
Chapter 2

A note on Mestre's

construction

2.1 Introduction

Mestre and Nagao have constructed examples of elliptic curves E with rank at

least 13 over the rational function �eld Q(z).

In this chapter a method is explained for �nding a 14th independent point

on such E, which is de�ned over k(z), with [k : Q ] = 2. The method is applied

to Nagao's curve. For this curve one has k = Q(
p
�3).

The curves E and 13 of the 14 independent points are already de�ned over

a smaller �eld k(s), with [k(z) : k(s)] = 2. Again for Nagao's curve it is proved

that the rank of E( �Q (s)) is exactly 13, and that rankE(Q(s)) is exactly 12.

Recently Mestre announced the existence of a curve with Q(z)-rank at least

14. We don't know whether there is a relation with our 14th point.

2.2 Mestre's construction

First a method due to Mestre [9] for constructing elliptic curves with high rank

is described.

Let K be any �eld with charK 6= 2. Choose 2n elements a1; : : : ; a2n 2 K.

We are going to construct a plane curve C such that the points with x-coordinate

ai are K-rational. To do so, set p(x) =
Q2n

i=1(x�ai): It is easily shown that there
exist polynomials q and r in K[x] with deg r � n�1 such that p = q2� r: De�ne
C by the equation y2 = r(x). Clearly C contains the points (ai;�q(ai)).

For n = 5 almost all choices for the ai give that deg r = 4 and that C is a

curve of genus 1 with 20 points of the form (ai;�q(ai)). If C is made into an
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32 Chapter 2. A note on Mestre's construction

elliptic curve by choosing one of these points as the zero point then the other

points generate a group of rank 9 (generically).

Mestre constructs an elliptic curve of rank 11 over Q(s) by taking n = 6

and ai = bi + s for i = 1; : : : ; 6, and ai = bi�6 � s for i = 7; : : : ; 12. Now the

x5-coeÆcient of r is of the form c �s2 with c 2 Q [b1 ; : : : ; b6]. It is not very diÆcult

to �nd bi 2 Q such that c(b1; : : : ; b6) = 0. (One approach for this that seems to

work quite well is: choose b1 up to b5 at random and hope that there exists a

b6 2 Q with c(b1; : : : ; b6) = 0.)

In Mestre's example we have b1 = �17; b2 = �16; b3 = 10; b4 = 11; b5 =

14; b6 = 17: If one chooses one of the points (ai;�q(ai)) as zero point then the

other points generate a group of rank 11. In fact, it is easy to see that they cannot

generate a group of larger rank: the divisors of the functions (x � ai)=(x � aj)

give relations (ai; q(ai))+(ai;�q(ai)) = (aj ; q(aj))+(aj ;�q(aj)), and the divisor

of the function (q(x)� y)=(q(x) + y) gives the relation

12X
i=1

(ai; q(ai)) =

12X
i=1

(ai;�q(ai)):

The curve Mestre has constructed this way is

y2 =
�
213040 + 429 s2

�
x4 +

�
�4956000 � 5434 s2

�
x3 +�

4888624 � 2451 s2 � 858 s4
�
x2 +

�
539121408 � 3637984 s2 + 5434 s4

�
x

�3035397056 + 53200096 s2 � 268748 s4 + 429 s6:

(Here the polynomial r is replaced by 4r=81s2 in order to obtain a slightly simpler

equation.)

From this curve one can construct a new curve with 12 independent points

(see [10]). To do so, parametrise the conic v2 = 213040 + 429 s2. This can be

done as follows:

s =
6 z2 � 956 z + 2574

z2 � 429
; v =

205062 + 478 z2 � 5148 z

z2 � 429
:

Now the leading coeÆcient of r is a square in Q(z), so the points at in�nity have

become Q(z)-rational. These points together with the points we already had

generate a group of rank 12.

2.3 Nagao's 13th point

In [13] Nagao constructs an elliptic curve of rank at least 13 over Q(z). He uses

Mestre's method to construct a curve of rank at least 12, but he takes a di�erent
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choice for the bi. He takes b1 = 148; b2 = 116; b3 = 104; b4 = 57; b5 = 25; b6 =

0, resulting in the curve

y2 =
�
330112972800 + 14017536 s2

�
x4 +�

�4205260800 s2 � 99527168931840
�
x3 +�

10445363957523456 + 617005209600 s2 � 28035072 s4
�
x2 + (2.1)�

�443009190070886400 � 46063725926400 s2 + 4205260800 s4
�
x+

6473450277365760000 + 1388825681338368 s2 � 247954636800 s4 +

14017536 s6 :

With this choice he �nds the extra, independent point�
s+ 703

15
;
�224 s3 � 844 s2 + 900484 s + 2161725

75

�
:

Here the point at in�nity is rational over Q(z), with s = (23550 � z2)=(2 z).

Mestre has found a 2-parameter family of curves over Q(z) with an indepen-

dent 13th point. Nagao's curve is in this family. For the exact equations of this

family we refer to [11].

2.4 A 14th point

In this section a method for �nding an extra independent point on Mestre's rank

12 curves over Q(s) from section 2.2 is discussed. This point will be de�ned over

k(s), with k a quadratic extension of Q . If one starts with a curve of rank at

least 13 over Q(z), as described in section 2.3, then a curve of rank at least 14

over k(z) is obtained.

The method is explained by applying it to Nagao's curve (2:1). Note that all

coeÆcients of the equation de�ning the curve are even polynomials in s, so this

curve is de�ned over Q(t), with t = s2. Then a minimal Weierstrass equation for

this curve will also be de�ned over Q(t) (See e.g. [3], chapter 20). So we are in

a situation similar to chapter 1: if X!P1t is an elliptic surface with generic �bre

E=Q(t) then the quadratic base-change of X along the map t = s2 is an elliptic

surface with generic �bre E=Q(s).

Using one of the Q(s)-rational points of E as zero point one �nds this Weier-

strass equation:

y2 = x3 + (�432 t4 � 4435200 t3 + 38353513056 t2 �
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18899197014000 t � 340079781902569707)x +

3456 t6 + 53222400 t5 � 870054636672 t4 + (2.2)

5893342291009600 t3 � 18532375351306853196 t2 +

7556017995191414902800 t + 76302327326969661771531494:

TheWeierstrass coeÆcients ai have degree less than or equal to i. This implies

that the corresponding elliptic surface X is a rational surface (see [19]). It follows

from Tate's algorithm ([24]) that X!P1t has exactly one reducible �bre. This

reducible �bre is of Kodaira type I2 and lies above the point t = 1 2 P1t . For

a rational elliptic surface the Mordell-Weil lattice is determined by the singular

�bre con�guration (except for a few cases where there are 2 possible lattices),

see [16]. In our case the I2-�bre implies that E( �Q (t)) is E�
7 , the dual of the root

lattice E7. In particular, the Mordell-Weil group is a free group of rank 7.

Consider the norm map

N : E(Q(s)) �! E(Q(t))

P 7�! P + �(P );

where � is the non-trivial element in Gal(Q(s)=Q (t)). Denote by W � E(Q(s))

the rank 12 subgroup generated by the points described in sections 2.2 and 2.3.

A computation shows that rankN(W ) = 6. So there must be an extra point in

E( �Q (t)), independent of N(W ). Let Q 2 E( �Q (t)) be such an extra point.

Lemma 2.4.1 The point Q is in E(k(t)) for some quadratic extension k of Q .

Proof. Let T denote the primitive closure of N(W ) in E( �Q (t)), i.e.

T = fP 2 E( �Q (t)) j nP 2 N(W ) for some n � 1g:

Let P 2 T such that nP 2 N(W ), and let � 2 Gal( �Q =Q). Then

0 = nP � �(nP ) = n(P � �(P )) 2 E( �Q (t)) �= Z7:

So P is � -invariant, and Gal( �Q =Q) acts trivial on T . Now it suÆces to show that

the representation Gal( �Q =Q) ! Aut(E( �Q (t))=T ) has a kernel of index 1 or 2.

But that follows from E( �Q (t))=T �= Z so

Aut(E( �Q (t))=T ) = f�Idg:

2
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Using the following lemma one can easily test whether Q is de�ned over Q(t)

or over a quadratic extension k(t). Applying this lemma for several primes will

either prove that Q is not de�ned over Q(t), or make it probable that Q is de�ned

over Q(t). Recall that X is the elliptic surface with generic �bre E=Q(t).

Lemma 2.4.2 If Q is de�ned over Q(t) then #X(Fp) = 1 + 10p + p2 for all

primes p where X has good reduction. If Q is de�ned over k(t), and not over

Q(t) then primes of good reduction satisfy

#X(Fp) =

�
1 + 10p+ p2 if p splits or rami�es in k=Q ,

1 + 8p+ p2 if p is inert in k=Q .

Proof. Consider the `-adic cohomology group H2(X�Q ;Q `) for some prime ` 6= p.

It is known (cf. [19]) that for a rational elliptic surface X this Q ` -vectorspace

has dimension 10, and a basis is given by the cohomology classes of the following

divisors: a �bre, the zero section, the �bre components that do not hit the zero

section, and sections that form a basis of E( �Q (t))
Q . Let Frp be the Frobenius at
p. It acts linearly onH2(X�Q ;Q `) and it acts as multiplication by p on cohomology

classes of Fp-rational divisors. So there is a 9-dimensional subspace of the p-

eigenspace generated by the zero section, a �bre, a component of the I2-�bre

and the sections in N(W ). If Q is de�ned over Q(t), or over k(t) with p split or

rami�ed in k=Q then the reduction of Q modulo p (or a prime above p) is de�ned

over Fp , and the p-eigenspace is 10-dimensional. Otherwise the p-eigenspace

is 9-dimensional and the �p-eigenspace is 1-dimensional. So in the �rst case

Tr(FrpjH2(X�Q ;Q `)) = 10p and in the second case Tr(FrpjH2(X�Q ;Q `)) = 8p.

The H1 and H3 of a non-constant elliptic surface with base P1 vanish, and

Tr(FrpjH0(X�Q ;Q `)) = 1 and Tr(FrpjH4(X�Q ;Q `)) = p2 so the lemma follows from

the Lefschetz trace formula

#X(Fp) =

4X
i=0

(�1)iTr(FrpjHi(X�Q ;Q `)):

2

The cardinality of X(Fp) was computed for several primes p. We found that

for those primes #X(Fp) = 1+10p+p2 if p � 1mod 3 and #X(Fp) = 1+8p+p2

if p � 2mod 3. Using the previous lemma this suggests that Q is de�ned over

Q(
p
�3; t). Next we explain how to �nd Q explicitly, and prove that it is de�ned

over this �eld.

The lattice E�
7 is generated by vectors of length 3=2, so we may assume that

Q has canonical height 3=2. The height of a section of an elliptic surface can



36 Chapter 2. A note on Mestre's construction

be expressed in terms of certain intersection numbers (cf. [19]). Denote the

intersection pairing on X by (:; :). Then

h(Q) = 2(Q;O) � 2(O;O)� contr1(Q);

with contr1(Q) = 0 if Q hits the identity component of the I2-�bre, and

contr1(Q) = 1=2 otherwise. Sections on a rational elliptic surface have self-

intersection �1, hence if we assume Q to have height 3=2 then it must be dis-

joint from the zero section, and it must hit the I2-�bre in the non-zero compo-

nent. This information can be used to �nd Q. From (Q;O) = 0 it follows that

Q = (X(t); Y (t)) with X(t) and Y (t) in k[t]. In order to examine the �ber at

in�nity we make a coordinate change

t0 =
1

t
; x0 = x t0

2
; y0 = y t0

3
:

This yields a new Weierstrass equation which at t0 = 0 is

y0
2
= (x0 � 12)2(x0 + 24):

The point (x0; y0) = (12; 0) is a node. Since Q hits the non-identity component of

the �bre at t =1 we have that (t0
2
X( 1

t0
) ; t0

3
Y ( 1

t0
)) passes through this node.

So

(t0
2
X(

1

t0
) ; t0

3
Y (

1

t0
))

����
t0=0

= (12; 0);

and thus X(t) has degree 2 and leading term 12 t2, and Y (t) has degree at most

2. Write X(t) = 12 t2 + a t + b and Y (t) = c t2 + d t + e. Substituting this in

the equation (2:2) yields a system of equations with unknowns a; b; c; d and e.

The computer algebra system Maple was able to solve this system. One of the

solutions is

X(t) = 12 t2 +
�
129032 + 27432

p
�3
�
t� 168316272

p
�3� 757109813;

Y (t) =
�
164592 + 404592

p
�3
�
t2 +

�
1518893856 � 3588498678

p
�3
�
t

�15516067218048 + 7021689895536
p
�3:

This point can be taken as Q.

Theorem 2.4.3 The point Q together with Nagao's 13 points generate a group

of rank 14 over Q(
p
�3; z) (with z de�ned as in section 2.3).

Proof. Let � denote the non-trivial element in Gal(Q(
p
�3; z)=Q(z)). We have

0 6= Q� �(Q) 2 E( �Q (t)) �= Z7;
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so Q��(Q) has in�nite order. It follows that nQ 62 E(Q(
p
�3; z))�=Id = E(Q(z))

for all n � 1. So Q is independent of Nagao's 13 points. 2

We applied the above method for �nding an extra point to several other

curves. For Mestre's original rank 12 curve (section 2.2) we found a 13th point

de�ned over Q(
p
�143; z). For every curve we took from Mestre's 2 parameter

rank 13 family ([11]) we found a 14th point de�ned over Q(
p
�3; z).

2.5 A curve of rank exactly 13

In the previous section a 13th independent point de�ned over Q(
p
�3; s) was

constructed on Nagao's curve (2:1). In this section it is shown that there is no

14th independent point on this curve.

Theorem 2.5.1 Let E be Nagao's curve (2:1). Then E( �Q (s)) has rank exactly

13.

Proof. Let E!P1s be the Kodaira-N�eron model with generic �bre E=Q(s).

From Tate's algorithm it follows that E has only 1 reducible �bre, at s =

1. This �bre is of Kodaira type I4. Using results in [7] one can show that

dimH2(E�Q ;Q `) = 22.

As in the proof of lemma 2.4.2 we our going to study the action of the

Frobenius morphism Frp onH
2(E�Q ;Q `) for a prime p where E has good reduction.

The algebraic part of H2(E�Q ;Q `) has a basis consisting of the cohomology classes

of a �bre, the zero-section, the three non-identity components of the I4-�bre, and

sections that form a basis for E( �Q (s))
 Q (cf. [19]). So we can bound the rank

of E( �Q (s)) by bounding the dimension of the algebraic part of H2(E�Q ;Q `). An

upperbound for this dimension is the number of eigenvalues of Frp which are p

times a root of unity (cf. [23]).

The �bre and the zero-section contribute 2 to the dimension of the p-eigen-

space of Frp. One easily checks that the �bre of E!P1s at s = 1 is split multi-

plicative, so all components of the I4-�bre are de�ned over Q , and they contribute

3 to the dimension of the p-eigenspace. The 12 independent points of E(Q(s))

we know contribute 12 to this dimension. And Q contributes 1 to the
�
�3
p

�
p-

eigenspace. So there remain 4 eigenvalues of Frp which we don't know. If for

some p these 4 eigenvalues are not p times a root of unity then the algebraic part

of H2(E�Q ;Q `) is generated by the divisors we already know, and consequently

E( �Q (s)) has rank 13.

The remaining 4 eigenvalues can be computed by counting points on E over

Fp and Fp2 , and using the Lefschetz trace formula. Details of such a computation

are given in chapter 3.
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The smallest prime where E has good reduction is p = 53. For this prime one

�nds #E(F53) = 3593 and #E(F532 ) = 7945269, and the remaining 4 eigenvalues

of Fr53 are roots of the polynomial

T 4 + 65T 3 � 182585T � 7890481 = (T � 53)(T + 53)(T 2 + 65T + 2809):

So here 2 zeroes are p times a root of unity, and we can not conclude yet that

rankE( �Q (s)) = 13. It is interesting to remark that from this computation it

follows that rankE(F p(s)) = 15. This is because E is a K3-surface, and the Tate

conjecture over �nite �elds is proved for such surfaces.

The next prime of good reduction is p = 71. One has E(F71) = 6096 and

E(F712 ) = 25498920. The 4 remaining eigenvalues are roots of

T 4 + 82T 3 + 5112T 2 + 413362T + 25411681:

None of these are p times a root of unity. 2

Corollary 2.5.2 The group E(Q(s)) has rank exactly 12.

Proof. In the proof of theorem 2.4.3 it is shown that nQ 62 E(Q(s)) for all n � 1.

This shows that rankE(Q(s)) 6= 13, and the corollary follows. 2

One might try to �nd an upper bound for rankE( �Q (z)) in the same way as

it is done here for rankE( �Q (s)). But the computations become too big. The

elliptic surface with generic �bre E=Q(z) has an H2 of dimension 46, and only

26 eigenvalues of Frobenius are known in advance. One would have to count

points over �nite �elds with cardinality up to p10. The smallest prime of good

reduction is 53, and counting points over F5310 is not feasible.


