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1 
INTRODUCTION 

The year was 1635: Galileo, seventy-two years old completed his ‘Dialogues 
concerning two new sciences’ 1. The first science was his study of what holds 
solids together and why do they fall apart. The second science was on the 
dynamics of objects, specifically related to the trajectory of projectiles, the topic 
for which he is renown. It is fair to say that since Galileo’s ‘Dialogues’ this 
question ‘what holds solids together’ has developed to the core of interests in 
condensed matter physics, whereas the topic ‘why do they fall apart’ became an 
important branch of engineering. Both fields have developed independently 
and almost never united again2. Condensed matter physics explained that the 
cohesive properties of solids are based on electron/phonons and collective 
excitations. These concepts were very successful in explaining electrical and 
optical properties and led to advances in devices that form the basis of the 
semiconductor industry. In contrast, a similar success was not achieved in 
explaining the mechanical properties, and the question ‘why do they fall apart’ 
is still not properly answered. Mechanical properties are determined by the 
collective behaviour of defects rather than by the individual bonding between 
atoms and electrons. Even the behaviour of one singular defect is often 
irrelevant. Despite the enormous effort that has been put in both theoretical and 
experimental work, a clear physical picture that could even predict a stress-
strain curve and failure by crack propagation is still lacking. The reason is quite 
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obvious: in plastic deformation and in fracture we are faced with very non-
linear effects. In addition the phenomena are irreversible and far from 
equilibrium and consequently cannot be treated by common solid state physics 
approaches. As a result this area of research has largely been ignored by 
condensed matter physics. The problem was too tough to be ‘cracked’, so to 
speak. However, like in all sciences he who would eat the kernel must crack the 
nut. 

Luckily enough the tide has been turning for two reasons. The first reason is 
new instrumental developments in the field of microscopy 3,4 that make it 
possible to do controlled in-situ deformation and fracture experiments under 
controlled conditions to obtain structural and chemical information on various 
length scales. The second reason is the availability of novel theoretical 
methods5,6,7,8,9 to describe the collective behavior of defect structures 
incorporating the properties of individual defects as known from both linear 
elasticity theory and experiments. In particular the fields of statistical physics10 
and solid mechanics11,12 have given impetus to these novel developments. 
Together with the advent of advanced electron microscopy they provided new 
concepts for the description of the co-operative behavior of defects that 
determine failure of materials.  

The first question to ask when dealing with rupture is when fracture will 
develop and when it will not. It was the first problem to be attempted by 
fracture mechanics and may well prove the last to be solved. An important 
criterion has been formulated by Griffith 13 based on the idea that a crack will 
progress, if and only if the energy needed to create a new free surface area is 
smaller than the elastic energy released when the crack moves. A somewhat 
different approach to obtain a fracture criterion is to consider the stress fields 
near a crack. Within the framework of linear elasticity the stress distribution can 
be easily obtained for a semi-infinite crack in an infinite medium with a simple 
stress state imposed at infinity. The elastic energy release rate in the case of a 
single crack can be calculated from an arbitrary contour, the so-called J- 
integral, that contains the stress field and encircles the crack; the method is due 
to Jim Rice14. The stress function is singular at the tip of the crack15 and reads: 
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θ  is measured from the crack plane at 0θ =  and K is called the stress intensity 
factor. The divergence of ( ),ij rσ θ  if 0r →  is very general, i.e. independent of a 
specific geometry. Of course this divergence is very unphysical and depending 
whether the material is ductile15 like a metal or brittle like a ceramic material 16; 
effective cut-offs of the elastic solutions are known. Even if the material is 
neither plastic nor susceptible to damage, a cohesive zone can be introduced 
producing a cut-off of the elastic solution17. So far, Eq. (1.1) refers to a single 
crack in an infinite medium and the real situation of many cracks in a finite 
system becomes complex because the singular stress fields may interact.  

It is fair to say that fracture enhances locally the amount of ‘disorder’; either by 
the nucleation and propagation of cracks or by the complex heterogeneity of 
stress fields of existing cracks. The precise evolution of the amount of disorder 
makes fracture becoming a collective phenomenon, which is responsible for 
statistical fluctuations in the fracture stress and for size effects. Sample to 
sample variations are seen in most materials at all scales. In general the fracture 
load increases with decreasing sample size or increases with decreasing 
microstructural sizes keeping the sample size constant. These aspects underline 
the idea that mechanical response of a material cannot be reduced to its average 
and that both in strain hardening and strain softening of materials either 
delocalization or localization of ‘disorder’, respectively, play an essential role.  

According to its definition, size effects are determined by the so-called 
representative volume18, meaning that they vanish when the representative 
volume has been reached. Besides size and scale effects also shape effects can be 
distinguished but the latter is not fully examined in this thesis. Basically there 
are various approaches to tackle the size and scale effects on fracture 
phenomena. One class is focused on providing a description of the mechanical 
behavior without concentrating on a physical explanation. The model 
descriptions by Bažant’s19 size effect law and multi fractal scaling law by 
Carpinteri20 are known best. Other suggestions include models by taking into 
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account higher order derivatives of the displacement field21, non-local damage22 
following non-local models of elasticity first proposed by Kröner23 and further 
developed by other researchers24,25. These models are very useful to reproduce 
the mechanical behavior and can be used as efficient tools for applications but 
they cannot provide physical information about the relevant length scale ξ  
because ξ  is a free parameter. In contrast, if one likes to understand size and 
scaling effects ‘disorder’ has to be taken into account explicitly and this has 
been the main objective in this thesis.  

Although molecular dynamics is still the purest discrete approach to study the 
evolution of ‘disorder’ during fracturing, the method is actually only 
numerically tractable in a study of the behavior of a single crack26, 27 in a 
nanometer-sized sample of material. The presence of several cracks requires too 
large system sizes and too long equilibration times to make this method very 
attractive and doable in practice. Instead, lattice models have been developed in 
which the material is reduced to a set of points, termed ‘nodes’, which are 
connected by coupled springs. As a matter of course these models do not 
describe fracture phenomena on an atomic scale but they intend to give a 
physical description on a much larger scale. In contrast to molecular dynamics, 
rupture is not a natural outcome of the computation but has to be implemented 
explicitly by assuming a preset threshold value for fracture of the springs that 
may lean on experimental information. The big advantage of the lattice spring 
models is that ‘disorder’ can be introduced and studied easily, but fracture of 
the springs is well defined, i.e. the method is more ‘rigid’ than molecular 
dynamics to recognize the actual development of fracture.  

In particular, elastic networks of springs are frequently used to model the 
relation between the mechanical properties and the microstructure of (highly) 
porous media. In this thesis disordered three-dimensional spring networks 28, 29 

are used to study the size effect in brittle failure. In the past, simulations were 
carried out both in two 30, 31, 32, 33 and three34,35,36,37,38,39 dimensions, mainly 
exploring regular spring networks. In general, the research so far on size effects 
40,41 and crack growth 42, seems to underline the importance of heterogeneities in 
random resistor network models43. Further, experimental and numerical 
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investigations of size-effects have been pursued in the field of concrete fracture 
mechanics using deterministic models 44,45,46,47. 

In order to incorporate a specific microstructure of highly porous ceramic 
media, we explore a new method of generating dynamically a node 
distribution. This rather mesoscopic approach provides a possibility to 
incorporate microstructural properties. It is important to realize that any 
strength distribution during the fracturing process is due to the node 
distribution itself. So, even a homophase sample may not be homogeneous in 
strength neither on a local or global scale.  

The major part of this thesis can be connected to a description of the mechanical 
stability of a single extrudate particle of a highly porous ceramics that is used in 
the chemical industry as catalyst carrier48,49. These extrudates are very 
interesting also from a scientific point of view because their porosity is so high 
that it reaches the percolation limit of the network models. Generally speaking a 
catalyst carrier should have a high porosity and small pores. But the pore size 
should not be too small because otherwise transport of the raw material is 
severely hampered. Besides these microstructural considerations, these 
materials must be able to operate in typical petrochemical conditions and must 
therefore have suitable mechanical properties in order to withstand the applied 
load under operation. Problems will arise when catalyst carriers at the bottom 
of the reactor crumble under the load of other carriers. This affects the flow 
through the reactor and the efficiency of the process will diminish. Thus the 
mechanical properties of a collection of extrudates are of great importance to 
the practical performance of the carrier.  

The thesis is organized as follows: 

In chapter 2 details of a new computational methodology are presented that can 
generate correlated node distribution. A ‘correlated node distribution’ means 
that the position of the nodes is not independent of the positions of the other 
nodes. Those node distributions are converted into spring networks by 
connecting the nodes with springs that are within a preset value of a 
connectivity threshold. These resulting spring networks are used to model the 
highly porous extrudates on the mesoscopic scale. This chapter has been 
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published in the Physical Review-B 29. Chapter 3 concentrates on an 
examination of the effect of the various parameters in the model on the failure 
characteristics. This part was already published in the Physical Review-B50. In 
particular we investigate the effects of several fracture criteria and of the 
connectivity at the nodes in the network. From this investigation it is concluded 
that it is not sufficient to examine only the fracture strain. In particular, the 
connectivity threshold C0, which controls the spring entanglement between 
nodes, has a substantial effect on the crack morphology. 

In chapter 4 the size effect is studied using the networks as generated by the 
method described in chapter 2. It concentrates on the scaling of the failure stress 
of a three-dimensional spring network as a function of its volume and its aspect 
ratio. In particular the influences of the geometry and the local structure are 
examined. Both homophase disordered 3D structures and composite systems 
are studied containing a more or less ordered slab. It is found that the failure 
stress at constant base area could be described by: 

 
1/

fail

h
log

µ

σ
ξ

−� �
∝ � �� �  (1.2) 

where ξ  represents the correlation length within the sample (logarithm is to the 
base e) and h is the height The values of  µ are effective values. Only within the 
same kind of failure mechanism and microstructure the exponent µ becomes 
more or less universal. Actually, the modulus µ appears to depend on the 
system size but in all cases thin samples are stronger than thick samples under 
uniaxial compression and the failure stress increases with increasing 
coordination number. The failure stress of heterophase materials differs 
considerably in our calculations from that of homophase materials. Also chapter 
4 has been accepted for publication in the Physical Review-B 51. In chapter 5 
different types of morphologies are generated to illustrate the importance of the 
details of the network structure in relation with its mechanical strength while 
keeping the density fixed. By varying the disorder parameter in a dynamical 
system of weakly interacting void volume spheres, it is possible to generate 
various correlated node distributions. A network of springs is constructed from 
the correlated node distribution, which can be used to examine the failure 
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characteristics of materials that are not governed by systems commonly derived 
from regular spring networks. Within a single phase the correlation length is 
the predominant parameter that determines the failure stress of the network. 
The chapter shows that node distributions can be produced with a remarkable 
increase in strength while maintaining the same density. The work has been 
submitted for publication 52. An outlook to further research on various length 
scales is presented in chapter 6, together with some preliminary results. In 
particular, calculated Atomic Force Microscopy (AFM) images can be compared 
with experimental AFM height mode images53,54. These analyses of AFM 
images can be used to scrutinize the scaling behavior of the surface roughness 
of brittle fracture making a connection to the mechanical behavior 55,56. This 
approach is related to studies using a random fuse network of fracture 57, which 
predicted universal scaling behavior of fracture surfaces, not depending on 
details in the microstructure. Further, in chapter 6 a possible computational 
method is delineated to study of mechanical properties of a collection of 
extrudates. 

Chapter 7 contains a representative selection of visualizations of the fracture 
process. 
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2 
FRACTURE OF DISORDERED THREE-
DIMENSIONAL SPRING NETWORKS: A 
COMPUTER SIMULATION METHODOLOGY 

2.1  INTRODUCTION 

This chapter concentrates on a methodology that is aimed at finding a relation 
between the mechanical strength of porous media and its microstructural 
features. The microstructure of a typical highly porous ceramic material is 
depicted in Figure 2.1. 

The geometrical inhomogeneity of the microstructure makes the fracturing 
process particularly complicated because it is very sensitive to local crack 
formation. These local cracks can be the starting point of global failure. The 
modeling takes place at the length scale of the individual pores (typically 
~100 nm, but this can be controlled to a certain extent by adjusting 
manufacturing parameters). The porous material is modeled as a three-
dimensional, geometrically inhomogeneous network of spheres or nodes, 
connected by springs or beams.  
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Elastic networks of springs or beams are frequently used to model the relation 
between mechanical properties of materials and their microstructure. 
Simulations have been carried out both in two1,2,3,4 and three 1,4,5,6,7 dimensions, 
mainly on regular spring networks. In these simulations, a network is loaded by 
an external force or displacement, after which some potential function of the 
nodal displacements is minimized. Mechanical properties can be studied from 
the resulting equilibrium configuration.  

The general field of application of this work lies in the area of catalyst carriers, 
where highly porous ceramic materials (60-70 vol. %) are commonly used. Due 
to their large internal surface (up to 250 m2/g), they are well suited as catalyst 
carriers for chemical processes (See for example Figure 2.1, where the 
microstructure of a SiO2 extrudate is shown).1,8 The catalyst carriers exhibit 
brittle fracture behavior and when used in a reactor, they may fail due to their 
own weight. Crumbled catalyst carriers can block the diffusion paths of 
reactants through the material. Furthermore, the flow of reactants can move the 
debris out of the reactor, thereby reducing the reactive area. For that reason, the 
focal point of the methodology is to obtain a physical description of the ultimate 
strength in conjunction with its size dependence. Experimentally, this is 
accessible through the side crushing strength, SCS, also known as the Brazilian 

Figure 2.1. Typical microstructure of a SiO2  extrudate 
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test 1,8 which is believed to measure indirectly the tensile strength. In this 
chapter, the emphasis is on the methodology as such, whereas size-dependence 
will be reported in chapter 4. 

2.2  COMPUTATIONAL PROCEDURE 

The computational procedure consists of various independent steps. The first 
step is the generation of a network in which a disordered configuration of 
spheres. After that the central points of the spheres are used as points for 
connecting the springs (see Chapter 7). The next step consists of a sequence of 
applying a force and calculating the corresponding displacements and 
subsequently imposing fracture criteria. This sequence is repeated until the 
network falls apart into two or more pieces.  

Initially, a number of spheres N are arranged on a simple cubic lattice. The 
spheres are given a Maxwell-Boltzmann velocity distribution at a certain 
temperature T. A molecular dynamics (MD) run is carried out9 using a 
Lennard-Jones potential to obtain a disordered configuration.  

When the system is equilibrated, spatial configurations of the system will be 
sampled. In each of the sampled configurations, the center positions of the 
spheres will serve as node positions. All nodes are connected if they are within 
a predefined connecting distance, the connectivity threshold C0, from each other. 
This is the initial stress free model for the geometry in Figure 2.2.  

The top surface is defined as the set of spheres lying within some pre-set 
vertical distance from the sphere with the largest z coordinate. The bottom 
surface is defined analogously. The external force is applied at the top and 
bottom surfaces of the network. The total force on the top surface is equal in 
magnitude but opposite in direction to the total force on the bottom surface. The 
other surfaces are not constrained, and so the network is free to expand in the 
horizontal directions, conform the configuration in the SCS.  
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A brittle material can only withstand small deformations. This is captured in 
the model by imposing a fracture criterion on the bonds. If a bond is stretched 
or compressed beyond a pre-set value, or if a bond or torsion angle change 

exceeds a certain threshold, the bond is irreversibly removed from the net- 
work. The local stress has to be redistributed through the remaining bonds, 
leading to a new equilibrium configuration.  

Other bonds or angles that now fulfill the fracture criteria are removed from the 
network. Brittle fracture of the bonds is modeled by allowing only small length 
and angular changes. This also ensures that the elastic behavior remains linear 
in terms of the nodal displacements.  

By increasing the external stress, this process eventually leads to global failure. 
The step size at which the force increases should be large enough to limit the 
time of the total simulation. On the other hand, if the step is too large, too many 
bonds will break in one step, which makes it difficult to monitor crack 

Figure 2.2. A geometrically disordered, three-dimensional 
network (1000 nodes). Blue bonds are connected to nodes in the 

top or bottom layers. For colors see Chapter 7. 
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formation and propagation. The system is in equilibrium for given internal and 
external stresses when a minimum in the total energy is reached.  

The total elastic energy consists of a two-body central force (CF), a three-body 
bond-bending (BB) and a four-body torsion (T) contribution: 

 EL CF BB TU U U U= + +  (2.1) 

In the new equilibrium configuration, the fracture criteria can be applied. In the 
present model, three fracture criteria are adopted: one for stretching, one for 
bond angle change, and one for torsion angle change. The elongation and 
compression criterion is fulfilled when the strain of a bond is larger than a 
pre-set value 

�
CF. In that case, the bond is removed from the network. Similarly, 

if the change in bond angle exceeds a threshold 
�

BB, the bond with the largest 
change in bond angle from its unloaded equilibrium position is removed. 
Finally, a threshold 

�
T is imposed on the torsion angle per unit length, beyond 

which the bond is removed. The values of 
�

CF, 
�

BB, and 
�

T do not necessarily 
have to be the same for all bonds, but can be distributed over the network 
according to some probability distribution,4 thus mimicking possible 
inhomogeneities in the yield strength of the material on the pore size scale. 
Brittleness is mimicked by choosing small (~1%) threshold values. When some 
bonds have been removed, the stress has to redistribute itself along the 
remaining bonds. The external stress may also change. Under these conditions, 
the equilibrium configuration changes and so the procedure described above 
has to be iterated. After a number of increments, so many bonds have broken 
that there is no longer a percolating cluster of bonds: the system has fallen apart 
into two (or more) pieces.  

In this work, linear elasticity and small displacements of the spheres are 
assumed, so the displacements enter quadratically in the potential energy. This 
is ensured by the afore-mentioned choice of brittle fracture criteria. In the 
following the description of the potential is given in a concise way (convention: 
A is a vector in R3, with components Aq (q �  {x,y,z}) and length 
|A| � ( ) ( ) ( )222 zyx AAA ++ . Also, AAA /ˆ ≡ )  
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The central force (CF) contribution consists of a Hookean spring potential: 
  

 

 

2

2

1
( 1) [ ( 1) (0) ]

2

1 ˆ[ ( 1) ( ) ( ( ) (0) )] ,
2

CF
CF ij ij ij

ij

CF
ij ij ij ij ij

ij

U n k R n R

k u n R n R n R

< >

< >

+ = + −

≈ ∆ + ⋅ + −

�

�

� �

� ��
 (2.2) 

 

where the summation is over all <ij> pairs of connected neighbors. The bond 
vector ( )ijR n

�
 from node i to node j ( �  bond i j) at increment n is defined as 

( ) ( )j ir n r n−
� �

, where ( )ir n
�

is the position vector of node i at increment n. 
Furthermore, the displacement increment ( )iju n∆ �  at increment n is given by 

( ) ( )j iu n u n∆ − ∆
� �

, with ( ) ( 1) ( )i i iu n u n u n∆ ≡ + −
� � �

the displacement increment of node 
i and ( ) ( ) (0)i i iu n r n r≡ −

	 	 	
the displacement of node i at increment n. The force 

constant CF
ijk  of bond ij (the CF-constant) is written as  

 ,
(0)

ij ijCF
ij

ij

A E
k

R
= 
  (2.3) 

 
with Aij the cross-sectional area of bond ij (all cross sections are assumed to be 
circular) and Eij its Young’s modulus.  

 

 

 

 

 

 

 

 Figure 2.3. Three-body potential. 
 



COMPUTER SIMULATION METHODOLOGY  

 19

 

 

 

 

 

 

 

 

For the bond-bending potential term, consider triplets of spheres i, j, and k, with 
j and k at a distance less than C0 of the central sphere i (Figure 2.3). The relevant 
term is ( )ijk nθ , the total change of bond angle between bonds ij and ik at 
increment n, relative to the initial bond angle [i.e., (0) 0ijkθ ≡ ]. The bond angle 
increment ( 1) ( 1) ( )ijk ijk ijkn n nθ θ θ∆ + ≡ + −  can be split into ( 1)ij

ijk nθ∆ + , the bond 
angle change due to ( 1)iju n∆ +

�
only, keeping ikR

�
fixed, and ( 1)ik

ijk nθ∆ + , defined 
analogously:  

 ( 1) ( 1) ( 1)ij ik
ijk ijk ijkn n nθ θ θ∆ + = ∆ + + ∆ +  (2.4) 

The bond-bending potential is given by  

 

 2 21 1
( 1) ( 1) [ ( 1) ( 1) ( )] ,

2 2
BB BB ij ik

BB ijk ijk ijk ijk ijk ijk
ijk ijk

U n k n k n n nθ θ θ θ
< > < >

+ = + = ∆ + + ∆ + +
� �

 (2.5) 

 

where the summation is over all <ijk> triplets as in Figure 2.3. [ ]BB
ijkk Nm  is the 

three-body force constant (the BB-constant) between nodes i, j, and k. The (small) 
change in bond angle ( 1)ijk nθ∆ +  is related to the component of the 
displacements ( 1)iju n∆ +

�
and ( 1)iku n∆ +

�
in the plane defined by spheres i, j, k, in 

the direction orthogonal to ( )ijR n
�

 and ( )ikR n
�

, respectively. The components of 

Figure 2.4. Torsion  potential 
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the displacements ( 1)ijk
iju n∆ + and ( 1)ijk

iku n∆ + in the i, j, k, plane in these 
directions become (a slightly different approach can be found in Wang6):  

 

 
[ ( ) ( )] ( )

( 1) ( 1)
[ ( ) ( )] ( )

ik ij ij ijk
ij ij

ik ij ij

R n R n R n
u n u n

R n R n R n

� �
× ×� �

∆ + ⋅ ≡ ∆ +� �
× ×� �

� � �
�

� � �  (2.6) 

 

and 

 
[ ( ) ( )] ( )

( 1) ( 1)
[ ( ) ( )] ( )

ij ik ik ijk
ik ik

ij ik ik

R n R n R n
u n u n

R n R n R n

� �
× ×	 


∆ + ⋅ ≡ ∆ +	 

× ×� �

  


   . (2.7) 

 

For small changes in bond angle, the following approximation can be made: 
  

 
( 1) ( 1)

( 1) tan[ ( 1)] tan[ ( 1)] ,
( ) ( )

ijk ijk
ijij ik ik

ijk ijk ijk

ij ik

u n u n
n n n

R n R n
θ θ θ

∆ + ∆ +∆ + ≈ ∆ + + ∆ + = +� �  (2.8) 

 

so that ( 1)ij
ijk nθ∆ +  and ( 1)ik

ijk nθ∆ + can be written as  

 

 
2

ˆ ˆ ˆ ˆ[ ( ) ( )] ( ) ( )
( 1) ( 1) ( 1) ,

ˆ ˆ( ) 1 [ ( ) ( )]

ik ij ij ikij
ijk ij ij j

ij ij ik

R n R n R n R n
n u n u n B

R n R n R n
θ

� �

× −� �
∆ + = ∆ + ⋅ ≡ ∆ + ⋅� �

− ⋅� �

�� �
�  (2.9) 

 

 
2

ˆ ˆ ˆ ˆ[ ( ) ( )] ( ) ( )
( 1) ( 1) ( 1) .

ˆ ˆ( ) 1 [ ( ) ( )]

ij ik ik ikik
ijk ik ik k

ik ij ik

R n R n R n R n
n u n u n B

R n R n R n
θ

� �

× −� �
∆ + = ∆ + ⋅ ≡ ∆ + ⋅� �

− ⋅� �

�� �
�  (2.10) 

 

Furthermore, ( )ijk nθ is given by  

 1 1ˆ ˆ ˆ ˆ( 1) cos [ ] cos [ ].ijk ij ik ij ikn R (n)× R (n) R (0)× R (0)θ − −∆ + = −  (2.11) 

The restoring force is modeled as originating from sphere i, which acts as a 
hinge. In order to find a reasonable expression for the BB force constant for this 
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hinge, an analogy is drawn with the theory of bending beams. From elasticity 
theory,10 the force constant for a bending beam ij is given by (with Iij [m4] the 
second moment of area of bond ij):  

 , 3

( )
ij ijij BB

ijk

ij

E I
k

R n
= �  (2.12) 

and analogously for bond ik. Equating the torques acting on the ijk system in 
equilibrium yields an expression for the force constant:  

 

1

( ) ( )
.

3 3

ij ikBB
ijk

ij ij ik ik

R n R n
k

E I E I

−� �
� �

= +� �
� �

� �

 (2.13) 

The reason for using an overall constant, instead of one for each beam, is that 
the latter case would lead to two two-body potential terms, one for each beam. As 
a result, this cannot describe any rotations of the total ijk system, and ij

ijkθ∆ and 
ik
ijkθ∆ are considered independently.  

The change in torsion angle ( )ijkl nΦ  is defined as the total change of torsion 
angle of bond ik at increment n, relative to the initial torsion angle 
[i.e., (0) 0ijklΦ ≡ ]. It is the angle between (the projection of bond ij on a plane 
with normal in the direction of bond ik) and (the projection of bond kl on the 
same plane). This angle enters quadratically into the torsion (T) potential 
(Figure 2.4):  

 2 21 1
( 1) ( 1) [ ( 1) ( )] ,

2 2
T T

T ijkl ijkl ijkl ijkl ijkl
ijkl ijkl

U n k n k n n
< > < >

+ = Φ + = ∆Φ + + Φ
� �

 (2.14) 

where ( 1) ( 1) ( )ijkl ijkl ijkln n n∆Φ + ≡ Φ + − Φ  is the torsion angle increment. From 
elasticity theory,10 the force constant (T-constant) between nodes i, j, k, and l is 
given by (where 	  is Poisson’s ratio):  

 .
(1 ) ( )

T ik ik
ijkl

ik

E I
k

R nν
=

+ 

 (2.15) 

The summation in (2.14) is over all quadruplets <ijkl> of spheres with (spheres j 
and k within C0 of sphere i) and (sphere l within C0 of sphere k). The problem 
can effectively be reduced to the three-body problem by projecting bonds ij and 
kl onto the plane normal to bond ik. Defining  
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 ˆ ˆ( ) ( ) [ ( ) ( )] ( ),kl kl kl ik ikr n R n R n R n R n≡ − ⋅
� ��

 (2.16) 

 ˆ ˆ( ) ( ) [ ( ) ( )] ( )ij ij ij ik ikr n R n R n R n R n≡ − ⋅
� ��

 (2.17) 

and proceeding with ( )ijr n
�

 and ( )klr n
�

as in the BB case, ( 1)ijkl n∆Φ +  can be 
written as  
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 (2.18) 

 

The angle change ( )ijkl nΦ is given by 

 1 1ˆ ˆ ˆ ˆ( ) cos [ ( ) ( )] cos [ (0) (0)].ijkl kl ij kl ijn r n r n r r− −Φ = ⋅ − ⋅  (2.19) 

In the expression for UCF [Eq. (2.2)] the ( ) (0)ij ijR n R
� �

− �
� �

term is a constant for 
increment (n+1). It represents the central force between spheres i and j already 
present at the beginning of increment (n+1). The same holds for the ( )ijk nθ  term 
in the three-body case and the ( )ijk nΦ term in the four-body case. In other 
words, the system is not relaxed or stress free before the next increment. The 
force F [ ]q Nα  on sphere α in the q direction consists therefore of two 
contributions:  

 ( 1) [ ( 1) ( )] ( ) ( 1) ( )q q q q q qF n F n F n F n F n F nα α α α α α+ = + − + ≡ ∆ + +  (2.20) 

Applying this to one <ij> pair in UCF gives the reaction force increment on node i:  

 

 , ( 1) ˆ ˆ( 1) [ ( 1) ( )] ( )
CF

CF q CF q
i ij ij ij ij

i

U n
F n k u n R n R n

q

� �
∂ +∆ + = − = − ∆ + ⋅

� �

∂
� � �  (2.21) 

 

The contributions of all <ij> pairs are added into a global stiffness matrix 
relating the displacements in the three coordinate directions of all spheres to all 
force increments in these directions. The same procedure is applied to the BB 
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and T contributions. When all entries are added into the global matrix, a system 
of (three times the number of spheres) linear equations is formed, or  

 ( 1) [ ] ( 1),F n K u n∆ + = ∆ +
�

�

 (2.22) 

where ( 1)F n∆ +
�

 is a 3N-dimensional vector of the applied force increments at 
iteration step n, [K] the 3 3N N×  stiffness matrix and ( 1)u n∆ +

�

 3N-dimensional 
vector of the displacement increments at iteration n. Indeed, normally when 

torsional forces are included in the force balance the number of the equations to be 

solved for a 3D system of N nodes (or spheres) is 6N (three for the displacements and 

three for the rotations). The 3N case would be possible only if 

the torsional interactions are related, as stated above, to the displacements of actually a 

three-body bond-bending potential.  

The external force is applied through the force vector. The resulting 
displacement increments are formally found from  

 1( 1) [ ] ( 1),u n K F n−∆ + = ∆ +
�

�

 (2.23) 

Figure 2.5. Intermediate stage in the fracturing 
process. Red bonds fulfill a fracture criterion.  
FFfFFFFCCFFFFFor colors see Chapter 7. 
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but are actually obtained by solving the system of equations using a 
preconditioned conjugate gradient algorithm11 which exploits the fact that [K] is 
a sparse matrix. Note that the ( )F n∆

�

terms do not explicitly enter this equation. 
The new positions at the end of increment n+1 are updated according to 

( 1) ( ) ( 1)i i ir n r n u n+ = + ∆ +
� � �

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Figure 2.5 an intermediate result is displayed and in Figure 2.6 the final 
configuration after complete failure is presented. The network has fallen apart 
into two separate parts, one of which is colored green. 

2.3  DISCUSSION AND CONCLUSIONS 

The geometrical disorder of highly porous brittle materials can be modeled 
using a three-dimensional disordered spring network. Some authors1 use a 

Figure 2.6: Final stage of fracture; the upper part is disconnected from 

the lower part 
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Hookean spring, or central force (CF), potential. This is a two-body potential, 
which takes into account that the force exerted by a spring is linearly 
proportional to the displacement in the axial direction of the bond.  

Others2,4,5,7 include a three-body, or bond-bending (BB) term to account for the 
change in bond angle between neighboring bonds. The restoring force is 
proportional to the change in the bond angle. When bending of collinear bonds 
is not allowed, then the model is called the Kirkwood-Keating (KK) model. The 
reason for this is that for ( )ijR n

�

parallel to ( )ikR n
�

, there is no unique plane 
defined by ( )ijR n

�

 and ( )ikR n
�

. The components ( 1)ij
ijku n∆ + and ( 1)ik

ijku n∆ +  are 
only constrained by being normal to ( )ijR n

�

and ( )ikR n
�

, respectively.6  

To our knowledge, only one author has so far suggested that for 3D models a 
torsion term, i.e. a four-body potential, should be included.6 At present, actual 
application in an elastic spring network has not been found in the literature. In 
this work, however, two-, three- and four-body interactions are included. In the 
four-body potential, a similar problem as in the three-body case arises for 
(almost) parallel bonds. When bond ij (or kl) is almost parallel to bond ik, ijr

�

 (or 

klr
�

) can be small enough to invalidate the approximation tanijk ijk
ijkl ijklΦ ≈ Φ . This 

can be circumvented by the following line of reasoning for the ij case: if ijr
�

 is 
very small, the force needed to change the torsion angle significantly is very 
large. Also, when this is the case, the bonds are almost collinear. In that case, it 
is a reasonable approximation to regard bonds ij and ik as one single bond and 
apply the torsion potential to bonds ( )ij ik jk+ ≡ , kl and jm, where sphere m is a 
neighbor of sphere j. If sphere j does not have any neighbors (except for sphere 
i), then iju∆

�

would be zero anyway, and ijkl∆Φ would always be zero. The 
equation for ijklθ∆ is now obtained simply by replacing each index j by m and 
each index i by j, with jk ji ikR R R≡ +

� � �

. The case that bond kl is almost parallel to ik 
is treated in the same way.  

The indeterminacy arising in the bond bending case for parallel ijR
�

and klR
�

does 
not arise in the torsion potential, since ikR

�

defines the plane into which the 
movement takes place. This does not hold if all three bonds are parallel, but that 
case can be circumvented in the way described previously.  
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It is important to note that the approach here presumes a more or less direct 
relationship between the spring network model and the microstructure of the 
porous material. Indeed, the elastic properties of the network, in terms of the 
spring constants CF

ijk , BB
ijkk , T

ijklk , are determined from the elastic properties of the 
matrix material, and from the geometry of the struts in the foam structure. This 
is distinctly different from most other approaches in the literature, where the 
spheres or nodes are usually arranged on a regular underlying lattice, e.g., 
square2,3 or triangular1 in two dimensions, or simple or body-centered cubic 
(bcc),4-7 or hexagonal1 in three dimensions. There, geometrical disorder is 
introduced by removing a number of bonds from the lattice according to some 
predefined probability distribution. The disordered network is considered to 
reflect a heterogeneous material, but without furnishing or assuming a relation 
with any actual material microstructure.  

The model presented in this chapter lends itself well for research on the 
influence of size effects and of pore size distribution on the fracture process. 
Van den Born et al. 1 and Arbabi and Sahimi5 were among the first to model 
compressive instead of tensile tests. This approach is also followed in this work. 
In the network representation of the porous microstructure, excluded volume 
effects have so far been neglected. Experimentally, however, some compaction 
of top and bottom surfaces takes place at the beginning of the fracturing 
process. Spheres that got disconnected after bond failure may in certain 
configurations still transmit some load. The present network representation 
lends itself for inclusion of an additional potential term reflecting this.  

Networks of the type considered here, with central force as well as bending and 
torsion interactions between nodes, can also be treated by other methods. In 
particular, such networks are completely similar to what are termed 
‘frameworks’ in structural engineering. In that case, neighboring nodes are 
connected by a beam as a structural element. Bending and torsion are then 
incorporated by individual beams between two nodes, rather than by strings of 
three and four nodes, respectively, as in the present approach.3 This requires 
that each node not only has three displacements as degrees of freedom but also 
an orientation, measured by an additional three parameters (e.g., Euler angles). 
Thus, the geometric networks considered here can also be analyzed by 
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computational structural mechanics techniques, especially the finite element 
method.12,13 The important difference with the present approach from a 
computational point of view, is that these finite element methods involve a 
more efficient method to incorporate bending and torsion, but the number of 
degrees of freedom in a given network is twice as large as in the present 
approach, where one has to solve three equations for each node.  

The methodology has been tested for networks consisting of up to 8000 nodes 
on a SGI Power Indigo,2 a 75 MHz R8000 workstation with 256 Mbytes of RAM. 
In order to give an indication of the CPU time involved: the sample case 
presented in Figure 2.5 and Figure 2.6 (1000 spheres, 2701 bonds) needed 136 
relaxation steps for complete failure (973 bonds broken) in 86 seconds CPU time 
for each relaxation step (stopping criterion for each relaxation 
step: [ ] /K u F F δ∆ − ∆ ∆ <

� �

�

, where 1010δ −= ). This depends very sensitively on 
the average number of bonds per node, because the four-body potential term is 
a third nearest neighbor term. This number is strongly dependent on 
parameters in the configuration generation phase, such as the connectivity 
threshold C0 (which is chosen to be as close to the bond percolation threshold as 
possible), and the parameters used in the Lennard-Jones potential. The sparse 
matrix solver used has not yet been optimized for computational speed 
however, since the main purpose of this work is to show that the proposed 
methodology actually leads to global failure of the network. Chapter 4 will 
contain a more quantitative study of the network properties, notably the scaling 
properties of the ultimate strength as a function of the network size. 
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3 
ON THE FAILURE STRESS OF A 
DISORDERED THREE-DIMENSIONAL 
SPRING NETWORK 

3.1 INTRODUCTION 

Elastic networks of springs or beams are frequently used to model the relation 
between mechanical properties of materials and their microstructure. An 
overview has been presented by Chakrabarti and Benguigui1. Simulations have 
been carried out either in three2,3,6,7,8,9,10,11 or two,3,4,5,6 dimensions. However, 
mainly regular spring networks were examined. Although from these studies 
new concepts may emerge, a relevant question is whether these results can be 
transferred to experimental observations of the failure of highly porous ceramic 
materials. Generally speaking, these materials have a highly disordered 
structure and therefore this work focuses on the failure stress of a disordered 
three-dimensional spring network. In particular, the effects of several fracture 
criteria and of the connectivity of springs by varying the connectivity threshold, 
C0, are investigated. The C0 is only used to build the initial unstrained spring 
network from the node configurations as calculated in the dynamical 
procedure. During the rest of the loading under compression no new bonds or 
interactions will be formed. 
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The Molecular Dynamics algorithm proves to be an easy method to be 
employed as a generation method of node configurations, especially when 
average properties of the generated configuration must be random on the 
sample scale and needs to be structured on a local scale in order to resemble the 
highly porous ceramics21, 22.  

In our model approach it is important to realize that every step in the force 
increment leads to a linearly dependent displacement in the n-body 
interactions, n=2,3,4. The non-linearity is caused by the removal of all node-
interactions during the calculations. 

The removal of the interactions between nodes is determined if the relative 
interaction ( ) ||100

0

0

I

II
t

t
f

−×=∆ % at time t deviates a certain percentage, where I0 is 
the interaction of the starting configuration and It is the interaction at the lowest 
energy configuration in step t. In the case of a 2-body the interaction denotes a 
bond-length and in case of bending and torsion the interaction denotes a 
bending and a torsion angle, respectively. The fracture criterion is the fracture 
strain, i.e. the maximum strain the material can support before failure. Bonds 
are removed whenever a bond meets the criterion of failure strain. 

Despite of the fact that the loading condition remains in compression, this does 
not necessary mean that bending is the principal mode of failure. Whether the 
bond fails in bending or torsion strain is determined by the local structure and 
the geometry of its surrounding structures. Another important quantity is how 
the smallest cross-sectional area, which transmits the external load through the 
material, will be lowered during the fracturing process. 

Before the compression process starts, the configuration of spheres from the 
dynamics calculations is converted into a configuration of nodes (see 
Appendix, chapter 7). The middle point of each sphere becomes the position of 
a node. Whether there exists an interaction or a so-called bond between 2 nodes 
in the initial configuration is determined by the cut-off radius or so-called 
connectivity threshold. From our description a node cannot form a bond with 
another node if its relative distance is larger than a so-called connectivity-
threshold, C0. Consequently, there is only bonding if the nodes in the initial 
configuration fulfills I0 < C0. In contrast to the more frequently used Delaunay 
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and its dual Voronoi18 representations, the struts do not resemble a grain-to-
grain contact surface. In a Delaunay representation the number of nodes 
coincides with the number of grains or cells and in our method that is not 
necessarily the case. In the following the spring networks are loaded in 
compression and after each force increment, the network configuration with the 
lowest energy is calculated. Every bond in the network configuration, which 
meets the failure strain, will be removed. As long as the top part of the sample 
is still connected to the bottom by bonds, the resulting configuration serves as 
the starting configuration for the next compression step. The lowest 
compression force at which the sample fractures is called the failure stress. The 
whole process is repeated with different connectivity thresholds.  

3.2 COMPUTATIONAL PROCEDURE 

The computational procedure of our method starts with the generation method 
of a node distribution2. The molecular dynamics based generation algorithm 
uses 1000 void volume spheres, which all have a Lennard-Jones13 interacting 
outer surface characterized by the strength of the Lennard-Jones interaction, ε. 
The method provides a convenient way of generating a disordered distribution 
of nodes. The disorder is controlled by the pre-set temperature and pressure 
values of a thermostat12. The radii of the void volume spheres were taken to be 
25 nm and the Lennard-Jones, σ LJ , of the outer surface interaction was also set 
to 25 nm. The Lennard-Jones σ LJ  is the position of the minimum in the 
potential well. The temperature of the reference bath is set to be 8.0 ε/kB (0.78 
ε/kB is the Lennard-Jones triple point temperature) and the pressure reference 
bath has a pre-set value of 0.4 3/ LJε σ  (1.275 3/ LJε σ  is the Lennard-Jones triple 
point pressure). Those values were found to be sufficient to generate a 
disordered spatial distribution of particles13. 

The disordering relaxation process took 20000 time steps in order to attain 
equilibrium with a time increment ∆t  of 10-9 s. The leapfrog integration 
scheme15 calculates the position and velocities of the particle using the 
Newtonian equations of motions. The driving force for each particle in each 
step is the superposition of all the interactions of the particle with its interacting 
neighboring particles. After the first 20000 time steps, four node distributions 
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are sampled, i.e. all the distributions were taken with 5000 consecutive time 
steps in between. The average of the subsequently sampled configurations will 
be a good representation of the equilibrated disordered system. The anisotropic 
pressure thermostat maintains at constant pressure in the system by altering the 
box size isotropic. 

The whole configuration generation process using a MD-algorithm with 1000 
void volume spheres took almost 3 hours on a SGI, Power Indigo. 

To eliminate the effect due to the node density itself all the distributions were 
scaled to a 0.5 node density. This is the same density as in a regular 
configuration of nodes.  

The starting configuration has the following dimensions: basal area 1 µm x 1 
µm and a height of 2µm. It contains 1000 nodes, resulting in a node density of 
0.5 in a density of 500 nodes per µm3, resulting in an average spacing in 3D of 
0.125µm. 

The generated distributions form the basis of the spring connecting procedure. 
Every node is a potential point of connection and as a consequence the 
geometry of the network is globally fixed by the positions of the nodes. 
Actually, only the interaction length between the nodes is left as a parameter. 
The node interaction between two nodes exists only if their relative distance is 
below the connectivity threshold, C0. Depending on the value of C0, the system 
may develop from fully connected, i.e. every node is connected with all the 
other nodes, to the lower limit where all nodes are disconnected. For the lower 
limit of C0 the network resembles the Delaunay network, whereas for higher C0 
values the network geometry will deviate more and more from it. The values 
for the C0 are 245nm, 200nm and 145nm.  

Another situation that might occur is that some nodes are connected to each 
other but not to the rest of the bulk. Such groups are called fragments. The 
number of unconnected nodes and fragments will increase with decreasing C0. 
Although C0 is larger than the diameter of a void sphere, it could still lead to 
very poorly connected networks. Those networks might even fail at the lowest 
value of an externally applied load, simply because the network is below the 
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percolation limit. The lowest value for C0 is not very well defined in an absolute 
manner, like in the regular grid based networks17. In fact, the lower limit is 
used as one of the lowest values we could take without changing the node 
density of the starting network configuration too much. To achieve a nearly 
constant node density in a randomly distributed configuration the lowest 
connectivity threshold causes a density deviation, ranging between 0.5 % and 
2.7 % . 

In the following the spring networks are loaded in compression and after each 
force increment, the network configuration with the lowest energy and the 
strain are calculated. The fracture criteria used throughout this work is the 
maximum strain of, 1.0%, 0.75%, 0.50% and 0.25%. These values were also 
applied as fracture criteria for bond length and angular distortion. 

Once the fracture strain is satisfied in a spring element, the bond is removed 
from the network. Each bond that deviates more than the pre-set fracture 
criterion or so-called fracture strain will be excluded during the further course 
of loading. Nodes without connection (floating nodes) or groups of 
unconnected nodes (fragments) are also removed from the interaction matrix. 
As a result of the removal of floating nodes and fragments, the possible effects 
of these fragments on the actual failure stress are explicitly ignored. An 
exception is maintained for the first layer on top and the last layer at the bottom 
of the sample with a thickness of 10.0 nm. All connections emerging from the 
nodes lying within these two layers are not subjected to fracture. This is done to 
take into account the fragmentation effect at the contact area. Actually, these 
un-removed nodes will effectively transmit the load similar to the ability of the 
fragments to transmit the load in real experiments. 

In the actual calculation of the failure stress the total elastic energy is described 
by a two-body central force (CF), a three-body bond bending (BB) and a four-
body torsion (T) contributions2 

 

 EL CF BB TU U U U= + +  (3.1) 
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The reaction central force contribution on node i, ( 1)CF
iF n∆ +  with respect to the 

previous force, ( )CF
iF n∆ , is given by the first derivative of the central force 

potential UCF with respect to the node position of i, qi, i.e.:  
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where the CF potential is described by: 
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The <ij> denotes the summation over all ij pairs of connected nodes. The bond 
vector ( )ijR n

�
 from node i to node j (≡ bond ij) at increment n is defined as 

( ) ( )j ir n r n−
� �

, where ( )jr n


 is the position of node j at increment n. Furthermore, 
the displacement increment ( )iju n∆ �  at increment n is given by ( ) ( )j iu n u n−

� �
, 

where ( 1) ( )i i iu u n u n∆ ≡ + −
� � �

 is the bond displacement increment of node i and 
( ) ( ) (0)i i iu n r n r≡ −

� � �
 represents the displacement of node i at increment n. The 

force constant for the CF is, 

 
| (0) |

ij ijCF
ij

ij

A E
k

R
= �  (3.4) 

where Aij is the cross-sectional area of bond ij (all cross-sections are assumed to 
be circular) and the E ij  its Young’s modulus. The magnitude of the force 
constant is inversely proportional to the initial bond length.  

For the bond bending potential (the 3-body term), between nodes ijk, where i is 
the centre of the hinge like bond bending potential, UBB, the following 
expression is used: 

 21
( 1) [ ( 1) ( 1) ( )]

2
BB ij ik

ijk ijkijkBB ijk
ijk

U n k n n nθ θ θ
< >

+ = + + + +�
∆ ∆  (3.5) 
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( 1)ij
ijk nθ +∆ and ( 1)ik

ijk nθ +∆  are the angular deviations in step n+1, due to beam 
like bending of the bond ij and ik. The force constant  

 11 1
( )BB

ijk ij ik
ijk ijk

k
k k

−= +  (3.6) 

with kijk
ij  and ik

ijkk  are taken from elasticity theory of a bending beam. The first 
component is given by: 

 
3

| ( ) |
ij ijij

ijk
ij

E I
k

nR
= �  (3.7) 

with Iij is the second moment of area of bond ij. The second one ik
ijkk of bond jk is 

found similarly. 

The torsion interaction, UT, along the bond ik due to the relative motions of 
bond ij and bond kl is a pseudo four body potential. When bonds ij and kl are 
projected on a plane perpendicular to the bond vector ik, this yields a three 
body problem, j-i-k-l � ( j-i’-l) with i’=(ik). The torsion potential is therefore 
actually a (ik)jl bond bending potential in the ik-plane, where (ik) stands for the 
point in the ik-plane where bond ik intersects the ik-plane. The potential can 
now be written as,  

 

 21
( 1) [ ( 1) ( )]

2
T

ijkl ijklT ijkl
ijkl

U n k n n
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+ = + +�
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and 
ijkl

Φ  is the angle in the ik-plane projected system. Like for bond bending, 
the torsion force constant is taken from elasticity theory  

 
(1 ) | ( ) |

T ik ik
ijkl
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 (3.9) 

where ν  is the Poisson’s ratio. 

When all the node-node interactions are added into the global matrix, a system 
of (three times the number of spheres) 3N linear equations is formed, or 
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( 1) [ ] ( 1)F n K u n∆ + = ∆ +
�

�

, where ( 1)F n∆ +
�

 is a 3N-dimensional vector of the applied 
force increments at compression step n, [ ]K  the 3Nx3N stiffness matrix and 

( 1)u n∆ +
�

 3N-dimensional vector of the displacement increments in the 
compression step n. The external force is applied through the force vector. This 
leads to the possibility of global network displacements.  

The resulting displacement increments are formally found from 
1 ( 1)( 1) [ ] F nu n K −= ∆ +∆ +

�

�

, but are actually obtained by solving the system of 
equations using a preconditioned conjugate gradient algorithm23, which 
exploits the fact that [ ]K is a sparse matrix. Note that the 

�

F n( ) terms do not 
explicitly enter this equation. The new positions at the end of increment n+1 are 
updated according to ( 1) ( ) ( 1)i i ir n r n u n+ = + ∆ +

� � �

. 

3.3 RESULTS 

For the computer experiments five independent node distributions were used. 
This means that each node distribution was used with all the possible 
combinations of parameters, e.g. fracture criteria and connectivity threshold C0. 
As a consequence the variations in failure stress due to the parameters are not 
caused by differences in the node distribution itself. The unit length, which is 
also the bond radius, is 100 nm and the Young’s modulus was set being equal 
to 400 GPa. Using these materials properties the calculations lead to a failure 
stress in the 10 MPa range3, which is reasonable for highly porous ceramic 
materials2. In macroscopic porous ceramics the failure stress lies around a few 
MPa that is strongly affected by inhomogeneity. The connectivity threshold 
fixes the average coordination number in every configuration. In this work the 
C0 values 245nm, 200nm and 145nm yield the following average coordination 
numbers 12.5, 7.1 and 2.85, respectively. 

A linear relationship between the failure stress and the fracture criterion is 
displayed in Figure 3.1. The spread around the averaged failure stress is too 
small to visualize in the Figures. It is noteworthy that this linearity does not 
depend on the connectivity threshold itself. From the failure stress vs. the 
connectivity threshold (Figure 3.2) we can conclude that the failure stress seems 
to converge towards a limit at a lower connectivity threshold.  
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Figure 3.1. Failure stress σF (MPa) versus the fracture strain 

(%) for various connectivity thresholds C0s ( � : 145nm, 
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200nm and � : 245nm) 
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Figure 3.2. Failure stress σF (MPa) as a function of the connectivity 
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The failure stress scales approximately with the fracture criterion. This is not an 
exponential behavior because the semi-log plot of the failure stress vs. the 
failure strain for various connectivity thresholds is non-linear (Figure 3.3). A 
double log plot (Figure 3.4) shows that the failure stress does not depend on the 
connectivity threshold in a power law manner.  All the deviations in the failure 
stress at various connectivity thresholds due to the differences in fracture 
criteria seem to be diminishing with decreasing C0. The lower bound displayed 
in Figure 3.2 is not fully reachable, while maintaining a nearly constant node 
density in all the spring networks. 

By successive removal of bonds the method shows a progressive failure that is 
characterized by the sizes of the fragments left behind. The average size of the 
fragments is listed in Table 3.1. It indicates that the size of the fragments does 
not depend on the fracture criteria at small C0. However, significant effects are 
observed if the connectivity threshold is enlarged. While the fracture criteria 
are of no influence on the sizes of the fragments for a connectivity threshold of 
145nm, the size of the fragments decreases upon decreasing the fracture strain  
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Figure 3.3. Semi-log plots of the failure stress σF (MPa) vs. Connectivity 
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at a connectivity threshold of 245nm. At a constant fracture strain the size of the 
fragments decreases with increasing connectivity threshold C0. 
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Figure 3.4. Double log plot of the failure stress σF (MPa) vs. Connectivity 
threshold C0 nm) for various fracture strains ( � : 1%, 
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Figure 3.5. Projected 3D network at three stages of deformation with a 

connectivity threshold of 125 nm and using a fracture criterion of 1%. For color 

representation see Chapter 7. 
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Figure 3.6. Projected 3D network at three stages of deformation with a 

connectivity threshold of 200 nm and using a fracture criterion of 1%. For 

color representation see Chapter 7. 
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TABLE 3.1 

Size of the final fragments of the network after fracturing, expressed in number 
of nodes in a fragment, at various fracture strain and connectivity thresholds. 

 

Fracture Strain 
(%) 

Connectivity threshold 
C0 (nm) 

 
 245 200 145 

1 345 703 753 
 160 184 198 
 39 9  
 38 6  
    

0.75 159 514 722 
 152 170 198 
 48 17 21 
 30 12 5 
    

0.5 152 595 752 
 150 150 199 
 15 35 1 
 10 19  
    

0.25 160 595 749 
 148 150 215 
 40 45  
 24 19  
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The external force is applied directly through the force vector and subsequently 
the displacements are derived (see section 3.2 and Chapter 2, Eq. (2.23)). By 
doing so, the resulting failure stress is an upper bound of the stress in a stress 
vs. displacement curve. In this way no information about the behavior of the 
networks beyond the maximum stress is modeled. 

The fracture process can be followed in Figure 3.5a-b-c, for a connectivity 
threshold equal to 145nm and in Figure 3.6a-b-c for the case of a connectivity 
threshold of 200nm. The suffix ‘a’ refers to the onset of the fracture process, 
whereas ‘b’ lies in between and the ‘c’ after the fracture process. The color 
codes in Figure 3.5 and Figure 3.6 are the same. Blue means that the spring is 
attached to a node in the compression layer on top or bottom of the sample. If a 
spring is colored red than it means that it fulfills the fracture criteria. Finally, in 
the c series (Figures 3.5 and 3.6) green is used to distinguish the upper part 
from the lower part of the sample after the fracture procedure (See Chapter 7). 

3.4 DISCUSSION AND CONCLUSIONS 

In contrast to what is commonly accepted, the fracture process of 3D disordered 
brittle networks cannot be modeled by simply tuning the fracture strain of the 
disordered network. Actually, one needs to tune the combination of two 
network properties, that is to say both the fracture strain and the connectivity 
threshold, i.e. details about the connectivity. 

As illustrated in Figure 3.1, the failure stress depends linearly on the fracture 
strain while Table 3.1 indicates appreciable dependence of the size of the 
fragments on the fracture strain for larger values of C0. Although the force and 
consequently also the stress are defined linearly against the displacement the 
crack morphology is quite different when varying the fracture strain at various 
connectivity thresholds. 

By the removal of fragments, the external stress will be transmitted over a 
smaller cross section than in the case the fragments remain in the sample. In 
addition to the not fully fractured sample, the leftovers may still transmit the 
load. By doing so the debris causes a decrease in the local stress. In contrast, in 
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this study the fragments are removed and therefore the failure stress is always 
a lower bound in comparison with a real experiment. 

The crack morphology itself is not affected by the fracture strain for small 
connectivity thresholds. Despite the linear relationship between the failure 
stress and the fracture strain for all values of the connectivity thresholds, the 
crack morphology is quite different at larger values for C0 values. At low values 
of the connectivity threshold the network topology resembles a Delaunay-like 
topology. Consequently the exact fracture criteria are of no importance for 
networks of regularly shaped grains or cells at equal distances. At larger values 
of C0 the network topology is more comparable with irregularly shaped 
grains/cells. In addition, the crack morphology becomes more branched if the 
fracture strain is decreased. 

Some remarks can be made about our choice to introduce the boundary 
conditions by means of a force vector. In principle the external force can be 
applied either directly through the force vector or through the displacement 
fields. However, these different approaches do not necessarily lead to the same 
results. In case of displacement-controlled deformation, the nodes in the 
compression contact area are explicitly positioned, while in the case of stress 
controlled these nodes are pressed uniformly by a pre-set value of the applied 
force. In the case of the displacements controlled method the nodes at the 
boundary are constrained to remain in plane whereas in the method with a 
directly applied force the nodes are allowed to move along the compression 
axis as long as the compression force fulfills the boundary condition set by the 
applied load. In the latter an additional constraint was introduced, namely all 
the bonds attached to the compression surface nodes are not subjected to 
failure. Most of the fracture occurred much further away from the compression 
surface than in the first layer which suggests that this additional constraint is 
sufficient to make our approach comparable to the more commonly used 
method based on a displacement field. 

In the 3D disordered networks investigated, the effects of the connectivity 
threshold are clearly visible. The connectivity threshold, which controls the 
spring entanglement between the nodes, has a substantial effect on the crack 
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morphology. Larger connectivity thresholds result in smaller fragments caused 
by crack branching. 

Finally, the networks of the type considered here, with central force as well as 
bending and torsion interactions between nodes, can also be treated with other 
methods. In particular, such networks are similar to what are termed ‘frame-
works’ in structural engineering5. The networks considered here can also be 
analyzed by computational structural mechanics techniques, especially finite 
elements methods 19,20. The important difference with the present approach 
from a computational point of view, is that these finite element methods 
involve a more efficient method to incorporate bending and torsion, but the 
number of degrees of freedom in a given network is twice as large as in the 
present approach, where one has to solve three equations for each node. 
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4 
SCALING OF THE FAILURE STRESS OF 
HOMOPHASE AND HETEROPHASE 3D 
SPRING NETWORKS 

4.1 INTRODUCTION 

The basic question addressed in this chapter is: what is the difference in 
strength between a large and a small disordered structure loaded under 
uniaxial compression? If the material would be perfectly homogeneous, no 
particular difference in local stress and strain fields will be observed. An 
infinite linear elastic material would even be infinitely strong and such a 
system can support arbitrarily large loads. To predict, within a physical 
description, a limit in strength a certain non-linearity has to be considered, like 
cracks that extend under increasing mechanical load. Even for perfectly linear 
elastic systems these defects make the material essentially non-linear. For finite 
systems size effects on the failure stress come about as a direct consequence of 
the existence of defects like cracks on a micro-scale. If a difference in strength is 
encountered as a function of size, it is due to the fact that the proportion 
between the length scale at which fracture originates and propagates with 
respect to the macroscopic size of the structure alters if the size is enlarged. 
Therefore, the ability of accommodating local failure, i.e. a redistribution of 
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mechanical energy in the local surroundings, does not depend only on the 
intrinsic material properties, but also on extrinsic factors, such as boundary 
conditions, size and geometry of the specimen.  

This work concentrates on the fracture behavior of highly porous disordered 
media so as to mimic ceramic extrudates that are commonly used as catalyst 
carriers. The porosity of these extrudates is about 70 volume%. In particular, 
catalyst carriers should also be strong enough to withstand the applied load 
under operating conditions of a (petro-)chemical plant1. The main objective in 
this field of research is to access by a modeling approach how microstructural 
features affect the final failure distribution. Elastic networks of springs are 
frequently used to model the relation between the mechanical properties and 
the microstructure of (highly) porous media. In this work disordered three-
dimensional spring networks 2, 3 are used to study the size effect in brittle 
failure. In the past simulations were carried out both in two 4, 5, 6, 7 and three8 ,9 , 

10, 11, 12,13 dimensions, mainly exploring regular spring networks. In general, the 
research so far on size effects 14,15 and fracture growth 16, seems to underline the 
importance of heterogeneities in random resistor network models17. Further, 
experimental and numerical investigations of size-effects have been pursued in 
the field of concrete fracture mechanics using deterministic models18,19. 

In order to incorporate a specific microstructure of highly porous ceramic 
media, we explore a method of generating dynamically a node distribution. 
This rather mesoscopic approach provides a possibility to incorporate 
microstructural properties. It is important to realize that any strength 
distribution during the fracturing process is due to the node distribution itself. 
So, even a homophase sample may not be homogeneous in strength neither on 
a local or global scale.  

4.2 COMPUTATIONAL PROCEDURE 

4.2.1  GENERATION OF NETWORK 

The computational procedure starts with the generation of a node distribution. 
The molecular dynamics based algorithm uses N void volume spheres, which 
all have a Lennard-Jones interacting outer surface. The method provides a 
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convenient way of generating a distribution of disordered nodes. The disorder 
is controlled by the pre-set values of the temperature and pressure thermostat 
20. The radii of the void volume spheres are taken 25 nm and the Lennard-Jones 
21outer surface interaction, σLJ, is also set to 25 nm. The temperature of the 
reference bath is 8.0 ε/kB, (0.78 ε/kB is the Lennard-Jones triple point 
temperature with ε the energy and kB Boltzmann’s constant) and the pressure 
reference bath is pre-set to the value of 0.4 ε/σ3LJ (1.275 is the Lennard-Jones 
triple point pressure). Those values are found to be sufficient to generate a 
disordered spatial distribution 22 of particles. 

The relaxation process took 25000 time steps in order to attain equilibrium 
using a time increment step ∆t of 10-9 s. The leap-frog integration sheme18 
calculates the position and velocities of the particles using the Newtonian 
equations of motion. The driving force for each particle in each step is the 
superposition of all the interactions of the particle with its neighboring 
particles. After the first 20000 time steps, 8 node distributions are sampled. All 
the distributions are taken with 2000 consecutive time steps in between. For 
each combination of width: depth: height in total nine distribution are 
generated to attain a better representation of the equilibrated disordered 
system. 

The thermostat maintains a constant pressure in the mesoscopic particle system, 
achieving this by adjusting the box size. To remove the effect of the node 
density all the node distributions are scaled to an average node density of 500 
nodes/µm3 resulting in an average spacing in 3D of 0.125 µm.  

The generated distributions form the basis of the spring connecting procedure. 
Every node is a potential point of connection and as a consequence the 
geometry of the network is globally fixed by the positions of the nodes. 
Actually, only the interaction length between the nodes is left as a parameter. 
The node interaction between two nodes exists only if their relative distance is 
below the connectivity threshold, C0. Depending on the value of C0, the system 
may develop from fully connected, i.e. every node is connected with all the 
other nodes, to the lower limit where all nodes are disconnected. For low C0 the 
network resembles the Delaunay network, whereas for higher C0 values the 
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network geometry will deviate more and more from it. In this investigation C0 

is 0.15 µm. This value is one of the lowest C0 value that could be addressed, 
while remaining a network with a constant average node density. 

4.2.2  COMPRESSION OF NETWORK 

In the following the spring networks are loaded in compression and after each 
force increment, the network configuration with the lowest energy is 
calculated. The total elastic energy is described by a two-body central force 
(CF), a three-body bond bending (BB) and a four-body torsion (T) contribution3  

 EL CF BB TU U U U= + +  (4.1) 

The central reaction force contribution on node i, ( 1)CF
iF n∆ +  with respect to the 

previous force, ( )CF
iF n∆ , is given by the first derivative of the central force 

potential UCF with respect to the node position of i, qi, i.e.:  

 , ( 1) ˆ ˆ( 1) [ ] ( 1). ( ) ( )
CF

CF q CF q
i ij ij ij ij

i

U n
F n k u n R n R n

q

∂
∂

+ � �
∆ + = − − = − ∆ +� ��

 (4.2) 

where the CF potential is described by: 

 
21 ˆ( 1) ( 1). ( ) ( ( ) (0)

2
CF CF

ij ij ij ij ij
ij

U n k u n R n R n R
< >

� �
+ = ∆ + + −� �	 
 



 (4.3) 

The <ij> denotes the summation over all ij pairs of connected nodes. The bond 
vector ( )ijR n

�
 from node i to node j (≡ bond ij) at increment n is defined as 

( ) ( ) ( )ij j iR n r n r n= −
� � �

, ( ˆ /ij ij ijR R R=   ) where ( )jr n
�

 is the position of node j at 
increment n. Furthermore, the displacement increment ( )iju n∆ �  at increment n is 
given by ( ) ( )j iu n u n∆ − ∆

� �
, where iu n∆ � ( ) ≡ i iu n u n

� �( ) ( )+ −1  is the bond 
displacement increment of node i and ( ) ( ) (0)i i ju n r n r≡ −

� � �
 represents the 

displacement of node i at increment n. The force constant for the CF ~follows 
from the uniaxial straining of a bar of length (0)ijR�  with Young’s modulus E 
and cross-sectional area Aij : 

 
| (0) |

ijCF
ij

ij

A E
k

R
= �  (4.4) 
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The magnitude of the force constant is inversely proportional to the initial bond 
length.  

For the bond bending potential (the three-body term), between nodes ijk, where 
i is the center of the hinge like bond bending potential, UBB, the following 
expression is used: 

 

 21
( 1) [ ( 1) ( 1) ( )]

2
BB ij ik

ijk ijkijkBB ijk
ijk

U n k n n nθ θ θ
< >

+ = + + + +�
∆ ∆  (4.5) 

 

( 1)ij
ijk nθ +∆ and ( 1)ik

ijk nθ +∆  are the angular deviations in step n+1, due to beam 
like bending of the bond ij and ik. The force constant  

 11 1
( )BB

ijk ij ik
ijk ijk

k
k k

−= +  (4.6) 

with kijk
ij  and ik

ijkk  are taken from elasticity theory of a bending beam. The first 
component is given by : 

 
3

| ( ) |
ijij

ijk
ij

EI
k

nR
= �  (4.7) 

with Iij is the second moment of area of bond ij. The second one ik
ijkk of bond jk is 

found similarly. 

The torsion interaction, UT, along the bond ik due to the relative motions of 
bond ij and bond kl is a pseudo four body potential. When bonds ij and kl are 
projected on a plane perpendicular to the bond vector ik, this yields a three-
body problem, '( )j i k l j i l− − − → − −  with ' ( )i ik= . The torsion potential is 
therefore actually an (ik)jl bond bending potential in the ik-plane, where (ik) 
stands for the point in the ik-plane where bond ik intersects the ik-plane. The 
potential can now be written as  

 21
( 1) [ ( 1) ( )]

2
T

ijkl ijklT ijkl
ijkl

U n k n n
< >

+ = + +�
∆Φ Φ  (4.8) 
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and ijklΦ  is the angle in the ik-plane projected system. Like for bond bending, 
the torsion force constant is taken from elasticity theory and is defined as 

 
(1 ) | ( ) |

T ik
ijkl

ik

EI
k

v nR
=

+ �
 (4.9) 

where ν  is Poisson’s ratio.  

When all the node-node interactions are added into the global matrix, a system 
of 3N (N being the number of spheres) linear equations is formed, or 

( 1) [ ] ( 1)F n K u n∆ + = ∆ +
� �

, where ( 1)F n∆ +
�

 is a 3N-dimensional vector of the applied 
force increments at compression step n, [ ]K  the 3Nx3N stiffness matrix and 

( 1)u n∆ +
�

 3N-dimensional vector of the displacement increments in the 
compression step n. The external force is applied through the force vector. The 
resulting displacement increments are obtained by solving the system of 
equations using a preconditioned conjugate gradient algorithm, which exploits 
the fact that [ ]K is a sparse matrix. The new positions at the end of increment 
n+1 are updated according to ( 1) ( ) ( 1)i i ir n r n u n+ = + ∆ +

� � �
.  

The fracture criterion used throughout this chapter is the maximum strain of 
0.25%. The same value is also applied as fracture criterion for bond length and 
angular distortion. Once the fracture strain is satisfied in a spring element, the 
bond is removed from the network. Nodes without connection (floating nodes) 
or groups of unconnected nodes (fragments) are also removed from the 
interaction matrix. As a result of the removal of floating nodes and fragments, 
the possible effects of these fragments on the actual failure stress are explicitly 
ignored. An exception is maintained for the first layer on top and the last layer 
at the bottom of the sample with a thickness of 10 nm. All connections 
emerging from the nodes lying within these two layers are not subjected to 
fracture. This is done to take into account the fragmentation effect at the contact 
area. Actually, these un-removed nodes will effectively transmit the load 
similar to the ability of the fragments to transmit the load in real experiments. 
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4.3 RESULTS 

Various specimens with different base areas are constructed, namely 0.64, 1.44, 
2.56, 5.76 µm2. In addition, the size effect is explored by generating samples of 
different heights, thus leading to different aspect ratios.  

 

Table 4.1 

Overview of the total number of configurations examined for a particular 
combination of base area and height 

height (µm) 

base (µm2 ) 
0.8 1.2 1.6 2.4 3.2 4.8 6.4 

0.64 9 9 8 8 9   

1.44 8 9 8 8 8 10 5 

2.56 8 8 7 7 6 8 4 

5.76 6 3 8 3 5 3  

 

The various configurations are listed in Table 4.1. An example of an 
intermediate stage in the fracturing process is displayed in Figure 4.1 (base area 
2.56 µm2 and height 2.4 µm). The radius of the cross-section of the bonds in the 
network is 0.1 µm and the Young’s modulus is set to be 400 GPa. Throughout 
the calculations the node density is kept constant, that is 500 nodes per µm3. 
Using these properties the calculations lead to a failure stress of the order of 10 
MPa, which is reasonable for highly porous ceramic materials23. 
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Figure 4.1. Intermediate stage in the fracturing process of a sample with a base area of 

2.56 µm2 and a height of 2.4 µm. Red bonds fulfill the fracture criterion. For colored 

representation see Chapter 7. 
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The overall volume effect on the failure stress, σfail, shows a Weibull24 behavior 
as depicted in Figure 4.2. In the weakest-link assumption by Weibull, fracture 
initiation leads to immediate global failure. The probability, ( )g σ , that fracture 
will initiate locally at a stress σ is described by a power law behavior, 

( ) mg σ σ= , where m is the so-called Waybill modulus reflecting the materials 
properties. The cumulative failure distribution is expressed by: 

 ( ) =1
d mcL

VF e σσ −−  (4.10) 

For a volume Ld and where c is a geometrical constant and d represents the 
dimensionality. The cumulative failure probability goes to unity for σ → ∞ . 
However, if the sample size increases F (σ) shifts towards lower values of σ and 
the failure probability becomes of the order of unity for even smaller values of 
the stress. The expectation value of the failure distribution σfail-W (taken here as 
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Figure 4.2. Double-log plot of failure stress (MPa) vs. reciprocal volume (in units 
of 10-3 µm3) for various base areas (

�
: 0.64 µm2; � : 1.44 µm2; � : 2.56 µm2; � : 

5.76 µm2). 
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the median value) predicts a dependence of the failure stress on the size 
according to: σfail-W ~ L-d/m for a d-dimensional space of linear size L.  

Figure 4.3 displays the volume dependence of failure stress according to the 
description based on extreme statistics as developed by Duxbury–Leath16 and 
Ray-Chakrabarti25,26. Although it also based on a weakest-link assumption, but 
here the chance that fracture will initiate locally at a stress σ is described by  

 

 ( )
k

g e µσσ
−

=  (4.11) 

leading to a failure distribution of the form: 

  1 exp expd
V

k
F cL µσ

� �� �

= − − −
� �� �
� 	
 �  (4.12) 

and an expectation value   

 ( ) 1/1/ log log log log 2d
fail D L k L c

µµσ
−

− − = + −  (4.13) 

It is interesting to note that the failure of hierarchical structures of fiber bundles 
under equal load sharing 27 leads to ( ) 1

fail log log dLσ
−� . Like in the Weibull 

case, for extremely large size L, ( ) 1F σ ≅  for non-vanishing stress. It may be 
noted that although in the Weibull distribution the failure probability is unity 
as σ → ∞  for any size, this is not necessarily the case for Eq. (4.10)unless the 
system size becomes very large.  

The Duxbury-Leath and Ray-Chakrabarti analyses are related to the Gumbel28 
form used in fracture reliability analysis. However, the latter is based on a 
weakest link argument that assumes that all parts of the material carry the same 
stress. Eq. (4.11) and Eq. (4.12) assume that failure is initiated by load hotspots. 
Actually, in contrast, to earlier studies 4,23, the results displayed in 4.2 and 
Figure 4.3 do not validate either the Gumbel distributions or the Weibull 
distributions. 
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Table 4. 2 

 Coordination number and the parameters µ for homophase materials . 

 

 

 

The effect of the volume on the failure stress is strongly affected by the local 
coordination number CNDis of the disordered phase. The latter increases with 
increasing base area (see Table 4.2). As expected also the failure stress increases 
with increasing coordination number. In addition to a homophase material 
represented by a distribution of disordered nodes also composite materials are 
studied.  

 

base area (µm2) 0.64 1.44 2.56 5.76 
coordination number CNDis 3.03 3.16 3.22 3.8 
standard deviation CNDis 0.07 0.07 0.08 0.07 

µ 0.66 1.01 1.69 1.82 
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Figure 4.3.  Double-log plot of failure stress (MPa) vs. the logarithm of the sample 
volume (in units of 10-3 µm3) for various base areas ( � : 0.64 µm2; � : 1.44 µm2; � : 

2.56 µm2; � : 5.76 µm2). 
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They are composed of a slab with thickness dS of an ordered material that 
separates two regions of a disordered phase. The base area is kept constant, 
being 0.64 µm2. Figure 4.4 displays the density as a function of the height and it 
indicates the position of the slice of the ordered material. 

 In Table 4.3, the coordination number of the slab, CNS, is estimated by 
assuming the following relationship: hCN=dSCNS +(h-dS)CNDis. The failure 
stress of the composite materials differs considerably from that of the 
homophase materials (see Table 4.3). In fact, the composite materials show an 
increase in strength by a factor of 4, in comparison to the disordered structures 

Figure 4.4. The density as a function of the sample height (in units of 0.1 µm) in 
the case of a composite material. 
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of the same size, i.e. even if the composite phase is compared with the 
homophase specimens of the effective height, heff = h – hslab. 

 

 

Table 4.3 

Heterophase and homophase samples 

(base area is 0.64 µm2 and CNDis in the homophase system) 

 homophase heterophase homophase heterophase 

Height (µm)  3.2 3.2 4.8 4.8 

Height slab (µm)  0.72  1.9 

CNS  9.0  5.9 

σfail (MPa) 0.82 3.77 0.66 3.72 
     

 

 

 

Table 4 4 

Heterophase and homophase samples with an effective height heff (h-hslab) 

 

4.4 DISCUSSION AND CONCLUSIONS 

Generally speaking, the size effect on the failure stress of disordered networks 
studied here can be described equally well by both the Weibull and Gumbel 

h (µm) 3.2 4.8 
heff (µm) 2.5 

 
2.9 

σ fail (MPa) of the 
disordered phase with heff 

0.94 0.87 
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failure distributions. Although the failure stress depends on the volume, the 
precise geometry of the specimen proves to be an important factor as well. The 
size effect is stronger for lower coordination number and it seems to diminish 
for larger values of the coordination number. A quantitative influence of the 
height on the failure stress can be estimated as follows. The probability P of a 
defect of a certain size n in a volume Ld can roughly be estimated by 

( ) d nP n L p≅  (with a site probability p)29. Because the probability of a largest 
defect is of the order 1, the largest defect scales as ( / log )largestn d LogL p= −  and 
the failure stress is proportional to -1/

largestn µ . The exponent µ  may vary between 1 
and 4, depending on the dimensionality and the interactions involved. In 
principle these considerations were already made in 30. Arguments that lead to 
this scaling behavior are based on the scaling behaviour of a typical defect size 
that is responsible for global failure. In our case it leads to height dependence 
at constant base area, according to: 

 

-1/

fail

h
log

µ

σ
ξ

� �
∝ � �� �  (4.14) 

where ξ  represents the correlation length within the sample. Here, the 
correlation length is a constant within the same base as can be concluded from 
the small standard deviation in the coordination number (Table 4.2). In Figure 
4.5a and Figure 4.5b the height dependence of σfail  is displayed and it can be 
concluded that σfail scales logarithmically with the height, according to Eq. (4.1). 
It was reported previously31 that the macroscopic voltage at which a random 
fuse network fails can be described by a similar logarithmic dependence (Eq. 
(4.1)) and  µ was found to be approximately 1.25. 

However, here µ appears to depend sensitively on the system size. In our case µ 
ranges between 0.7 for the smallest system (base area 0.64 µm2) and 1.8 for the 
largest system (base area 5.76 µm2) (see Table 4.2). This sounds reasonable 
when evaluating the upper and lower bounds of µ, which depend on the 
dimensionality d of the problem and the possible interactions between the local 
cracks. Within the framework of classical fracture mechanics, with a stress field 
near the tip of a crack of length l  that scales with the applied stress according 
to σ l , the stress fields at a crack tip becomes proportional to σ 1/ 4n  (with n the 
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‘size’ of the defect)  and  µ  is equal to 4 (for a penny-shaped defect of size 2l 
and 2n lπ= ).  

In general, for systems with non-interacting defects in a network described by 
central forces, 2( 1)dµ = − . Indeed simulation studies of the fracture strength 
distribution of a 2D triangular network of randomly diluted bond percolating 
systems showed that the Gumbel distribution with µ=2 fits the data better than 
the Weibull distribution. 32 ,33, even up to the percolation limit. If in a 2D 
triangular network also bond-bending forces are included the same conclusion 
can be drawn for increasing disorder and µ becomes unity. However, for the 
fracture strength distribution of super-elastic 2D networks it was observed that 
the Weibull distribution gives a better description than the Gumbel 
distribution.  

If the concentration of cracks increases, the interaction between these defects 
will cause that the stress at the crack tip depends on the size of the defects n. 
Assuming a linear scaling, the stress at the crack tip becomes proportional to σn 
and that µ becomes closer to unity. For smaller systems when local interactions 
between the defects are more likely to occur one expects a smaller value for 
µ around unity depending on the details of the force fields in the network. 
Indeed, an increase of µ with sample size to 4 (for central forces only) is found 
in this work (see Table 4.2). It is interesting to note that µ for the smallest 
volumes studied here is 0.7, i.e. much smaller than what one would expect 
when only central forces are included. This lower value is likely the result of 
the fact that the total elastic energy is described by two-body central force, 
three-body bond bending and four-body torsion contributions. It gives rise to a 
more substantial overlap of localized stress fields for smaller sizes.  
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Figure 4.5. (a) plot of failure stress (MPa) versus height (in units of 0.1 µm) for 
various base areas ( � : 0.64 µm2; � : 1.44 µm2; � : 2.56 µm2; � : 5.76 µm2); (b) 
plot of the logarithm of the failure stress (MPa) versus the double logarithm of 

the height (in units of 4.5(a)) for various base areas. 



SCALING OF THE FAILURE STRESS 

 63

Because of the size dependence of µ one should be careful in extrapolating 
these findings, as cast in Eq. (4.14) to all kinds of microstructures and 
composite materials. Only for highly porous ceramic materials that show brittle 
failure, a size dependence of the failure stress described by Eq. (4.14) is 
experimentally confirmed. Because of plasticity this is not the case for 
comparable structures like metallic foams in which failure mechanisms even 
differ in compression (buckling of the struts) compared to tension (fracture of 
the struts). So, the overall size dependence, including the size dependence of µ, 
is strongly affected by the type of failure mechanism and the local 
microstructure as is reflected in Table 4.2 by the coordination number. Further, 
it may be argued that Eq. (4.14)is actually more complex and that µ could still 
be considered in fact independent of the sample size and the logarithmic 
dependence is only the leading term in this equation. So, the values of  µ listed 
in Table 4.2 are actually effective values and within the same kind of failure 
mechanism and microstructure the exponent µ becomes more or less universal. 
However, correction terms would be necessary to include that cannot really be 
neglected for other systems. Such correction-to-scaling terms can be quite 
significant (see, for example, Refs. 8 and 32. Actually, Figure 4.5b already hints 
to such a possibility, as the log of the stress failure versus the double log of h 
does not really produce a perfect straight line for the case of a base area of 1.44 
µm2. 

In conclusion we may state that the modulus µ in the Gumbel failure 
distribution appears to depend on the system size because of the decrease of 
interactions between the defects with increasing height. However, in all cases 
thin (in the loading direction) samples are stronger than thick samples under 
uni-axial compression and the failure stress increases with increasing 
coordination number. If height is increased, the onset of ultimate failure takes 
place earlier because the number of possible critical crack paths is increased. 
Within the framework of the weakest link principle we may say that with 
increasing size the weakest link will be weaker. Therefore the strength 
decreases with increasing height and this will ultimately lead to a vanishing 
strength at infinite thickness. With increasing base area, i.e. for broader 
samples, also there the chance that fracture is initiated in a larger sample is 
bigger than in a smaller sample. But, the load bearing capacity increases with 
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the sample width and it results in a finite strength for an infinitely broad 
sample. The latter can also be argued based on classical fibre bundle models 34. 

Further, it can be concluded that the failure stress of a heterophase material, 
composite material, differs considerably from that of a homophase materials 
(see Table 4). The composite materials show an increase in strength by a factor 
of 4 in comparison to the disordered structures of the same size. The actual 
enhancement in strength due to the slab depends on the thickness of the slab. In 

Figure 4.6. A heterophase three-dimensional network: base area is 0.64 
µm2 and height is 4.8 µm. 
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fact, the size of a heterophase sample could have chosen 15 to 25 times larger 
than a homophase disordered structure while retaining the same strength. 

However, the actual failure stress of the composite material depends critically 
on the details of the configuration. Figure 4.4 shows a layering effect of the 
disordered region near the ordered phase, together with the formation of 
clusters in the disordered phase. 

In Figure 4.6 the layering and the clustering effects are also visible for the case 
of a heterophase three-dimensional network with a base area of 0.64 µm2 and 
height of 4.8 µm. This layering effect in the radial distribution is similar to the 
observation of density oscillations at liquid surfaces in bulk recrystallization 
and surface melting, found both experimentally35,36 and theoretically 37,38. The 
solid induces a layer-like density oscillation in the liquid with a periodicity that 
depends on the wave vector where the structure factor has it strongest peak. 
The density profile of Figure 4.4 as a function of the distance r from the 
interface at r0 can be described by  

 ( )
0

0 0

2
( ) 0.5 cos

r r

r e r r
a

ξ πρ ρ
−−

� �� �� �

= + −
� �� �	 
� �� �  (4.15) 

where ρ0 is the density fluctuation of the disordered phase and a is the 
periodicity of the interlayer spacing in the ordered phase. ξ is the correlation 
length in the disordered system and 1ξ −  reflects the degree of disorder at the 
interface. The form of Eq. (4.2) is typically what one should expect from a mean 
field treatment 39,40. Global fracture of the composite material occurs in the 
disordered phase because it represents the weakest part of the material. 
However, because of these layering effects around the interfaces with the 
ordered phase, i.e. including the ordered clusters that appear in the disordered 
system, the relevant height for fracture is much smaller than the height simply 
described by heff = h – hslab . On average, the largest height of the fully 
disordered phase in Figure 4.4 is about 0.5 µm (see also Figure 4.6), 
corresponding to a failure stress of at least 2.5 MPa as estimated from Figure 
4.5. This value must be considered as a lower bound because of the details in 
the configurations. Nevertheless, it is much closer to the actual result of the 
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calculation (Table 4.3) than predictions based on he – hslab (Table 4.4) and it 
underlines the importance of the density fluctuations near the various 
interfaces in these composite materials. 
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5 
EFFECT OF NETWORK MORPHOLOGY ON 
THE FAILURE STRESS OF HIGHLY POROUS 
MEDIA 

5.1 INTRODUCTION 

Elastic networks of springs or beams are frequently used to model the relation 
between mechanical properties of materials and their microstructure1. 
Simulations have been carried out both in two and three dimensions2,3,4,5,6,7,8, 
that is to say mainly on regular spring network. The common way to construct 
a network is to use a regular node distribution and to randomly remove a pre-
set fraction of nodes before the nodes are connected. To introduce 
heterogeneity a random node displacement or bond strength distributions is 
used 9,10. With the common use of random number generators, there is no 
correlation in the successive position of nodes. In contrast, in the present work 
all node distributions are generated by a dynamical method 2 instead of using 
predefined correlated distributions or predefined node-node position rules. 

In particular, this study is motivated by developments in the field of highly 
porous ceramic materials. The details of the microstructure prove to be as vital 
for the overall material strength as their porosity 11. Moreover the property that 
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the mean void size can be changed without altering the empty volume is used 
in the manufacturing process of highly porous extrudates 12,13. In practice, 
tailoring the interaction parameters of the emulsion particles alters the 
microstructure. Figure 5.1 shows scanning electron micrographs (SEM) of two 
highly porous ceramics with different strength and different correlation length 
but having the same global porosity. The pore diameter and density were 
determined with mercury porosimetry as well as high-resolution scanning and 
transmission electron microscopy. The density of silica depicted in Figure 5.1a 
and Figure 5.1b, were found to be 0.7 x103 kg m-3 and the corresponding 
strengths 4.5 MPa and 2.5 MPa, respectively. With the skeleton density of 
amorphous silica being approximately 2.2 x103 kg m-3 it leads for both systems 
to a volume porosity of 68 % whereas the mechanical strengths differ almost a 
factor of 2. 

 

Figure 5.1. Two Scanning electron micrographs (SEM) of highly porous ceramics with 

different strength and different correlation length having the same porosity (68 %). (a): 

strength 4.5 MPa, (b): 2.5 MPa. 

In this work a generation model for node distributions is used, which 
incorporates particle interactions. A disorder parameter T* is employed to alter 
the entropy of the dynamical particle systems. At various values of the disorder 
parameter, the node distributions are generated. These node distributions thus 
obtained are then converted into elastic spring networks by connecting every 
node with a spring if their relative distance is below a certain C0, the so-called 
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connectivity threshold. Each value of T* yields spring networks of a different 
morphologies. Next to the ball and stick visualizations of the different 
morphology, the normalized radial distribution function (RDF) and density-
density autocorrelation functions are presented. Failure of the networks under 
compression provides the possibility to relate the microstructure to the 
mechanical strength of the network. 

5.2 COMPUTATIONAL PROCEDURE 

5.2.1 GENERATION OF NETWORK 

The computational procedure starts with the generation of a node distribution. 
The molecular dynamics based algorithm uses N void volume spheres, which 
all have a Lennard-Jones interacting outer surface. The method provides a 
convenient way of generating a distribution of disordered nodes. The disorder 
is controlled by the pre-set values of the temperature and pressure thermostat 
14. The radii of the void volume spheres are taken to be 25 nm and the Lennard-
Jones 15outer surface interaction, σLJ, is also set to 25 nm. The temperature of the 
reference bath is T*, in units of ε/kB where ε is the energy and kB is Boltzmann’s 
constant. The pressure reference bath P0 is pre-set to a value of 0.4 ε/σ3LJ. Those 
values are found to be sufficient to generate a disordered spatial distribution 16 
of particles. The T* values of the reference bath used were 0.0, 0.5, 1.0, 1.5, 2.0, 
2.5, 3.0, 5.0, 8.0 and 14.0. As a reference, one can notice that the Lennard-Jones 
triple point is produced with a void volume equals 0.0, a T* set equal to 
0.78 ε/kB and P0 equals 1.275 ε/σ3LJ.  

The relaxation process took 25000 time steps in order to attain equilibrium 
using a time increment step ∆t of 10-9 s. The leapfrog integration scheme 
17calculates the position and velocities of the particles using the Newtonian 
equations of motion. The driving force for each particle in each step is the 
superposition of all the interactions of the particle with its neighboring 
particles. After the first 20000 time steps 9 node distributions are sampled. All 
the distributions are taken with 2000 consecutive time steps in between.  

The thermostat maintains a constant pressure in the mesoscopic particle system. 
This is achieved by adjusting the box size. To remove the effect of the node 
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density all the node distributions are scaled to an average node density of 1000 
nodes/µm3 in a fixed box size of 1.0 µm x 1.0 µm x 1.0 µm.  

The generated distributions form the basis of the spring connecting procedure. 
Every node is a potential point of connection and as a consequence the 
geometry of the network is globally fixed by the positions of the nodes. 
Actually, only the interaction length between the nodes is left as a parameter. 
The node interaction between two nodes exists only if their relative distance is 
below the connectivity threshold, C0. Depending on the value of C0, the system 
may develop from fully connected, i.e. every node is connected with all the 
other nodes, to a lowest finite value where all nodes are still connected. 
Roughly speaking, for low C0 and low disorder the network resembles the 
Delaunay network, whereas for higher C0 values the network geometry will 
deviate more and more from it. In this investigation C0 = 0.15 µm. This value is 
one of the lowest C0 values that could be addressed, while remaining a network 
with a constant average node density. 

The structure is represented by ball and stick visualizations, the normalized 
radial distribution functions and density-density autocorrelation functions. The 
radial distribution function, RDF, is calculated from 24 ( )r g rπ where the pair 
distribution ( )g r  is given by: 

 0

1
( ) ( )

N N

ij
i j

g r r R r
N

ρ δ δ
� �

= − −� ���� �� � �
 (5.1) 

N represents the total number of spheres, 0 ( / )N Vρ =  is the number density, 

ijR� is the vector between centers of particles i and j. The normalization of the 
radial distribution function is obtained by integrating over all possible 
separations of the two spheres in Eq. (5.1).  

The density-density autocorrelation function is calculated from 

  

 
1

( ) ( ) ( )r r r r dr
N

ρ ρ′ ′ ′Γ = +
�	 	 	 	 	

 (5.2) 
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where the density distribution function ( ) ( )or g rρ ρ=
� �

 presents the radial 
density function at point r

�
. Generally speaking, we may envisage ( )rΓ

�
 as a 

decreasing function of r
�

with the limits, ( ) 1rΓ →
�

as 0r →
�

 and ( ) 0rΓ →
�

 as 
r → ∞

�
. The density-density autocorrelation falls off rapidly at distances greater 

than a so-called correlation length. Here, we take the value of r
�

for which ( )rΓ
�

 
goes to zero for the first time as a measure of the range of order in the material, 
Lc. The coordination number CN  is taken as the number of connections for a 
particular chosen value of C0 and can also be calculated from 

 
0

24 ( )
o

C

r

CN r g r drπ=
	

 (5.3) 

where r0 is the left-hand edge of the first peak in the radial distribution 
function.  

5.2.2 COMPRESSION OF NETWORK. 

In the following the spring networks are loaded in compression and after each 
force increment, the network configuration with the lowest energy is 
calculated. The total elastic energy is described by a two-body central force 
(CF), a three-body bond bending (BB) and a four-body torsion (T) contribution 
2, 18: 

 

 EL CF BB TU U U U= + +  (5.4) 

The central reaction force contribution on node i, ( 1)CF
iF n∆ +  with respect to the 

previous force, ( )CF
iF n∆ , is given by the first derivative of the central force 

potential UCF with respect to the node position of i, qi, i.e.  

 

 , ( 1) ˆ ˆ( 1) [ ] ( 1). ( ) ( )
CF

CF q CF q
i ij ij ij ij

i

U n
F n k u n R n R n

q

∂
∂

+ 
 �∆ + = − − = − ∆ +� �
 (5.5) 

where the CF potential is described by 
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21 ˆ( 1) ( 1). ( ) ( ( ) (0)

2
CF CF

ij ij ij ij ij
ij

U n k u n R n R n R
< > �

�
+ = ∆ + + −� �� � ��

 (5.6) 

The <ij> denotes the summation over all ij pairs of connected nodes. The bond 
vector ( )ijR n

�
 from node i to node j (≡ bond ij) at increment n is defined as 

( ) ( ) ( )ij j iR n r n r n= −
� � �

, ( ˆ /ij ij ijR R R= � � ) where ( )jr n
	

 is the position of node j at 
increment n. Furthermore, the displacement increment ( )iju n∆ 
  at increment n is 
given by ( ) ( )j iu n u n∆ − ∆

� �
, where ( ) ( 1) ( )i i iu n u n u n∆ ≡ + −

� � �
is the bond displacement 

increment of node i and ( ) ( ) (0)i i iu n r n r≡ −
  

 represents the displacement of node i 
at increment n. The force constant for the CF follows from the uniaxial straining 
of a bar of length (0)ijR�  with Young’s modulus E and cross-sectional area Aij: 

 

 
| (0) |

ijCF
ij

ij

A E
k

R
= �  (5.7) 

For the bond bending potential (the three-body term), between nodes ijk, where 
i is the center of the hinge-like bond bending potential UBB, the following 
expression is used: 

 

 21
( 1) [ ( 1) ( 1) ( )]

2
BB ij ik

ijk ijkijkBB ijk
ijk

U n k n n nθ θ θ
< >

+ = + + + +�
∆ ∆  (5.8) 

( 1)ij
ijk nθ +∆ and ( 1)ik

ijk nθ +∆  are the angular deviations in step n+1, due to beam 
like bending of the bond ij and ik. The force constant  

 

 11 1
( )BB

ijk ij ik
ijk ijk

k
k k

−= +  (5.9) 

with kijk
ij  and ik

ijkk  are taken from the elastic theory of beam bending. The first 
component is given by: 
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3

| ( ) |
ijij

ijk
ij

EI
k

nR
= �  (5.10) 

with Iij is the moment of area of bond ij. The second one ik
ijkk of bond jk is found 

similarly. 

The torsion interaction, UT, along the bond ik due to the relative motions of 
bond ij and bond kl is a pseudo four body potential. When bonds ij and kl are 
projected on a plane perpendicular to the bond vector ik, this yields a three-
body problem, ( )j i k l j i l′− − − → − −  with ( )i ik′ = . The torsion potential is 
therefore actually a (ik)jl bond bending potential in the ik-plane, where (ik) 
stands for the point in the ik-plane where bond ik intersects the ik-plane. The 
potential can now be written as  

 

 21
( 1) [ ( 1) ( )]

2
T

ijkl ijklT ijkl
ijkl

U n k n n
< >

+ = + +�
∆Φ Φ  (5.11) 

and ijklΦ  is the angle in the ik-plane projected system. Like for bond bending, 
the torsion force constant is taken from elasticity theory and is defined as 

 

 
(1 ) | ( ) |

T ik
ijkl

ik

EI
k

v nR
=

+ �
 (5.12) 

where ν  is Poisson’s ratio. The unit of length, which is also the bond radius, is 
100 nm and the Young’s modulus E was set equal to 400 GPa. 

When all the node-node interactions are added into the global matrix, a system 
of 3N (N being the number of spheres) linear equations is formed, or 

( 1) [ ] ( 1)F n K u n∆ + = ∆ +
� �

, where ( 1)F n∆ +
�

 is a 3N-dimensional vector of the applied 
force increments at compression step n, [ ]K  the 3Nx3N stiffness matrix and 

( 1)u n∆ +
�

 3N-dimensional vector of the displacement increments in the 
compression step n. The external force is applied through the force vector. The 
resulting displacement increments are obtained by solving the system of 
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equations using a preconditioned conjugate gradient algorithm that exploits the 
fact that [ ]K is a sparse matrix. The new positions at the end of increment n+1 
are updated according to ( 1) ( ) ( 1)i i ir n r n u n+ = + ∆ +

� � �

.  

The fracture criterion that is applied throughout this work is a maximum strain 
of 0.25%. The same value is also applied as fracture criterion for bond length 
and angular distortion. Once the fracture strain is satisfied in a spring element, 
the bond is removed from the network. Nodes without connection (floating 
nodes) or groups of unconnected nodes (fragments) are also removed from the 
interaction matrix. As a result of the removal of floating nodes and fragments, 
the possible effects of these fragments on the actual failure stress are explicitly 
ignored. An exception is maintained for the first layer on top and the last layer 
at the bottom of the sample. All connections emerging from the nodes lying 
within these two layers are not subjected to fracture. This is done to take into 
account the fragmentation effect at the contact area. Actually, these un-removed 
nodes will effectively transmit the load similar to the ability of the fragments to 
transmit the load in real experiments. 

5.3 RESULTS AND DISCUSSION 

 

During the computer experiments several independent node distributions were 
generated for each of the disorder parameter values T*. In Table 5.1 the 
disorder parameters values are listed. The parameter values are grouped 
according to the various phases. In the case of T* = 0, the resulting morphology 
is a regular grid (simple cubic structure). Figure 5.2 summarizes the results of 
the failure stress as a function of the disorder parameter T*. 
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Figure 5.2. The failure stress σF (
�

, MPa-left axis) and the correlation length Lc ( � , units 
1 µm, right axis) versus the disorder parameter T* (see also Chapter 7). 

 

TABLE 5.1. 

The disorder parameter T*(units of ε/kB) and the resulting phase 

Disorder parameter 
T*(ε/ε/ε/ε/kB) 

Phase Examples 

0.0 Regular grid (simple 
cubic) 

 

0.25, 0.5, 1.0, 1.5, 2.0 Structured Figure 5.3 & Figure 
5.4 

2.5, 3.0 Condensed  Figure 5.5 

5.0, 8.0, 14.0 Random Figure 5.6 
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In the following figures all ball and stick visualizations are displayed in 
projection and the corresponding normalized radial distribution function are 
presented, together with the density-density autocorrelation function. We have 
calculated 9 node distributions for every particular T* listed in Table 1. 
However, the figures of normalized radial distribution functions and density-
density autocorrelation functions are only for one node distribution per T*.  

 

 

 

 

 
Figure 5.3a. The structured phase (T* = 0.25). Blue bonds are connected to nodes in the 
top or bottom layers. Red bonds fulfill the fracture criterion. For colored representation 

see Chapter 7. 
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Figure 5.3b. The normalized radial distribution function as a function of the distance (T* 

= 0.25, distance in units of 100nm). 
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Figure 5.3c. The density-density autocorrelation function as a function of the distance 

(T* = 0.25, distance in units of 100nm). 

 
 

Figure 5.4a. The structured phase (T* = 1.5 ) Blue bonds are connected to nodes in the 

top or bottom layers. Red bonds fulfill the fracture criterion. For colored representation 

see Chapter 7. 
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Figure 5.4b. The normalized radial distribution function as a function of the distance (T* 
= 1.5, distance in units of 100nm). 
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Figure 5.4c. The density-density autocorrelation function as a function of the distance 

(T* = 1.5, distance in units of 100nm). 
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Figure 5.5a. The condensed phase (T* = 2.5) Blue bonds are connected to nodes in the 
top or bottom layers. For colored representation see Chapter 7. 
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Figure 5.5b. The normalized radial distribution function as a function of the distance (T* 
= 2.5, distance in units of 100nm). 

 

 

 

 

 

 

 

 

 

 

Figure 5.5c. The density-density autocorrelation function as a function of the distance 

(T* = 2.5, distance in units of 100nm). 

 

 



CHAPTER 5 

 84

Figures 5.3a and 5.4a show a node distribution with T* in the range between 
0.25 and 2.0. The corresponding normalized radial distribution functions and 
density-density autocorrelation functions are shown in Figure 5.3b, 5.4b and 
5.3c, 5.4c, respectively. The node distribution is denoted as a so-called 
structured distribution. This can be easily recognized by the higher order peaks 
in the normalized radial distribution functions. The preset T* values of 2.5 and 
3.0 produce a condensed phase system.  

Figure 5.5a shows the configuration that belongs to T* equals 2.5. The system 
consists of a highly netted part surrounded by an almost non-interacting part. 
Actually, the latter can be regarded as a gaseous phase. Because the nodes 
without interacting connections and also groups of unconnected nodes are 
removed these gaseous areas in Figure 5.5a are empty. Throughout the 
calculation the same connection criterion is used and therefore one would 
expect that the condensed phase must be remarkable stronger than the 
structured phase. As depicted in Figure 5.2, T* = 2.0 seems to produce node 
distributions that are as strong as the distributions representing the condensed 
phase.  

Examples of a phase that belongs to an even higher T*, namely 8 and 14, are 
displayed in Figures 5.6a and 5.6d, together with the corresponding normalized 
radial distribution function and density-density autocorrelation function for T* 
=8 in Figures 5.6b and 5.6c, respectively. The phase in Figure 5.6 is called the 
random phase. For T* ranging between 5 and 14 random configurations are 
produced that contain large voids. The larger the T* the larger the voids seems 
to be (see Figures 5.6a and 5.6d). Although a pronounced first peak is found, no 
distinct higher order peaks are detected in the normalized radial distribution, 
see Figure 5.6c. Actually, the first peak in the RDFs reveals a local clustering 
behavior and a mean distribution at longer distances. 
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Figure 5.6a. The random phase (T* = 8) Blue bonds are connected to nodes in the top or 
bottom layers. Red bonds fulfill the fracture criterion. For colored representation see 

Chapter 7. 

 

Figure 5.6b (left). The normalized radial distribution function as a function of the 

distance (T* = 8, distance in units of 100nm) Figure 5.6c (right). The density-density 

autocorrelation function as a function of the distance (T* = 8). 
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Figure 5.6d. The random phase (T* = 14, distance in units of 100nm) Blue bonds are 
connected to nodes in the top or bottom layers. Red bonds fulfill the fracture criterion. 

For colored representation see Chapter 7. 

Figure 5.7 shows the failure stress as a function of the range of order, the 
correlation length Lc. A significant increase in strength is observed with 
decreasing correlation length. Lc in the random-like phase is slightly decreasing 
with increasing T* and so is the failure stress. This is in contrast to the 
correlation between the failure stress and Lc for the structured phase. Here, the 
failure stress decreases, either exponentially or as a power law, with increasing 
Lc.  
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It can be concluded from this work that a disorder parameter T* in the node 
distribution generation method can be used to generate a large variety of node 
distributions. In the figures shown both the strength and microstructure of the 
networks differ but the node density remains the same. The paper shows that a 
dynamical method of generating various node distributions provides a mean to 
generate networks and corresponding strength that are not governed by the 
common construction of networks derived from a regular grid, even if those 
grid-based networks are transformed by random node annihilation. The 
dynamical method does not need predefined rules of a correlated node 
distribution. 
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Figure 5.7. Failure Stress (MPa) versus correlation length Lc (units 1 µm) in the 
structured phase (exponential decay coincides with a power law behavior). 

The basic elements of the generation method are to move void volume spheres 
with a weak interacting outer surface as the basic element in a periodic 
boundary box and the possibility to change the entropy by means of a disorder 
parameter. These simple properties in the node distribution method seem to be 
adequate to generate correlated node distributions. The node distribution 
generation method produces results that are in a better agreement with the 
experimental observation of the strength of highly porous ceramics than the 
results obtained from random networks derived from a regular grid. The value 
of the failure stress lies in the same order of magnitude as in experiments 11,19. 
In a highly correlated material like in the structured phase the introduction of 
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more randomness enhances the materials strength. This effect is in accordance 
with experimental results that show that an increase in randomness contributes 
to a higher strength of ceramic materials. However, as can be concluded from 
the calculations: in a fully random phase an enhancement of the disorder 
diminishes somewhat the fracture strength. Using the model properties of the 
distribution generation method one can also state that an increase of disorder 
leads to dilution effect of the interacting void volume spheres. The importance 
of ordering on the network strength can also been derived from Figure 5.2. 
Despite the fixed node density a variation in phase and correlation length cause 
a large difference in the failure stress. 

It is interesting to note that very different structures with a constant node 
density can be obtained by changing T* in a system of spherical void volume 
particles with a Lennard-Jones interacting outer surface. In this study different 
kinds of network morphologies are generated to illustrate the importance of the 
microstructure in relation with its strength while keeping the density fixed. 
Within a particular phase the range of order, i.e. Lc, is the predominant factor 
characterizing the failure stress of the network. The microstructure and its 
phase can be adequately described by the density-density autocorrelation 
function. The correlation length is a measure of the range of order expressed by 
Lc. 
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TABLE 5.2 

Numerical results: disorder parameter T* (ε/kB), failure stress σf (MPa), 
coordination number (CN), and correlation length Lc (nm). 

Phase T* σσσσf (MPa) CN Lc(nm) 

Regular grid 0.0 1.8 2.7 0 

Structured 0.25 6.2 4.3 52 

 0.5 6.5 4.2 51 

 1.0 7.1 4.0 48 

 1.5 8.9 3.7 43 

 2.0 17.9 3.5 38 

Condensed 2.5 14.8 8.8 93 

 3.0 13.9 9.0 113 

Random 5.0 8.7 3.3 19 

 8.0 8.4 3.3 19 

 14.0 7.7 3.2 18 
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6 
OUTLOOK 

The objective of this thesis is to present a computer simulation methodology to 
study effects of disorder on fracture phenomenon, in which microstructural 
features on a micrometer length scale are the most determining factor. A 
summary of the length scale involved so far is schematically presented in Figure 
6.1. Starting with the results obtained so far the purpose of this chapter is to 
present an outlook for handling failure mechanism of highly porous ceramics 
on different length scales. In fact, our approach delineated in the preceding 
chapters focuses on a description of a single extruded particle, which is called 
an extrudate. Highly porous ceramics under investigation are used in the 
chemical industry as catalyst carriers and generally speaking a catalyst carrier 
should have a high porosity and small pores. But the pore size should not be 
too small because otherwise transport of the raw material is severely hampered. 
Decreasing the pore size of these materials will increase the specific area, but 
may also lead to conditional reactions, because the material may act as a 
molecular sieve. Besides these microstructural considerations, the materials 
must be able to operate in typical petrochemical conditions and must therefore 
have suitable mechanical properties in order to withstand the applied load 
under operation.  
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Figure 6.1. The various length scales involved; from an atomistic view on fracture, via a 

mesoscopic approach on a mµ  scale to a description based on classical fracture 

mechanics. The mesoscopic length scale is the focal point in this thesis. The SEM 

picture on the left shows the cell size and wall thickness in a SiO2 extrudate, whereas on 

the right a broken extrudate is displayed (courtesy J.-j. Aué 6). 

 

Problems will arise when catalyst carriers at the bottom of the reactor crumble 
under the load of other carriers. This affects the flow through the reactor and 
efficiency of the process will diminish. Thus the mechanical properties of a 
collection of extrudates are of great importance to the practical performance of 
the carrier.  
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To access the strength of the catalyst carrier from an experimental point of view 
it is possible to measure the amount of attrition under specific loading 
conditions. To evaluate this behavior standardized tests were designed in the 
past in which the single particle strength was determined under specific test 
conditions. In this so-called Side Crushing Strength1 test a single extrudate is 
slowly deformed uni-axially at a constant strain rate. The methodology 
described in this thesis refers to this experimental technique. Nevertheless, the 
strength of a single particle that is modeled has to be transferred to the behavior 
in a bulk of many extrudates. However, this is not a trivial case because the 
local forces between the particles in the bulk and the fracture criteria of 
individual particles are unclear. At the other end of the scale, phenomena on an 
atomic level may determine the failure characteristics of one single extrudate 
and these have to be mimicked in the physical parameters of a model for the 
meso-scale. This outlook will show some preliminary results of computer 
studies on other length scales than the mesoscopic length scale that was 
described in the previous chapters. 

Let us start on the atomic scale or nanometer scale. Experimentally, on that scale 
the fracture surface can be studied by a microscopy technique called AFM, 
atomic force microscopy. The most commonly used detection technique in AFM 
is the optical lever mechanism, introduced in 1988 2,3,4,5. Here, a focused laser 
beam reflects from the end of a tilted cantilever. Attached to this cantilever is a 
tip. Each angular movement of this tip is amplified in the movement of the 
reflected laser beam. This beam tilt can easily and accurately be detected by a 
double- or quadruple split photodiode. This is a simple yet accurate technique, 
working in any medium that allows a cantilever to move and a laser beam to 
pass through. Like in most SPMs (scanning probe microscopy), scanning and 
positioning of tip and substrate are performed by piezoceramic actuators. 
Mostly the Z-direction is defined as being perpendicular to the average surface 
plane, the latter determining the XY-plane. With imaging, the combination of 
coordinates X,Y,Z and the signal is used to make a more or less topographic 
plot of the surface. This can be a strict XY-plane, in fact a constant Z-
measurement. However, usually it is of more practical value to present a 
constant-interaction plot, as this forms a more natural definition of the local 
surface. In this case, the Z-positioning is varied in such a way that during XY-
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movement, the force signal stays constant. This is simply implemented by 
comparing the detected signal to some reference value. In Figure 6.1a an 
experimental AFM height mode image of a SiO2 based extrudate is presented 6, 7 
whereas in Figure 6.1b a calculated image is displayed in which a void volume 
tip is used to move over a fracture surface of a computed fragment.  

Theoretical and experimental analyses of AFM images can be used to scrutinize 
the scaling behavior of the surface roughness of brittle fracture making a 
connection to the mechanical behavior 8,9. In particular the question can be 
raised whether the microstructure exhibits a fractal behavior. A modeling study 
using a random fuse network of fracture was presented by Hansen et al. 10, 
predicting universal scaling behavior of fracture surfaces (for a 2D simulation of 
the material) not depending on the microstructure. A fractal dimension D = 1.3 
± 0.1 is proposed with a corresponding Hurst exponent of 0.7. This scaling 
parameter has indeed been verified experimentally and was reported 11 for 
fracture of metals and also for some brittle materials12. Hansen et al.10 also 
predicted disorder dependence for this universal scaling exponent. In the 
porous disordered materials experimentally investigated, the pore-size 
distribution represents the amount of disorder. This enabled us to study the 
effect of disorder on the scaling behavior of the fracture surface. These highly 
porous materials are built of clusters of colloidal particles and voids, which 
raise the question at which length scale the mechanical properties are 
determined. It may tell us what the determining and limiting factors are in the 
fracture processes of our materials. The fractal dimension can also be seen as a 
useful tool to characterize the spatial organization of a surface, an aspect that 
classical surface characterization techniques (RMS) cannot do in general. The 
fractal dimension marks the memory effect of the crack while creating the 
fracture surface. In fact, certain links can be made between scaling behavior of 
fracture surfaces and mechanical properties of materials.  

The fractality comes into the description of the crack resistance force due to the 
surface energy term Γ . A self-affine fracture surface h(r) can be described at 
point r by:  
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with the Hurst exponent 0 < H <1. It is assumed that the self-affine surface is 
fractal up to the correlation length ξ . At larger distances, the surface can be 
considered to be flat. The surface energy corresponding to open crack is: 
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and sE∆  depends on the local slope of the self-affine fracture surface. The width 
of the specimen along the crack line is w and a is the crack length. Depending on 
the slope a new length scale rc can be introduced in such a way that if r< rc and 
dh/dr >> 1, the surface energy is approximated by: 
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In the former case, even at a length scale smaller than the correlation length, the 
surface free energy term is similar to the one needed for the creation of a flat 
surface, although the actual surface is rough. If a<rc the fracture toughness also 
depends on the correlation length and the fractal dimension. By equating the 
released elastic energy to the surface energy term, one can derive that the 
critical intensity factor for the fractal case, ( )F

IcK , with a<rc reads : 

( )( ) (0) 2

H
F

Ic IcK K H ξ −=                        (6.5) 

where (0)
IcK  is the critical intensity factor for creating a flat surface. If the length 

scale rc becomes larger than the correlation length ξ , the stress intensity factor 
in Eq. (6.5) depends only on ξ  and not on H.  
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An interesting point is that with our modeling approach it would be possible to 
calculate H and the correlation length from simulated AFM images and to 
compare these with experimental ones. This is particularly useful because in 
numerous experiments the observed Hurst exponents H scatter in a wide range, 
because the correlation lengths vary 13. For that reason, very controlled and 
accurate measurements and analysis are necessary to connect mechanical 
properties to the Hurst exponent 14. 

 

 

Figure 6.2. On the right side a computed AFM image from a tip across a fracture surface 

of our network. On the left side an experimental AFM image of the fracture surface of 

SiO2 (courtesy B. Gabriels and J.-j. Aué). 

If we look at crack propagation through a highly porous medium and assume 
that a crack propagating over an area 2l will, on average, break 2t  cell walls, it 
can be derived 6,7 that the critical stress intensity factor becomes proportional to 
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where D is the fractal or self-similarity dimension of the crack surface and pl is 
the size of the building block of the cell wall material. 

Indeed, the existence of fractal law in fracture is reported so often that one can 
truly speak of ‘Fractals everywhere’ 15. However, the fractal approaches to 
fracture phenomena need a rather delicate treatment. One of the first attempts 
to construct a mechanical model of a fractal crack was presented by Mosolov16. 
The stress intensity factor F

IK of a fractal crack was derived in terms of the 
nominal stress σ , the macro-dimension of the crack a  as 

 

 / 2F H
IK aσ�  (6.7) 

where H=2-D and similar kinds of formulations are quite popular in literature. 
However, one should realize that in order to obtain formulae for the stress 
intensity factors within the framework of classical linear fracture mechanics, 
one must solve a boundary value problem for an elastic plane with a rectilinear 
cut. Therefore, strictly speaking to obtain F

IK  one has to solve the boundary 
value problem for an elastic plane with a fractal cut. To the best of our 
knowledge, even the mathematical formulation of the problem has not been 
presented in literature. Although the aforementioned equations can be useful in 
describing scaling phenomena of the fracture energy (i.e. for physical fractals, 
not for mathematical fractals) in an infinite solid, it has to be extended for a 
formulation of the size effect of fracture by considering the sample boundary in 
the formulation17, 18. 

Moving up in length-scale the fracture process of a single extrudate can be 
studied under different loading conditions. Side crushing, triple point and four 
point bending are examples of various loading conditions. The failure load and 
size effects may depend on the various loading conditions. A sphero-cylinder 
can be constructed in a computational study to represent a highly porous 
ceramic extrudate. Such a study is in particular relevant for a next step in 
length-scale, that is to say, towards the bulk-scale in which many extrudates 
interact. We take a large set of sphero-cylinders (see Figure 6.3) that span a 
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configuration space. The latter can be represented by a three-body density 
function (triplet correlation function), which is depicted in Figure 6.4 . 

 

 

Figure 6.3. Snapshot containing 1000 sphero-cylinders in a periodic box. 
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In Figure 6.4 the color indicates the specific value of the distribution and the 
relative angle on the left runs from 0 to π/4 whereas the other axis represents the 
relative distance to the reference extrudate.  

 

 

 

Figure 6.4. The angle distribution function (normalized) along the relative distance 

between the extrudates. The color indicates the specific value of the distribution and the 

relative angle on the left runs from 0 to / 4π whereas the other axis represents the 

relative distance to the reference extrudate. 
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From the box of sphero-cylinders a distribution of contact points can be 
obtained that somehow will determine the local failure characteristics. If 
extrudates are oriented along one side of the box the relevant failure 
mechanism would be side crushing. By varying the ratio of the length/diameter 
of the sphero-cylinders the number of contact points will be affected and 
therefore the failure. As a result it is also possible to transform the orientation 
space into some sort of a ‘failure space’.  

In the primary studies a hard wall box containing 1000 moving extrudates is 
constructed. In this case the extrudates are modeled like 2 overlapping 
spheroids. To study influences of the orientation distributions the walls along 
the vertical axis were moved towards each other. The change in orientation of 
the sphero-cylinders by the walls and compression can be noticed in Figure 6.5. 
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Figure 6.5a. 
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Figure 6.5b. 
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Figure 6.5c. 

 

 

Figure 6.5. From top (a) to bottom (c) : the process of compression on a collection of 

extrudates modeled as overlapping spheres. 
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With this concise preview of preliminary studies, the author intends to provide 
the reader a glimpse of the attractive possibilities to gain further physical 
insight with a Computational Materials Science approach into the “failure stress 
of highly porous ceramics”. 
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7 
APPENDIX: COMPUTER VISUALIZATIONS 

 
Figure 7.1. A summary of the computational procedures, i.e. of generating a 

disordered spring network and applying a compressive load. 
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Figure 7.2. Bottom: the first step in which a disordered configuration of 
spheres is generated. Top: the central points of the spheres are used as 

points for connecting the springs. 
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Figure 7.3. Onset, intermediate and final stage of the 
compression experiments for various values of the disorder 

parameter T* (see Table 5.1 and Figure 5.2) 

T* = 0.0 

T* = 0.25 
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T* = 0.5 

T* = 1.0 

 

T* = 1.5 
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T* = 2.5 

T* = 3.0 

T* = 2.0 
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T* = 5.0 

T* = 8.0 

T* = 14.0 
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Figure 7.4 (Figure 6.2). On the right side a computed AFM image from a 
tip across a fracture surface of our network. On the left side an 

experimental AFM image of the fracture surface of SiO2 (courtesy B. 
Gabriels and J.-j. Aué). 

 

 
 

Figure 7.5 (Figure 6.4).  The angle distribution function (normalized) along 
the relative distance between the extrudates. The color indicates the 

specific value of the distribution and the relative angle on the left runs from 
0 to / 4π  whereas the other axis represents the relative distance to the 

reference extrudate. 
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Figure 7.6 (Figure 6.3). Snapshot containing 1000 sphero-cylinders in a 

periodic box. 
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8 
SUMMARY 

The introductory chapter 1 formulates the objectives of this thesis, namely to 
understand fracture of disordered brittle media on a mesoscopic scale, in 
particular the corresponding size and scaling effects.  

In chapter 2 details of a new computational methodology are presented that can 
generate correlated node distributions so as to describe brittle fracture of highly 
porous random media. Geometrical heterogeneity in the ‘open cell foam’ 
structure of the porous medium on a mesoscopic length scale (100 nm) is 
mapped directly onto a three-dimensional, 3D, elastic network by using 
molecular dynamics techniques to generate starting configurations. The aspects 
in our description are that the elastic properties of an irregular 3D-network are 
described using not only a potential with a two-body term (change in bond 
length) but also a three-body term (change in bond angle, or bending) and a 
four-body term (torsion). The equations for minimum energy are written and 
solved in matrix form. If the changes in bond lengths, bond- or torsion angles 
exceed pre-set threshold values, then the corresponding bonds are irreversibly 
removed from the network. Brittleness is mimicked by choosing small (1%) 
threshold values. The applied stress is increased until the network falls apart 
into two or more pieces. 
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Chapter 3 concentrates on the failure stress of a disordered three-dimensional 
spring network. In particular we investigate the effects of several fracture 
criteria and of the connectivity at the nodes in the network. A node cannot be 
connected with another node if its relative distance is larger than the so-called 
connectivity threshold. In our modeling approach the spring networks were 
loaded in compression and the network configuration with the lowest energy 
was calculated after each force increment. Subsequently, the mechanical 
properties of the relaxed network structures were investigated using various 
fracture criteria. The largest threshold value of displacement was set to the 
commonly used criterion for brittle fracture, i.e. a fraction criterion of 1%, but 
also lower values (0.75%, 0.50% and 0.25%) were examined. In addition, for 
each of these fracture criteria the stress calculations were repeated with 
different connectivity thresholds. From this investigation it is concluded that it 
is not sufficient to evaluate only the fracture strain. In particular, the 
connectivity, i.e. the connectivity threshold C0, which controls the spring 
entanglement between the nodes, has a substantial effect on the crack 
morphology. Larger C0s result in smaller fragments caused by a crack 
branching morphology. 

Chapter 4 focuses on the scaling of the failure stress of a three-dimensional 
spring network as a function of its volume. In particular the influences of the 
geometry and the local structure are examined. Both homophase disordered 3D 
structures and heterophase systems are studied containing a more or less 
crystalline slab. The structures are generated by starting with a node 
distribution. A molecular dynamics based algorithm uses void volume spheres, 
which all have a Lennard-Jones interacting outer surface. The generated 
distributions of nodes form the basis of a procedure to interconnect the nodes 
with springs. In the calculation of the failure stress the total elastic energy is 
described by a two-body central force, a three-body bond bending and a four-
body torsion contribution. The areas under uniaxial compression are varied in 
the range of 0.64 µm2 to 5.76 µm2 and the height h ranges between 0.80 µm and 
6.4 µm. It is found that the failure stress at constant base area could be described 
by: 
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where ξ  represents the correlation length within the sample. The modulus µ 
appears to depend on the system size but in all cases thin samples are stronger 
than thick samples and the failure stress increases with increasing coordination 
number. The failure stress of heterophase materials differs considerably from 
that of homophase materials. The composite materials exhibit an increase in 
strength by a factor of 4, in comparison to the disordered structures of the same 
size where the enhancement in strength due to the slab depends also on the size 
of the slab. In fact, the size of a heterophase sample could have been chosen 15 
to 25 times larger than a homophase disordered structure while maintaining the 
same strength. 

In chapter 5 the focus is on the four kinds of network morphologies, generated 
to illustrate the importance of the microstructure in relation with its strength 
while keeping the density fixed. By varying the disorder parameter in a 
dynamical system of weak interaction void volume spheres, it is possible to 
generate correlated node distribution. The spring networks constructed from 
the correlated node distribution can be used to model strength properties of 
materials ungoverned by random annihilated regular spring networks. Within a 
phase, the correlation length effect is the dominant property in network failure 
stress. The spring network property, namely the coordination number, shows to 
be proportional to the correlation length. The radial distribution function, RDF, 
of the nodes can characterize the materials microstructure and also their phase 
state. The failure stress is in agreement with experimental findings. 

The outlook of this thesis is presented in chapter 6. In this chapter, an overall 
view on this subject in terms of length scale is being made. Some preliminary 
studies with qualitative results are included on other length scales than the 
mesoscopic length-scale that is the core of this thesis. 

Chapter 7 contains a representative selection of computer visualizations of the 
fracture process. 



CHAPTER 8 

 120

 

 

 



121 

9 
SAMENVATTING 

Dit proefschrift gaat over een nieuwe aanpak in het modelleren van het 
breukgedrag van hoogporeuze keramische materialen. Het bestuderen van het 
breukgedrag is van wetenschappelijk maar ook van technologische belang. In 
de chemische industrie worden deze materialen toegepast als katalysator-
dragers. De wetenschappelijke interesse wordt gewekt omdat ze door hun 
brosheid en hoge porositeit (70 vol. %) unieke eigenschappen hebben. 

Met computersimulaties is het mogelijk om een bestaand proces zo goed 
mogelijk na te bootsen. Sommige experimenten zijn in praktijk zo lastig te 
realiseren dat een modelleerstudie de enige praktische mogelijkheid is om de 
invloed van bepaalde parameters op de eigenschappen snel te kunnen 
achterhalen. Een andere toepassing van computermodellering is het toetsen van 
een bepaalde hypothese.  

In het onderzoek naar het breukgedrag werden tot nu toe voornamelijk 
computersimulaties uitgevoerd die uitgaan van regelmatig opgebouwde 
netwerken van veren. Deze verennetwerken bestaan uit “bouwstenen” in de 
vorm van driehoekjes of vierkantjes. Vervolgens verwijdert men volstrekt 
willekeurig 70 % van de veren. Als de gebruikte veerkracht en breekbaarheid 
van de veren uit het netwerk overeenkomen met de gemeten eigenschappen 
van keramiek, dan heb je een model van een stukje keramiek met een porositeit 
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van 70%. Door deze theoretische verennetwerken in computersimulaties “stuk 
te drukken” kunnen we het breukgedrag van hoog poreus keramiek in een 
computermodel bestuderen. 

Bij toepassing van dit soort simulaties bleek dat de vorm van de 
netwerkbouwstenen (dus de driehoekjes of vierkantjes), het breukgedrag sterk 
te beïnvloeden. Dat is dan geen goed uitgangspunt voor het benaderen van de 
werkelijkheid, omdat de regelmatige vorm van de bouwstenen onbedoeld ook 
in het modelresultaat terugkomt. Verder bleek vanuit de industriële research, 
dat naast de hoeveelheid porositeit ook de vorm van de holtes in het materiaal 
van cruciaal belang is. Daaruit is het idee geboren om verschillende structuren 
te bouwen met gelijke dichtheid. Op basis van kennis over het productieproces 
van keramische materialen zijn we in de computer uitgegaan van kleverige 
balletjes die worden geschud. Tijdens het schudden wordt op gezette tijden de 
“ballenbak” stilgezet. Deze “bevroren” situaties van de ballenbak noemen we 
een knopenconfiguratie. Hierbij moet men zich voorstellen dat elke bal een 
knooppunt van veren is. In een dergelijke  configuratie is dus tussen elke bal en 
zijn buren een veer geplaatst. Zo hebben we op een alternatieve wijze een 
netwerk van veren gebouwd die, in tegen stelling tot de “klassieke” netwerken 
van regelmatige figuren, rekening kan houden met aspecten van de vorm van 
de holtes. In plaats van een vaste hoeveelheid veren gebruiken we een constant 
aantal knooppunten. 

In hoofdstuk 2 tonen we aan dat onze manier van netwerken bouwen wel 
degelijk kan. Verder hebben we de veren wat meer eigenschappen gegeven dan 
tot nu toe gebruikelijk was. Zo zijn de netwerken in dit proefschrift ruimtelijk 
opgebouwd en niet, zoals in meeste klassieke netwerksystemen, alleen maar op 
een plat vlak. Verder is uitgegaan van veren die, behalve door rek en strek, ook 
door buiging en torsie kunnen breken. 

Om de antwoorden uit ons model beter te kunnen begrijpen hebben we in 
hoofdstuk 3 onderzocht hoe de modelparameters (variabelen) de resultaten van 
het model beïnvloeden. We hebben hierbij met name gekeken naar wat er 
gebeurt als je ook verder uit elkaar gelegen knopen met veren aan elkaar 
verbindt. Ook werden de breukcriteria onderzocht, dwz in hoeverre de veren 
mogen vervormen voordat ze stuk gaan. 
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Uiteraard hebben we ons model ook toegepast op het fenomeen van het 
schaalgedrag van de breuksterkte. In hoofdstuk 4 hebben we enige uit de 
vakliteratuur bekende computerberekeningen overgedaan met onze nieuwe 
aanpak. Daarnaast hebben we in hoofdstuk 4 bestudeerd wat het effect is van 
een tussenlaag van een ander materiaal. Een ander materiaal betekent hier een 
laag met een andere knopen verdeling. We spreken in dit verband ook wel van 
een composiet- model. 

De oppervlakten onder uni-axiale compressie werden gevarieerd tussen 0.64 
µm2 en 5.76 µm2, terwijl de hoogte h veranderd werd tussen 0.80 µm en 6.4 µm. 
De breukspanning breukσ bij constant oppervlakte blijkt te schalen volgens: 

 

 
1/

h
logbreuk

µ

σ
ξ

−� �
� �
� ��  (9.1) 

waarbij ξ  de correlatielengte voorstelt in het materiaal. De modulus µ blijkt ook 
af te hangen van de afmetingen van het materiaal, maar in alle gevallen zijn 
dunnere specimens sterker dan dikkere en blijkt de breuksterkte toe te nemen 
met toenemend coördinatiegetal. 

In hoofdstuk 5 maken we tenslotte allerlei verschillende configuraties met onze 
netwerkgenerator. Verschillende structuren ontstaan door de snelheid waarmee 
de kleverige balletjes worden geschud te variëren. In ons model is de 
“draaiknop” om dit te doen de “wanorde parameter”. Analoog aan de 
praktijkmetingen bleek dat verschillende structuren netwerken opleveren met 
zeer uiteenlopende sterktes. Hieruit blijkt dat voor de materiaalsterkte de vorm 
van de holtes eigenlijk net zo belangrijk is als het porievolume zelf. Daarnaast 
hebben we een grootheid getest, waarmee we de structuur qua sterkte zouden 
kunnen samenvatten. Deze grootheid noemen we de correlatielengte. 

Gedurende dit promotieonderzoek zijn er nogal wat verschillende invalshoeken 
op de probleemstelling losgelaten. Met deze modelleertechnieken hebben we al 
geëxperimenteerd en omdat deze technieken zo veel belovend lijken, hebben 
we ze samengevat in een “outlook” hoofdstuk. 
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Tot slot hebben we in een separate appendix nog verscheidene 
computervisualisatie opgenomen. Deze computervisualisaties zijn haast 
onontbeerlijk bij modellering. Het interpreteren en vergelijken van de grote 
hoeveelheden data uit de computer modellen zou anders zoveel moeilijker of 
zelfs onmogelijk zijn. 
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