring constants are coupled to a single parameter s, are studied

in Chapter 6.



Chapter 3

The microstructure

Based on: G. Žagar, P.R. Onck and E. Van der Giessen, “The microstructure of Isotrop-

ically Cross-linked Filamentous networks”, in preparation.

In-vitro cross-linked biopolymer networks are popular model systems for study-

ing the mechanics of living cells (Bausch and Kroy, 2006; Lieleg et al., 2010). Be-

sides depending on filaments and cross-linking molecules, the mechanical properties

of these networks are highly dependent on their microstructure (Shin et al., 2004;

Gardel et al., 2004a; Lieleg et al., 2007). However, detailed information about the

microstructure is difficult to obtain experimentally, if only because individual fil-

aments are often too thin to be observed. Until now, microstructural information

could only be retrieved by inverse modelling using theoretical models (Tharmann

et al., 2007; Lin et al., 2010b; Yao et al., 2010). In this chapter, a mere topological

consideration is used to derive analytical expressions for the relationship between

the microstructure of three-dimensional (3D) random networks of cross-linked fil-

aments and measurable properties, such as the constituent concentrations and the

average filament length l0. Moreover, it will be shown that the key length scale of

the microstructure, i.e. the mean distance between two neighbouring cross-links

along the filament, lc, scales with the −1/3rd power of the cross-link concentration.

The generality of here presented approach promises applicability to a wide range

of isotropically cross-linked filamentous networks.

3.1 The network topology

We start out by generating periodic 3D representative volume element (RVE) of

isotropic and cross-linked random networks of individual semi-flexible filaments
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T X L

d

l0
lc

Figure 3.1. Two filaments of length l0 making an L, T or X cross-link. The binding
sites for cross-linking molecules (dots) are separated on average by the length d. The
sites where filament are cross-linked (crosses) are separated on average by the length lc.
On average, each filament has two dangling ends (gray) of length lc.

(see § 2.2 and § 2.3 for details) (Huisman et al., 2007).

The mechanical behavior of generated RVEs is controlled by the percolating

subnetwork that excludes the filament dangling ends (the filament sections that are

free on one end) as well as any isolated (i.e., disconnected) filament clusters, since

these cannot deform under macroscopic load. By disregarding the dangling ends,

the cross-link coordination of the subnetwork is either 4, 3 or 2, which we refer to

as X-, T- or L-type cross-links, respectively (Figure 3.1). The subnetwork can be

seen as a connected graph where L-, T- and X-cross-links are the vertices and the

filament sections are the edges of the graph. The connected graph associated to the

subnetwork is fully defined in terms of the number of sections ns, the number of

cross-links ncl and the number of the three types of cross-links, i.e. nL, nT and nX,

respectively. These five topological parameters are related by two “ conservation”

equations:

1 = ñL + ñT + ñX, (3.1a)

ñs =
1

2
(2ñL + 3ñT + 4ñX) , (3.1b)

where ñs = ns/ncl and ñL, ñT and ñX are relative fractions of L-, T- and X-

coordinated cross-links, respectively. The latter three are all defined between 0

and 1, while the ratio ñs ranges from 1 (for ñL = 1) to 2 (for ñX = 1).

The fractions ñL, ñT and ñX represent the probabilities that a randomly chosen

cross-link is either of L-, T- or X-type, and these have to be equal to the proba-

bilities that two filaments form such cross-links. Since a filament of mean length

l0 comprising sections (two dangling ends included) with mean length lc contains

(l0 − lc)/lc cross-linking sites (Figure 3.1), the probability of choosing a random
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cross-linking site in one filament is 1/(l̃0 − 1), with l̃0 = l0/lc. The probability of

choosing an outer cross-linking site is 2/(l̃0 − 1), while the probability of choosing

an inner site is (l̃0− 3)/(l̃0− 1). Because the merger of outer sites of two filaments

gives rise to L cross-links, an inner and an outer site to T cross-links and two inner

sites to X cross-links, the relative fractions ñL, ñT and ñX are found as:

ñL =
4

(l̃0 − 1)2
, ñT = 4

l̃0 − 3

(l̃0 − 1)2
, ñX =

(l̃0 − 3)2

(l̃0 − 1)2
. (3.2)

Combination of (3.2) and (3.1b) gives

ñs = 2
l̃0 − 2

l̃0 − 1
, (3.3)

revealing that the topology of the subnetwork depends only on a single parameter:

the ratio l̃0 = l0/lc.

The topology predicted by Eqs. (3.2) and (3.3) matches very well with the

data extracted from the generated networks, as shown in Figure 3.2. The lower

topological limit, l̃0 → 3, is the L-only subnetwork (ñL = 1) formed by a single

percolation of filament sections with one section and two dangling ends per fil-

ament, thereby maximizing lc to l0/3. The other topological limit is the X-only

subnetwork (ñX = 1) which is reached for l̃0 →∞. Note that, because l0 and lc are

arc-length measures along the filament, these parameters, Eq. (3.2) and Eq. (3.3)

apply to straight as well as to undulated filaments.

3.2 Network equation

We continue by developing a connection between the topology of the subnetwork

and the measurable or known properties of the whole network, namely the con-

stituent concentrations.

A common measure of the mean distance between filaments is the mesh size ξ.

For a cubic RVE of size W 3, we define the mesh size ξ through the mean volume

associated to each section,

nslcξ
2 = W 3. (3.4)

The mesh size ξ is uniquely related to the filament concentration cs (in mg/ml) as

cs =
ρf
π
4 t

2nslc

W 3
=
π

4
ρf

(
t

ξ

)2

, (3.5)



22 3. The microstructure

a

0 10 20 30 40 50

l̃0

0.0

0.2

0.4

0.6

0.8

1.0

ñ
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Figure 3.2. The topology of a random network. The parameters of the generated
networks (symbols) as a function of l̃0: a, ñL (circle), ñT (square) and ñX (triangle) and
b, ñs. The predictions according to (3.2) and (3.3) are shown with lines.

with ρf the density of the filament itself and t the filament diameter. When Mcp is

the molecular mass of the cross-linking molecule, the concentration of cross-links

in the subnetwork is

ccl = ncl
Mcp

W 3
. (3.6)

The Eqs. (3.4)–(3.6) express the link between the morphology of the subnetwork

and the concentration of its constituents. However, the parameters cs and ccl are

not equal to the initial concentrations used to cross-link biopolymer networks in

vitro, due to the presence of dangling ends and isolated clusters. Also, not all

cross-linking molecules need to actually link two filaments (they may be dormant).

Moreover, in experiments generally only the “total” constituent concentrations for
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the sample are known. We will now show that these effects can be incorporated as

well.

The total concentration of filaments, cf , can be calculated in terms of the total

number of filaments, nf , in the RVE as

cf =
ρf
π
4 t

2nf l0

W 3
. (3.7)

From (3.5) and (3.7), the concentration ratio

cs
cf

=
nsf

l̃0
= 1− ñL, (3.8)

is determined by the number of sections relative to the total number of filaments,

nsf = ns/nf , but also by the probability 1− ñL. The latter equality in (3.8) can be

reasoned as follows. In percolation and graph theory (Albert and Barabasi, 2002),

the infinite cluster in the supercritical phase (p > pc) grows as S∞ ∝ p − pc near

the percolation threshold, p → pc, while the total size of the graph increases in

proportion to the edge probability, S ∝ p. In this context, the subnetwork with

concentration cs represents the infinite cluster for the RVE having total filament

concentration cf , so the ratio cs/cf ≡ S∞/S ∝ (p − pc)/p. Thus, in a network

approaching the L-only limit, the filaments become mainly grouped into a larger

number of smaller clusters that are disconnected from the subnetwork, thereby

raising the difference between cs and cf . Because the percolation threshold for our

RVE is the L-only network, we expect that pc/p ≡ ñL. This ansatz is confirmed in

Figure 3.3 by the plot of cs/cf versus l̃0 as determined from the generated networks

and by using Eq. (3.2) in Eq. (3.8).

From (3.8), cs can now be solved as function of ñL and assuming this topological

parameter to be known, the mesh size ξ is obtained from (3.5) as

ξ2 =
π

4

ρft
2

cf

1

1− ñL
. (3.9)

The mesh size given by (3.9) therefore, does not only have the dependence on

concentration, ξ ∝ 1/
√
cf (Schmidt et al., 1989), but also depends on the network

topology such that ξ is enhanced for lower connectivity.

In order to extend the consideration to the “total” concentration of cross-linking

molecules in the RVE, defined as ccp = ncpMcp/W
3, we assume that all of the ncp

cross-linking molecules are bound to filaments, but that only a fraction of them

are actually cross-linking two filaments. This assumption of having “decorated”

filaments (as illustrated in Figure 3.1) is consistent with the observations by Shin
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Figure 3.3. The subnetwork size. The cs/cf vs. l̃0 for the generated networks (symbol)
and the predictions according to the right-hand side in (3.8). The data sets are the same
as in Figure 3.2.

et al. (2004) for in-vitro actin filament (F-actin) networks cross-linked by scruin.

The concentration of the cross-linking molecules ccp that decorates the filaments,

can in principle, be measured using centrifugation assays; the ccp then represents

the concentration of the cross-linking molecules of the solid phase (pellet), which

is the difference between the cross-linking molecule concentrations of the initial

sample and the liquid phase (supernatant).

The definition of ccp and Eq. (3.6) can be combined to give ccp/ccl = ncp/ncl,

and the latter ratio can be expressed in terms of material and topological param-

eters as follows. The decoration of filaments with cross-linking molecules can be

characterized by a mean distance d between two cross-linking molecule binding

sites along a filament (Figure 3.1); obviously d ≤ lc. The number of cross-linking

molecules ncp, therefore, can be estimated as the number of filaments nf times

the number of cross-linking molecule binding sites per filament, l0/d − 1 (Fig-

ure 3.1). However, since this product counts each cross-link twice, it is diminished

by ncl, so that ncp = nf(l0/d − 1) − ncl. By assuming a homogeneous concen-

tration of cross-linking molecules in the RVE, we expect just one cross-linking

molecule in the volume d ξ2; therefore, d ≈ Mcp/(ccp ξ
2) or with (3.4) and (3.6),

d ≈ ñslc(ccl/ccp) = (ns/ncp)lc. Note that in this way, the estimated d becomes ex-

act at high connectivity; the subnetwork then is the total network and the dangling

ends vanish. From the above expression for ncp and d with the use of the definition
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for nsf , after some manipulations we can write the ratio ccp/ccl = ncp/ncl as

ccp

ccl
=
ñs + nsf

l̃0 − nsf

. (3.10)

Alternatively, ccp/ccl can be obtained as the ratio of expressions (3.7) and (3.6),

multiplied by the ratio ccp/cf of measurable concentrations. Combining this with

(3.10) and by expressing all topological parameter in terms of l̃0 through (3.2),

(3.3) and (3.8), we finally obtain:

(l̃0 − 3)(l̃0 + 1)(l̃30 − 9l̃0 + 4)

2(l̃0 − 2)(l̃0 − 1)
=
πt2ρf l0
Mcp

ccp

cf
. (3.11)

The right-hand side of (3.11) is defined in terms of measurable macroscopic con-

centrations or known material parameters for the constituents. The left-hand side

is a function of a topological parameter l̃0 = l0/lc, where the only unknown is

the length lc. It is not possible to invert (3.11) in order to obtain an analytical

expression for lc, but the solution can readily be obtained numerically. Moreover,

the asymptotic behavior for large l̃0 can be easily extracted from the left-hand

side of (3.11). Thus, by keeping only the highest powers of l̃0, the behavior of the

left-hand side in (3.11) for l̃0 � 3 quickly converges towards l̃30/2, leading to

lc =

[
Mcp

2πρf

(
l0
t

)2
cf
ccp

]1/3

. (3.12)

For constant cf and constant l0 then, (3.11) predicts the scaling

lc ∝ ccp
y (3.13)

with y = −1/3. Because the parameters l0 and lc are independent of the shape of

the filament contour, as argued above, expressions (3.4) through (3.7) also inherit

this independence, since they are all defined as a product of either a constant, a

dimensionless topological number and/or the lengths l0 or lc. Therefore, (3.11)

is expected to hold, at least, for isotropically cross-linked networks of semiflexible

filaments.

In Figure 3.4, we show that the power −1/3 dependence of lc on the con-

centration of cross-linking molecules ccp obtained from (3.11) is consistent with

available experimental data for isotropically cross-linked networks of semiflexible

filaments; Tharmann et al. (2007) proposed a scaling exponent y = −0.4 for F-

actin networks cross-linked by rigor heavy-meromyosin (HMM) proteins and an
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Figure 3.4. The microstructure of the F-actin/rigor-HMM networks. The mean dis-
tance between the cross-links along the filament lc as a function of concentration of
cross-linking molecule ccp. Symbols show the data presented in Tharmann et al. (2007)
for l0 = 21µm and for cf : 4 9.5µM, O 14.3µM, / 19µM and . 23.8µM. The lines
show the predictions according to (3.11) for same concentrations cf and with additional
parameters ρf = 1300 mg/mL, t = 7 nm (Schmidt et al., 1989), Mcp = 405 kDa (Young
et al., 1965).

exponent y = −0.2 was recently suggested for ionically cross-linked networks of

intermediate filaments (Lin et al., 2010b; Yao et al., 2010). However, whereas this

experimental data (Tharmann et al., 2007; Lin et al., 2010b; Yao et al., 2010) are

obtained indirectly by interpretation of the measured mechanical response through

a theoretical model for network stiffness, Eqs. (3.11) and (3.12) are derived solely

through topological considerations.

3.3 Conclusions

As demonstrated here, simple relationships between geometrical and topological

parameters of isotropically cross-linked network can describe the microstructure to

a great detail in terms of few measurable macroscopic parameters: the constituent

concentrations and the average filament length. If extended to include effects like

excluded volume, isotropic-to-nematic transition or filament bundling, it might

be possible to apply the same approach to an even wider range of network-like

materials.



Chapter 4

Rigidly cross-linked networks:

Small strain behavior

Based on: G. Žagar, P.R. Onck and E. Van der Giessen, “Small strain topological effects of

biopolymer networks with rigid cross-links”, In IUTAM Symposium on Cellular, Molecular

and Tissue Mechanics, Eds. K. Garikipati and E.M. Arruda, pp. 161-169, (2010)

The scientific interest in the mechanics of filamentous bipolymer networks is

extensive (Kasza et al., 2007). Rheological experiments of various in vitro net-

works showed a strong dependence of the small strain behavior on the filament

concentration as well as on concentration of the cross-linking proteins (Janmey

et al., 1991; MacKintosh et al., 1995; Gardel et al., 2004a). Theoretical mean field

affine deformation models, based on the physics of thermally excited semi-flexible

polymers, predict the filament concentration dependence of the initial elastic shear

modulus G0 in the regimes of entangled and densely cross-linked actin gels to be

a power law with exponents 11/5 and 5/2, respectively (MacKintosh et al., 1995;

Gardel et al., 2004a). On the other hand, mean field models based on the bend-

ing of stiff polymers (Kroy and Frey, 1996; Satcher and Dewey, 1996) propose a

quadratic filament concentration dependence, which is the dependence commonly

used for describing porous materials like foams (Gibson and Ashby, 1997). In addi-

tion, a recent theoretical study of discrete three-dimensional (3D) F-actin networks

(Huisman et al., 2007) suggests that an increasing connectivity in the network sig-

nificantly enhances its initial shear modulus. Although intuitive, the dependence

of the initial mechanical behavior on network connectivity is generally nontrivial

and still poorly understood.

In this chapter we explore the mechanical behavior of networks at small strains
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and in the limit of rigid cross-links (RCL). The distribution of coordination over

the L, T and X cross-link types of connectivity 2, 3 and 4, respectively (see § 3.1),

proves to be very important for the initial shear modulus. After proper scal-

ing of the initial network stiffness, we identify the topological function, f(T ) =

(lc/ξ)(ñX)2.5, that describes the dependence of the initial response on network

topology in terms of mean section length between cross-links lc, mesh size ξ and

fraction of X cross-links ñX.

4.1 Scaling relations

The mechanical properties of biopolymer networks with rigid cross-links are deter-

mined by the constituent filaments between the cross-links and by the topology of

the network. When the persistence length lp of the filaments is much larger than

the average length of the sections, i.e. lp � lc, the sections can be considered as

being straight. In addition, networks are generally expected to be bending domi-

nated for the mean cross-link coordination of being below ≈ 6 (Buxton and Clarke,

2007) and for the ratio of filament bending and stretching stiffness lb =
√
κ/µ� lc

(Head et al., 2003). An isotropic network with cross-link coordination that is ei-

ther 2, 3 or 4 made from straight and slender sections (lc/lb � 1) therefore, is a

bending dominated structure, for which a scaling relation of the initial modulus

can be developed as follows (Gibson and Ashby, 1997; Satcher and Dewey, 1996;

Žagar et al., 2010).

Microscopically, the network can be considered as an interconnected collection

of bending beams of length l with random spatial orientation. The macroscopic

strain of the network reflects the microscopic bending of beams characterized by

a deflection δ. If the strain at the beam is ε = δ/l, the macroscopic strain 〈ε〉, in

principle, is obtained by averaging this beam-level strain over their spatial orien-

tations.

Consider now, for example, that the macroscopic deformation of beams is simple

shear. In this case, 〈ε〉 is an equivalent for macroscopic shear strain, e.g. Γ. Beams

respond to bending as described by their force–deflection law, given by f ∝ (κ/l3)δ,

or in terms of the beam strain f ∝ (κ/l2)ε, where κ is the beam bending stiffness.

If there are (1/ξ)2 of beams per unit area, each of them contributing on average to

the total shear force, then the macroscopic shear stress T of the network scales as

T ∝ (1/ξ)2(κ/l2c)Γ, where lc is the average length of the beams. The initial elastic

shear modulus G0 = T/Γ of such networks then simply scales as

G0 ∝
κ

l4c

( lc
ξ

)2

f(T ), (4.1)
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where f(T ) is an as yet unknown function that accounts for the network topology.

In addition to lb, isotropic networks as bending structure are therefore charac-

terized by two length scales: the mean length of the bending elements lc and by

the mesh size parameter ξ that represents the mean spacing of bending elements.

Moreover, since the network topology is fully determined by the ratio l0/lc (see

Chapter 3), via topological function f(T ) in the scaling relation (4.1) it is expected

that the filament length l0 will emerge as an additional length scale important for

the isotropic network. Note that the scaling given in (4.1) lacks a persistence length

factor, lp/lc, which is present in scaling, G ∝ κ/l4c · lp/lc · (lc/ξ)2, derived from the

force–displacement law of thermally undulated worm-like-chain polymers in the

semi-flexible limit (MacKintosh et al., 1995). However, if the beams, that repre-

sent filament sections, are considered to be straight (lp � lc) then the dependence

on persistence length lp has to vanishes.

4.2 Numerical simulations and Results

In order to identify an unknown topological function f(T ), the scaling relation

proposed in (4.1) is investigated numerically.

Sets of seven to ten random realizations of networks — characterized by the

triplet (cf , l0, lc) — are systematically generated for initial filament concentration

cf : 1, 1.5, 2 and 2.5mg/ml, filament lengths l0: 1.5, 1.8 and 2.1µm and several

values of the mean section lengths lc in the range from 0.22 to 0.45µm. The initial

elastic shear modulus for each network realization is calculated by subjecting the

realization to simple shear in a finite element simulation as described in § 2.3.

The material parameters of the filament elements used in the computations are

based on F-actin: µ = 4 × 10−8 N (Liu and Pollack, 2002) for axial stiffness and

κ = ω = 7× 10−26 Nm2 (Ott et al., 1993) for bending and torsional stiffnesses.

The parameters used for analysing the system are: the mean normalized initial

elastic shear modulus G0 l
4
c/κ, the mean geometrical parameter lc/ξ with mesh

size ξ defined in (3.4) and the mean topological parameter ñX = nX/ncl obtained

from expression in (3.2). While G0 l
4
c/κ and lc/ξ follow naturally from scaling re-

lation (4.1), the connectivity of the network can be quantified in several equivalent

ways, as suggested by the expressions (3.2) and (3.3) in Chapter 3. As the most

convenient measure for connectivity, however, we find the fraction of X cross-links

ñX(l̃0), since it is the slowest varying function of l̃0 over the entire connectivity

range (see Figure 3.2). Obviously, ñX = 0 corresponds to an L-only network with

connectivity 2, while ñX = 1 to an X-only network with connectivity 4.

Figure 4.1a shows the normalized network shear modulus as a function of the
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Figure 4.1. Scaling relations. a, G0l
4
c/κ as a function of (lc/ξ)

2 for l0 [µm]: 1.5 (red),
1.8 (green) and 2.1 (blue) and lc [µm]: 0.45 (circle), 0.40 (up-triangle), 0.35 (square), 0.30
(diamond), 0.27 (down-triangle), 0.25 (right-triangle) and 0.22 (left-triangle). Lines for
constant ñX are a power-law fits with exponent 1.5. By scaling out the dependence on
lc/ξ, the renormalized initial network shear modulus shows a power-law dependence on
ñX with exponent 2.5 (dashed line) in b, and the dependence on l̃0 through the function
A[(l̃0 − 3)/(l̃0 − 1)]5 (solid line), with proportionality constant determined by fitting,
A ≈ 28 ± 6 in c. The plots in panel b and c, in addition to the data of panel a (filled
symbols) contain the extra (test) data points (open symbols) obtained for various triplets
(cf , l0, lc), where cf ranges from 0.8 to 4 mg/ml; l0 ranges from 1.5 and 20 µm, and lc
ranges from ≈ 0.02 l0 to ≈ 0.25 l0. The data points in all graphs represent quantities
averaged over the set realizations.
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geometrical parameter lc/ξ. Least square fits of all network subsets with constant

l0 and constant lc indicate a consistent power-law scaling with exponent 3/2. The

difference between the curves in Figure 4.1a is clearly due to topological effects,

as expected in (4.1). Surprisingly however, from Figure 4.1a follows that the

geometrical factor lc/ξ also enters the topological function f(T ).

In order to scale out the influence of lc/ξ on the shear modulus, the moduli

in Figure 4.1a are multiplied with [(lc/ξ)
2]3/2 and the data is re-plotted against

the topological parameter ñX in Figure 4.1b. All data sets now collapse onto a

single master curve, which furthermore indicates a power-law dependence of the

shear modulus G0 on connectivity ñX with exponent 2.5. The combined results of

Figure 4.1a and Figure 4.1b give a complete scaling description of the initial shear

modulus of isotropic 3D networks with rigid cross-links as

G0 ∝
κ

l4c

( lc
ξ

)3

ñ2.5
X , (4.2)

where the network topology function f(T ) is identified as

f(T ) ∝ lc
ξ
ñ2.5

X . (4.3)

In addition, by substituting ñX with expression in (3.2), the scaling relation (4.2)

can be rewritten in terms of dependence on l̃0 as

G0 = A
κ

l4c

(
lc
ξ

)3
(
l̃0 − 3

l̃0 − 1

)5

. (4.4)

Indeed, if now G0(l4c/κ)(lc/ξ)
−3 is plotted against l̃0, as shown in Figure 4.1c, all

data points follow the trend set by the function, A[(l̃0 − 3)/(l̃0 − 1)]5 where the

proportionality factor is determined by fitting, A ≈ 28± 6.

Thus, the contribution of the network topology to the initial shear modulus

G0 is found to be twofold: firstly, compared to the topology-free scaling law,

G0 ∝ κ/l4c(lc/ξ)
2, there is an extra dependence of G0 on the ratio lc/ξ, and

secondly, there is a power-law dependence on ñX with exponent 2.5. The net-

work connectivity, here associated to the fraction of the 4-coordinated cross-links,

ñX(l̃0), strongly modulates the initial shear modulus of networks of low to moder-

ate connectivities, while for networks of very high connectivity the dependence on

connectivity weakens and becomes less significant. Note that by construction, the

scaling relations (4.2) or (4.4) tend to underestimate the G0 at very small network

connectivities (ñX < 0.1), as they predict G0 → 0 for vanishingly small ñX, despite
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the fact that G0 will have a small nonzero value at the geometric percolation limit.

4.3 Comparison with experiments

By combining equations (4.4), (3.11), (3.9) and (3.2) it is now possible to predict

the initial elastic shear modulus G0 for any RCL network just by knowing the

macroscopic parameters: the concentration of filaments cf , the concentration of

cross-linking molecules ccp and filament length l0.

In order to demonstrate the quality of scaling relation (4.4) in predicting the

initial shear modulus of a network, Figure 4.2a shows a comparison between the

measured G0 of isotropically cross-linked F-actin/rigor-HMM networks (Tharmann

et al., 2007; Lieleg et al., 2009a) as a function of the concentration ratio rac =

cf/ccp, and predictions calculated on the basis of expression (4.4). The results in

Figure 4.2a are calculated for pre-factor A ≈ 28 and with the remaining parameters

obtained as follows: lc is solved numerically from expression (3.11) for known cf ,

ccp, l0, as was done in Figure 3.4; ñX is obtained from (3.2) and ξ from (3.9).

Remarkably, in Figure 4.2a it can be seen that, for networks with cf = 9.5µM

(blue) or cf = 14.3µM (green), the agreement with the experimentally measured

G0 is excellent over a wide range of rac, without any adjustments of the model pa-

rameters. Only for rac � 1, when the networks are approaching the low-connected

L-only limit, G0 is expected to be underestimated due to the limitations of the ex-

pression (4.4), as discussed above (see Figure 4.1c). This is necessarily not a disad-

vantage, because at low cross-link concentrations (rac > 1000), the F-actin/rigor-

HMM network modulus becomes indistinguishable from that of entangled actin

gels. (Luan et al., 2008).

In contrast, at larger filament concentrations, namely cf = 19µM (red) and cf =

23.8µM (black), the expression (4.4) significantly underestimates the experimental

data over the entire range of rac. By allowing the proportionality constant in (4.4)

to be a free parameter of the model, the experimental data for larger cf show trends

that can be fitted by the expression

G0 = A∗
κ

l4c

(
lc
ξ

)3
(
l̃0 − 3

l̃0 − 1

)5

, (4.5)

as seen in Figure 4.2b. However, the fitting pre-factor A∗ in (4.5) is found to be

∼ 1.7 to ∼ 2.5 times larger than what is expected from the original model, e.g.

A∗ ≈ 50 for cf = 19µM (red dotted line) and A∗ ≈ 72 for cf = 23.8µM (black

solid line). Although the bending stiffness of F-actins in the presence of HMM
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Figure 4.2. Small strain behavior of F-actin/rigor-HMM networks. The initial elastic
shear modulus G0 as a function of filament/cross-link concentration ratio rac = cf/ccp
for F-actin length l0 = 21µm and actin concentrations: cf [µM]: 9.5 (blue), 14.3 (green),
19 (red) and 23.8 (black). The measurements are obtained from Tharmann et al. (2007)
(4) and Lieleg et al. (2009a) (�). Lines correspond to predictions according to (4.4) with
pre-factor A: ≈ 28 (dashed), ≈ 50 (dotted) and ≈ 72 (solid).
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molecules can be somewhat larger than what was used for calculations in Figure 4.2

(Oosawa, 1980), this alone cannot explain the surprising disparity observed for G0

at increased cf . In the remainder of this section we discuss some features of F-

actin/rigor-HMM networks that might explain the unexpectedly large G0 observed

for high cf in Figure 4.2b.

4.3.1 Interactions between decorating HMM molecules

Unlike many other actin binding proteins, which tend to bundle F-actins already at

moderate concentrations (Lieleg et al., 2010), rigor-HMMs organize F-actins specif-

ically into the isotropically cross-linked networks at any concentration (Tharmann

et al., 2007). This unique organizational ability of HMM molecules, despite being

poorly understood, is likely to originate from their structure.

HMM is a fragment of myosin II motor protein produced by fast trypsin or

chymotrypsin digestion. In terms of molecular mass, 405 kDa HMM (Young et al.,

1965) is a rather heavy F-actin cross-linking protein, when compared to 56 kDa

fascin, 102 kDa scruin (Schmid et al., 1994; Way et al., 1995) or up to 280 kDa

vertebrate filamins (Stossel et al., 2001). Because the proteolytic enzyme sensitive

region in myosin is located some 600−900 Å away from the actin binding domains

(myosin heads), each HMM molecule, in addition to the two globular head do-

mains, contains a rod-like coiled-coil domain up to 900 Å long; this is often termed

subfragment 2 or S2 (Young et al., 1965; Sellers, 2000).

In physiological conditions, the S2 fragments have the tendency to self-associate

(Sutoh et al., 1978). HMMs can bind F-actins up to stoichiometric ratio of 1 HMM

molecule per 1 actin monomer (Rizzino et al., 1970), which suggests that F-actins

in the network can be substantially decorated by HMMs. Since the structure

of decorated F-actins is such that HMM S2 rod domains are sticking into the

solvent, the effective diameter of a HMM decorated F-actin can reach ∼ 0.18µm,

i.e. ∼ 25 times as large as the native actin diameter. For networks with low actin

concentration this relatively large excluded volume around the decorated F-actins

is less relevant, since the mesh size of the network is even larger; the mesh size ξ

according to (3.9)1 for cf = 14µM is of order of ∼ 0.3µm. However, for larger cf , in

particular, for networks cf = 19µM and cf = 23.8µM in Figure 4.2, the mesh size is

of order of ∼ 0.25 and ∼ 0.22µm, respectively. Because small mesh size is expected

to increase molecular crowding of decorating HMMs around the cross-linking sites

and in between the filaments, it is probable that HMMs in the volume overlapping

regions interact through their S2 domains, as recently suggested by F-actin motility

1For F-actin, the concentration 24µM = 1mg/ml.
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assays with HMM motors attached to an SiO2 substrate (Persson et al., 2010).

Such interactions then, could additionally increase the network stiffness.

4.3.2 Steric filament effects

An alternative explanation for the discrepancy of G0 at higher cf might be that

the expression (4.4) is not accounting for the steric hindrance between filaments,

which incidentally are also not considered in the network generation method (see

§ 2.2). However, the steric effects, generally, could be particularly interesting at

higher filament concentration, since it is known that they could cause jamming

(Philipse, 1996).

If present, the steric interactions between filaments would not just increase

the total number of filament constraints in the network, but, at the same time,

would reduce the length lc. Note that steric hindrance is meaningful only if fil-

aments intend to cross-over each other. Up to first approximation and for small

strains, these constraints can be seen as extra cross-links of X-type. Thus, rather

than changing the behavior captured by expressions (4.4) or (3.11), it is reason-

able to expect that steric interactions would mainly affect the connectivity ñX by

adding a cf -dependent fraction of extra contacts between filaments in the network.

Assuming that (extra) steric contacts contribute to ñX, the sensitivity of G0 on

sterically enhanced connectivity can be easily demonstrated by using expressions

(3.2) and (4.2), e.g. for a network at moderate connectivity, taken as a reference,

with ñX ≈ 0.51 (corresponding to l̃0 ≈ 8), l0 = 21µm and lc ≈ 2.6µm.

Assuming two extra constraints per filament due to steric hindrance, then l̃0  
10, thereby increasing the effective connectivity, ñX  0.60, and decreasing the

effective mean section length, lc  2.1µm, so that the initial modulus G0 becomes

a factor of ∼ 1.9 higher than in the reference network. For three steric contacts

per filament, l̃0  11, ñX  0.64, lc  1.9µm and the initial shear modulus

increases by a factor of ∼ 2.5. The enhancement of the modulus by a relatively

small correction of the connectivity due to steric contacts between filaments might

therefore explain the discrepancy observed in Figure 4.1.

4.4 Dependence on concentration

The dependence of the small strain network response on filament (cf) and cross-

linking molecule (ccp) concentrations is especially interesting from the practical

point of view, since this information is easily accessible in experiments. Gener-

ally, this dependence is presented in a form of scaling, G0 ∝ cf
xccp

y, where the

exponents x and y are ≈ 1 − 2.5 (MacKintosh et al., 1995; Satcher and Dewey,



36 4. Rigidly cross-linked networks: Small strain behavior

1996; Gardel et al., 2004a; Luan et al., 2008; Lin et al., 2010b) and ≈ 0.1 − 1.5

(Wagner et al., 2006; Luan et al., 2008; Lieleg et al., 2007), respectively. In partic-

ular, the exponents commonly reported for isotropically cross-linked networks are:

x ≈ 2− 2.5 and y ≈ 0.6− 1.2 (Tharmann et al., 2007; Luan et al., 2008; Lin et al.,

2010b).

In the limit of high concentrations and high connectivity it is expected that

the mesh size becomes equal to the mean section length, lc ≈ ξ. Using this, the

scaling given by expression (4.2) reduces to G0 ∝ (κ/ξ4)ñ2.5
X . Since it follows from

expression (3.9), that (t/ξ)2 ∝ cf/ρf for network with constant connectivity, the

initial modulus of such networks scales with filament concentration as G0 ∝ c2f
(Satcher and Dewey, 1996). This quadratic dependence of initial shear modulus

on filament concentration is typical for foams (Gibson and Ashby, 1997), that

on average, have connectivity of 4 independent on density (only the struts get a

different aspect ratio t/ξ) which enters the scaling law as the proportionality factor

between G0l
4
c/κ and (lc/ξ)

2.

Generally however, the dependence of the initial shear modulus on concentra-

tions of constituents for our network model is not a trivial power law because the

initial modulus in (4.2) and the mesh size in (3.9) are both nonlinear functions

of the topological parameter l̃0 = l0/lc, as can be seen in Figure 4.1. By com-

bining expressions (3.9), (3.12) and (4.2), the initial modulus of the networks, for

particular type of filaments and cross-linking molecules, can be written as

G0 ∝ l−2/3
0 c1/3cp c

7/6
f ñ2.5

X (1− ñL)3/2, (4.6)

but the topological functions ñX and ñL, through lc and equation (3.12), still

depend on l0, cf and ccp. For networks of constant l0 and constant connectivity

ñX, however, the dependence of G0 on constituent concentrations from (4.6) can

be expressed in a relatively simple way.

Since for constant l0 and ñX from (3.2) follows that lc is also a constant, form

(3.12) we obtain the condition that the concentration of filaments and cross-linking

molecules are proportional to each other, cf ∝ ccp. This condition simply suggests

that, for constant l0, constant connectivity of the network can be maintained by

keeping the ratio cf/ccp = constant, which could be an interesting insight for the

experiments where the connectivity, in principle, is not measurable. For constant

l0 and ñX then, the scaling relation (4.6) reduces to G0 ∝ ccp
1/3 cf

7/6, which

with cf ∝ ccp gives either G0 ∝ cf
3/2 or G0 ∝ ccp

3/2. Note that the individual

exponents, x = 3/2 or y = 3/2, can not be directly compared to those reported

in above experiments, since in those experiments condition of constant network

connectivity is not strictly maintained.
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4.5 Conclusions

The complete scaling of the initial stiffness G0 of rigidly cross-linked networks com-

prises two contributions: (1) general scaling characteristics for bending structures

and (2) dependence on topology, amongst which the distribution of cross-links over

three cross-link types.

It was found that topological effects on the small–strain behavior can be cap-

tured by a power-law dependence on two dimensionless numbers, that are of ge-

ometrical and topological nature. An increase in the number of X cross-links en-

hances the connectivity of the network structure, thus resulting in a higher shear

modulus. Although the relative number of X cross-links is a very well identified

measure in numerical studies, it cannot easily be obtained from experiments.

F-actin/rigor-HMM networks have been suggested as a possible model system

for the experimental study of the small strain mechanics of isotropically cross-

linked biopolymer networks in the limit of rigid cross-links (Tharmann et al., 2007).

When compared to the experimental results for such F-actin/rigor-HMM networks,

the scaling relation in (4.4) predicts rather well the initial shear modulus G0 of

networks with actin concentrations up to ca = 14.3µM over the whole range of

HMM concentrations. However, for larger actin concentrations, the equation (4.4)

is significantly underestimating G0. This discrepancy in G0 found for higher actin

concentration is suggesting that there might be additional features present in the

network which enhance the network stiffness. However, it remains unclear if this

enhancement is general and significant for all isotropically cross-linked networks

via steric hindrance between the filaments or if it is a feature specific for the F-actin

networks when cross-linked by rigor-HMM.





Chapter 5

Rigidly cross-linked networks:

Large strain response

Based on: G. Žagar, P.R. Onck and E. Van der Giessen, “Elasticity of Rigidly Cross-

Linked Networks of Athermal Filaments”, Macromolecules, 44, pp. 7026—7033, (2011)

It is known that the response of actin networks cross-linked by stiff proteins

is characterized by two distinct regimes: (i) a linear stress-strain response for

small deformations and (ii) a power-law relation between elastic shear modulus and

stress with an exponent 3/2 for large deformations. Recently, the same power-law

dependence has been observed in ionically cross-linked networks of intermediate

filaments (Yao et al., 2010; Lin et al., 2010b), which suggests that this scaling may

be generic for networks, at least within a range of filament properties.

A continuum network model based on the mechanical response of free-standing

single filaments (MacKintosh et al., 1995; Storm et al., 2005) associates the 3/2

exponent in the strain hardening scaling law to the entropy of the thermally fluctu-

ating filaments. In this view, the network is considered as a collection of randomly

oriented thermal semi-flexible polymers that are deforming by affine stretching.

However, the assumption that the microscopic deformation of the network is affine

is rather controversial, primarily because of numerical studies that clearly show

strong non-affine trends (Onck et al., 2005; Huisman et al., 2007; Hatami-Marbini

and Picu, 2008; Huisman et al., 2008). In addition, once the filament is cross-linked

into the network, its thermal fluctuations are expected to be somewhat suppressed

due to constraints imposed by the cross-links (Ghosh et al., 2007), especially when

the length of sections between cross-links is small (Tharmann et al., 2007; Yao
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et al., 2010).

In this chapter, the elastic properties of discrete 3D isotropic networks of cross-

linked filaments are studied at large strains. The considered networks comprise

short and straight fiber sections, thus the thermal filament behavior is not ac-

counted. The cross-links are considered as being very stiff, i.e. the so-called rigidly

cross-linked limit (RCL), so that the network behavior is dominated by the me-

chanical properties of the filamentous constituent. The response of the network

is obtained from large simple shear simulations, as described in § 2.3. The en-

semble average macroscopic stress-strain response T(Γ) of a set of seven to ten

random realizations generated for each triplet (cf , l0, lc), is calculated by averaging

the realization responses at a constant stress level. The average network shear

modulus G as a function of strain Γ follows from the stress-strain response T(Γ),

i.e. G = ∂T/∂Γ. All large strain simulations presented in this chapter are limited

to the strain level at which the axial stress in a filament element exceeds the actin

filament strength of ≈ 300 pN (Liu and Pollack, 2002).

It will be shown that the simulated networks exhibit nonlinear strain stiffening

characterized by a 3/2 power law. Since the network model does not include

the entropic filament behavior, it is argued that the strain stiffening in networks

fundamentally comes from the network microstructure. In particular, the strain-

stiffening is due to the stretching-out of percolating and nearly fully-extended stress

paths in the network. In addition, it will be shown that the strain at the onset of

the strain-stiffening regime only depends on the network connectivity.

5.1 Scaling the nonlinear response

The nonlinearity of the network response is commonly demonstrated by plotting

the instantaneous shear modulus normalized by the initial stiffness, G̃ = G/G0,

versus the macroscopic shear strain Γ or the macroscopic shear stress T. If the

onset of the nonlinear dependence of G̃ on strain Γ or stress T is denoted by

the “critical strain” Γc or “critical stress” Tc respectively, the plot of G̃ against

Γ/Γc or T/Tc often collapses the network response onto a master curve, as seen in

many experiments (Gardel et al., 2004a,b; Lin et al., 2010b). The master curves,

obtained in this way, are an indication of universal network behavior. Conversely,

the nonlinear behavior of a specific network can be predicted from these master

curves if G0, Γc and/or Tc are known.

The scaling relation in equation (4.4) reveals that the initial network response

G0 is a function of κf, ξ, lc and l0 (or the function ñX(l̃0)). At large strains, the net-

work modulus G might also depend on those parameters so that after scaling with
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Figure 5.1. Scaling the response of RCL networks. a, The ensemble averaged macro-
scopic stress—strain curves for generated network sets with connectivity ñX: ≈ 0.17 (♦),
≈ 0.4 (4) and ≈ 0.5 (�) and various values of the filament concentration cf in mg/mL:
1 (solid); 1.5 (dashed); 2 (dash-dotted); 2.5 (dotted). b, The corresponding normalized
elastic shear modulus, G̃ = G/G0, as a function of strain Γ.

G0, some of these dependencies in G̃ might drop out, fully or partially. Because

of normalization with G0, the scaled modulus G̃ obviously becomes independent

of the filament bending stiffness κf . Since the mesh size is uniquely defined by

the total concentration of filaments in the RVE, i.e., ξ ∝ 1/
√
cf as shown in from

equation (3.9), we hypothesize that G̃ does not depend on ξ in another way then

contained in G0 through (4.4). To confirm this, Figure 5.1 shows the scaled net-

work modulus as a function of strain for ñX ≈ 0.17 (diamond), 0.4 (triangle) and

0.5 (square), and for different values of cf . As suggested in Figure 5.1b, the re-

sponses G̃(Γ) for constant ñX and different cf are indistinguishable within the error

bars, thus confirming our hypothesis. Accounting for all scaled out parameters,

G̃(Γ) depends only on the network connectivity ñX(l̃0).

5.2 Master curves

Figure 5.2 shows large strain responses for several network sets. Initially, the

network response to shear is linear, up to the critical stress Tc or critical strain Γc,

after which the response becomes highly nonlinear (Figure 5.2a and Figure 5.2b). If

the normalized network shear modulus G̃ is plotted against the macroscopic stress

T (Figure 5.2c), we find that the nonlinear part is characterized by a power-law

dependence with exponent 3/2, i.e., G̃ ∝ T3/2. Subsequently, from Figure 5.2c, the
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Figure 5.2. Ensemble averaged nonlinear behavior of RCL networks at large strain. a,
Macroscopic shear stress T as a function of macroscopic shear strain Γ. Corresponding
elastic network shear modulus G = ∂T/∂Γ as a function of: b, strain Γ and c, stress
T. d, After scaling the network modulus G by G0 and stress T by critical stress Tc all
data collapse onto a master curve. The master curve represented by the function G̃(T̃)
for T̃ ≥ 1 in (5.1) with a = 0.1 is shown in red. The symbols correspond to the network
connectivity ñX: ≈ 0.17 (♦), ≈ 0.25 (×), ≈ 0.4 (M), ≈ 0.5 (�), ≈ 0.6 (B), ≈ 0.65 (C),
≈ 0.75 (O).
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critical stress Tc for each data set is determined as the stress at the onset of the

nonlinearity, i.e., Tc = G0Γc. After this, as shown in Figure 5.2d, normalization

of stress with the extracted Tc values, collapses all the data onto a single master

curve. This master curve can be described by

G̃(T̃) =

 1, T̃ ≤ 1

1 + a
(

T̃− 1
)3/2

, T̃ ≥ 1
, (5.1)

with T̃ = T/Tc and a universal constant a, that for the material parameters

representing filamentous actin, is found to be a = 0.1. The corresponding other

two master curves, namely G̃(Γ̃) and T̃(Γ̃) shown with symbols in Figure 5.3a

and Figure 5.3b respectively, can be found by rescaling the strain axis with the

corresponding critical strain, Γ̃ = Γ/Γc, obtained from the corresponding T—Γ

curve shown in Figure 5.2a, i.e. Tc = T(Γc). The analytical expressions for the

master curves G̃(Γ̃) and T̃(Γ̃) can be derived as follows.

For the master curve G̃(Γ̃), or rather its inverse, Γ̃(G̃), we start by solving T/Tc

from equation (5.1). Differentiation with respect to G and using Tc = G0Γc gives

dT

dG
=

2Γc

3a2/3

(
G

G0
− 1

)−1/3

. (5.2)

Substitution of dT/dG in the definition of the shear modulus, G = dT/dΓ =

(dT/dG)(dG/dΓ), leads to the differential equation

dΓ

Γc
=

2

3a2/3

1

G

(
G

G0
− 1

)−1/3

dG , (5.3)

which when integrated over the nonlinear region of the network response,

1

Γc

∫ Γ

Γc

dΓ′ =
2

3a2/3

∫ G

G0

1

G′

(
G′

G0
− 1

)−1/3

dG′ , (5.4)

gives the master curve G̃(Γ̃) in inverse form,

Γ̃(G̃) = 1 +
2

3a2/3

{
π
√

3

6
+
√

3 arctan
2(G̃− 1)1/3 − 1√

3
+

+ log

√
1− (G̃− 1)1/3 + (G̃− 1)2/3

1 + (G̃− 1)1/3

}
, G̃ ≥ 1.

(5.5)
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Figure 5.3. The master curves. a, G̃(Γ̃) and b, T̃(Γ̃). Red lines are function plots
according to equations (5.5) and (5.7) with a = 0.1. The symbols correspond to the
network sets shown in Figure 5.2.

Figure 5.3a confirms that the equation (5.5) with a = 0.1 agrees well with the

results from the finite element simulations.

The master curve for Γ̃ as a function of T̃ is obtained in a similar way. By

combining the definition for the shear modulus G = dT/dΓ, the master curve

G̃(T̃) and the relation Tc = G0Γc, we directly obtain the differential equation

dΓ

Γc
=

dT

Tc

[
1 + a

(
T

Tc
− 1

)3/2
] , (5.6)

which after integration in the nonlinear region yields

Γ̃(T̃) = 1 +
π
√

3

9a2/3
+

1

3a2/3

[
2
√

3 arctan
2a1/3

√
T̃− 1− 1√

3
+

+ log
1− a1/3

√
T̃− 1 + a2/3

(
T̃− 1

)
(

1 + a1/3
√

T̃− 1
)2

]
, T̃ ≥ 1.

(5.7)

The plot of equation (5.7) with a = 0.1 also agrees with the master curve obtained

from the network simulations, as shown in the Figure 5.3b.
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5.3 Origin of strain-stiffening

To understand the origin of network stiffening, it is instructive to look at the

microstructure of the network as it is sheared. Figure 5.4c—Figure 5.4e show a

view through a deformed network with connectivity ñX ≈ 0.34 and a superimposed

color map of the normalized axial stress. Three snapshots near the critical point

are shown, as indicated in Figure 5.4a.

The initial linear network response, captured by expression (4.4), is governed

by bending and reorientation of the network sections (Onck et al., 2005; Huisman

et al., 2007). At small shear strains (Figure 5.4c), a few axially stressed sections are

present, separated from each other by low stressed network regions. As the strain

is increased (Figure 5.4d), bending and reorientation of sections cause the number

of highly stressed sections to increase. This eventually leads to the formation of an

oriented axial stress path, of filament sections that percolates through the network

(appearing in thick red in Figure 5.4d and Figure 5.4e). Once the stress path is

formed, further shearing mainly increases the axial stress of the sections in the

path, while the path itself extends and straightens (Figure 5.4e). The increase of

the axial stress in these sections emerges as the dominant load carrying part of

the network (Figure 5.4e). Therefore, while it is the collective bending of filament

sections that is responsible for the linear network response at small strains, the

network stiffening and the transition to the 3/2 power-law region are caused by the

localized formation and stretching of undulated paths comprising highly axially

loaded sections. The stress paths in networks of relatively low connectivity are

commonly found as a single percolation (see Figure 5.4d and Figure 5.4e), while

for networks of higher connectivity several interconnected stress paths may form

a supportive frame. The concept of a supportive network frame that emerges

with shearing of the network has also been observed by Kim et al. (2009b) in MD

simulations of actin networks.

In agreement with Figure 5.4b, the pulling-out of the stress path undulations is

a process dominated by the bending energy. The axial energy becomes significant

only for very high stress where rupture of the filaments is expected. The torsional

energy contributes only up to ∼ 15% in the small strain linear regime; as soon as

the network starts to stiffen with the 3/2 power law, the torsional energy begins

to vanish.

Since the percolating stress path dominates the overall stress response, it can

be considered alone and isolated from the rest of the network. For networks of

lower connectivity where the stress path is just a single percolation through the

network, the stress path is a static undulated filament. The straightening-out of

a stress path therefore, is mechanically equivalent to the stretching of undulated
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Ẽ

b
,
Ẽ
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Figure 5.5. Simple shear of a box containing a single filament.

athermal filaments which has been shown (van Dillen et al., 2008) to exhibit the

same asymptotic behavior as thermally undulating filaments (MacKintosh et al.,

1995; Storm et al., 2005). This observation allows for the following simple model

that captures the 3/2 power-law scaling noted above in Figure 5.2.

Consider a single, athermal yet undulated filament through a box of size W 3, as

sketched in Figure 5.5 (it is sufficient to consider the projection of the percolation

onto the shear plane). As the box is sheared by a displacement u, the filament

stretches, so that at the moment when the macroscopic shear strain is Γ = u/W

the filament of contour length L with end-to-end distance r is oriented at angle

β. The macroscopic shear stress is determined by the component fx of the pulling

force fr in the direction of shear, i.e. T = fx/W
2. The corresponding shear

modulus G = ∂T/∂Γ behaves as G ∝ dfx/du = (dfx/dr)(dr/du). From the

geometry shown in Figure 5.5, dr = du sinβ and fx = fr sinβ. Typically once

the 3/2 power-low region sets in (Figure 5.4d), the network rapidly stiffens so that

the change of the filament orientation with shear is very small and the angle β

can be considered as constant. For constant β, dfx = dfr sinβ. Thus, the strain

dependence of the macroscopic shear modulus G is mainly governed by the filament

response, i.e.

G ∝ dfr

dr
. (5.8)

The excess length stored in filament undulations, or the slack S, is the difference

between the filament contour length and its current end-to-end distance, i.e. S =

L − r. Since the force fr in the undulated filament close to its full extension

(S → 0) is diverging with S according to fr ∝ 1/S2 (van Dillen et al., 2008),

in the same manner as in the worm-like chain model, we find that G ∝ 1/S3.

In terms of the macroscopic stress T, the shear modulus behaves as G ∝ T3/2

since T ∝ fx ∝ fr ∝ 1/S2. Thus, from the analogy between percolating network

stress paths and undulated filaments, the exponent 3/2 in the stress dependence
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Figure 5.6. Critical point. a, Critical strain Γc as a function of l̃0. The solid line is
a fit of the expected scaling according to (5.9) with proportionality constant ≈ 0.01. b,
Critical stress scaled by the initial network shear modulus Tc/G0 as a function of critical
strain Γc. The dashed line shows the expected dependence Tc/G0 = Γc. The symbols
are the data obtained from the networks in Figure 5.2.

of the nonlinear network response in Figure 5.2 originates from the pulling-out of

undulations in the nearly extended stress paths and the diverging dependence of

the pulling force on the slack.

5.4 Critical point

The existence of a master curve, as shown e.g. in Figure 5.2, suggests that Tc

and Γc are somehow related to connectivity. Since Tc itself is a function of Γc by

definition, we only have to consider the relationship between the critical strain Γc

and the connectivity. The critical strains Γc for the data sets of Figure 5.2 are

shown in Figure 5.6a as a function of the connectivity parameter l̃0.

Using the expression (5.1) proposed for the master curve G̃(T̃), we now derive

a theoretical scaling for Γc versus l̃0 as follows. First we note that from the linear

region of the network response (Γ ≤ Γc), it follows that the shear modulus at

the critical point is close to the initial network response, G/G0 ≈ 1 and that

Tc = G0Γc. On the other hand, from the functional form of the master curve G̃(T̃)

introduced in equation (5.1), the stress dependent shear modulus can be found

as G = G0 + aG0/Tc
3/2(T− Tc)3/2. Assuming that aG0/Tc

3/2 is independent of

connectivity ñX and by using Tc = G0Γc, the initial shear modulus is thus expected

to scale with critical strain as G0 ∝ Γ−3
c . In Figure 5.1 it was shown that the
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normalized shear modulus is only a function of strain and connectivity, G̃(Γ; ñX);

therefore, rescaling the strain by Γc leads to the master curve G̃(Γ̃). Since the

master curve G̃(Γ̃) has to be independent of connectivity ñX (see equation (5.5)),

the dependence on ñX in G̃(Γ; ñX) has to arise from Γc, i.e., Γc is a function of

connectivity ñX only. Combining G0 ∝ ñ
5/2
X (see Figure 4.1), and G0 ∝ Γ−3

c ,

it follows that Γc ∝ ñ
−5/6
X . Replacing ñX with ñX(l̃0) form (3.2) we expect the

following scaling for Γc vs. l̃0:

Γc ∝

(
l̃0 − 3

l̃0 − 1

)−5/3

. (5.9)

This trend is indeed captured very well by the numerical data in Figure 5.6. From

the same figure, it can be seen that with increasing network connectivity, Γc shifts

to smaller values. In the limit of high connectivity l̃0 → ∞, the critical strain Γc

is bounded from below by the proportionality constant in (5.9) being equal to ≈
0.01. In addition, Figure 5.6b confirms the expected relation for the critical stress,

Tc = G0Γc. Finally, Figure 5.6 and the agreement of the data with (5.9) justifies

the earlier assumption that aG0/Tc
3/2 is independent of the network connectivity

ñX.

5.5 Conclusions

In this chapter we presented the results of a numerical study on 3D isotropic

networks of rigidly cross-linked athermal filaments under large shear.

When sheared to large strains, the network exhibits a response with a mod-

ulus G that is independent of strain Γ up to the critical point, after which it

becomes nonlinear and is characterized by a power-law dependence of the network

modulus on macroscopic stress as G ∝ T3/2. The universal nonlinear behavior

of the networks was captured by carrying out the appropriate normalization, i.e.

G/G0, Γ/Γc and T/Tc. The master curves as well as the exponent 3/2 are in good

agreement with the experiments performed on various in vitro networks of rigidly

cross-linked filaments (Gardel et al., 2004a; Lin et al., 2010b).

Interestingly, the distorted microstructure of the network during deformation

revealed that the nonlinear network response is dominated by nearly fully extended

percolating paths comprised of axially stressed sections. Contrary to the linear net-

work response that originates from the collective reorientation and bending of all

network sections, strain stiffening of networks is governed by highly localized phe-

nomena. From the analogy between the stress paths and undulated filaments, the
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force required to stretch nearly fully extended stress paths is inversely proportional

with the square of the stress path slack, which directly explains the exponent 3/2

found for the stiffness scaling.

There is an immediate similarity between undulations in network stress paths

and thermal undulations in that the tensile response of both diverges as the slack

is pulled-out; it is this that allows interpretation of the network response in terms

of single filament mechanics. However, there is also a distinct physical difference.

While thermal undulations arise from the filament interacting with its environment,

the slack of the network stress paths emerges purely from the network microstruc-

ture.

The critical strain Γc is found to be an intrinsic property of the network mi-

crostructure and depends on its connectivity. The shift of Γc with increasing

network connectivity towards smaller values, as shown in Figure 5.6, qualitatively

corresponds to the experimentally-observed trend that Γc decreases with increas-

ing concentration of cross-linking proteins (Tharmann et al., 2007). This trend is

expected, since the consequence of increasing the concentration of the cross-linking

proteins is that more cross-links are made per filament because of which the mean

section length lc becomes smaller and the network connectivity higher.

This result presented in this chapter, together with the results from Chap-

ter 3 and Chapter 4 provide a complete description for the mechanical behavior of

rigidly cross-linked networks, thereby emphasizing the importance of the network

microstructure for the mechanical behavior. The ways in which the microstructure

is influencing the network response is found to be key in matching the experimen-

tally observed trends, both qualitatively and quantitatively.



Chapter 6

Networks with compliant cross-links

Based on: G. Žagar, P.R. Onck and E. Van der Giessen, “Two Fundamental Mechanisms

Govern the Stiffening of Cross-linked Networks”, in preparation.

A random fibre network is an ubiquitous microstructure in many materials,

ranging from metallic open cell foams through felts, paper and rubbers (Gibson

and Ashby, 1997; Kabla and Mahadevan, 2007; Picu, 2011) to the scaffolds of

biopolymer filaments in soft tissue and the cell cytoskeleton (Bausch and Kroy,

2006; Kasza et al., 2007; Lieleg et al., 2010; Lodish et al., 2000). While the me-

chanical behavior of these materials evidently depends on the constituents, the

underlying network microstructure is particularly important at large strains. Nu-

merous rheological experiments have shown that random fibre networks of in vitro

reconstituted biopolymer networks exhibit strong nonlinear elastic strain-stiffening

accompanied with an increase of the shear modulus up to three orders of magni-

tude (Gardel et al., 2004a,b; Shin et al., 2004; Wagner et al., 2006; Gardel et al.,

2006; Tharmann et al., 2007; Lieleg et al., 2007; Kasza et al., 2009; Schmoller et al.,

2009; Kang et al., 2009; Yao et al., 2010; Lindstrom et al., 2010; Vader et al., 2009;

Orakdogen et al., 2010). Several synthetic polymer network systems show a similar

phenomenology as biopolymer networks, albeit with a much weaker increase of the

modulus up to a factor of ∼2 (Erk et al., 2010).

The strain-stiffening in biopolymer networks is, generally, attributed to the

(i) properties of the fibres, (ii) the cross-links that mediate the inter-fibre force

transmission and (iii) the network microstructure. In so far as the fibre constituent

is concerned, the physics of individual biopolymer fibres, like actin filaments (F-

actin), is generally well understood within the framework of a semi-flexible worm

like chain model (Marko and Siggia, 1995; MacKintosh et al., 1995; Ghosh et al.,
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2007; van Dillen et al., 2008; Holzapfel and Ogden, 2011). The cross-links found

in biopolymers (Yamazaki et al., 2002; Guo and Guilford, 2006; Ferrer et al., 2008;

Lee et al., 2009) however, have a diverse mechanical behavior. In addition, the

cross-linking macromolecules that commonly interconnect biopolymer filaments at

higher concentrations often tend to bundle the filaments into thicker fibres, thereby

changing the network microstructure (Lieleg et al., 2007; Schmoller et al., 2009;

Lieleg et al., 2009b).

6.1 Strain-stiffening revisited

Despite the differences in microstructure and/or properties of the constituents, the

nonlinear stiffening of biopolymer networks shows quite similar trends, as shown

in Figure 6.1. The stiffening of F-actin networks cross-linked by scruin (Gardel

et al., 2004a,b) and that of cross-linked neuro-filaments (Lin et al., 2010b) can

be characterised by a power-law relation with exponent 3/2 between the network

shear modulus G and macroscopic stress T (Figure 6.1a). Since the cross-links

in both these networks are relatively stiff, it has been suggested that the stiff-

ening mechanism is the same (Storm et al., 2005; Žagar et al., 2011). However,

F-actin networks cross-linked by heavy-meromyosin in a rigor state (rigor-HMM)

(Tharmann et al., 2007), which are also considered as rigidly cross-linked, show a

stiffening behavior with an exponent far less than 3/2 (Figure 6.1b). Moreover,

the stiffening exponent in F-actin/rigor-HMM networks is found to decrease as the

cross-link concentration increases, similar as in purely bundled F-actin networks

cross-linked by fascin (Lieleg et al., 2007) (Figure 6.1c). On the other hand, F-actin

networks cross-linked by the long flexible protein filamin (Gardel et al., 2006; Kasza

et al., 2009) (Figure 6.1d) as well as rigidly cross-linked networks of the intermedi-

ate filament vimentin (Lin et al., 2010b,a) (Figure 6.1e) start to stiffen according

to a 3/2 power law, but at higher stress the stiffening changes into a weaker power

law. The exponent of the latter is remarkably similar to the exponents found in F-

actin/rigor-HMM networks, as well as in branched collagen I type networks (Vader

et al., 2009; Lindstrom et al., 2010) (Figure 6.1f). The aforementioned similarities

in the large strain behavior of various cross-linked biopolymer networks hint at

a generic behavior, where underlying physical mechanisms however, are not yet

understood.

The objective in this chapter is to uncover the mechanisms behind this common

behavior through a numerical study of the nonlinear response of random fibre

networks subjected to simple shear. Periodic representative volume element (RVE)

of a random fibre network in 3D is sefl-assembled by using the numerical method
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Figure 6.1. The nonlinear behavior of biopolymer networks plotted as the shear
modulus G vs. stress T or the shear modulus normalised by the initial shear modu-
lus G/G0 vs. stress normalised by the critical stress at the onset of nonlinearity T/Tc

for: a, F-actin/scruin networks (Gardel et al., 2004a), b, F-actin/rigor-HMM networks
with actin concentration 19µM, mean F-actin length 21µm and various increasing mo-
lar HMM/actin concentration ratios R = cHMM/ca indicated by the arrow (Tharmann
et al., 2007), c, bundled F-actin/fascin networks with actin concentration 0.4 mg/ml and
various increasing molar facin/actin concentration ratios R = cfascin/ca indicated by the
arrow (Lieleg et al., 2007), d, F-actin/filamin networks for lower F-actin concentrations
(Kasza et al., 2009), e, vimentin networks (Lin et al., 2010a), f, branched collagen I type
networks, closed symbol (Lindstrom et al., 2010) and open symbol (Vader et al., 2009),
with increasing collagen concentration indicated by the arrow.
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described in § 2.2. In this chapter, we will use network RVE realizations generated

for constant fibre concentration cf = 0.8 mg/ml and an initial fibre length l0 =

5µm. The box size is W = 2.5µm (Huisman et al., 2007). The stress-strain

response of networks is obtained by subjecting the RVE to simple shear in a quasi-

static finite element simulation, as described in § 2.3. In these computations,

unless stated otherwise, the material parameters of the fibre beam elements are

set to represent F-actin with stretching stiffness µ = 4× 10−8 N (Liu and Pollack,

2002), bending stiffness κ = 6.75 × 10−26 Nm2 (Ott et al., 1993) and a torsional

stiffness that is equal to the bending stiffness. The mechanical behavior of cross-

links is represented by simple linear springs, as described in § 2.4. The behavior of

the cross-links is further simplified by coupling the four cross-link spring constants

to a single parameter, the spring constant s = s1 = s3 = s2/l
2
c = s4/l

2
c . The mean

macroscopic stress (T) response to shear strain Γ is calculated as the ensemble

average over seven to ten random RVE realizations at constant stress level. From

this, the strain dependent ensemble averaged elastic shear modulus is obtained as

G = ∂T/∂Γ.

6.2 Results and discussion

The cross-link number s̃, defined by s̃ = (sl3c)/κ, is a measure of the cross-link stiff-

ness relative to that of the fibre segment. It is not surprising to see in Figure 6.2a

that the initial network response as a function of s̃ is reminiscent of the behavior

of two “springs” connected in series. In the rigidly cross-linked limit (RCL), i.e.

s̃→∞, the initial response is independent of s̃ and is fibre dominated. Moreover,

the RCL network at small strains is a bending dominated structure, much like an

open cell foam (Gibson and Ashby, 1997), with a linear dependence of the initial

shear modulus G0 on the fibre bending stiffness, G0 = G∞0 ∝ κ (Žagar et al.,

2011). For s̃ below the transition marked by s̃ = s̃κ ≈ 100, the initial response is

cross-link dominated with G0/G
∞
0 ∝ s̃, while G0 is expected to vanish in the limit

s̃→ 0 when force can no longer be transmitted through the network.

6.2.1 Bending dominated stiffening

Networks generally show a linear stress response at small strains, i.e. constant

stiffness G up to a critical strain Γc or critical stress Tc, followed by nonlinear

strain-stiffening at large strains (Figure 6.2b and Figure 6.2c). The behavior of

RCL networks have been studied extensively in Chapter 5; here we just briefly

summarise the main findings.
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Figure 6.2. The effect of cross-link number s̃ of the networks with constant connectivity
ñX ≈ 0.34, lc ≈ 0.86µm. a, The ensemble averaged small strain response as a function
of cross-link number s̃. The initial shear modulus G0 is normalised by the initial network
shear modulus in the rigidly cross-linked limit G∞0 . The standard deviation is represented
by the gray region. b and c, The ensemble averaged shear modulus G̃ = G/G0 as a
function of strain Γ and normalised stress T̃ for selected s̃ values as indicated by the
symbols in panel a. The response of the RCL networks is shown in blue. The standard
deviations (up to about twice the symbol size) are not shown.
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a

b

c

Figure 6.3. View of the deformed network at stress states indicated by letters in Fig-
ure 6.2b and Figure 6.2c for RCL case at a, T̃ ≈ 20 and b, T̃ ≈ 400, and c, T̃ ≈ 500 at
s̃ = 104. The filaments in tension/compression are shown in blue/light-blue and cross-
links in red. The thickness of the constituent corresponds to the normalised element axial
force |fe

1/max(fe
1 )|.
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RCL networks stiffen rapidly with a 3/2 power-law dependence of the nor-

malised shear modulus G̃ on normalised stress T̃ = T/Tc (Figure 6.2c, blue); the

same phenomenology is observed in experiments on cross-linked F-actin/scruin

(Gardel et al., 2004a,b) and neuro-filament networks (Lin et al., 2010b).

The deformed microstructures reveal that the 3/2 power-law stiffening is as-

sociated with the formation and subsequent stretching of an oriented stress path

(appearing in thick lines, Figure 6.3a and Figure 6.3b). From the moment the

percolating stress path emerges (i.e. at the critical strain Γc), continued shearing

predominantly increases the axial stress of the sections in the path, while the path

itself straightens-out and load transfer completely localises inside the path (Fig-

ure 6.3b). In contrast to the non-affine behavior of the network defining the initial

network response, the nonlinear strain stiffening in a RCL network is dominated

by the affine stretching of the localised stress path. The 3/2 stiffening behavior

therefore, can be analysed in terms of a single stress path in a box (see Žagar

et al. (2011) and Section §§ 6.2.3 for details). When considered independent from

the rest of the network, the stress path can be seen as a statically undulated fil-

ament under tension, which has been shown (van Dillen et al., 2008) to exhibit

the same asymptotic behavior as a thermally undulated semi-flexible chain in the

MacKintosh model (MacKintosh et al., 1995; Storm et al., 2005). At high T̃, due

to the finite axial stiffness of the fibres, the network response becomes stretching

dominated and linear again, but now with a modulus G̃ = G̃µ that scales with the

axial stiffness µ.

6.2.2 Finite strain effect

By decreasing the cross-link stiffness from the RCL limit, the network response

starts to become affected significantly at the moment when stretching of the cross-

links in the path at high T̃ becomes as favorable as stretching of the fibre sections;

this occurs when s ≈ µ/lc or equivalently s̃ ≈ s̃µ = µl2c/κ (open down triangle,

Figure 6.2c). Below s̃µ, we observe that the network shear modulus at high T̃,

instead of becoming constant G̃µ, transits to a novel power law G̃ ∝ T̃1/2 (open

triangle, Figure 6.2c). Interestingly, power-law stiffening with an exponent near

1/2 has been observed in experiments for various biopolymer networks, as shown

in Figure 6.1 (Tharmann et al., 2007; Lindstrom et al., 2010; Vader et al., 2009;

Kasza et al., 2009; Gardel et al., 2006; Lin et al., 2010a).

The 1/2 power-law region continues to be dominated by the mechanics of a

stress path (Figure 6.3c), although now, the axial stiffness of the path is controlled

by the cross-links (elements shown in red). Since the stiffness of the stress path

is much smaller now than that of the fibre sections, the shear strains can become
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Figure 6.4. Simple shear of the box containing a percolating stress path. The box at the
critical point is shown in magenta. Filament constituent is shown in blue and cross-links
in red.

larger (Figure 6.2b), giving raise to an enhanced reorientation of the stress path.

In the subsequent section we will show that a simple model of a stress path in a

box can explain both this 1/2 scaling and the 3/2 scaling for RCL networks.

6.2.3 Stress path in a box

We idealise the nonlinear behavior of a network containing a stiffening stress path

as that of a single fibre of filament sections and cross-links in a cubic box of length

W , see Figure 6.4. This nonlinear stress path is assumed to emerge under shear

at a critical stress level Tc with corresponding strain Γc. Beyond this strain, the

initially constant stiffness G0 abruptly changes into a stiffness that depends on the

relative strain γ := Γ− Γc. In order to derive this function G(γ), we first observe

that the shear stress can simply be expressed in terms of the end-to-end force fr

on the stress path: T = fr sinβ/W 2. Here, β = arctan Γ is the instantaneous

orientation of the end-to-end vector as indicated in Figure 6.4. The force in the

stress path varies with strain as the end-to-end vector changes both in length and

orientation. The change of the length r of the end-to-end vector can be expressed

as dr = du sinβ = WdΓ sinβ by simple geometrical considerations. Keeping the

strain dependence of r and β in mind, we thus find that the instantaneous stiffness

satisfies

G =
dT

dΓ
∝ sinβ

d

dr
(fr sinβ) . (6.1)

Interesting scaling relations between G and γ can be found by considering two

limiting situations.

The first limiting case is the RCL network. Such a network has been observed
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to stiffen so rapidly that γ ≈ 0, so that β remains roughly constant at the critical

value βc. As a consequence, from (6.1), G ∝ dfr/dr. The stress path in this

case consists of an athermal yet undulated filament, which rapidly stiffens when

its length r approaches its contour length L. In fact (van Dillen et al., 2008),

the force fr in inextensible filaments diverges as (L − r)−2 when r → L. Hence,

G ∝ (L− r)−3 or G ∝ T3/2. The stiffness of extensible filaments does not diverge

but is limited to the axial stiffness µ. Thus, G ∝ µ defines an upper limit to the

validity of the above 3/2 scaling law.

When the cross-link compliance is significant, networks are more easily de-

formed to larger strains (Figure 6.2b) and the reorientation of the stress path during

stiffening can be substantial. β can surpass the critical orientation βc = arctan Γc.

With both fr and β being dependent on strain, (6.1) can be expanded to read

G ∝ sin2 β
dfr

dr
+ cos2 β

fr

r
. (6.2)

In the regime that s � µ/lc (equivalent to s̃ � s̃µ) yet s � κ/lc
3 (equivalent to

s̃� 1), the overall response of the composite stress path can be approximated as

being bi-linear. Initially, the composite path force-displacement response would be

filament dominated so that its slope is proportional to κ/lc
3. Beyond the critical

point however, i.e. at high tension, the response is linear and cross-link dominated

thus, the slope is proportional to s, as observed in Figure 6.3c. Since s � κ/lc
3,

beyond the critical point then holds that dfr/dr � fr/r, and the last term in (6.2)

can be neglected, yielding

G ∝ sin2 β
dfr

dr
. (6.3)

With dfr/dr ∝ s, what remains is to find the relationship between sin2 β and γ.

In order to be able to cast this in a simple form, we will consider small excursions

into the nonlinear regime, so that β − βc is small. Then, we set cosβ ≈ cosβc

so that sinβ can be developed as sinβ = tanβ cosβc = (tanβc + γ) cosβc =

sinβc + γ cosβc. The two leading terms in the expansion of (6.3) thus become

G ∝ s(1 + bγ) ,

with b being determined solely by the critical orientation and having a value of

order one. Writing the bracketed term as y = 1 + bγ, we find that G = dT/dΓ =

dT/dγ = dT/dy leads to the differential equation dT ∝ sydy. Its solution T ∝ sy2

allows us to write G ∝ y or G ∝ T1/2 for cross-link dominated stiffening.

According to the derivation above, a power-law dependence of instantaneous

modulus on stress with exponent 1/2 is expected when the nonlinear strain γ is
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small enough that the dependence of the re-orientation of the stress path on γ is

linear. The nonlinear effects at large strains are expected to push the exponent

away from 1/2 towards a constant stiffness of G ∝ s.

6.2.4 Effect of connectivity ñX

In experiments where the concentration of cross-linking molecules is varied at a

constant fibre concentration and at a constant fibre length, it has been found that if

the concentration of cross-linking molecules increases, the stiffening of the network

decreases (cf. Figure 6.1b, c and f). The explanation for this, however, is elusive.

Since an increase in the concentration of the cross-linking molecule is expected to

increase the network connectivity, in this section the effect of connectivity on the

nonlinearity of the network response is investigated via the cross-link number s̃.

First note that for constant l0, ñX is directly related to the mean cross-link

spacing lc (see Chapter 3), which in turn is key in the balance between cross-link

and filament stiffness as expressed by s̃ = sl3c/κ. As a consequence, by varying ñX

in Figure 6.5 from 0.12 to 0.72, at fixed l0 and at fixed cross-link spring constant

s ≈ 4 × 10−5 N/m (lines shown in green), we effectively change the value of s̃ by

nearly two orders of magnitude. The cross-link spring constant s is chosen such

that for moderate connectivity ñX ≈ 0.34 and lc ≈ 0.86µm (triangle), s̃0.34 is in

the knee of the transition seen in Figure 6.2a, ≈ s̃κ. At this connectivity, the

small strain behaviour is dominated by the bending of the fibre sections, since

G0/G
∞
0 ≈ 1, while the nonlinear behaviour is governed only by the finite strain

effect (1/2 power-law stiffening), as seen previously in Figure 6.2c.

The network with low connectivity ñX ≈ 0.12 (green circle) has longer fibre

sections (lc = 1.2µm) than for ñX ≈ 0.34, and due to the decreased relative

bending rigidity, the cross-link number s̃0.12 increases above s̃0.34. The response

for ñX ≈ 0.12 therefore starts as in the RCL limit and is followed by the nonlinear

behavior that is initially dominated by 3/2 stiffening. At increased stress however,

the response undergoes a bending-to-stretching transition after which stiffening

behavior is governed by the 1/2 mechanism, as is expected for s̃ > s̃κ. For networks

with ñX ≈ 0.72 (green square) on the other hand, this effect is reversed: a short

section length (lc ≈ 0.34µm) increases the bending rigidity of fibre sections, so

that s̃0.72 < s̃0.34. Thus, such networks are initially softer than in the RCL limit

(blue square) and exhibit 1/2 stiffening.

The effect of connectivity on s̃ and the network response presented in Figure 6.5

nicely explains the trends observed in experiments with F-actin/rigor-HMM net-

works (Tharmann et al., 2007) (Figure 6.1b). The decreasing stiffening behavior

observed for increasing HMM concentration at constant concentration of F-actin
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Figure 6.5. The effect of connectivity ñX. The ensemble averaged response: a, G(Γ),
b, G̃(T) and c, G̃(T̃) of networks for cross-link spring constants: s → ∞ (blue) and
s ≈ 4 × 10−5 N/m (green) and connectivity: ñX ≈ 0.12, lc ≈ 1.2µm (◦), ñX ≈ 0.34,
lc ≈ 0.86µm (M) and ñX ≈ 0.72, lc ≈ 0.34µm (�). The standard deviations (up to about
twice the symbol size) are not shown.
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and constant F-actin length naturally emerges from a decreasing s̃, which in turn

shifts the network response from the 3/2 mechanism towards the 1/2 mechanism

(Figure 6.5b and Figure 6.5c). It is interesting to note that, since s̃ ≈ s̃κ for F-

actin/rigor-HMM networks, they behave only as rigidly cross-linked networks at

small strains and for lower rigor-HMM concentrations. A similar argument for the

reduction of s̃ upon increased connectivity can be applied to bundled F-actin/fascin

networks (Lieleg et al., 2007) (Figure 6.1c) as well as to branched networks of col-

lagen I type (Vader et al., 2009; Lindstrom et al., 2010) (Figure 6.1f), albeit in

terms of branching rather than cross-linking.

6.2.5 Characteristic ratio

As shown in sub-section §§ 6.2.3, the stiffening behavior of the cross-linked networks

can be understood in terms of the response of a single stress path. For RCL

networks, the stress path comprises only fibre sections so that the dependence of

the response on the fibre properties µ and κ can be conveniently related to the

characteristic ratio lb/lc, where lb =
√
κ/µ (note that for a homogeneous beam

with a circular cross-section, lb is equal to the half of the beam radius).

In Figure 6.6 we demonstrate how the response of a RCL network depends on

the characteristic length lb. For this, we use a single microstructure with fixed

lc = 0.86µm, which was shown in Figure 6.3a. The response for fibre properties

set to represent F-actin, e.g. µ = µa = 4× 10−8N and κ = κa = 6.75× 10−26Nm,

in Figure 6.6 is indicated by the star. Since in this case lb/lc ≈ 1/1000 � 1,

networks with larger ratios lb/lc than RCL F-actin are obtained for µ < µa and

constant κ = κa (magenta full symbols) or for κ > κa and constant µ = µa (blue

open symbols).

As expected, the small strain response of the RCL network in Figure 6.6a

is bending dominated with G0 ∝ l2b, or G0 ∝ κ for lb/lc � 1 and stretching

dominated with G0 ∝ l−2
b or G0 ∝ µ when lb/lc → 1. The response at large

strains becomes increasingly less nonlinear for increasing lb/lc (Figure 6.6b) with

a clearly observable 3/2 to 1/2 stiffening transition (Figure 6.6c). In addition, the

different responses corresponding to the same magnitude of lb/lc (e.g. open and

closed symbols in Figure 6.6b and Figure 6.6c), are indentical, indicating that the

ratio lb/lc is the key parameter to characterise the response of a RCL network, just

like the spring number s̃ for the cross-linked networks in Figure 6.2 and Figure 6.5.

Essentially, the same trends previously observed in Figure 6.2c for cross-linked

networks in terms of the spring number s̃ are now confirmed in Figure 6.6c for

RCL networks in terms of lb/lc.

In general, the stress path of cross-linked network comprises fibre sections and
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Figure 6.6. a, The normalised initial shear modulus G0/G0a of the RCL network
with lc = 0.86µm vs. characteristic ratio lb/lc, where G0a is the initial shear modulus
calculated for the RCL F-actin network with µ = µa = 4 × 10−8N and κ = κa =
6.75× 10−26Nm. The lb/lc for the RCL F-actin network corresponds to a star. Different
ratios lb/lc larger than the F-actin network are obtained either for µ < µa and constant
κ = κa (magenta full symbols) or for κ > κa and constant µ = µa (blue open symbols).
b and c, The large strain response of the RCL network for various ratios lb/lc shown in
panel a, where G/G0 is the network shear modulus scaled by the initial modulus G0 and
T/Tc is the stress scaled by the stress value at the onset of nonlinearity Tc.
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cross-links in series so that its “effective” compliance can be estimate to be the sum

of those of the fibres and of the cross-links. Thus, we generalise the characteristic

ratio of the composite stress path as l̄b/lc =
√
kb/ka, with the effective bending

spring constant kb ≈ 1/(l3c/κ + 1/s) and the effective axial spring constant ka ≈
1/(lc/µ+ 1/s). The resulting effective ratio l̄b/lc can thus be written as

l̄b
lc
≈
√
s̃(lb/lc)2 + 1

s̃+ 1
. (6.4)

In the RCL limit where s̃ � 1, l̄b/lc → lb/lc. On the other hand, for networks

with constant filament constituents (lb/lc = const.), like the networks studied in

Figure 6.2 and Figure 6.5, the characteristic ratio l̄b/lc can be uniquely related to

the cross-link number s̃. For example, for networks with lb/lc � 1 and cross-link

number 1� s̃� s̃µ (see Figure 6.2), the expression (6.4) suggests an inverse square

root dependence, i.e. l̄b/lc ≈ 1/
√
s̃. In addition, note that a small characteristic

ratio l̄b/lc � 1 leads to the bending dominated stiffening mechanism and network

behavior characterized by the power law G̃ ∝ T̃3/2. For higher characteristic ratios

the network large strain behavior is showing a transition to stretching dominated

stiffening, characterized by the power-law exponent 1/2.

The importance of (6.4) is that it generalises the parameters s̃ and lb/lc to

l̄b/lc. With this, the large-strain response of a cross-linked network can be charac-

terised by a single parameter l̄b/lc, as demonstrated in Figure 6.7. This graph of

normalised shear modulus G/G0 vs. normalised stress T/Tc can serve as a master

plot, which based on the value of l̄b/lc uniquely defines the two critical points of

the response: the strain Γc (or stress Tc) at the onset of nonlinearity and the

bending-to-stretching stiffening mechanism transition.

The precise determination of ka and kb of a composite stress path and the

corresponding l̄b/lc, however, requires detailed knowledge of the composition of

the stress path: the number of fibre sections and cross-links in the path as well as

their connectivity. Thus, in order to correctly identify the network master curve

as a function of l̄b/lc, these details should be accounted for. Unfortunately, this

information is generally difficult to obtain, since the stress path forms only after

the network response passes its critical point and becomes nonlinear. Moreover, it

can be expected that the stress path composition is influenced by the concentration

of the network constituents and the network microstructure, and this dependence

is not yet known.

Additional complications in evaluating the effective spring constants ka and kb

arise from the fact that the load-bearing network structure sometimes is more com-

plex than a single stress path, as shown, for example, in Figure 6.8. Commonly,
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Figure 6.7. Compilation of all curves of G/G0 vs. normalised stress T/Tc, along with
the corresponding values of l̄b/lc, for the cases in Figure 6.2c (where cross-link stiffness
is varied at constant connectivity) and Figure 6.5c (at constant cross-link stiffness but
varying connectivity), respectively.

these kinds of supportive frames are found in networks of larger connectivity (Fig-

ure 6.8a and Figure 6.8b), but they can also be observed in low to moderately

connected networks when they have very compliant cross-links (Figure 6.8c). Sim-

ilar supportive frames have also been observed in molecular dynamics simulations

of F-actin networks by Kim et al. (2009b). Despite the difference in appearance,

however, supportive frames are qualitatively not different from individual stress

paths. For example, the RCL network with a high connectivity of ñX ≈ 0.72,

whose supportive frame is shown in Figure 6.8a, stiffens according to a 3/2 power

law (blue square Figure 6.5b), but if the cross-links are compliant, the stiffening of

the same network follows a 1/2 power law (red open square Figure 6.8b) despite the

fact that the corresponding supportive frames are very different (see Figure 6.8b).

These results suggest that a supportive frame consists of a set of several stress

paths interconnected in series or in parallel, as directly suggested by Figure 6.8.

Hence, the specific architecture of a supportive frame is expected to affect only the

magnitudes in the response but not the general scaling relations.
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a

b

c

Figure 6.8. View through the deformed network realization showing load bearing sup-
portive frames: a, ñX ≈ 0.72 for RCL limit in Figure 6.5 (blue square) at T ≈ 30 Pa, b,
ñX ≈ 0.72 for s ≈ 4e − 5 N/m in Figure 6.5, (green square) at T ≈ 65 Pa, c, ñX ≈ 0.34
for s̃ = 10 in Figure 6.2, (red diamond) at T̃ ≈ 30. The axial stress map is obtained in
the same way as in Figure 6.3.
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6.3 Conclusions

In this chapter a detailed investigation has been performed of the structure-property

relations of a discrete 3D random network of cross-linked fibres, relating the stiff-

ening behavior to the material properties of its constituents and the network mi-

crostructure.

The observation that the nonlinear network response is dominated by the be-

havior of a localised percolating path across axially stressed network constituents

allows for a simple rationalization of the strain-stiffening behavior in terms of two

fundamental mechanisms: (i) the pulling-out of stress path undulations and (ii)

finite strain effects induced by reorientation of the stress path. While the first of

these is a bending-dominated mechanism that can be characterised by a power-law

dependence with exponent 3/2 of the shear modulus G̃ on stress T̃, the second has

been disclosed here as a stretching-dominated finite strain effect that gives rise to

a power-law relation between G̃ and T̃ with exponent 1/2.

The characteristic ratio l̄b/lc has been shown to control the nonlinear strain-

stiffening ability of a cross-linked network, both in determining the critical point

for the onset of nonlinearity and the bending-to-stretching stiffening transition.

Since l̄b/lc relates material properties (bending and axial stiffnesses) of the network

constituents to the key length scale of the microstructure (lc), the same network

response can be obtained in various ways for different networks. This unification

of large strain behaviour has been demonstrated in the form of master plots of

normalised shear modulus G/G0 against normalised stress T/Tc for different l̄b/lc.

A bending dominated response at large strains leading to 3/2 power-law stiff-

ening is pronounced for l̄b/lc � 1. Such strain-stiffening behavior is governed by

a much larger axial stiffness of the developed stress path in the network relative

to the stress path effective bending properties. Examples of networks that stiffen

in this way all the way up to fracture are F-actin/scruin networks (Gardel et al.,

2004a,b) and cross-linked neuro-filaments (Lin et al., 2010b) (Figure 6.1a).

Surprisingly, however, not many biopolymer networks exhibit stiffening behav-

ior characterized by such low l̄b/lc. Networks associated with a somewhat higher

characteristic ratio, e.g. l̄b/lc ≈ 0.01, show a transition from 3/2 to 1/2 power-law

stiffening, such as the F-actin/filamin networks in Figure 6.1d or the intermediate

filament networks in Figure 6.1e. However, due to rupture in real networks, it

might be difficult to distinguish the transition between the stiffening mechanisms

from convergence towards the maximum network stiffness. This upper limit is

likely to be determined by the effective axial stiffness G ∝ 1/(lc/µ+ 1/s).

For networks with l̄b/lc ≈ 0.1, the large strain response is mainly dominated

by the stretching mechanism, leading to stiffening with a power-law exponent
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1/2. Such increased characteristic ratios l̄b/lc can arise in networks from rather

compliant filament inter-connections, e.g cross-linking molecules in the case of F-

actin/rigor-HMM (Tharmann et al., 2007) (Figure 6.1b), or collagen branching

points in the case of branched collagen I type networks (Lindstrom et al., 2010;

Vader et al., 2009) (Figure 6.1f).

For networks with l̄b/lc → 1, the stiffening ability is greatly diminished due to

the 1/2 mechanism, while the onset of nonlinearity is being pushed to larger strains.

Such trends can be observed in bundled F-actin/fascin networks (Figure 6.1c) at

high fascin concentrations, where networks are found to be unable to stiffen at all.

In these networks, a higher fascin concentration can increase the bending resistance

of the bundles in several simultaneous ways, e.g. by decreasing the length of the

bundle segments (equivalent to lc in our model), by increasing the bundle diameter

(Lieleg et al., 2007) and by increasing the coupling between the filaments within

the bundle (Claessens et al., 2006). Thus, a higher fascin concentration could

increase l̄b/lc to values ∼ 1 and cause network rupture long before the finite strain

effect can give rise to stiffening.

In conclusion, various biopolymer networks of different constituents and differ-

ent microstructures show strain-stiffening trends that can be understood in terms

of the competition between two stiffening mechanisms. The relative importance of

the two mechanisms in the stiffening response can be expressed through the effec-

tive characteristic ratio l̄b/lc of the network. The strain-stiffening trends observed

experimentally in a wide variety of biopolymer networks thus becomes unified in

this single parameter.



Summary

In this thesis the microstructure and the response of a discrete three-dimensional

isotropic network of cross-linked and unbundled fibers is studied numerically. A

periodic representative volume element (RVE) of a 3D random network of cross-

linked fibers is self-assembled by simulating the dynamics of fibers immersed in a

water environment that is governed by a weak 1/r2 attractive potential between

fibers (§ 2.2). The mechanical response of the networks is then calculated by

subjecting the RVEs to simple shear in a separate, quasi-static finite element sim-

ulation (§ 2.3). In the network model, individual fibres are represented discretely

by elastic beam elements that can stretch, bend and twist (§ 2.1). The fiber inter-

connections by cross-links are modelled as linear springs (§ 2.4). By keeping the

cross-link spring constants very stiff, the microstructure and mechanical behavior

of rigidly cross-linked networks (RCL) is first investigated in Chapter 3, Chapter 4

and Chapter 5. The mechanics of networks with compliant cross-links is addressed

in Chapter 6.

In Chapter 3 it is demonstrated that simple relationships between geometri-

cal and topological parameters of isotropically cross-linked network can describe

the microstructure to great detail in terms of a few measurable macroscopic pa-

rameters. By using mere topological considerations, analytical expressions have

been derived between the key length scale of the microstructure, i.e. the mean

distance between two neighbouring cross-links along the filament, lc, the network

constituent concentrations and the average filament length l0. This marks a signifi-

cant improvement over methods available to date, which relied on inverse modeling

using an assumed theoretical model for the network behavior. In addition, it is

found that lc scales with the −1/3rd power of the cross-link concentration, which

is in good agreement with the exponent −0.4 obtained for F-actin networks cross-
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linked by heavy-meromyosin (HMM) protein in the rigor state or exponent −0.2

suggested for ionically cross-linked networks of intermediate filaments.

The RCL networks at small strains are non-affine, bending dominated struc-

tures because the mean cross-link coordination (≤ 4) is below the isostatic limit

(coordination ≥ 6) and because the filament sections in between two cross-links

are long and slender (lb � lc). The complete scaling of the initial stiffness G0 of

RCL networks is found to comprise two contributions: general scaling character-

istic for bending structures and an additional dependence on topology, amongst

which is the distribution of cross-link coordination. The topological contributions

are captured by a power-law dependence on two dimensionless numbers, that are

of geometrical and topological nature.

The expression for the mean distance between cross-links lc (Chapter 3) to-

gether with the scaling relation for the small strain RCL network response (Chap-

ter 4) allows for prediction of the initial elastic shear modulus G0 for any RCL net-

work just by knowing the macroscopic parameters: the concentration of filaments

cf , the concentration of cross-linking molecules ccp and filament length l0. When

compared with the small strain behavior of experimentally studied F-actin/rigor-

HMM networks, the scaling relation predicts rather well the initial shear modulus

G0 of networks with lower actin concentrations over the whole range of HMM

concentrations.

With continued straining, the RCL network modulus remains more or less

constant up to a critical strain Γc or stress Tc. Beyond this level, the stiffness

increases in a nonlinear fashion and is characterized by a power law dependence on

macroscopic stress as G ∝ T3/2. By carrying out the appropriate normalization,

i.e. G/G0 = G̃, Γ/Γc = Γ̃ and T/Tc = T̃, the strain or stress-dependent stiffness

collapses on a master curve, indicating the universal nonlinear behavior of the

networks. The master curves as well as the exponent 3/2 are in good agreement

with the experiments performed on various in vitro networks of rigidly cross-linked

filaments.

Detailed analysis of the distorting microstructure during deformation has re-

vealed that the nonlinear network response is dominated by almost fully extended

percolating paths comprised of axially stressed sections, i.e. a so-called stress path.

Thus, contrary to the linear network response, which originates from the collective

reorientation and bending of all network sections (Chapter 4), strain stiffening is

governed by a highly localized phenomena.

There is a clear similarity between undulations in network stress paths and

thermally undulating filaments in that the tensile response of both diverges as the

slack is pulled-out; it is this that allows interpretation of the large strain RCL

network response in terms of single filament mechanics and what explains the 3/2



Summary 71

exponent governing the large strain scaling of the stiffness. However, there is also

a distinct physical difference. While thermal undulations arise from the filament

interacting with its environment, the slack of the network stress paths emerges

purely from the network microstructure.

It is shown that the critical strain Γc of RCL network is an intrinsic property

of the network microstructure that depends only on the connectivity. The shift of

Γc with increasing network connectivity towards smaller values qualitatively cor-

responds to the experimentally-observed trend that Γc decreases with increasing

concentration of cross-linking proteins. This trend is expected, since the conse-

quence of increasing the concentration of the cross-linking proteins is a higher

network connectivity.

These results, presented in Chapter 3, Chapter 4 and Chapter 5, provide a

detailed description of the mechanical behavior of rigidly cross-linked networks,

thereby emphasizing the importance of the network microstructure for the me-

chanical behavior. The ways in which the microstructure influences the network

response is found to be key in matching the experimentally observed trends, both

qualitatively and quantitatively.

It is very interesting to note that despite the differences in microstructure

and/or properties of the constituents, the nonlinear stiffening of a wide range of

biopolymer networks shows quite similar trends. Therefore, in Chapter 6 the re-

lationship is presented between the response of a discrete 3D random network of

cross-linked fibres and the material properties of the fibers, the cross-links and the

network microstructure. The observation that the nonlinear network response is

dominated by the behavior of a localised stress path allows for a simple rational-

ization of the strain-stiffening behavior in terms of two fundamental mechanisms.

The first of these is a bending-dominated mechanism that can be characterised by

a power-law dependence with exponent 3/2 of the normalized shear modulus G̃ on

normalized stress T̃ and is relevant for, e.g. the RCL networks (Chapter 5). The

second mechanism is stretching-dominated and is pronounced when the cross-links

are relatively more compliant than the fiber sections, i.e. it is a finite strain effect

induced by reorientation of the stress path and gives rise to a power law between

G̃(T̃) with exponent 1/2.

The relative importance of the two mechanisms in the stiffening response can

be expressed through the characteristic ratio l̄b/lc in terms of the effective axial-

to-bending stiffness parameter l̄b of filaments and cross-links. It is shown that

the effective characteristic ratio l̄b/lc is a parameter that controls the nonlinear

strain-stiffening ability of a cross-linked network, both in determining the critical

point for the onset of nonlinearity and the bending-to-stretching transition. Be-

cause l̄b/lc relates material properties of the network constituents (bending and
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axial stiffnesses) to the key length scale of the microstructure, the same network

responses can be obtained in various ways for different networks. Therefore, a

plot of the normalised shear modulus G̃ against normalised stress T̃ for a specific

l̄b/lc is suggested to represent the master curve for the large strain behavior of all

networks associated to a particular l̄b/lc.

Networks with very low characteristic ratio, l̄b/lc � 1, exhibit bending-domi-

nated 3/2 power law stiffening. Examples of networks that stiffen in this way all the

way up to fracture are F-actin/scruin networks and cross-linked neuro-filaments.

Networks associated with a somewhat higher characteristic ratio, e.g. ≈ 0.01,

tend to show the transition from 3/2 to 1/2 power law stiffening. However due to

network fracture, it may be difficult to distinguish this transition between stiffening

mechanisms from convergence towards the upper limit set by the finite effective

stiffness of the stress path. For networks with l̄b/lc ≈ 0.1, the large strain response

is mainly dominated by the stretching mechanism, leading to stiffening with 1/2

power law exponent. An even larger characteristic ratio l̄b/lc may arise from rather

compliant filament inter-connections, e.g rigor-HMM cross-linking molecules in

the case of F-actin or branching points in the case of branched collagen I type

networks. For networks with l̄b/lc → 1, the stiffening ability due to the 1/2

mechanism is greatly diminished while the onset of nonlinearity is being pushed

to larger strains. Such trends can be observed in bundled F-actin/fascin networks

at high fascin concentrations, where networks are found unable to stiffen at all.

In conclusion, various biopolymer networks of different constituents and rather

different microstructure show strain-stiffening trends that can all be understood in

terms of the competition between two stiffening mechanisms.



Samenvatting

Dit proefschrift handelt over biofysische netwerken: drie-dimensionale structuren

van lange biopolymere filamenten die met speciale, zogenaamde cross-link molecu-

len met elkaar verknoopt zijn. Hoewel de samenstelling van biofysische netwerken

sterk verschilt, is hun biologische functie dezelfde: namelijk, om het weefsel of de

cel mechanische stijfheid te verlenen. Net zoals een elastiekje hebben biofysische

netwerken de neiging om stijver te worden naarmate zij verder worden vervormd;

de oorsprong van deze versteviging is echter een heel andere dan in rubber. Een

veelheid van experimenteel onderzoek gedurende de afgelopen twee decennia heeft

veel gegevens opgeleverd over een breed palet van in-vitro samengestelde netwer-

ken, maar omdat de theorievorming zich heeft toegespitst op een aantal klassen van

netwerken is het begrip tot nu fragmentarisch en kwalitatief. In dit proefschrift

wordt voor een brede klasse van biofysische netwerken een geünificeerde verkla-

ring van hun mechanische eigenschappen gepresenteerd die de nadruk legt op de

microstructuur van het netwerk.

Hiertoe worden numerieke simulaties uitgevoerd aan drie-dimensionale netwer-

ken bestaande uit een discreet aantal, lange semiflexibele filamenten met een wil-

lekeurige oriëntatie in de ruimte die op een variërend aantal plaatsen aan elkaar

verknoopt zijn door elementen die cross-links representeren. De mechanische ei-

genschappen van de filamenten en de cross-links zelf zijn lineair verondersteld en

kunnen over een groot gebied gevarieerd worden teneinde een breed scala aan net-

werken te kunnen bestuderen.

Een belangrijk limietgeval wordt gevormd door netwerken die verknoopt zijn

door onvervormbare cross-links. Voor dit soort netwerken wordt aangetoond dat,

onder fysiologisch relevante condities, de stijfheid bepaald wordt door de buigstijf-

heid van de filamenten en door slechts één karakteristieke eigenschap van de mi-
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crostructuur, namelijk de verhouding tussen de gemiddelde filamentlengte en de

gemiddelde afstand tussen cross-links langs de filamenten. Deze microstructuurpa-

rameter is niet ogenblikkelijk te meten, maar topologische beschouwingen staan ons

in staat deze karakteristieke lengteschalen uit te drukken in meetbare grootheden,

zoals de concentratie van de filamenten en van de cross-links.

In overeenstemming met experimentele waarnemingen blijft de stijfheid van de

netwerken slechts tot zekere vervorming (of spanning) constant. Na een kritisch

punt, blijkt de numeriek berekende stijfheid toe te nemen met de spanning tot de

macht 3/2. Deze schalingswet wordt in de literatuur vaak gezien als een entropisch

effect als gevolg van thermische undulaties in de filamenten, maar in hoofdstuk 5

wordt aangetoond dat het meer in het algemeen een gevolg is van het straktrekken

van filamenten. Een aantal vrijwel strakgetrokken filamenten ontstaat geleidelijk

door her-oriëntatie van filamenten tijdens de sterk niet-affiene vervorming in een

discreet netwerk. De simulaties laten bovendien zien dat de kritische vervorming

waarbij versteviging begint een intrinsieke eigenschap is van een netwerk die uit-

sluitend afhangt van diens mate van verknoping.

Nu bovengenoemde universele wetmatigheden zijn gevonden voor netwerken

die star met elkaar verknoopt zijn, wordt de klasse van materialen uitgebreid door

de vervormbaarheid van cross-links toe te staan. Ook dit soort netwerken kan

versteviging vertonen, maar de wijze waarop hangt af van de verhouding tussen de

stijfheid van de filamenten en die van de cross-links. Er blijken twee fundamentele

mechanismen van versteviging te bestaan. De ene is degene die bij starre cross-links

reeds naar voren is gekomen, de andere is een niet-lineair geometrisch effect dat

optreedt bij reeds strakke filamenten en relatief flexibele cross-links. Daar waar het

eerste mechanisme aanleiding geeft tot een schalingswet voor stijfheid als spanning

met exponent 3/2, is de exponent voor het andere mechanisme slechts 1/2. Voorts

wordt aangetoond dat de competitie tussen beide mechanismen bepaald wordt

door de effectieve axiale stijfheid van filament plus cross-link en de gemiddelde

afstand tussen cross-links. Uiteindelijk laat het palet van niet-lineair gedrag van

biofysische netwerken, van diverse samenstelling en verschillende microstructuur,

zich nu betrekkelijk eenvoudig samenvatten met deze ene experimenteel meetbare

parameter.



Sažetak

Nasumična mreža povezanih vlakana ili niti je učestala mikrostruktura mnogih

materijala, od metalnih pjena s otvorenom ćelijom, filca, papira i gume, pa sve

do struktura bio-polimernih filamenata u organskom tkivu i staničnom citoske-

letu. Dok je očito da mehanička svojstva ovakvih materijala ovise o svojstvima

primarnih komponenata, tj. vlaknu i unakrsnim vezama preko kojih se prenosi

sila izmedu vlakana, od posebnog značaja kod velikih deformacija je utjecaj same

mikrostrukture. Do današnjeg dana, mnogobrojni eksperimenti su pokazali da in

vitro rekonstruirane bio-polimerne mreže prilikom velikih, nelinearnih, ali još uvi-

jek elastičnih deformacija mogu povećati svoju krutost za čak tisuću puta. Za

usporedbu, mali broj sintetičkih polimernih materijala, iako fenomenološki sličnih

bio-polimernim mrežama, mogu tek udvostručiti krutost kod velikih deformacija.

Usprkos svom dosadašnjem istraživanju, mehanička svojstva bio-polimernih

mreža još uvijek kriju mnogo nerazriješenih i kontroverznih zanimljivosti. Os-

novna pretpostavka u ovoj disertaciji je da je većina tih zanimljivosti skrivena

i ovisna o mikrostrukturi same mreže. Stoga su ovdje, numeričkim metodama

istraživani fundamentalni utjecaji mikrostrukture na mehanički odziv diskretnih

trodimenzionalnih mreža načinjenih od unakrsno povezanih bio-polimernih niti.

Reprezentativni volumenski element (RVE) mreže je generiran samoudruži-

vanjem, na način da je uz pomoć računalnog programa simulirana dinamika poli-

mernih niti u vodenom okruženju uzrokovana slabom privlačnom silom izmedu niti

(§ 2.2). Mehanički odziv mreže je izračunat pomoću računalne simulacije bazirane

na metodi konačnih elemenata u kojoj je stanje makroskopske deformacije RVE-a

jednostavno smicanje (§ 2.3). U modelu mreže, polimerne niti su diskretizirane

upotrebom elastičnih grednih elemenata formuliranih na način da se deformacija

svakog grednog elementa sastoji od istovremenog istezanja, savijanja i uvijanja
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(§ 2.1). Unakrsne veze izmedu mrežnih niti, medutim, modelirane su kao linearne

elastične opruge kontrolirane jakosti (§ 2.4).

Različita geometrijska i topološka svojstva mreže ovisna su o tek nekoliko ma-

kroskopskih parametara (vidi poglavlje 3). Izmedu ostalog, uzimajući u obzir samo

geometriju i topologiju mreže izvedena je jednadžba koja povezuje temeljni para-

metar geometrije mreže, tzv. srednju udaljenost izmedu dvije uzastopne unakrsne

veze lc, sa srednjom ukupnom duljinom niti l0 i koncentracijama niti cf i unakrsnih

veza ccp u mreži. U usporedbi sa do sada prisutnim metodama za izračunavanje

duljine lc, koje zahtijevaju pretpostavke o načinu na koji se mreža deformira kao

i izmjerena elastična svojstva mreže, izvedena jednadžba predstavlja praktičan i

značajan doprinos za razumjevanje mikrostrukture bio-polimernih mreža. Nadalje,

pokazano je da je srednja udaljenost izmedu uzastopnih veza razmjerna koncen-

traciji veza, lc ∝ c
−1/3
cp , što je u suglasnosti s postojećim eksperimentima. Naime,

slična razmjernost, ali s eksponentom −0.4 pronadena je u slučaju mreža sastav-

ljenih od aktinskih filamenata (engl. actin filaments) povezanih pasivnim HMM

(engl. heavy-meromyosin in a rigor state) bjelančevinama, dok je razmjernost s

eksponentom −0.2 utvrdena u slučaju mreža od intermedijarnih filamenata (engl.

intermediate filaments) povezanih ionskom vezom.

U slučaju malih deformacija, mreža s potpuno krutim unakrsnim vezama (RCL

mreža) se deformira na ne-afin (engl. non-affine) način. Drugim riječima, kod ma-

lih deformacija, dominantno za sve niti je lokalno stanje savijanja zbog kojeg se

lokalni tenzor deformacije unutar mreže bitno razlikuje od makroskopske deforma-

cije. Razmjernost koja opisuje krutost mreže kod malih deformacija, G0, značajno

ovisi o raspodjeli koordinacije unakrsnih veza (poglavlje 4), koja je jednoznačno

definirana omjerom izmedu srednje duljine niti i srednje udaljenosti izmedju dvije

uzastopne veze, l0/lc (vidi poglavlje 3). U usporedbi s eksperimentalno izmjere-

nim vrijednostima za krutost, G0, mreža aktinskih filamenata povezanih pasivnim

HMM molekulama, predvidanja na temelju ovdje izvedenih jednadžbi su u odličnoj

suglasnosti u slučaju manjih koncentracija niti cf .

Kod velikih deformacija, odziv RCL mreže je karakteriziran konstantnom kru-

tošću G0 sve do kritične deformacije Γc ili kritičnog naprezanja Tc. Medutim, iznad

kritične deformacije, krutost RCL mreže, G, postaje izrazito nelinearna funkcija

deformacije, koja može biti karakterizirana razmjerom, G ∝ T3/2, s obzirom na

naprezanje T. Detaljnom analizom mikrostrukture kod velikih deformacija poka-

zano je da su nelinearnosti u odzivu RCL mreže usko povezane sa uspostavljanjem

puteva kroz mrežu koji su sastavljeni od dijelova niti sa visokim vlačnim napreza-

njem, tzv. naprezajući put (engl. stress path).

Usporedujući rezultate brojnih eksperimenata, moguće je primijetiti da odzivi

vrlo različitih mreža, tj. mreža načinjenih od različitih niti, unakrsnih veza i bitno
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drukčije mikrostrukture, pokazuju slične trendove. Ova opservacija je interesantna

jer sugerira na postojanje općenitih mehanizama odgovornih za nelinearnost odziva

mreže (vidi poglavlje 6). Činjenica da su različite nelinearnosti odziva uvijek po-

vezane sa formiranjem naprezajućih puteva, omogućava interpretaciju općenitog

odziva kod velikih deformacija kroz dva osnovna mehanizma. U prvom meha-

nizmu, svojstvenom za RCL mreže (vidi poglavlje 5), dominantna deformacija je

izvijanje dijelova niti u naprezajućim putevima, dok je razmjer izmedu krutosti

G i naprezanja T okarakteriziran s eksponentom 3/2. Medutim, za drugi meha-

nizam (vidi poglavlje 6), dominantno stanje deformacije je istezanje naprezajućih

puteva, te eksponent u razmjernosti izmedu krutosti G i naprezanja T je 1/2.

Relativni značaj ova dva mehanizma za odziv mreže moguće je izraziti pomoću

bezdimenzijskog mrežnog broja, l̄b/lc, koji uzima u obzir relativnu krutost izmedu

niti i unakrsnih veza, l̄b, kao i karakterističnu veličinu mikrostrukture mreže, lc.

Kroz mrežni broj l̄b/lc stoga, na jedinstven način moguće je objasniti nelinearnosti

u odzivu velikog broja bio-polimernih mreža, načinjenih od različitih vrsta niti i

unakrsnih veza, te sa bitno različitom mikrostrukturom.
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