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Introduction and summary

In this thesis elliptic surfaces play a central role. In the �rst two chapters elliptic

surfaces with high Mordell-Weil rank are constructed. In chapter three elliptic

surfaces are used to construct a threefold with an interesting Galois representa-

tion on its cohomology.

An elliptic curve E de�ned over a �eld K is a projective plane non-singular

curve given as zero-set of a polynomial of degree 3 with coeÆcients in K, to-

gether with a point O on it with coordinates in K. The set of points on E with

coordinates in K is denoted by E(K). Given two points in E(K) it is possible to

construct a third point in E(K) in such a way that this operation equips E(K)

with the structure of an abelian group with zero element O. This group is called

the Mordell-Weil group.

In the case that K is Q or a �nite extension of Q the Mordell-Weil theorem

states that E(K) is �nitely generated. That means that E(K) �= (�nite group)�
Zr for some r 2 Z�0. This r is called the Mordell-Weil rank of E(K). It is not

known whether the rank can get arbitrarily large if we �x K and vary E.

Now consider the case that K is the function �eld of an algebraic curve C.

For example K = Q(t) or K = C (t). Again, there is a Mordell-Weil theorem

(proved by N�eron in this case): If E is not de�ned over the �eld of constants of

C then E(K) is �nitely generated. Here too, it is not known in general whether

the rank of E(K) can get arbitrarily large for �xed K.

We can consider E de�ned over a function �eld as a family of elliptic curves,

parametrised by C and de�ned over its �eld of constants. This family of curves

makes up a surface, which we will call E . For example, if K = Q(t) or K = C (t)

then we can consider t as an extra variable, and the polynomial that de�nes E

over K, de�nes E over Q or C .

An elliptic curve E de�ned over Q(t) gives rise to an in�nite family of elliptic

curves over Q . One can show that if E(Q(t)) has rank r, then almost every curve

from the family has rank at least r. So a high rank elliptic curve over Q(t) gives

rise to an in�nite family of high rank curves over Q .

Something similar can happen if E is de�ned over K = Q(t;
p
t3 + at+ b),
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6 Introduction and summary

with a and b 2 Q . Over such �elds it is possible that E gives rise to an in�nite

family of elliptic curves over Q . Whether this happens depends on a and b. For

those a and b where there is an in�nite family of curves over Q a high rank E

over K gives rise to an in�nite family of high rank curves over Q .

In the �rst two chapters of this thesis we consider well known methods for

constructing high rank curves over Q(t) and Q(t;
p
t3 + at+ b). Motivated by

geometric properties of the corresponding elliptic surfaces (like singular �bres,

cohomology, intersection pairing) we vary on these methods in order to �nd

higher rank over k(t) and k(t;
p
t3 + at+ b), with k a �nite extension of Q .

In chapter 1 a variation on a construction of N�eron is discussed. N�eron

constructs an elliptic curve over Q(t) of rank at least 10, and an elliptic curve

over Q(t;
p
t3 + at+ b) of rank at least 11. By letting the corresponding elliptic

surface have a di�erent type of singular �bres we obtain a curve of rank at least

13 over k(t), and a curve of rank at least 18 over k(t;
p
t3 + at+ b), for some k

which is easy to determine. The rank over Q(t) and Q(t;
p
t3 + at+ b) are at

least 9 and 10, respectively.

In chapter 2 we study a method of Mestre. Using Mestre's method Nagao

succeeded in constructing an elliptic curve of rank at least 13 over Q(t). We

show that geometric properties of the corresponding elliptic surface give rise to

an extra independent point, de�ned over Q(
p
a; t) for some a 2 Q . We determine

such an extra point explicitly.

In chapter 3 elliptic surfaces are used for constructing certain Galois repre-

sentations. Let GQ be the group of automorphisms of the algebraic closure of

Q . This is called the absolute Galois group of Q . A Galois representation is an

action of this group on a vectorspace. A rich source of Galois representations

comes from algebraic geometry: suppose one has a variety de�ned over Q . A

variety has a number of cohomology groups. These are vectorspaces. There

is a construction of cohomology groups, the so-called `-adic cohomology, which

comes equipped with an action of GQ . In this way one obtains a number of

Galois representations.

To a Galois representation one can associate an L-function. This is a holo-

morphic function on some right halfplane in C . There are a number of conjectures

concerning L-functions coming from Galois representations on `-adic cohomolo-

gy. It is conjectured that they can be extended to a meromorphic function on

C , and that they satisfy a functional equation. Moreover, certain values of these

L-functions, and orders of zeroes and poles should have a meaning in terms of

certain properties of the corresponding variety.

In general, not much is known about these conjectures. But in the case that

the variety we start with is an elliptic curve then the conjectured functional

equation of the L-function follows from the well-known Shimura-Taniyama-Weil
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conjecture, which was proved for many elliptic curves by Wiles in 1994, thereby

proving Fermat's last theorem.

In this thesis we study a Galois representation on the cohomology of a 3-

dimensional variety. The choice of the variety requires some care. The coho-

mology shouldn't be too big, otherwise the computations that we would like to

do are not feasible. On the other hand, if one wants to test a conjecture in a

new case the cohomology shouldn't be too small. We succeed in constructing a

variety of which there is a 4-dimensional piece of the cohomology on which we

can do computations very well. The Galois representation on this 4-dimensional

piece is of a type for which no computations where done before.

The variety we take is a �bre product of two elliptic surfaces. It turns out

that we can express the dimensions of the cohomology groups in terms of the

singular �bre con�gurations of the elliptic surfaces. In this way we can construct

a Galois representation of the required type.

We verify the conjectured functional equation of the associated L-function

numerically.
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Chapter 1

Pencils of cubic curves

1.1 Introduction

In [14] N�eron constructs an elliptic surface over P1Q whose Mordell-Weil group

of Q -rational sections has rank at least 10, and in [15] he gives a sketch of a

construction of an elliptic surface over an elliptic curve with Mordell-Weil rank

over Q at least 11. The 11 sections specialize to 11 independent points on almost

every �bre, and the construction can be done in such a way that the elliptic

base curve has in�nitely many Q-rational points. This can be used to construct

in�nitely many elliptic curves over Q with rank at least 11. Details of this

construction can be found in [5], [20] and [25]. In this chapter a variation on

N�eron's method is discussed. It can be used to construct elliptic surfaces over

P1Q whose group of �Q -rational sections has rank 12 or 13, and elliptic surfaces

over an elliptic base curve whose group of �Q -rational sections has rank 16, 17

or 18. Explicit equations are obtained for a lot of sections, and we believe that

these sections generate the Mordell-Weil group. We succeed in having a rank 10

subgroup de�ned over Q .

1.2 N�eron's construction

First we briey recall N�eron's construction. Let F and G 2 Q [X; Y;Z] be two

homogeneous polynomials of degree 3, de�ning two irreducible curves in P2Q that

intersect in nine di�erent Q-rational points Pi, 0 � i � 8 of which no three lie on

a line. Throughout this chapter C will be a P1 on which we will use projective

coordinates (t : u). If we refer to a point t = a on C we will mean the point

(a : 1), or the point (1 : 0) if a =1.

9



10 Chapter 1. Pencils of cubic curves

The equation tG+ uF = 0 de�nes a rational elliptic surface E in C � P2. It

can easily be shown that E is non-singular, and has no reducible �bres.

One can view E as P2 blown up in the points Pi. The exceptional curves above

the Pi are sections of E!C, and after choosing one of them as zero-section, it can

be shown that the other 8 sections are independent in the Mordell-Weil group,

and generate a subgroup of index 3 (cf. [8], theorem 6 and [19], theorem 10.11).

Hence E has Mordell-Weil rank 8 over Q .

For convenience, in this chapter we will often not make a distinction in no-

tation between a polynomial and the variety de�ned by its zero set.

Let Li, 1 � i � 3 be three lines in P2, de�ned over Q , such that Li intersects

F in Pi and in one other point Qi, and such that Li is a tangent of F at Qi. Let

L0
i
be the strict transform of Li in E . De�ne �i : L0i ! C as the composition of the

embedding L0
i
,! E and the projection E ! C. For every i the line Li intersects

the cubics from the pencil in Pi and in 2 other points, hence L0
i
intersects �bres

of E!C in 2 points. So �i has degree 2. It rami�es where the 2 other points of

intersection of Li with the cubics coincide. That happens at t =1, and by the

Hurwitz formula ([6], IV, 2.4) at one other point.

From the commutative diagram

L0
i
�C E�! E
# % #
L0
i

�i�! C

and the universal property of the �bre product one sees that the base-changed

elliptic surface L0
i
�C E ! L0

i
has an extra section induced by the map L0

i
,! E

and the identity on L0
i
. In fact, L0

i
gives rise to two extra sections, the second

being the L0
i
!C-conjugate of the �rst. But since the sum of the two sections is

the pull-back of a section of E!C we can use at most one of these extra sections

to increase the Mordell-Weil rank. For this reason we usually will refer to L0
i
as

giving rise to one extra section.

Repeating this procedure yields the elliptic surface L01 �C E ! L01 with one

extra section, the surface L01 �C L
0
2 �C E ! L01 �C L

0
2 with two extra sections,

and the surface

L01 �C L
0

2 �C L
0

3 �C E ! L01 �C L
0

2 �C L
0

3

with three extra sections. It can be shown that these extra sections are inde-

pendent from previous sections, and that the Mordell-Weil ranks of the elliptic

surfaces are bounded below by respectively 9, 10 and 11.
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N�eron has shown that independent sections of the Mordell-Weil lattice spe-

cialize to independent points on almost all �bres. Hence if the base curves have

in�nitely many rational points then one obtains in�nite families of elliptic curves

of rank at least 9, 10 and 11 over Q .

The genus of the base curves can be computed using the Hurwitz formula.

The curve L01 �C L02 has genus 0. Points on it correspond to pairs of points

(R;S) 2 L1 � L2 with R and S on the same cubic of the pencil. Let R be the

intersection of L1 and L2. Then (R;R) corresponds to a Q-rational point on

L01 �C L02. One can show that this point is non-singular, hence L01 �C L02 has

in�nitely many Q-rational points.

The curve L01 �C L02 �C L03 has genus 1. We want this curve to have in-

�nitely many rational points. N�eron's way of achieving this is by doing the

construction in such a way that all three lines Li have a common intersection

point, say R0. There is a unique cubic from the pencil which passes through

R0, and a line Li intersects this cubic in Pi, R0 and a third point, which

we will call Ri. Points on the �bre product correspond to triples (R;S; T ) 2
L1 � L2 � L3 with R, S and T on the same cubic from the pencil. The 8 triples

(R0; R0; R0); (R0; R0; R3); : : : ; (R1; R2; R3) satisfy this, and correspond to eight

Q-rational points on L01 �C L
0
2 �C L

0
3. It turns out that for a suÆciently general

choice of Pi and Li these eight points generate an in�nite group of Q-rational

points.

Of course one could have started with more than three lines Li, and construct

elliptic surfaces of higher rank. Then the genus of the base curve will get greater

than 1, and hence this base curve will have only �nitely many Q-rational points.

Therefore this can not be used to construct an in�nite family of elliptic curves

over Q of rank greater than 11.

The generic �bres of the base-changed surfaces can be described as follows.

Let E=Q(t) be the generic �bre of E . An aÆne equation for E is

tG(x; y; 1) + F (x; y; 1) = 0:

The generic �bre of the base-changes are de�ned with the same equation, but

considered over the function �elds of the base curves. The maps �i : L
0

i
!C

ramify at t =1, so these function �elds are of the form

Q
�p

b1(t� a1)
�
; Q

�p
b1(t� a1);

p
b2(t� a2)

�
and Q

�p
b1(t� a1);

p
b2(t� a2);

p
b3(t� a3)

�
:
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1.3 A di�erent construction over �Q

In this section we will construct elliptic surfaces whose Mordell-Weil rank in-

creases with 4 after quadratic base-change, instead of the increase with 1 as was

the case with N�eron's construction. Unfortunately these extra sections are a pri-

ori only de�ned over �Q , and it is more diÆcult to have the sections being de�ned

over Q in this case.

The main result that provides us with these extra sections is that for a ra-

tional elliptic surface the Mordell-Weil rank plus the number of non-identity

components in singular �bres is equal to 8 (cf. [19]).

We let � : E!C be a rational elliptic surface over �Q with a singular �bre of

type I�0 at t = 1 (see �gure 1.1), and all other �bres irreducible. Denote the

generic �bre by E=�Q (t). It follows that rankE( �Q (t)) = 4.

2

Figure 1.1: An I�0 -�bre.

Lemma 1.3.1 Let � : P1s!C be a map of degree 2 which rami�es at t = 1
and at one other point t = a such that E has a smooth �bre above a. Then the

base-change E�C P
1
s is a rational elliptic surface whose Kodaira-N�eron model has

irreducible singular �bres and Mordell-Weil rank 8 over �Q .

Proof. Denote the topological Euler characteristic of a variety V by e(V ), and

its geometric genus by pg(V ). By [7], section 12, we have

12 = 12(pg(E) + 1) =
X
t2C

e(��1(t)) = 6 +
X
t2�Q

e(��1(t))

(note that the terms in the summations are nonzero only at singular �bres).

Let �(t) and j(t) be the discriminant and j-invariant of a minimalWeierstrass

equation de�ning E above a neighbourhood of t =1 in C. The I�0 -�bre at t =1
implies that ordt=1�(t) = 6 and ordt=1j(t) � 0 (see [24]). Since � rami�es at

t =1 we have ords=��1(1)�(s) = 12 and ords=��1(1)j(s) � 0 so the Kodaira-

N�eron model of the base-change has a smooth �bre above ��1(1).
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All singular �bres of E above �nite t occur twice in the base-change, so

12(pg(E �C P1s) + 1) = 2
X
t2�Q

��1(t) = 12

and hence the base-change is rational. The �bres of E above �nite t are ir-

reducible, hence so are the �bres of the base-change, and it follows that its

Mordell-Weil rank is 8. 2

Now we take maps �i : P
1
si
!C of degree 2, rami�ed at t = 1 and t = ai,

with ai chosen such that ��1(ai) is smooth. By the previous lemma, for each i

the base-change of E along �i has rank 8. As with N�eron's construction, we can

also make a repeated base-change

P1s1 �C P1s2 �C � � � �C P1sn �C E
# (1.1)

P1s1 �C P1s2 �C � � � �C P1sn

The generic �bre of this elliptic surface is an elliptic curve de�ned over the �eld

�Q
�p
t� a1;

p
t� a2; : : : ;

p
t� an

�
: (1.2)

Next we study the Mordell-Weil rank of E over this �eld.

Lemma 1.3.2 Let E be an elliptic curve de�ned over a �eld K of characteristic

not 2. Suppose E(K)
 Q has dimension r0 and is generated by Pj, 1 � j � r0.

For 1 � i � m let Ki � K be m di�erent quadratic extensions of K and denote

their compositum by L. Suppose that for each i one has ri points Rk;i 2 E(Ki)
Q
such that for each �xed i all Pj and Rk;i are linearly independent. Suppose

furthermore that none of the Rk;i are de�ned over K. Then all Pj and all Rk;i

are linearly independent and hence generate an r0 + r1 + � � � + rm-dimensional

subspace of E(L) 
 Q .

Proof. The non-trivial automorphism of Ki=K acts linearly on

hPj ; Rk;ij1 � j � r0; 1 � k � rii;

and by assumption its 1-eigenspace has dimension r0, so its �1-eigenspace has

dimension ri. Denote this �1-eigenspace by Wi.

Note that Wi consists of eigenvectors for every element � of Gal(L=K), since

� �xes Wi if � 2 Gal(L=Ki), and it acts as �1 otherwise. So E(K) 
 Q and

all Wi are simultaneous eigenspaces for every element of Gal(L=K), each with a

di�erent [L : K]-tuple of eigenvalues, and hence their sum is a direct sum. The

lemma follows. 2
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Corollary 1.3.3 Let E be the generic �bre of (1:1), which is de�ned over the

�eld (1:2). Denote this �eld by L. Then L is the function �eld of a genus

1 + (n� 3)2n�2 curve, and E(L) has rank at least 4(n+ 1).

Proof. The extension L=�Q (t) has degree 2n and rami�es above 1 and all the ai.

Above each of these points there are 2n�1 points, all with rami�cation index 2.

So from the Hurwitz formula one has

2 genus(L)� 2 = �2 � 2n + (n+ 1) 2n�1;

and hence genus(L) = 1 + (n� 3)2n�2.

Let K = �Q (t), Ki = �Q
�p
t� ai

�
and r0 = r1 = � � � = rn = 4. According to

lemma 1.3.1 there exist points on E such that the hypotheses of lemma 1.3.2 are

satis�ed. Applying this lemma yields the required lower bound on the Mordell-

Weil rank. 2

Remark. In the next section we will discuss how the ai can be chosen in order

to obtain a slightly higher rank.

1.4 A cubic pencil with an I
�

0

In section 1.2 it was explained how certain lines in a pencil of cubic curves

can become Q-rational sections after base-change. In section 1.3 we made base-

changes of elliptic surfaces with an I�0 -�bre which increased the rank of
�Q -rational

sections by 4. In this section we combine these two techniques. In a pencil of

cubic curves with an I�0 we indicate the lines that become sections after base-

change and that have a good chance of generating the `extra' rank 4 part. From

the explicit description of those lines we get explicit equations for the sections.

Let F 2 Q [X; Y;Z] be a cubic polynomial de�ning an irreducible curve. Let

G1 and G2 2 Q [X;Y;Z] be two linear polynomials, and G = G1G
2
2. Let P0,

P1 and P2 be the three intersection points of F and G1, and let P3, P4 and P5
be the intersection points of F and G2. Suppose all Pj are di�erent. Moreover,

suppose that every line containing one of P0, P1, P2 and one of P3, P4, P5 is not

a tangent line of F . The equation tG + uF = 0 de�nes an elliptic surface E in

C � P2.

Theorem 1.4.1 The only singular points on E are (t : u;X : Y : Z) = (1 : 0; Pj)

for j = 3, 4 and 5. Blowing up each of these points once yields the Kodaira-N�eron

model of E, having an I�0 -�bre above (t : u) = (1 : 0) and this is the only reducible

�bre.
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Proof. Any solution (t : u;X : Y : Z) to the system

d

d t
(tG+ uF ) = G = 0

d

d u
(tG+ uF ) = F = 0

has (X : Y : Z) equal to one of the Pj (or (0 : 0 : 0), which is not a point).

For j = 0, 1 or 2 we make a coordinate transformation in X, Y and Z such

that

tx(y � 1)2 + u(ax+ by + h:o:t:) = 0

is a chart of tG+ uF = 0 with Pj having coordinates (x; y) = (0; 0). Here h.o.t.

are terms of degree � 2 in x and y. Note that b 6= 0 since G1 is not tangent to F .

Taking the partial derivative with respect to y and setting (x; y) = (0; 0) yields

bu = 0, hence u = 0. So the only candidate singular points with (X : Y : Z) = Pj
are (1 : 0; Pj). But these are regular points since the Pj lie on the regular piece

of G.

For j = 3, 4 or 5 we make a transformation that transforms the equation into

tx2(y � 1) + u(ax+ by + h:o:t:) = 0;

and Pj = (0; 0). Again, b 6= 0 since G2 is not tangent to F . Taking the partial

derivative with respect to y and setting (x; y) = (0; 0) yields bu = 0 hence u = 0.

So now the only candidate singular points are (1 : 0; Pj). Setting t = 1 we obtain

an aÆne equation

x2y � x2 + aux+ buy + u( h:o:t:) = 0

with singular point (x; y; u) = (0; 0; 0). Now we will show that after one blow-up

there are no singular points above (0; 0; 0). There are three charts that describe

the blow-up:

Chart 1. Set x = x1u and y = y1u. After division by u2 the equation becomes

ux21y1 � x21 + ax1 + by1 + u( other terms ):

Points above (x; y; u) = (0; 0; 0) are those with u = 0. For these points the partial

derivative with respect to y1 is not 0 since b is not 0. Hence there are no singular

points on this chart.

Chart 2. Set y = y2x and u = u2x. After division by x2 the equation becomes

xy2 � 1 + au2 + bu2y2 + u2x( other terms ):
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Points above (x; y; u) = (0; 0; 0) have x = 0. Setting the partial derivative with

respect to y2 equal to 0 implies that u2 = 0. But there is no point with x = u2 = 0

on the surface. So no singular points on this chart.

Chart 3. Set x = x3y and u = u3y. After division by y2 the equation becomes

x23y � x23 + au3x3 + bu3 + u3y( other terms ):

The partial derivative with respect to u3 for y = 0 yields ax3+b, which for a = 0

is not zero. For a 6= 0 it gives x = �b=a, y = 0. But there is no such point on

the surface, so here too there are no singular points.

The piece of the blowup above (0; 0; 0) de�ned by chart 3 is the parabola

�x23 + au3x3 + bu3 = 0 in the y = 0-plane. It intersects the multiplicity 2 line

x23 = 0, u3 = 0 transversally. The piece of the blowup above (0; 0; 0) de�ned

by chart 1 is the parabola �x21 + ax1 + by1. Charts 1 and 3 are glued with the

relations x3 = x1y
�1
1 , u3 = y�11 , y = y1u, and the 2 parabolas make up the

whole �bre of the blowup above (0; 0; 0), which hence is a smooth rational curve

intersecting x = 0 transversally. It follows that E blown up at the three singular

points has a �bre above (t : u) = (1 : 0) of type I�0 . Denote this blown up E byeE .
Next we study other �bres. A priori, reducible �bres in the pencil can be of

the following types: a line of multiplicity 3, a line of multiplicity 2 and a line

of multiplicity 1, three di�erent lines or a line and a conic. The multiplicity 3

line can not contain all six Pj 's, so that is not possible. The multiplicity 1 and

multiplicity 2 lines induce singular points on E , as we have seen, and hence only

occur at (t : u) = (1 : 0). All other possibilities must contain a line connecting

one of P0, P1, P2 with one of P3, P4, P5. Since every member of the pencil

has the same tangent direction at P3, P4 and P5 as F the existence of such a

line contradicts the assumption we made on the pencil. So all other �bres are

irreducible.

We have shown that eE is non-singular, so all we need for it to be a Kodaira-

N�eron model is that it has no exceptional curves in the �bres. This is the case

because in the I�0 -�bre there are no exceptional curves, and all other �bres are

irreducible. 2

The next lemma describes how to construct the Kodaira-N�eron model eE of E
explicitly as blow-up of the P2.

Lemma 1.4.2 The composition f : eE!P2 of the blow-up eE!E with the projec-

tion E!P2 is the blow-up of P2 at Pj, 0 � j � 5 and points in�nitely near P3,

P4 and P5 corresponding to the tangent direction of F at those points.

Proof. Any birational morphism of non-singular surfaces is a sequence of blow-

ups ([6], V, 5.3). In our case one easily checks that f is an isomorphism outside
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the Pj 2 P2, that f�1(Pj) is a section of eE!C for j = 0; 1; 2 and that for j � 3

it is a section together with the component of the I�0 -�bre it hits. Hence f must

be a blow-up at P0; : : : ; P5 and points in�nitely near P3, P4 and P5. To check

that the in�nitely near points correspond to the required tangent direction note

that all cubics in the pencil have the same tangent direction at P3, P4, P5, and

the strict transforms of these cubics don't intersect (because they have become

�bres of eE!C). 2

From now on we will denote the sections of E!C or eE!C which map to

Pj 2 P2 also by Pj .

Theorem 1.4.3 After choosing P0 as zero section, any four of the remaining

�ve Pj generate the Mordell-Weil lattice of eE.
Proof. We will compute the Gram matrix of the Pj with respect to the N�eron-

Tate height. Denote this height pairing by h�; �i. Denote the intersection pairing

on eE by (�; �). By [19] we have

hPj ; Pki = (Pj ; P0) + (Pk; P0)� (P0; P0)� (Pj ; Pk)� contr(Pj ; Pk)

with contr(Pj ; Pk) = 0 if at least one of Pj and Pk hits the identity component of

the I�0 -�bre, contr(Pj ; Pk) = 1 if Pj and Pk hit the same non-identity component,

and contr(Pj ; Pk) =
1
2
otherwise. We have (P0; P0) = �1 since P0 is exceptional,

all the Pj are disjoint, and for j � 3 the Pj hit di�erent non-identity components.

This results in the Gram matrix0
BBBB@

2 1 1 1 1

1 2 1 1 1

1 1 1 1
2

1
2

1 1 1
2

1 1
2

1 1 1
2

1
2

1

1
CCCCA :

From [16] it follows that eE has Mordell-Weil lattice D�
4, the dual lattice of the

root lattice D4. This lattice has determinant 1
4
. Any four of the �ve Pj , j � 1

generate a sublattice of this D�
4, and one easily veri�es that the Gram matrix of

four such sections also has determinant 1
4
, so they generate the whole lattice. 2

Let a 2 �Q be such that aG + F = 0 is non-singular. For j = 0, 1 and 2 let

Lj;k be lines containing Pj and tangent to aG + F = 0 at an other point, say

Qj;k. For each j there are four such lines, since the Qj;k di�er by 2-torsion points

on aG+ F = 0. We let k range from 0 to 3. See �gure 1.2 for an example (but

not all Lj;k are drawn there). Note that the Lj;k can not contain any of the Pj0 ,

j0 � 3, since that would yield 4 intersection points of the line and the cubic.
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G2

P3

P4

P5

G1

P1

P2

"

P0

L2;2

L2;1

L2;0

L2;3

M

L0;2

Figure 1.2: A pencil.
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The nice property of our pencil is that all lines Lj;k have a multiplicity 2

intersection with the curve G = 0, since they intersect the double line G2
2 = 0.

Let L0
j;k

denote the strict transforms of the Lj;k in the blow-up eE!P2. As in

section 1.2, the composition

L0j;k ,! eE!C

has degree 2 and rami�es above (t : u) = (1 : 0) and (a : 1). Taking the

base-change along this map yields the elliptic surface

L0j;k �C
eE ! L0j;k

with an extra section induced from the embedding L0
j;k

,! eE . This base-change
has generic �bre

tG(x; y; 1) + F (x; y; 1) = 0

de�ned over the �eld �Q
�p
t� a

�
.

Note that the rami�cation points of the base-change do not depend on j and

k. Consequently, the �eld of de�nition of the generic �bre of the base-change is

also independent of j and k. This means that all 12 lines Lj;k become sections

of the base-change simultaneously. We know already from lemma 1.3.1 that the

base-change has increased the Mordell-Weil rank from 4 to 8. The 12 extra

sections are candidate generators for this extra rank 4 part. In section 1.6 we

will see an example where they indeed are generators.

By repeating this procedure for di�erent values of a = a1; : : : ; an we can

construct examples of E as in corollary 1.3.3.

We can increase the rank even more if we choose the ai more carefully. For

some j � 3 let M be a line through Pj and tangent to a1G+F at another point

(see �gure 1.2). The strict transform M 0 of M in eE intersects the I�0 -�bre in

2 di�erent points, once in the component above Pj and once in the component

corresponding to G1. Hence the mapM 0!C has degree 2. As before, M induces

an extra section on the base-change

eE �C M
0!M 0:

The mapM 0!C rami�es at t for whichM is tangent to tG+F outside Pj . That

is at t = a1 and one other �nite value for t, say t = a2.

Lemma 1.4.4 The section coming from M is not torsion.

Proof. Torsion sections of an elliptic surface specialize injectively to torsion on

�bres of the N�eron model. The surface E�CM
0 has two I�0 -�bres, on which there

is only 2-torsion. So that is the only possible torsion in this case. The generic
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�bre E=�Q (t) of E has no torsion. So the cubic polynomial of the Weierstrass

equation is irreducible, and one needs a cubic extension of �Q (t) to get a 2-torsion

point. Hence there is no torsion de�ned over �Q (t;
p
(t� a1)(t� a2)), which is

the function �eld of M 0. 2

Theorem 1.4.5 There exists an elliptic curve E over a genus 1 + (n � 3)2n�2

function �eld L with rank E(L) at least 5n+ 3.

Proof. We start with a pencil tG + F = 0 as above. For simplicity we assume

that the corresponding elliptic surface E has no additive �bres other than the

I�0 at in�nity, although this condition can be avoided. Let a1 2 �Q . De�ne Mi

and ai+1 inductively by letting Mi be a line through P3, tangent to aiG+ F at

another point, and not equal to Mi�1. This line exists because aiG+ F has at

least one non-trivial 2-torsion point. The strict transform M 0

i
maps 2 : 1 to C

with rami�cation at t = ai and one other point. Let ai+1 be this other point.

The Mi induce extra points on the generic �bre E of E , de�ned over

�Q
�
t;
p
(t� ai)(t� ai+1)

�
:

If all ai are di�erent then there is an N such that aiG + F is non-singular

for all i > N , and we have seen before that the rank of E increases with 4 after

adjoining
p
t� ai. With lemma 1.3.2 it follows that E has rank at least 5n+ 3

over the �eld

�Q
�p

t� aN+1;
p
t� aN+2; : : : ;

p
t� aN+n

�
: (1.3)

If the ai andMi can not be chosen in such a way that all ai are di�erent then

there exist in�nitely many di�erent cycles a1; a2; : : : ; am (with varying length m)

such that the corresponding M 0
m!C rami�es at am and a1. Since E has only

�nitely many singular �bres there are in�nitely many cycles like this with all

aiG+ F non-singular. Assume for the moment that in�nitely many cycles have

m > 2. For each such cycle the curve E has rank at least 5m+ 4 over the �eld

�Q
�p
t� a1; : : : ;

p
t� am

�
:

By taking suÆciently many cycles and a piece of a cycle one obtains a �eld of

the form (1:3) over which E has the required rank.

In the proof of corollary 1.3.3 it was computed that the genus of (1:3) is

1 + (n� 3)2n�2.

Now all we have to show to �nish the proof is that there exists an example

without additive �bres and for which the ai can be constructed in such a way that
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either they are all di�erent or they occur as cycles of which there are in�nitely

many of length greater than 2. Such an example is given in section 1.6, method

3. There (a1; 0; a2) is a piece of a cycle of length > 2 (maybe in�nite), and hence

all cycles close enough to it also have that property. 2

At the end of this section we mention a relation between the sections of our

base-changed elliptic surface and the 27 lines on a cubic surface.

The base-change of E which rami�es at t = 0 and t = 1 is de�ned as a

hypersurface in P1v;w � P2 by the equation

v2F (X;Y;Z) + w2G1(X;Y;Z)G2(X;Y;Z)
2: (1.4)

The relation W = w

v
G2(X;Y;Z) de�nes a birational map from this surface to

the cubic surface in P3 given by

F (X;Y;Z) +W 2G1(X;Y;Z): (1.5)

Let Lj;k be the 12 lines that induce sections on (1:4). Each line induces two

sections (the P1v;w!C-conjugates included).

Theorem 1.4.6 The birational equivalence from (1:4) to (1:5) maps the 24 sec-

tions induced by the Lj;k and the three sections P0, P1 and P2 to lines.

Proof. Suppose Pj = (Xj : Yj : Zj). Let Y = f(X;Z) be an equation for Lj;k.

(If not all Lj;k have an equation of this form we �rst make a linear coordinate

transformation such that they do have this form.) This line passes through Pj and

is tangent to F so F (X; f(X;Z); Z) = c(ZjX � XjZ)g(X;Z)
2 for some linear

homogeneous g(X;Z). And since Pj lies on G1 we have G1(X; f(X;Z); Z) =

d(ZjX �XjZ). If one puts Y = f(X;Z) the polynomial (1:4) factors as

(ZjX �XjZ)
�p

cg(X;Z)v �
p
�dG2(X; g(X;Z); Z)w

�
�p

cg(X;Z)v +
p
�dG2(X; g(X;Z); Z)w

�
The �rst factor together with Y � f(X;Z) de�nes the section Pj . The second

and third factor together with Y � f(X;Z) de�ne the two sections induced by

Lj;k.

The map W = w

v
G2(X;Y;Z) maps Pj to the intersection of the two planes

(ZjX�XjZ) and Y �f(X;Z) in P3. It maps one of the two sections induced by

Lj;k to the intersection of
p
cg(X;Z) �

p
�dW and Y � f(X;Z) and the other

section to the intersection of
p
cg(X;Z) +

p
�dW and Y � f(X;Z).

So all the sections map to intersections of two planes, and so they are all lines

in P3. 2
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1.5 Sections de�ned over Q

In this section we discuss how to construct a pencil such that the extra sections

we get after base-change are de�ned over Q .

First we state a lemma which usually comes up if one wants to do a 2-descent

on elliptic curves, but we will use it to make certain sections Q-rational.

Lemma 1.5.1 Let E=Q be an elliptic curve given by

y2 = (x� �)(x2 + �x+ )

with �, �,  2 Q . Let P = (x0; y0) 2 2E(Q). Then x0 � � is a square.

Proof. Suppose P = 2(x1; y1), with (x1; y1) 2 E(Q). One easily computes that

the x-coordinate of P is �
x21 � �(2x1 + �)� 

2y1

�2

+ �:

2

From now on we will use aÆne coordinates, and F and G will be polynomials

in Q [x; y] instead of homogeneous polynomials in Q [X; Y;Z].

Let F = y2 � (x� �1)(x � �2)(x � �3) de�ne an elliptic curve with rank at

least 1, and all 2-torsion Q-rational. Let Q be a non-torsion point on F . Let P0
be the point at in�nity, P1 = �2Q and P2 = 2Q. Let x0 be the x-coordinate of

P1, and G1 = x� x0. So P0, P1 and P2 lie on the line de�ned by G1.

Let P3, P4 and P5 be 3 collinear Q-rational points on F such that P3 is equal

to 2 times another Q-rational point on F , and such that Pj 6= Pj0 and Pj 6= �2Pj0
for 0 � j; j0 � 5 and j 6= j0. This last condition implies that any line containing

two Pj 's is not a tangent line of F . Let G2 be an equation for the line through

P3, P4 and P5.

The polynomial H(x; y; t) = F (x; y) + tG1(x; y)G2(x; y)
2 de�nes an elliptic

surface E with generic �bre E=Q(t).

Let L0;0 be the tangent line of F at the ex P0, and let L0;k be tangent lines

at (�k; 0) for k = 1, 2 and 3. Let L1;0 be the line connecting Q and P1, and let

L1;k be lines connecting (�k; 0) +Q and P1. Let L2;0 be the line connecting �Q
and P2, and let L2;k be lines connecting (�k; 0) � Q and P2. By construction,

all Lj;k are lines through Pj and tangent to F at another point, except for L0;0,

which has a multiplicity 3 contact at P0.

As explained in previous sections, the points P1, P2, P3 and P4 generate

E(Q(t)) (with P0 as zero), and the lines Lj;k give rise to extra points, de�ned

over a quadratic extension Q(
p
bj;kt) of Q(t) rami�ed at t = 0 and t = 1. A
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priori, these �elds can be di�erent for di�erent j; k, but it turns out that one can

take bj;k = 1 for all j; k. This can be seen by explicitly writing down the extra

points.

For k � 1 the line L0;k is de�ned by x = �k. Substituting this in H gives

F (�k; y) + tG1(�k; y)G2(�k; y)
2 =

y2 � t(x0 � �k)G2(�k; y)
2 =

(y �
p
t
p
x0 � �kG2(�k; y))(y +

p
t
p
x0 � �kG2(�k; y)):

By lemma 1.5.1
p
x0 � �k is in Q . Both factors in the above equation are linear

in y, so one obtains two values for y which are in Q(
p
t), corresponding to two

extra Q(
p
t)=Q(t)-conjugate points coming from L0;k.

Let y = px+q be an equation for the line Lj;k, for some j � 1 and 0 � k � 3.

It is a tangent line containing Pj , so one has F (x; px + q) = �(x � x0)(x � r)2

for some r 2 Q . Substituting y = px+ q in H yields

F (x; px+ q) + t(x� x0)G2(x; px+ q)2 =

� (x� x0)
�
(x� r)�

p
tG2(x; px+ q)

� �
(x� r) +

p
tG2(x; px+ q)

�
:

This is a product of three factors linear in x. One obtains three values for x

in Q(
p
t), one of which corresponds to the points P1 and P2, and the other two

correspond to the two extra Q(
p
t)=Q(t)-conjugate points coming from Lj;k.

We will omit the computation that shows that the extra points coming from

L0;0 are also de�ned over Q(
p
t). After choosing charts at in�nity it is a straight-

forward computation. In the explicit example in section 1.6 it also follows be-

cause there it is shown that the extra points coming from the other lines already

generate the extra rank 4 part.

Now we will say how to choose a1 and a2 such that a base-change of E rami�ed

at those ai yields extra Q-rational sections. We discuss three di�erent methods

for this, resulting in Mordell-Weil groups of �Q -rational sections of rank 16, 17

and 18. In the �rst 2 cases the construction also gives a point on the elliptic base

curve, which in the examples turns out to have in�nite order. So in those cases

we have in�nitely many Q-rational �bres.

Method 1. Let L1 be a line de�ned over Q containing P1. The strict transform

L01 of L1 in eE maps 2 : 1 to C, and this map rami�es at t = 1 and one other

point, say t = a1.

Let L2 be a line connecting P2 with the intersection of x = �1 and L1. The

map from the strict transform L02 to C rami�es at t = 1 and one other point,

say t = a2.
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The lines Li both de�ne extra points on E de�ned over Q(
p
bi(t� ai)) for

certain bi. So in the extension

Q
�p

t;
p
b1(t� a1);

p
b2(t� a2)

�
=Q(

p
t)

the rank of E has increased with at least 2.

The three lines L0;1, L1 and L2 intersect in one point. This gives rise to eight

Q-rational points on the �bre of L00;1 �C L01 �C L02!C above the t for which

H(x; y; t) passes through L1 \L2, as explained in section 1.2. In the example in

the next section these points generate an in�nite group of Q -rational points.

Method 2. Let M be a line through P3 and tangent to F at another Q-rational

point. Such a line is de�ned over Q because we chose P3 to be 2 times another

point on F . The strict transform M 0 of M in eE maps 2 : 1 to C. This map

rami�es at t = 0 and one other point, say t = a1. The line M intersects G1

in a Q-rational point. Consequently, M 0 intersects the I�0 -�bre of
eE!C in two

Q-rational points, so the �bre of M 0!C at t = 1 consists of two Q -rational

points. From this it follows that the function �eld of M 0 is Q(t;
p
t(t� a1)).

Let L be the line connecting P1 with the intersection of x = �1 and M . The

map L0!C rami�es at t =1 and one other point, say t = a2. The function �eld

of L0 is of the form Q(
p
b2(t� a2)) for some b2 2 Q . So in the extension

Q
�p

t;
p
t� a1;

p
b2(t� a2)

�
=Q(

p
t)

L and M both give rise to extra points.

The lines x = �1, L and M intersect in one point, and again this gives rise

to eight Q-rational points on the base curve, which in the example turn out to

generate an in�nite group of Q-rational points.

Method 3. Let M1 and M2 be two lines through P3 and tangent to F at other

points. For i = 1; 2 the map from the strict transform M 0

i
to C rami�es at

t = 0 and one other point, say t = ai. The Mi intersect G1 in rational points,

and as explained in method 2 above, this implies that they have function �elds

Q(t;
p
t(t� ai)). Hence the Mi give rise to 2 extra points de�ned over

Q
�p

t;
p
t� a1;

p
t� a2

�
:

The rational points on the M 0

i
above t =1 give rise to 4 rational points on

the �bre product M 0
1 �C M

0
2 above t = 1. These 4 points are the rami�cation

points of

M 0

1 �C M
0

2 �C L
0

0;1!M 0

1 �C M
0

2:

Hence the inverse images of these points are de�ned over Q , and after choosing

one of them as zero the others are 2-torsion points on the genus 1 base curve.
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So with this method we do have Q-rational points which we can use as zero for

the elliptic base curve, but we do not have Q-rational points that are candidates

for generating an in�nite group of Q -rational points.

1.6 Examples

Take F = y2 � x3 + 342x. It de�nes an elliptic curve with 2-torsion points

(�j ; 0), �1 = 34, �2 = 0, �3 = �34 and two independent points Q = (�16; 120)
and R = (�2; 48). Let P0 be the point at in�nity, P1 = �2Q = (353

2

602
; 8245727

603
),

P2 = �P1, P3 = �2R = (145
2

122
; �2964815

123
), P4 = �R and

P5 = 3R =

�
�7739421698

213132
;
1175786676679824

213133

�
:

Let G1 = x� 3532

602
be the line through P0, P1 and P2, and

G2 = 2881871x + 255756y + 18040030

the line through P3, P4 and P5. The pencil is de�ned by the polynomial

H(x; y; t) = F (x; y) + tG1(x; y)G2(x; y)
2:

Denote the elliptic curve H de�nes over Q(t) by E.

We will briey summarize the results of the rest of this section in the following

proposition.

Proposition 1.6.1 E has rank 8 over Q(s) with s2 = t, and E(Q(s)) is gener-

ated by P1, P2, P3, P4 and the 4 points (1:6) listed below. For s1 and s2 de�ned

as in method 1, 2 and 3 below (three di�erent de�nitions) E has rank at least 10

over Q(s; s1 ; s2), and the 2 points listed in method 1, 2 and 3, together with the

8 generators of E(Q(s)) generate a rank 10 group. The �eld Q(s; s1 ; s2) is the

function �eld of an elliptic curve with in�nitely many Q-rational points in method

1 and 2, and an elliptic curve with conjecturally in�nitely many Q-rational points

in method 3. In method 1, 2 and 3 the group E( �Q (s; s1; s2)) has respectively rank

at least 16, 17 and 18.

The line L0;0 is the line at in�nity, and the other eleven Lj;k are de�ned by

the following polynomials:

L0;1 : x� 34; L0;2 : x; L0;3 : x+ 34

L1;0 : 97x+ 60y � 5648; L1;1 : 4775x � 1500y � 108018
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L1;2 : 3212x � 240y � 102017; L1;3 : 8073x + 540y � 300050

L2;0 : 97x� 60y � 5648; L2;1 : 4775x + 1500y � 108018

L2;2 : 3212x + 240y � 102017; L2;3 : 8073x � 540y � 300050.

In the previous sections we have seen how these lines give rise to points of E

de�ned over Q(s) with s2 = t. Here we will list 4 of these points:

L0;1 :

�
34;

454425939s

5� 1001711s

�
L0;2 :

�
0;

3184065295s

30� 45140934s

�
L1;0 :

�
80� 210575974s

12341994s � 5
;
9013345159s � 3600

74051964s � 30

�
L2;0 :

�
30175674s + 80

16476716s � 5
;
9013345159s � 3600

30 � 98860296s

�
:

(1.6)

It turns out that these 4 points together with P1, P2, P3 and P4 generate the

group E(Q(s)). This can be shown by �nding a Weierstrass equation for H. For

a Weierstrass model there are good algorithms for computing the height pairing

(cf. [4] and [22]). Using them one can compute the Gram matrix of our 8 points.

This is the following matrix:

2
666666666666666664

4 2 2 2 3 3 1 2

2 4 2 2 3 3 2 1

2 2 2 1 2 2 1 1

2 2 1 2 2 2 1 1

3 3 2 2 4 3 1 2

3 3 2 2 3 4 1 2

1 2 1 1 1 1 2 0

2 1 1 1 2 2 0 2

3
777777777777777775

:

It has determinant 1, hence the 8 points are independent. Since E=Q(s)

corresponds to a rational elliptic surface without reducible �bres, its Mordell-

Weil lattice is the root lattice E8 (cf. [19]). That lattice has determinant 1, so

it is generated by our 8 points.

Now we construct 2 additional points, using method 1, 2 and 3.

Method 1. Let L1 be the line de�ned by y � x � 769187
216000

. It contains P1, and it

intersects x = 34 in (34; 8113187
216000

). The line L2, which connects this point with

P2, is given by y + 1253023200
10152000

x� 42984108589
10152000

.
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We want to �nd a1 and b1 such that the function �eld of L1 is Q(s1) with

s21 = b1(t� a1). Then L1 induces extra points de�ned over Q(s1). For this it is

necessary that the polynomial

H(x; x+
769187

216000
;
s21
b1

+ a1)

factors as a product of three linear factors in x. There always is one linear factor,

corresponding to the x-coordinate of P1. To split the quadratic cofactor we want

its discriminant to be a square. This discriminant is a polynomial which is even

of degree 2 in s1. Setting the s
0
1-coeÆcient to zero yields

a1 =
121868215975

706727515510767650611972
:

For b1 = �530045636633075737958979 the s21-coeÆcient becomes a square. With

these values for a1 and b1 one of the extra points coming from L1 is�
205644575689333545 � 682228445062s1

112954572000s1 + 21891187496754000
;

3403202510331209151 � 3359897542246s1

1355454864000s1 + 262694249961048000

�
:

The same procedure applied to the polynomial

H(x;�
1253023200

10152000
x+

42984108589

10152000
;
s22
b2

+ a2)

yields

a2 =
361974988899340755492125

332783011539109092737755816854042164
;

b2 = �83195752884777273184438954213510541

and an extra point coming from L2 is�
1862764343474714s2 + 436629546391632119207498535

48535241191200s2 + 14592299153806010730546000
;

94716335645601709988802842717 � 292958464244372038s2

582422894294400s2 + 175107589845672128766552000

�
:

If we solve H(34; 8113187
216000

; t) = 0 we get the value of t for which the cubic

H(x; y; t) passes through (34; 8113187
216000

). The �bre of

L01 �C L
0

2 �C L
0

0;1!C
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above that t consists of eight Q -rational points. These points are

(s; s1; s2) =

�
�

863105

2261341946531
;�

538655799200302455

4522683893062
;

�
1266140953995154162363095

4522683893062

�
:

To show that these points generate an in�nite group of Q-rational points we

reduce them modulo 17. The s1-coordinate is divisible by 17 so points with the

same s and s2 coordinates are the same modulo 17. One easily shows that L0
i
!C

and L00;1!C reduce to degree 2 maps mod 17, and that none of the rami�cation

points collapse mod 17, hence the reduction of L01 �C L02 �C L
0
0;1 mod 17 still

has genus 1. Torsion on an elliptic curve reduces injectively mod primes > 2 of

good reduction ([21], VII, 3), so if one of two congruent points mod 17 is chosen

as zero, the other generates an in�nite group of rational points.

Method 2. LetM be the line y+ 143
12
x� 145

6
. It passes through P3 and is tangent to

F at R. It intersects L0;1 at (34;�381). Let L be the line y� 90541727
132540

x+ 1564458229
66270

.

It passes through P1 and (34;�381).
The function �eld of M 0 is of the form Q(t; s1) with s21 = t(t � a1). To

�nd a1 we look for which t the cubic H(x; y; t) is tangent to M outside P3.

The polynomial H(x;�143
12
x + 145

6
; t) has a linear factor corresponding to the

x-coordinate of P3, and we want the discriminant of the quadratic cofactor with

respect to x to be zero. This happens at t = 0 and t = a1 with

a1 = �
70231130425

1106352069339110178816
:

We factor H(x;�143
12
x+ 145

6
; t) over the �eld Q(t; s1) to �nd the x-coordinates of

the extra points coming from M . One of these points is�
62130826248192t � 38317675511808s1 + 50

687970713600t � 25
;

456618966515712s1 � 723766387212288t � 1200

687970713600t � 25

�
:

The function �eld of L0 is of the form Q(s2) with s
2
2 = b2(t � a2). We can

�nd a2 and b2 in the same way as in method 1. One �nds

a2 = �
249960974504715474000

41343677446717502317445711460889
b2 = 529048916042317609:
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A point coming from L is�
587754041321601442356s2 + 1089116676194965339097510

17340242037476894394s2 + 31012427430524653023065
;

11884790835164569853792400 � 7845954008433308190066s2

17340242037476894394s2 + 31012427430524653023065

�
:

There are eight Q-rational points in the �bre of L00;1 �C L
0 �C M

0!C above

the t for which H(x; y; t) passes through (34;�381). These points are

(s; s1; s2) =

�
�

5

191008
;�

27162847225

37922749067246174208
;�

5409791264585

282882848

�
:

The last coordinate is divisible by 29, and one easily checks that L00;1�CL
0�CM

0

mod 29 has genus 1. So a similar argument as was used in method 1 shows us

that the base curve has in�nitely many rational points.

Method 3. Let M1 be the line M from method 2. Let M2 be the line y+
179
12
x�

7395
16

. It passes through P3 and is tangent to F at (153
4
;�867

8
). The function �elds

of the M 0

i
are Q(t; si), s

2
i
= t(t� ai), with a1 de�ned as in method 2, and

a2 =
5078326175

35008372050893249589504
:

An extra point coming from M1 is given in method 2. In the same way we can

�nd an extra point coming from M2. This point is�
7864039455091092t � 4849955010231408s2 � 3825

87078012033600t � 100
;

144690324471903672s2 � 154117773036658578t + 21675

174156024067200t � 200

�
:

The only rational points we know on M 0
1 �C M 0

2 �C L00;1 are the 2-torsion

points above t =1. So we do not know whether this curve has in�nitely rational

points. But the Maple program Apecs was able to compute the sign of the

functional equation of the L-function of this curve, and it turned out to be �1.
This conjecturally means that the Mordell-Weil rank is odd. So that would imply

that there are in�nitely many rational points. I was not able to �nd a non-torsion

point on this curve.

In the examples we only listed the Q-rational sections. Other sections come

from lines through Pj , j = 0, 1 or 2, and tangent to H(x; y; ai). Not all these lines

are de�ned over Q . One needs the �eld of de�nition of 2-torsion and 1
2
P1,

1
2
P2
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and 1
2
(P1 + P2) on H(x; y; ai). It is a straightforward computation to determine

these lines and to �nd additional sections of the elliptic surface. The size of the

expressions that de�ne the additional sections is rather big, and we will not list

them here.



Chapter 2

A note on Mestre's

construction

2.1 Introduction

Mestre and Nagao have constructed examples of elliptic curves E with rank at

least 13 over the rational function �eld Q(z).

In this chapter a method is explained for �nding a 14th independent point

on such E, which is de�ned over k(z), with [k : Q ] = 2. The method is applied

to Nagao's curve. For this curve one has k = Q(
p
�3).

The curves E and 13 of the 14 independent points are already de�ned over

a smaller �eld k(s), with [k(z) : k(s)] = 2. Again for Nagao's curve it is proved

that the rank of E( �Q (s)) is exactly 13, and that rankE(Q(s)) is exactly 12.

Recently Mestre announced the existence of a curve with Q(z)-rank at least

14. We don't know whether there is a relation with our 14th point.

2.2 Mestre's construction

First a method due to Mestre [9] for constructing elliptic curves with high rank

is described.

Let K be any �eld with charK 6= 2. Choose 2n elements a1; : : : ; a2n 2 K.

We are going to construct a plane curve C such that the points with x-coordinate

ai are K-rational. To do so, set p(x) =
Q2n

i=1(x�ai): It is easily shown that there
exist polynomials q and r in K[x] with deg r � n�1 such that p = q2� r: De�ne
C by the equation y2 = r(x). Clearly C contains the points (ai;�q(ai)).

For n = 5 almost all choices for the ai give that deg r = 4 and that C is a

curve of genus 1 with 20 points of the form (ai;�q(ai)). If C is made into an

31
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elliptic curve by choosing one of these points as the zero point then the other

points generate a group of rank 9 (generically).

Mestre constructs an elliptic curve of rank 11 over Q(s) by taking n = 6

and ai = bi + s for i = 1; : : : ; 6, and ai = bi�6 � s for i = 7; : : : ; 12. Now the

x5-coeÆcient of r is of the form c �s2 with c 2 Q [b1 ; : : : ; b6]. It is not very diÆcult

to �nd bi 2 Q such that c(b1; : : : ; b6) = 0. (One approach for this that seems to

work quite well is: choose b1 up to b5 at random and hope that there exists a

b6 2 Q with c(b1; : : : ; b6) = 0.)

In Mestre's example we have b1 = �17; b2 = �16; b3 = 10; b4 = 11; b5 =

14; b6 = 17: If one chooses one of the points (ai;�q(ai)) as zero point then the

other points generate a group of rank 11. In fact, it is easy to see that they cannot

generate a group of larger rank: the divisors of the functions (x � ai)=(x � aj)

give relations (ai; q(ai))+(ai;�q(ai)) = (aj ; q(aj))+(aj ;�q(aj)), and the divisor

of the function (q(x)� y)=(q(x) + y) gives the relation

12X
i=1

(ai; q(ai)) =

12X
i=1

(ai;�q(ai)):

The curve Mestre has constructed this way is

y2 =
�
213040 + 429 s2

�
x4 +

�
�4956000 � 5434 s2

�
x3 +�

4888624 � 2451 s2 � 858 s4
�
x2 +

�
539121408 � 3637984 s2 + 5434 s4

�
x

�3035397056 + 53200096 s2 � 268748 s4 + 429 s6:

(Here the polynomial r is replaced by 4r=81s2 in order to obtain a slightly simpler

equation.)

From this curve one can construct a new curve with 12 independent points

(see [10]). To do so, parametrise the conic v2 = 213040 + 429 s2. This can be

done as follows:

s =
6 z2 � 956 z + 2574

z2 � 429
; v =

205062 + 478 z2 � 5148 z

z2 � 429
:

Now the leading coeÆcient of r is a square in Q(z), so the points at in�nity have

become Q(z)-rational. These points together with the points we already had

generate a group of rank 12.

2.3 Nagao's 13th point

In [13] Nagao constructs an elliptic curve of rank at least 13 over Q(z). He uses

Mestre's method to construct a curve of rank at least 12, but he takes a di�erent
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choice for the bi. He takes b1 = 148; b2 = 116; b3 = 104; b4 = 57; b5 = 25; b6 =

0, resulting in the curve

y2 =
�
330112972800 + 14017536 s2

�
x4 +�

�4205260800 s2 � 99527168931840
�
x3 +�

10445363957523456 + 617005209600 s2 � 28035072 s4
�
x2 + (2.1)�

�443009190070886400 � 46063725926400 s2 + 4205260800 s4
�
x+

6473450277365760000 + 1388825681338368 s2 � 247954636800 s4 +

14017536 s6 :

With this choice he �nds the extra, independent point�
s+ 703

15
;
�224 s3 � 844 s2 + 900484 s + 2161725

75

�
:

Here the point at in�nity is rational over Q(z), with s = (23550 � z2)=(2 z).

Mestre has found a 2-parameter family of curves over Q(z) with an indepen-

dent 13th point. Nagao's curve is in this family. For the exact equations of this

family we refer to [11].

2.4 A 14th point

In this section a method for �nding an extra independent point on Mestre's rank

12 curves over Q(s) from section 2.2 is discussed. This point will be de�ned over

k(s), with k a quadratic extension of Q . If one starts with a curve of rank at

least 13 over Q(z), as described in section 2.3, then a curve of rank at least 14

over k(z) is obtained.

The method is explained by applying it to Nagao's curve (2:1). Note that all

coeÆcients of the equation de�ning the curve are even polynomials in s, so this

curve is de�ned over Q(t), with t = s2. Then a minimal Weierstrass equation for

this curve will also be de�ned over Q(t) (See e.g. [3], chapter 20). So we are in

a situation similar to chapter 1: if X!P1t is an elliptic surface with generic �bre

E=Q(t) then the quadratic base-change of X along the map t = s2 is an elliptic

surface with generic �bre E=Q(s).

Using one of the Q(s)-rational points of E as zero point one �nds this Weier-

strass equation:

y2 = x3 + (�432 t4 � 4435200 t3 + 38353513056 t2 �
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18899197014000 t � 340079781902569707)x +

3456 t6 + 53222400 t5 � 870054636672 t4 + (2.2)

5893342291009600 t3 � 18532375351306853196 t2 +

7556017995191414902800 t + 76302327326969661771531494:

TheWeierstrass coeÆcients ai have degree less than or equal to i. This implies

that the corresponding elliptic surface X is a rational surface (see [19]). It follows

from Tate's algorithm ([24]) that X!P1t has exactly one reducible �bre. This

reducible �bre is of Kodaira type I2 and lies above the point t = 1 2 P1t . For

a rational elliptic surface the Mordell-Weil lattice is determined by the singular

�bre con�guration (except for a few cases where there are 2 possible lattices),

see [16]. In our case the I2-�bre implies that E( �Q (t)) is E�
7 , the dual of the root

lattice E7. In particular, the Mordell-Weil group is a free group of rank 7.

Consider the norm map

N : E(Q(s)) �! E(Q(t))

P 7�! P + �(P );

where � is the non-trivial element in Gal(Q(s)=Q (t)). Denote by W � E(Q(s))

the rank 12 subgroup generated by the points described in sections 2.2 and 2.3.

A computation shows that rankN(W ) = 6. So there must be an extra point in

E( �Q (t)), independent of N(W ). Let Q 2 E( �Q (t)) be such an extra point.

Lemma 2.4.1 The point Q is in E(k(t)) for some quadratic extension k of Q .

Proof. Let T denote the primitive closure of N(W ) in E( �Q (t)), i.e.

T = fP 2 E( �Q (t)) j nP 2 N(W ) for some n � 1g:

Let P 2 T such that nP 2 N(W ), and let � 2 Gal( �Q =Q). Then

0 = nP � �(nP ) = n(P � �(P )) 2 E( �Q (t)) �= Z7:

So P is � -invariant, and Gal( �Q =Q) acts trivial on T . Now it suÆces to show that

the representation Gal( �Q =Q) ! Aut(E( �Q (t))=T ) has a kernel of index 1 or 2.

But that follows from E( �Q (t))=T �= Z so

Aut(E( �Q (t))=T ) = f�Idg:

2
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Using the following lemma one can easily test whether Q is de�ned over Q(t)

or over a quadratic extension k(t). Applying this lemma for several primes will

either prove that Q is not de�ned over Q(t), or make it probable that Q is de�ned

over Q(t). Recall that X is the elliptic surface with generic �bre E=Q(t).

Lemma 2.4.2 If Q is de�ned over Q(t) then #X(Fp) = 1 + 10p + p2 for all

primes p where X has good reduction. If Q is de�ned over k(t), and not over

Q(t) then primes of good reduction satisfy

#X(Fp) =

�
1 + 10p+ p2 if p splits or rami�es in k=Q ,

1 + 8p+ p2 if p is inert in k=Q .

Proof. Consider the `-adic cohomology group H2(X�Q ;Q `) for some prime ` 6= p.

It is known (cf. [19]) that for a rational elliptic surface X this Q ` -vectorspace

has dimension 10, and a basis is given by the cohomology classes of the following

divisors: a �bre, the zero section, the �bre components that do not hit the zero

section, and sections that form a basis of E( �Q (t))
Q . Let Frp be the Frobenius at
p. It acts linearly onH2(X�Q ;Q `) and it acts as multiplication by p on cohomology

classes of Fp-rational divisors. So there is a 9-dimensional subspace of the p-

eigenspace generated by the zero section, a �bre, a component of the I2-�bre

and the sections in N(W ). If Q is de�ned over Q(t), or over k(t) with p split or

rami�ed in k=Q then the reduction of Q modulo p (or a prime above p) is de�ned

over Fp , and the p-eigenspace is 10-dimensional. Otherwise the p-eigenspace

is 9-dimensional and the �p-eigenspace is 1-dimensional. So in the �rst case

Tr(FrpjH2(X�Q ;Q `)) = 10p and in the second case Tr(FrpjH2(X�Q ;Q `)) = 8p.

The H1 and H3 of a non-constant elliptic surface with base P1 vanish, and

Tr(FrpjH0(X�Q ;Q `)) = 1 and Tr(FrpjH4(X�Q ;Q `)) = p2 so the lemma follows from

the Lefschetz trace formula

#X(Fp) =

4X
i=0

(�1)iTr(FrpjHi(X�Q ;Q `)):

2

The cardinality of X(Fp) was computed for several primes p. We found that

for those primes #X(Fp) = 1+10p+p2 if p � 1mod 3 and #X(Fp) = 1+8p+p2

if p � 2mod 3. Using the previous lemma this suggests that Q is de�ned over

Q(
p
�3; t). Next we explain how to �nd Q explicitly, and prove that it is de�ned

over this �eld.

The lattice E�
7 is generated by vectors of length 3=2, so we may assume that

Q has canonical height 3=2. The height of a section of an elliptic surface can
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be expressed in terms of certain intersection numbers (cf. [19]). Denote the

intersection pairing on X by (:; :). Then

h(Q) = 2(Q;O) � 2(O;O)� contr1(Q);

with contr1(Q) = 0 if Q hits the identity component of the I2-�bre, and

contr1(Q) = 1=2 otherwise. Sections on a rational elliptic surface have self-

intersection �1, hence if we assume Q to have height 3=2 then it must be dis-

joint from the zero section, and it must hit the I2-�bre in the non-zero compo-

nent. This information can be used to �nd Q. From (Q;O) = 0 it follows that

Q = (X(t); Y (t)) with X(t) and Y (t) in k[t]. In order to examine the �ber at

in�nity we make a coordinate change

t0 =
1

t
; x0 = x t0

2
; y0 = y t0

3
:

This yields a new Weierstrass equation which at t0 = 0 is

y0
2
= (x0 � 12)2(x0 + 24):

The point (x0; y0) = (12; 0) is a node. Since Q hits the non-identity component of

the �bre at t =1 we have that (t0
2
X( 1

t0
) ; t0

3
Y ( 1

t0
)) passes through this node.

So

(t0
2
X(

1

t0
) ; t0

3
Y (

1

t0
))

����
t0=0

= (12; 0);

and thus X(t) has degree 2 and leading term 12 t2, and Y (t) has degree at most

2. Write X(t) = 12 t2 + a t + b and Y (t) = c t2 + d t + e. Substituting this in

the equation (2:2) yields a system of equations with unknowns a; b; c; d and e.

The computer algebra system Maple was able to solve this system. One of the

solutions is

X(t) = 12 t2 +
�
129032 + 27432

p
�3
�
t� 168316272

p
�3� 757109813;

Y (t) =
�
164592 + 404592

p
�3
�
t2 +

�
1518893856 � 3588498678

p
�3
�
t

�15516067218048 + 7021689895536
p
�3:

This point can be taken as Q.

Theorem 2.4.3 The point Q together with Nagao's 13 points generate a group

of rank 14 over Q(
p
�3; z) (with z de�ned as in section 2.3).

Proof. Let � denote the non-trivial element in Gal(Q(
p
�3; z)=Q(z)). We have

0 6= Q� �(Q) 2 E( �Q (t)) �= Z7;
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so Q��(Q) has in�nite order. It follows that nQ 62 E(Q(
p
�3; z))�=Id = E(Q(z))

for all n � 1. So Q is independent of Nagao's 13 points. 2

We applied the above method for �nding an extra point to several other

curves. For Mestre's original rank 12 curve (section 2.2) we found a 13th point

de�ned over Q(
p
�143; z). For every curve we took from Mestre's 2 parameter

rank 13 family ([11]) we found a 14th point de�ned over Q(
p
�3; z).

2.5 A curve of rank exactly 13

In the previous section a 13th independent point de�ned over Q(
p
�3; s) was

constructed on Nagao's curve (2:1). In this section it is shown that there is no

14th independent point on this curve.

Theorem 2.5.1 Let E be Nagao's curve (2:1). Then E( �Q (s)) has rank exactly

13.

Proof. Let E!P1s be the Kodaira-N�eron model with generic �bre E=Q(s).

From Tate's algorithm it follows that E has only 1 reducible �bre, at s =

1. This �bre is of Kodaira type I4. Using results in [7] one can show that

dimH2(E�Q ;Q `) = 22.

As in the proof of lemma 2.4.2 we our going to study the action of the

Frobenius morphism Frp onH
2(E�Q ;Q `) for a prime p where E has good reduction.

The algebraic part of H2(E�Q ;Q `) has a basis consisting of the cohomology classes

of a �bre, the zero-section, the three non-identity components of the I4-�bre, and

sections that form a basis for E( �Q (s))
 Q (cf. [19]). So we can bound the rank

of E( �Q (s)) by bounding the dimension of the algebraic part of H2(E�Q ;Q `). An

upperbound for this dimension is the number of eigenvalues of Frp which are p

times a root of unity (cf. [23]).

The �bre and the zero-section contribute 2 to the dimension of the p-eigen-

space of Frp. One easily checks that the �bre of E!P1s at s = 1 is split multi-

plicative, so all components of the I4-�bre are de�ned over Q , and they contribute

3 to the dimension of the p-eigenspace. The 12 independent points of E(Q(s))

we know contribute 12 to this dimension. And Q contributes 1 to the
�
�3
p

�
p-

eigenspace. So there remain 4 eigenvalues of Frp which we don't know. If for

some p these 4 eigenvalues are not p times a root of unity then the algebraic part

of H2(E�Q ;Q `) is generated by the divisors we already know, and consequently

E( �Q (s)) has rank 13.

The remaining 4 eigenvalues can be computed by counting points on E over

Fp and Fp2 , and using the Lefschetz trace formula. Details of such a computation

are given in chapter 3.
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The smallest prime where E has good reduction is p = 53. For this prime one

�nds #E(F53) = 3593 and #E(F532 ) = 7945269, and the remaining 4 eigenvalues

of Fr53 are roots of the polynomial

T 4 + 65T 3 � 182585T � 7890481 = (T � 53)(T + 53)(T 2 + 65T + 2809):

So here 2 zeroes are p times a root of unity, and we can not conclude yet that

rankE( �Q (s)) = 13. It is interesting to remark that from this computation it

follows that rankE(F p(s)) = 15. This is because E is a K3-surface, and the Tate

conjecture over �nite �elds is proved for such surfaces.

The next prime of good reduction is p = 71. One has E(F71) = 6096 and

E(F712 ) = 25498920. The 4 remaining eigenvalues are roots of

T 4 + 82T 3 + 5112T 2 + 413362T + 25411681:

None of these are p times a root of unity. 2

Corollary 2.5.2 The group E(Q(s)) has rank exactly 12.

Proof. In the proof of theorem 2.4.3 it is shown that nQ 62 E(Q(s)) for all n � 1.

This shows that rankE(Q(s)) 6= 13, and the corollary follows. 2

One might try to �nd an upper bound for rankE( �Q (z)) in the same way as

it is done here for rankE( �Q (s)). But the computations become too big. The

elliptic surface with generic �bre E=Q(z) has an H2 of dimension 46, and only

26 eigenvalues of Frobenius are known in advance. One would have to count

points over �nite �elds with cardinality up to p10. The smallest prime of good

reduction is 53, and counting points over F5310 is not feasible.



Chapter 3

A non-selfdual 4-dimensional

Galois representation

3.1 Introduction

According to the Langlands program there should be a correspondence between

cuspidal automorphic representations of GL(n) and Galois representations in the

cohomology of algebraic varieties. Clozel has made this conjecture more precise.

In the case n = 2 it is known how to associate a Galois representation to an

automorphic representation, due to Eichler, Shimura and Deligne.

For general n Clozel has constructed Galois representations closely related to

certain automorphic representations provided that these are selfdual.

For non-selfdual automorphic representations it is not known how to con-

struct corresponding Galois representations. However, there are examples of

explicit non-selfdual 3 dimensional automorphic representations, and 3 dimen-

sional Galois representations with the same local L-factors as far as computed

(cf. [26] and [28]).

The aim of this paper is to start a search for the same kind of examples

for n = 4. Assuming a statement about the generators of the H2 of a certain

threefold we �nd a 4 dimensional Galois representation in the `-adic H3 of this

threefold. This representation is not isomorphic to a Tate twist of its contra-

gredient representation, even after multiplication with a Dirichlet character. We

compute traces of Frobenius at primes of good reduction by counting points on

the threefold over �nite �elds. Moreover, we guess local L-factors of the associ-

ated L-function at primes of bad reduction. This way we can compute the �rst

80000 coeÆcients of the L-function. Also we guess a conductor of our repre-

sentation. Having made all these guesses we numerically verify the conjectured

39
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functional equation of the L-function. For one particular choice of bad L-factors

and conductor (namely, the L-factors at 2 and 3 are equal to 1, and the conduc-

tor is 29 39) we �nd very convincing evidence that the L-function satis�es the

functional equation. We also �nd a value for L(2). It is non-zero. This might

be interesting in relation to conjectures of Beilinson and Bloch, which relate the

order of the zero of L(s) at s = 2 to the rank of the codimension-2 GriÆths

group of the threefold.

3.2 Elliptic surfaces

The construction in this paper is somewhat similar to the construction of 3-

dimensional Galois representations by van Geemen and Top in [27]. They con-

struct representations in the `-adic H2 of a base changed elliptic surface. We

construct representations in the `-adic H3 of a base changed �bre product of 2

elliptic surfaces. In the next sections we will review a variation on van Geemen

and Top's method.

3.2.1 The construction

Let � : E ! P1 be the Kodaira-N�eron model of an elliptic surface, de�ned over

Q . Assume it has a zero section, and non-constant j-invariant.

For any variety V de�ned over a �eld k we denote the `-adic cohomology

groups Hi(V�k;Q `) simply by Hi(V ). De�ne A(E) � H2(E) to be the subspace

generated by a �bre of �, the image of the 0-section and the �bre components of

singular �bres that do not hit the 0-section. The Galois group GQ maps A(E) to
itself. Denote the Galois module H2(E)=A(E) by B(E).

We call an `-adic Galois representation selfdual if it is isomorphic to a Tate

twist of its contragredient representation. The Galois representation on the whole

of H2(E) and also on B(E) will automatically be selfdual because of Poincar�e-

duality. From now on we choose an embedding Q `!C . Our non-selfdual repre-

sentation will be a GQ-invariant subspace of B(E) 
Q` C . The following lemma

shows that a suÆcient condition for a representation to be non-selfdual is that

it has non-real coeÆcients.

Lemma 3.2.1 Let V=Q be a non-singular variety, and let M be a d-dimensional

GQ-invariant subspace of Hi(V ) 
Q` C . Suppose VFq is non-singular for some

prime power q. Let Frq be the Frobenius morphism on VFq and let P (T ) =

T d+ cd�1T
d�1+ : : :+ c0 be the characteristic polynomial of the Frq-action on M .

De�ne � by � = c0 q
�di=2. Then

cd�k = qi(k�d=2)��ck:
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If M is selfdual then P (T ) has real coeÆcients.

Proof. Write P (T ) =
Q

d

j=1(T � �j). By Deligne's theorem all �j have absolute

value qi=2. So

qi

�j
= ��j : (3.1)

Denote by sk the degree k elementary symmetric polynomial in d variables. The

�rst statement follows from (3:1) and the identity

sd(T1; T2; � � � ; Td) sk(
1

T1
;
1

T2
; : : : ;

1

Td
) = sd�k(T1; T2; : : : ; Td):

If M is selfdual then for each Frq-eigenvalue � one has that qi=� is also an

eigenvalue. With (3:1) this implies that P (T ) has real coeÆcients. 2

The way to make a GQ-invariant subspace of B(E) is to let E have an au-

tomorphism of �nite order de�ned over Q . This automorphism will cut the

representation on B(E) in several GQ-invariant eigenspaces.

For this de�ne � : E!P1s to be the Kodaira-N�eron model of the base change

of another elliptic surface  : X!P1t over a Galois cover � : P1s!P1t given by

t = �(s) =
s3 � 3s2 + 1

3s2 � 3s
:

(The sub-index at P1 is used to denote an aÆne coordinate). The Galois group

of � has order 3 and is generated by � : s 7! (s � 1)=s. This map � induces

a automorphism on E , which we will also denote by �. The di�erence between

our construction and the construction of van Geemen and Top is that they use

a cyclic base-change of degree 4, instead of degree 3.

From now on � will always denote a �xed primitive third root of unity in
�Q` � C , in �Q = A 1( �Q ) � P1( �Q ) or in �Fq = A 1(�Fq ) � P1(�Fq ). From the context

it will be clear which � we mean.

The automorphism � induces GQ-equivariant linear automorphisms on the

`-adic cohomology, also denoted by �. Since � has order 3, any `-adic GQ-module

D on which � acts decomposes as a sum of three eigenspaces over Q `(�). Denote

the 1-eigenspace of �jD by D1, and the �- and �2-eigenspaces of �j(D
Q` Q `(�))

by D� and D�2 .

3.2.2 Computation of traces of Frobenius

The following lemmas allow us to compute traces of Frobenius acting on an

eigenspace of �.
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Lemma 3.2.2 Let V=Fq be a non-singular variety of dimension d with an auto-

morphism � of order 3, also de�ned over Fq . Denote the Frobenius automorphism

on V and on any Hj(V ) by Frq. Denote the composition Frq Æ �i by Fr
(i)
q . Let

Fix(Fr
(i)
q jV ) denote the number of �xpoints of the map Fr

(i)
q : V (�Fq )!V (�Fq ), and

let P
(i)
j
(T ) = det(1� Fr

(i)
q T jHj(V )). Then

(a)

Fix(Fr(i)q jV ) =
2dX
j=0

(�1)jTr(Fr(i)q jH
j(V )):

(b) All roots of the P
(i)
j
(T ) have complex absolute value q�j=2.

(c) The P
(i)
j
(T ) have coeÆcients in Q .

(d) Tr(Fr
(i)
q jH0(V )) = 1 and Tr(Fr

(i)
q jH2d(V )) = qd.

Remark If i = 0 then (b) and (c) are part of the Weil conjectures.

Proof. (a) is just the Lefschetz trace formula, which we can use because Frq3 =

(Fr
(i)
q )3 has �nitely many �xpoints, all of multiplicity 1, hence so has Fr

(i)
q .

By Deligne's theorem (Fr
(i)
q )3jHj(V ) has eigenvalues of absolute value q3j=2

hence (b) follows.

For (c) we mimic part of the proof of the Weil conjectures as given in [12],

chapter 27. First de�ne

Z(V; i; T ) = exp

0
@ 1X

k=1

Fix(Fr
(i)

qk
jV )

k
T k

1
A :

From (a) it follows that

Z(V; i; T ) =
P
(i)
1 (T ) � � �P (i)

2d�1(T )

P
(i)
0 (T ) � � �P (i)

2d (T )
;

so Z(V; i; T ) 2 Q [[T ]]\Q `(T ) hence Z(V; i; T ) 2 Q(T ) (see [12], 27.9). So we can

write

Z(V; i; T ) =
P (T )

Q(T )
; P (T ) and Q(T ) 2 Q [T ]:

All P
(i)
j
(T ) have constant coeÆcient equal to 1, and from (b) it follows that they

are relatively prime, hence we may choose P (T ) and Q(T ) as

P (T ) =
Y
j odd

P
(i)
j
(T ); Q(T ) =

Y
j even

P
(i)
j
(T ):
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Clearly Z(V; i; T ) is independent of `, hence so are P (T ) and Q(T ). And for

any j the polynomial P
(i)
j
(T ) 2 Q` [T ] is characterized as the maximal factor of

P (T )Q(T ) with roots of absolute value q�j=2, so it is also independent of `. And

since it has coeÆcients in Q` for every `, it must have coeÆcients in Q , and that

proves (c).

It is easy to give a direct proof for (d), but it also follows from (c) and the

fact that for j = 0 and j = 2d we have

Tr(Fr(i)q jH
j(V ))3 = Tr(Frq3 jHj(V )) = q3j=2:

2

Lemma 3.2.3 Let D be any vectorspace with two commuting endomorphisms

Frq and �. Suppose � is semisimple and has order dividing 3. Let D1, D� and

D�2 be the three eigenspaces of �. De�ne as before Fr
(i)
q = Frq Æ �i. Then

Tr(FrqjD1) =
1

3
(Tr(FrqjD) + Tr(Fr(1)q jD) + Tr(Fr(2)q jD));

Tr(FrqjD�) =
1

3
(Tr(FrqjD) + �2Tr(Fr(1)q jD) + � Tr(Fr(2)q jD));

Tr(FrqjD�2) =
1

3
(Tr(FrqjD) + � Tr(Fr(1)q jD) + �2Tr(Fr(2)q jD)):

Proof. The linear map (I � ��)(I � �2�) = I + � + �2 (with I the identity) is

multiplication by 3 on D1 and it maps D� and D�2 to zero. Hence

3Tr(FrqjD1) = Tr(Frq Æ (I + � + �2)jD)

= Tr(FrqjD) + Tr(Fr(1)q jD) + Tr(Fr(2)q jD):

The other two equalities follow from similar arguments applied to the maps

(I � �)(I � ��) = I + �2� + ��2 and (I � �)(I � �2�) = I + �� + �2�2. 2

The previous lemma allows us to compute Tr(FrqjB(E)�) if we know the

traces Tr(Fr
(i)
q jB(E)) for i = 0; 1 and 2. The latter traces can be computed

using lemma 3.2.2 if we know Fix(Fr
(i)
q jE) and the Fr

(i)
q -action on A(E), since

h1(E) = h3(E) = 0. A convenient way of doing this in practice is by means of

the following lemma.

Lemma 3.2.4 Assume E has only bad �bres of Kodaira type In, II, III and

IV . De�ne the Weierstrass model EWe!P1 to be a complete model for E!P1

given locally by a minimal projective Weierstrass equation (with coeÆcients in

the function �eld of P1). Then

Tr(Fr(i)q jB(E)) = Fix(Fr(i)q jEWe)� (q + 1)2:
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Proof. By lemma 3.2.2 we have

Tr(Fr
(i)
q jB(E)) = Fix(Fr

(i)
q jEWe)� (q + 1)2 +

(Fix(Fr
(i)
q jE)� Fix(Fr

(i)
q jEWe))� (Tr(Fr

(i)
q jA(E)) � 2q);

so we have to show that Fix(Fr
(i)
q jE)� Fix(Fr

(i)
q jEWe) = Tr(Fr

(i)
q jA(E)) � 2q.

Recall that A(E) is generated by a �bre, the zero section and �bre compo-

nents that do not hit the zero section. These generators form a basis for A(E).
Note that � permutes this basis (since it permutes �bres, and leaves the zero

section �xed, and consequently it permutes �bre components not hitting the

zero section). Moreover, Frq permutes the basis, and multiplies it with q. Hence

Tr(Fr
(i)
q jA(E)) is q times the number of basis elements which, if considered as

divisors, are �xed by Fr
(i)
q .

The map E!EWe is a resolution of singularities, and the �bre above each

singular point of EWe is a chain of P1's, say with components F1; : : : ; Fn such

that (Fi; Fi+1) = 1 for 1 � i � n � 1, and no other intersections. In fact, the

�bres in this resolution precisely consist of the components of �bres of the elliptic

�bration not intersecting the zero-section. Components that are not �xed by Fr
(i)
q

do not contribute to Fix(Fr
(i)
q jE) � Fix(Fr

(i)
q jEWe), and since they are permuted

with components (in possibly other �bres) by the Frq-action they also don't

contribute to Tr(Fr
(i)
q jA(E)).

Clearly, none of the components in a �bre above a singular point of EWe

that is not �xed by Fr
(i)
q are �xed by Fr

(i)
q . The �bre above an singular point

�xed by Fr
(i)
q is �xed by Fr

(i)
q , and there are only 2 possible Fr

(i)
q -actions on the

components. It either acts trivial, or it acts as Fr
(i)
q (Fi) = Fn+1�i. In both cases

the part of the �bre consisting of components �xed by Fr
(i)
q is connected. Suppose

there are n0 such components. Then the �bre contributes n0q to Tr(Fr
(i)
q jA(E)),

and it contributes n0q + 1 points to Fix(Fr
(i)
q jE), instead of the one Fr

(i)
q -�xed

singular point of EWe. So this tells us that the �bre components contribute equal

amount to Fix(Fr
(i)
q jE) � Fix(Fr

(i)
q jEWe) and Tr(Fr

(i)
q jA(E)). To �nish the proof,

note that the zero section and a �bre contribute 2q to Tr(Fr
(i)
q jA(E)) and have

no contribution to Fix(Fr
(i)
q jE)� Fix(Fr

(i)
q jEWe). 2

The previous lemmas allow us to express Tr(FrqjB(E)�) in terms of the num-

bers Fix(Fr
(i)
q jEWe) for i = 0; 1 and 2. The next lemma shows how to compute

these numbers. First we introduce new notation. Let XWe;t denote the �bre

above t of a Weierstrass model for X.
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Lemma 3.2.5 De�ne K(i) � P1t � f�; �2g by

K(0) = ft 2 Fq j x3 � 3(t+ 1)x2 + 3tx+ 1 divides xq � xg [ f1g;
K(2) = ft 2 Fq j x3 � 3(t+ 1)x2 + 3tx+ 1 divides xq+1 � x+ 1g;
K(1) = Fq �K(0) �K(2) � f�; �2g:

Let R(i) denote the total number of points in the �bres of EWe above �� and ��2

(the rami�cation points of �) �xed by Fr
(i)
q . Then

Fix(Fr(i)q jEWe) = 3
X

t2K(i)

#XWe;t(Fq ) +R(i):

Proof. For t 2 P1�f�; �2g let s1, s2 and s3 be the points in the preimage ��1(t):

If t 6=1 they are precisely the zeroes of the polynomial x3�3(t+1)x2+3tx+1.

If t 2 K(0) then the sj are Fq -rational, and the base change E has three Fq -

rational �bres above the �bre Xt, all isomorphic to Xt. Hence they contribute

3#Xt(Fq ) to Fix(Fr
(0)
q jE).

The map � : s 7! (s � 1)=s permutes the �bre elements s1, s2 and s3. If it

acts as Frobenius then s
q

j
= �(sj) hence s

q+1
j

� sj + 1 = 0, so sj 2 K(2). In this

case Fr
(2)
q acts trivial on the three points of E(Fq3 ) above each point of Xt(Fq ).

And these points contribute to Fix(Fr
(2)
q jE).

If t 2 K(1) then the only possible �-action on fs1; s2; s3g left is �(sj) = s
q
2

j
,

so points in E(Fq3 ) above Xt(Fq ) contribute to Fix(Fr
(1)
q jE).

If � 2 Fq then the rami�cation points of � are in Fq , and the points in �bre

above those points must also be added. 2

3.2.3 Dimension computations

The Betti numbers of elliptic surfaces can be determined with [7], section 12.

For an elliptic surface with base P1 we have h1 = 0 and h2 = 12(pa+1)� 2 with

pa the arithmetic genus of the surface. The arithmetic genus can be computed

using Tate's algorithm [24] and theorem 12:2 in [7]. The dimension of A(E) can
be computed with the Tate algorithm, and dimB(E) = h2 � dimA(E).

Here we compute the dimensions of the eigenspaces B(E)�i . Since � is de�ned

over Q the dimensions of B(E)� and B(E)�2 are equal. So we only need to know

dimB(E)1.
Note that any xmodA(E) 2 B(E)1 lifts to the �-invariant element 1

3
(x +

�(x) + �2(x)) 2 H2(E)1. So the canonical injective map

H2(E)1=A(E)1 �! B(E)1
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is also surjective.

The space of invariants H2(E)1 is via pull-back isomorphic to H2(E=h�i). If
base-change map � only rami�es at smooth �bres then E=h�i equals the elliptic
surface X. In this case A(E)1 �= A(X) and dimA(E)1 = 1

3
(dimA(E)� 2) + 2.

If � rami�es at singular �bres then X is the Kodaira-N�eron model of E=h�i.
In order to relate H2(E=h�i) to the known H2(X) one should compare the con-

tributions of the singular �bre components of X and of E=h�i to the H2.

For example, if X has �bres of type IV at the rami�cation locus of � then

E has smooth elliptic curves as �bres there, and the quotient E=h�i has irre-

ducible �bres. These irreducible �bres don't contribute to the H2 since they

are homologically equivalent to any other �bre. And the two type IV -�bres

of X both have 3 components and contribute 2 (3 � 1) = 4 to dimH2(X).

Hence dimH2(E=h�i) = dimH2(X) � 4. One can reason similarly to �nd that

dimA(E)1 = dimA(X) � 4.

3.2.4 Examples

In [27] several examples of non-selfdual 3 dimensional Galois representations

in the cohomology of elliptic surfaces are constructed. It turns out that with

elliptic surfaces one has pretty good control over the dimensions of several pieces

of cohomology. One can construct a non-selfdual representation of any (not

too large) dimension, just by playing with the singular �bre con�guration. To

illustrate this we give examples of such representations of dimensions from 4 to

12.

Let X!P1t be a rational semistable elliptic surface with n singular �bres

Im1
; : : : ; Imn , and smooth �bres above the rami�cation points of �. Then h2(X)

= 10, h2(E) = 34,
P
mi = 12 and

P
(mi�1) = 12�n. Hence dimA(X) = 14�n

and dimA(E) = 2+3
P
(mi�1) = 38�n. So dimB(X) = n�4, dimB(E) = 3n�4

and

dimB(E)� =
1

2
((2n� 4)� (n� 4)) = n:

For every n, 4 � n � 12 we will write down a Weierstrass equation for a

surface X, and the characteristic polynomial of Frp acting on B(E)� for some

prime p of good reduction. This characteristic polynomial was computed as

follows. First the traces Tr(Fr
(i)

pk
jB(E)�) for 0 � i � 2 and 1 � k � dn

2
e were

computed, as explained above. The coeÆcients cn�k of the polynomial can be

expressed in terms of these traces. The other coeÆcients were determined with

lemma 3.2.1.

In the examples we give the characteristic polynomials are irreducible over

Q(�), so the representations are also irreducible over this �eld.
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Example n = 4.

Weierstrass equation y2 = x3 � (3t4 + 24t3 � 48t+ 48)x

�2t6 � 24t5 � 48t4 + 112t3 � 48t2 + 192t� 128.

Char.pol. at p = 5: T 4 + (1 + 2�)T 3 � 20T 2 � (25 + 50�)T + 625.

Example n = 5.

Weierstrass equation y2 = x3 � (219t4 + 960t2 + 768)x

�(1190t6 + 8304t4 + 15360t2 + 8192).

Char.pol. at p = 7 : T 5 + (8 + 9�)T 4 + (35� � 21)T 3 � (147 + 392�)T 2

+(2744 � 343�)T + 16807 + 16807�.

Example n = 6.

Weierstrass equation y2 + txy + y = x3 + x2 + x.

Char.pol. at p = 2: T 6 + (2 + �)T 5 + (4 + 2 �)T 4 + (8 + 4 �)T 3

+(16 + 8 �)T 2 + (32 + 16 �)T + 64 � + 64.

Example n = 7.

Weierstrass equation y2 = x3 � (16t4 + 24t2 + 27)x� (64t4 + 72t2 + 54).

Char.pol. at p = 7: T 7 � (5 + 5�)T 6 + (7� � 14)T 5 � (245 + 49�)T 4

+(1715 + 1372�)T 3 + (4802 + 7203�)T 2 + 84035T�
(823543 + 823543�).

Example n = 8.

Weierstrass equation y2 + txy + y = x3 + t.

Char.pol. at p = 2: T 8 � � T 7 + 2T 6 � 4 � T 5 + 16T 3 � 32 � T 2 + 64T

�256 �.

Example n = 9.

Weierstrass equation y2 + txy + (1 + t2)y = x3 + (1 + t� t2)x+ t.

Char.pol. at p = 2: T 9 � 3 � T 8 � (4 + 4 �)T 7 � 4X6 + (8 + 8 �)T 5 � 16 � T 4

�32T 3 + 128 � T 2 + (384 + 384 �)T + 512.

Example n = 10.

Weierstrass equation y2 + 3txy + (1 + t3)y = x3 + t.

Char.pol at p = 2: T 10 + � T 9 + 2T 8 + 4 � T 7 + (8 � + 8)T 6 + (32 + 32 �)T 4

+64T 3 + 128 � T 2 + 256T + 1024 �.

Example n = 11.

Weierstrass equation y2 + txy + y = x3 + t3x+ t.

Char.pol. at p = 2: T 11 � � T 10 + 2T 9 � 4 � T 8 + 16T 6 + (�32 � 32 �)T 5

�128 � T 3 + (�256 � � 256)T 2 � 512 � T � 2048 � 2048 �.
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Example n = 12.

Weierstrass equation y2 + txy + (1� 7t3)y = x3 + (t+ t2 + t3)x+ 1� 10t6.

Char.pol. at p = 2: T 12 + (�2� �)T 11 + (4 + 4 �)T 10 + (�8 � � 4)T 9

+8 � T 8 � 32T 6 � (128 + 128 �)T 4 + (256 + 512 �)T 3

�1024 � T 2 + (�1024 + 1024 �)T + 4096.

3.3 Elliptic Threefolds

Let � : E!P1 and �0 : E 0!P1s be two elliptic surfaces such that for every s where

one of the surfaces has an additive �bre the other surface has a smooth �bre.

De�ne W = E �P1s
E 0 and f : W!P1s. The only singular points on W are nodes

in �bres above s where both E and E 0 have multiplicative �bres. There are nm
of these singular points in each �bre of Kodaira type In� Im. Let � : fW!W be

the blowup at these points and ~f = f Æ � . Then fW is nonsingular, and the �bres

of � above the nodes are P1 � P1's.

3.3.1 Dimension computations

In this section we try to determine Betti numbers hi and dimensions of eigen-

spaces of the cohomology of fW .

First we compute the Euler-Poincar�e characteristic. Denote by mx the num-

ber of components in ��1(x) if this �bre is singular. Set mx = 0 if ��1(x) is

non-singular. Similarly, de�nem0
x to be the number of singular �bre components

of �0
�1
(x).

Lemma 3.3.1 The Euler-Poincar�e characteristic �(fW ) of fW is given by

�(fW ) = 4
X
x2P1

mxm
0
x:

Proof. It is well known that a �bre of Kodaira type In has �(In) = n. This

includes the case n = 0, if I0 stands for a smooth elliptic curve. Hence �(In �
Im) = nm. This allows us to compute �(W ) using the �bration f : W ! P1.

�(W ) = �(P1)�(I0 � I0) +
X
x2P1

(�(f�1(x))� �(I0 � I0))

=
X
x2P1

mxm
0
x:
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The �bre of the blowup � : fW !W above each node is P1 � P1, so

�(fW ) = �(W ) +
X
w2W

w node

(�(P1 � P1)� 1)

= �(W ) +
X
x2P1

mxm
0
x (2

2 � 1) = 4
X
x2P1

mxm
0
x:

2

Lemma 3.3.2 h3;0(fW ) = h2;0(E) + h2;0(E 0) + 1.

Proof. We have h3;0(fW ) = dimH3(fW;O
fW
). From [6], III, 11.4 and 12.9 it

follows that ��O
fW

�= OW and Ri��O
fW

= 0 for i > 0. Hence with the Leray

spectral sequence Hp(W;Rq��OfW )) Hp+q(fW;O
fW
) it follows that

dimH3(fW;O
fW
) = dimH3(W;OW ):

Reasoning as in the proof of [17], 8.8, (iii) yields

R2f�OW = R1��OE 
R1�0�OE 0 :

From [6], III, 12.9 and the fact that the �bres of � have arithmetic genus 1 it

follows that R1��OE is an invertible sheaf on P1.

From Riemann-Roch it follows that

dimH0(P1; R1��OE)� dimH1(P1; R1��OE ) = deg(R1��OE) + 1:

From h1(E) = 0 and the Leray spectral sequence

Hp(P1; Rq��OE) ) Hp+q(E ;OE )

it follows that H0(P1; R1��OE) = 0 and

dimH1(P1; R1��OE ) = dimH2(E ;OE ) = h2;0(E):

Hence

degR1��OE = �h2;0(E)� 1:

Similarly, one has

degR1�0�OE 0 = �h2;0(E 0)� 1;

and consequently

degR2f�OW = �h2;0(E)� h2;0(E 0)� 2:
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So H0(P1; R2f�OW ) = 0 and Riemann-Roch implies

dimH1(P1; R2f�OW ) = h2;0(E) + h2;0(E 0) + 1:

Using the Leray spectral sequence Hp(P1; Rqf�OW ) ) Hp+q(W;OW ) it follows

that

dimH3(W;OW ) = h2;0(E) + h2;0(E 0) + 1:

2

Lemma 3.3.3 The dimension of H1(fW ) is 0.

Proof. In this proof we put the complex topology on our algebraic varieties, and

C denotes the sheaf of locally constant functions. The �bres of � are connected,

and H1(��1(x); C ) = 0 for all x. So ��C = C and R1��C = 0. The �bres of �

and �0 are connected so ��C = C and �0�C = C . Hence by the K�unneth theorem

we have

R1f�C = R1��C � R1�0�C :

By [4] one has H0(P1; R1��C ) = H0(P1; R1�0�C ) = 0 and consequently

H0(P1; R1f�C ) = 0:

There is an exact sequence

0 ! E
1;0
2 ! E1 ! E

0;1
2 (3.2)

associated to a spectral sequence E
p;q

2 ) Ep+q. Applying this to the spectral

sequence

Rpf�(R
q��C ) ) Rp+q ~f�C

and taking global sections yields H0(P1; R1 ~f�C ) = 0.

Clearly ~f�C = C andH1(P1; ~f�C ) = 0. So applying (3:2) to the Leray spectral

sequence Hp(P1; Rq ~f�C ) ) Hp+q(fW; C ) yields H1(fW; C ) = 0. 2

Let r : fW!E and r0 : fW!E 0 be the two canonical projection maps.

Assumption/Conjecture 3.3.4

(1) The intersection r�(H2(E)) \ r0�(H2(E 0)) � H2(fW ) is one-dimensional and

generated by the class of a �bre of ~f .

(2) The space

H2(fW )=(r�(H2(E)) + r0
�
(H2(E 0)))

is generated by the following divisors:
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{ The
P

x2P1mx �m0
x quadrics above the nodes of W .

{ The strict transforms in the blowup � of the
P

x2P1(mx�1) � (m0
x�1) divisors

of type Fx;i�F 0x;i0 with 1 � i � mx� 1 and 1 � i0 � m0
x� 1 where Fx;i and F

0

x;i0

denote the �bre components of ��1(x) and �0
�1
(x) that do not hit the 0-section.

{ One other divisor in the case that E and E 0 are isogenous. This means that

there is map E ! E 0, commuting with � and �0, and not constant on the �bres.

In this case the graph of the isogeny in the �bred product is an extra divisor.

There is no linear relation between these divisors.

Remark. Although I don't have a proof for this I believe that it is true. For

several threefolds I have computed local L-factors of the Galois representation

on the H3 by counting points over many �nite �elds, and by using the above

conjecture to determine the Galois action on H2. All computations showed

that 3.3.4 was compatible with the Weil conjectures. Moreover, in the case

that W is the �bre product of a semistable elliptic surface with itself the Betti

numbers given by the conjecture agree with the Betti numbers of such threefolds

as computed by C. Schoen in [17].

We want fW to have an automorphism � that cuts the Galois representations

in pieces. For this we let E and E 0 be Kodaira-N�eron models of a cubic base-

change of elliptic surfaces  : X!P1t and  
0 : X 0!P1t , as in chapter 3.2.

From now on we will �x the singular �bre types of W . The arguments that

follow can be done for arbitrary W , but they are a bit tedious to write down

in full generality, so we restrict ourselves to the case we need. We take X to

be a rational elliptic surface with type IV �bres above t = � and t = �2 (the

rami�cation points of �), and other singular �bres of type I2, I1 and I1. For

X 0 we take a rational surface with an I9 above the point where X has the I2,

and three I1's, two of which above the points where X has I1's. Now W has 6

singular �bres of type I1 � I1, three of type I2 � I9 and three of type I0 � I1.

The IV �bres have become nonsingular in the base change.

Proposition 3.3.5 Under the assumption of 3.3.4, fW with these singular �bre

types satis�es dimH3(fW )� = 4 and

dimH3;0(fW )� = dimH2;1(fW )� = dimH1;2(fW )� = dimH0;3(fW )� = 1

Proof. From [7] one has that h2(X) = h2(X 0) = h2(E) = 10 and h2(E 0) = 34.

From lemma 3.3.1 it follows that �(fW ) = 240. And assuming 3.3.4 one easily

computes that h2(fW ) = 127. Poincar�e duality gives hi(fW ) = h6�i(fW ). And
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using that

�(fW ) =

6X
i=0

(�1)ihi(fW )

it follows that h3(fW ) = 16.

Now we compute the dimensions of the �-eigenspaces. First we compute

dimH2(fW )1. Note that h2(E 0=h�i) = 10 and in section 3.2.3 we showed that

h2(E=h�i) = 6. The intersection r�(H2(E))\r0�(H2(E 0)) is generated by the class
of a �bre of ~f , and � acts trivial on this class, hence r�(H2(E))1 \ r0�(H2(E 0))1
is also generated by a �bre class. So we have

dim (r�(H2(E))1 + r0
�
(H2(E 0))1) = dimH2(E)1 + dimH2(E 0)1 � 1

= h2(E=h�i) + h2(E 0=h�i)� 1

= 6 + 10 � 1 = 15:

The 84 divisors mentioned in 3.3.4 form 28 orbits of length 3 under the action

of �. So dimH2(fW )1 = 15 + 28 = 43.

Since H4(fW ) is Poincar�e-dual to H2(fW ) its 1-eigenspace also has dimension

43.

From lemma 3.3.1 is follows that �(fW=h�i) = 80

One has Hi(fW )1 �= Hi(fW=h�i). Combining this with

�(fW=h�i) =
6X

i=0

(�1)ihi(fW=h�i)

gives

dimH3(fW )1 = 2 + 2h2(fW=h�i)� �(fW=h�i) = 8

and

dimH3(fW )� =
1

2
(16� 8) = 4:

From lemma 3.3.2 it follows that h3;0(fW ) = 3 and h3;0(fW=h�i) = 1 hence

dimH3;0(fW )� = 1, and consequently

dimH2;1(fW )� = dimH1;2(fW )� = dimH0;3(fW )� = 1:

2
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3.3.2 Computation of traces of Frobenius

We are interested in computing the trace of Frobenius acting on H3(fW )� . We

can compute this with lemma 3.2.3 if we know Tr(Fr
(i)
q jH3(fW )). This last trace

can be computed with lemma 3.2.2, once we know Fix(Fr
(i)
q jfW ), Tr(Fr

(i)
q jH2(fW ))

and Tr(Fr
(i)
q jH4(fW )). In this section it is explained how to compute these three

quantities.

Lemma 3.3.6

qTr(Fr(i)q jH
2(fW )) = Tr(Fr(i)q jH

4(fW )):

Proof. Suppose Fr
(i)
q jH2(fW )(1) has eigenvalues �j, 1 � j � h2(fW ). We have

j�j j = 1. The Poincar�e duality pairing

H2(fW )(1) 
H4(fW )(2)!H6(fW )(3) = Q `

is �-equivariant and Galois equivariant, and Fr
(i)
q acts trivially on H6(fW )(3)

(lemma 3.2.2, (d)) so the eigenvalues of Fr
(i)
q jH4(fW )(2) are ��1

j
. Consequently

Tr(Fr(i)q jH2(fW )(1)) =

h
2(fW )X
j=1

��1
j

= Tr(Fr
(i)
q jH4(fW )(2)) = Tr(Fr(i)q jH4(fW )(2))

(the last equality follows from 3.2.2, (c)) and the lemma follows. 2

For computing the trace on H2(fW ) we can use the explicit description given

in the previous section. Both Frobenius and � permute the divisors given in 3.3.4,

(2), and the trace of Fr
(i)
q is just q times the number of divisors �xed by this map.

The traces on r�(H2(E)) and r0�(H2(E 0)) can be computed as explained in section

3.2.2.

For q big enough one can avoid the tedious computation of the trace on the

algebraic part of H2(fW ). Assume one knows the trace of the Frq-action on the

transcendental piecesH2(fW )tr andH4(fW )tr (for example by using lemma 3.2.4).

The traces on the algebraic parts satisfy

Tr(Fr(i)q jH2(fW )alg) = k q ; Tr(Fr(i)q jH4(fW )alg) = k q2

for some integer k. The eigenvalues of Fr
(i)
q jH3(fW ) have absolute value q3=2, so

jTr(Fr(i)q jH3(fW ))j � h3(fW )q3=2. Combining this with 3.2.2 one has���1 + q3 + k(q + q2) + Tr(Fr(i)q jH2(fW )tr) + Tr(Fr(i)q jH4(fW )tr)

�Fix(Fr(i)q jfW (Fq ))
��� � h3(fW )q3=2:
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For q big enough there will be a unique integer k which satis�es this inequality.

And knowing k, one can compute Tr(Fr
(i)
q jH3(fW )).

De�ne Y = X �P1t
X 0 and let eY be the blowup of Y at the nodes. Let eYt

denote the �bre of eY!P1t at t. The following lemma is analogous to lemma 3.2.5.

It can be proved in a similar way.

Lemma 3.3.7 De�ne K(i) as in lemma 3.2.5 and R(i) as the total number points

in the �bres of fW above �� and ��2 that are �xed by Fr
(i)
q . Then

Fix(Fr(i)q jfW ) = 3
X

t2K(i)

#eYt(Fq ) +R(i):

Almost all �bres eYt are products Xt�X 0
t, and we can count points on these

�bres by counting points on both factors.

In order to count points on the other �bres we should study the �bres of the

blowup eY!Y above nodes. What happens is that each node of Y gets replaced

by its projectivised tangent cone. Geometrically this is a P1 � P1, but there are

two possible Galois actions on such a divisor above an Fq -rational node. Either

its ruling is de�ned over Fq , in which case it has (q + 1)2 rational points, or its

ruling is not de�ned over Fq , and it has q2 + 1 rational points.

On an In � Im �bre there are nm nodes. If both In and Im are split multi-

plicative �bres then all nodes and all rulings are Fq -rational. If at least one of

them (say In) is non-split and n is even then there are no Fq -rational nodes. If

In is non-split, n is odd and Im is split then there are m nodes Fq -rational, and

the rulings are not Fq -rational. Finally, if both In and Im are non-split, with n

and m odd then there is one Fq -rational node, with Fq -rational ruling.

3.3.3 Equations

In this section we construct explicit equations for X and X 0 with the required

singular �bre con�guration.

For X 0 we can start with a Weierstrass equation for Beauville's elliptic mod-

ular surface

y2 = x3 � ~t(
1

3
~t 3 + 8)x�

2

27
~t 6 �

8

3
~t 3 � 16 (3.3)

(see [1]) which has singular �bres of type I9 above 1, and of type I1 above �3,
�3� and �3�2. Later on we will adjust the coordinate ~t.

For X we start with the general Weierstrass equation for a rational elliptic

surface with type IV -�bres above � and �2:

y2 = x3 + c1(t
2 + t+ 1)2x+ (c2t

2 + c3t+ c4)(t
2 + t+ 1)2: (3.4)
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This equation has discriminant �16(t2 + t+ 1)4�(t) with

�(t) =
�
4 c1

3 + 27 c2
2
�
t4 +

�
8 c1

3 + 54 c2c3
�
t3 +�

27 c3
2 + 12 c1

3 + 54 c2c4
�
t2 +

�
54 c3c4 + 8 c1

3
�
t+ 4 c1

3 + 27 c4
2:

We are going to impose an I2 at 1. For this it is necessary that the t4 and t3

coeÆcients of �(t) vanish. So we set

c1 = �3c25; c2 = 2c35; c3 = 2c35;

and �(t) specializes to�
3456 c5

6 � 1728 c4c5
3
�
t2 +

�
3456 c5

6 � 1728 c4c5
3
�
t+ 1728 c5

6 � 432 c4
2: (3.5)

There are two I1-�bres above the values of t for which (3:5) is zero. At these

values of t the surface X 0 will also have to have I1-�bres. In equation (3:3) two

of the three I1-�bres are conjugate in the extension Q(�)=Q . So this leads us

to require that the discriminant of (3:5) with respect to t is �3 times a square.

This discriminant is

�21236
�
c5

3 + c4
�
c5

3
�
2 c5

3 � c4
�2
;

and we make it �3 times a square by setting c4 = 3c26c5� c35. Now (3:5) becomes

81c25(c6 � c5)(c6 + c5)(4c
2
5t
2 + 4c25t+ c25 + 3c26): (3.6)

We want two I1-�bres of X
0 to lie above the zeroes of (3:6), keeping the I9

at 1. This can be done with a linear change of the coordinate ~t in (3:3). Set

~t =
6 c5 t+ 3 c5 + 3 c6

2 c6
:

Now we have a family of elliptic surfaces X 0 de�ned by (3:3), and X de�ned

by (3:4) with all the substitutions made. For c5 and c6 general enough they will

satisfy the required singular �bre condition.

For future L-function calculations it is convenient to construct a Galois rep-

resentation with only few rami�ed primes. For this we want our threefold fW
to have only a few primes of bad reduction. The primes of bad reduction are

precisely the primes modulo which di�erent singular �bres coincide. So we would

like to specialize c5 and c6 such that this set of primes is small.

The t-values at which there is a singular �bre are t =1 and t is a zero of

(3 c6 + c5 + 2 c5t)
�
3 c6

2 + 4 c5
2t2 + 4 c5

2t+ c5
2
� �
t2 + t+ 1

�
: (3.7)
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The discriminant of (3:7) with respect to t is

212310c5
6c6

6
�
3 c6

2 + c5
2
�2
(c6 � c5)

4 (c6 + c5)
4

so the primes which, after specialization of c5 and c6, occur in this number are

the primes of bad reduction. A good choice for c5 and c6 is c5 = 3, c6 = 1. Now

only the primes 2 and 3 are bad. The Weierstrass equations in this case are

X : y2 = x3 � 27 (t2 + t+ 1)2x+ 18 (3 t2 + 3 t� 1)(t2 + t+ 1)2;

X 0 : y2 = x3 � 3 (3 t+ 2)(243 t3 + 486 t2 + 324 t + 80)x

�39366 t6 � 157464 t5 � 262440 t4 � 235224 t3

�120528 t2 � 33696 t � 4048:

(3.8)

3.3.4 Computation of characteristic polynomials

De�ne

� : GQ �! Aut(H3(fW )�):

Let p be a prime where fW has good reduction, and let ap = Tr(�(Frp)) and

bp = Tr(�(Frp2)). Then the characteristic polynomial of Frp has the form

T 4 + d3T
3 + d2T

2 + d1T + d0

with

d3 = �ap and d2 =
1

2
(a2p � bp):

With lemma 3.2.1 we can compute the other coeÆcients. Setting � = d2= �d2 we

�nd

d1 = �p3d3 and d0 = �p6:

The �rst few characteristic polynomials are listed in the next table.

5 T 4 + (10 + 13�)T 3 � 5�2 T 2 + 53(13 + 10�)T + 56�

7 T 4 � (7 + 4�)T 3 � 189� T 2 + 73(7 + 3�)T + 76�2

11 T 4 � (21 + 19�)T 3 + 517� T 2 + 113(21 + 2�)T + 116�2

13 T 4 + (77 + 70�)T 3 � 1742�2 T 2 + 133(70 + 77�)T + 136�

17 T 4 + (24 � 63�)T 3 � 1802T 2 + 173(87 + 63�)T + 176

19 T 4 + (73 + 81�)T 3 � 4275T 2 � 193(8 + 81�)T + 196

23 T 4 + (33 + 129�)T 3 + 14536�2 T 2 + 233(129 + 33�)T + 236�

29 T 4 � (186 + 100�)T 3 + 16936� T 2 + 293(186 + 86�)T + 296�2

Proposition 3.3.8 The representation � is not isomorphic to a Tate twist of its

contragredient representation, even after multiplication with a Dirichlet charac-

ter. Moreover, it is absolutely irreducible.
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Proof. Let c(T ) be the characteristic polynomial at 5, listed in table above.

One easily checks that there is no root of unity ! such that c(!T )!�4 has real

coeÆcients, hence the �rst assertion follows with lemma 3.2.1.

A 1-dimensional Galois representation is equal to a power of the cyclotomic

character times a Dirichlet character. Such a representation can not be a sub-

representation of �, since there does not exist a cyclotomic �eld over which c(T )

has a linear factor.

To show that � has no 2-dimensional subrepresentation we consider the 2nd

exterior power ^2�. If there is a 2-dimensional subrepresentation of � then its

determinant would be a 1-dimensional subrepresentation of ^2�. The character-
istic polynomial at 5 of this representation is the polynomial whose zeroes are

products of 2 di�erent zeroes of c(T ). This is the polynomial

T 6 + 5 �2 T 5 + 53 � 14 � T 4 + 56 � 12T 3 + 59 � 14 �2 T 2 + 513 � T + 518:

There is no cyclotomic �eld over which this polynomial has a linear factor, hence

^2� has no 1-dimensional subrepresentation. 2

The determinant character of � is a power of the cyclotomic character times

a Dirichlet character with values in Q(�). The only primes that can ramify in

the Dirichlet character are 2 and 3, hence its conductor is a divisor of 72. From

the table above it follows that it is in fact a character of order 3 and conductor

9. Denote the representation � twisted with this Dirichlet character by ~�. The

determinant of ~� is a power of the cyclotomic character.

3.4 Computation of the L-function

We will compute the L-function of ~�, and not of �. The reason for this is that

we expect ~� to have a smaller conductor than � and that makes the computation

easier. The L-function is an Euler product of local L-factors

L(~�; s) =
Y

p prime

Lp(~�; s):

It converges absolutely if Re(s) > 5
2
. For unrami�ed primes the local factors are

de�ned by

Lp(~�; s) =
1

p4Pp(p�s)

with Pp(T ) the characteristic polynomial of ~�(Frp).

For rami�ed primes p we look at the subspace where the inertia group Ip of a

prime p of �Q above p acts trivial. Let Pp(T ) denote the characteristic polynomial
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of Frp acting on the inertia invariants. Then

Lp(~�; s) =
1

pdegPp(T )Pp(p�s)
:

Expanding the Euler product we get a Dirichlet series

L(~�; s) =

1X
n=1

ann
�s:

To compute an for all n less than some bound B we need to compute ap =

Tr(~�(Frp)) for p < B and bp = Tr(~�(Frp2)) for p <
p
B.

Let ~�� be the contragredient representation of ~�. Its Tate twist ~��(�3) has
eigenvalues of Frobenius of the same absolute value as ~�. From lemma 3.2.1 it

follows that its L-function is

L�(s) = L(~��(�3); s) =

1X
n=1

�ann
�s:

Let N be the conductor of ~�, as de�ned in [18]. It is not known whether this

de�nition is independent of `. In [18] there is also the de�nition of the completed

L-function. In our case it is

�(s) = �(~�; s) = N s=2(4�2)�s�(s)�(s� 1)L(~�; s): (3.9)

De�ne ��(s) = �(~��(�3); s). It is conjectured that �(s) can be analytically

continued to the whole complex plane, and that it satis�es the functional equation

�(s) = w��(4� s) (3.10)

for some w 2 C , jwj = 1.

There is a well known trick for computing L(2) if one assumes the functional

equation (cf.[2], but note that in this paper, page 119, one should take c =p
N=4�2 instead of the erroneous c =

p
N=16�2). The idea is to integrate

�(2 + s) t�s

2�i s

along a path in C around 0 for some number t. By Cauchy's theorem this integral

is �(2). One can stretch the path more and more in such a way that in the limit

it becomes a union of two lines, one going from r � i1 to r + i1 and the other

going from �r+ i1 to �r� i1, for some real r > 1
2
. This can be done because
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the �-factors in (3:9) make sure that the integral over pieces of paths with very

big or very small imaginary part is very small. So one has

�(2) =
1

2�i

Z
r+i1

r�i1

�(2 + s)t�s

s
ds+

1

2�i

Z
�r�i1

�r+i1

�(2 + s)t�s

s
ds: (3.11)

De�ne

F (x) =
1

2� i

Z
r+i1

r�i1

�(s+ 2)�(s)x�sds:

See [2] for a discussion on how to compute values of F eÆciently.

The �rst integral of (3:11) is equal to

1

2�i

Z
r+i1

r�i1

�(s+ 2)
�(s+ 1)

s

�
4�2p
N

��s�2
t�s

1X
n=1

an

ns+2
ds =

N

16�4

1X
n=1

an

n2
1

2�i

Z
r+i1

r�i1

�(s+ 2)�(s)

�
4nt�2p
N

��s
ds =

N

16�4

1X
n=1

an

n2
F

�
4nt�2p
N

�
:

Using the functional equation (3:10) one can rewrite the second integral of (3:11)

as
w

2�i

Z
r+i1

r�i1

��(2 + s)ts

s
=

wN

16�4

1X
n=1

�an

n2
F

�
4n�2

t
p
N

�
:

Consequently one has

L(2) =

1X
n=1

an

n2
F

�
4nt�2p
N

�
+ w

1X
n=1

�an

n2
F

�
4n�2

t
p
N

�
: (3.12)

We will use (3:12) to compute L(2), or at least obtain a likely candidate for

L(2). But there are some problems. We are only able to compute Euler factors

of L at primes where fW has good reduction. And we don't know N and w.

We proceed as follows. We guess the Euler factors at bad primes. Assuming

conjecture C6 in [18] it follows there are only �nitely many possibilities. More-

over, we guess the conductor. The only primes that can occur in the conductor

are the primes of bad reduction. Note the left hand side of (3:12) is independent

of t, so the right hand side is independent too. We compute the right hand side

for several values of t, and from the fact that it is constant we get a system of

equations in w (with as many equations as we like). If we made wrong guesses
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for bad Euler factors and conductor the system will probably have no solution,

and we make new guesses. We continue this until there appears to be a w which

satis�es all equations, and moreover has absolute value close to 1.

For fW given by equations (3:8) we computed an for n < 80000. For Euler

factors at 2 and 3 both equal to 1, and conductor 2939 the above procedure was

performed for t = 1, 1:2, 1:3, 1:4 and 1:5. The right hand side of (3:12) remained

constant up to 20 decimal places, and the value of w that came out was up to 20

decimal places equal to a sixth root of unity ��. Replacing w with �� the value
of (3:12) remained constant up to 24 decimal places. With this choice we found

L(2) = 0:4199405774024452982392984 + 0:2424528054069486672346063 i:
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Samenvatting

In dit proefschrift spelen elliptische oppervlakken een centrale rol. In de eerste

twee hoofdstukken worden elliptische oppervlakken met hoge Mordell-Weil rang

geconstrueerd. In het derde hoofdstuk wordt met behulp van elliptische opper-

vlakken een drievoud geconstrueerd met een interessante Galoisrepresentatie op

de cohomologie.

Een elliptische kromme E gede�nieerd over een lichaam K is een projec-

tieve vlakke niet-singuliere kromme gegeven als nulpuntsverzameling van een

derdegraads polynoom met coeÆcienten uit K, met daarop een punt O met

co�ordinaten uit K. De verzameling punten op E met co�ordinaten uit K noteren

we met E(K). Gegeven twee punten uit E(K) is het mogelijk een derde punt

uit E(K) te construeren, op zo'n manier dat deze bewerking E(K) de struc-

tuur van een abelse groep geeft met O als neutraal element. Deze groep heet de

Mordell-Weil groep.

Als K gelijk is aan Q of een eindige uitbreiding daarvan dan zegt de Mordell-

Weil stelling dat E(K) een eindig voortgebrachte groep is, d.w.z. E(K) �=
(eindige groep) � Zr voor zekere r 2 Z�0. Deze r heet de rang van E(K).

Het is niet bekend of deze rang willekeurig groot kan worden als we E vari�eren

en K vast kiezen.

We kunnen K ook gelijk nemen aan het functielichaam van een algebra��sche

kromme, zeg C. Bijvoorbeeld K = Q(t) of K = C (t). In dit geval geldt er weer

een Mordell-Weil stelling (ditmaal bewezen door N�eron): Als E niet over het

constantenlichaam van C gede�nieerd kan worden dan is E(K) eindig voortge-

bracht. Ook nu is in het algemeen niet bekend of bij vaste K de rang van E(K)

willekeurig groot kan worden.

De kromme E gede�nieerd over een functielichaam kan opgevat worden als

een familie elliptische krommen, geparametriseerd door C, en gede�nieerd over

zijn constantenlichaam. Deze familie krommen vormt een oppervlak, zeg E . Zo'n
E noemen we een elliptisch oppervlak. Bijvoorbeeld, als K = Q(t) of K = C (t)

dan kunnen we t opvatten als een extra variabele, en het polynoom dat E over

K de�nieert, de�nieert E over Q of C .

65
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Een elliptische kromme E gede�nieerd over Q(t) geeft aanleiding tot een

oneindige familie elliptische krommen gede�nieerd over Q . Men kan laten zien

dat als E(Q(t)) rang r heeft, dan hebben bijna alle krommen uit de familie

evenzo rang minstens r. Dus een elliptische kromme over Q(t) van hoge rang

geeft aanleiding tot een oneindige familie krommen over Q van hoge rang.

Iets soortgelijks kan zich voordoen bij elliptische krommen gede�nieerd over

K = Q(t;
p
t3 + at+ b), voor zekere a; b 2 Q . Een kromme E over dit lichaam

kan aanleiding geven tot een oneindige familie krommen over Q . (Maar dat hoeft

niet. Het hangt van a en b af.) En als dat zo is dan geeft een hoge rang kromme

over K weer aanleiding tot een oneindige familie hoge rang krommen over Q .

In de eerste twee hoofdstukken van dit proefschrift worden bekende me-

thoden voor het construeren van elliptische krommen van hoge rang over Q(t)

en Q(t;
p
t3 + at+ b) bekeken. Gemotiveerd vanuit meetkundige eigenschappen

van het bijbehorende elliptische oppervlak (zoals singuliere vezels, cohomologie,

intersectieparing) wordt gevarieerd op deze methoden om nog hogere rang te

vinden over k(t) en k(t;
p
t3 + at+ b), met k een eindige uitbreiding van Q .

In hoofdstuk 1 wordt gevarieerd op N�eron's constructie. N�eron maakt een

kromme over Q(t) van rang minstens 10, en over Q(t;
p
t3 + at+ b) van rang

minstens 11. Door het elliptisch oppervlak een ander type singuliere vezels te

geven wordt een kromme over k(t) van rang minstens 13 en een kromme over

k(t;
p
t3 + at+ b) van rang minstens 18 verkregen, voor een zekere expliciete k.

De rangen over Q(t) en Q(t;
p
t3 + at+ b) zijn minstens 9 respectievelijk 10.

In hoofdstuk 2 wordt een methode van Mestre bestudeerd. Met Mestre's

methode slaagde Nagao erin om een elliptische kromme van rang minstens 13

over Q(t) te construeren. We laten zien dat meetkundige eigenschappen van het

bijbehorende elliptische oppervlak aanleiding geven tot nog een extra onafhanke-

lijk punt, gede�nieerd over Q(
p
a; t) voor zekere a 2 Q . We bepalen zo'n extra

punt expliciet.

In hoofdstuk 3 worden elliptische oppervlakken voor een ander doel gebruikt,

namelijk voor het construeren van Galoisrepresentaties. Zij GQ de groep van

lichaamsautomor�smen van de algebra��sche afsluiting van Q . Dit heet de ab-

solute Galoisgroep van Q . Een Galoisrepresentatie is een actie van deze groep

op een vectorruimte. Een rijke bron van Galoisrepresentaties komt voort uit

algebra��sche meetkunde: men neme een vari�eteit gede�nieerd over Q . Bij zo'n

vari�eteit kan men een aantal cohomologiegroepen construeren. Dit zijn vector-

ruimten. Er bestaat een constructie, de zogenaamde `-adische cohomologie, die

een actie van GQ induceert op deze vectorruimten. Zo verkrijgt men een aantal

Galoisrepresentaties.

Bij een Galoisrepresentatie kan men een zogenaamde L-functie maken. Dit

is een holomorfe functie op een zeker rechter halfvlak in C . Voor L-functies van
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Galoisrepresentaties op `-adische cohomologie bestaan een aantal vermoedens.

Zo wordt vermoedt dat deze functies voortzetbaar zijn tot een meromorfe func-

tie op heel C , en dat ze voldoen aan een zekere functionaalvergelijking. Verder

zouden bepaalde waarden van deze L-functies, en ordes van polen en nulpun-

ten een betekenis moeten hebben in termen van bepaalde eigenschappen van de

oorspronkelijke vari�eteit.

Over deze vermoedens is voor algemene vari�eteiten nog heel weinig bekend.

Maar bijvoorbeeld in het geval dat de vari�eteit in kwestie een elliptische kromme

is, is de functionaalvergelijking van de L-functie een gevolg van het beroemde

Shimura-Taniyama-Weil vermoeden, dat in 1994 door Wiles voor veel krommen

bewezen is, en waarmee hij ook de laatste stelling van Fermat bewees.

In dit proefschrift wordt aan een Galoisrepresentatie op de cohomologie van

een 3-dimensionale vari�eteit gerekend. De keuze van de vari�eteit luistert nogal

nauw. Als men zomaar een vari�eteit opschrijft is de kans groot dat de coho-

mologiegroepen te hoge dimensies hebben, zodat het rekenwerk te ingewikkeld

wordt. Maar als men het gevoel wil hebben een vermoeden te testen moet de

cohomologie ook weer niet te simpel zijn. Wij slagen erin een vari�eteit op te

schrijven waarvan er een 4-dimensionaal stuk van de cohomologie is waarmee we

goed kunnen rekenen. De Galoisrepresentatie op dit stuk is van een soort waar

nog niet eerder aan gerekend is, en waar zich fenomenen voordoen die zich niet

voordoen bij al te simpele representaties.

De vari�eteit die we nemen is een vezelprodukt van twee elliptische opper-

vlakken. Het blijkt dat we de cohomologie van zo'n vari�eteit een beetje kunnen

sturen met behulp van de singuliere vezels van de elliptische oppervlakken. Zo

kunnen we een Galoisrepresentatie van het gewenste soort construeren.

Voor de L-functie die bij de geconstrueerde Galoisrepresentatie hoort testen

we op numerieke wijze de vermoede functionaalvergelijking.
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Stellingen
behorende bij het proefschrift

Mordell-Weil groups of elliptic surfaces and Galois representations

van

Jasper Scholten

1. Zij n 2 Z�2 met de eigenschap dat het polynoom x
n+ x+1 irreducibel

is over F2 . Zij F het lichaam F2 [x]=(x
n + x+ 1). Zij a 2 F

� , b 2 F, en

f = T
2 + aT + b 2 F[T ]. De�nieer ci 2 F2 door

P
n�1
i=0

cix
i = b=a

2
: Als

n even is geldt

f reducibel () cn�1 = 0:

Als n oneven is geldt

f reducibel () c0 = 0:

2. Stel f en g zijn twee even polynomen uit C [t] met graad(f) � 4 en

graad(g) � 6. Zij E de elliptische kromme gegeven door de vergelijking

y
2 = x

3 + f(t)x+ g(t). De�nieer �(t) = 4f(t)3 + 27g(t)2.

Als �(t) kwadraatvrij is en graad 12 heeft dan heeft E rang 8 over C (t),

en rang minstens 12 over C
�
t;
p
t2 � a2

�
voor alle a 2 C met �(a) 6= 0.

3. De vergelijking y
2 = x

3 � 33t4x + t
12 + 8 de�nieert een elliptisch K3

oppervlak met Mordell-Weil rang 18 over C . Dit is de hoogst moge-

lijke rang voor een K3 oppervlak over C . [Masato Kuwata, Elliptic K3

surfaces with high Mordell-Weil rank, Preprint 1996.]

4. De�nieer

p = 4

4999999X

n=0

(�1)n
2n+ 1

:

Dit getal geeft een benadering voor � die tot en met 6 decimalen achter

de komma correct is. Toch verschillen de eerste 45 decimalen van p en

� slechts op drie plaatsen.

[J. M. Borwein, P. B. Borwein and K. Dilcher, Pi, Euler numbers and

Asymptotic Expansions, Amer. Math. Monthly 96 (1989), 681{687.]



5. Stel men heeft een stuk touw dat aan beide kanten aan een schilderij

vastzit, en een muur met n iets uitstekende spijkers daarin, voor zekere

n 2 Z�1. Dan kan men het touw (mits lang genoeg) op zo'n manier om

de spijkers wikkelen zodat het schilderij blijft hangen aan het touw, maar

bij het uit de muur trekken van een willekeurige spijker naar beneden

valt.

[,,W 4?" vergaderingen 1193 en 1195.]

6. Als men de langeafstandswandelroute GR5 (Bergen op Zoom { Nice)

loopt is het niet altijd raadzaam de markering te volgen. Op het stuk

van Dasburg brug naar Vianden, bij een kruispunt op de Weg van Hosin-

gen (routebeschrijving nr. 73, 50� 010 2500 N.B., 6� 070 4000 O.L.) staat er

een heel duidelijke markering die rechtsaf wijst. Dit gaat volstrekt de

verkeerde kant op, en verderop zijn ook geen markeringen meer te vin-

den. Beter kan men bij het kruispunt rechtdoor gaan, en de sporen van

weggewerkte markering volgen. Dit is ook de route in de routebeschrij-

ving.

7. Met een treinkaartje Sauwerd { Bao mag men, als men niet de laatste

trein van de dag neemt, van Groningen Noord naar Bao reizen. Toch

is een kaartje Sauwerd { Bao zo'n 42 tot 48 procent goedkoper dan

een kaartje Groningen Noord { Bao. De prijs van het eerstgenoemde

kaartje wordt berekend langs een volgens de spoorkaart niet-bestaande

route.


