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Chapter 2

General overview

2.1 Gibbs measures: Ising model

2.1.1 The Ising model

In some metals, some fraction of the atoms becomes spontaneously magnetized, when
the temperature is low enough. This happens for instance in iron and nickel. The
magnetized spins, which are the intrinsic magnetic moments of the atoms, tend to be
polarized in the same direction (e.g. all up) which gives rise to a macroscopic mag-
netic field. We call this ferromagnetic behaviour. However, when the temperature is
above someTc then all spins are oriented randomly and there is no macroscopic mag-
netic field anymore [44]. The interaction between the magnetic moments is short-range.
However these short-range interactions do provoke long-range ferromagnetic behavior
in the system. These metals have a rather homogeneous-crystalline structure with the
atoms fixed, apart for some minor moving. This makes that the short-range interactions
are typically homogeneous ones.

The Ising model tries to model this transformation of typically-homogeneous short-
range interactions into long-range phenomena in physical ferromagnets. In this model
we look only at the basic features of a ferromagnet. We assume that the metal atoms are
on a regular crystalline latticeΛ, which is in general a subset ofd. Every point of the
lattice contains precisely one atom.

Furthermore this atom is fixed and the only degree of freedom is its spin i.e. its
magnetic moment. In reality the atom moves a bit around its lattice point, but be-
cause of strong crystalline binding this movement is limited. In this model we have
neglected the effect of these movements. We assume that the environment outside the
metal changes adiabatically slowly. For real ferromagnets this is indeed typically the
case when we compare the microscopic changes in the crystal with the macroscopic
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exterior environment. Without any harm we consider this environment to be fixed: the
so called boundary condition toΛ. On every pointi of Λ there is precisely one particle
which has only its spin-valueσi as degree of freedom. The spins can only point up or
down, or equivalently its spin-valuesσi are restricted toσi = ±1. Here is some re-
scaling involved, but for the total picture this pre-factor is not important. There are only
nearest-neighbor pair interactions between the spins.

In reality crystals are never perfect, and because of thermal excitations some points
of the lattice are empty and other parts of the lattice are deformed. Also more spin-
values are allowed. Despite its serious restrictions compared to reality, the Ising model
still shows the long-range ferromagnetism it was designed for (if the dimensiond ≥ 2
and the temperatureT is low enough) e.g. [20]. This is in contrast to Ising’s claim; he
found no ferromagnetism in dimension 1 and he conjectured wrongly that the same was
true ford ≥ 2.

As usually happens to simple models, all sorts of generalizations to the Ising model
have been done. The reality connection with the ferromagnets is often not so clear
or not even there at all. However, we see Ising models in various places to explain
many phenomena; Ising models are equivalent to lattice gases, closely related to many
percolation problems and useful for optimization problems as well.

We can generalize the Ising model by allowing the spins to have more spin-values.
The result is a so-called Potts model when this amount of spin-values is finite. It was
proposed by Domb as a subject for his student Potts. Using duality arguments Potts was
able to determine for the standard Potts model ford = 2 the critical pointsβc for all
values ofq. Further on, in Chapter 3, we will see these Potts spins of the standard Potts
model. Another way of generalizing is to allow the spins to have continuous values on
a sphere: e.g. the Heisenberg model.

We return to the Ising model and make things more concrete. So -in other words-
let’s put the model into math. We use the canonical-ensemble description from statisti-
cal physics. It describes systems for which their exterior functions as a heat reservoir.
Each member of the ensemble is represented by a point in the phase space. All the
possible system behavior is described by this phase space together with a probability
distribution on the ensemble. For Ising systems the phase space is discrete because the
only freedom of the system are the spins. Because each spin can take only two values

the phase space equals{−1, 1}
d

. Each point of the phase space we call a (spin) con-

figuration. Denote byσ the spin configurationσ ∈ {−1, 1}
d

. The restriction ofσ to
the finite-sizedΛ we refer to asσΛ ∈ {−1, 1}Λ, where

Λ = {−L,−L+ 1, · · · , L− 1, L}d (2.1)

andΛc = d \ Λ.
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When the system settles into thermodynamical equilibrium, the probability of the
spins to be in the configurationσ is described by the so called (finite-size) Gibbs mea-
sure:

µηΛ(σΛ = σ̂Λ) =
exp (−Hη

Λ(σ̂Λ))
ZηΛ

(2.2)

We denote by< . >η the expectation of the argument with respect to the Gibbs measure
µηΛ. ZηΛ is the partition function which we obtain by summing over all configurations
the corresponding Gibbs-weight of the configuration.

The free energy of the system per spin equals

F ηΛ = − 1
β|Λ|

logZηΛ, with β =
1
T

(2.3)

For a setA ⊂ d, the symbol|A| refers to the number of sites contained inA. For more
details and the derivation for the particular choice of the Gibbs measureµΛ we refer to
any statistical mechanics book, for instance [44].

The functionsHη
Λ(σ) are the energy functions or the Hamiltonians of the configu-

rationsσΛ. For the Ising model they are defined as follows:

Hη
Λ(σΛ) = −β

∑
〈x,y〉⊂Λ

(σxσy − 1)− β
∑
〈x,y〉

x∈Λ, y∈Λc

σxηy (2.4)

where〈x, y〉 stands for nearest neighboring sites. This means in particular that‖x −
y‖ = 1, where‖.‖ is the Euclidean norm. Byη we denote the fixed boundary conditions,
i.e. to the spin-values of the spins inΛc. When we do not include boundary conditions
we speak about free boundary conditions. Equivalently we drop the second term in the
Hamiltonian. Indeed, the expression for the resulting free energy then is independent of
the boundary condition. For the corresponding Hamiltonian we writeHΛ(σ).

Note that because the interactions are only nearest neighbor only theη’s in the sites
x ∈ Λc with d(x,Λ) = 1 are involved.ZηΛ is the partition function which we obtain
by summing over the Gibbs-weights of all configurationsσΛ. As we see from (2.4) the
spins tend to align to each other.

Mean field: Curie Weiss

In general, the partition functionZηΛ is hard to compute for the Ising model. For one
dimension this can be treated simply by the so called transfer matrix methods. When
d = 2 there is the famous, much more involved, Onsager solution which gives an
complete analytic expression also by using transfer matrices. For higher dimensions
however only partial results are known. So some approximation is introduced: the
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mean-field theory (we follow closely [68]). With this approximation we are able to
obtain an explicit expression for the Gibbs average of the global magnetization.

We look at free boundary conditions and we rewrite the Hamiltonian to

HΛ(σΛ) = βN(L)− β
∑

〈x,y〉⊂Λ

σxσy (2.5)

where N(L) is the number of nearest-neighbor bond pairs. Because the first term is not
dependent on the spin-variables it drops out in the Gibbs measure. So we are allowed
to ignore it.

Then we ’expand’ every spinσi around its Gibbs mean value< σi >≡ m and
denote the fluctuations by∆i = σi −m. Rewriting the Hamiltonian (2.4) gives for free
boundary conditions

HΛ(σΛ) = −β
∑

〈x,y〉⊂Λ

(m+ ∆x)(m+ ∆y) (2.6)

Now we assume that we can neglect the higher order terms in∆ so

HΛ(σΛ) = βm2N(L)− βm
∑
<x,y>

(σx + σy) = βm2N(L)− 2dβm
∑
x

σx (2.7)

Here we have assumed that every sitei has 2d bonds coming out from it. The corners
and intersecting planes on the boundary ofΛ are of lower dimension and therefore
ignored.

With the above the partition function easily follows:

ZΛ = Trσ exp (−βHΛ(σΛ)) = Trσ exp
(
βm2N(L)− 2dβm

∑
x

σx

)
=

expβm2N(L)(2 cosh exp 2dβm)|Λ| (2.8)

By Trσ we mean the sum over all possible2|Λ| configurations. Now we remember
thatm =< σi > which is the Gibbs-expectation of the mean of a single spin-value.
When we put it in, we obtain the so called mean-field equation form:

m =
Trσ σi exp (−βHΛ(σΛ))

ZΛ
= tanh 2dβm (2.9)

This equation has three solutionsm?, 0 and−m? whenever2dβ > 1, i.e. whenβ >
1/2d. The critical valueβc: 2dβc = 1 is the value where region ends where there is no
global magnetization, i.e. there is no non-zero solution.
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It turns out that the above mean-field equation (2.9) (after re-scaling) is the exact
solution form =< σi > of the infinite range version of the Ising model (see e.g. [68]).
This version is also called the Curie-Weiss model which has as Hamiltonian

HN (σ) = − β

N

∑
i6=j

σiσj (2.10)

where1 ≤ i, j ≤ N . Each spin has an (uniform) interaction with any other spin. We
will encounter more mean-field equations in Chapter 3.

2.1.2 Thermodynamical limit

In nature macroscopic systems are extremely large of the order of1023 atoms and more.
So it is natural to take the system size limitL → ∞. But when we take this limit the
Hamiltonian goes to infinity as well. The infinite limit expression of the Hamiltonian
does not make any sense. So how to define an infinite-volume Gibbs measure which
depends on this divergent function?

All is settled by defining the infinite-volume Gibbs measure by the condition that
all the conditional probabilities to finite-sized volumes are finite-size Gibbs measures
in a consistent way. The corresponding equations due to this condition are called the
DLR-equations.

Definition 2.1. An infinite-volume measureµ is a Gibbs measure if it satisfies the so-
called DLR-equations:

µ(·|ηΛc) = µηΛ(.) (2.11)

for all finite Λ andµ-a.e. everyη.

Equivalently: if we conditionµ on the configurationη outsideΛ we obtain the
finite-volume Gibbs measureµηΛ.

If we look at the finite-size Gibbs measuresµηΛL
and if we take the sequenceL =

1, 2, · · · it depends on the boundary conditionη what will happen for very largeL. The
sequence does not need to settle to a single limit Gibbs measure. ForL → ∞ the
sequence may oscillate between two or even more infinite-volume Gibbs measures.

To see some limiting structure one can define metastates. These metastates are
probability measures over the infinite-volume Gibbs measures. Later on we reveal more
details about metastates in Section 2.5.

When we cannot write the Gibbs measureµ as a combination of Gibbs measures,
e.g.µ = (µ′+µ′′)/2, we callµ an extremal Gibbs measure or a pure state. From (2.11)
follows whenµ′ andµ′′ are pure states, then all the convex combinations in between are
infinite-volume Gibbs measures.
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Figure 2.1: Typical configuration forµ+
β

As T → 0 the inverse temperatureβ → ∞. From (2.2) we see that we obtain for
infinite volumes only Gibbs measuresµ for which configurations of a strictly non-zero
weight (with respect toµ) do minimize the corresponding energy functionHη(.).

We call these states ground states and the corresponding set of non-zero weight
configurations ground-state configurations due to the following property. From the
corresponding ground-state configurationsσ, for every configurationσ′ we can cre-
ate by flipping any finite number of spins inσ the following holds: the difference of
Hη(σ′) −Hη(σ) ≥ 0. Note that we need to be careful, because in the infinite volume
limit Λ →∞ the energy tends to−∞ for a lot of configurations.

This does not mean that there are no statesσ′ for which the differenceHη(σ′) −
Hη(σ) < 0, whereσ is a ground-state configuration. What it does mean in dynamical
sense, is that the system will stay in the same state for an infinite amount of time.

2.1.3 Some choices of boundary conditions

For getting a better understanding of the Gibbs measure subjects we just introduced,
we consider some examples. All is for the Ising model defined in Section 2.1.1. For
simplicity we restrict ourselves mostly to 2 dimensions.

Uniformly agreeing

First we take as boundary conditionη ≡ 1, i.e. every sitey hasηy = +1. Looking at
(2.4) we see easily that only the configurationσ ≡ +1 minimizes the Hamiltonian. This
means that there is exactly one ground stateµ+ which equalsµ+

β→∞(σ) = δ(σ ≡ +1).
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Forβ large enough but finite, the Gibbs stateµ+
β which does appear tends to concen-

trate around this configurationσ = +1. The set of configurationsσ′ which do appear
with µ+

β -measure 1 is of the following structure:σ′ has typically small islands of−
spins in a sea+-spins. The small islands have small lakes of+-spins which can contain
islands of−-spins and so on. This set we will refer to as the+-ensemble later on. See
Figure 2.1 for an example.

The same is true for the boundary conditionη ≡ −1. Then the configurations has
small islands of+-spins surrounded by−-spins: the−-ensemble.

We can make this image plausible by proving the absence of large contours: in
literature often referred to as a Peierls bound. Consider all the bonds of the dual lattice

2? between nearest neighbor spins which have opposite signs. When we take the
union, the resulting closed curvesΓ do form the boundary between+ and− spins.
Every closed curve we call a contourΓ. The length|Γ| of the contour is the number of
dual bonds involved. Because of the boundary conditionη ≡ +1 every contour does
appear as a closed curve. Every set of non-intersecting contours defines exactly one
configuration when we only look at the+-boundary condition and vice versa. Later on
for different boundary conditions a more general definition is needed and more general
curves do appear.

When we look at the definition for the Hamiltonian (2.4) we see that

H+
Λ (σ = {Γ})−H+

Λ (σ ≡ +) = 2β|Γ| (2.12)

This means that for the relative probability it holds:

µ+(σ = {Γ})
µ+(σ ≡ +1)

= exp (−2β|Γ|) (2.13)

also called the weight or the cost of contourΓ. Note that the weight of a configuration
consisting of more contours factorizes into the weights of the single contours making
up the configuration.

Now we can prove the statement:

Peierls bound: Assumeβ > (log 3)/2 and + boundary conditions. Then for any
θ > 0 with µ+-probability one there are no contours larger thanLθ whenL→∞.
Proof.

µ+
Λ (σ : ∃ Γ with |Γ| ≥ Lθ)︸ ︷︷ ︸
θ > 0, possiblyLθ � Ld

≡ µ+
L (σ : ?) (2.14)
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Figure 2.2: Alternating boundary conditionsη for Λ7

Because of factorizationH+
Λ ({Γ1,Γ2}) = H+

Λ ({Γ1}) +H+
Λ ({Γ2}) and therefore

µ+
Λ(σ : ?) =

1
Z+

Λ

∑
σ:?

exp (−βH+
Λ (σ)) =

∑
Γ:|Γ|≥Lθ

exp (−2β|Γ|) 1
Z+

Λ

∑
σ: σ={Γ′}︸ ︷︷ ︸

σ′

∪Γ

exp (−βH+
Λ (σ′)) <

Ld
∞∑

n=Lθ

3n exp (−2βn) ≤ 2Ld exp (−(2β − log 3)Lθ) → 0

for L→∞, θ > 0 , β >
1
2

log 3 (2.15)

Note that the proof of the Peierls bound heavily depends on the uniform exponential
size decay of the contour weights.

Alternating

Now we choose the boundary conditionη as an alternation of+ and− spins, see Figure
2.2. Every boundary spin involved has a sign opposite to its nearest neighbors. Note
that this boundary condition gives rise to contours which are not closed curves.

Because the boundary condition does not favor any sign, the ground stateµ(σ) =
1
2 (δ(σ ≡ +1) + δ(σ ≡ −1)) = 1

2(µ+ +µ−), when we take even volume sizes. We see
that this boundary condition gives rise to a mixture; the ground state is a combination
of the two pure statesµ+ = δ(σ ≡ +1) andµ− = δ(σ ≡ −1).
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Figure 2.3: Typical configuration forµDobrushinβ

The Gibbs states do concentrate now around both pure states which together do
make the ground state:µ = 1

2(µ+ + µ−). The measureµ+ is the Gibbs measure which
concentrates only on the+-ensemble andµ− concentrates on the−-ensemble.

We claim that this means that there are no interfaces involved with probability one.
By an interface we mean a contour which crosses the square lattice (so is at least of
orderL). Of a (vertically-crossing) interface maximally half of the vertical bonds do
cancel in considering the weight; the weight of an interface is at mostexp (−β|Γ|) so
we can apply again the Peierls bound for proving the claim.

Dobrushin

Now we create a boundary condition for which interfaces do exist. We chooseη as
follows. For the upper half of the boundary we take all the spins+1 and for lower
half we do the opposite: all the spins−1. This boundary condition is also called the
Dobrushin boundary condition.

The possible form of the ground states is dimension-dependent. Ford = 2 ground
states and ford = 3 also Gibbs states do exist with an interface like in Figure 2.3. This
means that the interfaces appear with non-zero probability at a particular position.

Chaotic size dependence

When we choose the boundary conditions carefully we can ensure that the system does
not have a limiting Gibbs measure. Take for even system sizeL the boundary condition
+ and for oddL the boundary condition−. Then the sequenceµΛ2L

converges to
the unique Gibbs measureµ+. The restricted odd sequenceµΛ2L+1

converges toµ−.
However the full sequenceµΛL

oscillates betweenµ+ andµ− and never settles to a
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limit. It depends on the volume size what the measure looks like even when this size
goes to infinity. This limiting dependence we call size dependence. Instead of even and
oddness we can also choose the+ or− boundary conditions in a random way. Then for
very largeL the measure still may depend randomly onL. This is called chaotic size
dependence.

Quenched-random boundary conditions

The environment around the system can be changing randomly in time. However in
reality when this happens then these changes are typically adiabatically slow with re-
spect to the dynamical changes of the system. To model this we assume the external
environment is fixed and is an outcome of the random variables making the randomness
of the environment. This type of randomness we callquenched disorder. However we
must be a bit careful when we say that the external environment is fixed. Although
the disorder is quenched and therefore fixed, the boundary condition changes randomly
when we look at increasing sequences of volumes which are independently chosen of
the disorder.

Choose allηi i.i.d. (=independently identically distributed) according to the follow-
ing distribution

P (ηi = ±1) =
1
2

(2.16)

What will happen now? This is the question a considerable part of this thesis is all
about, in particular Chapter 4. Are there Gibbs states or ground states involved which
do contain all the above features: mixtures, interfaces, + and - ensembles? The answer
is not obvious from the beginning. Because although the probability of having interfaces
goes to zero in theη-distribution (Dobrushin-type configurations), it certainly does not
immediately follow that the Gibbs probabilityµ also goes to zero for the interfaces.

Furthermore there is no such thing as a limiting Gibbs state, because chaotic size
dependence is involved. For sparse enough sequences the limiting measure oscillates
randomly between measures concentrated on the+-ensemble and measures concen-
trated on the−-ensemble. For large enough volumes, withη probability one, neither
interfaces nor mixtures will occur. The above model is one of the simplest in which one
can study these things rigorously. The concepts have been developed for spin glasses,
in which much less is clear even at a heuristic level.
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2.2 Spin glasses

2.2.1 Ising spin glasses

In the previous section we have considered the Ising model, which models metals with
uniform spin-interactions. The spin glasses we now consider, are modelled by a system
with the same concepts but now the spin-interactions will be modelled by random inter-
actions. The atoms do not lay regularly on a crystal but are randomly placed in space.
In these spin-glasses these random places do change very slowly in time. Compared to
the dynamics of the spins these positions are fixed. After some time the spin values are
more or less like random distributed but do not change in time anymore. This rather
unusual behavior is seen in some alloys of ferromagnets and conductors like AuFe and
CuMn. In these metals the so called RKKY spin interactions are rapidly oscillating and
slowly decreasing. Because the atoms are randomly placed the sign of the interactions
is also random distributed.

We use the term glass because of the similarity with the glass of windows, which
are fluids but where the flow is almost infinitely slow. In the literature the term spin
glass is often used for a wider class of models which have a high amount of quenched
disorder in common but where the connection to the alloys is often lost.

Spin-glass models with infinite-range interactions turn out to be useful also for
explaining pattern recognition in neural networks, in error-correcting codes, image
restoration, and in all kinds of optimization problems [68].

For an explanation of the spin-glass phenomena the Edwards-Anderson model has
been introduced. This is an Ising spin glass with only nearest neighbor interactions
and therefore has only interactions between neighboring pairs of spins. The rapidly
oscillating interactions are modelled by i.i.d. Gaussians.

The Hamiltonian is as follows

HΛ = −β
∑

<i,j>∈Λ

Jijσiσj + hβ
∑
i

σi (2.17)

TheJij are quenched i.i.d. non-trivial random variables with common mean IE[Jij ] =
IE[J12] ≡ IE[J ] andh is an uniform magnetic field. The setΛ is a subset of d. Because
no boundary conditions do enter in the Hamiltonian the boundary conditions here are
free.

In real life when we study spin-systems we expect to observe only quantities which
depend on macroscopic properties. The couplings are microscopic and in practice
we do not know all the random places of the individual atoms. When we make the
setup we do this without knowing the particular realization of the couplings. So for a
proper measurement we need that the macroscopic properties we measure are coupling-
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independent. Therefore we should observe only states which we can create in a coupling-
independent way. These states we call observable states. If a state is not observable we
will call it an invisible state [67].

Whenh = 0 it depends on IE[J ] and onβ for which kind of configurations there
is a tendency to order in the system. Whenβ is low enough:β < βc then there is
no ordering in the system at all. The spins behave approximately independent of each
other; the system showsparamagneticbehavior. For some systems only this behavior
is possible andβc = ∞.

Whenβ ≥ βc there are three possibilities. When IE[J ] > 0 the system prefers
ferromagneticbehavior: all spins tend to have equal values. For IE[J ] < 0 the spin
values of nearest neighbor spins tend to be different from each other, which means the
system prefers to beanti-ferromagnetic. The third possibility, happening typically when
IE[J ] = 0, is the spin glass phasewhich we will consider now.

A good way to see these tendencies is to look at the so called Edward-Anderson
order parameterqEA:

qEA =
1
|Λ|
∑
i∈Λ

< σi >
2 (2.18)

where< . > is the Gibbs mean of the argument and|Λ| is the total size or the volume
of Λ. For paramagnetic behavior< σi >= 0 for every sitei, makingqEA = 0. When
the system behaves like aferromagnetor aanti-ferromagnet< σi >

2= 1 for every site
i. This makesqEA = 1: its maximal possible value.

When we set the average IE[J ] of the couplings to zero the systems prefers as many
spin pairs for whichσiσj = +1 as for whichσiσj = −1.

With the field h we have some control over the spin-values, when the average
IE[J ] = 0 or small in magnitude compared toh. When we puth > 0 the system
gives preference to+-spins, whenh < 0, the−-spins are more favored. However when
the field is not too large there is an intimate interplay between tendency due to the field
h and the tendency due to the couplingsJij .

Denote by[.] the coupling average: the average over the disorderJij . For calculating
e.g. the averaged free energy we first calculate the trace as before with a fixed random
realization. Then we take the average over the randomness. This because the change in
randomness over time is adiabatically small compared to the spin value changes due to
thermal activity.

The free energy per spin turns out to be a self-averaging quantity. This means that
with probability 1 the free energy per spin for a fixed realization of the couplings is
equal to the coupling mean when we take the system size limitΛ →∞. So the limit is
independent of the realization of the couplings. This is as it should be, because the free
energy is a macroscopic object.
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When the temperature is not too low< σi >= 0 for any sitei, because of param-
agnetism. This makes both the average magnetismm = [< σi >] = 0 andq = [<
σi >

2] = 0. For low enough temperature in general< σi >6= 0 due to the quenched
couplings. However when we average over the disorder it can happen due to alternat-
ing signs that[< σi >] = 0 although< σi >6= 0 for the typical realizations of the
quenched couplings. Butq = [< σi >

2] = [qEA] > 0. This scenario is calledthe
spin-glass phasewhich is the third possibility we have mentioned earlier on.

2.2.2 Mean field: SK-model

Because calculations for the short-range EA-model are extremely hard we can try to do
the mean-field approximation like we did in the Ising model. The result is the infinite-
range Sherrington-Kirkpatrick model of which the Hamiltonian is

HN = − β√
N

N∑
i<j

Jijσiσj + hβ
∑
i

σi (2.19)

again withJij the outcome of an i.i.d. random distribution. Often one takesJij as
standard Gaussian:Jij ∼ N (0, 1) and the external fieldh = 0. It is believed that the
infinite dimension limitd → ∞ for the free energy density of the EA-model is equal
to the free energy density of the SK-model. As in the SK-model each spin interacts
directly with infinitely many other spins.

For the SK-model one can show that the spin-glass phase does occur when the
temperature is low enough and the coupling mean not too large [68].

When one tries to take the limitN →∞ various limit Gibbs statesµ seem to appear.
In general a Gibbs state then looks like a mixture of infinitely many pure statesµα:

µ(σ) ≈
∑
α

wJ(α)µα (2.20)

wherew(α) is the relative weight of the pure stateµα. [66]. Note that the decomposition
weights as well as theµα do depend on the disorderJ . Recently it was proven that in
the limitN →∞ each configuration is a ground state [67]. However taking the infinite-
volume limit is problematic. A slightly better-behaved class are the Hopfield models.

2.3 Hopfield model

Our brain is a complex structure of many neurons which interact with each other in
a non-trivial long-range way. For instance the cerebral cortex consists already about
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σ1(t)
...

σN (t)

−→ hi(t) =
∑

j:j 6=i Jijσj(t) −→ σi(t+ ∆t) = signhi(t)

Figure 2.4: The zero-temperature neuron dynamics

1010 neurons. Nowadays there is a lot of research in this area. It seems that our brain
network is scale free. It has the structure of a so called small world network: i.e. small
path length between two neurons in the order of the path length in a random edge neural
network, but with a relatively high amount of connections (e.g. [18]).

Originally Pastur and Figotin invented the Hopfield model as a model for a special
type of spin-glasses. Then Hopfield came up with it independently as a model for neural
networks as above. However it is a simplified model and the geometric structure of the
neural connections is totally missing.

2.3.1 Setting

Assume that the neural network containsN neurons and that every neuron interacts
with any other neuron (i.e. having mean-field like interactions). These interactions are
composed out of 2-neuron interactions only. Now consider a neuroni. The state of the
neuron is labelled by the variableσi. If the neuron is excited thenσi = +1. When
σi = −1 the neuron is at rest. As a current is going from neuronj into neuroni the
signal is altered due to chemical transmitters in the neuroni itself. This synaptic efficacy
we denote byJij . It alters the signalσj into Jijσj . The total inputhi of neuroni equals

hi =
∑
j: j 6=i

Jijσj (2.21)

2.3.2 Dynamics and ground states

Let us define the dynamics of this model. Ifσi(t) denotes the state of a neuroni at time
t then it becomes (or stays) excited at timet+ ∆t wheneverhi exceeds a thresholdθi.
Otherwise it is at rest at timet+ ∆t:

σi(t+ ∆t) = sign(hi(t)− θi) (2.22)

For simplicity we set this threshold to zero. Then the state of neuroni at timet + ∆t
becomes [19]

σi(t+ ∆t) = sign
( ∑
j: j 6=i

Jijσj(t)
)

(2.23)
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so without an extra constant term. See Figure 1.3 and also Figure 2.4.
A particular fixed configuration of neurons we denote by theN−dimensional vector

~ξ ∈ {−1, 1}⊗N . We call this a pattern. If this pattern~ξ is a stable fixed point of the
evolution defined by (2.23) then we say it is in the system’s memory. If we assume
that there are no metastable fixed points, then the following happens. If there is only
one stable fixed point, then whatever the initial state of the neurons, after long enough
time the system will be in the state defined by~ξ, i.e. the systemremembersthe pattern.
Of course there can be more patterns in the memory. Then if we pick at random an
initial configuration of neurons, at the end we will always end up in one of the patterns.
Furthermore every pattern of the memory can be reached with non-zero probability. In
general however it can happen that the dynamics get stuck in a metastable fixed point.

To illustrate this process better, imagine you want to answer a question for a quiz.
It can happen that you need a bit of time to remember the answer, because the question
appears to be difficult. But still you have the feeling that you might know this one.
In the process of remembering you try to find associations with the -according to you-
presumably right answer. You are fine-tuning your first thought. You are altering your
initial condition to a better one, a one with less energy. Then after some time you think
you know an answer and you believe it is right. You have recovered something of your
memory: either you are in the state of the right answer or in a state of wrongness.

A good way of measuring how well a configurationσ agrees with a given pattern~ξ
is to look at the corresponding order parameterq~ξ:

q~ξ =
1
N

N∑
i=1

σiξi (2.24)

Whenq~ξ = 1 then the configurationσ is equal to the pattern~ξ and whenq~ξ = −1 then it

is equal to the opposite:σ = −~ξ. The parametersq~ξ are also calledoverlap parameters.

Whenever±q~ξ > 0 the configuration±σ agrees with the pattern~ξ for more than half
of the neurons.

A good way of studying this system is to use the Gibbs description of statistical me-
chanics. Then the memory of the system is formed by the ground states of the model.
The equilibrium features are governed by the Gibbs measure. We choose the Hamilto-
nian as

HN = −
N∑
i=1

hiσi = −
N∑
i=1

σi
∑
j: j 6=i

Jijσj (2.25)

Now the zero temperature dynamics of this system is equivalent to the earlier-defined
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neuron dynamics (2.23). We see this as follows. The energy equals

HN (t+ ∆t) = −
N∑
i=1

hi(t)σi(t+ ∆t) (2.26)

For zero temperature the Gibbs measure for timet + ∆t becomes aδ-measure on the
configurationsσ(t+∆t) for which the energyHN (t+∆t) is minimal. As we see from
(2.26), this is the configurationσ for which for every neuroni σi(t+ ∆t) = signhi(t).
It is easy to see that the energy cannot increase in this operation. However it is not clear
that in the end whent is very large, we will end up in a single ground state configuration
or oscillate between more.

The above dynamics is deterministic. In reality the neurons might not be determin-
istic in this way. Furthermore we need to allow for some probability that the energy
in the operation can increase. This is to have the ability to get out of the local minima
formed by the metastable fixed points. Therefore we introduce a parameterβ to con-
trol the uncertainty in the model. The smallerβ, the more uncertainty. Whenβ = 0
the neurons behave perfectly random, because the energies of the configurations do not
matter. Takingβ →∞makes the system behave like the zero-temperature dynamics of
(2.23).

As example we takeJij ≡ +1. Then the system transforms into the Curie-Weiss
model. The behaviour of this model is well understood. The ground states areσ = ±1.
It is also easy to see that the same is true whenJij contains only one pattern~ξ, i.e.
Jij = ξiξj . Indeed the Hamiltonian (2.25) is minimized wheneverσ ≡ ± sign ~ξ. In this
case the pattern coordinatesξi are allowed to have a more general distribution but they
need to be i.i.d.

In reality one often knows only the global properties of the memory of the system.
Furthermore the memory also changes in time. But these changes in time are very slow
compared over the time in which the states of the neurons are changing. A good way
of modelling this is that instead of choosing the pattern ourselves we let the patterns be
chosen according to a quenched random distribution. All the randomness is i.i.d. and
is thus described by a product measure. The measure with respect to this randomness
~ξ we denote byP~ξ. Usually one takes the randomness as symmetric Bernoulli:~ξ ∼
{−1, 1}⊗N .

Note an important difference between the 1-pattern case and the SK-model. In the
SK-model all the bonds have independent disorderJij . In the 1-pattern Hopfield model
pairs of bonds with a common neuron e.g.(ij) and(jk) have highly dependent disorder.

We generalize from the 1-pattern system to the finitep-pattern system with patterns
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~ξ1, . . . , ~ξp. We take for theJij

Jij =
1
N

p∑
µ=1

ξµi ξ
µ
j (2.27)

For the patterns we take a random outcome of the uniform distribution on
(
{−1, 1}⊗N

)⊗p
.

In the literature this choice of theJij is referred to as the Hebb rule. Because of the scal-
ing the quenched patterns are asymptotically orthonormal to each other

lim
N→∞

1
N
~ξi · ~ξj = δij +O(

√
1/N) (2.28)

It is easy to see that the statesσ = ±~ξµ are equilibrium states of the system. Indeed if
we put inσ(t) = ~ξµ into theβ →∞-dynamics (2.23) we obtain forN →∞

σi(t+ ∆t) = sign
( ∑
j: j 6=i

Jijξ
µ
j

)
= sign

(
± 1
N

p∑
ν=1

ξνi
∑
j: j 6=i

ξνj ξ
µ
j

)
=

sign
(
±

p∑
ν=1

ξνi δνµ

)
= sign (±ξνi ) = ±ξνi (2.29)

In other wordsσ(t) = σ(t + ∆t). This makesσ(t) ≡ ±~ξµ fixed point configurations
and therefore equilibrium states. However it is not clear from these calculations whether
these states are also ground states. This is because the states can be unstable fixed points.
Furthermore we might not be allowed to omit theO(

√
1/N) term in the calculations

as we have done. Also it could be possible that the states only can be reached by a set
of P~ξ-measure 0. Or maybe there are more ground states than these fixed points. After

more analysis it turns out to be that the2p statesσ = ±~ξµ are indeed the only ground
states for this system (e.g. [10]).

2.3.3 System-size-dependent patterns

When the numberp of patterns depends on the system sizeN several things can happen.
Denote byα the ratio between the number of patterns and the system size:α = p/N .
We consider the phase regions in the(T, α) plane, see Figure 2.5. WheneverT > Tg
whereTg = 1 +

√
α the system behaves like aparamagnet.

There is a curveTc such that below this line all of thep patterns arestable, i.e.
absolute minima of the free energy. Between the curvesTc andTg there is a different
curveTM which separates between stability and metastability.
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Figure 2.5: Phase diagram for the Hopfield model(after [3])

Between the curvesTM andTc the patterns becomemetastable; they are local min-
ima of the free energy. The global minima correspond to the spin-glass states. These
states have vanishingly small overlapqµ (of orderO(1/

√
αN)) with all of the patterns

µ. So only if the initial configuration is close enough to a pattern the system will re-
member it.

Above TM and belowTg the spin-glass states become the only one present. So
none of the patterns can be remembered. In thisspin-glass phasethere is presence of
ageing. The decay of the energy becomes slower for longer waiting times. According
to numerical research the spin-glass properties seem to be closely related to properties
of the SK-model, which we obtain by taking the limitα → ∞. Analytic research of
the corresponding dynamics is highly complicated; it cannot be described only by the
overlap valuesqµ,t and the neuron statesσt at timest [3, 58, 68].

For a more extensive discussion of the Hopfield model, including some history and
its relation with the theory of neural networks, see [10, pag. 133 and further] or [12].

2.3.4 Some generalizations

To put in more realism we take into account that not every neuron need to be connected
with every other. For this goal we define the matrixΛij , which represents the structure
of the network. If neuroni is connected withj thenΛij = 1 otherwiseΛij = 0. When
the network is undirected we have a symmetric matrixΛij . Now we use the Hopfield
dynamics of (2.23) but we replaceJij by the valueΛijJij .

Numerical research seems to suggest that the task of recognition of a finite number
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of patterns is better performed (i.e. higher overlap after long time) when we decrease
the clustering coefficient of a network [48]. By the clustering coefficient we do mean
the following. Take a vertexv of a graph. Supposev hasN neighboring edges. Then
at mostN(N − 1)/2 edges can exist between these neighboring vertices. Denote by
Cv the actual number of these edges divided by the maximal amount possible. The
clustering coefficientC is the mean ofCv over all verticesv.

Another generalization is to allow the neurons to have more values. The neuron-
states increase toσi ∈ {1, . . . , q} instead ofσi = ±1. In spin-glass language we say
that we haveq-state Potts spins instead of Ising spins. For the patterns we can still take
the restriction toξµi = ±1. When the system has only one pattern in its memory then
we easily see that the form of the ground states is of the following type. Every sitei for
which ξi = +1 hasσi ≡ j and every site for whichξi = −1 hasσi ≡ k, with j 6= k.

Of course it is more realistic to consider Potts-patterns, when the neuron states are
equivalent to Potts-spins. Then the ground states are{~ξµ} with P~ξ probability one
whenever the numberp of patterns is not too large:α : 0 ≤ α < 1 arbitrarily, p <
(α/ ln q) lnN [37]. Note thatp is allowed to be infinite whenN →∞.

2.4 Scenarios for the spin glass

In the last decades researchers have tried to get an analytic-rigorous grip on the phenom-
ena of short-range spin-glasses. During this process various competing theories were
formed which were not at all conclusive. Most theories we can group into three scenar-
ios; the droplet-picture of Fisher and Huse [33], the chaotic-pairs picture of Newman
and Stein [66] and the replica symmetic breaking picture which resulted from mean-
field theory for the infinite range SK spin-glass developed by Parisi [56].

2.4.1 Droplet-picture short-range spin-glasses

At the end of the eighties Fisher and Huse introduced a so called droplet picture [33] to
describe the equilibrium phenomena for short-range spin glasses. For a clear example
of this picture we take a model which has the energy function (2.17) of the Edward-
Anderson model. The couplings (the spin-interactions) we choose symmetrically and
continuously distributed. We set the fieldh to zero.

For finite dimensional Ising spin glasses there are two possibilities for the equilib-
rium behavior for smallT . There is a critical dimensiondl such that:

d < dl: System is paramagnetic at allT > 0 soTc = ∞.
d ≥ dl: There exists exactly one pair of (flip-related) ground states. For0 < T < Tc <
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∞ the behavior of the system is described by a small non-zero density of excitations
with a volume which is non-zero relatively to the (infinite-sized) system.

Now we take a particular ground stateG and look at its excitations. BecauseT > 0
there are excited regions where the spins have opposite values compared toG. As in the
Ising model we can define contours by the boundaries of these regions. The contours
do exist on various scales. For a large enough system the probability of having at least
one large contour is of order 1, although the probability of having a particular large
contour is small. For low enoughT we assume that the contours with the lowest energies
dominate the physics. These contours we call droplets. More precisely

Definition 2.2. A dropletDL(j) of length scaleL is a contourΓ enclosing sitej and has
the minimum of energy of all possible contoursΓ enclosingj and containing between
Ld and(2L)d spins.

The energyFL(j) of a dropletDL(j) equals

FL(j) = min
Γ encl.j,

Ld≤|Γ|<(2L)d

EG(Γ) (2.30)

whereEG(Γ) is the energy of configuration{Γ} relatively to the ground state energy
EG(∅).

In case of an Ising ferromagnet (i.e. (2.17) withJij ≡ 1 andh = 0) FL(j) =
O(Ld−1). For the current Ising spin glass with the random symmetric couplings it is
expected that the droplet energy is much lower. This because there is a big amount
of frustration and also there are many configurations which are almost like the ground
states. However for a generic contour the energy scales still likeLd−1. Given this we
make the scaling ansatz:

FL(j) = O(Lθ), θ < d− 1 (2.31)

In [33] it is argued that

θ ≤ d− 1
2

(2.32)

However the arguments in favor of (2.32) use some assumptions which need not hold in
general [24].

For θ > 0 we expect the following picture. Because of the almost degenerate
ground state the Gibbs weight of the eventFL ≈ 0 is bigger than zero even for zero
energy. As we see from the Hamiltonian only the droplets at length scaleL with energy
FL ≤ O(T ) do contribute significantly to the Gibbs measure. WhenT � O(Lθ), only
a small fraction of these droplets does appear. Because of the positive weight ofFL near
zero some of the droplets will be excited at any positive temperature. These properties
make thatθ > 0 impliesd ≥ dl.
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When θ < 0, the energy cost is so low that the entropy will dominate and the
droplet-picture breaks down. Because every spin can be flipped with arbitrarily small
energy cost (by taking the system size large enough) the system is to be expected to
behave like a paramagnet. Thereforeθ < 0 impliesd < dl.

2.4.2 Parisi’s Replica Symmetry breaking picture

Parisi cleverly conjectured in the eighties an expression for the free energy function of
the SK-model and also an expression of the (Parisi) overlap distribution [56]. The idea
of this solution is also known as replica symmetry breaking (RSB). Recently the con-
jectured free energy expression was mathematically rigorously proven to be the correct
expression by Talagrand [74] who used in his proof results of Guerra and co-workers.
However, some of the aspects of Parisi’s RSB-picture are still open.

This RSB-picture predicts that in the infinite-volume limit states do appear which
are composed out of infinitely many pure states. It is not clear what a pure state means
for the infinite range SK-model. Assuming we still can define overlaps between differ-
ent ’pure states’, the overlap between ’pure state’α andα′ is

qαα′ =
1
N

N∑
i=1

< σi >α< σi >α′ (2.33)

By< . >α we mean the Gibbs measure over the pure Gibbs stateµα. From this quantity
we can read how much stateµα looks like stateµα′ . For every pure stateµα it holds

qα =< σα >
2= qEA (2.34)

whereqEA is the same parameter as in (2.18). Furthermore we see

−qEA ≤ qαα′ ≤ qEA (2.35)

To explicit construct the pure states is impossible. However, still some things can be
said about the distribution of the overlaps. We choose at random two pure states from
the Gibbs measures appearing in the limit of the SK-model. Then we denote byP (q)dq
the probability that the overlap of these two states lays in betweenq andq + dq. This
distribution is also called the Parisi overlap distribution. It looks like

PJ(q) =
∑
α,α′

wJ(α)wJ(α′)δ(q − qαα′) (2.36)

For high temperature the SK-model becomes a paramagnet andP (q) = δ(q = 0).
However the symmetric overlap functionP (q) is highly non-trivial when the tempera-
tureT is low enough and consist of manyδ-functions of non-zero weight. Furthermore

39



it is coupling dependent, i.e. a non self-averaging object. When we average over the
couplings the resulting distribution shows to be continuous non zero between twoδ
spikes at±qEA. Furthermore there is chaotic size dependence. When we look at two
different infinite volumes which has a large difference in volume sizes then in general
P (q) also looks very different.

Another interesting concept which holds according to Parisi’s theory is ultrametric-
ity. Recall that for two equal pure states the overlap equalsqEA. With this we create a
distance function between two pure states

dαα′ = qEA − qαα′ (2.37)

Then we take at random three states 1, 2, 3. With these states we can make three pairs.
Ultrametricity then claims that either

d12 = d13 = d23 or d12 = d13 < d23 or

d12 = d23 < d21 or d21 = d23 < d12
(2.38)

So the three overlaps of the state pairs are intimately related. A mathematical rigorous
proof of this ultrametric structure is still an open problem.

2.4.3 Chaotic Pairs

The remaining possibility is [65, 66] that for largeL the Gibbs measure looks like (with
dependence onJ)

µL ≈
1
2
µαL,J +

1
2
µ−αL,J (2.39)

When we putL→∞ and take the union of all possible states emerging then we obtain
a set of uncountably many states. The Gibbs measure is approximately a combination
of two pure Gibbs statesαL and−αL out of the infinitely many. These two states are
each other’s global spin-flip. The state-labelsαL are chaotically dependent onL.

We encounter in Chapter 3 an example of an infinite-range system which has in-
finitely many ground states. For fixed sizeL only two pairs of ground states do appear
(or triples of pairs in case of 3-Potts spins) in the way of the Chaotic Pairs scenario.

2.5 Metastates

In spin glasses to get a grip on the quenched disorder we consider the following. Look
at a sequence of finite volume Gibbs measuresµηΛ. The disorder of the spin glasses is
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prescribed by the parameterη. It is treated as quenched disorder so we consider it as
fixed. Then we take the empirical average of these measures

KηN =
1
N

N∑
n=1

δµη
Λn

(2.40)

We try to take the limitN →∞. The result provides the so called (empirical) metastate.
This metastate is a probability measure on the Gibbs measure and is dependent on the
quenched disorderη [66]. The metastate gives the relative weight of the event that
a quenched disordered system of a very large volume behaves like a particular Gibbs
measure.

In general however (2.40) does not converge for almost every configurationη unless
we take a sparse enough subsequence. It does converge however in distribution. The
resulting distribution over the infinite Gibbs measures does not depend onη anymore.
The limiting process of the whole patht → µηΛ[tN ]

is described by the so called super-

state. The value[tN ] is equal to the largest integer smaller equaltN [54]. In [51] and
[53] there are two examples for which this behavior has been examined thoroughly.

For thed = 2 random boundary field Ising model, which we consider in Chapter
4, the metastate does concentrate on two extremal Gibbs measuresµ+ andµ−. We
conjecture that ford = 2, 3 every mixture ofµ+ andµ− can appear as a limit point along
the regular sequence of cubes. These mixtures are null-recurrent. So in the metastate
they do not appear and for this particular model the metastate is a.s. convergent.

For d > 3 for the random weak boundary field Ising model, the limit points along
the regular sequences are onlyµ+ andµ− almost surely. Each extremal Gibbs measure
appears with probability1/2 [28].

As example of an a.s. non-converging metastate we take the Curie-Weiss random
field Ising model. It has as Hamiltonian

HN = − β

N

∑
i<j

σiσj − βε

N∑
i=1

ηiσi (2.41)

The random variablesηi are i.i.d. and haveP(ηi = ±1) = 1/2. For β large enough
andε small the model behaves like a ferromagnet with one+-phaseµ+,η

∞ and one−-
phaseµ−,η∞ . When one takes the sequencen = 1, 2, · · · the corresponding metastate
converges in distribution to

lim
N→∞

Kη
N = lim

N→∞

1
N

N∑
n=1

δµη
n

law= n∞δµ+,η
∞

+ (1− n∞)δµ−,η
∞

(2.42)

The variablen∞ is a random variable independent ofη. It is distributed asP(n∞ <
x) = 2

π arcsin(
√
x) [51, 53].
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