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Based on: R. K. Annabattula, W. T. S. Huck and P. R. Onck – “Micron-scale channel formation by the release and
bond-back of pre-stressed thin films: A finite element analysis,” J. Mech. Phys. Solids, vol. 58, pp. 447-465, 2010.

3 THE RELEASE AND BOND-BACK OF PRE-
STRESSED THIN FILMS: PART II - RESULTS

3.1 Introduction
In the previous chapter we have described the background of the problem and the finite ele-
ment model. In this chapter, we study the process of channel formation triggered by buckle-
driven interfacial delamination of the film followed by bond back as mentioned earlier. The
dimensional parameters for the system under consideration are the film length (L), film thick-
ness (t), elastic modulus of the film (E), eigenstrain in the film (ε∗), maximum interface trac-
tion (σmax), critical normal opening of the interface (δn), critical shear opening of the interface
(δt), the initial ridge width (W0) and the resulting height H and width W of the channel. The
initial crack heightH0 is taken to be sufficiently small, ensuring that the results do not depend
onH0/L. By using L andE for normalization, the following set of dimensionless parameters

t/L, σmax/E, δn/L, δt/L, ε
∗, W0/L, H/L and W/L

can be identified. In the above dimensionless set, H/L and W/L represent the output re-
sponse of the system. In addition, we consider δn/δt = 1, so that the functional response of
the system can be written as

(H/L,W/L) = f(t/L, σmax/E, δn/L, ε
∗,W0/L). (3.1)

In the following, we study the behaviour of the system in terms of the above mentioned non-
dimensional parameters. The essential foot-print of the system under consideration consists
of two distinct stages: a buckling-up stage during which the film can release its eigenstrain,
followed by draping back. The buckling-up stage as proposed in Edmondson et al. [2006] (i.e.
interface reduction process) is inherently different from the well-known buckle-driven delam-
ination process [Hutchinson and Suo, 1992; Moon et al., 2004; Thouless, 1993]. To study the
difference and similarities, both buckling-up processes will be explored and compared in this
chapter. The two different processes for channel formation are depicted schematically in
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Fig. 3.1(a) and Fig. 3.1(b). The path A0 − A2 (termed ‘1-step process’ in short) describes
the classical buckling-driven delamination, while path B0 − B1 − B2 describes the interface
reduction process (termed ‘2-step process’).

Let us assume that the film-substrate system has an initial interface strength denoted by
states A0 and B0 for paths A and B, respectively. Now, both the systems are loaded with
eigenstrain such that the film in path A moves from A0 to A2 and path B from B0 to B1.
During this step, the film in path A delaminates by buckling (due to the relatively weak
interface) and in path B the film simply buckles up in the initially debonded region, but does
not delaminate from the substrate due to the high interface toughness (see Fig. 3.1(b)). Next,
the interface toughness is reduced for the system in path B by decreasing the interface strength
from B1 to B2. During this step, the film starts to delaminate from the substrate when the
interface toughness equals the strain energy release rate at the crack tip and hence the system
moves from state B1 to B2. Finally, the interface strength is increased again, mimicking the
re-establishment of bonds between the film and substrate, resulting in drape back of the film
towards its final configuration (from A2, B2 to A3, B3, see Fig. 3.1).

The results are presented as follows. In section 3.2, we study the buckling-driven delam-
ination process (the 1-step process, see path A in Fig. 3.1). We perform a parametric study
and discuss the results in section 3.2.1. Then, in section 3.3, we study the interface reduction
process (the 2-step process, see path B in Fig. 3.1), including a comparison with the 1-step
process (section 3.3.1). In section 3.4, we analyze the draping back process and discuss the
effect of the system parameters on the final channel configuration. Finally, in section 3.5 we
will summarize the results presented and draw conclusions.

3.2 Buckling-driven delamination (1-step process)
In this subsection we present the results for buckling-driven delamination (1-step process)
by eigenstrain loading as depicted by path A on the left hand side of Fig. 3.1(b). We will
investigate the effect of the dimensionless parameters t/L, δn/L and σmax/E on the buck-
ling amplitude (H/L), crack length (W/L), work of separation (Γ/Γ0) and mode-mixity (ψ)
under the action of an increase in eigenstrain ε∗. We choose a reference case for all the
simulations and subsequently investigate the effect of the variation of one particular dimen-
sionless parameter around the reference case. The parameters chosen for the reference case
are: t/L = 3 × 10−3, δn/L = 5 × 10−4, W0/L = 0.15 and σmax/E = (5/3) × 10−5. The
other dimensionless parameter is ε∗, which is the loading parameter in this section.

Figure 3.2 shows the effect of varying the parameter t/L on the response of the system.
For the results presented in the section, the parameter t/L is changed by varying the film
thickness and keeping the film length fixed (= 10 µm). Figure 3.2(a) shows the evolution of
the buckling amplitude H/L with increase in eigenstrain (ε∗) for different values of t/L. It
can be observed that the buckling amplitude increases with an increase in t/L at sufficiently
large values of eigenstrain. The right hand portion of Fig. 3.2(a) shows a zoomed view of the
small-strain region from which we can identify three distinct branches in each curve. If we
focus on t/L = 2× 10−3 (�), it can be observed that in the first branch, at small strains, the
film does not buckle with increase in eigenstrain. When the eigenstrain reaches the critical
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Figure 3.1: (a) Schematic of the two buckling-up processes and subsequent drape back in
terms of interface strength and eigenstrain, (b) Schematic of the snap shots of the two
buckling-up processes and the draping back process (see also Fig. 2.1).
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Figure 3.2: (a) Normalized buckling amplitude H/L. The right picture shows a zoom view of
the small strain region. (b) Normalized crack length W/L as a function of eigenstrain ε∗ for
films with different t/L. (c) Mode-mixity ψ along the length of the film (Xpos denotes the
position of the film along the length). The values of the parameter t/L shown in the figures
are: 2 × 10−3 (�), 3 × 10−3(M), 5 × 10−3(�) and 7 × 10−3 (◦). All the simulations are
carried out with δn/L = 5× 10−4, W0/L = 0.15 and σmax/E = (5/3)× 10−5.
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Figure 3.3: Traction-separation response at point A (a) and point B (b) as indicated on
Fig. 3.2(c). The squares (�) correspond to Tt vs wt and the triangles (M) to Tn vs wn. The
results shown above correspond to the reference case.

buckling strain, the film buckles up, leading to an increase in the buckling amplitude (the
second branch). As the film continues to deform along the second branch (no cracking has
occurred yet), it again encounters another jump in the displacement when the eigenstrain
reaches the failure strain (≈ 0.004 for t/L = 2 × 10−3), corresponding to the critical strain
energy release rate at the crack tip. From this moment on, the film fails by buckling-driven
delamination (third branch) until the crack reaches the free edge and arrests. Figure 3.2(b)
shows the corresponding results for the evolution of the crack length W/L as a function of
eigenstrain. This figure clearly indicates that the crack length does not increase until the
eigenstrain reaches the failure strain. Then we observe a sudden jump in the crack length,
initially growing at a large rate after which it slows down when it reaches the free edge. For a
given eigenstrain (larger than the failure strain), the crack length increases with an increase in
t/L. However, with increasing strain, this difference diminishes. Note that the buckling strain
increases with the film thickness (Fig. 3.2(a)), while the failure strain decreases (Fig. 3.2(b)).
This is related to a reduced Euler buckling stress for slender columns and an increased energy
release rate for thicker films (see also section 3.2.1 for a discussion).

Figure 3.2(c) shows the mode-mixity of the interface failure process at each position
(Xpos) along the length of the film, with Xpos/L = 0 corresponding to the free edge and
Xpos/L = 1 corresponding to the symmetry plane in Fig. 2.1. The mode-mixity at a point is
defined as ψ = tan−1(Γs/Γn), where Γs is the shear work of separation (i.e. the area under
the Tt−wt curve) and Γn is the normal work of separation (the area under the Tn−wn curve).
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Figure 3.4: (a) Snapshots of work of separation (Γ/Γ0) along the interface at various eigen-
strain levels during the loading. (b) Evolution of normalized crack length W/L as a function
of eigenstrain for different values of δn/L.

Here, we employed a non-standard definition of mode-mixity as we are only interested in the
relative behaviour of the system but not in the exact values of the mode-mixity at the crack-
tip. It can be observed that the failure is predominantly mode-I (ψ = 0) near the initial crack
tip and becomes more mode-II (ψ = 90◦) as the crack advances towards the free edge. The
failure process becomes more mode-II when the thickness of the film decreases. Note that
the mode-mixity ψ decreases again when the crack approaches the free edge, being a direct
consequence of the different constraint imposed by the free edge on the crack tip. Figure 3.3
shows the normalized traction-separation curves at two different points (A and B) along the
length of the film for the reference case (t/L = 3 × 10−3). Clearly, the fracture process
is of mixed-mode with Γs ≈ 0.7 Γn at the initial crack tip (point A). At point B, the crack
size has become more than twice as large, corresponding to a failure mode that has become
mainly mode-II (see Fig. 3.3(b)). Note that the shape of the Tt vs wt curve is different at the
two locations, which is a direct consequence of the coupled nature of the cohesive law (see
Eqs. 2.15 and 2.16).

Figure 3.4(a) shows the normalized total work of separation along the length of the film
at the end of eigenstrain loading (ε∗ = 1%). The total work of separation (Γ = Γs +
Γn) is normalized by the interface toughness (Γ0 = Φn = σmaxδn exp(1.0)). Clearly, the
interface at a point along the film is completely failed when Γ/Γ0 = 1 (this criterion is used
in Fig. 3.2(b) to calculate the current crack length W ). It is known that for many systems
the interface toughness increases with an increase in the mode-II component of delamination.
This effect is mainly due to the presence of a plastic zone near the crack tip in case of ductile
materials [Tvergaard and Hutchinson, 1993]. In this thesis, we assume the film to remain
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elastic and the substrate to be rigid and hence assume the interface toughness to be mode-
independent. Figure 3.4(a) shows snap-shots of the normalized work of separation along the
length of the film at various eigenstrains. At 0.2% eigenstrain, no failure has occurred yet
(Γ/Γ0 < 1), but the interface has started to open at the initial crack-tip as well as at the free
edge. The nature of these two failure processes is different i.e. at the free edge the interface is
loaded in pure shear due to the axial strains in the film causing the film to fail in pure mode-
II. At the initial crack-tip, however, there is a large mode-I contribution due to the buckling
process. A sudden increase in crack length can be observed after the onset of failure of the
interface for a small increase in eigenstrain (going from 0.2% to 0.5%). However, as the
crack reaches the free edge, the driving force for crack extension decreases and hence, more
eigenstrain is needed to raise the energy release rate to accomplish further cracking. This
decreased crack growth rate with increasing eigenstrain was also observed in Fig. 3.2(b).
Figure 3.4(b) shows the effect of δn/L on the normalized crack length W/L as a function of
eigenstrain ε∗. In contrast to the effect of t/L, the critical buckling strain is the same for all
cases (since t/W0 is unchanged). However, the strain at which cracking starts, the failure
strain ε∗f , increases with δn/L. This is effectively due to an increase in the fracture toughness,
postponing the instant at which the energy release rate has become sufficiently large to initiate
cracking (see also section 3.2.1). We have also investigated the effect of σmax/E, showing
a similar response as in Fig. 3.4(b), i.e. an increasing failure strain with increasing σmax/E.
The mode-mixity was observed to decrease with decreasing σmax/E and δn/L, but with a
much smaller magnitude as was observed for t/L (see Fig. 3.2(c)).

3.2.1 Discussion
In this section, we will discuss the trends observed in the previous section. When the film
is loaded by eigenstrain, an equi-bi-axial stress state σxx = σzz = −σ∗ = −Eε∗/(1 − ν)
develops in the film. In the limit of an infinitely strong interface (see Fig. 2.1), buckling starts
when this stress reaches the buckling stress

σc =
π2

12

E

1− ν2

(
t

W0

)2

, (3.2)

or similarly, when the eigenstrain ε∗ reaches the buckling strain

ε∗c =
σc(1− ν)

E
=

π2

12(1 + ν)

(
t

W0

)2

. (3.3)

The interface delamination caused by the buckling process has been analyzed by Hutchinson
and Suo [1992] and is known as the straight-sided blister problem. The blister can be consid-
ered to be a film modelled as a wide Euler-column of length W0 fully clamped at its edges.
The solution of the boundary value problem for the buckled-up shape of the Euler-column
assuming von-Karman nonlinear plate theory yields the amplitude of the buckling deflection
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ξ = H/t, as a function of σ∗/σc = ε∗/ε∗c ,

ξ =

√[
4

3

(
ε∗

ε∗c
− 1

)]
. (3.4)

Clearly, the eigenstrain ε∗ in the film must exceed ε∗c for the film to buckle away from the
substrate for a given initial crack length W0. As the film buckles up, the crack tip at the
interface between the film and the substrate gets loaded which is reflected in an increased
strain energy release rate. The strain energy release rate (in short ‘SERR’) can be written in
terms of ε∗ and ε∗c as

G =
(1 + ν)

(1− ν)

Et

2
(ε∗ − ε∗c ) (ε∗ + 3ε∗c ) . (3.5)

The mode-mixity at the crack tip is a measure of the relative contribution of mode-II loading
to mode-I loading of the crack tip and is given by

tanψ =
4 cosω +

√
3ξ sinω

−4 sinω +
√

3ξ cosω
, (3.6)

where the parameter ω is a function of the Dundurs’ parameters describing the elastic mis-
match between the film and the substrate and the ratio between the thickness of the film and
that of the substrate. For the case of a thick and rigid substrate, it follows that ω = 45◦ [Suo
and Hutchinson, 1990]. Clearly, for ε∗ = ε∗c , we have ξ = 0 corresponding to mixed-mode
cracking, while for increasing ε∗/ε∗c , the crack opens up (i.e. ξ increases) and the contribution
of mode-II becomes more dominant.

Now we investigate what happens at the instant the crack starts to propagate, i.e. when
the strain energy release rate G at the crack tip equals the interface toughness Γ0:

G =
(1 + ν)

(1− ν)

Et

2
(ε∗ − ε∗c ) (ε∗ + 3ε∗c ) = Γ0 = σmaxδn exp(1.0). (3.7)

Solving the above equation for ε∗ results in the failure strain ε∗f , which is given by

ε∗f = ε∗c

√4 +
288 exp(1.0) (1− ν2)

π4

σmax

E

δn

W0

(
W0

t

)5

− 1

 . (3.8)

We plot Eq. 3.8 for two different values of the thickness as a function of the normalized
interface toughness σmaxδn/EW0 in Fig. 3.5(a). It can be observed that only in the limit of
zero interface toughness, the interface fails at the buckling strain itself. The buckling strain
is smaller for a thin (i.e. floppy) film compared to a thick film. However, with increasing
interface toughness, the thinner film has to accumulate much more strain in order to increase
the strain energy release rate to such an extent that it can fail the interface, leading to a higher
failure strain. These results are indeed in correspondence with the simulation results shown
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Figure 3.5: (a) Analytical solution of failure strain (ε∗f ) for films of different thickness as
a function of (σmax/E)(δn/W0) conform Eq. 3.8. (b) Comparison of the ratio of failure
strain to buckling strain (ε∗f /ε

∗
c ) with the analytical solution. The solid line corresponds to

the analytical solution (Eq. 3.8), the data points (�) correspond to all the simulations of the
previous section and the dashed line is Eq. 3.8 with a prefactor 1.16.

in Fig. 3.2(a). Figure 3.5(a) also shows that for a given t/W0, the failure strain increases with
both δn/W0 and σmax/E, explaining the trends observed in the simulations. Along similar
lines, we can explore the mode-mixity at the moment of failure. From Eq. 3.4 it follows
that the opening of the crack at failure, ξf , increases with increasing ε∗f /ε

∗
c . Since the fail-

ure mode tends to mode-II for increasing ξ (see Eq. 3.6), Eq. 3.8 directly explains why the
mode-II dominance increases with (σmax/E)(δn/W0)(W0/t)

5. The fifth power of W0/t also
clarifies why the effect of t/L (for fixed W0/L) is much larger than that of σmax/E and δn/L
on the mode-mixity. We now proceed and plot all the data generated by the finite element
simulations (for different δn/L, σmax/E and t/L) as a function of the dimensionless quantity
(σmax/E)(δn/W0)(W0/t)

5 and compare the results with Eq. 3.8 (see Fig. 3.5(b)). The ana-
lytical results are only valid for an infinitely sharp crack-tip, which corresponds to small val-
ues of (σmax/E)(δn/W0)(W0/t)

5, representative of a very brittle interface. Indeed, for this
range our simulations are in excellent agreement with Eq. 3.8 (see the inset of Fig. 3.5(b)).
For larger values of the dimensionless parameter, the interface becomes more ductile, leading
to a modest blunting of the crack-tip. As a result, more eigenstrain is needed to initiate failure
leading to larger values of ε∗f /ε

∗
c . In this range the data points still follow Eq. 3.8 but with a

prefactor of 1.16 (dashed line in Fig. 3.5(b)).
Once the interface starts to fail, the crack grows and the film buckles up further being able

to release its eigenstrain. For a given crack lengthW , the heightH must satisfy the constraint
that the total contour length of the film is dictated by the eigenstrain released. From Eq. 3.3
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and 3.4 it follows that

ξ2 =

(
H

t

)2

∝
(
ε∗

ε∗c
− 1

)
=

1

ε∗c
(ε∗ − ε∗c ) ∝

(
W0

t

)2

(ε∗ − ε∗c ) , (3.9)

so that

H

W0
∝
√

(ε∗ − ε∗c ). (3.10)

Eq. 3.10 shows that the effect of the thickness of the film on H comes in through ε∗c only.
However, when ε∗ becomes much larger than ε∗c , the effect of ε∗c vanishes, leading to

H

W0
∝
√
ε∗, ∀ε∗ � ε∗c . (3.11)

Eq. 3.11 suggests that for strains much larger than the buckling strain (and fracture strain) the
height H is proportional to

√
ε∗ for a given (current) crack length W . Fig. 3.6 shows all the

data points from the simulations fitted by Eq. 3.11 with a pre-factor 1.35. The figure clearly
shows that the effect of film thickness is only present in the region where ε∗ is small and that
the effect starts to diminish as ε∗ increases much beyond ε∗c and ε∗f for each film thickness.
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3.3 Interface reduction (2-step process)
In this section, we present the results of film buckling through the interface reduction process.
The interface reduction process is essentially a 2-step process as depicted at the right hand
side of Fig. 3.1(b). In the first step, the film is loaded with eigenstrain, but the interface
strength is high enough so that no cracking occurs. Then, in the second step, the interface
toughness is reduced resulting in delamination.

We investigate the effect of the non-dimensional parameters t/L and ε∗ on the buckling
amplitude (H/L), crack length (W/L), work of separation (Γ/Γ0) and mode-mixity (ψ) as a
function of a reducing interface strength (σmax/E). Figures 3.7(a) and 3.7(b) show the effect
of the parameter t/L on the buckling amplitude H/L and crack length W/L during interface
reduction for strains of 1% and 2%. Prior to interface reduction, the film (constrained by a
very tough interface) is loaded by eigenstrain, causing the film to buckle in the unbonded
region (see Fig. 3.1). This gives rise to a small buckling amplitude H/L (being larger for
ε∗ = 2% compared to ε∗ = 1%), which is the starting point for the interface reduction
process. As the interface strength is reduced (note that σmax/E decreases to the right), at a
critical value of σmax/E the crack suddenly starts to grow, resulting in a sharp increase of
H/L and W/L∗. By comparing the results for the different strain values, it can be observed
that for ε∗ = 2% the crack advances at a larger σmax/E and almost instantaneously reaches
the free edge after which it more-or-less arrests. For the small strain value, ε∗ = 1%, the
interface strength has to be further decreased to initiate cracking. The sudden crack advance
is smaller, after which the interface strength has to be further decreased to induce further
cracking. Clearly, for ε∗ = 2% the stored strain energy for crack growth is larger, causing
the crack to advance sooner and at a larger rate. Similar observations can be made when the
results are compared for a given strain, but for different thicknesses. Also here the driving
force for cracking increases with an increase in film thickness.

Figure 3.7(c) shows the work of separation along the length of the film, normalized by an
arbitrary value of Γ0, taken here to be the interface toughness at the end of the interface re-
duction process. It can be seen that near the initial crack tip Γ is large and drops considerably
indicating that in the initial stages the crack advances slowly with decreasing σmax/E. Then
a plateau is reached during which cracking occurs over a large distance without much change
in σmax/E, resulting in a constant work of separation. This plateau region corresponds to the
instantaneous cracking event as also shown in Figs. 3.7(a) and 3.7(b). Note that also here
cracking develops from the free edge, which contributes to the relaxation of stress state near
the current crack tip, causing the crack to arrest when it approaches the free edge. By com-
paring the results for different strains and thicknesses, it can be seen from Fig. 3.7(c) that the
work of adhesion increases with strain and thickness for a given Xpos/L. This is consistent
with the results shown in Fig. 3.7(a) and 3.7(b), given the fact that δn/L is the same for all
cases studied.

Figure 3.7(d) shows the mode-mixity parameter ψ for each point along the film. As was
also the case for the 1-step process (cf. Fig. 3.2(c)), the mode-mixity ψ increases with crack
∗The crack length W is calculated by considering a point along the interface to be failed when the normal opening
wn is larger than 5δn.
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Figure 3.7: Effect of the film thickness on buckle-driven delamination by the 2-step process.
Results for the interface reduction step only are shown here. (a) Evolution of normalized
buckling amplitude H/L and (b) evolution of crack length W/L as a function of a reduc-
tion in normalized interface strength σmax/E for different values of t/L and eigenstrain. The
value of σmax/E is decreasing from left to right. The t/L values corresponds to 3 × 10−3

(solid line), 4 × 10−3 (dashed line), 5 × 10−3 (dash-dot line) and 6 × 10−3 (dotted line).
(c) Normalized work of separation Γ/Γ0 along the length of the film. The value of Γ0 corre-
sponds to the interface toughness of the system at the end of the interface reduction process.
(d) Mode-mixity along the film length. All the simulations are shown for the same set of
parameters (δn/L = 1.0 × 10−3, W0/L = 0.1) while changing the t/L for two eigenstrain
levels (1% and 2%). The result for t/L = 5× 10−3 is not shown in (c) for clarity.
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Figure 3.8: Normalized shear traction Tt/E as a function of normalized tangential opening
wt/δn at point A (a) and point B (b). Solid lines are the actual traction-separation paths and
dashed lines represent the traction-separation history for different σmax/E values.

growth and decreases with t/L. However, for all cases studied, the failure process has a much
larger mode-II component compared to the 1-step process. This is a direct consequence of
the eigenstrain loading step in the 2-step process, causing the pre-cracked region to buckle
without failure, resulting in a relatively large buckle height H at the start of the interface
reduction step, resulting in a pronounced mode-II loading of the crack tip. Clearly, with
increasing eigenstrain the mode-II component increases, which is consistent with Fig. 3.7(d).

It is insightful to see how the traction-separation trajectory differs at different positions
along the film. Figure 3.8 shows the traction separation trajectories for two points denoted
by A and B in Fig. 3.7(c) at a distance of 0.16L and 0.63L from the free edge, respectively.
Figures 3.8(a) and 3.8(b) show the normalized shear traction-shear opening trajectory during
failure for points A and B, respectively. The dark line shows the actual traction-separation
trajectory at the specified point. The dotted lines are the respective traction separation curves
corresponding to the interface opening history for each σmax at that point. The actual traction-
separation curve is the path traced by the interface point by hopping from one dotted curve
to the next dotted curve with lower σmax. This is indicated on Fig. 3.8(a) by the circles. By
comparing the results of point A with point B, it can be deduced that the failure at point B
occurs almost instantaneously as the actual traction-separation curves follow quite accurately
the opening profile of one specific σmax value. In contrast, the process at point A is more
gradual and develops over a large reduction of σmax. The results for the normal traction
show a similar behaviour (not shown), although their values are much lower than the shear
components due to the dominance of mode-II (see Fig. 3.7(d)).
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Figure 3.9: Comparison of the 1-step and 2-step process at the onset of the failure of the
interface. For both the cases, the film length L = 10.0 µm, t = 20 nm, δn = 5 nm, E = 3 GPa
and ν = 0.3 are used. (a) Normalized buckling amplitude H/L as a function of eigenstrain
ε∗ during the 1-step process. (b) Normalized buckling amplitude as a function of ε∗σmax/E
during the 2-step process.

3.3.1 Comparison with the 1-step process
In the previous sections the response of the two processes (1-step and 2-step) has been studied
independently as a function of the relevant dimensionless parameters. In this section, we will
critically compare the two processes for one specific set of (tuned) parameters. We take a
system with the following parameters: L = 10 µm, t = 20 nm, δn = 5 nm, E = 3 GPa, ν = 0.3.
We first study the 1-step process. For this we take a weak interface (σmax = 50 kPa) and
load the film with eigenstrain. Figure 3.9(a) shows that at a very small strain (ε∗c = 0.02%)
the film buckles up. When ε∗ increases, the height and, accordingly, also the strain energy
release rate G increases, until it reaches the fracture toughness Γ and interface cracking starts
(at ε∗f = 0.4%), reflected by a sharp increase in H/L. In a second simulation, we take the
same film and study the 2-step process. For this we use a higher initial interface strength
(σinit

max = 5.0 MPa) and load it with 0.4% eigenstrain, being the failure strain in the previous
1-step system. We now plot the normalized height H/L as a function of the dimensionless
load parameter ε∗σmax/E, allowing us to show both the eigenstrain loading step as well as the
interface reduction step in one figure. During the eigenstrain loading step, the film buckles
and moves up similar to Fig. 3.9(a), but now it will not show cracking at a strain of 0.4%, due
to the enhanced fracture strength σmax. Next, we start to reduce the interface strength σmax.
Now ε∗ = 0.4% is fixed, but the parameter ε∗σmax/E reduces due to a reduction in σmax. It
can be observed that the interface failure starts at a value of 0.067 × 10−6 of the parameter
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Figure 3.10: (a) Comparison of the 1-step and 2-step processes. The normalized buckling
amplitudeH/L as a function of the load parameter ε∗σmax/E is shown on a semi-log scale for
better understanding of the mechanism of buckle-driven delamination in the system. Closed
symbols represent the 1-step process and open symbols represent the 2-step process. The
simulation is carried out with L = 10 µm, t = 20 nm, ε∗ = 1% and the interface strength is
taken to be 50.0 kPa for 1-step process and it is reduced from 50.0 MPa to 50.0 kPa in 2-step
process. (b) Comparison of normalized interface strength (σf

max) at the onset of failure during
the interface reduction process with the analytical solution (Eq. 3.8) for all the simulations
shown in this section and also for different δn/L values.

ε∗σmax/E as shown in the inset of Fig. 3.9(b), corresponding to an interface strength at failure
of σf

max ≈ 50.0 kPa, which is equal to the interface strength used for the 1-step process in
Fig. 3.9(a). Also note that the buckling amplitudeH/L is equal to the height at crack advance
in Fig. 3.9(a).

Next, we follow the 1-step and 2-step processes when the crack grows towards the free
edge. For this we use the load parameter of Fig. 3.9(b) on a log-scale so that both processes
can be shown in one figure (Fig. 3.10(a)). The curves with closed symbols are for the 1-step
process and with open symbols are for the 2-step process. In both cases a total strain of 1%
is applied. During the 1-step process (closed symbols), the film first buckles up, then fails
after which the height H increases to ≈ 0.11L. During this process the loading parameter
ε∗σmax/E monotonically increases. In the 2-step process (open symbols) first eigenstrain
is applied, making the film buckle without failure. Note that this happens at a different
value of the load parameter due to the difference in σmax/E (being much larger for the 2-
step process). In the interface reduction step of the 2-step process, the interface strength is
gradually reduced from its initial value (σinit

max = 50 MPa) to a smaller value (50.0 kPa) so
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that the loading parameter starts decreasing and reaches the same value as that at the end
of the 1-step process. During the interface reduction, the film starts failing and reaches the
same configuration as in the 1-step process at H/L ≈ 0.11. Clearly, the process of interface
delamination is path independent, i.e. both paths in Fig. 3.1(a) ultimately lead to the same
final buckled-up configuration.

In the 1-step process the energy release rate (see Eq. 3.5) is increased through ε∗ until the
fracture toughness Γ0 = σmaxδn exp(1.0) has been reached, leading to the equality shown in
Eq. 3.7. Solving for ε∗ yielded the failure strain ε∗f in Eq. 3.8. The 2-step process is different
in the sense that now the strain ε∗ is fixed and the interface toughness is gradually decreased
through σmax until it reaches the failure strength σf

max. We now adopt Eq. 3.8 and replace σmax
by σf

max and ε∗f by ε∗. Figure 3.10(b) shows all data points extracted from the simulations
performed (for different ε∗, t/L and δn/L), confronted against Eq. 3.8 with the same pre-
factor (1.16) as used for the 1-step process. The good agreement confirms that the 1-step and
2-step processes indeed show path independent behaviour for all cases analyzed at least until
the onset of failure. After the onset of failure at σf

max, the film delaminates and H and W
increases until the crack approaches the free edge. Similar to the 1-step process (Fig. 3.6),
the height H scales with the width W according to H = 1.35W

√
ε∗ (results not shown).

3.4 Drape-back process
In this section, we study the process of final channel formation by increasing the interface
strength after the buckling-up process is completed. So far in the analyses, we have used
a mixed-mode interfacial decohesion law. During drape-back we assume the nodal film-
substrate history to be lost and account only for a normal traction-separation relation (as
shown in Fig. 2.3(a)) between the film and the substrate. This allows material points along
the film to drape back to a different position as that occupied in the initial, fully bonded
state. Moreover, we start from an initially stress-free configuration and constrain the last
(left) node that is still bonded to the substrate. To verify this assumption we carried out a full
buckling-up and draping back simulation (assuming normal traction-separation relation) for
two thicknesses and compare the drape-back behaviour with that starting from a stress-free
configuration. The error in the height H and width W was found not to exceed 10% at any
instant during drape back.

We will first study the effect of eigenstrain on draping back. For this, we carried out
three buckling-up simulations with the 1-step process for ε∗ = 1, 2 and 4% and parameters
corresponding to Fig. 3.2. For these strain values the film has almost completely delaminated
during the buckling-delamination stage with W/L values that are more-or-less similar (W/L
= 0.72, 0.85, 0.9 for ε∗ = 1%, 2% and 4%, respectively). There is a small deviation in W/L
values at the beginning of the drape-back process with that of the buckled-up configuration in
the 1-step process. This is due to the consideration of a perfectly bonded un-cracked ligament
at the free-edge at the beginning of the drape-back process which results in a small numerical
error in the calculation of initial crack length for the drape back process. The corresponding
values for H/L before draping back are rather different due to the different strain values
(H = 1.35W

√
ε∗, conform Fig. 3.6).
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Figure 3.11: Evolution of normalized (a) channel height H/L and (b) channel width W/L as
a function of σmax/E for different values of eigenstrain. The results are shown for t/L =
3× 10−3 and δn/L = 5× 10−4.

Figure 3.11 shows the normalized channel height H/L and width W/L as a function of
increasing σmax/E. When the interface strength is increased, the films start to drape back
fast over a rather small range of σmax/E after which the channel profile quickly converges to
its final configuration. The width W decreases by one order of magnitude, while the height
decreases roughly by a factor of two. The final width W is almost the same for all strains,
while the different eigenstrain values are clearly reflected in the final height of the channels.
We have also studied the effect of δn/L (δn/L = 2.5×10−4, 5×10−4 and 10×10−4, results
not shown). This parameter affects both the buckling-up profile as well as the draping back
process. For a given interface strength σmax, the film reaches a larger height and width during
buckling-up for smaller δn/L due to a smaller interface toughness Γ0 = σmaxδn exp(1.0) (see
Fig. 3.4(b)). Similarly, smaller channel dimensions can be reached for a given σmax/E due to
a larger cohesive interface energy during drape back for larger δn/L.

Next, we analyze how the final channel dimensions depend on the film thickness as also
studied by Edmondson et al. [2006]. We plot the final channel height and width as a function
of t/L for ε∗ = 1% and for different values of the interface strength σmax/E in Fig. 3.12.
A realistic value for the interface energy is hard to obtain from experiments and is therefore
left as a free parameter in our numerical analysis. Figure 3.12 shows that W/L scales lin-
early with thickness and that both H and W depends rather strongly on the interface strength
especially for thick films. These results can be compared to the experimental results of Ed-
mondson et al. [2006] in which also a linear relation between W/L and t/L was shown to
exist. For a similar range of t/L and W/L as in the experiments the cohesive energy was
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Figure 3.12: (a) Normalized channel height H/L and (b) normalized channel width W/L as
a function of normalized film thickness t/L for an eigenstrain of 1% for different values of
σmax/E.

found to be on the order of 10 mJ/m2, which is typical for interfacial systems with self-
assembled monolayers [Israelachvili and Tabor, 1972; Zhuk et al., 1998]. The slopes of the
W/L versus t/L curves in the simulations are larger than in the experiment, which points
towards a size-dependent stiffness of the film as also observed by Wang et al. [2000].

The final width and height of the channels produced by the draping back mechanism are
determined by the balance between the interface energy of the film/substrate bonding and
the strain energy in the film [Edmondson et al., 2006]. When the strain energy stored in the
film equals the cohesive energy supplied by the interface, the draping back process stops. By
assuming that the strain energy is induced only through bending (neglecting the stretching
energy) this energy balance can be written as

Et3b

12(1− ν2)

∫ L

0

(
d2v

dx2

)2

dx = Γ0 (L−W )b, (3.12)

where b is the out-of-plane thickness (taken to be unity in this work), v is the vertical deflec-
tion, Γ0 = σmaxδn exp(1.0) the interface energy per unit area and L−W is the length of the
bonded region. By normalizing the length dimensions, we can write

Et3

12(1− ν2)L
Φ̄b = Γ0 (L−W ), (3.13)

where Φ̄b is the dimensionless bending energy. By substituting the expression for Γ0 it can
be deduced that the normalized channel width W/L depends on the dimensionless loading
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Figure 3.13: (a) Normalized channel height H/L and (b) normalized channel width W/L vs
the dimensionless loading parameter (3.14) for all the simulations carried out in this section.

parameter (σmax

E
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t

)3(
δn

L

)
. (3.14)

However, it should be noted that the dimensionless bending energy also depends on ε∗; the
larger ε∗, the larger the buckle height before draping back and thus, the larger the bending
energy needed to bond the film back to the substrate. As a result, the functional response of
the system can be written as(

H

L
,
W

L

)
= f

(
σmax

E

(
L

t

)3
δn

L
, ε∗

)
. (3.15)

Figure 3.13 showsH/L andW/L as a function of the dimensionless parameter (σmax/E)

(L/t)
3
(δn/L) for all simulations carried out in this section (Fig. 3.11). Also results of ε∗ =

1%, 2% and 4% for different thicknesses are added. Initially, the height and width are
different for different thickness, but during drape back all simulations fall on one curve in
accordance with Eq. 3.15. At small H and W , a deviation from the master curve can be
observed for two thicknesses for ε∗ = 1% (see arrows). This is caused by the fact that
at these dimensions and interface tractions, the channel geometry is affected by membrane
stretching, which was not included in the scaling arguments leading to Eq. 3.15. Since W/L
scales linearly with t/L for fixed δn/L, σmax/E and ε∗ (see Fig. 3.12(b)), it follows directly
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Figure 3.14: Evolution of the channel height to width ratio H/W during the entire process of
channel formation. The results for each eigenstrain contains different film thicknesses.

that W/L must be proportional to
(
σmax/E (L/t)

3
δn/L

)−1/3
. Indeed, it turns out that all

results shown in Fig. 3.13(b) can be fitted by the function

W/L = 1.41
√
ε∗
t

L

(
σmaxδn

EL

)−1/3
, (3.16)

plotted on Fig. 3.13(b) by dashed lines. This relation nicely summarizes all trends ob-
served during drape-back. It was found that H/L depends on the dimensionless parameter
σmax/E (L/t)

3
δn/L through

H/L = g(ε∗)

(
σmax

E

(
L

t

)3
δn

L

)−1/5
(3.17)

with g(ε∗) a strain-dependent constant (g = 0.19, 0.27, 0.37 for ε∗ = 1%, 2% and 4%, respec-
tively, see Fig. 3.13(a)).

It is also insightful to investigate how the aspect ratio of the channel changes during
buckling-up and drape back. Figure 3.14 combines the results of the buckling-up process,
H/W = 1.35

√
ε∗, with the results of the drape back process (H andW depicted in Fig. 3.13

are represented by Eqs. 3.16 and 3.17). For clarity, we plot the buckled-up aspect ratio as a
function of normalized strain ε̄∗ = ε∗/ε∗final, with ε∗final = 1%, 2% and 4%. Clearly, for the
strain-range studied, the aspect ratio of the channel increases during buckling-up (to 0.1-0.3,
approximately) and continues to increase during drape back (to 0.5-0.7).
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3.5 Summary
A two-dimensional geometrically non-linear finite element model to describe the mechanics
of channel formation has been developed. To account for the actual physical mechanisms of
the experimental setup, the model allows for a gradual reduction of the interface toughness. A
dimensional analysis of the system parameters resulted in five independent non-dimensional
numbers t/L, δn/L, ε

∗, σmax/E and W0/L on which the response of the system (in terms
ofH/L andW/L) depends. The buckling-up process has been simulated in two ways: by the
classical process of buckle-driven delamination (a 1-step process) and by interface-reduction
(a 2-step process). For both processes we studied the influence of the dimensionless num-
bers. For the 1-step process, the failure process is of mixed-mode at the initial crack-tip
and becomes more mode-II when the crack grows and opens up. For the 2-step process the
mode-mixity is predominantly mode-II, even at the initial crack tip, due to the relatively high
buckling amplitude at the instant of failure. The nature of crack initiation in the two processes
is very different. In the 1-step process, the interface toughness is constant and the crack-tip
driving force is increased, while in the 2-step process, the crack-tip driving force is constant
and the interface toughness is decreased. This results in a traction-separation curve that is
very different in nature for the two processes (compare Figs. 3.3 and 3.8). We compared the
two processes and found that the buckling process is path-independent, resulting in a simi-
lar onset of delamination as well as an identical buckled-up configuration. By equating the
strain energy release rate of the straight-sided blister problem to the fracture toughness, it
could be deduced that for both processes the eigenstrain and interface strength at failure can
be uniquely related by Eq. 3.8, identifying

σmaxδn

EW0

(
W0

t

)5

and
(
W0

t

)2

to be the characteristic dimensionless parameters (see Figs. 3.5(b) and 3.10(b)). The fifth
power dependence also explains the much stronger dependence of the mode-mixity on the
normalized thickness t/L compared to σmax/E and δn/L. For large eigenstrain (ε∗ >> ε∗f )
the ratio H/W follows a square root dependence, H/W = 1.35

√
ε∗, i.e. independent of

the interface and film properties during the buckling-up stage (Fig. 3.6).
During drape back we start from a stress-free representation of the buckled-up configura-

tion as predicted by the two buckling processes (1- and 2-step). The results predict a linear
dependence ofW/L on t/L, in accordance with experiments. For typical channel dimensions
the interface energy was found to be in the range of 10 mJ/m2, characteristic for interfacial
systems with self-assembled monolayers [Israelachvili and Tabor, 1972; Zhuk et al., 1998].
By equating the bending strain energy in the film to the cohesive interface energy, it was
found that the final channel dimensions H/L and W/L uniquely depend on the dimension-
less parameters

σmax

E

δn

L

(
L

t

)3

and ε∗.

The channel dimensions H and W decrease with the former and increase with the latter; a
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larger normalized interface energy σmaxδn/EL or a smaller bending stiffness (t/L)3 leads to
smaller channels, while a larger ε∗ means more “skin” to drape back, resulting in larger “blis-
ters”. Finally, the aspect ratio H/W increases with

√
ε∗ during buckling up and continues to

increase during drape back.




