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Appendix A

Conventions

In this appendix, we will summarize our conventions. Furthermore, we will give some
useful identities that have been used in the previous chapters.

A.1 Indices

The last two chapters have used a large amount of different indices. Below we will summarize
the different ranges and meanings of these indices. First of all, the metric that we use is mostly
plus: i.e. in five dimensions, we have gµν = (− + + + +). In chapter 5, we have used the
following notations

µ, ν 0, 1, . . . , 4 spacetime ,

a, b 0, 1, . . . , 4 tangent space ,

α, β 1, . . . , 4 spinor ,

i, j 1, 2 SU(2) , (A.1)

In chapter 6, we have furthermore used indices labelling the components of matter multi-
plet. In particular, we have used

Ĩ , J̃ 1, 2, . . . nV + nT vector-tensor multiplet ,

I, J 1, 2, . . . , nV vector multiplet ,

M,N 1, 2, . . . , nT tensor multiplet ,

X, Y 1, 2, . . . , 4nH hypermultiplet target space ,

A,B 1, 2, . . . , 2nH hypermultiplet tangent space ,

i, j 1, 2 SU(2) . (A.2)
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In all cases, we denote symmetrizations with parentheses around the indices, and anti-
symmetrizations with brackets around the indices. Furthermore, we (anti-)symmetrize with
weight one

X(ab) ≡ 1
2 (Xab +Xba) , X[ab] ≡ 1

2 (Xab −Xba) . (A.3)

A.2 Tensors

Our conventions for the D-dimensional Levi–Civita tensor are

εa1...aD
= −εa1...aD = 1 . (A.4)

The Levi-Civita tensor with spacetime indices can be obtained from (A.4 by using vielbeins
to convert the tangent space indices to spacetime indices, and multiplying the result with the
vielbein determinant gives

εµ1...µD
= e−1eµ1

a1 · · · eµd

aDεa1...aD
, εµ1...µD = e eµ1

a1
· · · eµD

aD
εa1...aD , (A.5)

where we have used the Einstein summation convention in which repeated indices are summed
over.

Note that raising and lowering the indices of the Levi-Civita tensor with spacetime indices
is done with the metric, which for the Levi-Civita tensor with tangent space indices is done
by using the definition (A.4). Contractions of the Levi-Civita tensor give products of delta-
functions which are normalized as

εa1...apb1...bq
εa1...apc1...cq = −p!q!δ[c1[b1

. . . δ
cq ]

bq ] , (A.6)

We have defined the dual of five-dimensional tensors as

Ãa1...a5−n = 1
n! i εa1...a5−nb1...bn

Abn...b1 . (A.7)

Using (A.6), one finds the following identities

˜̃
A = A ,

1

n!
Aa1...anBa1...an

=
1

n!
A ·B =

1

(n− 5)!
Ã · B̃ , (A.8)

where we have introduced the generalized inner product notationA·B that we use throughout
this thesis.

We use the same conventions for the Riemann tensor and its contractions as [92]. In
particular, we define the Riemann tensor as

Rµνλρ = ∂λΓ
µ
ρν − ∂ρΓµλν + ΓµσλΓ

σ
ρν − ΓµσρΓ

σ
λν . (A.9)

The Ricci tensor and Ricci scalar in this thesis are given by

Rµν = Rλµλν , R = gµνRµν . (A.10)

With these conventions, the Einstein-Hilbert action has a positive sign.
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A.3 Differential forms

In chapter 1, we have used differential form notation to simplify the supergravity actions. A
p-form is related to a rank-p anti-symmetric tensor according to

F(p) =
1

p!
dxµ1 . . .dxµpFµ1...µp

. (A.11)

The analog of the dual of an anti-symmetric tensor (A.7), is given by the Hodge-dual: i.e a
differential p-form A has a D − p-form B = ?A as its dual with components

Bµ1...µq
=

1

p!
e εµ1...µq

ν1...νpAν1...νp
, q = D − p . (A.12)

Note in particular the different order in which the indices in (A.12) are contracted with respect
to (A.7). With this definition, we have the usual identity

? ? A(p) = (−)pq+1A(p) , q = D − p . (A.13)

Furthermore, the D-dimensional invariant volume element can then be written as the star of
the unit number

? ≡ dDx
√
|g| . (A.14)

A.4 Spinors

Our five-dimensional spinors are symplectic-Majorana spinors that transform in the (4, 2)
of SO(5) ⊗ SU(2). The generators Uij of the R-symmetry group SU(2) are defined to be
anti-Hermitian and symmetric, i.e.

(Ui
j)∗ = −Uji , Uij = Uji . (A.15)

A symmetric traceless Uij corresponds to a symmetric U ij since we lower or raise SU(2)
indices using the ε-symbol contracting the indices in a northwest-southeast (NW–SE) con-
vention

Xi = εijXj , Xi = Xjεji , ε12 = −ε21 = ε12 = 1 . (A.16)

The actual value of ε is here given as an example. It is in fact arbitrary as long as it is
antisymmetric, εij = (εij)

∗ and εjkε
ik = δj

i. When the SU(2) indices on spinors are
omitted, NW-SE contraction is understood

λ̄ψ = λ̄iψi , (A.17)

The charge conjugation matrix C and Cγa are antisymmetric. The matrix C is unitary and
γa is Hermitian apart from the timelike one, which is anti-Hermitian. The bar is the Majorana
bar

λ̄i = (λi)TC . (A.18)
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We define the charge conjugation operation on spinors as

(λi)C ≡ α−1B−1εij(λj)∗ , λ̄iC ≡ (λi)C = α−1
(
λ̄k
)∗
Bεki , (A.19)

where B = Cγ0, and α = ±1 when one uses the convention that complex conjugation does
not interchange the order of spinors, or α = ± i when it does. Symplectic Majorana spinors
satisfy λ = λC . Charge conjugation acts on gamma-matrices as (γa)

C = −γa, does not
change the order of matrices, and works on matrices in SU(2) space as MC = σ2M

∗σ2.
Complex conjugation can then be replaced by charge conjugation, if for every bi-spinor one
inserts a factor −1. Then, e.g., the expressions

λ̄iγµλ
j , i λ̄iλi (A.20)

are real for symplectic Majorana spinors. For more details, see [186].

A.5 Gamma-matrices

The gamma-matrices γa are defined as matrices that satisfy the Clifford-algebra

{γa, γb} ≡ γaγb + γbγa = 2ηab (A.21)

Completely anti-symmetrized products of gamma-matrices are denoted in three different
ways

γ(n) = γa1···an
= γ[a1

· · · γan] . (A.22)

The product of all gamma-matrices is proportional to the unit matrix in odd dimensions.
We use

γabcde = i εabcde . (A.23)

This implies that the dual of a (5 − n)-antisymmetric gamma-matrix is the n-antisymmetric
gamma-matrix given by

γa1...an
= 1

(5−n)! i εa1...anb1...b5−n
γb5−n...b1 . (A.24)

For convenience, we will give the values of gamma-contractions like

γ(m)γ(n)γ(m) = cn,mγ(n) , (A.25)

where the constants cn,m are given in table A.1. The constants for n,m > 2 can easily be
obtained from (A.24) and table A.1.

Changing the order of spinors in a bilinear leads to the following signs

ψ̄(1)γ(n)χ
(2) = tn χ̄

(2)γ(n)ψ
(1)

{
tn = +1 for n = 0, 1
tn = −1 for n = 2, 3

(A.26)

where the labels (1) and (2) denote any SU(2) representation.
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cn,m m = 1 m = 2
n = 0 5 −20
n = 1 −3 −4
n = 2 1 4

Table A.1: Coefficients used in contractions of gamma-matrices.

A.6 Fierz-identities

The sixteen different gamma-matrices γ(n) for n = 0, 1, 2 form a complete basis for four-
dimensional matrices. Similarly, the identity matrix 2 and the three Pauli-matrices σi for
i = 1, 2, 3 form a basis for two-dimensional matrices. A change of basis in a product of two
pseudo-Majorana spinors will give rise to so-called Fierz-rearrangement formulae, which in
their simplest form are given by

ψj λ̄
i = − 1

4 λ̄
iψj − 1

4 λ̄
iγaψjγa + 1

8 λ̄
iγabψjγab , ψ̄[iλj] = − 1

2 ψ̄λε
ij . (A.27)

Using such Fierz-rearrangements, other useful identities can be deduced for working with
cubic fermion terms

λj λ̄
jλi = γaλj λ̄

jγaλ
i = 1

8γ
abλiλ̄γabλ ,

γcdγabλ
iλ̄γcdλ = 4λiλ̄γabλ ,

γaλλ̄γ
abλ = 0 . (A.28)

When one multiplies three spinor doublets, one should be able to write the result in terms
of
(
8
3

)
= 56 independent structures. From analyzing the representations, one can obtain that

these are in the (4, 2) + (4, 4) + (16, 2) representations of SO(5)× SU(2). They are

λj λ̄
jλi = γaλj λ̄

jγaλ
i = 1

8γ
abλiλ̄γabλ ,

λ(kλ̄iλj) ,

λj λ̄
jγaλ

i . (A.29)

As a final Fierz-identity, we give a three-spinor identity which is needed to prove the
invariance under supersymmetry of the action for a vector multiplet

ψi[I ψ̄JψK] = γaψi[I ψ̄JγaψK] . (A.30)
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