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Chapter 2

Background Information on Indentation

Abstract

This chapter provides some background information about indentation. It covers
several commonly used hardness definitions in practice. It also provides some brief
information about Hertz’s theory of spherical and cylindrical indentation. A review
about contact area determination technique used in nano indentation experiments is
also included. Last section shows a phenomenon known as ”indentation size effect”
in several indentation experiments.



Chapter 2 Background Information

2.1 Indentation hardness

Hardness is an important property of a material. In general common sense, hard-
ness is a measure of a material’s resistance to deformation. However, the term
hardness can also refer to material’s resistance to compression, stretching, cutting
and bending. In this thesis, hardness is used in the more technical sense of the
material’s resistance to indentation, and formally it is defined as the indentation
force divided by contact area.

In practice, usually in engineering, indentation is performed by indenters of var-
ious shapes, each leading to its definition of hardness. The following subsections
summarise the best known types of hardness.

2.1.1 Brinell hardness test

d

D

F

Figure 2.1 Brinell indentation testing schematic

The Brinell hardness refers to the hardness measured by indentation with a spher-
ical indenter. Typically D = 10 mm diameter spheres are applied using 30 kN force
for a duration of around 30 seconds. For softer materials the force can be reduced
to 15 kN or even 5 kN. The diameter of the impression, d, left in the test material
after the indenter is removed is measured with a microscope. The Brinell hardness
number is calculated by dividing the force F applied by the surface area of the
spherical cap left after indentation

HB =
F

D
(
D −√D2 − d2

)
π/2

, (2.1)
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2.1 Indentation hardness

where D and d are the diameters of the indenter and the impression, respectively
(see Fig. 2.1). The Brinell indentation test was first proposed by Johan August
Brinell, a Swedish engineer, in 1900, and was the first standardised hardness test in
engineering.

2.1.2 Vickers hardness test

�136
�136

h

d

Figure 2.2 Vickers indenter schematic. The angles between opposite faces are
both 136◦. The diagonal of the impression area is d. The zoomed inset is the
cross-section of the impression area having an indentation depth h.

The Vickers hardness is measured by indenting the test material with a diamond
pyramidal-shape indenter. The indenter has the form of a right pyramid with a
square base and an angle of 136◦ between opposite faces (Fig. 2.2). The indentation
is subjected to a force ranging from 10 to 1000 N for duration around 10 to 15
seconds. The two diagonals of the impression area left in the surface of the material
after the indenter is removed are measured using a microscope and their average
d is calculated. If A = 1

2d2/ sin(136◦/2) is the area of the sloping surface of the
impression, and F is the indentation force, then the Vickers hardness F/A, or

HV =
F

1
2d2/ sin(136◦/2)

≈ 1.854
F

d2
. (2.2)

The Vickers hardness test was firstly developed in the early 1920s.

2.1.3 Rockwell hardness test

The Rockwell hardness scale characterises the indentation hardness of materials
through the depth of penetration of a cone or spherical indenter, loaded on a mate-
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Fm

Fm+FM=F
Fm

hR

h

Figure 2.3 Rockwell indentation testing schematic, from left to right: initial minor
loading (here the depth is defined as a reference depth), minor+major loading and
minor loading only after major loading is removed.

rial sample and compared to the penetration in some reference material. It involves
the use of a minor loading Fm followed by a major loading FM, and finally the
release the major loading as illustrated in Fig. 2.3. The hardness value directly
according to:

HR = hR − h, (2.3)

where hR is the reference depth and h is the depth when FM is removed. Both
hR and h are measured relative to the initial depth when the indentation was only
loaded by Fm (see Fig. 2.3). Both hR and h are measured in units of 0.002 mm.
HR is expressed in scale (HRA, HRB, ... , HRV), see Table. 2.1, depending on the
indenter shape and applied major load. As an example, very hard steel for knife
has Rockwell hardness value between HRC 55 to HRC 62.

Rockwell hardness testing is very common in the United States. Its popularity in
commercial enterprises arises from its speed, robustness, resolution and small area
of indentation.

2.1.4 Knoop hardness test

Knoop indentation testing is mainly used to measure hardness at the micro scale.
The Knoop indenter is a diamond ground to the pyramidal form, as shown in
Fig. 2.4, that produces a diamond shaped indentation which have a ratio between
long and short diagonals of approximately 7:1. When Knoop hardness is measured,
only the longest diagonal L of the indentation is measured. The shortest diagonal
is calculated as w = L tan(130◦/2)/ tan(172.5◦/2), thus the impression area is A =
1
2wL = 1

2L2 tan(130◦/2)/ tan(172.5◦/2). Finally the knoop hardness is calculated
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2.1 Indentation hardness

Scale Indenter Fm (N) FM (N) hR

HRA conical diamond 100 500 100
HRB 1

16” spherical steel 100 900 130
HRC conical diamond 100 1400 100
HRD conical diamond 100 900 100
HRE 1

8” spherical steel 100 900 130
HRF 1

16” spherical steel 100 500 130
HRG 1

16” spherical steel 100 1400 130
HRH 1

8” spherical steel 100 500 130
HRK 1

8” spherical steel 100 1400 130
HRL 1

4” spherical steel 100 500 130
HRM 1

4” spherical steel 100 900 130
HRP 1

4” spherical steel 100 1400 130
HRR 1

2” spherical steel 100 500 130
HRS 1

2” spherical steel 100 900 130
HRV 1

2” spherical steel 100 1400 130

Table 2.1 Rockwell hardness scales. The spherical steel diameter is measured in
inches (”). hR is, traditionally, measured in units of 0.002 mm.

using

HK =
F

A
=

F

CL2
, (2.4)

where C = 1
2 tan(130◦/2)/ tan(172.5◦/2) ≈ 0.07028.

2.1.5 Berkovich hardness test

Berkovich indenter is commonly used for nano- and micro-indentation. It has three
sided pyramid shape with the face angle 65.3◦ (see Fig. 2.5). The hardness is
calculated as F/Ac, where F and Ac are the indentation force and projected contact
area of the impression, respectively. By geometry, the contact area projection is
calculated as Ac = 3

√
3 tan2(65.3◦)h2

c ≈ 24.56h2
c . The contact area measurement is

discussed further in Section 2.3.

2.1.6 Relation between hardness and yield stress

During early indentation, the material deforms elastically, and when indentation
advances, the deformation turns to be plastic. Sequentially, there are three ranges
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�5.172

�130

h

w
L

w

Figure 2.4 Knoop indenter schematic. The angles between opposite faces are
172.5◦ and 130◦. The long and short diagonals of the impression area are L and w,
respectively. The zoomed inset is the cross-section of the impression area having an
indentation depth h.

o3.65
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ch

top view

(a) (b)

Figure 2.5 Berkovich indenter schematic. (a) Indenter impression tip with the
face angle is 65.3◦. The contact depth is hc. (b) Top view of the impression area.

of deformation during indentation: pure elastic, elastic-plastic and pure plastic. On
the transition between pure elastic region and elastic-plastic region, the material
starts to yield plastically, i.e. irreversible deformation starts to emerge. Similar
phenomenon happens in tensile (or compression) test, where the stress state during
the transition between elastic and plastic deformation is commonly known as “yield
stress”. Usually the yield stress is defined as the stress at an offset strain is 0.2%
(Fig. 2.6.

Tabor related the indentation hardness H to the yield stress σY [1, 2, 3] as

H = CσY, (2.5)
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σ

ε

Yσ

0.2%

Figure 2.6 Schematic of a tensile (or compression) test. The yield stress usually
is taken at 0.2% plastic strain.

where for self-similar, such as conical or pyramidal, indenters the value of the con-
stant C is close to 3, provided that the work hardening is neglected. The exact value
slightly depends on the indenter geometry. For indenters with α > 60◦, where 2α is
the tip sharpness angle, the value of C ranges from 2.5 to 3 [3]. This simple relation
is useful in practical engineering to extract the yield stress from an indentation test.

2.2 The mechanics of contact: Hertz’s theory

Indentation is nothing more than a special case of bringing two bodies into contact,
in which one of them –the indenter– is relatively stiff, and the other is the specimen
whose properties are to be measured. To understand what is measured during
indentation, we have to begin with a brief summary of classical theories about the
contact between an indenter and large flat sample of material.

In 1882, Hertz analysed the stress at the contact of two elastic solid bodies [4]
motivated by his study about Newton’s optical interference fringes in the gap be-
tween two glass lenses. He was concerned about the influence of elastic deformation
of the lens surfaces during contact due to the pressure between them. He started to
investigate elasticity in order to understand the reversible change in the lens surface
change.

In his theory, Hertz made the following assumptions:
(i) The surfaces are continuous and non-conforming;
(ii) The strains are small;
(iii) Each body can be considered as an elastic half-space;
(iv) The contact is frictionless.

13
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2.2.1 Spherical indentation

(a)
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Figure 2.7 Schematics of (a) spherical and (b) cylindrical indentation. R is
indenter radius, h is indentation depth, F is indentation force, and a is contact
radius and half contact length for spherical and cylindrical indenter, respectively.

For spherical contact between isotropic materials, the contact area will be circular
and Hertz showed that the radius a of the contact area is given by [4]

a3 =
3
4

FR

E∗ , (2.6)

where F and R are the applied force and combined radius of curvature curvature,
respectively. The reduced modulus E∗ is defined as

1
E∗ =

1− ν2
1

E1
+

1− ν2
2

E2
, (2.7)

where E’s and ν’s are Young’s moduli and Poisson’s ratio, respectively, and indices
1 and 2 refer to the first and the second body, respectively. It is defined in general
case where the indenter is not rigid, and the reduced modulus E∗ is defined in the
same manner as two springs in series. The combined radius is defined by

1
R

=
1

R1
+

1
R2

. (2.8)

In the case of indentation by a rigid spherical indenter (Fig. 2.7a), the first body
being the indenter and the second being the indented material, R reduces to the
radius of the indenter and the reduced modulus E∗ = E/(1− ν2), where E = E2 is
the modulus of the material.

In seeing with the assumptions listed above, the Hertzian representation of con-
tact is only local, and does not capture the overall bulk mechanics of the two
contacting bodies.
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2.2 The mechanics of contact: Hertz’s theory

In Hertz’s solution, the vertical displacement of a point on the surface within the
area of contact is given by

u3(r) =
3F

8aE∗

(
2− r2

a2

)
, (2.9)

where r ≤ a, and r is the radial distance from the symmetry axis. The contact
pressure distribution reads

p(r) = p0

(
1− r2

a2

)1/2

, (2.10)

where p0 is the maximum pressure, i.e. pressure at the axis of symmetry. It is
related to the applied force through

F =

a∫

0

p(r)2πr dr =
2
3
p0πa2, (2.11)

or
p0 =

3F

2πa2
. (2.12)

The depth of indentation is

h = u3(0) =
(

9F 2

16RE∗2

)1/3

=
a2

R
. (2.13)

It is convenient to express the maximum pressure p0 independent from the contact
radius a, by eliminating it through Eq. (2.6) to get

p0 =
(

6FE∗2

π3R2

)1/3

. (2.14)

2.2.2 Cylindrical indentation

For contact of infinitely-long cylindrical bodies, with both axes lying parallel to
the x3 direction, the system is pressed in contact with a force F per unit length,
the problem becomes a two-dimensional one. The relative radius R and reduced
modulus E∗ are defined in the same manner as for spherical contact, see Eqs. (2.7)
and (2.8). Again, for the case of rigid cylindrical indentation (Fig. 2.7b), one of
the bodies, say, the second body, becomes the indenter and has radius R = R2 and
reduced modulus E∗ = E2/(1− ν2).

Hertz derived the expression for the pressure distribution on the surface [4] as

p(x1) =
2F

πa2
(a2 − x2

1)
1/2, (2.15)
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where a is the half contact are per unit length, given by

a2 =
4FR

πE∗ (2.16)

and the maximum pressure is

p0 =

√
FE∗

πR
. (2.17)

McEwen [4, 5] expressed the stresses at a general point (x1, x2) as

σ11 = −p0

a

[
m

(
1 +

x2
2 + n2

m2 + n2

)
− 2x2

]
, (2.18a)

σ22 = −p0

a
m

[
1− x2

2 + n2

m2 + n2

]
, (2.18b)

σ12 =
p0

a
n

[
m2 − x2

2

m2 + n2

]
, (2.18c)

where

m2 =
1
2

[√
(a2 − x2

1 + x2
2)2 + 4x2

1x
2
2 + (a2 − x2

1 + x2
2)

]
, (2.19a)

n2 =
1
2

[√
(a2 − x2

1 + x2
2)2 + 4x2

1x
2
2 − (a2 − x2

1 + x2
2)

]
. (2.19b)

The maximum shear stress at any point

τmax =

√
σ2

12 +
1
4
(σ22 − σ11)2, (2.20)

has a peak of τmax = 0.3p0 at (0, 78a).

2.3 Contact stiffness method for contact area determination

in nano-indentation

Nano-indentation is commonly used to probe the material hardness at small scales.
A typical schematic of a nano-indenter device is shown in Fig. 2.8. Figure 2.9 shows
an example of an indenter tip photograph. Since hardness is defined as indentation
force divided by contact area, it is important to measure the contact area accurately.
However, it is difficult to measure the actual contact area due to sink-in effects and
roughness of the surface.

Oliver and Pharr have developed a technique for determining contact area [6, 7].
The method begins by analysing the force versus depth curve of indentation data,
including the unloading branch, as illustrated in Fig. 2.10. From force-depth curve,
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2.3 Contact stiffness method for contact area determination in nano-indentation

Figure 2.8 Schematic of nano-indenter device.

Figure 2.9 Photograph of a conical indenter with a blunt tip.

one can measure peak force Fmax, depth at peak force hmax and final depth hf , i.e.
the depth after withdrawal of the indenter. Sneddon’s expression for the stiffness S

at initial unloading [8]

S =
dF

dh

∣∣∣∣
F=Fmax

=
2√
π

E∗√Ac (2.21)

relates the contact area Ac to the reduced modulus E∗. This expression assumes
that the initial portion of unloading curve is elastic. Pharr et al. have shown that
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Figure 2.10 Schematic representation of force versus depth for an indentation
experiment. Stiffness S is determined from initial unloading curve. Fmax and hmax

is the peak force and its corresponding depth, respectively. hf is the final depth
after removal of the indenter. hi is the intercept depth by, i.e. linear extrapolation
of the initial unloading curve to F = 0.

ch
sh

maxh

cA

fh

a

Figure 2.11 Geometry to characterise indentation: Ac and a are the projected
contact area and its radius, respectively, hc is the sink-in depth.

Eq. (2.21) applies to any indenter with an axisymmetric geometry [9], and even
works rather well (with only small deviation) for at least some non-axisymmetric
indenters [10]. Experimentally measuring S, however, is not trivial since one has

18



2.3 Contact stiffness method for contact area determination in nano-indentation

to decide how much of the initial unloading portion should be taken to determine
S accurately. Oliver and Pharr proposed to fit the initial unloading curve by the
power law

F = A0(h− hf)m, (2.22)

and to use this relation in the definition S = dF/dh, i.e.

S|F=Fmax = mA0(hmax − hf)m−1. (2.23)

In these expressions, A0 is a constant depending on geometry, material and indenter
moduli and Poisson’s ratios, and m depends on the tip geometry. Table 2.2 shows
typical values of m for several indenter geometries:

Indenter geometry m η

Flat ended cylindrical punch 1.0 1.0
Paraboloid of revolution 1.5 0.75
Cone 2.0 0.72

Table 2.2 Typical values of m and η for several indenter geometries.

The determination of the contact area Ac proceeds by estimating the contact
depth hc = hmax − hs, as defined in Fig. 2.11, and using the tip geometry to
compute Ac from this. Sneddon’s analysis for the elastic displacement outside the
contact perimeter gives the relation for the sink-in depth hs [8]:

hs = η
Fmax

S
, (2.24)

where η is a constant that depends on the shape of the indenter (see Tab. 2.2. Since
Fmax/S = hmax − hi, Eq. (2.24) can be rewritten as

hc = hmax − η(hmax − hi), (2.25)

where hi is the intercept depth, i.e. the interception of linear extrapolated initial
unloading slope to F = 0.

To calculate contact area Ac and reduced modulus E∗, Oliver and Pharr proposed
an iterative procedure as follows [6]:
[Step 1] Model the load frame of the indenter and the specimen as two springs in
series with a total compliance

C = Cs + Cf , (2.26)

where C = 1/S is the total measured compliance, Cs = 1/Ss is the specimen’s
compliance and Cf = 1/Sf is the load frame’s compliance. Eq. (2.26) together with
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Eq. (2.21) can be written as

C = Cf +
√

π

2E∗A−1/2
c . (2.27)

[Step 2] Determine C and initial estimate value of Ac for several loading-unloading
cycles with various indent size, i.e. to get a set of (C, Ac) data pairs. The initial
estimate of Ac can be given by Ac = 24.56h2

c for Berkovich indenter or Ac =
π(hc tan α)2 for conical indenter, where α is half of the conic angle.
[Step 3] Plot C versus A

−1/2
c and fit a straight line according to Eq. (2.27) to get

estimate values of Cf and E∗.
[Step 4] Use Cf and E∗ obtained, calculate the contact areas Ac by rewriting
Eq. (2.27) as

Ac =
π

4(E∗)2(C − Cf)2
, (2.28)

to get a set of (Ac, hc) data pairs.
[Step 5] Use (Ac, hc) data pairs from step 4, fit Ac versus hc to the polynomial

Ac = C0h
2
c + C1hc + C2h

1/2
c + C3h

1/4
c + · · ·+ C8h

1/128
c , (2.29)

where C0 = 24.56 for Berkovich or C0 = π tan2 α for conical indenter. C1 through
C8 are the fitting parameters to be determined; they describe a deviation from
indenter sharpness due to blunting at the tip.
[Step 6] With the new value of Ac, go back to step 3 until the convergence is
achieved.

2.4 Experimental indentation size effects of hardness

The phenomenon where hardness decreases with increasing indentation size –known
as the “indentation size effect”– has been observed in many indentation experiments.
The size effect relates to how we define “size”, as will be discussed in detail in
chapter 4). Here we briefly summarise several results of indentation experiments,
in which size effects are reported.

Mirsham and Parakala [11] have found this effect in nickel single crystals using
Berkovich, cube corner and conical indenters. As an example, Fig. 2.12 shows
hardness versus depth in nickel using a conical indenter. The hardness is decreasing
with increasing depth, except for very shallow depths where the hardness increases
due to the blunt tip of the indenter.

Swadener et al. have observed an indentation size effect as a function of indenter
radius R in annealed iridium measured with spherical indenter [12], as shown in
Fig. 2.13. When measuring the hardness at a constant value of the contact to
indenter radius ratio of a/R = 0.05, the hardness decreases with increasing tip
radius.
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2.4 Experimental indentation size effects of hardness

Figure 2.12 Indentation size effect in hardness from indentation of nickel us-
ing conical indenter (at various strain rates, indicated by the different colours), as
observed by Mirshams and Parakala [11]. This figure is reprinted from [11] with
permission from Elsevier.
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Figure 2.13 Indentation size effect of hardness in annealed iridium measured with
spherical indenters with different radii R at constant ratio a/R = 0.05. This figure
is reproduced from [12].

While the above-referenced results were for single crystals, Manika and Maniks [13]
have also reported indentation size effects in various amorphous solids, as shown
in Fig. 2.14a. In polycrystalline copper, they found size effects similar to those in
single crystals as long as the grain size was larger than 5 µm, see Fig. 2.14b.
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(a) (b)

Figure 2.14 Indentation size effects observed by Manika and Maniks [13] in (a)
various amorphous solids and (b) polycrystal copper for various grain size. This
figure is reprinted from [13] with permission from Elsevier.
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