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Chapter 3

Discrete dislocation plasticity

Abstract

This chapter provides a summary of the discrete dislocation plasticity model pro-
posed by Van der Giessen and Needleman [1]. In this model a dislocation is treated
as a line defect in a linear continuum media. Plasticity arises from the motion of
dislocations on slip planes. Constitutive rules are also formulated for the nucle-
ation from Frank-Read sources, dislocation annihilation, and dislocation pinning at
obstacles.

The last section of this chapter presents the computational algorithm of the dis-
crete dislocation dynamics simulation for the application to the indentation problem
analysed in subsequent chapters.
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Chapter 3 Discrete dislocation plasticity

3.1 Introduction

Indentation into a material causes elastic deformation initially, followed by plastic
deformation if indentation is deep enough. Plastic deformation in crystalline metal
arises from the collective motion of many dislocations. If indentation into the crystal
is deep enough, which is the case for macro-indentation, the plastic zone is so large
that plasticity can be modelled by a continuum description. For smaller sized plastic
zones, such as during nanometer and micron size indentation, there are insufficient
dislocations to be averaged out and they must be treated individually: discrete
dislocation plasticity.

In discrete dislocation plasticity, an individual dislocation is treated as a line
defect in a linear continuum. Plasticity is caused by the collective motion of many
dislocations. A dislocation glides in response to a shear stress applied in a direction
perpendicular to its line. Each dislocation I is characterised by its Burger’s vector
b(I), gliding on its slip plane with direction unit vector s(I) and normal m(I).

The complete model comprises constitutive rules, governed by the internal stress
state, which depends on the boundary conditions [1]. These rules connect the stress
state with the dislocation structure evolution. Specifically, the constitutive rules
control the ingredients of the model: dislocation glide on predefined slip planes,
dislocation nucleation from Frank-Read sources, dislocation annihilation and dislo-
cation pinning at obstacles.

3.2 General description of discrete dislocation plasticity

In this thesis, we use the versatile framework proposed by Van der Giessen and
Needleman [1] to solve boundary value problems for dislocated bodies. Consider a
finite body V containing a certain distribution of dislocations. The boundary S =
Sf∪Su of the body V is subject to traction or displacement boundary conditions: Sf

and Su are boundary portions where traction T 0
i and displacement u0

i are prescribed,
respectively. The traction is connected to the state of stress σij via Ti = σijnj ,
where ni denotes the unit outward normal to S.

The technique decomposes the problem into two parts: (i) the problem of inter-
acting dislocations in the homogeneous infinite solid ((̃ )-fields) and (ii) the problem
of the nonhomogeneous body without dislocations ((̂ )-fields). This decomposition
technique is illustrated in Fig. 3.1. Superposition of the two fields reads

ui = ũi + ûi , εij = ε̃ij + ε̂ij , σij = σ̃ij + σ̂ij , (3.1)

with the (̃ )-fields for displacement, strain and stress contain contributions of all N
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Figure 3.1 Decomposition of the problem for the dislocated body into the problem
of interacting dislocations in the homogeneous infinite solid (the (̃ )-fields) and the
complementary problem for the body without dislocations (the (̂ )-fields). This
figure is reprinted with permission from [1].

individual dislocations,

ũi =
N∑

I=1

u
(I)
i , ε̃ij =

N∑

I=1

ε
(I)
ij , σ̃ij =

N∑

I=1

σ
(I)
ij , (3.2)

and the (̂ )-field is actually the smooth image field that corrects the boundary
conditions on S. We solve the (̂ )-field using finite element method.

The (̂ )-fields are governed by the equilibrium condition

∂σ̂ij

∂xj
= 0, (3.3)

or, equivalently through the principle of virtual work,
∫

V

σ̂ijδε̂ij dV =
∫

S

t̂iδûi dA, (3.4)

together with the strain-displacement relation

ε̂ij =
1
2

(
∂ûi

∂xj
+

∂ûj

∂xi

)
, (3.5)

and the constitutive relation
σ̂ij = Lijklε̂kl, (3.6)
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Chapter 3 Discrete dislocation plasticity

where Lijkl are the elastic moduli. For isotropic elasticity,

Lijkl =
E

1 + ν

[
1
2
(δikδjl + δilδjk) +

ν

1− 2ν
δijδkl

]
(3.7)

with E and ν being Young’s modulus and Poisson’s ratio, respectively.
The mixed traction-displacement boundary conditions read

T̂i = T 0
i − T̃i on Sf , (3.8)

and
ûi = u0

i − ũi on Su. (3.9)

The decomposition is fully three-dimensional. In this thesis, however, we will only
deal with two-dimensional models of indentation. Under plane strain conditions
perpendicular to the plane, all dislocations are of edge character.

3.3 Displacement and stress field of an edge dislocation

If the material is elastically isotropic, then the components u
(I)
i (i = 1, 2) of the

infinite-body displacement field u(I) at (x1, x2) due to a dislocation I with Burgers
vector b positioned at (X(I)

1 , X
(I)
2 ) are given by the well-known expressions (see

[2, 3])

u
(I)
1 (xi) =

b

2π(1− ν)

[
1
2

∆x1∆x2

(∆x1)2 + (∆x2)2
− (1− ν) arctan

∆x1

∆x2

]
, (3.10)

u
(I)
2 (xi) =

b

2π(1− ν)

[
1
2

(∆x2)2

(∆x1)2 + (∆x2)2
− 1

4
(1− 2ν) ln

(∆x1)2 + (∆x2)2

b2

]
,

(3.11)

where ∆xi = xi −X
(I)
i , (i = 1, 2).

The components of the long-range stress field of this dislocation can be expressed
as

σ11 = − Eb

4π(1− ν2)
∆x2

[
3(∆x1)2 + (∆x2)2

]

[(∆x1)2 + (∆x2)2]
2 , (3.12a)

σ22 =
Eb

4π(1− ν2)
∆x2

[
(∆x1)2 − (∆x2)2

]

[(∆x1)2 + (∆x2)2]
2 , (3.12b)

σ12 =
Eb

4π(1− ν2)
∆x1

[
(∆x1)2 − (∆x2)2

]

[(∆x1)2 + (∆x2)2]
2 , (3.12c)

and are plotted in Fig. 3.2.
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Figure 3.2 The (a) σ11, (b) σ22, and (c) σ12 components of the stress field of an
edge dislocation.

3.4 The Peach-Koehler force and dislocation motion

The Peach-Koehler force f (I) acting on the I-th dislocation is calculated from the
stress state as

f (I) = t(I) ×




σ̂ +

∑

J 6=I

σ̃(J)


 · b(I)


 , (3.13)

where t(I) and m(I) are the unit tangent and slip plane normal vector to the dis-
location I. The component of the Peach-Koehler force in the direction t(I) ×m(I),
i.e. in the slip plane and normal to the dislocation, is

f (I) = m(I) ·

σ̂ +

∑

J 6=I

σ̃(J)


 · b(I). (3.14)

The motion of dislocation I follows Newton’s second law of motion

m
dv(I)

dt
= f (I) −Bv(I), (3.15)

where m is the effective mass of the dislocation. The order of magnitude of m is the
mass of the material contained within the dislocation core, m ≈ ρb2 with ρ being
the material density. As the associated inertia effects only play a role on picosecond
time scales, while dislocation dynamics focuses on time scale of nanoseconds and
larger, inertia effects can be safely neglected for quasi-static deformations. When a
dislocation moves, it experiences a phonon drag directing opposite to its movement,
with a drag coefficient B. When inertia is neglected, the Peach-Koehler force acting
on the I-th dislocation causes it to move with velocity

v(I) =
f (I)

B
. (3.16)
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(a)                 (b)                       (c)

Figure 3.3 Illustration of the Frank-Read mechanism of dislocation nucleation
(the sequence is shown from (a) to (c)): (a) Original pinned dislocation segment
with Burger’s vector b. (b) The segment bows out and further (c) produce a new
dislocation loop with Burger’s vector b, leaving a segment like it was initially.

In our calculations we take a fixed value of B = 10−4 Pa s, which is representative
for aluminium at room temperature.

3.5 Dislocation nucleation

Dislocations in a crystal can multiply. An important mechanism for this is the one
proposed by two physicists W.T. Read and F.C. Frank [4]. The mechanism involves
the bowing out of a dislocation pinned at two points, and the subsequent instability
of the bowed dislocation which results in the formation of a dislocation loop and
the retention of the original pinned dislocation.

The Frank-Read source is formed by a dislocation segment pinned at two points,
see Fig. 3.3. A stress applied continuously to the pinned dislocation segment will
cause the dislocation line to grow longer, but because the two ends are pinned, the
curvature of the dislocation in the glide plane increases. Once the line exceeds a
critical curvature, its movement becomes unstable and sweeps on outward without
requiring further stress. Two segments of the curved line eventually touch and join
to form a closed dislocation loop, thus leaving a short and new dislocation line
segment between the original fixed end points. The newly formed dislocation loop
is free to propagate on the glide plane.

For two-dimensional discrete dislocation plasticity, as used in the thesis, every
Frank-Read segment is represented by a point source on a slip plane, and two
nucleated edge dislocations (of opposite sign) represent the cross section of the
newly generated loop. The mechanism is approximated as follows: If the resolved
shear stress acting on the source exceeds a critical value τnuc,

τ ≥ τnuc, (3.17)
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Figure 3.4 Schematic diagram of nucleation from a two-dimensional Frank-Read
source. Two edge dislocations with opposite sign are nucleated with a distance
Lnuc from each other, when the resolved shear stress exceeds the strength, τnuc, for
a sufficiently long time.

for a sufficiently long time t,
t ≥ tnuc, (3.18)

two opposite edge dislocations (a dipole) are nucleated. The distance Lnuc between
the dislocations, as shown schematically in Fig. 3.4, is taken as

Lnuc =
E

2π(1− ν2)
b

τnuc
, (3.19)

so that τnuc exceeds (or at least, balances) the attractive shear stress that the
dislocations exert one another.

3.6 Dislocation annihilation

When the stress so favours, it is possible that a dislocation loop collapses on itself
and the defect disappears, leaving a perfect crystal. In two-dimensional discrete
dislocation plasticity, the event is modelled by annihilating two opposite signed
edge dislocations; when they meet each other within a distance La on the same slip
plane. In this thesis La = 6b is used as the annihilation distance.

3.7 Dislocation obstacles

A moving dislocation can be stopped when it is hindered by an obstacle. In a
heterogeneous plastically deforming material, precipitates, forest dislocations and
grain boundaries can act as obstacles to the movement of a dislocation. In two-
dimensions, obstacles are represented as fixed points assigned to a slip plane. A
dislocation gliding on a slip plane can be stopped and pinned by an obstacle at the
same slip plane. The pinned dislocation is released and free to move again only
once the Peach-Koehler force on it is higher than b times the obstacle strength τobs.
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Sometimes this happens to a pinned dislocation because a dislocation pile-up is
formed behind it, which causes a very large force on it.

3.8 Algorithm of discrete dislocation dynamics

In this thesis, discrete dislocation plasticity is simulated using an incremental man-
ner, adopting Euler time integration. In this incremental procedure, the stress
and displacement fields are calculated at each time step, followed by updating the
dislocation structure.

The general framework of discrete dislocation plasticity is used specifically in
the indentation problem as the main topic of this thesis. The general algorithm of
discrete dislocation dynamics, with specific application to indentation, is shown as
a flow chart in Fig. 3.5.
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Figure 3.5 Flow chart of the computational algorithm of discrete dislocation based
indentation. Discrete dislocation dynamics part is enclosed by a dashed line. The
’⇐’ operator denotes a variable assignment.
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