
 

 

 University of Groningen

Superconformal inflationary α-attractors
Kallosh, Renata; Linde, Andrei; Roest, Diederik

Published in:
Journal of High Energy Physics

DOI:
10.1007/JHEP11(2013)198

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2013

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Kallosh, R., Linde, A., & Roest, D. (2013). Superconformal inflationary α-attractors. Journal of High Energy
Physics, (11), 198-0-198-12. https://doi.org/10.1007/JHEP11(2013)198

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://doi.org/10.1007/JHEP11(2013)198
https://research.rug.nl/en/publications/7979c840-6b6d-437b-a323-5d4c383fd5d9
https://doi.org/10.1007/JHEP11(2013)198


J
H
E
P
1
1
(
2
0
1
3
)
1
9
8

Published for SISSA by Springer

Received: November 15, 2013

Accepted: November 18, 2013

Published: November 27, 2013

Superconformal inflationary α-attractors

Renata Kallosh, Andrei Linde and Diederik Roest

Department of Physics and SITP, Stanford University,

Stanford, California 94305, U.S.A.

Centre for Theoretical Physics, University of Groningen,

Nijenborgh 4, 9747 AG Groningen, The Netherlands

E-mail: kallosh@stanford.edu, alinde@stanford.edu, d.roest@rug.nl

Abstract: Recently a broad class of superconformal inflationary models was found leading

to a universal observational prediction ns = 1 − 2
N and r = 12

N2 [1, 2]. Here we generalize

this class of models by introducing a parameter α inversely proportional to the curvature

of the inflaton Kähler manifold. In the small curvature (large α) limit, the observational

predictions of this class of models coincide with the predictions of generic chaotic inflation

models. However, for sufficiently large curvature (small α), the predictions converge to the

universal attractor regime with ns = 1 − 2
N and r = α 12

N2 , which corresponds to the part

of the ns − r plane favored by the Planck data.
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1 Introduction

For a long time, it seemed rather difficult to realize generic chaotic inflation models [3]

in the context of supergravity. This problem was solved back in 2000 for the simplest

theory m2φ2 in [4]. Since that time, we learned how to implement chaotic inflation with

practically any desirable potential in supergravity with chiral matter multiplets [5, 6] as well

as in supergravity with vector and tensor multiplets [7]. This allows to provide a consistent

supergravity interpretation of any possible set of the observational parameters ns and r.

Now that we have the freedom of choice, it is especially interesting to identify the models

which could provide the most natural description of the available observational data.

In this paper we will continue our recent investigation [1, 2, 7–11] of a large family of

different inflationary theories which lead to identical observational predictions in the limit

of large number of e-folds N :

ns = 1− 2

N
, r =

12

N2
. (1.1)

These values correspond to the central part of the area in the ns − r plane favored by

WMAP9 [12] and Planck 2013 [13, 14]. The models with ns and r given by (1.1) include

the Starobinsky model R + R2 [15–17], the chaotic inflation model λφ4 with non-minimal

coupling to gravity ξ
2φ

2R [18–23] for ξ & 0.1, as well as a large set of various conformal,

superconformal, and supergravity generalizations of these models, see [1, 2, 7–11, 24–26].

In particular, the prediction (1.1) is a nearly universal feature of a very broad class of

different models with spontaneously broken conformal or superconformal invariance found

in [1, 2]. These models were generalized in [10] to the models with arbitrary negative non-

minimal coupling to gravity ξ
2φ

2R, ξ < 0. Predictions of this class of models continuously

interpolate between the standard predictions of the chaotic inflation scenario with various

potentials V (φ) and ξ = 0 [3], and the attractor point (1.1).

– 1 –
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Recently we considered models with a large family of potentials V (φ) and introduced

a generalized version of non-minimal coupling to gravity, such as ξ
√

V (φ)R, or ξφR [11].

For small ξ, these models have the same predictions as the usual inflation models with

minimal coupling to gravity, but in the large ξ limit their predictions converge to (1.1).

The inflaton potential of the canonically normalized inflaton field ϕ in all models

yielding the universal result (1.1) can be represented as

V (ϕ) = V0

(

1− e
−
√

2

3
ϕ
+ . . .

)

(1.2)

in the limit ϕ → ∞. More general potentials V0(1 − e−bϕ + . . .) have been considered

in many inflationary theories, starting from [27], with different values of the parameter

b. However, in the context of the cosmological attractors discussed so far, the constant b

was always equal
√

2/3. In this paper we will consider two classes of supergravity models,

where the potentials at large values of the inflaton field ϕ are given by

V (ϕ) = V0

(

1− e
−
√

2

3α
ϕ
+ . . .

)

. (1.3)

A striking feature is that the new parameter α in both classes of models is related in the

same way to the Kähler curvature RK of the inflaton’s scalar manifold: RK = − 2
3α . The

scalar curvature thus that plays a crucial role in the generalized attractors that we put

forward in this paper.

One of such models is an SU(1,1)
U(1) α-β model found in [7] in a particular version of

supergravity where the inflaton field is a part of a vector multiplet rather than a chiral

multiplet. The potential of the model is

V ∼
(

β − αe
−
√

2

3α
ϕ
)2

. (1.4)

The values of ns and r for this model do not depend on β and in the limit of large N and

small α are given by

ns = 1− 2

N
, r = α

12

N2
. (1.5)

In section 2 of this paper we analyze observational consequences of this model for generic

values of α > 0 and find that in the large α (small curvature) limit, the observational

predictions for ns and r of this class of models coincide with the predictions of the simplest

chaotic inflation model with a quadratic potential, which are given by

ns = 1− 2

N
, r =

8

N
, (1.6)

for large N . The cosmological predictions of this theory continuously interpolate be-

tween (1.5) and (1.6), i.e. between the different 1/N universality classes identified in [28, 29].

Note that the parameter α in this model can be much greater than 1, or it can be arbitrarily

small, which leads to a very broad range of possible values of the tensor to scalar ratio r,

see figure 1 in section 2.
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The main aim of this paper is to find a generic set of models which have an attractor

regime (1.5) at large N . In sections 3–5 we will present a set of supergravities containing

chiral superfields leading to this behavior, that we will refer to as α-attractors. The new

models generalize the class of superconformal inflationary models found in [1, 2]. The po-

tential of the inflaton field in the new class of models is an arbitrary function f2
(

tanh ϕ√
6α

)

.

An interesting feature of the α-attractors is that the relation between the geometric field

Φ and the canonically defined field ϕ reads

Φ√
3
= tanh

ϕ√
6α

. (1.7)

This is fully analogous to the relation between velocity v and rapidity θ in special rel-

ativity, v
c = tanh θ. The geometric non-canonical field |Φ| <

√
3 has a limited range,

analogous to velocity bound v < c; in contrast, the rapidity and the canonical field ϕ have

an unlimited range.

The role of the new parameter α, corresponding to the inverse curvature of the scalar

manifold, is to regulate the relation between velocity and rapidity. When it increases above

α = 1, the difference is diminished and there is a gradual transition from tanh ϕ√
6α

to ϕ√
6α
.

As this happens, r grows and the predictions of the model move away from the ‘sweet spot’

of the Planck data. In contrast, when α decreases below α = 1, the difference between

rapidity and velocity becomes more pronounced. In this limit, r moves below the value
12
N2 (1.1) and approaches the bottom of the Planck-favored region. As a result, predictions

of the new set of models continuously interpolate between the standard predictions of

the chaotic inflation scenario with various potentials V (ϕ) [3], and the universal attractor

regime (1.5), see figure 2 in section 5.

The outline of this paper is as follows. In the next section we analyze the predictions

of the α − β model. In section 3 we review the broad class of α = 1 superconformal

models of [1, 2]. These models are generalized to arbitrary α in section 4, and the resulting

observational predictions are derived in section 5. We end with our conclusions in section 6.

2 Phenomenology of the α − β model

In this section we will study the α − β model with the potential (1.4) [7], which can be

represented as

V = V0

(

1− e
−
√

2

3α
ϕ
)2

(2.1)

without loss of generality: this potential differs from (1.4) only by the overall normalization

V0 and by a shift of the field ϕ. This theory can be described in the context of supergravity

with vector or tensor multiplets [7], but, as we are going to show later, it can be also

implemented in the theory with chiral multiplets. For α = 1, the potential (2.1) coincides

with the potential of the Starobinsky model [15–17] in the scalar field representation [30].

Meanwhile in the large α limit it coincides with the simplest chaotic inflation model with

– 3 –
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Figure 1. The cosmological observables ns and r for the theory with a potential V0

(

1−e−
√

2

3α
ϕ
)2

for N = 60. As shown by the thick blue line, ns and r for this model depend on α and continuously

interpolate between the prediction of the simplest chaotic inflationary model with V ∼ ϕ2 for

α → ∞, the prediction of the Starobinsky model for α = 1 (the lowest red circle), and the prediction

ns = 1− 2

N
, r = 0 for α → 0. The red dots on the thick blue line correspond to α = 103, 102, 10, 1,

from the top down.

a quadratic potential. Indeed, for
√

2
3αϕ ≪ 1, one has

V = V0

(

1− e
−
√

2

3α
ϕ
)2

=
m2

2
ϕ2 . (2.2)

where m2 = 4V0

3α .

This approximation is valid for ϕ ≪
√

3α
2 . Note that in the purely quadratic chaotic

inflation model one has N = ϕ2/4. Therefore one can self-consistently describe inflation

in the quadratic approximation (2.2) for α ≫ 8N/3, which yields the constraint α ≫ 160

for N = 60. In the large N limit, in the quadratic approximation one has the same value

of ns = 1− 2
N as in (1.1), but the value of r is much higher, r = 8

N .

By continuously decreasing α from ∞ to 0, one can cover the full range of possible

values of r from r = 8
N to r = 0. The last part of this trajectory, when α is of order one or

smaller, proceeds along the attractor regime (1.5). The results of a numerical investigation

of the parameters ns and r in this model are represented by a thick blue line in figure 1.

3 Superconformal attractors for α = 1

In this section we will describe superconformal realizations of the α = 1 attractor models,

following [1, 2]. In the next sections we will generalize these models for arbitrary α and

study their observational consequences.

– 4 –
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We will consider 3 chiral supermultiplets: a conformon X0, an inflaton X1 = Φ and a

sGoldstino X2 = S. The models are defined by two arbitrary functions of these superfields.

The first function is a Kähler potential of the embedding manifold N (X, X̄). It is real and

has a Weyl weight 2. The second one represents a superpotential W(X). It is holomorphic

and has a Weyl weight 3. The Lagrangian in terms of these functions is

L =
√−g

[

−1
6N (X, X̄)R−GIJ̄DµXIDµX̄

J̄ −GIJ̄WIW̄J̄

]

, (3.1)

with I, Ī = {0, 1, 2}.
The models studied in [1, 2] have

N
(

X, X̄
)

= −
∣

∣X0
∣

∣

2
+
∣

∣X1
∣

∣

2
+ |S|2 . (3.2)

This Kähler potential has a manifest SU(1, 1) symmetry between the conformon and the

inflaton, amongst others. The superconformal superpotential in [1, 2] was taken in the form

W = Sf(X1/X0)
[

(X0)2 − (X1)2
]

. (3.3)

For f = const the superpotential preserves the SO(1, 1) subgroup of the SU(1, 1) symmetry

of the Kähler potential. However, the deviation of f from a constant breaks this remaining

symmetry. The inflationary model, upon stabilization of the extra moduli, is given by

L =
√−g

[

1

2
R− 1

2
(∂ϕ)2 − f2

(

tanh
ϕ√
6

)]

. (3.4)

For a very broad class of non-singular functions f(z) with z = X1/X0, which have a

zero at some point z and increase monotonically when z grows up to z = 1, one finds

the universal prediction (1.1) in the large N limit. In particular, for the simplest set of

functions f(z) = λzn, one has

V = f2

(

tanh
ϕ√
6

)

= λ2 tanh2n
ϕ√
6
. (3.5)

In this case expressions for ns and r including higher order corrections in 1/N look as

follows [29]:

ns = 1− 2

N
+

√

3(4n2 + 3)− 3n

2nN2
+ . . . , r =

12

N2
− 6

√

3(4n2 + 3)

nN3
+ . . . . (3.6)

This underlines the attractor nature in the large-N limit: all models have identical leading

terms and only differ in subleading corrections.

4 A general family of α-attractors

We now turn to the generalization of these superconformal models, leading to a family of

α-attractors. The superconformal Kähler potential is now given by

N (X, X̄) = −|X0|2
[

1− |X1|2 + |S|2
|X0|2

]α

. (4.1)

– 5 –
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Note that the Kähler potential only preserves the manifest SU(1, 1) symmetry between X0

and X1 for the special value α = 1. The superconformal superpotential reads

W = S(X0)2f(X1/X0)

[

1− (X1)2

(X0)2

](3α−1)/2

. (4.2)

The superpotential with a constant f and α = 1 preserves the SO(1, 1) symmetry, the

subgroup of SU(1, 1). However, when either f is not constant, or α 6= 1, the SO(1, 1)

symmetry is deformed.

In order to extract a Poincaré supergravity we gauge fix the conformal symmetry by

setting X0 = X̄0 =
√
3. The Kähler and superpotential are then given by

K = −3α log

[

1− SS̄ +ΦΦ̄

3

]

, W = Sf(Φ/
√
3)(3− Φ2)(3α−1)/2 . (4.3)

Note that the conformal factor in the superpotential vanishes when α = 1/3; this was

exploited in a similar model with a specific choice of a linear function f [31]. For any real

functions f , the model above allows for a truncation to a one-field model via S = Φ− Φ̄ =

0; the stability of this truncation will be discussed below. The effective Lagrangian at

S = Φ− Φ̄ = 0 is

L =
√−g

[

1

2
R− α

(1− Φ2/3)2
(∂Φ)2 − f2(Φ/

√
3)

]

. (4.4)

Therefore the action is greatly simplified for real Φ. As in [1, 2] we find a simple relation

between the geometric field Φ and a canonical one ϕ: it is the rapidity-like relation given

in (1.7). The action for a canonical field ϕ has an effective Lagrangian

L =
√−g

[

1

2
R− 1

2
(∂ϕ)2 − f2

(

tanh
ϕ√
6α

)]

. (4.5)

At f = const the potential of this model does not depend on ϕ and α and describes de

Sitter vacuum.

In order to understand the role of the α parameter, we note that all α-models during in-

flation at S = 0 are defined by the SU(1, 1)/U(1) Kähler potential of the inflaton multiplet

K = −3α log

(

1− ΦΦ̄

3

)

. (4.6)

This leads to kinetic terms of the form

KΦΦ̄∂Φ∂Φ̄ =
α

(

1− ΦΦ̄
3

)2∂Φ∂Φ̄ . (4.7)

This Kähler metric gΦΦ̄ = KΦΦ̄ corresponds to an SU(1, 1)/U(1) symmetric space with the

constant curvature:

RK = −g−1
ΦΦ̄

∂Φ∂Φ̄ log gΦΦ̄ , (4.8)

– 6 –
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given by (1). The same relation was found in the context of the supersymmetric α-β

model in [7]. Here we notice that all α-attractors of this paper with an arbitrary function

f
(

tanh ϕ√
6α

)

have a universal interpretation of the parameter α,

α = − 2

3RK
, (4.9)

in terms of the SU(1, 1)/U(1) symmetric space with the negative constant curvature RK

in this class of models.

Finally, we address the stability of the truncation to the single-field model. To this

end we add a stabilisation term to our original superconformal Kähler potential,

N (X, X̄) = −|X0|2
[

1− |X1|2 + |S|2
|X0|2 + 3g

|S|4
|X0|2(|X0|2 − |X1|2)

]α

. (4.10)

The original four scalar fields have the following masses at the inflationary trajectory

S = Φ− Φ̄ = 0:

m2
Re(Φ) = ηϕV , m2

Im(Φ) =

(

2− 2

3α
+ 2ǫϕ − ηϕ

)

V , m2
S =

(

12g − 2

3α
+ ǫϕ

)

V , (4.11)

where ǫϕ and ηϕ are the slow-roll parameters of the effective single-field model (4.5). In or-

der to achieve stability up to slow-roll suppressed corrections, the second equation requires

α > 1/3 for stabilisation of the inflationary trajectory, and the latter requires g > 1/6.

5 Phenomenology of the α-attractors

In sections 3 and 4 we studied superconformal α-models. For the cases where f(Φ/3) is a

holomorphic function, and the inflationary trajectory S = Φ−Φ̄ = 0 is stable, investigation

of inflation is reduced to the study of a theory describing a single canonically normalized

field ϕ with the Lagrangian (4.5).

From a phenomenological point of view, one may also consider the purely bosonic

theory (4.5) on its own ground, and study its implications for a certain choice of functions

and parameters α. We may subsequently restrict ourself to the choice of the functions and

parameters consistent with the superconformal origin of the theory.

The simplest class of models (4.5) has a potential involving a monomial

V = tanh2n
(

ϕ/
√
6α

)

. (5.1)

These give rise to inflation for all values of α; the nature of this process will change,

however, as α is decreased. In particular, in the slow roll approximation the cosmological

observables are given by the following expressions

r(α, n,N) =
12α

N2 + N
2ng(α, n) +

3
4α

, (5.2)

ns(α, n,N) =
1− 2

N − 3α
4N2 + 1

2nN

(

1− 1
N

)

g(α, n)

1 + 1
2nN g(α, n) + 3α

4N2

, (5.3)

– 7 –
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where

g(α, n) ≡
√

3α(4n2 + 3α) . (5.4)

These expressions are exact modulo the assumption that inflation ends when ǫ = 1. One

can check that this violation of the slow-roll conditions occurs first, for all models with

α > 1/3 (provided n ≥ 1/2) which is what we will concentrate on for the moment. This

restriction on α follows from the stability analysis of the previous section, and we will find

that it coincides with the observationally most interesting region.

We will first analyze the above expression for large α. In the limit α → ∞ one has

ns = 1− 2n+ 2

2N + n
, r =

16n

2N + n
, (5.5)

which coincide with the corresponding expressions for the theory V (ϕ) ∼ ϕ2n. We therefore

recover from all models of the type tanh2n
(

ϕ/
√
6α

)

the corresponding chaotic monomial

models ϕ2n. This was expected from the relation between velocity and rapidity, as explained

near (1.7). One can see there that at large α rapidity coincides with velocity.

Secondly, for all α ≫ n2 we find

ns ≈ 1− 2

N
− n− 1

8n
r , r ≈ 24nα

N(2nN + 3α)
, (5.6)

where we have moreover used that n ≪ N . Note that for n2 ≪ α ≪ nN , r grows linearly

with the growth of α, until it reaches its limiting value r ≈ 8n
N . Meanwhile the parameter

ns linearly depends on r for all α ≫ n2. This gives rise to the interpolation behavior as is

shown in figure 2: the linear trajectories directly interpolate between the chaotic inflation

models ϕ2n at large α and the universal attractor at small α.

We now turn to the small α behavior close to the attractor, where α is of order one.

When expanding (5.3) in the large-N limit we find

ns ≈ 1− 2

N
+

√

3α(4n2 + 3α)− 3nα

2nN2
, r ≈ 12α

N2
− 6α

√

3α(4n2 + 3α)

nN3
. (5.7)

Note that the supersymmetric models (4.3) are stabilized at α > 1/3. We will therefore

look at the range of the attractor points near α = 1 where the value of r increases by the

order of magnitude:

1/3 < α < 3 , 10−3 < r < 10−2 . (5.8)

In this range one finds that the dependence on n is very small: all V = tanh2n
(

ϕ/
√
6α

)

models give approximately the same value of r(α) ≈ 12α
N2 and an n-independent value

of ns in the leading large-N approximation. Therefore, according to these models, the

expected level of gravity waves is flexible and uniquely defined by the curvature of the

Kähler manifold RK = − 2
3α for this range of parameters. However, this behavior occurs

only in a tiny part of the ns− r plane, covered by the red star. Soon after α exceeds 3, the

second non-universal term in (5.7) becomes important and the trajectories separate as in

a fan, covering a significant part of the dark blue area in the ns − r plane of figure 2.

Our numerical investigation was done for the simplest choice of the function

f
(

Φ/
√
3
)

∼ Φn. If one considers a more complicated function, e.g. f(Φ/
√
3) =

(

Φ
Φ+

√
3

)n
,

– 8 –
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Figure 2. The cosmological observables (ns, r) for different scalar potentials tanh2n
(

ϕ
√

6α

)

with

2n = (2/3, 1, 2, 3, 4) for N = 60. These continuously interpolate between the predictions of the

simplest inflationary models with the monomial potentials ϕ2n for α → ∞, and the attractor point

ns = 1 − 2/N , r = 0 for α → 0, shown by the red star. The different trajectories form a fan-like

structure for α ≫ n2. The set of dark red dots at the upper parts of the interpolating straight lines

corresponds to α = 100. The set of dark blue dots corresponds to α = 10. The lines gradually

merge for α = O(1).

one finds a different family of trajectories interpolating between various models of chaotic

inflation and the attractor regime (1.5). In particular, for n = 1 one recovers the poten-

tial (2.1), and the interpolating regime shown in figure 1, section 2.

6 Discussion

Our results represent the generalization of the attractor values (1.1) for the inflationary pa-

rameters ns and r, which have appeared in a variety of contexts, to the family of attractor

values (1.5) labelled by the parameter α. In section 2, we have developed the phenomenol-

ogy of the α − β model [7]. In sections 3–5 we proposed a new class of α-attractors,

generalizing the attractors found in [1, 2]. The parameter α has the same geometrical

interpretation in both types of models, corresponding to the inverse curvature of the un-

derlying scalar manifold of the inflaton’s supermultiplet, RK = − 2
3α . Its role in the present

discussion is to control the distinction (1.7) between the geometric fields Φ =
√
3 tanh ϕ√

6α
and canonical fields ϕ, akin to that between velocity and rapidity in special relativity.

The potential in the new class of models is an arbitrary function of Φ =
√
3 tanh ϕ√

6α
.

As a particular example, we studied simplest versions of such models with V (Φ) ∼ Φn.
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For large α, these models yield the same observational predictions as the conventional

chaotic inflation with V (ϕ) ∼ ϕn. Therefore this family of models provide a continuous

interpolation between the chaotic inflation values for (ns, r) and the universal attractor

values (1.5), as follows from (5.2), (5.3).

A number of regimes is of particular interest:

• In the limit α → ∞ (RK → 0, flat Kähler manifold), this set of models reproduces

predictions of various chaotic inflation models. However, when α decreases towards

α = O(1) (|RK | grows to |RK | = O(1)), these predictions start converging to the

universal attractor point, as shown in the fan-like attractor in figure 2.

• For α = 1 and RK = −2
3 we have a special case when the underlying Kähler potential

of the embedding manifold has an unbroken SU(1, 1) symmetry and the superpoten-

tial has an SO(1, 1) subgroup of this symmetry deformed only by the deviation of the

function f
(

tanh ϕ√
6

)

from a constant value [1, 2].

• For moderate deviations from this special value, of the order 1/3 < α < 3, the tensor

to scalar ratio r varies universally between 10−3 < r < 10−2. This entire regime,

with −2 < RK < −2
9 , is therefore subject to the attractor behavior (1.5).

• If we instead take α smaller than 1/3, in the context of the present superconformal

realization of the α-attractors with chiral superfields, instead of the vector one, the

scalar superpartner of the inflaton has a negative mass squared: the model becomes

unstable in this limit with α < 1/3. However, the bosonic model (4.5), as well as

the α− β model (1.4) [7], do not have stability issues even for very small α and they

display the attractor behavior with the universal values approaching r = 0 as α → 0.

The existence of the universal attractor regime in a large set of different inflationary

models, converging in the same area of the (ns, r) plane, is an amazing fact requiring further

investigation. It does not necessarily mean that the evolution of our part of the universe

must be described by one of such theories, but it certainly provides a very interesting target

for future theoretical and observational explorations.
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