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Chapter 6

Crystal orientation effect on wedge indentation: a

discrete dislocation plasticity analysis

Abstract

Discrete dislocation calculations are reported on the plane strain indentation of a
planar-symmetric single crystal with a wedge. All dislocations are of edge character,
which can be generated at internal sources, pinned at point obstacles, annihilate
each other and glide on three slip systems. We study the effect of orientation of the
crystal relative to the indentation direction by considering two sets of slip systems
which differ 90◦ from each other. In one of these orientations, the crystal has slip
planes parallel to the indentation direction, which offers easy accommodation to
indentation. The importance of this orientation is confirmed by comparison with
simulations of crystals lacking this particular slip system.
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Chapter 6 Crystal orientation effect ...

6.1 Introduction

Indentation is commonly used for measuring material properties such as Young’s
modulus and hardness, the latter often taken to be related to the flow stress through
the Tabor relation. At sufficiently small scales, indentation can reveal size ef-
fects, [1, 2, 3, 4, 5, 6] which is not captured by classical continuum plasticity.
Many analyses have been performed to investigate the indentation size effect, such
as atomistics [7], strain gradient plasticity [8, 9], and dislocation dynamics [10, 11].
Dislocation plasticity is an approach where not only the discreteness of slip sys-
tems is accounted for (as in crystal plasticity) but also, and more importantly, the
discreteness of the dislocations, which are treated as singularities in an elastic con-
tinuum. It describes plastic deformation through the collective behaviour of a large
number of dislocations and thus is well-suited for situations where the plastic zone
is on the order of micrometers.

Since the plastic response of a crystal is generally anisotropic, it is to be expected
that the response to indentation also depends on the crystal orientation. Some
indentation experiments [4, 12, 13, 14, 15] and crystal plasticity computation [16, 17]
have indeed shown sensitivity of the indentation response to the crystal orientation.
However, the latter computations cannot pick-up any size effects. Therefore, in this
paper we study the indentation response of single crystals with various slip-plane
orientations, using two-dimensional discrete dislocation plasticity. We will show
that the indentation response is more sensitive to the slip orientations which are
close to the indentation direction.

6.2 Discrete Dislocation Formulation

We consider the indentation of an FCC single crystalline block under plane strain
conditions in the (110) direction. Assuming symmetric slip, the crystal has three
slip systems at angles φ(β), (β = 1, 2, 3) relative to the indented surface, see Fig. 6.1.
Two orientations are studied: one, denoted by O1, has φ(β) = (35.3◦, 90.0◦, 144.7◦),
while orientation O2 is obtained after a 90◦ rotation and thus is characterized by
φ(β) = (125.3◦, 0.0◦, 54.7◦) so that the [001]-direction is parallel to the direction of
indentation.

The crystal is taken to be elastically isotropic with Young’s modulus E = 70GPa
and Poisson’s ratio ν = 0.33. Plasticity is caused by the glide of edge dislocations
with magnitude b = 0.25nm of the Burgers vector on active slip planes that are
spaced at 100b. The dislocations are treated as line singularities in a linear elastic
continuum with their motion and evolution being governed by a set of constitu-
tive rules. We apply the superposition method proposed by Van der Giessen and
Needleman [18] to calculate the stress and deformation state at each stage with
the boundary conditions to be specified subsequently. The Peach-Koehler force
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6.2 Discrete Dislocation Formulation

Figure 6.1 Near-tip schematic of single crystal and boundary conditions. Obsta-
cles, Frank-Read sources and edge dislocations gliding on slip planes are indicated.

computed for each dislocation governs the instantaneous rate of change of the dislo-
cation structure. After taking a time step ∆t, the dislocation structure is updated
and the next increment is computed.

The indentation computations start with a dislocation-free crystal having sources
and obstacles that are randomly placed on the slip planes. When the resolved shear
stress at a source is sufficiently high, τ ≥ τnuc, and for a sufficiently long time tnuc,
a dislocation dipole is nucleated. The source strengths τnuc are assumed to follow a
normal distribution with a mean value of 50MPa and standard deviation 20%, and
the nucleation time tnuc = 10ns.

The motion of dislocations is taken to be drag controlled with a drag coefficient
B = 10−4Pa s. If two dislocations of opposite sign meet within a critical distance
of 6b on a slip plane, they annihilate. When a dislocation meets a point obstacle,
it is pinned there until the Peach-Koehler force exceeds bτobs. The strength of all
obstacles is set to be 150MPa in all computations to be presented.

The obstacles in this two-dimensional model represent very small precipitates or
existing forest dislocations. Similarly, the sources mimic the Frank-Read mechanism
of generating dislocations from pinned dislocation segments on intersecting slip
systems that are not explicitly represented. Thus, both the forest dislocations
and Frank-Read sources can be considered as the effect of dislocations left after a
previous relaxation process. Most of the computations are performed for a source
density ρnuc = 49µm−2 and obstacle density ρobs = 99µm−2 (to be referred to as
the HSD crystals). To gain insight in the importance of density, results will be
shown for crystals having densities that are five times lower: ρnuc = 9µm−2 and
ρobs = 18µm−2 (called LSD).

Given this constitutive model, the two crystal orientations are equivalent in the
sense that the absolute values of the Schmid factor of a slip system does not change
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Figure 6.2 A planar, symmetric single crystal is indented with a wedge indenter
to a depth h. Plasticity by the motion of edge dislocations takes place inside a
process window near the indenter tip. The finite element mesh is highly refined
near the tip to accurately capture contact.

by a 90◦ rotation. What is different is the component of the Burgers vector in the
indentation direction, b sin φ.

6.3 Geometry and Boundary Conditions

In the computations it is assumed that the crystal is symmetric relative to the
indentation direction, the x2 axis, so that only the region x1 ≥ 0 needs to be
analyzed. Also, to reduce computing time, we restrict plasticity to a l1 × l2 =
25µm× 50µm process window as sketched in Fig. 6.2 (this size has not affected the
results to be shown). The size of the entire crystal is L1 × L2 = 100µm × 200µm;
even though there is an intrinsic indeterminacy for elastic plane strain indentation,
this crystal size is large enough not to affect the results in the plastic regime in
a significant manner. The implementation of the superposition method used to
account for the boundary conditions [18] uses a finite element mesh. The mesh
is highly refined near the indenter tip in order to accurately capture contact. The
mesh size on the tip surface is 0.48nm and 0.24nm for α = 85◦ and α = 70◦ wedge
angle, respectively, since α = 70◦ indentation produce smaller contact length.

We perform small-strain calculations neglecting geometry changes, but the cal-
culation of the contact area (or, actually, length in two dimensions), is based on
the configuration in the deformed state. As the rigid wedge penetrates into the
material, the surface in contact, Sc, is determined so that interpenetration of wedge
and crystal is prevented. The actual contact length a then is defined as

a =
∫

x∈Sc

dx. (6.1)
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The end-to-end contact aE is defined by the largest x1 ∈ Sc. When the contact
surface is smooth a = aE, otherwise a < aE; in a previous study we have demon-
strated that surface roughening develops as a consequence of dislocations leaving
the crystal through the free surface [19].

Because of the contact surface evolving during indentation, moving boundary
conditions are applied, as illustrated in Fig. 6.1. On the current contact surface Sc,
we impose the kinematic boundary conditions

u̇1 = 0, u̇2 = ḣ on Sc, (6.2)

assuming perfect sticking when the indenter touches the crystal (the superposed
dot (˙) denotes the time derivative). The remaining part of the indented surface is
traction free,

Ṫ1 = Ṫ2 = 0, on x2 = 0 /∈ Sc. (6.3)

Here, Ti = σijnj is the traction on the surface with outward surface normal nj .
Dislocations are free to leave this part of the surface, but are assumed to be blocked
by the indenter inside the contact surface. The remote boundaries x1 = L1 and
x2 = L2 are fixed, while symmetry conditions are applied along x1 = 0. We use a
depth driven calculation scheme with indentation rate ḣ = 0.1 ms−1 and time step
∆t = 0.5 ns, which is small enough (∆t << tnuc) that dislocation nucleation events
are not missed.

The indentation force per unit length follows from component T2 of the surface
traction Ti = σijnj along the contact surface as

F =
∫

x∈Sc

T2dx. (6.4)

Hardness is computed at every instant as the indentation force per unit of actual
contact length, i.e.,

H =
F

a
. (6.5)

6.4 Numerical Results

6.4.1 Three slip systems

For most cases analyzed, we perform three realisations of source and obstacle dis-
tribution; however, nine realisations are analyzed of the same low density cases for
indenters with α = 70◦. All results for indentation force F , contact length a, hard-
ness H = F/a and dislocation density ρ are presented as averages over the number
of realisations, with error bars indicating the standard deviation.

The predicted force versus indentation depth response for the two different crystal
orientations and source/obstacle densities under indenters with α = 70◦ and α =
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Figure 6.3 Indentation force F versus indentation depth h for indentation by a
wedge with (a) α = 70◦ and (b) α = 85◦.

85◦ are plotted in Figs. 6.3a and b, respectively. The purely elastic response is
included for comparison.

First, for α = 70◦ in Fig. 6.3a, the indentation force for either orientation is
higher for LSD than for HSD crystals, as there are fewer dislocations available to
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6.4 Numerical Results

relax the stresses. The larger scatter seen in the LSD results is caused by the
statistical variations in the positions and strengths of sources and obstacles being
more dominant at low densities. For both HSD and LSD crystals, orientation O1
gives rise to a lower force than O2. This is due to the presence of the 90◦ slip planes
in O1: dislocation glide along such planes is very effective in accommodation the
indentation displacement.

For indenters with α = 85◦, see Fig. 6.3b, the LSD-forces are higher compared
to HSD for small h, but as the indentation depth increases, the force versus depth
response becomes similar. The latter effect for larger indentation depths can be
explained by the competition between density of mobile dislocations and their mean-
free glide distance. The lower source density in LSD crystals tends to give rise to a
lower dislocation density, but as the obstacle density is also lower these dislocations
can glide over longer distances. Therefore, the product of density and mobility of
dislocations in the Orowan [20] relation for plastic strain rate can remain the same,
so that dF/dh for LSD and HSD can be similar. In fact, the slopes of the F versus
h curves for corresponding HSD and LSD cases in Fig. 6.3a are also roughly the
same at larger depths (say, h ' 0.1µm).

The evolution of the actual contact length a of α = 70◦ calculations are shown in
Fig. 6.4a. They are quite small since the indented surface tends to sink-in. In HSD
crystals, the contact lengths are smaller than those in LSD, especially at small h,
since the higher dislocation density in HSD tends to yield more plastic deformation
sink-in of the surface. For the same reason, jumps in contact length at h ' 0.3µm
are more likely to occur in HSD crystal. These jumps in contact length are caused
by the surface roughness, as shown in the surface profile in Fig. 6.9 (inset), and will
be discussed in more detail later. The occurrance of these jumps is determined by
the locations of emerging plastic slip bands, which are subject to large statistical
variations as seen for the data near h = 0.4µm.

Compared to the α = 70◦ results, the plastic zone underneath the α = 85◦ inden-
ter is large, since the contact length is significantly bigger, as shown in Fig. 6.4b.
For this more blunt indenter, there is a negligible influence of orientation, but a sig-
nificant effect of source/obstacle density on contact length (though not on contact
force, Fig. 6.3).

The fact the more plastic deformation is induced by a α = 85◦ indenter is also
reflected in the dislocation density (in the process window) being higher than for
α = 70◦, see Fig. 6.5, both for high and low source densities. There is a small effect
of orientation for LSD crystals and for HSD crystals probed with the sharp α = 70◦

indenter, i.e. in cases where the dislocation density is relatively low.
The evolution of the hardness H, averaged over the values calculated for each

realisation from (6.5), is plotted as a function of h in Fig. 6.6 for α = 70◦ and
in Fig. 6.7 for α = 85◦. Because the contact length changes in discrete steps
as a consequence of the finite element mesh, serrations occur in the hardness vs
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Figure 6.4 Actual contact length a versus indentation depth h for indentation by
a wedge with (a) α = 70◦ and (b) α = 85◦.

depth curves. For α = 70◦, Fig. 6.6, the hardness remains very high over the
range of indentation depths reached in these computations. Especially for LSD
crystals, Fig. 6.6a, the hardness at h = 0.4µm is only around 10% lower than
the elastic hardness since the contact length is still very small. The hardness of
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Figure 6.5 Dislocation density ρ versus indentation depth h for wedge indentation
with half-tip angles α = 70◦ and 85◦.

HSD crystals drops significantly only after around h = 0.35µm, independent of
orientation. The main causes for the hardness drops are the contact jumps see in
Fig. 6.4a. Before these contact jumps occur, the average curves suggest a tendency
for the O1 orientation being slightly harder than O2, but in view of the size of the
spread this is not a significant difference (the trend is opposite in LSD crystals).

The hardness obtained with α = 85◦ indenters according to Fig. 6.7 does show
a significant size effect, because hardness is dominated by the contact length which
is much larger for this tip angle (cf. Fig. 6.4). But also in these case, the hardness
is insensitive to crystal orientation. Both orientations arrive almost at the same
ending value of hardness, with values of H ≈ 300MPa for HSD crystals and tending
towards H ≈ 400MPa when the source/obstacle density is lower.

According to the Tabor relation H = 3σY, as derived by Hill [21], one would
expect this asymptotic value to provide the uniaxial yield stress σY. To check this,
we have subjected the crystals to uniform tension. The stress-strain curves predicted
by the discrete dislocation calculations are shown in Fig. 6.8. The values of σY we
obtain vary between 50 and 60 MPa for both HSD and LSD crystal, respectively,
irrespective of orientation (as expected). The corresponding hardnesses according
to the Tabor relation are a factor of two lower than the asymptotic values observed
from Fig. 6.7; a similar observation was made by Bouvier and Needleman [17] using
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Figure 6.6 Average hardness H versus indentation depth h for (a) HSD and (b)
LSD, α = 70◦ indentation.

continuum crystal plasticity.
By comparing Figs. 6.6 with 6.7, one observes a distinct sensitivity of hardness to

indenter tip angle. This derives directly from the dependence of the elastic hardness,
i.e. in the early stages of indentation where no dislocations have been nucleated yet.
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Figure 6.7 Average hardness H versus indentation depth h for (a) HSD and (b)
LSD, α = 85◦ indentation.

The predicted elastic hardness values from Figs. 6.6and 6.7 scale as H ∝ 1/ tanα.
This scaling is in agreement with Johnson’s [22] approximation

H =
E

2(1− ν2) tan α
, (6.6)
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Figure 6.8 Uniaxial stress–strain curves for the crystals analyzed (single realiza-
tion per case).

for the elastic hardness. Direct application of this formula gives values of ≈ 14GPa
versus ≈ 3.5GPa for α = 70◦ and 84◦ respectively, which are slightly lower than
those predicted. This is caused by the assumptions used in Johnson’s approxima-
tion: first, the indenter’s half-angle is close to 90◦, second, Johnson used the infinite
half-space solution, and third, sink-in effect is not taken into account in Johnson’s
approximation.

In the preceding discussion, we have mentioned several times that the contact
length increases by discrete jumps once some plasticity has developed, cf. Fig. 6.4.
To explore the origin of these phenomena, we present the plastic zone on the de-
formed material in Fig. 6.9. Here, plastic deformation is shown in terms of the
distribution of the total slip Γ, defined as

Γ =
3∑

β=1

∣∣∣s(β)
i εijm

(β)
j

∣∣∣ , (6.7)

where s
(β)
i and m

(β)
j are the slip system tangential and normal unit vector of slip

system β, respectively, and εij are the strains computed from the displacements ui

as

εij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
, (6.8)
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Figure 6.9 Slip distribution inside an HSD crystal in the (a) O1 and (b) O2
orientation after indentation to h = 0.4µm by a wedge with α = 70◦. Inset: Zoomed
area close to the indenter tip showing the surface profile produces by slip bands
emanating at the surface; the arrows indicate the most distant points in contact.

using the finite element mesh. Plasticity is seen to have developed in localized bands
that are aligned with the slip planes. The alignment indicates that the bands are

83



Chapter 6 Crystal orientation effect ...

indeed slip bands (contrary to kink bands, which would be perpendicular to the
slip planes). The insets in Fig. 6.9 show that sharp and relatively large steps in
the surface are present where slip bands intersect the free surface. While the initial
surface is perfectly flat, these steps develop during indentation ahead of the contact
region; later on, they lead to a relatively large jump in contact when they touch the
indenter. See [19] for a further extensive discussion about surface roughness and
contact area.

It can be easily seen in Figs. 6.9 that the plastic zones for both orientations are
substantially larger than the contact length. In particular, they extend far beyond
the semi-circular area of radius equal to the nominal contact length aN = h tan α

which is assumed by Nix and Gao [8] in their model of the indentation size effect.
It is also larger than the plastic zone modelled by Hill [21] using slip deformation
theory.

6.4.2 Two slip systems

The response of the crystals (for a given density of sources and obstacles) under
uniaxial tension or compression is independent of orientation, cf. Fig. 6.8. In that
case, the Schmid factor vanishes for φ = 0 and 90◦, and has the same absolute
value on the other pairs of slip systems in the two orientations considered. In in-
dentation the situation is no longer so simple, but φ = 0 in O2 and 90◦ in O1
remain special as these slip planes are perpendicular and parallel to the indentation
direction, respectively. The Schmid factors on these planes have the same absolute
value, and also the inclined planes of the O1 (φ(β) = (35.3◦, 90.0◦, 144.7◦)) and O2
(φ(β) = (125.3◦, 0.0◦, 54.7◦)) crystals are pair-wise equal but with opposite sign.
For reference, Fig. 6.10 shows the distributions of the resolved shear stress on the
three slip systems of an O1 crystal under elastic indentation. While this stress dis-
tribution determines when and where the first dislocations source is activated, a key
difference between the two orientations arises from the efficacy of stress relaxation
by dislocation motion. For this, what matters is the component of the Burgers
vector in the direction of indentation, i.e. b2 = b sin φ, and in this sense the slip
system φ(2) = (90.0◦) of O1 is the most efficient and φ(2) = (0◦) of O2 the least
efficient.

To investigate the special role these two slip systems play, we repeat the com-
putations for the LSD crystals after removal of the slip system φ(2) = 0 from O2
and φ(2) = 90.0◦ from O1. The average results of three realizations per orientation
are reported. It is noted that we actually remove slip planes from the material and
thus also reduce the source and obstacle density, on average from ρnuc = 9µm−2

and ρobs = 18µm−2 to ρnuc ≈ 6µm−2 and ρobs ≈ 12µm−2.
The force–indentation depth curves in Fig. 6.11 reveal that the magnitude of the

differences between O1 and O2 are similar as with three slip systems (see Fig. 6.3,
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Figure 6.10 Distribution of resolved shear stress, arbitrarily normalized, during
elastic indentation of an O1 crystal on the slip systems with (a) φ(1) = (35.3◦), (b)
φ(2) = (90.0◦), (c) φ(3) = (144.7◦).
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Figure 6.11 Average indentation force F versus indentation depth h for LSD, two
slip systems, (a) α = 70◦ and (b) α = 85◦ indentation.

but the ordering is opposite. In particular for α = 70◦, seen in Fig. 6.11a, the load
on the two-slip system O1 crystal is about 15% higher than in the orientation O2.
The reason for this is the absence of the most relaxing slip system in O1, while the
O2 lacks a slip system that is not very efficient anyway.
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6.5 Discussion and Conclusion

This trend continues in the development of the contact area. Removal of the
φ(2) = 90.0◦ system in the O1 crystals reduces the amount of sink-in next to the
indenter and thus enlarges the contact length. Crystals with two slip systems in
the O2 orientation have a significantly smaller contact area, especially under a
blunt indenter (Fig. 6.12b), since glide on these slip systems is more efficient in
accommodating the indentation displacement, thus giving rise to more sink-in.

The ultimate effect on hardness, as shown in Fig. 6.13, is that O2 crystals have a
mild tendency of being slightly harder than crystals in the O1 orientation, although
the overlap in error bars indicates that this difference may not be significant. This
is most clearly seen for indentation with α = 85◦ (Fig. 6.13b). Comparison with
Fig. 6.7 reveals that, irrespective of orientation, the hardness of two-slip system
crystals is somewhat higher than in crystals with three slip systems.

In the above we have attributed the significant difference between two versus
three slip system O1 crystals for a large extent to the φ(2) = 90.0◦ slip system
accommodating indentation efficiently. For a given indentation depth, absence of
this slip system requires more slip activity on the remaining slip systems. Indeed,
comparison of the slip distribution for the two-slip system crystal shown in Fig. 6.14a
with that in Fig. 6.9a for three slip systems reveals that the plastic zone is quite
wider. For O2, the effect is smaller.

In the same spirit, two-slip system O2 crystals can more readily accommodate the
indentation displacements since b2 = b sin φ is larger than for O1. Hence, the density
of geometrically necessary dislocations in O2 is lower than in O1, which is consistent
with the trend in Fig. 6.15 for the total dislocation density. Note, incidentally, that
this is opposite to the situation in three-slip system crystals, Fig. 6.5.

6.5 Discussion and Conclusion

In spite of the significant orientation effect of the indentation force and contact
length, the hardness has been found to be rather insensitive to the crystal orien-
tation: the difference in force appears to be cancelled by the difference in contact
length. This result is in agreement with experimental results of Vlassak et al. [23]
and Zong et al. [4], who concluded that the hardness does not vary much with
the orientation of the indentation plane, because of the same multiple slip systems
may be operating for differently oriented samples and the hardness is averaged over
these slip systems. The same conclusion is reached by Bouvier and Needleman [17]
in computations using a continuum crystal plasticity model, who not only consid-
ered a 90◦ difference in orientation as we have done, but varied the orientation in
steps of 15◦.

The availability of multiple slip systems appears to play an important role in this.
In three-dimensional FCC crystals, the 12 available slip systems offer many more
possibilities to accommodate a given plastic strain than the number of independent
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Figure 6.12 Average actual contact length a versus indentation depth h for LSD,
two slip systems, (a) α = 70◦ and (b) α = 85◦ indentation.

modes of plastic straining (namely five); both here and in [17], three slip systems
mimic this excess in two dimensions. Indeed, with only two slip systems there is a
minor effect of orientation, while we find no such effect in crystals with three slip
systems.
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Figure 6.13 Average hardness H versus indentation depth h for LSD crystals
with two slip systems, indented with a wedge with tip half-angle (a) α = 70◦ and
(b) α = 85◦.

The computations have clearly indicated that the hardness and its (in)dependence
of orientation is the outcome of the competition between the resolved shear stress
driving dislocation nucleation and the accommodation of the indentation displace-
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Figure 6.14 Slip distribution inside a crystal with two slip systems in the (a) O1
and (b) O2 orientation after indentation to h = 0.4µm by a wedge with α = 70◦.

ment by slip. The first of these depends on the slip plane φ through sin 2φ, and
thus is insensitive to 90◦ rotations. On the other hand, accommodation of displace-
ment, associated with geometrically necessary dislocations, is controlled by sin φ.
The relative insensitivity to crystal orientation relative to the indentation direction
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Figure 6.15 Average dislocation density ρ versus indentation depth h for LSD,
two slip system crystals.

indicates that for the parameter values used here, the hardness is less controlled
by these geometrically necessary dislocations than by the ability of the material to
nucleate them.
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