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Chapter 1
Introduction

1.1 The standard cosmological model
The standard cosmological model is based on the following assumptions:

• General relativity is valid.

• The cosmological principle is valid.

• The energy content of the universe includes baryonic matter, some form of collision-
less matter (dark matter), dark energy with an equation of state given by ω = −1
(cosmological constant) and radiation.

The cosmological principle states that on large scales the universe is spatially homoge-
neous and isotropic (see, for instance, Wald (1984) for a precise definition of this terms).
Under this assumption, the solution of the Einstein’s equation can be written as:

gµν = −dt2 + a2(t)
[

dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (1.1)

which is known as the Friedman-Robertson-Walker (FRW) metric. The quantity a is
called expansion factor and k is a constant, measure of the curvature of the universe.

One of the basic tests that was made of the model consist of measuring the ratio
H(a) = ȧ/a by means of supernovae observations (e.g. Riess et al. 1998). The data is
consistent with the FRW metric and with the fact that the constant k is equal to 0 (i.e.
the universe is flat).

Another classical test is based on high redshift observations. The fact that the FRW
metric predicts the existence of a singularity at t = 0 induces the idea of a hot big bang.
At very early times, owing to the very high temperature, matter and radiation were
coupled via electron scattering and followed the same distributions. The temperature
decreases with the adiabatic expansion of the universe; when the temperature falls below
the value needed for the plasma to recombine, the radiation decouples from the matter
and becomes capable of freely traveling. Once the radiation is released, it is redshifted
because of the expansion. In consequence, this primordial distribution of photons is
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possible to observe today as black body radiation corresponding to a temperature of
3K. This strong prediction was successfully confirmed in two complementary works in
1965 (Penzias & Wilson 1965; Dicke et al. 1965) when the cosmic microwave background
(CMB) was observed for the first time.

On small scales, the cosmological principle is not valid and the matter density presents
irregularities that are assumed to have originated as quantum fluctuations during an
epoch of exponential growth called inflation. These initial inhomogeneities can be ob-
served at the CMB and can be employed to estimate the cosmological parameters. One
possible set of parameters that was obtained using a combination of CMB observations
and supernovae data is: Ωb = 0.0449, Ωcdm = 0.222, ΩΛ = .734 (Larson et al. 2010),
that correspond to the density of the baryonic matter, cold dark matter and dark energy
components normalized with the critical density of the universe.

The existence of inhomogeneities allows matter to collapse under the effects of gravity,
eventually forming galaxies, planets, human beings, etc. The topic of this thesis is the
time evolution of such inhomogeneities under a special family of gravitational theories.
The solutions for the standard case will be taken as reference and used in part for the
calculations and thus, they will be described in detail in the following section.

Dark matter and dark energy

The distribution of energy presented in this last paragraph, indicates that most of the
energy content of the universe is in its unseen components (dark matter and dark energy).
A few words must be given about them.

The concept of dark matter was introduced for first time in the context of dynamics
of clusters of galaxies. The first attempts to explain the dynamics of galaxies using
Newtonian gravity were made by Zwicky (1933)1. After making a kinematic analysis of
the cluster of galaxies Coma, Zwicky found a large discrepancy between the observed
values of the velocity dispersion and those that were predicted by the theory. He arrived
to a conclusion that can be stated in two completely different ways according to the
preconceptions made:

• Newtonian gravity has serious problems to explain clusters.

• Newtonian gravity predicts the existence of a large amount of unseen matter.

(Zwicky only mentioned the dark matter option).
The other dark component, dark energy, was introduced in the decade of 1990 (e.g.

Riess et al. 1998), when supernovae observations employed to measure the rate of expan-
sion of the universe showed that, at the present epoch, the expansion is being accelerated.
The effect can be mathematically stated as a modification of the Einstein’s equation,
which becomes:

Gαβ = 8πTαβ + gαβΛ, (1.2)

where the cosmological constant Λ takes into account the presence of this new component.
While the new term helps to cure the problems with the expansion, there are still two
open questions related to it, which could be the signal that the gravitational theory has
to be modified. In first place, the value of the cosmological constant can be estimated in

1English translation can be found in Zwicky (2009)
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the context of quantum field theory. The predicted number is about 10120 times greater
that the observed one. The other problem is related to the fact that Ωb +Ωcdm +ΩΛ ∼ 1.
The quantity Ωb + Ωcdm evolves with time as (1 + z)3 (see section 1.2.1), while ΩΛ is a
constant by definition. The question that immediately arises is the following one: why
are we observing at such a special epoch in which two quantities with such different time
evolution have the same order of magnitude?

Friedmann’s equations from Newton’s formula

The set of equations that describes the behavior of the function a in eq.1.1, the so called
Friedmann equations, can be obtained using a set of arguments based almost purely in
Newtonian physics. As this kind of reasoning will be employed in the following sections
to obtain equations for MOND, it will be briefly discussed here for the standard case.

The Newtonian method used to get expressions for the rate of expansion of spatially
homogeneous and isotropic universes is the following one: take a spherical region of the
infinite isotropic and homogeneous universe and assume that the Birkoff theorem is valid.
In that case, the acceleration at the boundary of the sphere is determined by the enclosed
mass and given by:

r̈ = −GM
r2

, (1.3)

where
M = 4

3
πr3(ρ+ 3P ), (1.4)

where ρ+ 3P is the active gravitational mass. A cosmological constant term responsible
for the acceleration of the expansion can be introduced as the presence of a fluid with
negative pressure:

PΛ = − Λ/3
4πG

. (1.5)

Substitution of the mass into the equation of motion gives:

r̈ = −4πG
3

(ρ+ 3PT )r + Λ
3
r, (1.6)

where PT is the thermodynamic pressure of the fluid.
The spatial variable can be rewritten as a function of a fixed length scale:

r(t) = r0a(t), (1.7)

where r0 is the position of the particle at some initial time and a(t) is a function inde-
pendent of r0. Substituting this definition into the equation of motion (eq.1.6) gives an
equation for a(t):

ä = −4πG
3

(ρ+ 3PT )a+ Λ
3
a, (1.8)

which is the second order Friedmann equation. A first order equation can be obtained
by substituting the pressure that appears in the last expresion by the value provided by
the continuity equation:

ρ̇ = −3(ρ+ PT ) ȧ
a
. (1.9)
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This gives an equation whose integrating factor is ȧ. After integrating once, one obtains:(
ȧ

a

)2
= 8πG

3
ρ+ Λ

3
+K, (1.10)

which is the second Friedmann equation. While the derivation was not made from basic
principles, the equations are correct and provide a zero order solution for the evolution
of the matter density through cosmic time. The first order solutions for a perturbed
density distribution will be described in the next section, as well as a re-derivation of the
Friedmann equations from basic principles.

1.2 Evolution of dust density perturbations
through cosmic time

The evolution of density perturbations through cosmic time can be studied in two differ-
ent regimes, which are known as linear and non-linear. The term linear makes reference
to the fact that the analysis, owing to reasons that will be described in brief, is valid
only for small perturbations of the density. While this approach seems to be restrictive,
it has the advantage of providing equations that have analytic solutions. These approx-
imate solutions can be employed a posteriori as a reference point for understanding the
underlying physics behind the non-linear results.

The equations that describe the non-linear evolution must be solved numerically by
means of, for instance, N-body algorithms. As similar techniques will be employed during
this thesis, the set of equations will be described in detail for the standard case. A few
technical properties of one of the possible implementations of the solution will also be
discussed. Both formalisms (linear and non-linear) make use of the linearized Einstein’s
equation; its form and some properties of its solution will be also described.

1.2.1 The linearized Einstein’s equation with an
expanding background

We propose as solution for the Einstein’s equation, a metric constructed as a scalar
perturbation of the flat case (k=0) of the FRW metric (eq.1.1):

ds2 = −a(t)m(1 + 2φ)dt2 + a(t)n(1− 2φ)(dx2 + dy2 + dz2). (1.11)

The two free parameters (m,n) give some freedom about the gauge in which the metric
is written. Different sets of coordinates are usually used in the context of cosmological
evolution, therefore, it is convenient at this point to study this general solution. The cases
of interest will be (m,n) = (0, 2), which corresponds to the Newtonian gauge (comoving
coordinates in the language of cosmological simulations) and (m,n) = (4, 2), associated
to supercomoving coordinates (Martel & Shapiro 1998).

The perturbed energy momentum tensor is given by:

Tab = (ρ0 + δρ)uaub + (P0 + δP )(gab + uaub) (1.12)

where ρ0 is the background density and δρ is the perturbation on the density that is
responsible for the perturbation assumed on the metric φ. The four-velocity vector can
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be written as:
ua = [A, v1, v2, v3], (1.13)

where vi are the spatial velocities of the particles and A is determined by requiring:

gabu
aub = −1. (1.14)

Neglecting quadratic terms in the velocities, the four-velocity vector becomes:

ua = [1− φ, v1, v2, v3]. (1.15)

and substituting the quantities gµν and Tµν into the Einstein’s equation gives, in the
quasi-static limit (∂φ/∂t� 1), the following zero and first order equations:

H2 = 4am

n2
8πG

3
ρ0 (1.16)

ä

a
= −8πG

n
amP0 + 2m− 3n+ 4

4
H2 (1.17)

∇2φ = 4πGanδρ, (1.18)

which are the Friedman equations described before and the equivalent to the Poisson
equation in the expanding context. As the calculation was made in the quasi-static
limit, the resulting Poisson equation is independent of the constant m.

The equation for the time evolution of the background density can be derived in
a straightforward way from the Friedmann equations. The resulting expression is the
following one:

ρ̇0 + 3n
2
H(P0 + ρ0) = 0. (1.19)

which is also independent of m; therefore, the background has the same time evolution
in both coordinate systems. In the case of dust, P = 0 and the solution is given by:

ρ0 ∝ a−3n/2. (1.20)

For radiation, the pressure behaves as P0 = ρ0/3 and the solution becomes:

ρ0 ∝ a−2n. (1.21)

The second order Friedmann equation (eq.1.17) is commonly re-written as:

ä

a
= −8πG

n
am
[
P0 −

2m− 3n+ 4
3n

ρ0

]
, (1.22)

which is a consequence of substituting the term that depends on H in eq.1.17 from
the expression given by the first Friedmann equation (eq.1.16). Note that this form of
the equation is the one that was found in previous section from the Newtonian set of
arguments.
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1.2.2 Linear regime
The time evolution of dust perturbations can be described by the equation of motion for
matter (the conservation of energy) coupled to the Einstein equation:

Gαβ = 8πTαβ (1.23)
∇αTαβ = 0. (1.24)

Projecting the eq.1.24 in the direction parallel and perpendicular to ua gives:

ua∇aρ+ (ρ+ P )∇aua = 0 (1.25)
(P + ρ)ua∇aub + (gab + uaub)∇aP = 0. (1.26)

The plan is to take the first order and quasi-static limit over a FRW background of
these two equations; they will result in the continuity and Euler’s equation. A linear
combination of these two equations plus substitution of the linearized Einstein equation
will finally give the so called growth equation which describes the linear time evolution
of the density perturbations. Pressure effects will be assumed as higher order and the
coordinates will be such that (m,n) = (0, 2).

Continuity equation

By substituting the four velocity ua given by eq.1.15 and the perturbed density (ρ =
ρ0 + δρ) in eq.1.25, making the derivatives using the metric given by eq.1.11 and taking
into account only terms up to first order, one gets:[

∂ρ0

∂t
+ ρ0∇ · v− 3Hρ0

]
−
[
∂ρ0

∂t
− 3Hρ0

]
φ+

[
∂δρ

∂t
+∇ · (δρv) + 3Hδρ

]
= 0. (1.27)

The dot product, the nabla operator and the velocity v should be interpreted only in
3D space. To assume that the perturbation is zero, shows that the first square bracket
is equal to zero. The second squared bracket is also zero (eq.1.19), so the continuity
equation for the perturbed quantities is:

∂δρ

∂t
+∇ · (δρv) + 3Hδρ = 0. (1.28)

The last expression can be written in a different form as a function of the peculiar velocity
u which is defined by:

u = av (1.29)

and which is the term unrelated to the expansion when the velocity is written according
to the variables used in the Newtonian approach:

ṙ = av̇+Hr. (1.30)

In terms of this velocity, the continuity equation reads:

∂δρ

∂t
+ 1
a
∇ · (δρu) + 3Hδρ = 0. (1.31)
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A very useful relation between the overdensity

δ = δρ/ρ0 (1.32)

and the velocity field can be obtained by writting the density as:

ρ = ρ0(1 + δ), (1.33)

and taking the first order in eq.1.27. The resulting relation reads as follows:

∂δ

∂t
+∇ · v = 0. (1.34)

Euler’s equation

The cosmological Euler’s equation

∂vi
∂t

+ vj
∂vi
∂xj

+Hvi = ∂φ

∂xi
(1.35)

can be obtained by applying a procedure similar to the one used in previous paragraph
to the equation 1.26.

In terms of the velocity defined by eq.1.29, the Euler’s equation becomes:

∂u
∂t

+ 1
a
(u.∇)u+ 2Hu = 1

a
∇φ. (1.36)

Growth equation

Finally, the growth equation for density perturbations:

δ̈ + 2Hδ̇ − ∇
2φ

a2 = 0 (1.37)

can be found by adding the divergence of eq.1.35 to eq.1.28 and substituting the definition
of the overdensity (eq.1.32).

After taking into account the Poisson equation (eq.1.18), one finally gets:

δ̈ + 2Hδ̇ − 4πGρ0δ = 0. (1.38)

An interesting feature of the growth equation is that there are no derivatives with respect
to the position and that it is homogeneous. This will give separable solutions of the form:

δ(x, t) = D(t)δ0(x), (1.39)

where D(t) is the so called growth factor and δ0(x) is the initial density given at some
initial time t0. The evolution is self-similar, presenting changes of the amplitude of the
perturbation but not of its spatial dependence.

Analytic solutions for the growth factor can be found in the following way. The growth
equation is a second order ordinary differential equation, for which two independent
solutions are needed. By substitution into eq.1.38, it is trivial to see that

D1(a) = H(a) (1.40)
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is a solution. The other solution can be derived by converting the equation into a system
of first order differential equations. By taking in account Liouville’s formula for the
Wronskian and the already known solution one gets a first order differential equation
whose integrating factor is H−1. After making a change of variables from t to a, one has
that the formal solution obtained with this procedure is:

D(a) = H(a)
D0

∫ a

0

1
ȧ3 da, (1.41)

where D0 is a constant. For an Einstein-de Sitter universe (Ωm = 1, ΩΛ = 0, Ωr = 0)
the solution behaves as D(a) = a in the matter dominated era.

The definition of the overdensity δ provides information about the domain of validity
of the solution: as the density ρ has to be positive, the overdensity must be bound
from below by -1. This restriction is not taken into account by the growth equation.
In consequence, its solutions are incorrect for values of t such that δ < −1. Of course,
as any analysis based on perturbation theory, the approximations are expected to break
down before this value is reached, but this reasoning gives a hard boundary that can not
be crossed.

It is important to emphasize that the presence of scale independent solutions is not a
synonym for linear evolution. While this is valid for standard gravity, it is not a general
result and in particular, it is not valid for MOND. This is a fundamental difference
between Newtonian and MONDian gravity that will be discussed in detail throughout
this thesis.

The need for dark matter

The present analysis was made for perturbations evolving during the matter dominated
era. A similar calculation extended into the radiation dominated era pre-recombination
(Silk 1968) shows that, for a universe populated only with baryons and radiation, the
perturbations are damped by interaction between the electrons and the photons. It is
possible to construct theories of galaxy formation under this conditions (e.g. Zel’Dovich
1970), but the overdensity that is needed on clusters scales to make galactic scales to
collapse is of order δ ∼ 10−3, which is in contradiction with the observations of temper-
ature fluctuations at the CMB. The problem can be solved by including a dark matter
component to balance the Silk damping. This new component, which is assumed to be
the same dark matter proposed by Zwicky, will permit the collapse on small scales and
at the same time will give the right amplitude on large scales.

1.2.3 Non-linear regime

At the moment in which the density perturbations are of the order of 1, the approxima-
tions that were made to study the linear evolution break down and a different approach
must be implemented. A standard way to do this, is to use N-body simulations, which
consist in describing the density by means of a set of particles whose positions evolve
according to the geodesic equation. In other words, instead of describing the evolution



1.2: Evolution of dust density perturbations 17

of matter density through eqs.1.23 and 1.24, the following equations are employed:

Gµν = 8πTµν (1.42)
d2xσ

dτ2 + Γσµν
dxµ

dτ

dxν

dτ
= 0. (1.43)

The solutions of this equations can be found, again, by applying perturbation theory. By
substituting the perturbed metric given by eq.1.11 into eq.1.43 and parametrizing the
solution with time in the Newtonian gauge one gets for the component x:

ẍ+ 2 ȧ
a
ẋ+ 1

1 + 2φ
∂φ

∂x

(
1
a2 + ẋ2 + ẏ2 + ż2

)
+ 2a2

1 + 2φ

(
∂φ

∂y
ẋẏ + ∂φ

∂z
ẋż

)
= 0 (1.44)

and similar equations for the other two spatial components. After neglecting second
order terms, the equation becomes:

ẍ+ 2 ȧ
a
ẋ+ 1

a2
∂φ

∂x
= 0. (1.45)

Furthermore, the following definition:

pi = a2ẋi (1.46)

gives a set of first order equations which resembles the Hamilton’s equations used in
classical dynamics:

ẋi = pi

a2 (1.47)

ṗi = − ∂φ
∂xi

.

These are the equations that, coupled to the linearized Einstein’s equation, will be solved
by means of the N-body algorithm.

The last point that must be specified before obtaining a closed set of equations is
the form in which the description of the density is made through the particles. To this
end, let us take a cubic piece of the universe of side length B of several megaparsecs
and calculate the density on a grid of size h. In the case that the number of particles is
infinite, the density in the cell (i, j, k) can be defined as:

ρi,j,k = 1
h3

∑
n

mn, (1.48)

where mn is the mass of the particle n and the index n runs over all the particles in
the cell. The size of the cells should tend to zero in the hydrodynamical sense. As in
practice, the number of particles that is employed in the simulations is far smaller than
the one needed to make this approximation to be valid, a smoothing technique must
be implemented. The initially point-like masses are now assumed to have a finite size
and to contribute not only to the mass of the cell to which they belong but also to the
neighboring cells.

Many smoothing techniques are present in the literature (e.g. Hockney & Eastwood
1988). One example is the triangular shape cloud (TSC) that ensures continuity of the
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density up to its second derivative and for which the estimated density on the node
(i, j, k) is given by:

ρi,j,k = 1
h3

∑
n

W1(x1
i,j,k − x1

n)W2(x2
i,j,k − x2

n)W3(x3
i,j,k − x3

n)mn, (1.49)

where W is the smoothing kernel which is given by:

W (x) =


3
4 −

(
x
h

)2 h
2 <= |x|

2
1
2

(
3
2 −

|x|
h

)2
h
2 <= |x| <= 3h

2
0 otherwise.

(1.50)

The index on the summation n runs in this case over all the particles belonging to the
system.

To summarize, the methodology used to study non-linear evolution consist of the in-
tegration of the equations of motion (eqs.1.47) for a large set of particles coupled to the
field equation (eq.1.18). The source of this last equation is calculated from the position
of the particles using eq.1.49. The number of particles is limited by the computational
resources and goes from 323 particles in the first simulations that appeared in the lit-
erature to 10243 for the state of the art simulations made with standard gravity. The
integration of the equations of motion can be done using a leap-frog scheme (e.g. Hockney
& Eastwood 1988) given by:

vn+1/2 = vn−1/2 −
(∇φ)n
ȧn

∆a (1.51)

xn+1 = xn +
vn+1/2

ȧn+1/2a
2
n+1/2

∆a,

where ∆a is the size of the time steps and the expansion factor a is used as the time
variable. Since the Poisson equation is linear, the calculation of the potential on the grid
can be made using FFT methods (e.g. Hockney & Eastwood 1988). For the modified
case, the non-linearity of the MOND equation will enforce the use of different methods,
which will be described in detail in chapter 2. Once the gravitational potential has been
computed, the forces are calculated in first place on the grid using discretization formulas
for the derivatives of the potential and then interpolated to the position of the particles.
To ensure momentum conservation, this interpolation must be made by means of an
interpolation scheme based on the same kernel used to calculate the density (e.g. Gross
1997).

One could ask at this point why we are talking about non-linear evolution at the
same time that we are proposing to study linearized equations. The answer resides in
which is the quantity that is assumed to be small when making the linearization. In the
linear regime (section 1.2.2) the over-density δ is assumed to be small, while here, the
constrain is put on the spatial and time derivatives of the metric and the velocity. In
other words, in the non-linear evolution, the system is assumed to be non relativistic in
the sense of special relativity, no matter what the density is. The approximation will fail
close to black holes, but it will still be valid inside galaxies, where the over-densities are
greater than one and hence the approximations made in last section break down.
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Classical results from N-body cosmological simulations are related to the evolution
of the power spectrum and the correlation function in the non-linear regime and its
consequences on the initial power spectrum (Efstathiou & Eastwood 1981; Hamilton et al.
1991). It has been proved for instance that the amplitude of the correlation function has
a self-similar behavior also in the non-linear regime after the formed objects have been
virialized and are fully decoupled from the expansion. The increment in the size of the
computers has permitted to increase the number of particles in the simulations and made
possible the study of the properties of the collapsed objects. Navarro et al. (1996, 1997)
have found that the density distribution of the virialized dark matter haloes follows a
universal profile which presents a central singularity with inner and outer logarithmic
slopes of -1 and -3 respectively. Regarding the substructure present in the dark matter
haloes corresponding to the size of the Milky Way halo, Klypin et al. (1999) have found,
also using N-body simulations, an excess in the number of substructure with respect to
the number of observed satellites galaxies. Many solutions have been proposed, all of
them invoking some astrophysical mechanism to shut down stellar formation in small
halos preventing the formation of dwarf galaxies and at the same time conserving the
predicted number of subhalos (e.g. Hoeft et al. 2006).

Later on, baryonic physics was added to the calculations as well as the effect of
many astrophysical processes: cooling, star formation, supernovae feedback and chemical
enrichment, all of them given by a variety of recipes motivated by different models. At
present, the main interest has moved from the properties of the large structure to the
formation of galaxies. For instance, great effort is invested regarding the formation of
the disk of the Milky Way, where there are still open problems. One of them is related
to the angular momentum of the stellar component (e.g. Steinmetz 1999): a common
feature of the simulations is that there is a transport of angular momentum from the
baryons to the dark matter halo, preventing the existence of large disks as observed in
the Milky Way. Other problems are related to the characteristics of the galaxies that are
obtained in these simulations, as for instance the ratio between the masses of the bulge
and the disc (e.g. Scannapieco et al. 2009).

1.3 MOdified Newtonian Dynamics
Modifications of the gravitational theory are not new. Our opinions about how to describe
and to explain gravitational phenomena has a long history of evolution and modifications
on modifications. Many of these modifications have survived until now and many others
were found to be non viable just after being presented. The first gravitational theory was
proposed by Newton as a fitting formula for solar system observations (Newton 1686)2.
It is given in its modern form by the Poisson equation:

∇2φN = 4πGρ, (1.52)

where ρ is the matter density and φN is the gravitational potential from which the
gravitational forces are defined as

gN = ∇φN . (1.53)

2English translation of this work can be found in Newton (1934).
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The gravitational constant G was assumed to be independent of time and space and its
value had to be measured in laboratory, with no further motivation from basic principles.
Test particles under the influence of gravity move according to Hamilton’s equations:

ẋ = p (1.54)
ṗ = ∇φN . (1.55)

The first modification accepted by the community was proposed by Einstein (1915)
and substitutes the concept of gravitational force by the concept of curvature of space-
time. The field equation for the metric gµν that describes the curvature can be obtained
with a variational principle applied to the following Lagrangian:

L = R
√
−g, (1.56)

where R is the contracted Ricci tensor and g is the determinant of the metric. The
resulting field equations is:

Gµν = 8πG
c4

Tµν , (1.57)

where c is the speed of light which, in the same way as the gravitational constant G, has
to be measured in laboratory. As gravity is not a force anymore, test particles under its
the influence are considered as free and move following the geodesics equation:

d2xα

dτ2 + Γαβγ
dxβ

dτ

dxγ

dτ
= 0. (1.58)

Details about those equations will not be discussed here and can be found in any basic
book on general relativity (e.g. Wald 1984).

The first modifications to this law started to appear a couple of years after Einstein’s
proposal (Weyl, 1919; Eddington 1922); the main motivation at that moment was to
give a geometrical explanation to electromagnetism. Einstein himself also made changes,
proposing to add a cosmological constant to his theory in order to obtain static solutions
for the universe. Later on, when the expansion of the universe was discovered (Hub-
ble 1929), Einstein rejected his own idea; but new observations in the decade of 1990
(e.g. Riess et al. 1998) showed that the expansion is being accelerated and revived the
cosmological term to be accepted as part of the standard gravitational theory.

Other modifications were proposed in the mean time. Examples of such theories are
those that can be obtained giving freedom on the dependence with the Ricci scalar to
the Lagrangian:

L = f(R)
√
−g. (1.59)

This family of theories was born as a possible way to avoid the initial singularity predicted
by general relativity for the universe (Buchdahl 1970) and has a great impetus in recent
times as a way to explain the peculiar behavior of accelerated expansion. For a review
on this kind of theories see for instance Sotiriou & Faraoni (2008). Other modifications
where proposed by adding complementary fields besides the metric, giving rise to vector-
tensor theories (e.g. Will & Nordtvedt 1972; Hellings & Nordtvedt 1973), scalar-tensor
theories (e.g. Bergmann 1968; Wagoner 1970; Brans & Dicke 1961) or bi-metric theories
(Rosen 1973; Milgrom 2009a). Motivations for this modifications are multiple: unification
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between gravity and electromagnetism, quantization of gravity, fundamental explanation
of the cosmological constant and also pure theoretical exercises.

Given this panorama of theories, one can see that all of them have something in
common: they are motivated as modifications of general relativity, which can be inter-
preted as an extension of Newtonian gravity in the high acceleration regime. Regarding
this point, one of the classical books on modifications of gravity (Will 1993) states in
an explicit way that, in order to be considered as viable, any gravitational theory needs
to approach the Newtonian theory when the accelerations are low. Nevertheless, one
can always ask about the validity of this assertion. What if Newton was wrong? Is it
possible that theoreticians are trying to improve a theory (general relativity) which is
already wrong in its non-relativistic limit? One should always keep in mind that Newton
did not know about galaxies nor about cosmology. His theory was developed to explain
the solar system; any extrapolation into galactic dynamics or even cosmology should be
made with extreme care. Newton’s explanations of galaxies can not be taken as more
than predictions that have to be tested in an independent way before taken as valid. Mil-
grom’s theory was proposed under this line of thinking. He decided to make the change
not in the relativistic framework as the community was doing at that moment, but to go
one step backwards and make the change in the Newtonian framework.

The Modified Newtonian Dynamics (MOND) was presented in Milgrom (1983) as an
alternative to the dark matter paradigm. The idea was to assume the non existence of the
dark component in the universe and to make a modification in the law of gravity to explain
the kinematics of galaxies. The original proposal was to calculate the gravitational forces
in the following way3:

µ

(
|∇φ|
a0

)
∇φ = ∇φN , (1.60)

where a0 is a new fundamental constant with units of acceleration, which, as well as
G, has to be measured experimentally. The potential φN is the Newtonian potential
solution of eq.1.52 and φ is the MONDian potential which is the one that should be used
in the equations of motion (eq.1.55) to obtain trajectories of particles. The interpolating
function µ connects the regime of high and low accelerations and has the following
asymptotic behavior:

µ =
[
x if ∇φ� a0
1 if ∇φ� a0.

(1.61)

The observed value for a0 from rotations curves of galaxies is on the order of 10−8 cm/sec2
(Begeman et al. 1991), which makes Milgrom’s and Newton’s theory to be equivalent in
the context of the dynamics of the planets in the solar system. It is interesting to note
that a0 ∼ c

√
Λ, which could be a signal that there is more fundamental physics behind

this new fundamental constant. There is another similarity between a0 and already
known parameters: a0 ∼ cH0. In case that this is not just a coincidence, it will imply
that a0 has, like the Hubble constant H, a time dependence. As well as a0, the µ function
is guessed by studying kinematic of galaxies; the form presently used (Zhao & Famaey
2006) in most of the studies is given by:

µ(x) = x

1 + x
. (1.62)

3The formula can be interpreted also as a modification the of the law of inertia instead of gravity.
This alternative point of view will not be discussed during this thesis.
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For a review on the different µ functions that have been considered see McGaugh (2008).
It is important to note that to talk about high accelerations in a MONDian context,
means to talk about accelerations greater than a0, but still much smaller than the accel-
erations needed for relativistic corrections to be important.

There is an essential difference between MONDian and Newtonian potentials that
can be found in systems as simples as a point mass. The asymptotic behavior of this
solution is given by:

φ(r) =
[ √

GMa0 ln r if ∇φ� a0
GM/r if ∇φ� a0.

(1.63)

As the potential diverges at infinity, there is no escape velocity for isolated systems.
It is easy to show that the original formulation for MOND does not conserve momen-

tum (Felten 1984), which is a desirable property of any theory. The problem was solved
by Bekenstein & Milgrom (1984), who derived the theory from a variational principle
that gave rise to the following field equation for the MONDian potential:

∇ ·
[
µ

(
∇φ
a0

)
∇φ
]

= 4πGρ, (1.64)

which will be called during this thesis as Bekenstein-Milgrom (BM) equation. An alter-
native way of writing this equation is the following:

µ

(
∇φ
a0

)
∇φ = ∇φN +∇× k, (1.65)

where∇×k is the curl field that converts eq.1.60 in a conservative equation. It is possible
to prove (Bekenstein & Milgrom 1984) that the curl field is exactly zero under spherical
and cylindrical symmetry and that it behaves as 1/r3 for non-symmetric situations. This
property gives the opportunity to obtain approximations for the MONDian forces once
the Newtonian solution has been determined. An example of such a solution that will
be used later in this chapter is the one obtained in the deepMOND regime (∇φ� a0):

∇φ =
√
GMa0∇φN . (1.66)

Nevertheless, there are non-negligible differences between the dynamics described by the
simple version (eq.1.60) and the full non-linear one (eq.1.64). The impact that this term
has in non-linear structure formation will be studied in detail in chapter 2.

The MOND theory is extremely successful in explaining the rotation curves of galax-
ies as well as the Tully-Fisher relation in the absence of CDM (McGaugh et al. 2000;
McGaugh 2005). In fact, MOND successfully matches the observations on a wide range
of scales, from globular clusters (Gentile et al. 2010) to different types of galaxies includ-
ing dwarfs and giants, spirals and ellipticals (Milgrom 2007; Gentile et al. 2007; Milgrom
& Sanders 2007; Famaey & Binney 2005; Sanders & Noordermeer 2007; Angus 2008).

On scales larger than galaxies, the original formulation of MOND (BM equation plus
a universe containing only baryons) gives predictions that disagree with observations.
Sanders (2003) found a discrepancy in the context of galaxy clusters and proposed to
include a dark matter component to solve it. As this dark component is needed in clus-
ters but not in galaxies, it must be constituted by particles that are unable to collapse
on the scale of galaxies; a condition that is fulfilled by neutrinos. It was proposed to use
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classical neutrinos with a mass of 2eV as the dark matter component (Sanders 2003), but
Natarajan & Zhao (2008) gave indications that this kind of neutrino is not enough to
explain the observations. In a cosmological context, McGaugh (2004) pointed out a pos-
sible discrepancy between observations of the angular power spectrum of perturbations
at the CMB and the predictions made for a universe populated only with baryons. Angus
(2009) proposed a model with sterile neutrinos which is able to explain both CMB obser-
vations (Angus 2009) and cluster of galaxies (Angus et al. 2009), although the existence
of this particles remains hypothetical.

Naturally, for Milgrom’s idea to become a proper theory, it has to be able to explain
relativistic phenomena: gravitational waves, black holes, expansion of the universe, grav-
itational lensing, etc. The first efforts to extend MOND into the relativistic regime come
from the very beginning (Bekenstein & Milgrom 1984), when the RAQUAL theory was
proposed. Many theories are present at this moment, all of them working with extra fields
besides the metric. There are vector-tensor theories (e.g. Zlosnik et al. 2007; Halle et al.
2008; Blanchet & Le Tiec 2008), vector-scalar-tensor theories (Sanders 1997; Bekenstein
2004) and bimetric theories (Milgrom 2009a). Some of these theories are already known
to be non-viable but they represent the basis for more complex theories, as for instance
TeVeS, which took some ideas of previous theories. There is still a lot of work to do in
this direction. For instance, classical test as preference frame PPN parameters have not
yet been calculated for some of them.

1.4 Cosmology with MOND
As MOND was proposed in a non-relativistic context and still there is no unique well
established relativistic extension, it is not possible at present to study cosmology in
a fully unique self-consistent way. Nevertheless, at least in standard cosmology, it is
possible to extract information about the evolution of regions of the universe smaller
than the horizon using purely Newtonian arguments. Repeating these arguments in the
context of MOND, gives a set of Friedmann’s equations that is not well behaved. Some
particular relativistic extensions, show solutions with a behavior close to the standard
model. From the point of view of non-linear evolution, only very few studies were made,
using simplified expressions for MOND.

1.4.1 MONDian expansion
Non-relativistic treatment

The equation of motion for a particle located in an spatially homogeneous and isotropic
universe can be written considering that it is situated on the surface of a sphere of radius
r and following the analogy of Newtonian cosmology. In the deep MOND regime (see
eq.1.66), the equation is the following one:

r̈ =
√
a0GM

r2
, (1.67)

which taking into account the expression for the mass given by eq. 1.4 becomes:

r̈ =
√

4πG
3

a0r [ρ+ 3(PT + PΛ)], (1.68)
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where PT is the thermodynamics pressure and PΛ is the pressure associated to the cosmo-
logical constant defined in eq.1.5. The Λ term can be extracted from the square root by
means of a Taylor expansion. Making the change given by eq.1.7 and using the definition
1.5 for the dark energy pressure gives:

ä =

√
4πG

3
aa0(ρ+ 3PT )

r0
− aa0

2
Λ
3
, (1.69)

which should be taken as one of the Friedmann’s equations in the MONDian case. There
are two large differences with respect to the standard second order Friedmann equation.
The first one is that the dark energy term is a function of the acceleration constant. This
particularity will not affect qualitatively the expansion. The most worrying difference,
is that it is not possible to factor out the constant r0 as was made in the Newtonian
derivation in section 1.1. Thus, the expansion represented by this equation is a function
of the initial scale assumed for the system.

To solve the equation for a particular cosmological model, for instance an Einstein-de
Sitter universe, will help in quantifying the importance of this new effect. Neglecting
pressure terms and using the solution of the continuity equation (eq.1.9):

ρ = Ω0ρc
a3 = 3H2

0
8πG

1
a3 (1.70)

one can rewrite eq.1.69 as:

ä = 1
a

√
a0H2

0Ω0

2r0
. (1.71)

A first integral can be obtained analytically using, as in the Newtonian case, ȧ as inte-
grating factor. The solution is:

ȧ = 2

√
a0H2

0Ω0

2r0
ln(a) +A, (1.72)

where A is the integration constant. A second large difference with respect to Newtonian
cosmology appears: the expansion is not only function of the scale but any density
parameter gives a closed universe under MOND, with different time scale for re-collapse
for each spatial scale.

The second integration that is required to get the solution can be made numerically.
The result is shown in fig.1.1 for A=0 and Ω0=1 for three different scales. The Newtonian
solution is also shown for comparison. The problem is not only formally in the equation,
but the numbers show that it is not a negligible effect. Changing Ω0 into smaller values
does not solve the problem (less mass can be read as more MONDian, which will not
change the effect).

It seems that we arrive to a dead end at least for the Newtonian set of arguments
that we wanted to build. An examination of the assumptions made during the analysis
could help to understand the reasons for the reasoning to fail. The ingredients employed
in the analysis are the following ones:

• The Birkoff theorem was assumed as valid. One should not forget that there are
no solutions for Poisson equation for an infinite isotropic and homogeneous density
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Figure 1.1: Friedman solutions for Ω0 = 1 for Newtonian (continuous curve) and
MONDian (dashed curves) cases for three different spatial scales. Time is in units of
H0 = 100 km/sec/Mpc.

field and that Birkoff theorem is in fact a relativistic result that should be confirmed
using a relativistic extension of MOND.

• The continuity equation was also accepted to be valid, but section 1.2 shows that
this result is no more than a different way to write the standard Friedmann’s
equations. In other words, solutions from a different theory are beeing included in
the analysis without further justification.

• The calculation was made in the deepMOND regime. To relax this assumption will
not change the qualitative behavior of the solution.

• Extra fields that could be needed in relativistic extensions of MOND were neglected.
To add this fields should not change the behavior of the theory on the scale of
galaxies (the theory was designed to explain galaxies without the addition of any
extra field), but expansion is a large scale phenomena, where the extra fields could
have an impact.

When thinking about expansion, one also must take into account that the measure-
ment of the expansion is made through the standard model. There are long term projects
to measure it in a direct way (e.g. Liske et al. 2008; Pasquini et al. 2006), which will give
a theory independent answer on this topic.

See Sanders (1998) for a detailed analysis on the solution of the equations discussed
here and Felten (1984) for a discussion on the assumptions underlying this kind of ap-
proach.
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Relativistic results

A better clue of what could be the behavior of the expansion in a MONDian universe can
be found extending the study to other formulations for MOND. For instance, Sanders
(2001) has proved using a bi-scalar classical Lagrangian can there are no MOND effects in
the absence of density fluctuations. This result implies that the relation between the scale
factor and the time is given by the standard Friedmann equations. Relativistic extensions
as for instance Sanders (1997) or Halle et al. (2008) give same result, suggesting that
this is a common feature and that only the fluctuations should be taken into account for
MOND.

1.4.2 Linear evolution of density perturbations
Assuming a FRW background and using a spherical collapse model, Sanders (2001) de-
rived an equation equivalent to eq.1.38 for the linear growth of perturbations under
MOND. The equation is the following one:

δ̈ + 2Hδ̇ − 3Ωm
2a3 δ = 3g2

aλc
, (1.73)

where g2 is the MONDian contribution to the acceleration field and λc is a length scale.
Two large differences are present between this equation and the one studied in section

1.2.2. In first place, equation 1.73 is non-linear, so it is not possible for find analytic
solutions. When applying a Runge-Kutta algorithm to obtain the solution, Sanders
found that it is not possible to write down a separable solution as in the Newtonian case.
In other words, different length scales evolve with different speeds. The rate of evolution
is also different, being almost exponential at the moment in which the systems enter in
the MONDian regime. In late times, due to the presence of a large cosmological constant,
the speed of the collapse decreases. The normalization σ8 extracted from the final power
spectrum of perturbations obtained with this method, exceeds by 50% the value for the
ΛCDM model.

Nusser (2002) studied also the linear evolution of perturbation under MOND using
similar arguments. In this case, the MONDian forces were calculated in the deepMOND
regime and by means of the simple MOND formula (eq.1.60). Employing the hydrody-
namic equations plus the Poisson equation in comoving coordinates (see chapter 2 for and
explanation of this coordinates), Nusser wrote a growth equation for the accelerations
instead of the overdensity:

∂2gN
∂t2

+ 2H∂gN
∂t

=
(

3
2a

ΩH2a0

)1/2 gN
|gN |1/2

. (1.74)

The solution of this equation behaves in a decreasing monotonic way, with an asymptotic
value

g = 3
10
a0 < a0. (1.75)

According to this analysis, once the accelerations enter in the MONDian regime, they
stay there until redshift z = 0. The solution for the density field associated with this
accelerations is given by:

δ ∼ t4/3 ∼ a2. (1.76)
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Sanders (2008) has shown that there is an attractor in the space of solutions of eq.1.73
which gives a logarithmic slope of -1 to the power spectrum. Furthermore, the normal-
ization of the spectrum at late times is independent of the employed initial conditions.

1.4.3 Non-linear evolution of density perturbations
Very few advances were made in the context of non-linear evolution and galaxy for-
mation under MOND. Spherical collapse models were presented in Sanders (2008). By
integrating the equations of motion for spherical shells, he found that it is possible to ob-
tain virialized objects that resembles elliptical galaxies and that they follow well defined
radius-velocity dispersion and mass-velocity dispersion relationships.

In the context of self-consistent non-spherical calculations, at present (excluding the
work that is provided in this thesis) there are only two works in the literature (Nusser
2002; Knebe & Gibson 2004). Both of them were made assuming that MOND does
not affect the expansion of the universe and thus, employing the standard Friedmann
equations to describe the background. Regarding the field equation used to calculate
the MONDian potential, both authors approximated the conservative MOND equation
(eq.1.64) by the simple non-conservative MOND formula (eq.1.60). Both calculations
took into account only collision-less matter. The main result (which agrees also with
Sanders (2001) linear results) is that the collapse in MOND is too strong at late times
and that, in the case of using a standard power spectrum at the initial redshift, the final
power spectrum over-estimates the observed values. Nusser studied the consequences of
varying a0 over the normalization of the final power spectrum. On the other side, Knebe
decided to change the normalization of the initial power spectrum to match the observed
spectrum and extended the study to the properties of the collapsed objects. One of the
highlights of that work is that MOND is unable to produce objects with masses similar
to the mass of the Milky Way. This possible issue will be revisited in the chapter 2 of
this thesis under the same conditions in which Knebe worked and in chapter 5 with a
different set of assumptions. While this simulations are one step above spherical collapse
simulations, there are still strong assumptions in the calculations that make obscure the
understanding of the underlying physics. The main weak points are the absence of curl
field effects, the treatment made of the initial conditions and the absence of baryonic
physics and cooling.

1.5 This thesis
The standard cosmological model is very successful in explaining many aspects of cos-
mological evolution. Some examples of the predictions that were made by the model and
that are consistent with observations are the abundance of elements given by the primor-
dial nucleosintesis, the spectrum of the CMB radiation and the matter power spectrum
at redshift z = 0. On the other side, there are still no strong predictions from the MON-
Dian cosmological model, especially at low redshift. Thus, the main question we want
to address in this thesis is the following: can MOND reproduce the success of ΛCDM
in a qualitative and quantitative way in the context of post-recombination cosmological
evolution?

Naturally, the standard model is not perfect. Besides the fact that the nature of the
two unseen components is still not understood, there is a mismatch between predictions
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and observations in many different situations (e.g. cuspy cores, number of satellites,
abundance in voids, etc). In case that these problems are the signal of a crisis and that
we are indeed living a moment in which a Kuhnian paradigm shift is happening, the
new paradigm must be able to solve these difficulties. In this context, this thesis is also
intended to test how MOND performs when it is applied to the weak points of ΛCDM.
In particular, three of the sensitive points of the standard model will be tackled: the
void phenomenon, the colissional velocity of objects and the separation between centers
in baryonic matter and lensing signal.

Other very important point that needs to be address is how to discern by means of
observations between this two families of gravitational theories, i.e. those with Poissonian
and MONDian weak limits. To this end, it is necesary to find the observables for which
both theories give different predictions. This leads to one more of the goals of this
thesis, which consist in the search for this kind of predictions in the context of non-linear
structure formation.

As was discussed in section 1.4, there are very few works intended to study non-linear
evolution with MOND (Nusser 2002; Knebe & Gibson 2004). Both of them studied
toy models in which many approximations were made, therefore, to give strength to
the predictions obtained using this kind of simulations, it is still necessary to refine the
techniques and to test the validity of the adopted hypothesis. Consequently, a large part
of the work will be dedicated to discussion of the technical issues involved and to the
improvement of the methods.

One of the main assumptions that will be relaxed with respect to previous works
in structure formation with MOND is the absence of curl field effects. While it is true
that the curl term in the Bekenstein-Milgrom (BM) equation (eq.1.65) decreases very
fast with the distance for isolated objects, it still could affect the dynamics in the highly
non symmetric situations which are present for instance in the environment of satellites
galaxies or in the cosmic web it self. The techniques that will be employed here to solve
the BM equation were already used with satisfactory results in the context of galactic
dynamics (Brada & Milgrom 1999; Tiret & Combes 2007), but never implemented in a
cosmological context. As the technical complexity strongly increases when dealing with
the BM equation, the study of the influence of pressure and cooling effects will be left for
future work. Thus, it is important to emphasize that during this thesis, the analysis will
be focused only on the evolution of dust, i.e. collision-less matter. Nusser (2002) already
found, employing dust simulations, that strong anti-bias could be needed to match the
normalization of the power spectrum at redshift z = 0. The simplification that will be
made in this sence should be taken into account when extracting conclusions from the
results presented here.

More care will be taken also when generating the initial conditions for the simulations.
It is commonly accepted that the universe at high redshift can be understood using
Newtonian physics. This assumption permits to use standard algorithms to determine
the initial position of the particles. The validity of this hypothesis will be tested (with
negative results) and an improved method to generate initial conditions for cosmological
simulations will be proposed.

The equations needed to describe the evolution of dust and the methods that will be
used to solve them will be developed under the same line of ideas presented in section
1.2.3. However, there will be a very important difference in our treatment. The fact that
there is no unique relativistic extension of MOND makes any kind of relativistic analysis
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theory dependent and entails the risk of loosing generality and missing the fundamental
points that characterize the MOND theory. Instead of deriving the equations from basic
principles as was done for the standard case in section 1.2.1, a minimalistic and more
general approach will be taken. For the evolution of the background, the same approach
used by other authors (e.g. Sanders 2001; Nusser 2002; Knebe & Gibson 2004, etc.) will
be adopted: it will be assumed that MOND does not affect the expansion and that the
standard Friedmann’s equations are valid. Regarding the field equation for the metric
perturbations, the derivation will be made using a set of standard Newtonian arguments,
with subtle differences that will be motivated by the non-linearity of the BM equation.
Furthermore, any extra field necessary to extend the MOND formula into the relativistic
framework will be neglected in large part of this work. Only the last chapter will be
dedicated to the study of the influence of extra fields in a particular case of bimetric
theories.

In chapter 2, we will study the effects of the curl field that was neglected in the
previous literature. We will start the chapter developing a non-relativistic formalism from
which the equations for the accelerations in an expanding background can be derived. To
this end, the minimalistic approach described above will be adopted. The chapter will
continue with a description of the method that will be used to solve the BM equation
and of the tests that were made to the implementation. Finally, we will repeat the
calculations presented in Knebe & Gibson (2004) using the new set of equations and
codes. The results will be compared to understand the characteristics of the curl field it
self and its consequences on the non-linear cosmological evolution.

Chapter 2 will also include a strong test that was made to the code (and to the theory)
that consists in the verification of stability of triaxial models for galaxies. The models
where previously developed by Wang et al. (2008) using the Schwarschild method.

In chapter 3 we will study the velocity field of the simulation presented in chapter 2.
The original motivation of the chapter was to repeat the analysis presented in Hayashi
& White (2006), but in the context of MOND. That work deals with the probability
of having a collision of clusters as fast as the one present in the Bullet Cluster (Clowe
et al. 2006). As the box size used in the simulation employed here is too small to include
clusters, an extrapolation is needed. We propose a normalization of the velocities that
gives results independent of the mass of the objects and find strong differences between
MONDian and Newtonian simulations, which could give the chance to distinguish the
two theories using observations.

Chapter 4 will be dedicated to the study of the concept of phantom dark matter. This
idea was introduced very early in the literature (Milgrom 1986) and refers to the amount
of dark matter needed to reproduce a MONDian potential in a Newtonian context. We
describe the way in which this quantity can be calculated on a cosmological context and
show some properties of its distribution in the simulations presented in chapter 2.

Chapter 5 will revisit the generation of initial conditions for non-linear calculations.
The standard argument to generate initial conditions for MOND is that the accelerations
at high redshift are high enough to be considered as Newtonian (e.g. Nusser 2002; Knebe
& Gibson 2004; Angus 2009) and hence standard algorithms with standard gravity can
be employed. We will test this hypothesis by measuring the accelerations in a direct
way on realizations of density fields generated at different redshifts. As the results of
the test will be negative (accelerations are in fact MONDian at very high redshift), we
will propose a method to generate initial conditions using MONDian gravity. Part of the
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ID Ωb Ωc ΩΛ Ων H0 Ωtot Comments
A .053 .206 .741 0 72.4 .259 ΛCDM
B .053 0 .947 0 72.4 .053 ΛCDM without dark matter
C .04 .04 0 0 70.0 .08 KG04
D .04 .04 .92 0 70.0 .08 KG04 with dark energy
E .047 0 .724 .229 71.5 0.276 Angus (2009) with neutrinos

Table 1.1: Cosmological models shown in Fig.1.3 and Fig.1.2. See text for explanation
of the motivation for each model. The neutrinos used in the model E have a mass of 11
eV.

calculations will be made in this case using a new conservative formulation for MOND
proposed in Milgrom (2010b). The great advantage of this formulation is that the field
equation is given by a system of two linear Poisson equation with different source. This
opens the possibility to get solutions using standard gravity solvers based on Fourier
methods.

In chapter 6 we will study the concept of twin matter proposed recently in Milgrom
(2010a). This is a reinterpretation of MOND in the context of a bimetric relativistic the-
ory, which describe MOND as the interaction between two fluids with repulsive behavior.
We will describe the implementation of the equations in a particle mesh code that was
developed from scratch during this thesis. The code was made with the intention to have
a place where to make preliminary test of new theories. Consequently, it was designed
to be small and simple, which makes possible to introduce the necessary modifications
for different gravitational models in a quick and safe way, minimizing the probability of
introducing bug in the process. The results obtained with this code, can be used as refer-
ence for modifications made a posteriori in bigger codes as for instance Ramses (Teyssier
2002) or Gadget (Springel 2005). We will show the behavior of the time evolution of the
power spectrum for this new theory and a few characteristics of the interaction between
the two fluids.

Finally in chapter 7, we summarize the basic results and address the questions pre-
sented here.

The present chapter will be closed with a discussion about the cosmological models
that are associated to MOND (i.e.which is the way in which energy is distributed between
its different components). The original proposal by Milgrom was to assume that the uni-
verse is filled only with baryons, radiation and a possible cosmological constant. The
theory was designed to explain galactic rotation curves under this assumption. Thus, on
those scales, there should not be perturbations in any dark sector. There is a possible
drawback associated with this model: under the assumption that the evolution of the
early universe is dictated by Einstein’s gravity, the model is unable to fit the angular
power spectrum of perturbations on the CMB (McGaugh 2004). There are two possible
ways to go around the problem. On one side, one can assume than non standard rela-
tivistic effects as, for instance, the coupling between matter and a vector field, will have
an impact on the evolution of the universe even in the case that the accelerations are
Newtonian, as it is assumed at early epochs. In other words, the mismatch between the
data and the cosmology proposed by Milgrom could be a consequence of the fact that
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Figure 1.2: Angular power
spectrum of perturbations for
the models described in table
1.1.

the theory is still incomplete.
Another way to improve the fitting of the CMB data is to assume that Einstein’s

equation is valid in the early universe and to include a neutrino component in the energy
distribution. As was discussed in section 1.1, classical neutrinos are inconsistent with
cluster’s data. Nevertheless, a promising model have appeared during the calculations
for this thesis (Angus 2009) using 11eV massive neutrinos as the dark matter component.
This proposal can solve the inconsistencies found on the CMB data and on clusters of
galaxies and at the same time lives the high frequencies region of the power spectrum
unperturbed to let MOND to make the baryons to collapse on those scales building
galaxies.

As an example of the effect of different non-standard cosmologies on the CMB angular
power spectrum, Fig.1.2 shows the angular power spectrum calculated with standard
gravity with the code cmbfast (Seljak & Zaldarriaga 1996)4 for the cosmologies shown in
table 1.1. Fig.1.3 shows the power spectrum of baryon perturbations calculated with the
same code at the redshift of the CMB (z=1000). The motivation for each model included
in the table and some characteristics of their associated spectra are the following ones:

• Model A: standard ΛCDM parameters proposed in Angus (2009). It is shown here
as a good approximation to the observations.

• Model B: it is the most straightforward flat cosmology that one can thing of in a
universe populated only with baryons as Milgrom proposed originally. It does not
fit the angular power spectrum. The acoustic oscillations are in different place in
the power spectrum.

4See Callin (2006) for an interesting discussion about CMB calculations.
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Figure 1.3: Power spectrum of bary-
onic perturbations at redshift 1000 for
the models show in table 1.1. Up-left:
simple model with only a baryonic com-
ponent. Up-right: Knebe & Gibson
(2004) models (open and closed models
lay in top of each other). Down: Angus
(2009) model. In all the panels, the stan-
dard ΛCDM power spectrum is shown as
a comparison. The normalization is ar-
bitrary.

• Model C: cosmology proposed in Knebe & Gibson (2004) (KG04) that will be
discussed in chapter 2. It includes a low density dark matter component that
makes small scales to collapse and gives a power law form with slope -3 to the
power spectrum. This new component decrease the amplitude of the wiggles, but
they are still in different place than in ΛCDM. The angular power spectrum is still
far for the ΛCDM spectrum.

• Model D: a flat version of the model C. To include a cosmological constant does
not improve the fitting of the angular power spectrum.

• Model E: Model proposed in Angus (2009) with a massive neutrino component. It
conserves Milgrom’s original proposal (no dark matter on the scales of galaxies)
while greatly improves the fitting of the angular power spectrum. Owing to the
dark matter equivalent behavior of the neutrinos on large scales, the wiggles are in
the same place that in ΛCDM. This cosmology has also the property to give good
fitting to clusters data (Angus et al. 2009).



Chapter 2
On the effects of the curl field in the
non-linear regime on galactic scales

1

There are only two works in the literature intended to investigate the properties of the
non-linear evolution of dust under MOND (Nusser 2002; Knebe & Gibson 2004). Both
studies are toy models in which many approximations were made. It was assumed that
MOND does not affect the evolution of the background (the expansion of the universe)
and that the effects of the curl field defined by eq.1.65 are negligible. The initial conditions
were generated in both cases assuming that the accelerations at high redshift are large
enough for Newtonian physics to be valid; pressure and cooling effects were also neglected.
The aim of this chapter is to investigate the consequences of reglecting the curl field. To
this end, the simple MOND formula previously used (eq.1.60) will be replaced by an
equivalent to the Bekentein-Milgrom (BM) equation (eq.1.64) in an expanding context.
The validity of the third assumption regarding the initial conditions will be discussed in
detail in chapter 5.

The work presented in Knebe & Gibson (2004) (from now KG04) will be the reference
point for the calculations of this chapter. The methodology employed there is the same
that was presented in section 1.2.3: the density field is described using a set of particles,
whose positions are evolved in time according to the linearized geodesics equation coupled
to the linearized Einstein’s equation. These equations are solved in the following way:
after estimating the density that is described by the particles on a grid, the potential is
calculated by solving the field equation on the grid. From this potential, the forces are
calculated using a discretization formula for the spatial derivatives. In order to update
the position of the particles, an interpolation of the forces is made from the grid to the
particles and a standard leap-frog scheme is employed. For a detailed discussion about
particle mesh methods see for instance Hockney & Eastwood (1988). The code used in
the case of KG04 was the N-body cosmological code AMIGA (Green 2000; Knebe et al.
2001), which uses a grid that changes its resolution according to a criteria that could be

1Most of the results in this chapter were originally published in Llinares et al. (2008) and Wu et al.
(2009). An early stage of the calculations was presented also in HPC-Europa reports 2007 and 2008.
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defined for instance according to the number of particles per node. The implementation of
MOND was based on an algorithm that involves changes of coordinates and the use of the
simple, non-conservative, MOND formula (eq.1.60). To make this approximation gives
the chance to compute the MONDian forces from the Newtonian ones. In conclusion,
it is only needed to solve the Poisson’s equation, which can be done using a standard
FFT method in the case of a Cartesian uniform grid or an iterative method in the case
of non-uniform refinements.

In order to investigate the consequences of neglecting the curl field, KG04’s calcu-
lations will be repeated here using a different MOND equation. As the intention is to
restrict the study only to a particular term in the equations, the analysis will be kept
as close as possible to the conditions in which KG04 worked. Thus, KG04’s initial con-
ditions and code will be employed. Furthermore, as well as in KG04, gas dynamics will
not be taken into account. The only modification that will be made to the code is in the
potential solver, which will be changed by an implementation of a multigrid method to
solve the BM equation.

The dominant matter component (dark matter) in the ΛCDM model is collisionless.
Thus, N-body simulations made in this context should give a very good representation
of the large scale structure and the internal structure of dark matter halos. The effect
of baryons appears only as a correction that, while can be important in the center of
the halos, for instance through adiabatic contraction (Blumenthal et al. 1986) or im-
proved models (e.g. Gnedin et al. 2004), it should not affect the global properties of the
dark matter distribution. On the other side, in MONDian cosmology, the only matter
component on the scale of galaxies are the baryons. Therefore, collisionless simulations
are only able to give correct predictions on the large scale distribution of objects, but
the absence of gas dynamics will give a biased description on the scales of kiloparsecs.
The structure of the objects that are obtained with this kind of simulations should be
different that when pressure and cooling effects are included. In conclusion, the results
that will be presented in this section related to the form of the objects, as for instance
the comparison between triaxialities, should be taken only as indicatives and must be
revisited with an improved implementation of the modeling of the baryons.

The first thing to do before to find the manner in which the curl field affects the evo-
lution, is to develop the equations that describe MOND with an expanding background.
A possible set of equations will be presented in section 2.1. The section will include also
an explanation of the method that will be used to solve the non-linear equation proposed.
Section 2.2 will describe a set of simulations that were run using this techniques. The
analysis of the simulation data, including the effects of the curl field on the evolution
will be showed in section 2.3. Section 2.4 will present differences that were found in the
voids that came out from the MONDian and Newtonian simulations. The conclusions of
the chapter will be presented in section 2.5.

2.1 Studying non-linear cosmological evolution of dust
under MOND

A derivation of a possible version of the BM equation in an expanding context will be
proposed. KG04 did not present a field equation, but obtained their non-conservative
MONDian forces using an algorithm that involves changes of coordinates and the use of



2.1: Non-linear evolution under MOND 35

the simple MOND formula (eq.1.60). As the purpose of the chapter is to compare results
with the ones presented in that paper, the field equation that is behind KG04’s algorithm
will be also derived. Finally, the method used to solve the BM equation will described,
including also some details of its implementation into the N-body code AMIGA and the
tests that were performed.

2.1.1 A cosmological version of the Bekenstein-Milgrom
equation

The introduction of the chapter described the particle mesh algorithm that is commonly
employed to study non-linear cosmological evolution of dust. Here, the method will be
extended to MOND, using a conservative version of it. We recall that the method consist,
in the standard case, in following the trajectories of particles described by eqs. 1.182 and
1.47 (i.e. the linearized Einstein’s and geodesics equation). This equations have to be
extended to take into account MOND.

All the modifications of gravity proposed at the moment conserve the geodesics equa-
tion. We will assume that any relativistic version of MOND will do the same, so the
analysis made in section.1.2.3 is valid (it is independent of the field equation employed
to obtain the metric) and eqs.1.47 can be safely used to describe the time evolution of
the positions of the particles.

More care must be taken when generalizing the field equation. The ideal case, will
be to repeat the analysis made in section 1.2.1, making a perturbation over a FRW
metric and obtaining the MOND equation as the first order of the generalized Einstein’s
equation. The fact that there is no unique relativistic extension for MOND, will prevent
us to do that in a unique way and will make any analysis to be theory dependent. A
different approach will be taken here, which is based on a set of non-relativistic arguments
that are often used in standard cosmology.

The Newtonian way to obtain the linearized field equations is the following: instead
of making a perturbation over a FRW background as in section 1.2.1, one can propose a
Minkowsky background given by:

ds2 = −dt2 + dx′2 + dy′2 + dz′2 (2.1)

and make a scalar perturbation of it:

ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dx′2 + dy′2 + dz′2). (2.2)

By substituting this metric in the Einstein’s equation (eq.1.57), one gets the standard
Poisson’s equation:

∇2
x′Φ = 4πGρ (2.3)

which is used to study for example galaxies. The density in the source of this equation is
the perturbed density, which in terms of the unperturbed density ρ0 can be written as:

ρ = ρ0 + δρ. (2.4)

2The Newtonian gauge will be used, so m should be taken as 2 in that equation.
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The expansion is introduced now by hand using the following change of variables3:

x = x′

a
(2.5)

φ = Φ− 4πGρ0x
2, (2.6)

were the new positions are known as comoving positions, φ is known as the comoving
potential, ρ0 is the unperturbed density responsible for the Minkowsky metric (eq.2.1)
and a is the expansion factor which is taken as a solution of the Friedmann equation
(eq.1.16); the unperturbed density is also assumed to evolve according to the Friedmann
solutions. Taking into account that the gradient behaves as:

∇x = 1
a
∇x′ , (2.7)

one gets, after making the change in eq.2.3, the following expression:

∇2
xφ = 4πGa2δρ (2.8)

which is the linearized Einstein’s equation with an expanding background that was ob-
tained from basic principles in section 1.2.1.

In the case of MOND, the first step of this derivation will give, by definition of the
theory, the non-linear equation proposed by Milgrom:

∇ ·
[
µ

(
|∇Φ|
a0

)
∇Φ
]

= 4πGρ (2.9)

After making the change of variables given by eqs.2.5 and 2.6, one gets:

∇ ·
[
µ

(
|∇(φ+ 4πGρ0x

2)|
aa0

)
∇φ
]

= 4πGa2δρ, (2.10)

which owing to the non-linearity of the µ function has an undesired dependence with
the position x. To get around this problem, one needs to have a better understanding of
the physics that is behind the change of variables proposed, especially the change of the
potential. To think in an unperturbed universe with density ρ0 different than 0 could
help on this. As in such a universe there are no forces, the potential is a constant, which
is in contradiction with the Poisson’s equation (eq.2.3):

0 = 4πGρ0. (2.11)

The same contradiction is present in MOND, which shows that a constant must be added
to the field equations for them to be valid in homogeneous situations. The change of
the potential shown before does this for Newton, but as was already shown, a different
approach should be taken for MOND. The validity of the cosmological principle implies
that for a large enough region of the universe, the forces in its surface should be isotrop-
ically distributed, which implies that the flux of the gravitational forces over the surface
of the region should approach 0 as the volume V increases:∫

∂V

∇Φ · d2S ∼ 0. (2.12)

3Note that the change in the potential can be written as a time derivative in a classical Lagrangian,
so it will not change the equations of motion for the particles.
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To apply the divergence theorem gives:∫
V

∇2Φd3x ∼ 0. (2.13)

Finally, to take into account the Poisson’s equation shows that its source should have
zero mean, which can be achieved subtracting the mean density to the density. In other
words, the definition of the potential φ in eq.2.6 is no more that a mathematical way of
writing the Jeans swindle.

By applying this reasoning to MOND, one finds the following equation:

∇ ·
[
µ

(
|∇Φ|
aa0

)
∇Φ
]

= 4πGa2(ρ− ρ0), (2.14)

which will be taken as equivalent to eq.2.8 in a MONDian context.
It is customary to write the source term as a function of the overdensity:

δ = ρ− ρ0

ρ0
. (2.15)

This can be done taking into account the definition of the critical density:

ρc = 3H2
0

8πG
, (2.16)

the definition of the density parameter:

Ω = ρ0(z = 0)
ρc

(2.17)

and the expression for the evolution of the background density (eq.1.20) given by the
Friedmann’s equation:

ρ0(z) = ρ0(z = 0)
a3 . (2.18)

Putting all this things together, one can rewrite, for a matter dominated universe, the
source term in the following way:

4πGa2(ρ− ρ0) = 3
2
H2

0Ω
a

δ. (2.19)

The derivation of the equations will be closed by making a last modification that
has to do with an important issue related to the initial conditions. As was mentioned
at the beginning of the chapter, the initial conditions used in KG04 where generated
using Newtonian physics. In Chapter 5 it will be shown that eq.2.14 predicts that the
accelerations are already MONDian at the initial redshift (z=50), so KG04 is in fact using
Newtonian physics at an epoch in which the universe is out of the Newtonian regime. The
easy way to go around this problem is to force eq.2.14 to give Newtonian accelerations at
the initial redshift. This can be done by giving a redshift dependence to the acceleration
constant a0 given for instance by a0(a) = aa0(a = 1), where a0(a = 1) = 1.2×10−10m/sec
is the observed value for the local universe. From the theoretical point of view, the
freedom that is taken here is supported by the fact that different Lagrangians proposed
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for relativistic extensions of MOND result in different dependence a0(a). For instance,
Zhao (2008b) predicts a0(a) = a1/2a0(a = 1) and Sanders (2001) proposed, from a
classical bi-scalar lagrangian, a dependence a0(a) = a3/4a0(a = 1). Chapter 5 will
present a detailed study of the initial conditions’s issue.

To summarize, the set of equations that will be employed during this chapter to
describe the non-linear evolution of dust in the matter dominated era will be:

∇ ·
[
µ

(
|∇Φ|
a2a0

)
∇Φ
]

= 3
2
H0Ω
a

δ (2.20)

ẋi = pi

a2 (2.21)

ṗi = − ∂Φ
∂xi

. (2.22)

A last warning should be given about eq.2.20. The MONDian field equation presented
here is one particular model that was obtained using the most simple set of Newtonian
arguments one can think of. It is assumed here that the expansion follow the standard
equations and that any extra field included in relativistic theories does not affects the
MOND equation when the expansion is taken into account. The only way to under-
stand which is the valid equation, is to test them with observations, for which one needs
predictions. The aim of this work is to obtain this predictions for this particular model.

2.1.2 The field equations in KG04
As we want to compare the results that will be obtained here with those presented in
KG04, we need to understand the relation between the field equation that was proposed
in section 2.1.1 (eq.2.14) and the one used in KG04. As KG04 does not provide a field
equation, but an algorithm based in the solutions of the standard Poisson’s equation, the
field equation is derived here. In KG04’s approach, the Newtonian potential is defined
by the following Poisson’s equation:

∇2ΦN = 4πGa3δρ (2.23)

and the trajectories of the particles are given by:

ẋi = pi

a2 (2.24)

ṗi = 1
a

∂ΦN
∂xi

.

A comparison with the expressions that were presented in section 1.2.1 (eq.1.18) and
section 1.2.3 (eq.1.47) in the Newtonian gauge says that KG04 uses a redefinition of the
potential given by:

φN = ΦN
a
, (2.25)

where φN is the potential as was proposed in section 1.2.1 using m = 2 (Newtonian
gauge) and ΦN is the potential in KG04’s convention. Regarding the calculation of the
MONDian non-conservative forces, the recipe given by KG04 is the following one:
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• Calculate Newtonian forces FN,pec = ∇ΦN using Eq.2.23.

• Calculate the so called peculiar accelerations in proper coordinates gN,pec using
gN,pec = FN,pec/a2.

• Calculate the MONDian peculiar accelerations in proper coordinates gM,pec using

gM,pec = gN,pec

1
2

+ 1
2

√
1 +

(
2a0

gN,pec

)2
1/2

, (2.26)

which is a consequence of using the standard µ function in the simple non-conservative
MOND formula (eq.1.60) given by:

µ

(gM,pec

a0

)
gM,pec = gN,pec. (2.27)

For convenience, expression 2.26 can be rewritten in a general way as:

gM,pec = f(gN,pec) (2.28)

and thus, eq.2.27 reads:
gN,pec = f−1(gM,pec). (2.29)

• Transfer gM,pec back to FM,pec = a2gM,pec.

• Use FM,pec instead of ∇ΦN in eqs.2.24 to evolve the position of the particles.

The field equation associated with this recipe can be obtained by putting everything
together and writing the relation between the forces FM,pec and the Newtonian potential
as:

FM,pec = a2f

(
∇ΦN
a2

)
. (2.30)

Using the inverse of function f , one gets:

∇ΦN = a2f−1
(
FM,pec

a2

)
. (2.31)

By taking in account eq.2.27 and assuming that FM,pec is curl free (in the sense that
exists a potential where to derive it), one arrives at:

∇ΦN = µ

(
∇Φ
a2a0

)
∇Φ. (2.32)

Finally, using the relation between KG04’s potentials and the potential given in the
Newtonian gauge (eq.2.25) gives:

∇φN = µ

(
∇φ
aa0

)
∇φ, (2.33)

which is the field equation used by KG04 according to the definition for the potential
used in this thesis and which is in agreement with the equation derived in section 2.1.1
(eq.2.14) when the curl term is neglected.
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Figure 2.1: Stencil (27 points)
used in the discretization of the
MOND equation (cf. Eq.2.35).
The argument of the µ function
is approximated in points indi-
cated by the open circle, i.e. in-
between the nodes of the stencil.
The bright points show the cells
used to calculate the gradient in
that point (cf. Eq.2.36).

2.1.3 Obtaining solutions of the BM equation
This section will present the method that will be employed to solve the MOND equation
(2.20). Few details of its implementation into the N-body cosmological code AMIGA
(Green 2000; Knebe et al. 2001) will be also discussed.

The computation of numerical solutions of Poisson’s equation is a very well know
problem and there are already many available techniques. Some of them, as the FFT
based method or direct summation, exploit the fact that Poisson’s equation is linear and
hence, they can not be used for MOND. There is another more general method known as
multigrid relaxation (e,g. Brandt 1977; Wesseling 1992; Trottenberg et al. 2000), which
is widely used to solve non-linear elliptic equations and that will be the method of our
choice.

The multigrid method consists on discretizing the equation on a given grid and solving
the non-linear system of algebraic equations with Gauss-Seidel type iterations. The
discretization that will be employed for the MOND equation, which was proposed by
Brada & Milgrom (1999) and used also by Tiret & Combes (2007), is given by:

[µi+1/2(φi+1 − φ) + µi−1/2(φ− φi−1) + µj+1/2(φj+1 − φ)+
µj−1/2(φ− φj−1) + µk+1/2(φk+1 − φ) + µk−1/2(φ− φk−1)]/h2 =
4πGa2δρi,j,k, (2.34)

where δρi,j,k is the perturbation on the density in the cell (i, j, k) that belongs to a grid
with spacing h, φ is the potential in cell (i, j, k) and φi±1 the potential in the neighboring
cells (i± 1, j, k). The same terminology applies to the other two spatial dimensions. The
coefficient µi+1/2 is the evaluation of the µ function at the point (i + 1/2, j, k), etc.
Reordering terms Eq. 2.34 gives:
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µi+1/2φi+1 + µi−1/2φi−1 + µj+1/2φj+1+ (2.35)
µj−1/2φj−1 + µk+1/2φk+1 + µk−1/2φk−1−
(µi+1/2 + µi−1/2 + µj+1/2 + µj−1/2 + µk+1/2 + µk−1/2)φ = 4πGa2δρi,j,k,

which shows that this discretization is similar to the standard one used for the Poisson’s
equation (Brandt 1977), but with the potential weighted by the µ function. By assuming
µ=1, one recovers the discretized Poisson’s equation.

The gradient of the potential in the argument of µ also needs to be discretized. The
form used is:

((∇φ)x)i+1/2 = φi+1 − φ
h

(2.36)

((∇φ)y)i+1/2 = (φi+1,j+1 + φi+1)− (φi+1,j−1 + φj−1)
4h

,

((∇φ)z)i+1/2 = (φi+1,k+1 + φk+1)− (φi+1,k−1 + φk−1)
4h

.

The nodes employed in this discretization are highlighted in Fig.2.1.
There are two possible ways to make the relaxation procedure. One can either use

an explicit method, which consist in reordering terms in eq.2.35 (while freezing the coef-
ficients µi±1/2, µj±1/2, µk±1/2) in a way that one gets:

φ = f(φi±1, φj±1, φk±1, µi±1/2, µj±1/2, µk±1/2, δρi,j,k), (2.37)

or one can apply one step of a Newton-Raphson root finding algorithm to

0 = φ− f(φi±1, φj±1, φk±1, µi±1/2, µj±1/2, µk±1/2, δρi,j,k). (2.38)

Both alternatives where tested and the outcome is that they show similar rate of conver-
gence that goes in favor of one or the other according to the density distribution. The
final decision was to use the explicit method which involves fewer calculations.

The implementation is expected to be parallelized using OpenMp standards. There-
fore, iterations should be made in a way that during one iteration sweep, the nodes used
to actualize a potential in a particular cell are not being changed at the same time by
another process. As the MOND equation was discretized using a 27 points stencil (e.g.
Trottenberg et al. 2000) in 3D (9 points in 2D), it is not possible to use the standard
two colors scheme employed for the Poisson’s equation (Press et al. 1993). A possible
alternative which uses eight colors in 3D (four colors in 2D) is sketched in Fig.2.2. One
iteration step is complete after sweeping eight times through the grid updating those
nodes per sweep that have identical numbers as indicated in the figure. Additional it-
eration schemes were coded (lexicographic and zebra in three directions (e.g. Wesseling
1992)) and the code switches automatically between them in extreme cases for which the
convergence with the 8 colors gets stacked.

The convergence criteria employed is based on a comparison between the residual
and an estimation of the truncation error. A numerical solution Φkn has converged after
n iterations on a grid k if the norm || · || (mean or maximum value in the grid) of the
residual

ek = Lk(Φkn)− 4πGa2δρ (2.39)
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Figure 2.2: A possible color-
ing scheme for obtaining an itera-
tive solution of the field equation.
The numbers indicate the order-
ing by which the nodes that are
updated. Each panel corresponds
to a different layer in the z direc-
tion.

is small compared with the norm of the truncation error, which is estimated with:

τk = Lk−1(RΦkn)−RLk(Φkn) (2.40)

(i.e. ||ek|| < 0.1||τk||). The value 0.1 has been determined heuristically. Here, Lk denotes
the discretized differential operator on a grid k given by the left hand side of Eq.2.34,
Lk−1 the same discretization in the next coarser grid and R is the restriction operator
that interpolate values from the grid k to the grid k − 1.

The convergence is accelerated by making iterations in coarser grids using the full
approximation scheme (FAS) proposed by Brandt (1977), which was specially designed
for non-linear problems.

2.1.4 Tests to the code
In order to verify and gauge the credibility of the numerical solver, two complementary
tests were performed. The first one assesses the recovery of the potential for a given
solution of the MONDian Poisson’s equation. The second test checks whether or not the
code recovers the same temporal evolution of a cosmological simulation when setting the
MONDian acceleration a0 to such a low value that it will not affect structure formation
(Newtonian limit).

Appendix 2.A describes a stronger test that was made to the code and the theory
itself, which consist in the verification of the stability of triaxial systems.

Static test

The potential solver was tested using an analytical density potential pair. An easy way
to get a pair is not to propose a density and to solve the equation for the potential, but to
propose a potential and to introduce it into the field equation to get the corresponding
density (the method was already explored for instance in Ciotti et al. (2006)). The
potential proposed to make the test is the corresponding to a Hernquist profile (Hernquist
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Figure 2.3: Left: Relative error in the potential (upper panel) and the forces (lower
panel) recovered with the solver on a 643 grid for a Hernquist profile as a function of
radius. The continuous line corresponds to the nodes that belong to the diagonal box
while the dots represent a random sample of all grid points. Right: Density distribution
at redshift z = 0 for the 643 particles test simulation in the Newtonian limit (a0 = 10−12

cm/s2, upper panel) and the corresponding Newtonian run (lower panel).

1990) which is given by:

ΦH = − GM

r + rc
+
√
GMa0 ln

(
r + rc
r0

)
, (2.41)

where M , rc and r0 are constants. The logarithmic term was added to the standard
expression in order to mach the properties of the solution of the MOND equation (far
from any source, the MONDian forces are proportional to 1/r). By substituting this
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Figure 2.4: Power spectrum of the 643 particle test simulation at redshift z = 0.

potential into the non-linear MOND equation, one gets:

ρ = 1
r2

[
2r
a0

A2

C
− 2r2

a0

AB

C
+ r2

a2
0

A2B

C2

]
A = GM

(r + rc)2
+
√
GMa0

(r + rc)

B = 2GM
(r + rc)3

+
√
GMa0

(r + rc)2

C = 1 + A

a0
. (2.42)

The test was performed with non-periodic boundary conditions on a regular 643 grid
fixing the solution on the border to the analytical values. Fig.2.3 shows the relative error
in the potential (left-upper panel) and in the force (left-lower panel). The constants that
were used for this particular test are: M = 1010M�, rc = 2.5× 10−3 Mpc and r0 = 0.01
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Figure 2.5: Mass function of the 643 particle test simulation at redshift z = 0.

Mpc; the box has a side length of 0.01 Mpc. This choice of parameters gives a force
field that gradually changes from a purely Newtonian regime in the central parts to deep
MONDian in the outer regions. The solid line shows the error along the diagonal of the
box while the dots represent a random sample of all grid points. The error is never larger
than 1 per cent.

Dynamic test

The temporal evolution of the code was tested running a cosmological simulation in the
Newtonian limit (i.e. lowering a0 to recover Newtonian physics). The value used was
a0 = 10−12cm/s2 and two simulations where run using the standard Newtonian solver
and the MONDian one. The comparison between the runs was made at redshift z = 0.
The number of particles used was 643 and the size of the box is 15 Mpc/h. The cosmology
used is a standard ΛCDM cosmology given by Ωm=0.3, ΩΛ=0.7, σ8=0.9, and h = 0.7.

A first visual impression of the density field can be obtained in the right panel of
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Fig.2.3 where the gray-scaled density is shown at the position of each particle at redshift
z = 0. The differences are at best marginal indicating that the MONDified solver per-
forms correctly in the Newtonian limit. A more quantitative comparison can be found
in fig.2.4 where the matter power spectrum is shown at redshift z = 0. The curves are
indistinguishable which is proved by the ratio of the two curves plotted as a dotted line
(lowered for clarity by the factor 0.001). The mass function of objects was also compared.
The identification of the objects was made using the halo finder AHF (Gill 2005; Knoll-
mann & Knebe 2009) and the result is shown in Fig.2.5. Again, there is good agreement
between the results obtained with the two different solvers.

2.2 The runs and analysis
The study of the effects of the curl field on the non-linear evolution will be based on a
set of three cosmological simulations. The cosmological models that characterize them,
as well as the number of particles (1283) and the size of the box (32 Mpc/h) were taken
from KG04. The definition and terminology of the models is summarized in table 2.1.
There is one standard ΛCDM run for reference and two MONDian runs, one of them
using the simple version for MOND studied by KG04 and the other made with the new
implementation of the BM equation. The MONDian equations used in these runs include
the modification proposed to solve the inconsistency on the initial conditions that was
discussed in section 2.1.1. In other words, that acceleration constant a0 was assumed to
be time dependent. The MONDian universes were chosen as open universes including
only a baryonic and a low density dark matter component (no neutrinos, neither dark
energy is present). The small quantity of dark matter that was added is enough to balance
the Silk damping and to give a power law form to the power spectrum. The absence of
neutrinos is justified by the fact that the neutrinos proposed in the literature to match
MOND predictions on large scales with the observations (2,2 eV or 11 eV) (Sanders 2003;
Angus 2009), have a cut off in the power spectrum, which is not modeled using a box
size of 32 Mpc/h. Regarding dark energy, a run was also made using a Newtonian open
universe and it was found that, with the box size and resolution employed here, there
are no major differences in the evolution with respect to the standard flat model. The
quantity that was compared for this test was the collisional velocity of halos (see chapter
3 for a detailed analysis on this topic). The background cosmology used when running the
MONDian simulations includes only a baryonic component (no dark matter was added
to it).

The initial conditions for the particles were also taken from KG04. The power spectra
employed to define the models were calculated at redshift z=0 using the code CMBFAST
(Seljak & Zaldarriaga 1996). The initial configuration of particles is a uniform Cartesian
grid and the evolution at high redshift was made using standard Newtonian Zeldovich
approximation until redshift z=50 with the code presented in Klypin & Holtzman (1997).
The initial power spectrum was normalized in the standard way. This means that the
value of σ8 was fixed at redshift z=0 and extrapolated back to the initial redshift using
standard linear theory. A lower normalization value was required for the MONDian
simulations to match the observed values at redshift z = 0. Over-interpretations of the
consequences of using such a low value of σ8 to normalize the initial power spectrum
could be dangerous at this stage. More simulations with more appropriated treatment
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label Ωb Ωdm ΩΛ σnorm
8 Gravitational model

ΛCDM 0.04 0.3 0.7 0.88 Newtonian
OCBMond 0.04 0.04 0.0 0.40 simple MOND
OCBMond2 0.04 0.04 0.0 0.40 non-linear MOND

Table 2.1: Model parameters used for the generation of the initial fluctuation spectrum.
In all cases a value for the Hubble parameter of h = 0.7 was employed.

of the initial conditions are needed to give a definitive answer about this topic. Chapter
5 is an effort on that direction.

The fact that the initial conditions of this simulations were not generated in a self-
consistent way could be viewed as a drawback for the simulations. Nevertheless, one
should not forget that the aim of this chapter is not to improve our knowledge on galaxy
formation under MOND, but to study the effects of adding one particular term to the
MOND equation. Keeping this in mind, any Gaussian random field at high redshift will
be a reasonable choice.

The mass resolution of the runs is mp = 1.30 × 109M� for the ΛCDM model and
mp = 0.17 × 109M� for the two low-Ω0 models, respectively. The force resolution at
redshift z=0 reached in the deepest refinement level is 6 kpc/h. Thanks to the resolution
used, it is possible to study not only the large scale properties of the density field, but
also the properties of the resultant objects. The identification of the objects was made
with the halo finder AHF (Gill 2005; Knollmann & Knebe 2009). The algorithm used
in this code is the following one: in first place, the position of the density maxima is
estimated using the adaptive mesh hierarchy of the code AMIGA. Once the peaks are
identified, the size of the objects is defined as the radius for which the mean density of
the corresponding sphere drops below a given value ∆ρ0, where ρ0 is the value for the
unperturbed density and ∆ is the over-density parameter (e.g. Łokas & Mamon 2001).
In other words, the radius is defined such that

M(< R)
4π
3 R

3 = ∆ρ0. (2.43)

The over-density parameters were taken from KG04: ∆ = 340 for the ΛCDM model and
∆ = 2200 for the MONDian ones.

The µ function in the MONDian runs is also the one used in KG04, which is the
standard version of it.

2.3 Results

The main outcome of the analysis of the simulations is that the curl field has the net
effect of driving the formation of structures on large scales. This section gives a detailed
analysis that supports this assertion, as well as an examination of the reasons for this to
happen.
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Figure 2.6: Over-density distribution at redshift z = 0 (bottom row), z = 2 (middle
row), and z = 5 (upper row) for the 1283 particle ΛCDM (left column), OCBMond
(middle column), and OCBMond2 (right column) simulations. Each panel is a projection
of the complete box of 32 Mpc/h.

A first visual impression

Fig.2.6 shows the overdensity field of the three runs for three different redshifts (z = 5,
2 and 0). There are not strong differences between the different models at redshift
z = 0. The two MONDian models show the same paterns that characterize the ΛCDM
distributions: a large number of spheroidal objects distributed along filaments which
delimit large empty regions of space called voids. Furthermore, the position of filaments
and voids is similar in all the models. Regarding the two MONDian runs, a closer
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that case.

inspection shows that some objects that are still approaching to each other in OCBMond
have already merged in OCBMond2, which indicative of an advanced evolutionary stage.

Evolution of the power spectrum

A more quantitative measurement of the overdensity distribution is given in Fig.2.7,
which shows the power spectrum at the same redshifts as in Fig.2.6. The calculation was
made using an FFT method and includes the correction for discreteness effects proposed
in Jing (2005). Appendix C provides more details on the way this calculation was made.

The same features found by KG04 are recovered: there is a lack of a distinctive break
due to the transfer of power from large to small scales in the MONDian runs and there
is a marginal larger amplitude on scales k ≤ 1h/Mpc close to the fundamental mode. It
is also possible to see that OCBMond2 evolved marginally faster on large scales and at
later times than OCBMond, which shows that the faster evolution noted before does not
apply to small scales.

Two-point correlation function

As the original definition of the correlation function only involves spatial distribution of
galaxies, it is independent of the assumptions made about the underlying gravitational
theory. By this reason, it can be used to test MOND in a direct way, without the need
to rely on further assumptions. The calculation of the two-point correlation function
from the simulation data could be made taken into account its relation with the power
spectrum (both functions are a Fourier pair). Instead of that, the computation was made
in a direct way, making statistics of the separation between the centers of the objects.
Fig.2.8 shows the result for the three simulations at redshift z=0. The findings of KG04
are confirmed: the OCBMond simulation has a marginally larger amplitude that ΛCDM,



50 chapter 2: On the effects of the curl field in the non-linear regime

 0.1

 1

 10

 100

 1000

 0.1  1  10

ξ g
al

(r
)

r (Mpc/h)

OCBMond2
OCBMond

ΛCDM

Figure 2.8: Two-point correla-
tion function at redshift z=0 for
the 1000 most massive objects.

especially on small scales. When comparing OCBMond2 and OCBMond, the curl field
was found to induce larger amplitudes in all scales.

The usual way to parametrize the two point correlation function is through a power
law with the following form:

ξ(r) = (r/r0)−α, (2.44)

were r0 and α are free parameters that characterize the normalization and the slope
on logarithmic space. The standard values present in the literature are r0=5 Mpc/h
and α=1.7-1.8 (e.g. Longair 2008). Table 2.2 show the parameters that were obtained
from power law fits that were made to the simulation data. As the box size is only 32
Mpc/h, the transfer of power from larger modes that should exist in the non-linear regime
is not modeled and it is not possible to get the right normalization in the Newtonian
case. However, a relative comparison between different gravitational models is possible.
The slope of the two-point correlation function shows to be almost independent of the
gravitational model. On the other side, the normalization increases for the MONDian
models.

model r0 α

ΛCDM 3.5560 1.6376
OCBMond 4.2556 1.6020
OCBMond2 5.9120 1.7088

Table 2.2: Fitting parameters for the two correlation functions for the three models at
redshift 0.

To understand this result, the sample was splited in three mass bins with ranges 109

to 1010, 1010 to 1011 and 1011 to 1012 M�/h. The resulting correlations functions are
shown in fig.2.9. One can observe that the differences are due to bias in the position
of high mass objects, which is consistent with a stronger evolution on large scales. The
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Figure 2.9: The two-point correlation function for halos of different mass in OCBMond
and OCBMond2. The considered mass range in the calculation of ξgal is given in the
upper right corner of each panel. The error bars are the Poissonian errors.

number of objects for the two low mass bins is almost the same between the two models.
Only in the high mass bin were found about 24 per cent more objects in OCBMond2
that OCBMond.

Abundance of high mass objects

With the resolution reached in the simulations, it is still not possible to face the interesting
problem related to the number of satellites (Klypin et al. 1999; Moore et al. 1999). An
already know effect that appears in low resolution runs is that, instead of too many
satellites, there are too few of them (e.g. Moore et al. 1996). What can be done, rather
than to deal with substructure, is to count the number of host galaxies which is present
in the box. This is an interesting topic in MOND, since KG04 already found extreme
differences between the abundance recovered from simulations and the observed one. A
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Figure 2.10: Redshift evolution of the abundance of objects with baryonic mass Mb >
1011Msun/h. Note that the baryonic mass for the ΛCDM model has been estimated by
multiplying the dark matter mass by the baryon fraction fb.

proper comparison between the simulations will show that this differences are not real
but a product of the way the analysis was made in KG04.

Special care must be taken when comparing Newtonian and MONDian simulations
in the case that both are collisionless. The MONDian runs are models for a universe
made only with baryons, while in the ΛCDM run, the mass content includes baryons and
dark matter. A comparison between both simulations should include a correction for
that. A first order correction consist in estimating the baryon content of the objects in
the ΛCDM model by multiplying the total mass (the one obtained from the simulation)
by the baryon fraction fb = Ωb/ΩDM . The assumption underlying this approach is that
fb is uniform in space. From standard cosmological simulations (e.g. Gottlöber & Yepes
2007; Okamoto et al. 2008) it is known that the baryon content in halos is in fact smaller
that the mean baryon fraction fb. Thus, the baryonic masses derived with this method
should be considered as upper limits.
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After applying the correction to the halo catalogs extracted from the simulations, it
is possible to calculate the abundance of objects with baryonic masses greater that, for
instance, the Milky Way mass as a function of time. Fig.2.10 shows the result. All models
give similar number of objects at redshift z=0, in the sense that the dramatic difference
advocated in KG04 is not present any more. However, each model reach its value at
redshift z=0 in a different way. The MONDian runs have a much lower increase in the
number of objects at high redshift, which could be an indication that the merging rate is
not as effective in MOND as in the standard model; result that is in agreement with the
conclusions presented in Nipoti et al. (2007b). When looking for observables that could
help in the discrimination between both theories, this is the hint of an interesting point
to take in account for future studies.

Hierarchical structure formation

Sanders (2008) has discussed the possibility that the formation of galaxies in MOND
is not hierarchical as the ΛCDM model predicts, but monolithic. This result can be
compared with the simulations presented here studying the dependence with mass of the
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Figure 2.12: Left: Ratio of masses for cross-identified objects at redshift z = 0. The
histograms represent the mean ratio in the respective bin. Note that the ΛCDM masses
have been lowered by the baryonic fraction to be comparable to the MONDian values.
Right: Ratio of triaxialities for cross-identified objects at redshift z = 0. The histograms
represent the mean ratio in the respective bin.

formation redshift of the objects. In the case that the formation of objects is hierarchical,
large objects should appear only at late time, after the small objects that were form first
had time to merge (e.g. Davis et al. 1985).

There are many criteria to define the formation time of an object. In the half-mass
criterion (e.g. Tormen 1997), an object is assumed to be formed at the moment in which
its mass is half of the mass that will have at redshift 0. In order to apply this criterion to
the simulation data, the mass accretion history was calculated for each identified object.
The formation time was obtained afterward using exponential law fits to this data (e.g.
Wechsler et al. 2002).

Fig.2.11 shows the relation between formation time and final mass for each object
found at redshift 0 for the three models. Contrary to Sanders expectations, the formation
of objects is hierarchical in the three models. More simulations should be run to see the
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dependence of this result with the slope of the initial power spectrum.
To quantify the differences between the models, a power law fit was made:

Mb,0 ∝ zaf . (2.45)

The best parameters are shown in the upper-right corner in each panel in Fig.2.11.

Internal properties of the objects: mass and triaxiality

As the initial seed used for the three simulations is the same and the differences found
during the analysis are not catastrophically big, one can try to associate objects between
different simulations and to compare its properties. The identification of objects was
made running a merger tree over the halo catalogs. The criteria used to identify objects
between different simulations is based on the number of shared particles.

The left panels of Fig.2.12 show a comparison between the mass of identified objects
for the three models. The upper panel shows the standard model vs. the simple version
of MOND while the lower one compares the two MONDian runs. The baryon fraction
correction described before was taken in account for the standard model. The fact that
ΛCDM masses are bigger, could be interpreted as a consequence of a wrong estimation
of the baryonic masses. The values reported by Gottlöber & Yepes (2007) for the baryon
fraction in clusters is just around 10% lower that the cosmic baryon fraction, so this
possible bias is not enough to explain the factor of 2 that was found here. Another
possible reason for this differences in the mass could be the way in which the border
of the objects was defined. It was already mentioned that the over-density parameter
used to define objects is ∆ = 340 for ΛCDM and ∆ = 2200 for MOND, which translates
into smaller radius for MONDian objects. In order to test the sensitivity of the mass
with respect to changes in the over-density parameter, the masses of the objects in
the MONDian simulations was calculated using ∆ = 340. It was found an increase of
approximately 30 per cent. Taking into account also this uncertainty, the MONDian
masses get closer to the Newtonian masses but are still approaching from the smaller
side.

Regarding OCBMond and OCBMond2, the figure shows that the ratio between the
mass is close to one for big objects. For small objects, the ratio decreases to values
smaller than one, showing that the objects that were obtained taking into account the
curl field are more massive. This difference goes to values close to one when considering
objects at higher redshift. This is consistent, again, with a stronger evolution in the
model OCBMond2 with respect to OCBMond.

The right panels of Fig.2.12 show a comparison of the triaxiality parameter (Franx
et al. 1991)

T = a2 − b2

a2 − c2
(2.46)

of the objects. The constants a > b > c are the eigenvectors of the inertial tensor. In
spite of the large spread, the figure shows that the mean value of the triaxiality ratios
is 1. Thus, the form of the objects is almost independent of the gravitational model
assumed.
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The curl field

The central purpose of the chapter is to study the effects of the curl field on cosmological
evolution. One of the main outcomes at the moment is that to take into account the curl
field gives a stronger evolution on large scales. With the aim to find an explanation for
this result, the focus of this paragraph will be on the properties of the curl field itself. Its
typical value will be computed, as well as the regions of space in which it has an impact.

Having the solutions of eq.2.8 and eq.2.20 the curl field can be calculated by estimat-
ing the gradients by means of, for instance, a second order discretization formula and
inverting the definition:

µ

(
|∇φ|
a2a0

)
∇φ = ∇φN +C. (2.47)

A patron to measure the importance of C must have the same units and hence it must
be a force. By interpreting the last equation as an equation for the MONDian forces (in
fact, it is a first integral of the MOND equation), one can see that the curl field acts as
a perturbation over the source of the equation. Having this in mind, one finds that the
interesting quantity to use as normalization for the curl field is the Newtonian force. The
lower panel of Fig.2.13 shows the spatial distribution of the ratio |C|/|∇φN | for a slice
of thickness 125 kpc/h in the OCBMond2 simulation as calculated on a 2563 grid. The
upper panel shows the over-density distribution for the same region. The slice was chosen
to have a strong density pack. The result is the expected one: the curl field reaches high
values in places where spatial symmetry is broken. The reader is invited to focus her/his
attention for instance on the small objects that are located close to the center of the
box. In isolated conditions, these halos will be close to sphericity and the curl field will
be close to zero. On the other side, when the objects are embedded in a cosmological
evironment (as in the case of the simulation) they are located in filaments that break
the necessary condition for the curl to be equal to zero and generate the shadows that
appear in the figure.

The large scale features, like the diagonal regions with high curl values or the vertical
line to the left, are artifacts related to the periodic boundary conditions. The vertical
line corresponds to the vertical filament to the right (it is exactly in between the real
filament and the filament that exist in the periodic box to the left). Same situation is
for the diagonal feature with respect to the filament that crosses the most massive halo
up and right.

Higher resolution in the calculation ofC can be reached using the refinement structure
of the code amiga. In order to use information from the deepest possible refinement the
data was interpolated from the refinements to the position of each particle in the same
way the code do with the forces before to update the velocities of the particles (i.e.
using a TSC smoothing (Hockney & Eastwood 1988)). The left panel of Fig.2.14 shows
the probability distribution for the cosine of the angle between the curl field and the
Newtonian force for six different redshifts. The density distribution used to calculate
the potentials were taken from the simulation OCBMond2. In order to emphasize the
skewness of the distribution, its modulus is presented. The upper curves correspond to
cos(C,gN ) < 0, so in the regions where the curl field is important there is a stronger
preference for it to point in opposite direction that the Newtonian force. The right panel
in the same figure shows the relative difference between |C| and |gN |. The actual change
in the absolute value of the source term in eq.2.47 is of order 10%. Both distributions
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Figure 2.13: Up: density distribution on a slice given by x = 1.4 of the OCBMond2
simulation at redshift z = 0 as obtained in a regular grid with 2563 nodes per dimension.
The slice was chosen to contain a strong density peak. The same grid was used to
calculate the modulus of the curl field normalized by the modulus of the Newtonian force
(i.e. |C|/|∇φN |), which is presented in the lower panel.
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Figure 2.14: Left: probability distribution of the angle between the curl-field C and the
Newtonian force gN at various redshifts. Right: probability of the fractional difference
between these two values.

are independent of redshift. Taking into account that the forces are defined by gN = −∇φ
(i.e. including a change in the sign of the gradient of the potential) one can conclude
from this analysis that the net effect of the curl field is to increase the source of eq.2.47.
This is translated into an increase of the non-linear MONDian forces with respect to the
simple ones and leads to the stronger evolution discussed in previous paragraphs.

As the relation between the curl field and the forces is non linear, it is difficult to
make detailed predictions about the actual change that it induces on the forces. Next
paragraphs center the study on this changes.

The angle between the two MONDian forces

A first comparison between the BM and simple MONDian forces is made from the point
of view of the angle between them. The simple forces are, by definition, parallel to the
Newtonian ones. The presence of the curl field, breaks the restriction. To quantify the
importance of the effect, probability distributions of the angle between the two MONDian
forces were calculated. Both force fields were obtained using the refinement structure
of the code amiga and the result was interpolated to the positions of the particles as
described in previous paragraph. The density distribution employed as source of the
MOND equations was taken from the simulation OCBMond2. Fig.2.15 shows the out-
coming distribution for six different redshifts. As the angle distribution is no symmetric
it is expanded over the whole range, from -1 to 1. The distribution clearly shows that
the forces are well aligned (note the logarithmic scale in the y axis), but there is also a
non-null tail towards high angles.

As an illustrative example of the regions on which the misalignment is present, Fig.
2.16 shows a projection of a sub-box of side length 1.5 Mpc/h at redshift z = 0. The left
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various redshifts.

panel shows color coded the cosine of the angle between the two MONDian forces. The
right panel presents the density of the same region. Both figures are centered in the same
place. It is possible to see a strong misalignment in a region that lies between the two
main objects. This can be explained using a hand wave argument sketched in figure 2.17,
which shows the values of the different force fields generated by two massive spheres in
the point A. By the superposition principle, the total Newtonian force FN is the addition
of the forces generated by each object separately, with intensities F1N = GM1/r

2
1 and

F2N = GM2/r
2
2 for the objects 1 and 2 respectively. The superposition principle could

be applied also in a MONDian context in case that the correct prescription for each
distance is used. For instance, in the case that the point A is in such a place that the
force generated by the object 1 is Newtonian and the one corresponding to the object 2
is MONDian (it is farther away), they will have intensities F1M = GM1/r

2
1 (Newtonian

regime) and F2M =
√
GM2a0/r2 > GM2/r

2
2 (deep MOND regime). This means that

even if A is farther from the object 2 that from the object 1 (as in the example in the
simulation), the MONDian force generated by 2 could be bigger that the one generated
by 1. The addition of this two components gives the total force FM , which is pointing
in different direction than the Newtonian one. According to this, there should be a
ring situated perpendicular to the line that crosses the two objects at a given distance
between them, where Newtonian (or simple MONDian) and BM MONDian forces point
in different directions. Of course, in a situation like the one in the simulation, the objects
are not in isolation but affected by the surrounding material. This reduces the ring to a
small region, but does not make it to completely disappear.

Coming back to the figure taken from the simulation (fig.2.16) and having this analysis
in mind, it is possible to see that regions with misalignment are present in between any
pairs of objects.
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Figure 2.16: Projection of a sub-box of the simulation. The left panel shows color coded
the cosine of the angles between the two MONDian forces. The right panel shows the
density field of the same field. Both quantities are evaluated at the particle’s positions.

The intensity of the forces

The present paragraph contains a comparison between the absolute value and the com-
ponents of the two MONDian forces. During the analysis, the explanation of the reason
for faster evolution in the case that the curl field is taken into account, which was already
given in previous paragraph, will be refined.

The large scale structure of the force distribution can be studied by solving both
MOND equations (simple MOND and BM) on a uniform grid. Results are presented for
a calculation that was made using a 3D grid with 256 nodes per dimension and a density
field taken from the simulation OCBMond2 at redshift z = 0. The left panel of Fig.2.18
shows color coded the simple MONDian forces for a particular layer extracted from the
box. Superimposed are contours levels of the ratio between the modulus of the BM and
the simple MONDian forces, gnl/gsimple for the same layer. As a reference of the matter
distribution, the right panel shows contours of density perturbations also for the same
layer. There is a tendency for the ratio to be less than one (which means that the simple
forces dominate) in regions with very low acceleration. It is not clear that the opposite
is valid (i.e. that the BM forces dominate regions with high accelerations). In fact, there
are places like the yellow spot in the upper right quadrant, which has high accelerations
and for which the ratio of the forces is larger than one except in a small region in its
upper side. We will come back to this spot in a few lines.

To make a more quantitative description of the tendency to have dominant simple
forces in regions with low accelerations, the left panel of Fig.2.19 shows the ratio between
the two forces as a function of the simple forces for the same layer show in Fig.2.18. The
tendency is now clear, but it is also clear that the form of the dependence changes
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Figure 2.17: Diagram that shows the reason for the misalignment between the two
MONDian forces.

according to the environment. Restricting the analysis to different layers, also change
the dependence and it was found that it is completely missed when the same plot is made
for the complete box. In other words, there is no universal slope for the correlation of
the ratio between the two MONDian forces and the acceleration. Environment plays an
important role in this subject. Same data is shown in right panel of the same figure,
where the correlation between the two forces is presented.

In order to obtain a better understanding of the relation between the two MONDian
forces, the calculation was repeated using the refinement structure of the code and in-
terpolating the values to the positions of the particles. The outcome of the calculation is
that the two forces compare in a much more irregular way and that the weak correlation
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Figure 2.18: Left: color coded is shown the simple MONDian forces on a layer of the
box of the simulation OCMBond2 at redshift z=0 on a grid with 128 nodes per dimension.
The contours correspond to the ratio between the non-linear BM and the simple forces.
Right: Contour levels of the baryon density perturbations taken from the same slide. See
text for explanation.

shown in the left panel of Fig.2.19 is not the last word. The mean gravitational field
on the surroundings of each object sets up a preference direction which is fundamen-
tal to take into account to comprehend which is the actual correlation between the two
MONDian forces. The following analysis that supports this assertion will be focused on
a particular object, but the effect was found to be very common and present all over the
box.

Fig.2.20 shows the particle distribution for a sub-box of 10 Mpc/h, which includes
the object on which the analysis will be focused (object A). The object is close to the
border of the box. For this reason the figure shows a periodic image to the left and hence
the horizontal axis contains negative coordinates. It is important to remain the reader
that the simulation was run using periodic boundary conditions. Thus, to add periodic
images during the analysis does not change the conditions under which the object was
created. The most massive object in the box, labeled as B, is located in the upper part
of the figure. To simplify the analysis, A was chosen to be in the same x-y plane than
B and is such that the mean acceleration field in its surroundings is almost parallel to
the y axis. The baryonic mass of A is 7.07232e+11 M� and its virial radius, defined as
explained in section 2.2, is 190.28 kpc. The arrows show the mean value of the three
forces involved (i.e. Newtonian, non-linear BM and simple MONDian forces, labeled as
gN, gnl and gsimple) as well as the mean value of curl field C. The means were calculated
in all the cases over all the particles contained on a sphere with a radius r of 400 kpc/h
centered on the object A. The three vectors lie on the plane x− y and its units are the
same, except for the Newtonian force which, for clarity, was enlarged by one order of
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Figure 2.19: Left: relation between the ratio between the two MONDian forces and
the simple ones for the same layer presented in Fig.2.18. Right: relation between non-
linear BM and simple MONDian forces. The continuous line corresponds to the identity
function.

magnitude. Table 2.3 shows the norm of this vectors as obtained using spheres of r=0.4
Mpc/h and r=5 Mpc/h.

vector r=0.4 Mpc/h r=5 Mpc/h
|gNewton| 1.344 1.841
|gsimple| 6.291 26.78

|gnon-linear| 35.32 37.89
|C| 7.891 2.253.

Table 2.3: Modulus of the mean forces and curl field, for means taken in spheres of
radius 0.4 and 5 Mpc/h centered in the object A. Units are 10−3a0.

In agreement with the global analysis presented in Fig.2.14, the mean value of the curl
field on A points in the opposite direction than the Newtonian force. As a result, the mean
value of the BM forces is larger than the simple one, leading to a faster acceleration of A
towards B and to a stronger evolution on large scales. When taking a larger sphere with
a radius of 5 Mpc, the absolute value of the curl field decreases and the two MONDian
forces approach to each other. Note that there is an apparent contradiction between the
results presented in Fig.2.14 and the fact that the mean Newtonian force is almost a
factor of 6 smaller than the mean curl field. One should not forget the cancellation of
forces that occurs when the mean value is taken.

A remarkable feature on this figure is that the mean value of the non-linear and
Newtonian forces are parallel. The effect of the curl field on the galaxy as a whole is to
produce a local misalignment between this two forces in a way that their mean values
are aligned.

Fig.2.21 shows a closer description of the curl field in the surroundings of A. The value
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of the three components of the curl field is presented on the position of the particles as a
function of the coordinate y. The particles shown in the plot were taken from a column
parallel to the y axis with a width of 400 kpc that passes through the center of A. As
a reference of the position of the galaxy, the lower panel of the same figure shows the
logarithm of density as function of the position as calculated on a uniform grid with 256
nodes per dimension. The horizontal axis has the same units employed in Fig.2.20 (but
corresponds to the vertical axis there).

The x and z components of the curl field, which are orthogonal to the direction to the
main object B, responsible for the mean gravitational field, take positive and negative
values, which is consistent with the fact that its mean value is zero and gives a mean value
of this field parallel to the direction A-B. The component y, takes always negative values
and its intensity is twice as big as for the other components. In half of the galaxy A (the
one opposite to B), the curl field points in the opposite direction of the Newtonian forces,
which gives stronger non-linear BM forces with respect to the simple ones (see eq.2.47).
In the other half of the galaxy, the Newtonian forces will have negative y components
(inside A, Newtonian forces point to its center), so the curl and the forces are aligned,
leading to a decrease of the non-linear forces with respect to the simple ones.

The previous reasoning is confirmed in Fig.2.22, where the y component of the two
MONDian forces is compared. The upper panels shows in red the simple forces and
in black the non-linear ones. Two clarify the comparison, both force fields are shown
together in the lower left panel. It is clear that in the region of the galaxy opposite to B,
the non-linear forces adopt high values that the simple ones. This relation is the inverse
in the other half of the galaxy, where the non-lineal forces are smaller in absolute value
to the simple ones.

The lower right panel of the same figure shows the ratio between the two forces. The
part of the galaxy that correspond to high values of y includes not only smaller non-linear
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Figure 2.21: The three upper
panels show the components of
the curl field on the position of
the particles that are situated in
a column parallel to the y axis
with a width of 400 kpc that
passes through the center of the
object A in Fig.2.20. The hori-
zontal axis here corresponds to
the y component in that fig-
ure, which is in the direction to
the main object. The compo-
nent parallel to the mean field
(component y) is always nega-
tive, while the others take pos-
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a reference, the lower panel has
the logarithm of density in the
position of the particles for the
same region. The calculation of
the density was made on a uni-
form grid, while for the compo-
nents of the curl field, the re-
finements of AMIGA were used.

forces but also pointing in opposite direction (i.e. with a negative ratio). While it is not
shown because of the scale of the plot, the ratio between the forces can reach values
higher than 10.

To summarize, the reason for faster evolution when using non-linear forces is the
following one: for objects immersed in and external field, the curl field has a preference
to point in the direction opposite to the field. In addition to this, the component of the
curl field in the direction to the mean gravitional field has a uniform sign. This set up a
preference direction in the galaxy giving stronger non-linear forces in its back side and
stronger simple forces in the front part. As forces in the front side are subtracting, the
net effect is that the total force on the galaxy is stronger in the non-linear case.

This reasoning shows that the yellow spot with strange behavior in Fig.2.18 is in fact
the cause for faster evolution when non-linear forces are employed. A more global study
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Figure 2.22: The two upper panels show the two MONDian forces (simple in red and
non-linear in black) for the particles belonging to the same column described in the
caption of figure 2.21. To make a better comparison, the lower left panel shows the same
data in one plot. The lower right panel shows the ratio between the two forces also one
the same particles.

made on other objects showed that this is a common feature throughout the box.
When it comes to observations, the analysis presented here shows that kinematic

studies of, for instance, satellites galaxies could be biased in case that the potential of
the host is not taken into account in a self consistent way and that the simple MOND
formula is used. The same applies for instance to globular clusters. The importance of
this bias in the calculation of rotation curves of galaxies should be also studied, especially
for those galaxies that present problems in the fitting.

Finally, Fig.2.23 shows the same quantities presented in Fig.2.22, but extending the
horizontal axis to cover the complete box. The external field has its peak in y ∼ 24
Mpc/h, which is 6 Mpc/h away from A. The main object responsible for this peak does
not belong to the plane showed here. As a reference, Newtonian forces are also shown in
green. The mean field is much smaller in the standard case.
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Figure 2.23: Same as fig 2.22
but covering the whole y range
of the box to show the ex-
tent of the forces produced by
the main object situated around
y=25 Mpc/h. Note that the
forces of the smaller object in y ∼
17 Mpc/h are bigger because the
main object does not belong to
the layer shown here, neverthe-
less, the large scale structure of
its forces is present. It green was
added the Newtonian forces cal-
culated for the same density dis-
tribution, where it is possible to
see that the large scale forces are
much smaller.

2.4 Voids
Voids are defined as large regions of space almost devoid of galaxies. Their forms are
close to spherical and the typical sizes are of the order of tens of Mpcs. Since the galaxies
residing in its interior are not affected by mergers and by the complex activity present in
non isolated halos or filaments, voids provide an interesting environment to study galaxy
formation.

There is a debate in the literature regarding the amount of low mass objects contained
in voids. Peebles (2001) pointed out the so called void phenomenon, which consist in
the fact that the number of observed low mass objects (dwarf or low surface brightness
galaxies) in voids is over estimated by the current cosmological models (see for instance
Gottlöber et al. 2003; van de Weygaert & Platen 2009, and references there in). The
solutions proposed to solve the discrepancy are based in the same idea proposed to solve
the missing satellites problem (e.g. Klypin et al. 1999): some astrophysical mechanism
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Figure 2.24: Density distribution (1-point correlation functions) calculated over uni-
form grids for the simulations ΛCDM and OCBMond2 in table 2.1. The normalization
used for the density is the mean density corresponding to each cosmological model in
each simulation. Each column corresponds to a different redshift (z=5, 1 and 0) and
each row to a different grid used to estimate the density from the particles (8 and 16
nodes per dimension). See text for explanation.

is used to shut down stellar formation in small halos, conserving the dark matter halos
predicted by simulations and, at the same time, preventing the formation of the galaxies.
For instance, the influence of the UV background was proposed by Hoeft et al. (2006) as
a way to prevent gas to cool and hence to collapse forming galaxies. In the context of
semi-analytic models for galaxy formation, Tinker & Conroy (2009) proposed supernovae
feedback as the responsible for the lack of start formation, but Tassis et al. (2008) showed
that it is possible to explain scaling relations on dwarf galaxies without making refer-
ence to this effect. Tikhonov & Klypin (2009) stirred up the discussion extending the
observations to galaxies with lower masses. They found the presence of very low surface
brightness galaxies, which according to the solutions proposed to the void phenomenon,
should not exist.

An alternative possible solution presented in Peebles (2001) is, besides to reconsider
the validity of the cosmological model, to use gravity to clean the voids of objects. The
MOND paradigm gives a natural framework for this to happen. The fact that there is
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Figure 2.25: Same as Fig.2.24 for grids 32 (up) and 64 (bottom)

no scape velocity in MOND and that forces are larger range than in the standard case
make the voids to be more sensitive to its environment (i.e. halos and filaments). The
simulations presented in the this chapter can be used to test this conjecture. A visual
inspection of the density fields in Fig.2.6 shows that voids are in fact more empty in
the MONDian models than in the standard one. In order to give a more quantitative
argument, two indicators were calculated: the one point correlation function and the
void distribution (e.g. White 1979). The data employed was taken from the simulations
ΛCDM and OCBMond2 whose parameters are summarized in table 2.1.

The density probability distributions (one point correlation function) were calculated
estimating the density in uniform grids by means of a TSC kernel (eq.1.49). The his-
tograms were made in logarithm space. The normalization chosen for the density is the
mean density corresponding to each cosmological model (Ωm=0.3 and 0.04 for the New-
tonian and MONDian models). With this normalization, there is no need to correct for
the absence of dark matter in the MONDian simulation as proposed in section 2.3. The
calculation was made using different resolutions, corresponding to grids with 8, 16, 32
and 64 cells per dimension, which is equivalent to smooth the density field using kernels
with different smoothing lengths. Figs.2.24 and 2.25 show the result obtained for three
different redshifts (z=5, 1 and 0). Rows and columns correspond to different grids and
redshifts respectively. Thanks to the normalization used, the high density part of the
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Figure 2.26: Void probability distributions for the models ΛCDM and OCBMond2 in
table 2.1. Both models give similar distribution at high redshift. At redshift z=0, the
MONDian model gives emptier voids.

distributions is independent of the model (no fit was made to match the curves). In other
words, MOND reproduce ΛCDM distributions in the high density regions (i.e. filaments
and objects in its intersections).

On the low density side of the distributions, there are two effects that makes things
different. In first place, the finite number of particles used is not appropriated to de-
scribe very low densities. Even if the there is a smoothing procedure involved in the
calculation of the density, it can not give a good estimation on empty cells. This gives an
overestimation of the probability distribution for moderately fine grids, which gets worse
when using finer and finer grids. The other effect is a real physical one that reflects the
fact that voids are emptier in MOND. While it is true that Newtonian and MONDian
simulations show resolution effects, the MONDian simulation is always ahead in feeling
this effects. For the two resolutions that give similar results (i.e. those corresponding
to grids 8 and 16), the distribution could be accepted as converged and the differences
between the two models should be considered as physical. It is evident that, at redshift
z=0, the MONDian model gives higher values for the low density part of the distribution,
which is consistent with emptier voids.

The other form to quantify the emptiness of voids is through the void distribution
function. The calculation was made considering spheres with random positions and
fixed radius. The spheres that does not contain particles are labeled as voids. For a
sufficiently large number of spheres, the algorithm converges and provides a distribution
that is independent of the number of spheres used. Fig.2.26 shows the number of spheres
labeled as void relative to the total number of spheres. The overall behavior of the
distributions is the expected one: for very small radii, the distribution tends to one,
which means that for R=0, the probability to catch a particle when throwing a sphere
is 0. For large radii, the distribution tends to zero since increasing the radius gives a
higher probability of finding a particle. In addition to this, the tendency to have bigger
voids in the MONDian model is confirmed at redshift z = 0.

The reason for the emptyness of voids in the MONDian case will be studied in detail
in chapter 4, where distributions of dynamical mass will be computed. The main result
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is that the dynamical mass in void regions is negative. Consequently, the repulsive forces
in MOND are larger and lower densities are obtained. See the discussion on chapter 4
for a precise definition of negative mass in a cosmological context.

2.5 Conclusions
Previous studies on non-linear cosmological evolution of dust with MOND were made
under the assumption that the curl field defined by eq.1.65, which is responsible for
conservative properties of MOND, is negligible. While it is true that the curl field behaves
as 1/r3 for isolated objects and it is exactly 0 for special symmetric situations, its exact
values and importance in the evolution of density perturbations still was not measured
in real situations, out of isolation and with no trivial spatial symmetries. This chapter
makes a contribution in this direction. A possible approach for studying non-linear
evolution was developed, including a prescription for MOND in an expanding context.
The implementation of the multigrid method (e.g. Brandt 1977; Wesseling 1992) that
was used to solve the BM field equation was also described. Test were made to the
code, showing that the accuracy of the potential solver is at 1 per cent level and that it
reproduces correct results in the Newtonian limit for cosmological simulations.

A set of simulations were run following closely those presented in KG04, but using
the new prescription for MOND. Some of KG04’s findings were revisited (mainly the
discrepancy between the abundance of galaxies between ΛCDM and MOND) and it was
noted that the curl field has in fact an impact on structure formation. The major results
of this chapter is that the curl field drives structure formation on large scales. The facts
that bring us to this conclusion are the following:

• The curl field leads to more objects at z = 0.

• Cross identified objects are more massive when taking in account the curl field.

• The correlation function is stronger in the model that includes the curl field because
of stronger correlation of high mass objects.

• The power spectrum is higher at large scales for the model that includes curl field
effects.

When looking for observables that could help to discriminate between MONDian and
Newtonian gravity, the time evolution of the abundance of high mass objects was found
to have different behavior according to the theory. Another observable difference, was
found in voids, which show to be more empty in MONDian universes that in the standard
one.

Regarding the curl field in itself, when studying its value over the complete box, it
was found to have a preference to point in the opposite direction that the Newtonian
forces. This translate according to eq.2.47 into stronger forces when the curl field is taken
into account. A misalignment between Newtonian and non-linear MONDian forces was
also found in the simulations.

The curl field and force distributions were also studied on individual objects. In this
case, it was found that the mean curl field still points in opposite direction than the
mean Newtonian forces. Regarding its effect on the forces, it was found that to take into
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account the curl field increase the intensity of the mean non-linear force and make it to
be parallel to the mean Newtonian force.

Further analysis of the simulations was made also in the context of the void phe-
nomenon. Visual inspection of the density fields shows that the voids are more empty in
the MONDian models and thus, it gives a correction in the right direction. A quantitative
confirmation of this result was made by studying differences in the one point correlation
function between the models ΛCDM and OCBMond2. Owing to the low mass resolution,
the distribution has difficulties to converge for resolutions higher or equal than 1 Mpc/h.
For lower resolutions (2 and 4 Mpc/h) the MONDian distributions at redshift z = 0 have
higher values at low densities than the Newtonian one, which is consistent with emptier
voids in the MONDian case. The void probability distribution was also calculated and
shows the same tendency at redshift z = 0. Higher resolution simulations will give the
possibility to extend this study to smaller voids that are not well described with the
resolutions that were considered here.

Appendix 2.A Stability of triaxial systems
The study of galaxy formation and evolution requires detailed knowledge about the
existence of self-consistent models in order to use them as a basis for the study of various
dynamical effects. In standard Newtonian dynamics there is already big progress in this
sense (e.g. Binney & Tremaine 2008). First studies where made by Schwarzschild (1979,
1982), who presented a triaxial Hubble profile and set up a method that takes its name
and is still widely used in the community. Statler (1987) showed that the perfect triaxial
Kuzmin (Omarov 1973) profile and de Zeeuw & Lynden-Bell (1985) profile are also self-
consistent. Those models have constant density cores, however, observations showed
that elliptical galaxies have non-constant cores (Moller et al. 1995; Crane et al. 1993;
Ferrarese et al. 1994; Lauer et al. 1995) (i.e. the surface brightness increases quickly to
the central region of the galaxies). Almost all elliptical galaxies have power-law cusps
ρ ∼ r−γ with γ ranging from 1 to 2 for High Surface Brightness to Low Surface Brightness
elliptical galaxies in the central region. Spherical models with a fixed value of γ have been
proposed, for instance a γ = 2 model by Jaffe (1983) and a γ = 1 model by Hernquist
(1990). Later on. such models were discussed as a family of density distributions with γ
being a free parameter (Dehnen 1993; Tremaine et al. 1994). In that context, Merritt &
Fridman (1996) tested the modified Dehnen model which has a profile given by:

ρ(r) = (3− γ)M
4πabc

1
rγ(1 + r)4−γ

, 0 ≤ γ < 3, (2.48)

where

r =
√(x

a

)2
+
(y
b

)2
+
(z
c

)2
, (c ≤ b ≤ a) (2.49)

and the constants a, b and c are the long, intermediate, and short axis of the ellipsoids.
They found that triaxial galaxies with central density cusps (γ = 1) were in equilibrium
and self-consistent. The subsequent work by Capuzzo-Dolcetta et al. (2007) proved that
a two-component triaxial Hernquist system, including a baryonic component plus a dark
matter halo are also self-consistent.
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The situation is completely different in the MONDian case. There are only few studies
available on this topic (Brada & Milgrom 1999; Wang et al. 2008) and to know whether
MOND can support models and produce stable systems such as galaxies is still an open
question and poses a very strong test for the theory. Here, the work by Wang et al.
(2008) will be extended by testing whether his self-consistent models are stable by using
the MONDian version of AMIGA described above. At the same time, the study will
serve as a test of the code.

2.A.1 The models, Schwazschild technique and generation of the
ICs for the N-body runs

The model to study will be the one described in Wang et al. (2008), with total mass
ranging from 1010 to 108 M�, representing medium mass elliptical galaxies down to
dwarf ellipsoidals, which are in quasi Newtonian to deep MOND regime. The axis ratios
used are a : b : c = 1 : 0.86 : 0.7, with a = 1 kpc. The initial conditions where generated
by Xufen Wu using the method outlined in Zhao (1996). The potential used in that case
was calculated via numerical integration of the non-linear MOND equation using the
N-body code NMODY (Ciotti et al. 2006; Nipoti et al. 2007a) on a spherical grid. More
details about the initial conditions and the application of the Schwarzschild technique
on this particular projects are given in Wu et al. (2009).

2.A.2 Testing the models with AMIGA
The first runs made with AMIGA using the initial conditions described above, showed
discouraging results: the system presented extreme radial oscilations. After investigating
the cause, it was found that the instability was not physical, but a consequence of using
periodic boundary conditions. As the external field produced by the periodic images
generated by this particular boundary conditios changes in a organized way with the size
of system, radial oscillations are induced. In order to be able to continue with the project,
the boundary conditions were changed. The background metric was also changed, from
Robertson-Walker to Minkowsky and the code became a standard N-body code, with no
expansion and a uniform time.

In order to get rid of the expansion, the equations have to be changed from the ones
that were proposed in sec.2.1.1 (eqs.2.20 to 2.22) to the following set of equations, which
are the standard equations proposed by Milgrom:

∇ ·
[
µ

(
|∇φ|
a0

)
∇φ
]

= 4πGρ, (2.50)

ẋi = pi (2.51)

ṗi = ∂φ

∂xi
. (2.52)

As in the particular code used here, the equations are hard coded, to make a change
from a cosmological to an isolated context implies almost to rewrite the code. Changes
had to be made in all routines associated with the potential solver (routines for Gauss-
Seidel type relaxation and routines for calculation of truncation error and residuals). The
routines for kicking and drifting particles also had to be changed. The input and output
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of the code also suffered modifications owing to the fact that in a cosmological code, the
communication with the user involves redshifts instead of time, a meaningless concept
when working in isolation. The units where also changed, which implies to modify any
routine that has to do with physics.

As the boundary conditions are now fixed, a value has to be chosen for the potential
in the boundary of the box. In standard gravity, the common choice is to fix the potential
to 0. In the MONDian case, as the potentials are not bounded and the box is a cube
instead of a sphere, a better approximation must be used. Thus, during the MONDian
simulations, the potential was fixed to the solution for a point mass located in the center
of the box. As a point mass is a spherical system, the solution can be easily obtained by
substituting the Newtonian potential GM/r in eq.1.60 and inverting the expression. For
the simple µ function used in this particular section, the solution reads:

Φ(r) = −GM
2

(
1
r
− 1
r0

)
+ (f(r)− f(r0)) , (2.53)

with

f(r) = −
√
GMa0

[
−1
2r
√
q2 + 4r2 + ln

(
2r +

√
q2 + 4r2

)]
(2.54)

q2 = GM

a0
,

where, M is the total mass in the box and r0 is a length scale (a constant of integration).
For a0 → 0 the Newtonian solution is recovered and for a0 finite and r →∞ the solution
becomes φ ∝ ln r, which is the typical behavior for any MONDian isolated solution. To
fix r0=B, were B is the size of the cubical box, gives Φ = 0 in a sphere of radius B, which
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is equivalent to the conditions used for NMODY when calculating the potential for the
initial conditions.

The domain grid used during the simulations had 128 cells per dimension and the
refinement criteria used implies to have less than 6 particles per node. The box size is
B = 165.5152 kpc and the scale for the boundary conditions is r0 = 82.7576 Kpc (half
of the box).

Virial theorem

The scalar virial theorem, W + 2K = 0, is valid for system in equilibrium (Binney &
Tremaine 2008), where W is:

W =
∫
ρx · ∇φd3x, (2.55)

and K is the kinetic energy of the system:

K =
∫
ρẋ2d3x. (2.56)

Figure 2.A1 shows the time evolution of −2K/W for one of the systems under study.
It is close to unity for all the systems that were tested, as expected for equilibrium
systems. We though note that the systems are initially off of equilibrium but close to it
(−2K/W ∼ 1.2) and that there is a fast evolution in the right direction. The equilibrium
state is reached in a few dynamical times and the subsequent evolution has oscillations
of order .1 in −2K/W (not shown in the figure), which demonstrates that the system
can be considered as fully relaxed.
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Shape

Figure 2.A2 shows the ratio between the principal inertial moments calculated for the
initial distribution and after 40 dynamical times for one of the systems under study.
The figure shows that the shape of the system does not change dramatically during
the relaxation process. Nevertheless, it was found when studying the density profiles
that mass is loss from the central regions during this process. The outer regions remain
unchanged.



Chapter 3
Collisional velocity as a test for
gravity

1 The statistics of high speed satellite galaxies, as reported in the recent literature, can
be a powerful diagnosis of the depth of the potential well of the host halo, and hence
discriminate between competing gravitational theories. Naively one expects that high
speed satellites are more common in Modified Newtonian Dynamics (MOND) than in
cold dark matter (CDM) since an isolated MONDian system has an infinite potential
well, while CDM halos have finite potential wells. In this Letter we report on an initial
test of this hypothesis in the context of the first generation of cosmological simulations
utilizing a rigorous MONDian Poisson solver. We find that such high speed encounters
are approximately a factor of four more common in MOND than in the concordance
ΛCDM model of cosmic structure formation.

3.1 Introduction
The standard ΛCDM model (cf., Komatsu et al. 2009) explains the formation of cos-
mological structure in the non-linear regime in a hierarchical way, i.e. large structures
are not formed monolithically but by the successive merging of smaller structures (e.g,.
Davis et al. 1985). Recent cosmological simulations also support the idea of hierarchical
formation in MOND gravity (Llinares et al. (2008), but see also analytical models of
Sanders 2008; Zhao et al. 2008). The hierarchical merging scenario naturally promotes
the picture that we should observe collisions of galaxies. The question that immediately
arises is what is the nature of the distribution of the relative speed of such encounters.
Observationally there is evidence that some of these collisions actually occur with speeds
that are not readily reproduced by simulations of ΛCDM structure formation (Hayashi &
White 2006; Springel & Farrar 2007). There is, for example, the famous “Bullet cluster”,
an extremely high velocity merger between two galaxy clusters whose relative speed is
between 2500 and 4500 km/sec depending on the interpretation of the shock speed and

1The chapter was originally published in Llinares et al. (2009)
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the method used to infer the collision speed (observations/models, analytical/numerical,
N-body/hydro simulations, e.g. Nusser 2008; Springel & Farrar 2007; Markevitch 2006;
Zhao 2007b). At first sight, the upper limit of this interval is too high and may be a
problem for the standard ΛCDM model, but Hayashi & White (2006) showed using the
Millenium cosmological simulation (Springel et al. 2005) that the probability of such an
event albeit low, is not zero.

There are a number of such high speed encounters in the literature. One example of
such a collision is the so-called “line-of-sight Bullet”, i.e. Abel 576, with a relative velocity
of 3300 km/sec (Dupke et al. 2007). Furthermore the “Cosmic Train Wreck” Abel 520
is a collision with a velocity of approximately 1000 km/sec (Mahdavi et al. 2007). The
“Dark Matter Ring” cluster Cl0024+17 has a speculated impact velocity of 3000 km/sec
(Jee & et.al 2007) and MACS J0025.4-1222 has two merging components whose relative
velocity was measured to be 2000 km/sec (Bradač et al. 2008). In comparison the random
dispersion of velocities in these clusters is only about 500-1000 km/sec.

A consequence of any high speed collision of mass concentrations seems to be the
decoupling or offsetting of the baryons from the dark component. Assuming this being
the case, additional examples of collisions are given in Jee & et.al (2005b,a) but see
also Heymans et al. (2008). This kind of objects, with offsets between baryon and DM
components, have become what could be considered as yet another important standard
test that any theory for gravity should pass before being seriously considered (e.g. Will
1993). Simply applying the MOND formula to a universe populated only with baryons
seems to fail this test. Possible solutions could come from many on-going efforts to
embed the MOND idea in a relativistic framework by adding complementary (vector)
fields besides the standard Einstein’s metric (Bekenstein 2004; Zlosnik et al. 2007; Zhao
2007a, 2008a) or by the addition of neutrinos of various kind (Angus & McGaugh 2008;
Feix et al. 2008; Zhao 2008a). However we must have in mind, that the same data on the
Bullet Cluster would have rejected general relativity in its original formulation without
introducing one or more dark matter components plus a cosmological constant.

The question that arises from all these data is how to match the low probability
of high-speed encounters predicted by Hayashi & White (2006) for the ΛCDM model
with the fact that this type of collisions seems to be common in the observable universe.
A clue comes from the MONDian point of view where the situation seems to be more
favorable for high velocities. Previous authors have noted the deep potential in MOND
(Angus & McGaugh 2008; Zhao 2007b; Nusser 2008) is helpful in the context of the
Bullet cluster. On a smaller scale, high-velocity stars have been studied in the context
of the escape speed in the Milky Way (Perets et al. 2008). It was found that MOND
can retain stars of higher velocity than CDM, and the MONDian escape velocity is more
consistent with the RAVE data in the solar neighbourhood (Famaey et al. 2007; Wu
et al. 2007). Further, the revised (yet still discussed) speed of the Magellanic Clouds
also favors MOND (Wu et al. 2008). The question that previous authors cannot address
is how to obtain a self-consistent strength of the external field in MOND since they
lack a full cosmological simulation. And as MOND is a non-linear theory it violates the
strong equivalence principle and hence it is mandatory to simulate galaxies within the
cosmological framework and not in isolation.

The aim of this paper is not to go further in an explanation of this kind of systems
using MONDian ideas, but to study the consequences of a MONDian cosmological toy
model on the probability of such high speed encounters. In order to do this, we study the
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velocity distribution of substructure extracted from cosmological simulations that have
been run using standard and modified gravity. We show that high speed collisions are
more frequent in MOND than in the concordance ΛCDM model.

3.2 Simulations
The analysis presented in this Letter is based upon a set of two simulations published
in Llinares et al. (2008), i.e. the ΛCDM and the OCBMond2 model, respectively. Both
simulations were run in a box with a side length of 32h−1Mpc, using 1283 particles. They
were both run with a modification of the N -body code MLAPM (Knebe et al. 2001). The
ΛCDM model employs a background cosmology parametrized by Ωdm+b = 0.3, ΩΛ = 0.7,
and a normalisation of the power spectrum of the density perturbation of σ8 = 0.88. For
the MONDian simulation, we chose an open universe with neither dark matter nor dark
energy but characterized by Ωb = 0.04. In order to arrive at a comparable evolutionary
stage to the ΛCDM model at redshift z = 0 we had to lower the normalisation σ8 to 0.4
due to the faster growth of structures in MOND (cf. Nusser 2002; Llinares et al. 2008).
Both simulations were started at redshift z = 50 and used a Hubble constant H0 = 70
km/sec/Mpc.

We used the MPI version of the AHF halo finder (Knollmann & Knebe 2009) to
identify objects. For the identification of substructure we employed the tool MergerTree
that comes with the AHF software package. This algorithm was originally designed to
follow halos through time by tracking the membership of individual particles, but it
can be also used to locate the subhalos of a given host. Since particles that belong to
subhalos will belong also to the corresponding host, constructing a merger tree of a halo
catalogue with itself will provide us with a “subhalo tree” (rather than a merger tree). It
is important at this moment to make a remark about our terminology. We use the term
subhalo to refer to the largest substructures embedded in host haloes. The mass ratio
between our host halos and the most massive subhalo have a median of 0.23 and 0.15
for the MONDian and Newtonian simulations respectively. These numbers are in the
range of typical mass ratios for collisions in mergers of host halos and are well above the
typical ratio between hosts and real substructures (e.g. Madau et al. 2008). In order to
not contaminate our result with unvirialized objects we further prune our halo catalogue
by removing objects with a high virial ratio ending up with 64 and 58 objects in the
Newtonian and MONDian simulations, respectively.

For more details regarding these simulations, we refer the reader to Llinares et al.
(2008)

3.3 Analysis
While the primary focus of this Letter is the distribution of the relative velocity of two
colliding systems, we still need to define a proper normalisation for these velocities to
correct for the fact that a more massive host system will lead to a larger acceleration
towards its centre. While others referred to the rotational velocity at the virial radius of
the host for this purpose (e.g., Hayashi & White 2006), we rather use the mass-averaged
velocity dispersion.
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3.3.1 Velocity dispersion - Mass relation for MOND and CDM
In the Newtonian case, the velocity dispersion scales with the mass M as follows: σ ∝
Vcir =

√
GM/R ∝ R ∝ M1/3 ∝ M

1/3
baryon, where we used M ∝ ρ̄R3 where ρ̄ is the

background density, which depends only on redshift. A similar scaling relation between
velocity dispersion σ and mass M can be easily obtained for deep MOND σ ∝ Vcir ∝
(GMbaryona0)1/4 ∝M1/4

baryon for a spherical isolated body. Although not rigorous, we find
that this scaling holds fairly well as a mass-averaged total dispersion of the system even
in the intermediate MOND regime.

Figure 3.1 shows the σ−M relation for the host systems selected in both our simula-
tions. The lines indicate power laws fits, whose index agrees closely with the theoretical
values 1/4 and 1/3 for MONDian and Newtonian theory, respectively. The fitted nor-
malisation is higher than the theoretical one, owning to the fact that the simulated halos
break the hypothesis of constant density used in the theoretical approach.

3.3.2 Normalising the relative velocities
Special care must be taken when comparing Newtonian dark matter simulations to col-
lisionless MONDian simulations, especially when it comes to “haloes”. While we set out
to use the velocity dispersion of the host system as the normalisation of the collision ve-
locity in order to account for the mass of the host, we have just seen that σ−M relations
scales differently in MONDian than in Newtonian physics. What we need to do now is
to move both simulations into the same theoretical framework (e.g. CDM) by applying
the same technique outlined in Llinares et al. (2008), i.e. we divide the MONDian (host)
masses by the baryon fraction (Ωdm+b

Ωb = 0.3
0.04 = 7.25) to mock dark matter haloes for

direct comparison to the ΛCDM model. From these “MONDian dark matter halo plus
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Figure 3.2: Accumulated prob-
ability of the relative veloc-
ity Vrel between our host ha-
los and their most massive
subhalo normalized with the
effective dispersion σhost =
0.01(7.25Mhost,baryon)1/3 km/sec
(see text for explanation).

baryon masses” we apply the Newtonian σ−M relation to obtain the appropriate σ value
to compute the normalized Vrel/σ. Note that we actually could reverse this procedure
and transform the Newtonian dark matter haloes into the MONDian frame and use the
MONDian σ−M relation to obtain the normalized velocity. We have applied both meth-
ods to our data and the results are consistent with each other. Hence we show the results
only for the former method to facilitate direct comparison to other CDM simulations.

3.4 Results
Having identified each subhalo and its corresponding host (cf. Section 3.2), we calculate
the cumulative probability distribution of the relative velocity between host and its most
massive subhalo Vrel. The result is shown in figure 3.2. We can see that the two theories
have strikingly different behaviours. Both allow high speed satellites but there is a
stronger tail towards high-speed in the MONDian case. The shaded lines show the high
speed region, where the MONDian probability is about four times the Newtonian.

The normalisation of the relative speed was chosen in order to eliminate the increased
acceleration towards more massive host systems. The credibility of the approach detailed
in Section 3.3.2 can now be verified by simply dividing our sample into different mass
bins. We confirm that this does not lead to different results even though we decided to
not show them in this Letter ; we basically recover the same curves as seen in figure 3.2.

Further, our results appear to be robust against slight changes in redshift, i.e. we
neither observe a change in the fact that MONDian velocities are bigger nor are our
results contaminated by the fact that we may capture collisions at a particular time
of accidentally high velocity. The latter is confirmed by analysing the simulations at
z = 0.036 leading to an indistinguishable plot. The same conclusion is reached when
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we experiment with other plausible normalizations or compute the distributions of un-
normalised relative speed.

As a final test we compare our results against a Newtonian model that does not
contain a cosmological constant Λ, i.e. the open OCBM model of Knebe & Gibson (2004)
characterized by Ωm = 0.04 and ΩΛ = 0.0. We acknowledge (though not explicitly shown
here) that the relative velocity distribution of the OCBM model is akin to the ΛCDM
model presented in figure 3.2; we therefore ascribe the differences found in that plot to
the effects of MOND rather than the (missing) cosmological constant.

3.5 Conclusions
Inspired by the observational evidence for high-speed encounters of galaxy clusters we
studied the velocity distribution of collisions present in two cosmological simulations, a
standard ΛCDM model as well as MOND. While there may be a problem for ΛCDM
to accomodate such extraordinary events (e.g., Hayashi & White 2006) we set out to
quantify the probabilty for them in MOND. Within the limitations of our simulations,
we find that there are substantial differences in the collision velocity of objects in the
standard model of cosmology and its (possible) MONDian counterpart. We observe a
much greater likelihood for high-speed collisions in MOND and therefore argue that this
statistic can be used as a discriminator for the two competing theories.

We further verify numerically the velocity dispersion-mass relation for deep MOND
gravity whose slope is different to the Newtonian case (σ ∝ M1/4 for MOND instead of
σ ∝M1/3 for Newtonian physics). There is a mild scatter about these relations.

We close with a cautionary note: the box size of our simulation (32h−1Mpc) is too
small to find objects directly comparable to systems like the Bullet cluster. The collisional
velocity expected for the Bullet cluster (Vrel/σ ≈ 2.04) is close to the limit of what we
resolve in figure 3.2. While the current result is interesting, and the rescaled Vrel/σ is
likely insensitive to details of the simulation setup, more simulations (e.g., with a possible
neutrino component and a cosmological constant in MOND) are required to understand
how our prediction depends on the cosmological model employed.

Nevertheless, our results here may have far-reaching implications as well. Historically,
Dark Matter and MOND are competing theories. Recent studies argue that MOND is
a prescription for interactions of a coupled Dark Energy-Dark Matter field. Effectively
MOND is made by a non-uniform Dark Energy field. The places where this field con-
denses are identified as dark halos. Our results here could argue that we might differ-
entiate between theories with interacting Dark Matter-Dark Energy vs. classical ΛCDM
using data of high speed encounters. It is encouraging that some subtle differences on
how the Dark Sector self-interacts could leave signatures on “large astronomical colliders"
(LAC).



Chapter 4
On the phantom density distribution

The two gravitational models that are the subject of this thesis, Newtonian gravity
and MOND, are both able to give a very accurate and successful explanation of several
dynamical proceses on galactic scales. Nevertheless, this two descriptions of gravitational
phenomena are based on very different assumptions. While the MONDian description is
based only on information obtained from the luminic part of the galaxies, the Newtonian
explanation requires the inclusion of an extra amount of unseen matter to reproduce
the observations. To make a closer comparison between this to different frameworks,
eventually finding differences that could help to discriminate them through observations,
it is usefull to write down the predictions of both theories on the same languaje. A
possible way to do this is to translate the information given by MOND into the dark
matter formalism. This gives rise to the concept of phantom dark matter, which is defined
as the extra amount of matter that is needed in a Newtonian context to reproduce the
effects of a MONDian potential. The first mention to this idea was by Milgrom (1986).
Afterwards, the concept was further discussed for instance in Wu et al. (2008), Milgrom
(2009b), Milgrom (2001) and Bienaymé et al. (2009).

The present chapter will study the properties of phantom dark matter on cosmological
scales and will be divided in two sections. The first one will deal with the basic properties
of the phantom matter distribution on large scales. The calculations will be made starting
from the density fields given by the simulations OCBMond2 and ΛCDM presented in
section 2.2 (see table 2.1 for a description of the parameters involved).

The second part of the chapter will go forward with the study that began in the
previous chapter that is related to the properties of objects like the Bullet Cluster. The
focus will be in this case the decoupling between peacks in the baryonic density and the
strong lensing signal. The posibility of explaining the system as a decoupling between
peacks in the baryonic and phatom densities will be investigated. It will be proved that,
under idealized conditions, it is possible to obtain the effect in the presence of an external
field. The analysis will be repeated afterwards in more realistic conditions by using the
data from the cosmological simulation OCBMond2 presented in section 2.2. The result of
this calculations will be that the probability of observing such a phenomena is too small
to explain the observed distributions. Possible biases that are present in this analysis
will be discussed as well as possible solutions to them.
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4.1 The overall distribution
The original definition of phantom dark matter was proposed in a non-cosmological
context. Given a baryonic density distribution ρb, the phantom dark matter density
distribution ρph is, besides a factor 4πG needed to set the proper units, the residual that
is obtained after substituting a MONDian potential, which is solution of:

∇ ·
[
µ

(
∇φ
a0

)
∇φ
]

= 4πGρb, (4.1)

into the Poisson’s equation:
∇2φ = 4πG(ρb + ρph). (4.2)

The definition must be made in different form in a cosmological context. As discussed
in section 2.1.1, the source of the cosmological field equation does not contain the density
itself, but a perturbation of the density over a predefined background. In this case, to
substitute the solution of the MOND equation

∇ ·
[
µ

(
|∇Φ|
aa0(a)

)
∇Φ
]

= 4πGa2(ρb − ρ0
b), (4.3)

into the Poisson’s equation will give the following expresion:

∇2φ = 4πGa2[(ρb − ρ0
b) + (ρph − ρ0

ph)], (4.4)

where the residual was written now as a perturbation over an unknown uniform back-
ground ρ0

ph. It is not possible to obtain the absolute value of the phantom field ρph,
but only its perturbation. Assuming a one to one correlation between Netwonian and
MONDian descriptions, the value of ρ0

ph should be given by the mean density responsible
for the expansion of the universe. As this correlation is likely to be broken, ρ0

ph will be
kept as a free parameter and it will be fixed to a particular value only when needed to
continue the analysis.

Analysis

The analysis was made taking as starting point the baryonic density field given by the
simulation OCBMond2 presented in section 2.2. After calculating the baryon density
perturbation in the same way that when the simulation was run (i.e. using a TSC
smoothing given by eq.1.49), the MONDian potential was computed on a uniform grid
by means of a multigrid solver similar to the one described in section 2.1.3. A time
dependence on a0 with the following form:

a0(a) = aa0(a = 1) (4.5)

was employed in eq.4.3. Note that this is the same form that was used during the
simulation. The multigrid solver is not part of the AMIGA code used in chapter 2, but
part of the code described in section 5.2.2 and was tested against analytic solutions in
the same way that was proposed in section 2.1.4. Once the MONDian potential was
calculated, the Laplacian was taken on the grid using a second order approximation:(
∇2φ

)
i,j,k

= 1
h2 [φi+1,j,k + φi−1,j,k + φi,j+1,k + φi,j−1,k+

φi,j,k+1 + φi,j,k−1 − 6φi,j,k] . (4.6)
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The data obtained from the simulation ΛCDM described also in section 2.2 was used
as a comparison point for the analysis. The density perturbations were calculated in the
uniform grid in the same way as described above.

The preliminary tests for the calculation showed that to use a lexicographic ordering
for the Gauss-Seidel iterations on the MONDian solver gives a smoother behavior of the
Laplacian than the standard black and white coloring or the 8 colors scheme proposed
in section 2.1.3.

Results

Section 2.1.1 stated that, in a cosmological context, it is only possible to obtain solutions
of the Poisson’s equation in the case that the mean value of the source is zero. The
first question to make after calculating the phantom term is about the validity of this
property. In other words, one could ask the following question: is MOND giving a
dark matter density that can be considered as a real density from which it is possible
to obtain periodic solutions of the Poisson’s equation? The result is presented in table
4.1. The second column shows the mean value over the box of the total dynamical mass
(baryon plus phantom) as obtained from the simulation OCBMond2. As a comparison,
the third column of the same table shows the residuals of the solution of the Poisson’s
equation for the density field given by the simulation ΛCDM. In the Newtonian case, the
residual is only a combination of the truncation error resulting from the discretization
of the equation on the grid plus the error of the potential solver. On the other side,
the MONDian values include not only this two numerical effects, but also a possible
incompatibility between the two field equations. Nevertheless, both cases give values of
the same order. The units are in both cases 10−4M�/Mpc3 h2. As a reference value,
one could take into account also that the mean density of a universe with Ω = 0.3 is
ρ0=8.328×1010 M�/Mpc3 h2, which is many orders of magnitude above the residuals
presented here.

grid MOND Newton
8 0.0939486 -0.166314
16 -0.213643 -0.464347
32 -0.577208 0.255422
64 -1.58798 -0.141649
128 1.70968 -1.68134
256 9.59414 -8.24586

Table 4.1: Mean value of the total dynamical mass for the simulations OCBMond2 and
ΛCDM. The values are presented for 6 different grids with 8 to 256 nodes per dimension.
The units in both columns are 10−4M�/Mpc3 h2. Note that there is no 4πG/a factor
involved in the quantities presented here.

Regarding the spatial distribution of the phantom field, Figs.4.1 and 4.2 show contours
for distributions of density perturbations for a slide that contains the center of the most
massive object in the OCBMond2 simulation. The upper-left panel corresponds to the
baryon density perturbation derived from the particles of the OCBMond2 simulation; the
upper-right panel shows the corresponding phantom perturbation. As a comparison, the
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Figure 4.1
Contour levels of the baryon (up-left) and
phantom (up-right) density perturbations
taken from a slide that corresponds to
the most massive object in the simula-
tion OCBMOND2 at redshift z=1. The
lower panel shows the total density per-
turbation for the same slide of the simu-
lation ΛCDM. The tick lines corresponds
to perturbation equal to zero. The levels
in the baryonic plot are multiples of the
baryon mean density, while in the phan-
tom and total plots corresponds to mul-
tiples of the baryon fraction f = .13/.04
times the baryonic mean density given by
Ωb = .04. The ticks marks on the axis are
every 5 Mpc/h.

1000 ρtot
100 ρtot

ρtot
0

lower panel shows the total density perturbation obtained from the simulation ΛCDM.
Fig.4.1 corresponds to redshift z = 1 while the Fig.4.2 is at redshift z = 0. The grid used
for the calculations has 128 nodes per dimension.

For the sake of clarity, a brief description of the baryonic panels (up-left) will be
given. The main object is situated in the upper right quadrant in the intersection of
two large filaments that cross the box. One of the filaments is horizontal, located in the
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Figure 4.2
Same as figure 4.1, but at redshift z = 0.
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upper side of the image and the other, a vertical one, is situated to the right. The large
region down and left delimited by the filaments is a void. The thick lines represent the
level corresponding to zero in the perturbation, which divides overdense from underdense
regions. As the two upper panels correspond to the same particle distribution, they can
be directly compared. This is not the case for the low panel, since it comes from another
simulation and, while it is true that the main features are reproduced, the exact position
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of the objects is different.
The phantom matter distribution follows the baryonic distribution, but the extension

of its overdense regions is much larger that what comes out from the ΛCDM simulation.
This overdense phantom regions get more concentrated at redshift z = 0, but still have a
much larger extension that in the Newtonian case. Note that some of the phantom halos
(for instance the second one from left to right in the upper filament) seems to lack of a
baryonic counterpart; the reason for this is that the baryonic object associated to them
is much more concentrated and situated outside the plane that corresponds to the slide
shown here. The existence of real decoupling between this two fields will be studied in
detail the next section.

It is important to keep in mind that the simulations employed for the analysis include
only collision-less matter. To repeat the simulation OCBMond2 including hydrodynam-
ical and cooling effects will provide objects that will be much more concentrated. The
impact of this on the size of the phantom halos can only be predicted through better
simulations. The realization of phantom density profiles will also help in improving our
understanding of the properties of the phantom halos.

An interesting feature of the phantom density is that it can take negative values in
the context of galactic dynamics. Many configurations in which this occurs were studied
in Milgrom (1986) and Wu et al. (2008). In a cosmological context, since the source
of the field equation involves a pertrubation of the density instead of the density itself,
the existence of negative densities translates into perturbations smaller than the mean
density. Consequently, in order to calculate the places were the phantom density is
negative, the value of the mean phantom density must be determined. The literature
does not provide with a way of calculating this quantity. We chose here to use the value
of the effective mean dark matter density, which can be defined as:

ρ0
ph = fρ0

b , (4.7)

where ρ0
b is the mean baryonic density given by ρ0

b = Ωbρc and f is the observed mean
baryon fraction that can be approximated with f = 0.3/0.04.

The maps of phantom perturbations at redshift z = 1 (Fig.4.1) do not show any
anomaly in this sence. The situation is different at redshift z = 0, where the map
(Fig.4.2) shows that the curves that represent the level −fρb are very close to the curve
corresponding to zero. In the regions that lie outside these curves the phantom perturba-
tions adopts values that, according to the definition of mean phantom density proposed
here, correspond to negative phantom density. In other words, the voids at redshift
z = 0 are filled almost in all their extension by negative phantom density (do not con-
fuse with negative perturbation of the density, which is the characteristic that defines a
void in a standard context). The result is consistent with the analytical lensing results
by Feix et al. (2008), who show the existence of negative values of the surface density
κ around filaments. With the intension to give a more quantitative description of the
phantom field, Fig.4.3 shows the probability distribution over a uniform grid of the dif-
ferent perturbations under study. The upper plots show the distributions of the baryonic
perturbations for three different redshifts corresponding from left to right to z=5, 1 and
0. The MONDian distributions on these plots were obtained in a direct way from the
particles of the simulation OCBMond2, while the Newtonian ones were modeled by di-
viding the total perturbation computed from the particles of the simulation ΛCDM by
the baryon fraction f . The cutoff at negative values corresponds to the mean baryonic
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Figure 4.3: Up: probability distribution of baryon density perturbations for the sim-
ulations OCBMond2 and ΛCDM. Down: probability distributions for the phantom per-
turbations for the same simulations. See text for explanation.

density given by Ωb=0.04 (i.e. ρ0
b=1.1104×1010 M�/Mpc3 h2). Taking into account the

resolution issues discussed in section 2.4, the grid used for this calculation has 16 nodes
per dimension, which corresponds to a resolution of 2 Mpc/h. As discussed before, New-
tonian and MONDian distributions are in good agrement for high values in their domain
and have a different behaviour in the region of the domain that represents the voids.

The lower panels of the same figure show the distributions of the total dynamical mass
(i.e. the Laplacian of the potential) for the same redshifts as before. In the Newtonian
case, the perturbations were calculated in a directly from the particles. Thus, this distri-
butions are no more that the ones that were shown above but without the baryon fraction
in between. The MONDian perturbations were calculated solving the MOND equation
on the same grid. The distributions show now a remarkable different behavior that was
already anticipated in the analysis of the maps. As phantom distributions do not have
the constrain to give positive densities, their domain is extended over much lower val-
ues. This property of the phantom field has direct dynamical consecuences, driving the
evolution on large scales with respect to the Newtonian evolution and helping to remove
matter from voids in a more effective manner.

Taking into account this results, one could expect that the problems found in section
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Figure 4.4: Correlation between baryonic and phantom density for the simulation
OCBMond2 at redshift z=1 (left) and z=0 (right). The calculation of the fields was
made in four different grids corresponding to 16 to 256 nodes per dimension. The lines
are power law fits with slope 2/3 and free normalization.

2.4 when calculating the density probability distributions that were related to lack of
resolution can be solved in the Newtonian case using the potential solver as smoother.
This possibility was tested with negative results. Indeed, in the Newtonian case, the
phantom density is no more that the residual of the potential solver, that one expects
always to be very small.

The existence of negative phantom densities in a MONDian context constitutes a
large difference with respect to the Newtonian expectations and gives a tool to distin-
guish the two theories using observations. Nevertheless, it is difficult to observe the
negative densities that were found in the voids. A better situation for lensing observers
will be to find regions with negative phantom density residing in the overdense baryonic
regions in the surroundings of galaxies. In order to determine if such situations exist in
the simulation data, a simple analysis was made comparing the sign if baryon and phan-
tom densities. No clear trend was found with the resolution employed; the correlation
between both densities increases in a monotonic way in all its domain. Fig.4.4 shows the
correlation only for positive perturbations at two different redshifts: z=1 (left) and z=0
(right). The grids used for the calculation have from 16 to 256 nodes per dimension. An
increase of the resolution amplifies the noise, but do not produce overall changes in the
distributions. A power law with a slope of approximately 2/3 was found to be a good
representations of the data. The fitted normalization has a redshift dependence, which
could be related to the fact that a time dependence in a0 was used during the simulation
and the calculation of the phantom term.

Higher resolution studies should be made in order to find if the negative behavior
of the phantom field in galaxies predicted by Milgrom (1986) exist in the more realistic
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situation described by a cosmological simulation.
A final cautionary note: the calculation of the phantom density is based on the

calculation of the forces (the phantom field is essentially the trace of the tidal field) and
hence its result is sensitive to the issues involved in the calculation of the forces. Chapter
5 will shown that, at least at high redshift, the value of the forces is box size dependent.
Thus, the results presented in this section must be confirmed in the future using larger
simulations.

4.2 Decoupling between phantom and baryonic
density peaks

Combined studies of X-ray observations and gravitational lensing analysis show that it
is possible to decouple peaks in the luminous matter from those that are present in the
lensing signal. The first object that was found in which this phenomenom is present is the
Bullet Cluster (Tucker et al. 1995, 1998; Clowe et al. 2004), which is a collision between
two clusters of galaxies; the distance between luminous and lensing peaks is of the order
of 100 kpc. Other examples are given for instance in Jee & et.al (2005b), Jee & et.al
(2005a), Jee & et.al (2007) and Bradač et al. (2008). A compilation of this systems was
presented in Shan et al. (2010), were data from 38 objects extracted from the literature
was compared. They found at least 13 objects with a separation between baryonic and
DM component greater than 50 kpc and 3 clusters showing a separation greater than
200 kpc.

In order to elucidate the role that MOND plays in this observations, it is important to
understand which are the observables involved, especially those related with the lensing
part of the comparison. In the standard case, the peaks in the lensing signal are calculated
through a quantity called convegence, which is defined as:

κ = 1
c2
DlDls

Ds

∫
∇2φdz. (4.8)

The factor in front of the integral takes into account the geometry of the lens over the
line of sight and depends on the distances between the observer, the lens and the source.
The field φ is the gravitational potential and the integral is made in the direction of
line of sight (e.g Schneider et al. 1992) . As φ is the solution of the Poisson’s equation,
the definition establish a strong correlation between the physical density ρ and κ. In
consequence, a decoupling between peacks in luminic matter and κ is interpreted as an
unmistakable signal of the existence of dark matter. Indeed, that is the way in which
the observations are presented in the above mentioned papers. The explanation for the
decoupling under this interpretation alludes always to a collision: as the dark matter
halos of the clusters are not affected by pressure effects, they follow different trajectories
that the gas components, which are dominated by gas physics.

The situation is different for MOND. For instance, in the particular case of TeVeS, the
lensing quantities are calculated in a similar way as in general relativity (e.g. Tian et al.
2009; Zhao et al. 2006), but with the difference that the solution of the MOND equation
substitutes the Newtonian potential in the definitions. As the differential operator that
defines the potential has now a different form that the operator in the definition of
κ, an additional freedom arises. This new freedom could be in fact responsible for the
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appearance of extra peacks in the lensing lignal and can be misinterpreted as the presence
of additional matter components. In adition to this, MOND is a non-linear theory and
involves a long range force which makes systems much more sensitive to the environment.
Thus, a decoupling between the peaks in luminous matter and in the lensing signal could
be possible to produce in a MONDian universe populated only with baryons. The aim
of this section is to test this conjeture in a quantitative way.

In first place, the effect will be proved in idealized conditions analyzing isolated sys-
tems embebed in an external field. Afterwards, the analysis will be repeated using more
realistic matter distributions extracted from the cosmological simulation OCBMond2
presented in section 2.2.

It is important to stress the fact that, while the section will investigate a possible
explanation for the lensing behavior of the Bullet Cluster, this explanation is not based
on the kinematics of the system. The fact that the Bullet is a collision is unavoidable.
The focus will be put here in the properties of the solutions of the MOND equation and
how the peaks between the two component (real and dynamical mass) can be decoupled,
without further reference to the kinematics of the systems.

4.2.1 Proving the effect in idealized conditions:
a non-cosmological framework

When the MOND equation is written for a spherically symmetric system, it reduces to
an algebraic equation that can provide the MONDian potential once the Newtonian one
has being calculated. In such a system, MOND does not offers a mechanism to produce
additional peacks in the phantom field. The most straightforward way to break the
symmetry, which already gives the desired effect, is to embed the system in an external
field.

In a non-cosmological context, the MOND equation for a system embedded in an
external field is:

−∇ ·
[
µ

(
|g|
a0

)
g
]

= 4πGρb (4.9)

g = gext −∇φint, (4.10)

where ρb is the baryonic matter, gext is the external field, and φint the internal potential
of the system. The phantom field associated to the system will be defined by taking into
account only the internal potential:

∇2φint = −4πG(ρb + ρph), (4.11)

where ρph is the phantom dark matter density.
In order to prove the feasibility of a decoupling between ρb and ρph, the phantom term

was calculated for different systems and configurations of the external field. Fig.4.2.1
shows contours of dynamical mass (baryons plus phantom dark matter) for one of the
configurations investigated. The particular system in the figure is a Plummer sphere:

ρ(r) =
(

3M
4πb3

)(
1 + r2

b2

)−5/2

(4.12)
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Figure 4.5: Isodensity con-
tours of the dynamical mass, i.e.
baryons + phantom dark matter
density, on the x − z plane for a
galaxy embedded within an ex-
ternal field along the x-axis.

embedded in a uniform external field that points in the x direction with an intensity
gext = a0.1

In the place where the internal and external field are of the same order of magnitude
(i.e. at x ≈ 15 kpc) there are two effects: first, the dynamical mass is negative in regions
perpendicular to the direction of external field (also mentioned by Milgrom (1986) and
Wu et al. (2008) and that was found also in the first section of this chapter); second, there
is an additional peak on the x-axis, right where the external and internal fields cancel
each other. Experiments made with the external field generated in a self consistent
way by another galaxy lead also to the existence of extra peaks in the dynamical mass
distribution. The strength of the peaks vary according to the configuration of the system
with ranges from as low as four orders of magnitude smaller to as large as 1 %.

Having proved that the effect of phantom dark matter decoupling is possible in con-
trolled experiments, one can go forward and study density distributions given by cos-
mological simulations in which the external field in generated for each object in a self
consistent way by the environment. The likelihood of observing such a phenomenon will
be quantified in the next section.

4.2.2 Approaching reality: a cosmological framework
The analysis will continue based on the data provided by the simulation OCBMond2
presented in section 2.2. The calculation of the phantom density was made following
the definitions given in the section 4.1. The MONDian potential was calculated using
the refinement structure of the code AMIGA, reaching a resolution of 1.95 kph/h in the
deepest refinement level which has 16384 nodes per dimension. The value of the mean

1The credit for this particular calculation has to be given to Xufen Wu, who took part in the paper
in which the complete section was published. More details about this particular calculation can be found
in Knebe et al. (2009).
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Figure 4.6: Cumulative dis-
tribution N(< D) of the offset
D between matter density and
phantom density. The offset has
been normalized to the respec-
tive smoothing scale of the re-
finement patch it is based upon.

phantom density was fixed for the calculation to Ωph = .26. The analysis consisted in
the identification of the peaks in the baryon and phantom fields and the estimation of
the probability distribution of distances between them.

The position of the baryon and phantom peaks was estimated using the halo finder
AHF (Knollmann & Knebe 2009), which employs the refinement structure of the code
AMIGA in the following way: in first place, the baryonic density is estimated from the
particles on the domain grid, which covers the complete box. This grid is then recursively
refined in regions of high density according to a given criteria of 4, 8 or 16 particles per
cell. After the complete refinement procedure is finished, one obtains a hierarchy of
nested refinement patches, whose boundaries follow closely isodensity contours. The
baryon peaks were estimated as the center of mass of each patch. In the phantom case,
the estimation is made using the same refinement patches as before, but weighting the
center of mass with the phantom density.

It is clear that in the case of an extreme decoupling as the one present in the Bullet
Cluster, the approximation used to calculate the phantom peacks breaks down. The
reason for this is that there will be no baryonic patch associated with the maxima in the
phantom field. Consequently, the computed displacements will be a lower limit for the
real displacements.

Figure 4.2.1 shows the cumulative distribution of displacements between peaks on
baryonic and phantom densities normalized to the smoothing length of the grid used in
the calculation. The normalization is motivated by the fact that displacements smaller
than this quantity are below the resolution limit and hence are not credible. Table 4.2
shows the smoothing scale εL for the grid levels that were used for the calculation.

While most of the patches have offsets smaller than the resolution limit, there are
around 1% of the patches with larger displacements, which should be considered as real.
It is important to note that the same matter peak enters multiple times (at most six) in
Fig.4.2.1. This is due to the fact that the peaks where calculated using all the refinement
levels and all of them where taken into account. However, as the interest is not in the
change of the offset for a given peak when altering the smoothing scale, they can be
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L εL (kpc/h)
16382 1.95
8192 3.91
4096 7.81
2048 15.63
1024 31.25
512 62.50

Table 4.2: Smoothing scales in kpc/h corresponding to the refinements patches used
to calculate the separation between baryonic and phantom peacks in the cosmological
simulation.

treated independently.
Fig.4.2.2 presents the cumulative distribution for un-normalized displacements. Only

displacements larger than the smoothing length where used in this case and hence only the
three coarser grids are employed (i.e.those with 512, 1024 and 2048 nodes per dimension).
All the other grids show displacements smaller than the smoothing length. The figure
shows that credible displacements lie in the range between 15 and 80 kpc/h. The fraction
of patches used here with respect to the total is 0.6%. Thanking into account that the
calculation is made using a box that contains galaxies instead of clusters, one finds
that the displacements are in fact important in comparison with the size of the objects
associated to them.

To close the section a cautionary note must be given about the results. The present
study has to be taken as an order zero exercise with the following drawbacks:

• The determination of phantom centers was made using a refinement criteria based
on the baryonic matter, not on the dynamical mass. Test were made adjusting the
refinement criterion parameters and subsequently modifying the size of isolated
patches; no systematics were detected. More appropriated criteria (e.g. based on
the value of the derivatives of the potential) will probably include more extreme
separations and increase the probabilities.

• The size of the box (32 Mpc/h) has two effects over the result. In first place,
the modes representatives of clusters are not included and hence the population
provided by the box includes galaxies, but not clusters of galaxies, which are the
objects in which the decoupling is observed. The second effect is that, even in the
case that the box could contain clusters, there will be too few of them. In other
words, the sample is incomplete.

• The refinement criteria that was employed for the calculation of the potential is
based on the number of particles per cell and hence it follows the details on the
source of the equation, not its solution. As a result of this, peacks in the phantom
field that lie outside the refinement patches will be hidden under the lack of res-
olution when the calculation of the potential is made and not taken into account
during the calculation of the probability distributions.

• Strong lensing studies with MOND made in some of the regions with largest sep-
aration between phantom and baryon center were unable to reproduce observed
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Figure 4.7: Cumulative distri-
bution of the unnormalized dis-
placements for isolated patches
with an offset greater than the
smoothing length normalized to
the total number of patches.
Only patches on grids L ≤ 2048
fulfill this criterion. The contri-
bution of these grids to the distri-
bution are marked by the respec-
tive L values given in the plot.

results. This shows that the estimation of the density peaks as center of mass
of the refinements does not always corresponds to real density peaks. A direct
calculation of the density maxima must be implemented to avoid this problem.

Future studies on this subject should be intended to relax the approximations made
during the analysis presented here. Despite the calculation is very aproximate, it shows
that the effect is present on simulations. Better simulations will give in the future a
much better understanding of the way phantom dark matter is distributed and should
give testeable predictions that will help in discrimitatiing which theory is closer to reality.

One must have in mind, that examples like the Bullet Cluster have a decoupling
between X-ray component and dark matter, but not a decoupling between stellar com-
ponent and dark matter, i.e. the center of the clusters and dark matter components are
the same. In this section, a different situation was discussed in which there is dynamical
mass in places that are not related with any type of emission from galaxies or intracluster
gas.

4.3 Conclusions
This chapter presented, for first time, the distribution of phantom dark matter in the
context of realistic density fields given by cosmological simulations. The first section of
the chapter pointed out that in a cosmological context, it is not possible to calculate
the absolute value of the phantom field, but only its perturbation with respect to an
unknown background.

The phantom dark matter field was calculated from the baryonic density distribution
provided by the simulations OCBMond2 presented in section 2.2. The data was compared
against the dark matter distribution given by the simulation ΛCDM presented in the same
section. The maps constructed with this data show two prominent features. In first place,
the overdense regions in the phantom field are much more extended that the dark matter
halos. In second place, it was found, as predicted by many authors working under isolated



4.3: Conclusions 97

conditions, that the phantom dark matter does not have the constrain of beeing positive.
Indeed, the voids at redshift z=0 are almost completly filled with phantom dark matter
whose perturbation drops below the effective mean dark matter density (computed as
the mean baryonic density times the baryon fraction). The probability distributions
calculated over the box for the same data show to be much broader from the phantom
perturbation that for the dark matter one.

When searching for spatial positions with high baryonic density and negative phantom
density, a correlation was found between this two fields, which is given by a power law
with slope 2/3. The normalization in this correlation was found to be a function of
redshift.

In the context of like the Bullet Cluster (i.e. collisions of clusters that present a
decoupling between baryonic and dark matter components), a possible explanation based
on the concept of phantom dark matter was tested. It was shown that the presence of an
external field can modify the MONDian potential of a spherical galaxy in such a way that
additional peaks appear in the distribution of dynamical mass. However, the strength
of these extra peaks is much smaller that the galaxy itself and may be too low to be
observed.

The analysis was refined using the baryonic density distribution given by the sim-
ulation OCBMond2. The position of baryonic and phantom dark matter peaks was
estimated for each object found in the simulation and the probability distribution of its
displacements was calculated. The outcome of the analysis is that the offsets are to small
to be compliant with the observed ones, at least in the present incarnation of phantom
dark matter and the simulation used.

The section was closed with a discussion about possible bias induced by the metodol-
ogy employed for the analysis. The results give support to the idea that neutrino-like
non-collisional matter might be responsible for the observed offsets of lensing and X-ray
peaks.
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Chapter 5
Initial conditions

The non-linearity of the MOND equation increases considerably the difficulties that have
to be faced when calculating the gravitational potential. Consequently, before to solve
the MOND equation for a given system, it is customary to study first the raw properties
of the solution to check if it is in the Newtonian regime. If that is case, there is no
need to include MONDian effects and the computations can be greatly simplified. In the
context of cosmology, it is usual to assume that this is the case for the early universe.
This gives the posibility to determine the initial conditions for calculations of non-linear
cosmological evolution by means of well known and tested algorithms based on standard
gravity. However, the approach has a possible drawback: the calculation that supports
the premise that the accelerations are high enough on the early universe is made over
sherically symmetric overdense regions and hence, it excludes effects that could be present
in the general case. One example of such effects is the cancelation of forces that should
exist in the zone that lies between overdense regions, which should give pure MONDian
forces even in cases in which the overdense regions are fully Newtonian. Underdense
spherical regions are also excluded in the usual analysis. Therefore, before assume the
hypothesis as valid, the importance of this neglected effects must be quantified. A self
consistent calculation of the accelerations in realistic situations is mandatory to give a
definitive answer on this matter.

The first section of this chapter will present a detailed calculation of the acceleration
field at high redshift. Instead of treating only overdense regions, the accelerations will be
computed solving the Poisson’s and MOND equations on a grid for density fields obtained
as random realizations of different power spectra. The spectra will be motivated in
different cosmological models and given at different redshifts. The outcome of the study
is that, in effect, at high redshift, there are regions of space in which the accelerations
are in the MONDian regime, expecially on the low density cosmological models asociated
with MOND.

In order to relax the above mentioned approximation, a different method to generate
the initial conditions for particles needs to be developed. An effort in this direction will
be presented in the second part of the chapter. The section will start describing the
standard method, which is based on the analytic solutions of the growth equation and
the Zeldovich approximation. Afterwards, a different method will be proposed, which
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ID Ωb Ωc ΩΛ Ων H0 Ωtot Motivation
A 0.053 0.206 0.741 0 72.4 0.259 ΛCDM
B 0.053 0 0.947 0 72.4 0.053 ΛCDM no dark matter
C 0.047 0 0.724 0.229 71.5 0.276 Angus with massive ν

Table 5.1: Cosmological models for which the accelerations were calculated. See text
for explanation.

consist on starting the N-body simulation at a redshift close to recombination, which is
much higher than usual. The difference with respect to the standard N-body algorithm
is that, during the early evolution, the density needed as source of the field equation will
be calculated, not from the position of the particles, but as numerical solutions of the
generalized MONDian growth equation. Tests will be presented as well as results from
cosmological simulations that were run with this initial conditions.

The section will present also an algorithm to solve a particular class of generalized
growth equations. The method will be tested using the standard growth equation in
combination with MOND. Results from simulations made with this new solutions will be
also presented. Finally, the conclusions of the chapter will be sumarized in section 5.3.

5.1 The accelerations at high redshift
The purpose of this section is to measure in a precise, self-consistent manner and without
symmetry assumptions the value of the accelerations that are present at high redshift,
close to recombination. After giving an explanation of the plan for the analysis, technical
details will be provided about the realizations of the over-density fields as well as the
test that were made to them. Later on, a comparison between Newtonian and MONDian
forces will be presented for different cosmological models and at different redshifts.

5.1.1 Calculation of the accelerations
The calculation of the accelerations was made by solving the field equation for the gravi-
tational potential on a uniform Cartesian grid. The source of the equation was computed,
for different cosmological models, as random realizations of their corresponding power
spectrum of overdensity perturbations. Two gravitational models were studied: the stan-
dard one, which is defined in the Newtonian gauge by eq.2.8 and the quasi-linear version
of MOND (Milgrom 2010b), whose field equations are derived in appendix D. Prelimi-
nary tests made with the BM equation (eq.2.14) show that the results are not sensitive
to the particular formulation used for MOND. On the contrary, the form of the argument
of the µ function plays a fundamental role. The following argument was chosen:

x = ∇φ
aa0

, (5.1)

which is the result that naturally comes from the comoving change of variables (eq.2.5)
which was discussed in section 2.1.1. The acceleration constant a0 will be assumed
independent of redshift.
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The gradient of the potential, which is necessary to obtain the forces, was calculated
with a second order discretization formula given for the component x1 by:(

∂φ

∂x1

)
i,j,k

= φi+1,j,k − φi−1,j,k

2h
(5.2)

were h is the spacing of the grid and φi,j,k is the value of the potential in the node (i, j, k).
The forces were normalized during the analysis with the product aa0, which gives

the argument x of the µ function and hence the quantity that defines if the accelerations
are in the Newtonian or MONDian regime. For values of x � 1, the MOND equation
will approach the standard Poisson’s equation and the physics will become Newtonian.
The opposite happens for values of x ≤ 1. Only results for the simple version of the µ
function (eq.1.62) will be shown. Tests were made also with the standard µ function and
the overall conclusions remained unchanged.

The power spectra needed to define the source of the field equation were calculated
with standard gravity usign the code CMBFAST (Seljak & Zaldarriaga 1996). Table 5.1
shows the parameters of the cosmological models that were studied. The models were
taken from Angus (2009) and include a standard ΛCDM model, a model using only a
baryonic component and a model with a massive neutrino component which was added to
improve the fitting of the angular power spectrum of the CMB (see section 1.5 for details).
All the models are flat, requirement that was fulfilled by adding the necessary amount
of dark energy. The calculation was made at three different redshifts (z=1000, 250 and
50), which go from the redshift of recombination to the minimum usually employed when
generating initial conditions for cosmological simulations.

5.1.2 Generating a realization of the power spectrum
The perturbations were assumed to be Gaussian, which means that the Fourier transform
of the overdensity field has the form:

δ̂ = P (k)(a+ ib), (5.3)

where a and b are Gaussian distributed numbers, with zero mean and dispersion 1/
√

2.
The method that was employed to generate the realizations of the power spectra P (k)
consist of making first a realization of δ̂ in Fourier space and then inverting it to get
the density perturbations on the configuration space. As the outcoming density must be
real, the numbers a and b must be hermitic conjugates, which was taken in account for
the realizations presented here.

The derivation of the power spectra from the transfer functions provided by CMB-
FAST was made according to the following expresion:

P (k) = 2π2T 2(k)kh
(
kh

kp

)ns−1
A′h3, (5.4)

where the transfer function T is the output of the code cmbfast and the constant A′
is the primordial amplitude at the pivot scale kp. In case that the units are chosen as
[P]=Mpc3/h3 and [k]=h/k, the value of A′ is 2.4−9, with kp = 0.05 1/Mpc. Finally, ns
is the spectral index which was assumed to be 1.
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Figure 5.1: Example of a real-
ization of the model B. The con-
tinuous line is the input power
spectrum obtained with cmbfast
and the dashed line the power
spectrum obtained from the re-
alization on the grid.

The code CMBFAST gives separate transfer functions for each component of the
requested model. Only two components were taken into account: baryons and dark
matter (in its standard form and as massive neutrinos). The realizations where made for
each component separately and the total over-density that constitutes the source of the
Poisson’s equation was calculated as:

δ = δbρ0,b + δdmρ0,dm

ρ0,b + ρ0,dm
, (5.5)

where δb and δdm are the over-densities in baryonic and dark matter components ob-
tained from the transfer functions given by CMBFAST in combination with eq.5.4. The
quantities ρ0,b and ρ0,dm are the unperturbed values of the density, which are given by
the definition of the model. The source for the field equation was finally constructed
using this total over-density (eq.5.5) in the form presented in eq.2.19.

A test

In order to measure the accuracy of the over-density realizations, their power spectrum
was calculated from the grid and compared with the one that was used as input. Fig.5.1
shows this comparison for the model B in table 5.1, which does not include dark matter
and hence it is the one in which the baryonic oscillations are not diluted and are dominant
features in the form of the power spectrum. The box size used for this example is 128
Mpc/h and the grid in which the realization was constructed has 512 cells per dimension,
which corresponds to a spatial resolution of .25 Mpc/h. The continuous line represents
the input power spectrum computed with CMBFAST, while the dashed line is the power
spectrum recovered from the grid using the normalization given in appendix C. The plot
shows that the program is able to recover the baryon oscillations at high frequencies.
At low frequencies, the low number of points that is present in that range makes the
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Figure 5.2: Up: distributions of New-
tonian (left) and MONDian (right) accel-
erations for the model A using a box of
128 Mpc/h and a grid with 512 nodes
per dimension. Five different realizations
are shown, for three different redshifts.
Down: comparison between Newtonian
and MONDian accelerations for one of the
realizations presented in the upper plots.

oscillations to be more difficult to reproduce, but the overall form of the power spectrum
is well described.

5.1.3 The accelerations for a standard power spectrum
In spite that the main interest is to calculate the accelerations for low density models
(i.e. those that do not include dark matter in the scales of galaxies), the behavior
of the solutions for a standard cosmological model will be presented to be taken as a
reference point. Convergence tests related to changes in resolution and box size will also
be described.

The value of Newtonian and MONDian accelerations

The left panel of Fig.5.2 shows the distribution of normalized accelerations obtained for
the model A in table 5.1 using a box size of 128 Mpc/h and a grid of 512 nodes per
dimension (0.25 Mpc/h of spatial resolution). In order to determine the importance of
cosmic variance effects, five realizations were made for each of the three redshifts studied
(z=1000, 250 and 50) using different initial seeds for the random numbers generator. The
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Figure 5.3: Up-left: over-density distribution for a layer of the realization made in a
box of 128 Mpc/h of side length with a resolution of 512 cell per dimension at redshift
z = 1000. Down: Newtonian and MONDian (left and right) accelerations corresponding
to the same density distribution normalized with the quantity aa0. Up-right: ratio
between the Newtonian and the MONDian accelerations.

basic behavior of the distributions is the expected one: the high end of the domain is
above one, which means that the forces that correspond to the density peaks are indeed
Newtonian. The redshift behavior of the distribution agrees also with the expectations,
since the higher accelerations corresponds to higher redshifts. At redshift z=50, almost
the complete domain of the distribution is below one, which means that at that moment
the universe is almost fully MONDian. The cosmic variance effects are not dominant in
the distribution.

The right panel of Fig.5.2 shows the results obtained for the same realizations, but
solving the MOND equation. Even the curves corresponding to the CMB show the
presence of MONDian effects: the lower tail of the distribution is shifted towards high
values. In order to make a better comparison between the two gravitational models, the
bottom panel of the same figure shows the Newtonian (thin lines) and MONDian (thick
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Figure 5.4: Same as Fig.5.3 for redshift z=50.

lines) distributions for one of the realizations shown before.

To give a better idea of the spatial distribution of the accelerations, Figs.5.3 and
5.4 show the quantities under study for a slide of the box for one particular realization
and two different redshifts (z=1000 and z=50). The upper-left panel shows the over-
density distribution and the two lower panels the Newtonian (left) and MONDian (right)
normalized forces. Note that the color palette used for this two panels is the same
for each redshift, so they can be directly compared. The upper-right panel shows the
ratio between the two forces, which makes evident the complexity of the MONDian
solutions. The largest discrepancies between the two gravitational models are present
(as the histograms in Fig.5.2 already show) in the places were the Newtonian forces are
small. In those places, Newtonian and MONDian accelerations can differ up to a factor
of 2 at decoupling.
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Figure 5.5: Effect of changing the resolution on one of the realizations presented in
Fig.5.2. Four resolutions are shown, which going from thickest to thinnest lines cor-
responds to grids of 512, 128, 64 and 32 nodes per dimension. The distribution of
Newtonian (left) and MONDian accelerations (right) are shown separately.

Resolution effects

The sensitivity of the results under changes in resolution was determined repeating the
calculations on coarser grids. In order to keep the same patterns in the density distribu-
tion, the realizations were made in first place on the high resolution grid with 512 nodes
per dimension. The values on the coarser grids were obtained by means of a straight
injection restriction, which consist in defining the values on each node on the coarse grid
as coming from the corresponding node on the fine grid (e.g. Trottenberg et al. 2000).
This kind of restriction requires the nodes of both grid to be cospatialy related.

The left panel of Fig.5.5 shows the distributions of Newtonian accelerations for one
of the realizations shown before (Fig.5.2), but with the potential and forces calculated
on the coarser grids. The width of the lines identify the resolution employed during the
calculation. From thickest to thinnest, the curves correspond to grids 512 (the one that
was already shown), 128, 64 and 32, which have spatial resolutions of 0.25, 1, 2 and 4
Mpc/h respectively. The figure shows that the result is converged for grids between 512
and 128, which is proven by the fact that the curves corresponding to these resolutions
lie all of them in top of each other. For lower resolutions, there is a tendency of obtaining
higher accelerations when using coarser grids. It is interesting to note that the form of the
distribution does not change with resolution. The curves are shifted without changing
its form.

In the case of MOND, the behavior at redshift z=1000 is the same as for Newton: the
distribution conserves its form and moves towards high accelerations when the resolution
is restricted below 128 nodes per dimenssion. For lower redshifts, the grid 128 can not
conserve the properties of the high resolution grid. Now the distribution is modified on
both sides. Its form changes, moving its high and low wings to higher and lower values
respectively.

More important are the modifications induced by changes on the size of the box,
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Figure 5.6: Effects of changing the size of the box over the accelerations. The plots
are the same presented in the upper plots in Fig.5.2 but for two different box sizes (64
Mcp/h in the upper row and 32 Mpc/h in the lower one).

which is the subject of next paragraph.

The importance of large scales

Changes in resolution have the net effect of subtracting the information given by the
power spectrum on the high frequency side. Now, the effects of subtracting information
on the low frequency part will be investigated. This can be accomplished by reducing
the size of the box.

There are two reasons for which a reduction of the size of the box can affect the force
field. In first place, for isolated systems and large enough distances, the MONDian forces
are proportional to 1/r instead of 1/r2 as in Newtonian gravity. This makes MOND forces
longer range than the Newtonian ones. Consequently, to work in a MONDian context
requires to take into account the environment at farther distances. The question is: how
far it is necessary to go from a given system until the environment can be neglected? In
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Figure 5.7: Distributions of Newtonian (left) and MONDian (right) accelerations for
the model B (top) and C (bottom) using a box of 128 Mpc/h and a grid with 512 nodes
per dimension. Five different realizations are shown, for three different redshifts. Note
that the limits of the axis are different for each model.

the context of numerical cosmology, the question reads: how big has to be the size of the
box in order to give stable results?

The other effect that should be associated with the box size is the external field effect,
which is a consequence of the non-linearity of the MOND equation and is related to the
fact that the forces generated by a system are different in the case that the system is in
isolation or immersed in an external field. The effect was studied for instance by Wu et al.
(2008) in the context of galactic potentials, but there is no study in which the external
field is calculated in a self consistent way. In the present study, changes in the box size
could imply changes in the mean gravitational field, that will lead to modifications in
the forces that are generated by individual overdense regions.

In order to investigate the importance of this effects, one could be tempted to work
in the same way as when the resolution was reduced, i.e. to set up one density real-
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Figure 5.8: Comparison between Newtonian (thin lines) and MONDian (thick lines)
accelerations for one of the realizations presented in Fig.5.7 for the model B (left) and C
(right).

ization and to calculate the accelerations while cutting the box to smaller and smaller
boxes. This procedure has the disadvantage that once the box is cut, the density is not
periodic anymore and it is not possible to obtain periodic solutions of the field equation.
Independent realizations with different box sizes must be done, but it was already shown
that the cosmic variance could be non negligible, neither in Newton, neither in MOND.
Therefore, it is necessary to make many realizations for each box size under study.

Fig.5.6 shows the result for five different realizations at the same three redshifts
studied before for Newtonian (left) and MONDian (right) gravity. The box sizes employed
are 64 (upper row) and 32 Mpc/h (lower row) and the resolutions are 256 and 128 nodes
per dimension respectively. The grids were chosen in a way that the spatial resolution
is the same for all the boxes (.25 Mpc/h), including the 128 Mpc/h box presented in
the previous paragraph (Fig.5.2). Thus, the distributions shown here can be directly
compared with those in previous analysis. The outcome of this computations is that
the accelerations given by the original box (128 Mpc/h) could be not converged and
that reducing the box size has the net effect of reducing the accelerations and hence
increasing the impact of MOND. A large box size should be investigated to confirm this
result. The effects of cosmic variance are of the same order as before, at least with the
few realizations that were tested here.

To reduce the size of the box from 128 to 64 Mpc/h gives differences that are com-
parable to those related with the cosmic variance. Reducing again the box size to 32
Mpc/h gives accelerations that differ a factor of two from the original ones, which can
not be hidden by changing the initial seed and that should not be neglected. This is a
very important result since it gives an indication that spherical colapse models usually
employed to study linear evolution and which neglect the precense of the environment
could be strongly biased. This issue will be discussed in detail in section 5.2.4, where
self-consistent solution of the standard growth equation coupled to MOND will be pre-
sented.
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Figure 5.9: Same as in Fig.5.3 but for the model C. The realization was made with
the same initial seed that the one used in Fig.5.3 and hence the figures can be directly
compared.

5.1.4 The accelerations for cosmological models with
MONDian motivation

The analysis shown in section 5.1.3 serves as a reference point for the behavior of the
solutions of the field equations, but it is still inconsistent due to the fact that a ΛCDM
model does not match MONDian gravity. Therefore, the calculations were repeated
using the models B and C in table 5.1, which are expected to be more appropriated for
MOND. The model B is the same as the model A studied before, but with the dark
matter component removed. As it is know that this model does not fit the angular power
spectrum of the CMB, the model proposed in Angus (2009) with a massive neutrino
component was also studied.

The accelerations were calculated for this models in the same way as presented in
previous sections. Fig.5.7 shows the results for a box of 128 Mpc/h and a grid of 512
nodes per dimension. The plots are directly comparable with those shown in Fig.5.2 and
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Figure 5.10: Effect of changing the resolution on one of the realizations showed in
Fig.5.7 for the model C. Four resolutions are shown, which, going from thickest to thinnest
lines, correspond to grids of 512, 128, 64 and 32 nodes per dimension. The distribution
of Newtonian (left) and MONDian accelerations (right) are shown separately.

show the distribution of accelerations for the two models (B and C) and both gravities
(Newtonian and MONDian). Both models show larger effects related to cosmic variance
with respect to the model A (the dispersion between the curves for a given redshift
and different initial seeds is much larger). In the model B, the absence of dark matter
perturbations on small scales, makes the accelerations to be much smaller than for the
model A. The addition of neutrinos boosts the accelerations, but is still not enough to
bring them to the levels found for the model A. In other words, the presence of MOND
is increased at any redshift for both models. This can be seen in Fig.5.8, which shows a
comparison between the two gravities for both models and a given initial seed.

Fig.5.9 shows the spatial distribution of the overdensity and accelerations fields corre-
sponding to the model C for redshift z=1000. The initial seed used for this figures is the
same used for the corresponding figures of the model A (Figs.5.3 and 5.4), so the fields
are comparable. A detailed inspection of the force fields shows that the ones presented
here are very similar in its large scale distribution to those corresponding to the model
A, but the ratio between Newtonian and MONDian forces has larger differences, with
a much smoother behavior in the model C than in the A. The areas in which the ratio
adopts higher values with respect to the mean, are much larger here that for the model
A.

Resolution effects

Resolution analysis were made for the model C degrading the resolution of the over-
density realizations in the same way that was explained in section 5.1.3. The result is that,
owing to the fact that the power spectrum has an exponential cut-off, the accelerations
are insensitive to changes in resolution (at least for the resolutions tested here). Fig.5.10,
shows the histograms for the grids 512, 128, 64 and 32 for Newtonian (left) and MONDian
(right) gravity. All of them lie in top of each other.
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Figure 5.11: Effects of changing the box size over the accelerations for the model C.
The plots are the same presented in the lower plots of Fig.5.7 but for two different box
sizes (64 Mcp/h in the upper row and 32 Mpc/h in the lower one). Note that the limits
of the axis are different for each box size.

The importance of large scales

The sensitivity of the results against changes in the box size was studied for the model C
and catastrophic results were found. The tendency of obtaining smaller accelerations for
smaller boxes that was found in the ΛCDM results is conserved and increased. Changes
of around two orders of magnitude between the results of the 128 Mpc/h box and the
one with 32 Mpc/h are present.

Owing to the fact that large scales are dominant for the kind of power spectrum used
in the model C, cosmic variance effects are also increase. This can be explained by the
fact that the smallest box tested has a size comparable with the large blobs present in
the density field. To change the initial seed, implies to change for instance from a density
distribution dominated with voids to a density distribution dominated by density peaks,
giving completely different distributions of the accelerations. The form of the distribution
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also changes with the initial seed.
The conclusion that can be obtained from this study is that small boxes (smaller

of equal to 128 Mpc/h) are not adequate to study accelerations, with the consequence
that they give also a non-accurate evolution in cosmological simulations. In order to
determine the minimum box size that should be used in simulations, the calculations
presented here should be repeated using larger boxes.

5.2 Generating initial conditions for particles
under MOND

The previous section has proved that, for the cosmological models that are expected to be
used in combination with MOND, the accelerations at high redshift are not enough strong
to avoid MOND effects. The direct implication of this result is that initial conditions for
cosmological simulations must be calculated taking into account MOND. The aim of this
section is to make a contribution in this direction by proposing a method to generate
initial conditions which is based on generalized versions of the linear theory.

The section is structured as follows: section 5.2.1 will briefly review the standard
methodology employed to generate initial conditions with standard gravity. The outcome
of the analysis will be that the main assumption implicit in the method is the fact that the
solutions of the growth equation are scale free. As this is not anymore the case for MOND,
a different method will be proposed in section 5.2.2. An example its implementation based
on numerical solutions of Sanders’s equation (Sanders 2001) will be described in section
5.2.3. In the search for an understanding of the effects of using spherical models to solve
MONDian growth equations, section 5.2.4 will present a self consistent solution of the
standard growth equation coupled to the MOND field equation. Finally, this solutions
will be employed in section 5.2.5 to show its consequences on non-linear evolution.

5.2.1 The standard method

Strictly speaking, N-body cosmological simulations could be started at the redshift of
recombination, which is the one from where the initial power spectrum is obtained from
CMB observations. Yet, there is a problem with this approach: over-density perturba-
tions at redshift z = 1000 are of the order of 10−5 (e.g. Angus 2009). To represent this
over-densities on a grid of, for instance, 256 nodes per dimension on a box of 100 Mpc/h
using the nearest grid point (NGP) smoothing technique (Hockney & Eastwood 1988),
more than 100003 particles will be needed, which is far from the possibilities of present
computers. The solution to this problem is to set up, in first place, the initial conditions
at redshift z = 1000 using a uniform sample given for instance by a Cartesian grid or a
glass configuration (e.g. White 1994). Next, a big first time step is made using, instead
of the density represented by the particles, the density that comes out from the linear
growth theory studied in section 1.2.2. The equations involved on the calculation of this
displacements are the linearized geodesic equation coupled to the field equation for the
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gravitational potential and the linear growth equation of density perturbations:

ẍi + 2Hẋi + 1
a2

∂φ

∂xi
= 0 (5.6)

δ̈ + 2Hδ̇ − 1
a2∇

2φ = 0 (5.7)

∇2φ = 3
2
H2

0Ω0

a
δ, (5.8)

Note that the source of the Poisson’s equation was written in the form given by equation
2.19 as a function of the over-density δ. The solutions of the growth equation were already
described in section 1.2.2, where it was proven that the linearly evolved over-density can
be written as:

δ(t) = D(t)
DI

δI . (5.9)

where δI and DI and the values of δ and D at the initial time and the normalization of
D is defined for instance as 1 at redshift 0.

The Solution of the equation of motion can be calculated under the assumption that
the trajectories at high redshift are straight lines. This being the case, the solution is
separable and can be written in the following way:

xi(t) = Af(t)gi(x) +B + xiI (5.10)

where f and gi are the temporal and spatial components of the solution, A and B are
integration constants and xI is the position of the particle at some initial time tI , which
will be given, for instance, as the time corresponding to the CMB (z ∼ 1000). By
plugging this solution into the geodesics equation (eq.5.6), one obtains:

A
[
f̈gi + 2Hḟgi

]
+ 1
a2

∂φ

∂xi
= 0, (5.11)

which can be rewritten as:

A
giDI

δI

[
f̈

DI
δI + 2H ḟ

DI
δI −

∇2φ

a2

]
+
[
A
giDI

δI

∇2φ

a2 + 1
a2

∂φ

∂xi

]
= 0, (5.12)

where the initial overdensity δI and the value of the growing solution of the growth
equation at the initial time DI were used. In case that one recognizes in the first bracket
of this expression the left hand side of the growth equation (eq.5.7), one can choose
f = D, were D is the growing solution of the growth equation normalized for instance
to 1 at redshift z = 0. This solution makes the first bracket in eq.5.12 to vanish and
one just need to prove that the function gi is independent of time. This can be verified
by taking into account that the solution of the Poisson’s equation in the linear regime is
given by

φ(t) = aID(t)
aDI

φI , (5.13)

where φI is the value of the gravitational potential φ at the initial time tI and the
quantities aI and a are the expansion factor at times tI and t. Substitution of this
solution into eq.5.12 gives:

gi = −2
3

aI
H2

0Ω0

1
ADI

(
∂φ

∂xi

)
I

, (5.14)
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which is indeed independent of time.
Putting together the solutions f and gi in eq.5.10, one finds that the position of the

particles evolved linearly from the initial time tI to t is given by:

x(t) = 2
3

aI
H2

0Ω0

D

DI

(
∂φ

∂xi

)
I

+B + xI . (5.15)

The constant A is already fixed by the normalization of the solution of the growth
equation. The value of B can be computed evaluating the displacements in tI , which
gives:

B = 2
3

aI
H2

0Ω0

(
∂φ

∂xi

)
I

. (5.16)

Finally, the solution for the linear displacements is

x(t) = xI −
2
3

aI
H2

0Ω0

(
D

DI
− 1
)(

∂φ

∂xi

)
I

, (5.17)

which is the so called Zeldovich approximation (Zel’Dovich 1970) and is valid even in the
mildly non-linear regime, until shell crossing occurs.

The velocities that the particles will have after the displacements were made can be
calculated from the relation given by eq.1.34. Proposing again a separable solution:

vi(t) = Ae(t)hi(x) +B (5.18)

and following a procedure similar to the one described before for the displacements, one
obtains that the velocities at time t are given by:

v(t) = −2
3

aI
H2

0Ω0

Ḋ

DI

(
∂φ

∂xi

)
I

, (5.19)

where Ḋ is the time derivative of the growing solution of the growth equation at time t.
The Zeldovich approximation is used to make the first time step mentioned above

from tI until a moment in which the perturbations in the density are large enough to
accept a description made by particles through eq.1.49. Once this first time step is done,
the N-body simulation starts in the usual self-consistent way, in which the source of the
field equation is estimated from the particles using a smoothing kernel as in eq. 1.49. The
redshift in which the self-consistent evolution usually starts corresponds to a moment in
which the overdensity is order 1, but not larger than that. In the standard case, the
typical values are between z=100 to 50, depending on the box size and resolution.

The calculation of the Zeldovich displacements is based on the facts that the growth
equation has a scale independent solution and that the Poisson’s equation is linear. Since
none of these assumptions is valid in MOND, a different approach should be developed.
That is the purpose of the next section.

5.2.2 A method for non-linear gravities
The last section described the standard method used to initialize cosmological simula-
tions. As the method relies on the linearity of the growth and Poisson’s equations, it
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must be generalized before to be applied to the non-linear case. The method that is
proposed here is based on the same idea that the standard method: a set of particles
initially in a uniform grid or a glass configuration at redshift z = 1000 is evolved with
linear support until the initial redshift of the simulation. In the MONDian case, the
equations 5.6 to 5.8 that were previously used to calculate the initial displacements will
be substituted by the following generalized equations:

ẍi + 2Hẋi + 1
a2

∂φ

∂xi
= 0 (5.20)

L(δ, φ, ∂nφ, a,x) = 0 (5.21)

∇ ·
[
µ

(
|∇Φ|
aa0

)
∇Φ
]

= 3
2
H0Ω0

a
δ (5.22)

where the MOND equation derived in section 2.1.1 takes the place of the Poisson’s
equation and L is the differential operator associated to the generalized growth equation,
which is expected to be a function of the over-density, the potential and its derivatives
and the expansion factor. This equation is still not fixed from the theoretical side and
hence it will be kept written in a general way for the moment. As discussed in section
2.1.1, the geodesics equation remains unaltered.

The growth equation has a least an implicit non-linearity through the equation for
the gravitational potential and a possible explicit non-linearity in its own differential
operator. Consequently, it is not possible anymore to obtain analytic solutions of this
equation. Furthermore, there is no warranty that the solutions of eq.5.21 will be scale
independent, so the Zeldovich approximation can not be employed to calculate the initial
displacements of the particles. The alternative approach proposed here is the following
one: instead of making a big initial time step, the simulation will start at redshift z = 1000
using the usual leap-frog scheme, but with the difference that the source of the MOND
equation will not be given by the density described by the particles through eq.1.49, but
as a numerical solution of the growth equation (eq.5.21). In other words, the leap-frog
scheme will be rewritten in the following, more general, form:

vn+1/2 = vn−1/2 −
(∇φ)n
ȧn

∆a

δn+1 = δn + F (a,∆a, φ, ∂nφ, δ)

xn+1 = xn +
vn+1/2

ȧn+1/2a
2
n+1/2

∆a, (5.23)

where the over-density needed to calculate the gravitational potential is written as a
function of the over-density in the previous step plus a function of the over-density itself,
the potential and its derivatives. The function F will depend on the growth equation
proposed and the method employed to solve it.

In case that the algorithm converges, one expects that after a given number of time
steps, the particles will fall into the potential walls generated by the linear density and
will start to describe the same density. At that moment, the linear part of the code will
be switched off and the self consistent non-linear evolution will start, using as source of
the MOND field equation the over-density given by the particles according to eq.1.49.
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Implementation

The method was implemented and tested using two different forms of the growth equa-
tion: the equation proposed in Sanders (2001) motivated on a classical bi-scalar la-
grangian and the standard growth equation (eq.5.7) coupled to the MOND field equa-
tion. The code, written in C language, was developed from scratch during this thesis and
baptized, for historical reasons during its development, as Solve. It is a particle mesh
N-body cosmological code that uses a uniform Cartesian grid to calculate the potential
without refinements. It was not designed as a code for state of art simulations, but as a
test bench, were new formulations for gravity can be evaluated in a quick and safe man-
ner. The simplicity was the priority when building the code. This gives the possibility
to make modifications in a very easy way, minimizing the risk of introducing bugs, which
is always present when one deals with big codes such as Ramses of Gadget. Once a new
formulation was understood using this code, one can make the necessary modifications
on larger codes having the results obtained with this code as reference.

The code includes a Newtonian potential solver based on a standard FFT method and
a solver for the Bekenstein-Milgrom (BM) MOND equation (eq.2.20). The initial guess
for the iterative MONDian solver is obtained as proposed in Appendix A. In addition
to the Newtonian and BM-MONDian simulations that can be run with this solvers, the
solutions are combined in a way that is it also possible to run simulations under the
simple formulation for MOND (eq.1.60) and the twin matter formulation described in
chapter 6. It contains also the quMOND solver that was employed in section 5.1 to
calculate quMONDian accelerations as described in appendix D. The solver for the BM
equation is based on a multigrid method as described in section 2.1.3. The restriction
operator employed in this particular implementation to communicate different grids is
straight insertion (each node on a coarse grid adopts the value for its corresponding node
in the fine grid). For the prolongation operator, a bi-linear (for 2D simulations) or tri-
linear (3D simulations) interpolation (Trottenberg et al. 2000) was chosen. The nodes in
two contiguous grids are related in a co-spatial way, which means that each node on a
coarse grid corresponds with 9 nodes on the next finer grid.

Following the principle of simplicity and safety, the time steeping of the code was
chosen as uniform in a space. The paralelization was made also under this precepts and
hence it is based on OpenMP standards, which is more than enough for the kind of
simulations that were run.

In the self-consistent mode, the density on the grid is estimated from the position
of the particles through eq.1.49. Many kernels were coded. During the simulations
presented in this chapter, the cloud-in-cell scheme (CIC) (e.g. Hockney & Eastwood
1988) was employed.

The potential solvers were tested separately comparing results against analytic solu-
tions and the time evolution was compared against AMIGA repeating the cosmological
simulations described in chapter 2. Compatible results were obtained for the evolution
of the power spectrum under BM-MONDian gravity.

The solutions of the growth equation needed to generate the initial conditions are
provided to the code as a set of power spectra given at different redshifts. During the
first part of the simulation (the one that is made with linear support), the code makes
a density realization on every time step, using as input a power spectrum obtained by
means of an interpolation on the grid of power spectra. In case that the initial random
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Figure 5.12: Comparison between linear power spectrum and the one obtained from the
particles at high redshift during the generation of the initial conditions for the Newtonian
test.

seed used for the realizations is the same for all the time steps and that they are enough
small, one expects that the overdensity on the grid will have a continuous behavior as a
function of time. During the preliminary experiments, it was found that in order to get
a proper solution in the Newtonian case, the number of power spectra given as input to
the code is more important that the order used for the interpolation.

The initial velocities for the particles are calculated using the Zeldovich velocities
given by eq.5.19, which assumes that Newtonian gravity is valid at the initial redshift
(when the simulation with linear support starts). Preliminary test made starting with
null velocities gave negative results: the final power spectrum is underestimated even in
the Newtonian case.

Newtonian test

The code was tested in the Newtonian limit. In this case, a grid of standard power
spectra evolved according to standard linear theory was given as input to the code. The
cosmology used is a standard ΛCDM model defined by Ωm = 0.3 and ΩΛ = 0.7. The
initial power spectrum was calculated with the code CMBFAST and normalized according
to CMB observations. The box size used for the test is 128 Mpc/h and 1283 particles
were employed. The time step is uniform in a space and was calculated assuming 5000
time steps between the initial redshift (z=1000) and z=0.

The test was made using the quMOND solver in the Newtonian limit, with a value
of a0 = 1.2 × 10−19. Thus, the test is not only a test to the method to generate initial
conditions, but also to the MONDian solver.

The left panel of Fig.5.12 shows the power spectrum obtained from the realizations on
the grid and from the particles for different redshifts. The right panel shows the relative
error for the same redshifts. The error was found to decrease in a monotonic way on time
and to be around 3% at redshift z = 48, where the linear overdensity reaches a value of
.87. Consequently, the code is able to generate a distribution of particles that reproduce
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Figure 5.13: Comparison between linear power spectrum and the one obtained from
the particles at high redshift during the generation of the initial conditions for a low
density universe and Sanders’s linear theory.

a given power spectrum before the overdensities reach 1 and non-linear effects start to
appear.

5.2.3 Generating initial conditions using Sanders’s growing
solutions

In order determine the performance of the method when it is used in combination with
MOND, runs were made using the solution of the growth equation proposed in Sanders
(2001). The initial power spectrum and the code for solving the growth equation were
kindly provided by Prof. Sanders. The solution of the growth equation is calculated
by this code following the evolution of spherical regions. Assuming spherical symmetry,
Sanders’s equation (eq.1.73) can be written as a second order ordinary differential equa-
tion which can be solved for each mode independently using a Runge-Kutta algorithm.
The initial power spectrum was generated using the code cmbfast (Seljak & Zaldarriaga
1996) and normalized according to CMB observations. The cosmological model used is a
flat-low density one, which is defined by Ωm = 0.04 and ΩΛ = .96. No neutrinos or dark
matter were included. The value used for the Hubble parameter is H0 = 75 km/sec/Mpc.
A box size of 128 Mpc/h was used and 1283 particles were evolved starting with a power
spectrum given at redshift z = 498, which is close to the redshift of matter-radiation
equality for this particular cosmological model. As Newtonian gravity was assumed to
obtain the initial power spectrum, it is important to ensure that the accelerations are high
enough at redshift z = 498. This can be done including the same time dependence on the
acceleration constant that was already adopted in chapter 2 (i.e. a0(a) = aa0(a = 1)).
In other words, eq.2.20 will be used to define the MONDian potential. The solution of
Sanders’s equation was obtained including the same time dependence on a0. The size
of the time step, was defined in a space, assuming 5000 uniform time steps between the
initial redshift and redshift 0.

Unfortunately, the results of the runs are not as satisfactory as in the Newtonian case.
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The left panel of Fig.5.13 shows the power spectra corresponding to Sanders’s solutions
and those that were recovered from the particle distribution for three different redshifts.
At early times, the particle’s power spectrum is many orders of magnitude above the
linear one. This is a consequence of the fact that the particles are not able to reproduce
the small over-densities present at that epoch and the reason for the implementation
of the method described here. At later times, the power spectrum from the particles
approaches the input power spectrum, but there is always an underestimation of the
power at high frequencies, which is of the order of 80 percent at the moment in which
the maximum overdensity is 0.78 and that corresponds to z = 12. Runs made with
different resolutions and box sizes show that the effect increases with box size. The
right panel of the same figure shows the relative error between the two power spectra at
redshift z = 12.

A priory, there are two possible reasons for the disagreement found between the
description of the overdensity made with the particles and the solution of the growth
equation. In first place, one have to bear in mind that the solution of Sanders’s equation
was obtained using a spherical collapse model, which neglects the coupling between
different modes that should be present in the solutions of a non-linear theory. On the
other side, in the implementation of the method to evolve the particles, the MOND
equation is solved on a grid and hence, the interaction between the modes is taken in
account. Furthermore, when testing the dependence of the acceleration field with the size
of the box, section 5.1.3 showed that smaller boxes give smaller accelerations and hence,
an increase of the MOND effect. Therefore, to ignore the environment, as is the case of
spherical collapse models, will, in principle, give an overestimation of the evolution and
could be the responsible for the discrepancy found here.

The second cause for the method to fail on large frequencies, which is related with
the previous one, has to do with the fact that the treatment of external field and curl
field effects were also omitted in Sanders’s solutions. However, chapter 2 showed that
they do have an impact, at least in the non-linear evolution at low redshift. Since in the
implementation of the method to evolve the particles, the conservative MOND equation
is solved on a grid, this two effects are taken into account when moving the particles. In
short, there are differences between the description of gravity used to solve the growth
equation and to move the particles. Thus, the discrepancy found in Fig.5.13 could be
just an artifact produced by mixing solutions obtained with different methods.

Another possible cause for the problems found could be that the growth equation
proposed by Sanders is in fact not consistent with the prescription for MOND used here
(which is summarized in section 2.1.1). A self consistent solution of Sanders’s equation
will give a definite answer on this topic and is left for future development. The following
section will propose a method to solve a particular class of generalized growth equations
that can be easily modified to take into account Sanders’s linear theory.

Besides the fact that the exact form of the power spectrum obtained from the par-
ticles is not the expected one, both power spectra (the one recovered from the particle
distribution and the one which is solution of the growth equation) evolve almost parallel
at late times. This gives an indication that the velocities of the particles are somehow
following the linear evolution and is enough motivation to study the final result after
the particles are released and the self consistent N-body simulation starts. The redshift
in which the particles were released was chosen to be z = 12, which corresponds to a
moment in which the maximum overdensity reaches a value of 0.78. This overdensities
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Figure 5.14: Power spectra
from the simulation made with
initial conditions generated us-
ing Sanders’s linear theory for
four different redshift (z = 8, 5,
2 and 0). For comparison, the
Newtonian run is also shown for
the same redshifts. The dotted-
dashed line is the linear Newto-
nian power spectrum at redshift
z=0, shown also as reference. See
text for explanation.

are enough high to accept a description made by particles and the same time to keep the
linear solutions as valid.

Fig.5.14 shows the non-linear power spectrum for the MONDian (dashed lines) for
four different redshifts: z = 8, 5, 2 and 0. As comparison, the Newtonian test run
described in previous section is also shown (continuous lines) for the same redshifts.
At redshift z = 8, the Newtonian power spectrum is much higher than the MONDian
one, but its time evolution is much slower. The slope of the MONDian power spectrum
rapidly evolves from -1 (the value dictated by Sanders’s solution) to smaller values. At
redshift z = 2 it is almost parallel to the linear Newtonian power spectrum. The final
state given at redshift z = 0 is consistent with Nusser (2002) results: the power spectrum
is overestimated at large scales by around one order of magnitude. At small scales, it
remains under the Newtonian non-linear solution. The characteristic break present in
the Newtonian power spectrum at k ∼ 1 related to the transfer of power from large to
small scales in the non-linear regime appears now in the MONDian power spectrum at
smaller value of k. So it is possible that the break was not found in the simulations
described in chapter 2 just because the box size was too small and the modes that are
necessary to see the effect not represented.

A test run was made releasing the particles at redshift z = 4, which corresponds to
a moment in which the overdensity in the fine grid is already well above 1. The result is
similar to the previous one: the power spectrum rapidly move away from the linear power
spectrum adopting lower values at high frequencies. This shows that in the worse case,
in which the linear evolution is used even outside the linear regime, the phenomenon is
still present. Nevertheless, the power at small scales at redshift z = 0 of this run is higher
that in the previous run, showing that decreasing the redshift for the initial conditions
should lead to high number of small objects.

The fact that the slope given by the non-linear evolution is different in such a big
degree with the slope predicted by Sanders’s solution could be another indication, in
addition to the fact that during the evolution with linear support the particles have dif-
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Figure 5.15: Particle distribution for MONDian (left) and Newtonian runs (right) at
redshift 0 for simulations run with initial conditions generated using Sanders’s linear
theory for MOND. The tics marks are every 20 Mpc/h.

ficulties to represent the same power spectrum, that this linear solution is not consistent
with a description made by particles.

Fig.5.15 shows a projection of the particles colored according to the density for the
final state of the MONDian simulation (left) and the ΛCDM simulation (right). It is
evident the fact that the MOND simulation is much more evolved that the Newtonian
one and that, at the same time, there is a lack of small structure.

5.2.4 Coupling the standard growth equation to the MOND field
equation: a self consistent solution

Last section attempted to apply a new method for generating initial conditions for MOND
using as reference Sanders’s linear solutions for the evolution of overdensity perturbations.
It was found that, while the method works well for Newton, in the MONDian case there
are difficulties to reproduce with the outcoming distribution of particles the reference
power spectrum given by Sanders’s theory. A possible reason for this discrepancy is the
fact that Sanders’s equation is being solved assuming that the spherical collapse technique
is valid in MOND. The aim of this section is to test the validity of this assumption. To
this end, the solution of the growth equation will be obtained in a self-consistent way
using a grid method, without symmetry assumptions and taking into account external
field and curl field effects.

For simplicity, instead of Sanders’s equation, the standard growth equation (eq.5.7)
will be treated. In section 1.2.2, this equation was shown to be a direct consequence of the
conservation of energy (eq.1.24). In the case of generalization of MOND into a relativistic
formalism, it is likely that the energy momentum tensor will contain more fields besides
the density and the metric, so there is no warranty that the equation will still be valid.
Nevertheless, as what is being checked here is not the equation itself, but the method
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used to solve it, one can follow the minimalistic approach discussed in the introduction
and neglect the possible effect of extra fields present in relativistic extensions for MOND.
In this regard, it should be emphasized that the results presented in this section have to
be taken as a starting point rather that as definitive results.

The solutions of the standard growth equation coupled to MOND were already studied
using a spherical symmetric approach by Nusser (2002). A similar behavior to Sanders’s
solutions was found: the power spectrum acquires a slope of -1 independently on the
initial configuration. The questions about how this solution is reached as well as its
validity in case that the symmetry assumed is broken are still open.

The method proposed here to solve the equation is to follow the evolution not of a
sphere of a given radius, but of an over-density distribution given on uniform Cartesian
grid that covers a cubic region of the universe. The initial density will be given at a
redshift close to the matter-radiation equality as a realization of a given power spectrum
representative of the cosmological model under study. The boundary conditions will be
the same as those used in cosmological simulations (i.e. periodic).

The growth equation describes the movement of dust, so it is not surprising that it is
formally similar to the linearized geodesic equation (eq.5.6). This is enough motivation
to look for solutions using a scheme similar to an N-body algorithm, with the difference
that, instead of positions and velocities of particles, the evolution of the over-density and
its time derivative will be studied for every point belonging the grid.

Through the change of variables:

q = a2δ̇, (5.24)

the growth equation (eq.5.7) can be written as a system of first order differential equa-
tions:

δ̇ = q

a2

q̇ = ∇2φ, (5.25)

which resembles the Hamilton’s equations for a set of particles. The numerical scheme
proposed here to solve eqs.5.25 is a standard leap-frog scheme (e.g. Hockney & Eastwood
1988) which is given for the step number n by:

qn+1/2 = qn−1/2 + (∇2φ)n
ȧn

∆a

δn+1 = δn +
qn+1/2

ȧn+1/2a
2
n+1/2

∆a. (5.26)

The equation in a second order differential equation, so initial conditions for the overden-
sity and its time derivative must be provided. The initial value for the overdensity will be
given by a random realization on the grid of the initial power spectrum (see section 5.1.2
for a description of how this realization can be set up). The power spectrum should be
consistent with CMB observations and will be modeled assuming that Newtonian gravity
is a good approximation at the CMB and hence, using standard codes as for instance
CMBFAST (Seljak & Zaldarriaga 1996). Regarding the initial conditions for the variable
q, it was found that a discretization of the time derivative that appears in eq.5.24 given
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Figure 5.16: Left: numerical linear power spectrum at redshift z = 0 obtained for the
Newtonian case from three runs made with different time steps. The size of the box of
128 Mpc/h and a uniform Cartesian grid with 128 cells per dimension was employed.
The analytic solution is shown for comparison. Right: relative error between the three
numerical solutions shown in the left panel with respect to the analytical solution. Using
5000 time steps gives an error much less than 1 per cent.

by evaluations at a = 0 and aI gives accurate results at redshift z = 0 for the Newtonian
case. By defining the over-densities at a = 0 as equal to zero, one gets:

qI = aȧδI , (5.27)

where qI and δI are quantities at the initial time tI corresponding to aI . It is interesting
to note that this value for q, matches the exact value for the Einstein-de Sitter universe,
and shows to be a good approximation for other cosmological models.

As initially, the quantities δ and q are given at the same time, the leap-frog scheme
should be initialized in some way by calculating δ or q half time step in some direction.
It was found that a proper choice for this initialization is to move backwards half time
step the variable q.

The implementation of the method was made in C language and parallelized using
OpenMp standards. The code is based on the N-body code presented in section 5.2.2, to
which the leap-frog associated to the overdensity was added. The same potential solver
is used.

Newtonian tests

In order to gauge the quality of the numerical solution and calibrate the number of
time steps, runs were made using Newtonian gravity and a standard cosmological model.
This solutions were compared afterwards with the analytic solutions, which are possible
to obtain in the Newtonian case (see section 1.2.2).

The runs were made using the MONDian potential solver in the Newtonian limit from
z = 1000 to z = 0. The initial conditions were generated in the same way as explained in
section 5.1.2 using the model A in table 5.1. For simplicity, the baryons were neglected in
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Figure 5.17: Comparison be-
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the realization of the initial overdensity field. The left panel of Fig.5.16 shows the power
spectrum of the analytic solution at redshift z = 0 as well as the numerical solutions
obtained from runs that were made with 500, 1000 and 5000 uniform time steps in a
space. For clarity, the relative error is shown in the right panel of the same figure. The
error is scale independent in all the cases and is much less than 1 per cent for the run
made with 5000 time steps, which will be the time step used for the MONDian runs.

MONDian runs

In order to study the solutions in the MONDian case, runs were made using a box size of
128 Mpc/h and the same cosmological model employed for the runs presented in section
5.2.3, which is defined by Ωm = 0.04, ΩΛ = .96 and H0 = 75 km/sec/Mpc. The initial
power spectrum was calculated at redshift z = 500 using the code CMBFAST (Seljak &
Zaldarriaga 1996). To ensure that Newtonian physics is valid at that redshift, the same
time dependence for a0 used before was employed: a0(a) = aa0(a = 1). Fig.5.17 shows
the resulting power spectrum for four different redshifts (z=500, 142, 20 and 4) and two
different resolutions, with 128 and 512 nodes per dimension. For comparison, Sanders’s
solution studied in section 5.2.3 is also shown for the same redshifts.

The absence of baryon oscillations in the curves corresponding to the standard growth
equation is related to the fact that these solutions are obtained on a grid of finite size.
To increase the resolution on the grid will improve the fitting, but at the same time will
increase the required computational resources.

The behavior of the solution is different than expected from Nusser (2002) and Sanders
(2001) analysis. At large scales, the power spectrum closely follows the values of Sanders’s
solution. At small scales, the tendency is to have a higher slope than the value -1 found
by Sanders. The fact that the solution of the standard equation approaches a constant
value at high frequencies and low redshift is very likely to be a resolution effect. For
instance, it is possible to see at redshift z = 20 that the effect is present in the low



126 chapter 5: Initial conditions

z α δmax
500 -4.29 8.15× 10−4

142 -4.47 3.72× 10−3

20 -4.04 3.35× 10−1

4 -2.95 4.53× 101

Table 5.2: Slope of the power spectrum extracted from the high resolution run for the
range of frequencies .6 < k < 2 and maximum overdensity on the grid 128 for different
redshifts.

resolution run at k ∼ 2, while the 512 run follows a strict power law on these frequencies.
In order to get a more quantitative idea about the slope of this new solution, power

law fits were made for the high resolution run in the region where the power spectrum is
converged, from k=.6 to k=2. Table 5.2 shows the slopes and the maximum overdensity
reached on the low resolution grid. For δ > 1, the linear approximation breaks down
and higher order analysis must be done. The values show that, while the slope decreases
with time, the value -1 is never reach in the range of validity of the linear analysis.

Experimets were made using a box size of 128 Mpc/h and a resolution of 128 nodes
per dimenssion with different dependences of a0 with a. A power law form was studied:

a0(a) = ana0(a = 1), (5.28)

with n = −.5, 0.5, 1.5, 1.75, 2. While the overall rate of growth is very different in all the
cases, the slope of the power spectrum in the range studied before shows to be insensitive
to changes in n. For the case n = 1.75, the standard µ function was also tested and it was
found that there are diferences in the way the slope −4 is reached at very high redshift,
but the evolution is also insensitive to this change.

5.2.5 Generating initial conditions using solutions of the
standard growth equation coupled to the MOND equation

The previous section presented a self-consistent solution of the standard growth equation
coupled to the MOND field equation. The solution have a similar behavior to Sanders’s
solution at large scales, but on small scales prefer a slope greater than -1. The next
natural step is to verify the impact of this new solutions on the generation of initial
conditions for particles.

The experiments presented in section 5.2.3 were repeated with a set of power spectra
obtained from the high resolution run shown in section 5.2.4. The number of particles
used is 1283 and the grid employed for the calculation of the potential has 128 nodes per
dimension. To use a power spectrum calculated with much higher resolution permits to
avoid the problem found at large frequencies in the linear evolution. The cosmological
parameters are the same as in section 5.2.3.

Fig.5.18 shows the result of the run for four different redshifts. The evolution of
the position of the particles with linear support was stopped in this case at redshift
z = 8, which corresponds to a moment in which the maximum overdensity on the grid
is δmax = .6. The figure can be directly compared with Fig.5.13, which corresponds to
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Figure 5.18: Comparison between linear power spectrum and the one obtained from
the particles at high redshift during the generation of the initial conditions for a low
density universe and Sanders’s linear theory.

the same simulation but when using Sanders’s linear solution. At very high redshift, the
power spectrum of the overdensity described by the particles has a same feature as in
the previous run: there is an excess of power on small scales which is the consequence
of using a finite number of particles. At lower redshift, the particle power spectra follow
closely the linear one. Right panel of the same figure shows the relative error between
the two power spectra at low redshift, were it is possible to see that, while the error is
smaller than when using Sanders’s solutions, it can be still of the order of 50%.

Further testing made a posteriory showed that cosmic variance is important in MOND
and that the discrepancy found in Fig.5.18 depends on the initial seed used to generate
the set of input power spectra and to make the displacements of the particles. This
should be taken into account for further development of the method.

As in previous section, the particles were also evolved until redshift z = 0. The result
is show in Fig.5.19, which again, can be directly compared with the corresponding figure
in section 5.2.3 (Fig.5.14). The nomenclature is the same as in that figure, and the same
linear and non-linear Newtonian solutions are shown for comparison. The moment in
which the particles were released in this case is the corresponding to z = 8.

While the power spectrum at the moment when the particles are released shows to
be very different with respect to the previous runs, both runs give almost same result at
redshift z = 0, with a slight decrease in the power at high frequencies in the run made
with the standard equation. This shows that, while the slope found by previous authors
in the linear power spectrum is not reproduced in the solutions presented here, the fact
that the final power spectrum is independent of the initial configuration seems to be
conserved in the non-linear case.
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ing the standard growth equation
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5.3 Conclusions
The present chapter was focused on the initial conditions for cosmological simulations.
Assumptions made by previous authors were tested and methods for studying high red-
shift evolution with MOND were presented.

The first section of the chapter dealt with the strength of the accelerations ar high
redshift. The basic assumption usually made when studying cosmology in combination
with MOND is that the accelerations at high redshift are high enough for Newtonian
physics to be valid. This provides a great simplification, because the initial conditions for
cosmological simulations can be generated with standard codes based on standard gravity.
The validity of this hypothesis was carefully tested in this chapter by measuring the
accelerations on density realization made on Cartesian grids and for different cosmological
models. The main outcome of the study is that the accelerations are not sufficiently high
at high redshift and thus, the treatment of MONDian effects can not be avoided when
studying the evolution in the linear regime. The situation becomes even worse when
cosmological models with a low density components are used, since to the problem of
the absolute value of the accelerations one must add the fact that cosmic variance effects
become important.

Another important result of this section is that the intensity of the acceleration field
has a dependence with the size of box. It was found that to reduce the size of the box
gives higher accelerations. This has very important implications on the study of linear
evolution since it implies that environment in MOND plays an important role and can
not be neglected.

Based on the outcome of the first section, the second part of the chapter proposed
methods to study cosmological evolution with MOND that were designed to relax the
hypothesis related to the accelerations. A method to generate initial conditions for non-
linear cosmological simulations was proposed, which is based on the idea of starting the
simulations at a redshift close to recombination, but with the difference that instead
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of using the density given by the particles as source of the gravitational field equation,
a density obtained as numerical solution of a generalized growth equation is employed.
The method was tested with satisfactory results with Newtonian gravity. When ap-
pling it to MOND in the context of Sanders (2001) linear theory, the performance of
the method decreases. The cause for this to happen could be related to the fact that
Sanders’s linear solutions were obtained by assuming spherical symmetry and neglecting
the environment. Thus, a method was proposed to improve this solutions by taking into
account environmental effects related to the external field effect, as well as curl field
effects and coupling between the modes. The method was proposed for the standard
growth equation coupled to the MOND field equation (which were already studied by
Nusser (2002) under spherical symmetry assumption), but it can be easily generalized.
The numerical solution proposed here consist in writing the growth equation as a set of
Hamilton’s equations and using a leap-frog scheme to solve them on a Cartesian grid.
The method was tested under Newtonian gravity with excellent results. When applied
to MOND, a different solution was found, with a power spectrum that prefers a slope of
-4 instead of -1 as in Sanders’s and Nusser’s solutions. These results show that spherical
collapse models are not valid to study linear evolution with MOND. The environment
plays a very important role in MONDian cosmology even in the linear regime and hence,
it must be taken into account when studying linear evolution.

This new solutions of the growth equations were applied to the generation of initial
conditions for cosmological simulations. The performance of the method improves, giving
a distribution of particles that represents in a better way the input power spectrum.
Nevertheless, an error of 50% is still present on the solution, showing that the method
to generate initial conditions can still be improved. Cosmic variance was found to be a
possible reason for the problems that the method is facing. Further investigations must
be made in order to confirm this.

Non-linear simulations were run with the new initial conditions proposed here, using
both linear solutions: Sanders’s ones with a slope of -1 and the new self consistent
solutions proposed here. In both cases, the overal results at redshift z = 0 are the same.
At large scales, the non-linear power spectrum is around one order of magnitude higher
with respect to the standard one. At small scales, the result is the opposite. In both
cases, the power spectrum lies below the standard one. In other words, MOND generates
to few small structure and too large clusters. The results are consistent with previous,
more simplistic analysis by Nusser (2002). Possible solutions to this problems will be
discussed in detail in the two following chapters.
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Chapter 6
Twin matter formalism

6.1 Introduction
Milgrom (2009a) has recently proposed a generalization of MOND into the relativistic
context by means of a family of theories that involves two metric fields gµν and ĝµν . The
family is defined by the following action:

I = − 1
16πG

∫ [
βg1/2R+ αĝ1/2R̂− 2(gĝ)1/4f(κ)a2

0M(Ῡ/a2
0)
]
d4x + IM + ÎM , (6.1)

where κ ≡ (gĝ)1/4 and Ῡ is a collection of scalar variables that is formed by contraction of
tensors Cαβγ = Γαβγ − Γ̂αβγ , where Γαβγ and Γ̂αβγ are the Levi-Civita connections of the two
metrics. The action includes two matter terms IM and ÎM . The first one is the standard
matter action which couples only to the metric gµν . The other one was added to take
into account the possibility that exist a matter component associated to the metric ĝµν .

Milgrom has shown that, for a particular choise of Υ, exists a particular gauge in
which a perturbation of the two metrics over a Minkowsky background can be written
as:

gµν = ηµν − 2φδµν (6.2)

ĝµν = ηµν − 2φ̂δµν . (6.3)

For the symmetric case (α = β), the quasistatic limit gives the following field equations:

∇2φ̃ = 4πG(ρ+ ρ̂) (6.4)

∇ ·

[
M′

[(
∇φ̄
a0

)2]
∇φ̄

]
= 4πG(ρ− ρ̂), (6.5)

where the potentials φ̃ and φ̄ are related to the perturbations on the metrics in the
following way:

φ = φ̄+ ζφ̃

φ̂ = −φ̄+ ζφ̃, (6.6)
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where ζ = (2β)−1 and the free functionM was chosen such that

M′(x2) = µ(x). (6.7)

In the non-relativistic limit, the equations of motion for matter and twin matter
particles are:

ẋi = pi ˙̂xi = p̂i (6.8)

ṗi = − ∂φ
∂xi

˙̂pi = − ∂φ̂
∂x̂i

.

The action presented above has two posible interpretations. One of them consist in
asuming that the second metric included in the Lagrangian is no more than a mathe-
matical device necesary to create MOND. The second approach, proposed in Milgrom
(2010a), consist in assuming that there is in fact a second matter component asociated
to the metric ĝµν , which will be know as the twin matter component. The forces on each
component will be attractive and hence, both will be able to condense into objects. On
the other side, the interaction between the two components will be through a repulsive
force. Consequently, the cosmological evolution should locate the objects of the real
matter component on the voids of the twin component and vice versa. The aim of this
chapter is to test wether this conjeture is viable in the context of non-lineal cosmological
evolution.

The chapter is structured in the following way. Section 6.2 will propose a set of field
equations equivalent to eq.6.4 and 6.5 but in a cosmological context. Section 6.3 refers
to the N-body code that was employed during the calculations. The code is based on the
one described in previous chapter. Several modifications had to be made in order to track
the second metric. They will be briefly described, as well as the test that were made. The
cosmological runs will be described in section 6.4 and their analysis and results will be
discussed in section 6.5. Section 6.6 will summarize the conclusions. Finally, the chapter
will be closed with and appendix, where a promising solution will be proposed for the
cosmological problems for MOND that were found in this chapter and the previous one.

6.2 The equations
The weak field limit equations presented in Milgrom (2010a) (eq.6.4 and 6.5) are the
result of applying perturbation theory over a Minkowsky background and hence they are
not the appropriate equations to do cosmology. In order to obtain analog expressions in
the context of cosmology, the same procedure discussed in section 2.1.1 will be employed:
the background will be assumed to evolve according to the FRW solution and a change
of coordinates will be made on the field equations given over Minkowsky.

The change to comoving variables is the following:

xi = ri

a
, (6.9)

which implemented in eqs.6.4 and 6.5 gives:

∇2φ̃ = 4πGa2 [(ρ+ ρ̂)− (〈ρ+ ρ̂〉)] (6.10)

∇ ·
[
µ

(
∇φ̄

aa0(a)

)
∇φ̄
]

= 4πGa2 [(ρ− ρ̂)− (〈ρ− ρ̂〉)] , (6.11)
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where the mean value of the sources were subtracted to obtain equations that can be
treated using periodic boundary conditions (see section 2.1.1 for a detailed discussion on
this topic). The fact that the mean value of the source of the field equations must be 0
is not just a formal mathematical subtlety without much importance. Potential solvers
based of Fourier methods obtain the solution making basically additions and hence, they
will always be able to provide a result. On the other side, iterative solvers like the one
used for MOND fail to converge in case that this requirement is not fulfilled.

Section 2.1.1 states that it is costumary to write the source of the field equation as
a function of the overdensity δ = δρ/ρ (see eq.2.19). In the case of the twin formalism,
as the two mean densities are substracted in eq.6.11, to assume identical quantities of
matter and twin matter will make the overdensity to be ill-defined; therefore this change
will not be implemented on the equations.

To conclude the derivation of the equations, one more change has to be made, which is
related to the way in which the densities are calculated. During the N-body simulations,
the estimation of the density will be made through the following expression:

ρi,j,k = 1
h3

∑
p

mpW (xp, xi,j,k), (6.12)

where ρi,j,k is the density in the cell (i, j, k), the sumation is over all the particles, mp is
the mass of the particle p and W is a smoothing kernel. The size of the cells h is given
by:

h = B

n
, (6.13)

where B is the size of the box and n is the number of cells per dimension. The definition of
the quantity B has to be taken with care. Let us suppose a set of particles distributed on
a uniform grid. As the distribution is uniform, the forces will be zero and the coordinates
of the particles will not change on time. If the box size is defined, for instance, as the
distance at fixed time between a particle on one side of the box and a particle on the
oposite side, with coordinates (t, 0, 0, 0) and (t, b, 0, 0) respectively, one has:

B =
∫

(gabT aT b)1/2dl = a(t)b, (6.14)

where the metric gab was assumed to be

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2). (6.15)

In other words, in comoving coordinates the box is expanding. Assuming a = 1 at
redshift z = 0, eq.6.13 can be written as:

h = a
B0

n
, (6.16)

where B0 is the box size at redshift 0. Taking this into account and writing the mean
densities as a function of its values at redshift z = 0:

〈ρ〉z = 〈ρ〉z=0

a3 (6.17)
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(see eq.1.20), one gets a final expresion for the field equations given by:

∇2φ̃ = 4πG
a

[(ρ+ ρ̂)− (〈ρ+ ρ̂〉z=0)] (6.18)

∇ ·
[
µ

(
∇φ̄

aa0(a)

)
∇φ̄
]

= 4πG
a

[(ρ− ρ̂)− (〈ρ− ρ̂〉z=0)] , (6.19)

where the densities are now assumed to be calculated using the size of the cells given at
redshift z = 0 according to:

h0 = B0

n
. (6.20)

The time dependence that was included on a0 in eq.6.19 is motivated by the fact
that when the initial power spectrum is normalized in the proper way (i.e. using CMB
observations at a redshift close to recombination), MOND over-predicts the normalization
at redshift z = 0 by around one order of magnitude (see, for instance, results in section 5.2
or Nusser (2002)). A possible way to go around the problem is to graduate the intensity
of the MOND effect by giving this explicit dependence of a0 with a (see apendix 6.A for
an alternative solution). During this chapter the experimentation will be made with a
power law with the form:

a0(a) = a3/2a0(a = 1). (6.21)

Note that the power proposed here is higher than the one used in section 5.2. Thus, a
lower normalization for the density perturbations should be obtained at redshift z = 0.

The equations of motion for the particles in an expanding context are:

ẋi = pi

a2
˙̂xi = p̂i

a2

ṗi = − ∂φ
∂xi

˙̂pi = − ∂φ̂
∂x̂i

(6.22)

for the matter and twin components (see discussion on this topic at the beginning of
section 2.1.1).

6.3 The code
The code used for the simulations that will be described in next section is the particle
mesh code presented in section 5.2.2. In order to run simulations under the twin matter
formalism, the code was modified in a way that it reads two sets of initial conditions
for the particles, which will correspond to the matter and twin matter components.
All the quantities associated to the matter component (densities, potentials, positions
and velocities) were duplicated to take into account the twin component. The coupling
between the two field equations (eqs.6.18 and 6.19) was also implemented as well as the
new definition for the source term, which is now a function of perturbations instead of
overdensities. The expansion is given by only one of the metrics. As the simulations were
run assuming equal quantities of matter and twin matter, it is irrelevant at this moment
which component is chosen.
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Figure 6.1: Final power spec-
trum for Newtonian limit test
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decoupled set of equations, but
mixing both initial conditions.
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Tests

In order to check that the modifications were properly implemented, a Newtonian test
was performed. The test consist in running a simulation using the MONDian solver with
a small value of a0 such that Newtonian evolution is recovered. The initial conditions
were constructed using standard Zeldovich approximation. The cosmological model is
defined by Ωm = 0.3, ΩΛ = 0.7, h = 0.7 and the normalization was made in such a way
that a value of σ8 = 0.9 is reached when evolving linearly until z = 0. The box has 64
Mpc/h of length side and the number of particles is 1283. Two sets of initial conditions
were generated using different initial seeds for the random numbers generator. For each
set of initial conditions, two simulations were made using the FFT based Newtonian
solver and the Bekenstein-Milgrom MONDian solver working on Newtonian limit (using
a0 = 10−17 m/sec2). A twin run was also made using the two sets of initial conditions
and the twin machinery of the code, including the new definition of the source of the field
equation. Since in the twin formalism there is no Newtonian limit (the two densities are
always coupled regardless the value adopted for a0) the two equations were decoupled
for the test. The final result for each set of initial conditions should be exactly the same
independently of the solver used for the evolution.

Fig.6.1 shows the final power spectrum of all the runs at redshift z = 0. Six curves
are shown in the plot. The curves corresponding to the same initial conditions lie in top
of each other, showing that the modifications are properly implemented.

6.4 The runs
The aim of the chapter is to investigate the modifications that are induced by the pres-
ence of a twin component over the MONDian non-linear evolution. In other words, the
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label Ωb Ωdm ΩΛ zinit ρmax Linear evolution
A 0.04 0.26 0.7 52.24 0.89 Newton
B 0.04 0.0 0.96 4.93 0.1 BM-MOND

Table 6.1: Parameters corresponding to the two sets of initial conditions. In all cases
a value for the Hubble parameter of h = 0.75 was employed. The column zinit shows
the initial redshift and ρmax is the maximun linear overdensity on a grid of 256 nodes
per dimension. The last column specifies the gravitational model used during the linear
evolution. See text for explanation.

label Ics ζ Gravitational model
ΛCDM A - Newtonian
MOND B - Bekenstein-Milgrom equation
Twin-0 B and B rotated 0 Twin formalism
Twin-1/2 B and B rotated 1/2 Twin formalism

Table 6.2: Model parameters used for the simulations. The initial conditions are defined
in table 6.1. See text for explanation.

evolution described by the Bekenstein-Milgrom (BM) equation:

∇ ·
[
µ

(
∇φ̄

aa0(a)

)
∇φ̄
]

= 4πG
a

δρ (6.23)

will be compared to the one predicted by the twin matter formalism defined by eqs.6.18
and 6.19. A set of four simulations was run, whose parameters and those of their initial
conditions are summarized in tables 6.1 and 6.2. There is a Newtonian and a MONDian
simulation that were used as reference. The two twin simulations, Twin-0 and Twin-1/2,
evolved the same set of initial conditions as the MONDian one, but taking into account
the presence of a twin component which was generated as a spatial rotation of the matter
component. The difference between this two twin simulations resides in the value used
for the coupling constant ζ. The box size is the same for all the runs (128 Mpc/h) and
2563 particles were employed for each set of initial conditions. Thus, the runs using the
twin formulation will evolve 2 × 2563 particles. The µ function employed is the simple
version (eq.1.62) in all the cases.

In total, two sets of initial conditions were computed. The initial power spectrum was
obtained using the code CMBFAST (Seljak & Zaldarriaga 1996) at redshift z = 1000 and
500 for the set A and B respectively. The reason for using a lower value for the model
B is that the matter-radiation equality epoch of the associated cosmological model is
at a redshift of around 700. In order to make a fear comparison between Newtonian
and MONDian simulations, the same type of normalization must be employed. As the
MONDian linear evolution is still not well understood, it is safer to avoid a normalization
based on the linearly extrapolated value of σ8 at redshift z = 0. Thus, the two sets of
initial conditions were normalized according to CMB values.

Also with the aim of running all the simulations under the same circumstances, the
two sets of initial conditions were generated using the same technique, which is the one
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described in section 5.2.2. The input power spectra used for the Newtonian case (model
A in table 6.2) were obtained with the analytic solutions of the standard growth equa-
tion. For the MONDian initial conditions (labeled as B in table 6.2), the self consistent
solutions of the standard growth equation coupled to the MOND field equation were
employed (see section 5.2.4).

Regarding the twin simulations, initial conditions for matter and twin matter must
be provided. It is not possible to use the same set for both components because this will
give a null source in equation 6.19 and hence, no MOND effect will be obtained. For the
matter component, the model B was employed. The twin component could be obtained
generating another set of initial conditions as B, but with different initial seed for the
random numbers generator. Nevertheless, there is a simpler alternative, that consist in
using the same distribution of particles but making a spatial rotation of it. Consequently,
in order to obtain initial conditions for the twin component, the particle distribution that
corresponds to the model B was rotated according to the following Euler angles:

φ = π

2
θ = −π

2
ψ = 0 (6.24)

(in the convension of Goldstein (1950)), which corresponds to the following permutation
of the coordinates (y, z, x). Naturally, the velocities were also rotated. It is interesting
to note that, since the same particle distribution is employed, the power spectrum of the
matter and twin components is exactly the same. The required modifications for the twin
components appear only in the phase space through the rotation, but the properties in
the integrated Fourier space are the same. This simplifies the relation between the two
sets of initial conditions and permits of make a better interpretation of the final result of
the simulations. In other words, any difference between the two components that could
appear in Fourier space at redshift z = 0 will be originated by the interaction between
the two fluids and not as a result of cosmic variance.

The initial redshifts of the two set of initial conditions is shown in the fifth column
on table 6.1. The values chosen for the MONDian runs could seem too small when
compared with the values commonly used. The reason to employ such low values can
be seen in the last column on the same table, where the maximun linear overdensity is
shown at the initial redshift as given on a grid with 256 nodes per dimension, which is
the same grid that will be used during the simulations. As the linear power spectrum
in the MONDian case has a very steep slope of around -4, it is necesary to go that far
to reach overdensities of the order of 1. To increase the redshift of this initial conditions
will give a set of particles whose associated density is dominated by rounding errors.
Naturally, to add more particles will permit to start at higher redshits, but it will also
increase considerably the computing time needed to run the simulations.

6.5 Results
The simulations will be analysed in two different ways. In first place the evolution
between Newtonian gravity and standard BM-MOND will be compared and taken as a
reference point. Since the time dependence on a0 employed in this simulations (eq.6.21)
is different with respect those used in previous chapters, this comparison is interesting
in itself. In second place, the effects of the precense of the twin component over the
MONDian evolution will be studied.
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label σ8,m σ8,tm

ΛCDM 1.16 -
MOND 1.24 -
Twin-0 1.79 1.84
Twin-1/2 1.81 1.87

Table 6.3: Model parameters used for the generation of the initial fluctuation spectra.
In all cases a value for the Hubble parameter of h = 0.75 was employed.

A first clue of the modifications that the precense of a twin component induce on
the evolution of matter can be obtained before to run any simulation. The twin field
equations in the cosmological case are eqs.6.18 and 6.19. In the simplest model given
by ζ = 0, the coupling between the two metrics in eq.6.6 disappears and the solution
of eq.6.19 is the responsible for the movement of the matter particles. This equation
differs with the one used in the standard version of MOND (eq.6.23) only in the fact
that the pertrubation on the twin component is subtracted to the perturbation in the
matter component. As the interaction between this two components is repulsive, it is
likely that overdense regions on the matter component will correspond to underdense
regions on the twin component. Consequently, the absolute value of the source of the
field equation (eq.6.19) will increase. This will increase the forces and hence, it will
lead to a faster evolution. In other words, in the case that the initial conditions for the
MONDian and twin simulations are the same, the twin simulation should show a farther
state of evolution at redshift z = 0. The amplitude of this effect can be measured only
by means of the simulations.

The other question that we want to consider is the following one: the last paragraph
showed that the presence of a twin component should increase the MOND effect. Can
this help to solve the problem found in previous section regarding the lack of power at
large frequencies by giving a gentler slope to the power spectrum?

Final normalization

The most straightforward measurement of the state of evolution is the variance of the
density perturbations σ2

8 . This quantity was calculated from the particle distributions
by taking the mean value over a large number of spheres with random positions and a
radius of 8 Mpc/h of the squared of the enclosed perturbed mass:

σ2
8 = 1

n

∑
s

δm2
8,s, (6.25)

where δm8,s is the perturbed mass on each individual sphere and n is the number of
spheres. The value of δm8,s was calculated by estimating the density perturbations on a
uniform grid by means of equation 1.49 and using the following expresion:

δm8,s = h3

M8

∑
i∈s

δρ, (6.26)

where δρ is the perturbation on the density obtained from the grid and the index i runs
over all the nodes that are contained on the sphere s. The quantity M8 is the mass of
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Figure 6.2: Normalization σ8
as a function of redshift for the
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1/2.

an homogeneous sphere of 8 Mpc/h, which is given by:

M8 = 4
3
πρ083, (6.27)

where ρ0 is the background density defined by each particular cosmological model. Table
6.3 summarize the values obtained from the simulations. The two measurements given
for the twin simulations correspond to the values for matter and twin matter components
respectively.

The Newtonian simulations exceed the observed value in around 20 percent. This is
due to the fact that the initial conditions were not normalized to force a particular value
at redshift z = 0 and that pressure effects were neglected, resulting on an overestimation
of σ8. Cosmic variance should be taken also as responsible for this discrepancy, but
taken into account the size of the box, it should be a minor effect. In the standard
way of normalizing, all this effects are hidden because the normalization is defined at
redshift z = 0 instead of z = 1000 as we did here. Far from being a problem, this
is the reason why this special normalization was used for the Newtonian simulations.
To use the standard normalization for the Newtonian run, will give spurious differences
with respect to the MONDian simulations, which, as was mentioned before, can not be
normalized at redshift z = 0. It is important to emphasize that the aim of the chapter is
to make a relative comparison between simulations and that the observed values, while
very important to fix the framework, should not be taken as rigid.

Owning to the time dependence employed for a0, the value of σ8 for the MONDian
run approaches the Newtonian value. The extreme difference found in previous chapter,
is reduced here to a 6%. Regarding the twin runs, the expected over-prediction on the
normalization that was described in previous paragraph was found to be of the order
of 40%. The twin matter component has consistent values with those of the matter
component. This shows that both components are tightly coupled. No major differences
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were found when changing the coupling constant ζ, which gives an indication that this
is not a critical parameter, at least in the region of the power spectrum tested with the
box size and resolution employed here.

Figure 6.2 shows the time dependence of σ8 for the run MOND and the matter
component of the run Twin-1/2. Both models evolve together from the initial redshift
to a redshift of about z = 3, when the differences described before between the two
formalism start to be important and the perturbations in the matter that is evolved
under the effects of the twin component start to grow faster.

Power spectrum

Fig.6.3 shows the final power spectrum at redshift z = 0 for the runs ΛCDM and MOND.
The dots are the power spectrum obtained from SDSS data (Tegmark et al. 2004) and
the thin line is the Newtonian linear power spectrum as given by the code CMBFAST.
The Newtonian simulation has the typical excess of power on small scales related to
the fact that pressure was neglected. The MONDian curve can be directly compared
with the data presented in Fig.5.19, which shows results from another simulation that
was run also with MOND. The box size is the same for both simulations and the initial
conditions were generated also in the same way, using the same linear theory. The only
difference between this two MONDian simulations is the time dependence in a0. In both
cases a power law form was used, but here the exponent is larger. A strong problem is
found related to this time dependence. While previous paragraph shows that the time
dependence employed here solves the problem with the final normalization, it gives a very
steep slope to the power spectrum, preventing MOND to for galaxy sized objects. In other
words, the prescription used for MOND in this simulations, which consist basically on
field equations derived through Newtonian arguments plus initial conditions generated
with standard linear theory coupled to MOND, can be forced to give the right final
normalization, but the solution proposed gives the wrong slope of the power spectrum.
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Solving problems on one side of the frequency domain of the power spectrum increase
the problems on the other side.

Note that this problems were not found in the simulations described in chapter 2
because in that case the initial power spectrum had a power law form that was obtained
by adding a dark matter component. The simulations presented here (an in previous
chapter) do not include dark matter and hence, MOND is the only way that we have
to increase the power on small scales that was suppressed due to Silk dumping on the
early universe. The addition neutrino type dark matter which is under discussion to
improve the fitting on clusters and at the CMB will not solve this problems. The free
streaming of neutrinos give a cut to the initial power spectrum similar to the one that
we have here. Consequently MOND will be responsible to form galaxies also in that
context. Appendix will 6.A propose a different approach to solve this difficulties that
should be carefully studied in the future. The MOND theory employed in the simulation
presented in Fig.5.19 is the quMOND version. Intensive testing made when running this
simulations show that the differences found here in the slope of the power spectrum are
due to the time dependence in a0 and do not depend much on the underlying MOND
theory.

Fig.6.4 shows the power spectra of matter and twin matter components at redshift
z = 0 for the two twin runs (Twin-0 and Twin-1/2). The excess in σ8 found previously
is not concentrated in a particular range of frequencies. The twin spectra are translated
up without presenting large differences in its dependence with frequency. In previous
section it was mentioned that the initial conditions for the twin component were specially
designed to have the same properties in Fourier space that the matter component. The
plot show that the interaction between the two fluids does not have any effect in this
sense. While the normalization of the curves corresponding to the twin simulations is
higher, the relation between matter and twin matter curves does not change at all: all
the curves lie in top of each other. In other words, the interaction between the two fluids
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Figure 6.5: Particle’s distributions at
redshift 0 for the simulations MOND (up-
per row) and ΛCDM (lower row). In the
MONDian case, two different projections
of the same box are shown. See text for
explanation.
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does not induces transfer of power between different frequencies. As in previous para-
graph, the coupling constant ζ does not show to have a large impact on the evolution.

Snapshots at redshift z = 0

Fig.6.5 shows the particle distributions at redshift z = 0 of all the simulations. The
different gray levels are related to the density. A trained eye will see that in the Newtonian
case (lower panel), the size of the objects is too big. This is related to the fact that the
simulation was run without using refinements and hence the potential wells are not deep
enough inside the objects to keep the particles concentrated. One should keep in mind
that the simulations were not designed to study the properties of collapsed objects. The
aim of the simulations is to make for first time a run that tracks the two metrics, to
expose the technical issues and to give a reference point to more elaborated simulations
that should be made with bigger codes such as Ramses.

The MOND simulation is shown in the upper raw in two different projections. The
left panel shows a projection on the plane x-y, while the right one shows the same plane
after making the permutation implemented to generate the initial conditions for the
twin matter component (see eq.6.24). The aim of presenting the data in this way is to
facilitate the comparison with the twin model that is shown in the second raw. The
general patterns on the simulation MOND are the same that for the Newtonian case: a
web of filaments defining voids and containing objects in their intersections. The panels
can be compared to the left panel on Fig.5.15, which shows the particle distribution for
a MONDian simulation made with the same box size but a weaker time dependence on
a0. The size of the objects and width of the filaments in Fig.6.5 is much smaller, showing
that the normalization of the power spectrum is better using this time dependence.
Nevertheless, the lack of small structure discussed in previous paragraph is evident in a
catastrophic way.

The middle raw shows matter (left) and twin matter (right) components of the model
Twin-1/2, also at redshift z = 0. While there are differences with respect to the corre-
sponding snapshots in the MOND simulation, the lack of small structure make difficult
to say anything about the interaction between the two components, especially the idea
proposed in the introduction that the objects in one component will lie in the voids of
the other and vice versa. The problem with the normalization of the power spectrum
must be solved in a better way before to discuss this kind of phenomena.

Distribution of the ratio between densities

While the snapshots do not show large differences between the positions of the objects
when a matter distribution is evolved with standard MOND or under the effects of a twin
component, it is still interesting to associate a number to this interaction and see if it
exists at all. A possible way to measure the interaction between the two fluids is through
the distribution of the ratio between matter and twin matter for the twin simulations
and to compare it with the distribution of the ratio of the MOND simulation and the
spatial rotation of if used to generate twin initial conditions. In case that no interaction
is present at all, both distributions should be the same. Fig.6.6 presents the result at
redshift z = 0 as obtained when the densities are calculated in a grid of 64 nodes per
dimension. The distributions are symmetric in logarithmic space, showing a form close
to a log-normal distribution.
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A clear difference exist between the histograms. In the MOND case, as the two
components do not see each other, the width of the histogram is basically a measurement
of the cosmic variance that is produced by the rotation. The curve corresponding to the
twin run presents larger winds, which shows that the interaction exist and that both
components are avoiding each other. The lower side of the distribution corresponds to
voids of matter. The broadening can be understood in this case by the fact that in the
twin formalism, more empty spaces in the matter component are hosting more collapse
objects of the twin component. With an analog reasoning, one can see that the higher
side of the domain of the distribution corresponds to voids on the twin component, which
are dominantly populated by collapsed matter objects (in opposition to matter voids).

There is one important point that should be taken into account. It was discussed
that the twin simulations present a further evolutionary state at redshift z = 0. In order
to confirm the result presented here, the distributions should be calculated at a moment
in which both simulations (MOND and Twin) have same state of evolution. To this end,
the histogram corresponding to the twin simulation was recalculated at redshift z = 0.33,
which corresponds to a moment in which σ8 for that simulation is equal to the one of the
MONDian simulation (see fig.6.2). The result is presented also in Fig.6.6. The histogram
is slightly more concentrated that the curve at redshift z = 0, but it is still broather that
the one corresponding to the MOND simulation. This shows that the interaction exist
and can be measured in simulations. In order to calculate the probability to find a twin
matter halo in the surroundings of the Milky Way that could be eventually observed
better simulations must be made.

6.6 Conclusions
A new prescription for MOND was proposed recently in the context of bi-metric theories
for gravity (Milgrom 2009a). Furthermore, the second metric was interpreted in Milgrom
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(2010a) as associated to a second matter component, which interacts with the standard
matter component through a repulsive gravitational force. The aim of the chapter was to
test the differences in cosmological non-linear evolution that exist between the standard
formulation of MOND and this new one.

After a brief description of the equations that constitute the new theory, a set of
equations to be used in the context of cosmology (that were not provided in the original
paper) was constructed. The procedure employed to get the cosmological equations is
the same that was employed in previous chapters for other formulations of MOND: the
equations given in a Minkowsky background were translated to a cosmological context
by means of a change of variables to the comoving frame.

In order to test the consequences of adding a twin component on non-linear evolution
a set of simulations was run, which includes a Newtonian and MONDian simulation made
as comparison and two twin simulations made with different coupling constants. A new
time dependence on a0 was tested to solve problems on the final normalization of density
perturbations found for MOND in previous chapter. It was found that, while this helps in
solving the problem that exist with the final normalization of the density perturbations,
it greatly suppress the presence of small structure, avoiding the formation of galaxies. A
better solution must be provided to the normalization problem. Regarding the evolution
under the twin formalism, it was found that both components evolve together and the
new formalism over-predicts the final normalization of the power spectrum in around
45% with respect to standard MOND treated under the same conditions.

The interaction between the two components was quantified by means of the distri-
bution of the ratio between matter and twin matter components and analog distributions
for the MONDian run. It was found that the interaction exist, but due to the lack of
small structure, it is still difficult to give predictions about the number of objects in the
twin component that should be interacting the the matter objects. The results presented
in this chapter show that the twin formalism does not help on solving the problems found
for MOND in cosmological evolution. Before to study in more detail the viability of the
twin matter formalism, a solution for the cosmological problems for MOND must be
found. Appendix 6.A provides a possible solution that should be taken into account for
future work.

Appendix 6.A Is this the end of the story? Non-
standard µ functions as solution to cos-
mological problems for MOND

The results presented in this chapter and in section 5.2 seems to be very conclusive. When
a realistic power spectrum is used at the CMB, MOND has a severe problem: there is
an over-prediction of the power at large scales at redshift z = 0 and at the same time,
a lack of small structure. A possible cure for the large scales problem is to give a time
dependence to a0, but it was found that while useful to bring down the normalization,
this increments the problem on small scales. Next chapter will propose possible solutions
that should be investigated in future work. This section will test one of this solutions
with promising results.

The new solution that we propose here consist in changing the asymptotic behavior of
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the µ function. While there are many forms of the interpolating function in the literature,
all of them have in common their asymptotic definition:

µ(x) =

{
x if x� 1⇒ Galaxies/cosmology
1 if x� 1⇒ Solar system.

(6.28)

Nevertheless, this function was still not measured in all its domain. The lowest accelera-
tions observed on galaxies are those on low surface brightness (LSB) galaxies; the values
are of the order of 0.1 × a0 (e.g. Swaters et al. 2010). The behavior of the µ function
for lower accelerations, as those present on cosmological scales, is still open to discus-
sion. Here, a different µ function is proposed, which conserves the standard definition
on galaxies, but has a different asymptotic definition:

µ(x) =


1 if x� 1⇒ Cosmology
xn if x ∼ 1⇒ Galaxies
1 if x� 1⇒ Solar system

(6.29)

Three accelerations regimes are defined. For very low and very high accelerations (with
respect to a0), the theory behaves as the Newtonian one. The MOND effect appears
only for the intermediate accelerations regime. Additionally, a freedom was given to the
exponent on the MONDian regime. The case n = 1 is the original definition of MOND,
which predicts the Tully-Fisher relation. The idea behind this new function is that at
very high redshift, the accelerations will lie in the intermediate regime and thus MOND
will permit to rise the perturbations that were dumped by Silk dumping at small scales
(assuming a universe populated only with baryons). At later epochs, the accelerations
will drop (see for instance section 5.1.3) and will reach the lower Newtonian regime, which
will prevent the excess of collapse previously found. At the same time, the galaxies will
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label Ωb Ωdm ΩΛ

ΛCDM 0.04 0.26 0.7
MOND 0.04 0.0 0.96

Table 6.A1: Parameters used for the linear runs made to test the new µ function. In
the two cases a value for the Hubble parameter of h = 0.75 was employed.

still lie in the intermediate regime and thus, their rotation curves will be dictated by
MOND.

A rising µ function towards low accelerations could seem dangerous because of unicity
problems (the function is not invertible). However, one should not forget that what is
needed to be invertible is the relation between the forces. In consequence, the function
that must be invertible is not µ but xµ. This gives the necessary freedom to define the
µ function as in eq.6.29.

There are already indications in the literature that the µ function should be such that
Newtonian gravity is recovered at very low accelerations. For instance, Hoekstra et al.
(2001) have found by means of weak lensing analysis that the dark matter halos should
be truncated at a finite radius. Famaey et al. (2007) gave theoretical motivations in the
context of TeVeS. Furthermore, the fittings of rotations curves of LSBs show increasing
residuals towards g . 0.1a0 (Swaters et al. 2010), which is also and indication that the
predicted MOND effect is too strong at low accelerations.

A simple reasoning in the context of cosmology gives one more motivation for intro-
ducing a new type of µ function. In standard MOND (defined by eq.6.28), it is commonly
assumed that an homogeneous universe does not experience MOND effects. In that case,
Newtonian physics is valid and the expansion is given by the standard Friedmann equa-
tions. The problem is that, it is enough to add a very tinny perturbation to the universe
for it to suddently fall into the deep MOND regime. This sets a discontinuous transition
between two very different descriptions that seems difficult to be interpreted. When a
µ function as in eq.6.29 is employed, a very slightly perturbed universe is not subjected
to MOND effects until the perturbations are large enough to reach the MOND regime
from the lower side. This gives a continuous transition from an unperturbed universe
regulated by Newton (Friedmann equations) to a perturbed one dominated by MOND.

A toy model for this kind of function is the following:

µ(x) =



1 if x < a⇒ Cosmology
Bx1/5 if x ∈ (a, b)⇒ Galaxies
1
2x

7/4 if x ∈ (b, c)⇒ Galaxies
1
2x

3/2 if x ∈ (c, d)⇒ Galaxies
1 if x > d⇒ Solar system

(6.30)

where a = .095 < b < c < d and the values of b, c, d and B can be determined asking
to the function to be continuous. The values of the exponents and the constant a were
determined empirically. The powers 7/4 and 3/2 were chosen to emulate the simple µ
function given by:

µ(x) = x

1 + x
(6.31)
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for values of x greater than b (a broken function was employed for simplicity during the
calculations). The part of the function with logarithmic slope 1/5 interpolates between
the low accelerations Newtonian regime and the MONDian one given by the approxi-
mated simple µ function. While the function has non continuous derivatives, it is able to
show the effect that is under discussion here. Better behaved functions from the point
of view of Calculus should be studied in the future. Figure 6.A1 compares the relation
between the Newtonian and MONDian forces for the new function and the simple one.
The definition of the forces was made, only for the plot, using the simple MOND formula:

µ

(
|gMOND|

a0

)
gMOND = gNewton. (6.32)

The vertical lines show the places were the new function is broken.
The viability of this new function in the context of cosmological evolution was tested

in the linear regime by solving the standard growth equation coupled to the MOND
equation. The equations were solved in a self consistent manner as proposed in section
5.2.4. The version of MOND used is given by the conservative quMOND formalism
(Appendix D). No time dependence in a0 was employed. This means that only one
a factor appears in the argument of the µ function, which is related to the change of
variables to the comoving frame. In other words, the MONDian potential was defined as
given by eqs.D.6 and D.7 with no further changes.

Two linear runs were made with Newtonian and MONDian models. The parameters
are summarized in table 6.A1. A box of 128 Mpc/h was employed with a grid with
128 nodes per dimension. The model ΛCDM was run with standard gravity, while
the MOND run was made using quMOND with the new µ function. The time step
is uniform in a space and was calculated assuming 500 time steps between the initial
redshift (z=500) and z=0. Section 5.2.4 has shown that this number of time steps gives
a slight underestimation of the final power spectrum. As the Newtonian model used for
comparison was run with the same number of time steps, the bias will be in both runs
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and thus, they can be directly compared. In any case, this bias is much smaller than the
effect that we want to measure. The initial power spectrum was calculated in both cases
using the code CMBFAST (Seljak & Zaldarriaga 1996). The normalization was made at
z = 500, with no reference to the values at z = 0. In other words, the models are not
forced to give the same normalization at z = 0.

Figure 6.A2 shows the power spectrum for the two models at different redshifts. The
Newtonian model that the typical scale free evolution, presenting only changes in the
normalization. The MONDian model starts with a very steep power spectrum which is
a consequence of the Silk damping acting during the radiation dominated era. Initially
the universe is in the MOND regime, so MOND can bring the power spectrum close to
a power law form. At late times, when the large scales accelerations drop, the scales
corresponding to k ∼ .1 fall into the lower Newtonian regime and evolve parallel to the
Newtonian model, preventing the excess on the final normalization.

While the function presented here is a toy model, with discontinuous derivative, it
shows that to add a Newtonian regime at very low accelerations is a very promising route
to solve the problems on cosmological scales for MOND. Future observational studies
should be directed to give constrains on the form of the µ function, not on galaxies but
at much lower accelerations, in the context of voids.
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Chapter 7
Conclusions

Several questions were raised in the introduction of this thesis related to cosmological
evolution with MOND. This chapter summarizes the answer that this work gives to these
questions and an outlook for future research. The main goal of the thesis was to test
whether MOND can reproduce the success of the standard model in the context of post-
recombination cosmological evolution, especially in the non-linear regime. The very few
works that exist in this context (Nusser 2002; Knebe & Gibson 2004) show pessimistic
results: the MOND effect is too strong on large scales. The consequence of this is that
MOND predicts a normalization of the power spectrum at z = 0 which is too large.
Nevertheless, these works assume as valid a set of untested hypotheses that could bias
the results. The work by Nusser is based on the following approximations:

• It was assumed that an homogeneous and isotropic universe does not experience
MOND effects. Thus, the expansion of the universe was taken as dictated by
standard gravity.

• Gas dynamics and radiative cooling were neglected.

• The calculation of the MONDian forces was made through the non-conservative
simple formula and hence curl field effects were neglected.

• The µ function and a0 were assumed as constant in space and time.

• The accelerations at high redshift were assumed to be in the Newtonian regime,
which permits one to calculate the initial conditions using Newtonian linear theory.

Similar assumptions were made in Knebe & Gibson (2004), with the addition that a
small amount of dark matter was included when generating the initial power spectrum.
This gives a power law form to the spectrum and helps to generate the small structure
that is not present in a purely baryonic universe.

In order to know if the problems found in these works are real or just a product
of biases introduced by an oversimplified analysis, the underlying assumptions must
be carefully check and relaxed if necessary. In first place, the simple MOND formula
previously used, was replaced during this thesis by conservative versions of MOND.
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Three different implementations were studied: the standard conservative version defined
by the Bekenstein-Milgrom equation (Bekenstein & Milgrom 1984), the quMOND theory
(Milgrom 2010b) and the twin matter prescription recently proposed in Milgrom (2010a).

The derivation of the cosmological field equations was made through a set of standard
Newtonian arguments which is based on a change of coordinates to the so-called comoving
frame and the “Jeans swindle”. The method is known to be valid in standard cosmology
for regions smaller than the horizon. One of the strongest assumption of this thesis is
that this is also the case for MONDified theories. The standard mathematical description
of the “Jeans swindle” is based on the linearity of the Poisson’s equation. As MOND is
defined through a non-linear field equation, subtle differences with respect to the standard
derivation had to be included. The expansion of the universe was assumed, as in the
previous literature and with strong motivation from the theoretical side, to be given by
the standard FRW metric.

Chapter 2 was focused on the effects that the curl field, responsible for the conservative
properties of the MOND equation, has on the non-linear evolution. Instead of calculating
the MONDian forces through the simple non-conservative MOND formula (as previous
authors did), an new implementation of the solution of the Bekenstein-Milgrom (BM)
equation was employed. With the aim of tackling only one problem at a time, the initial
conditions for the simulations presented in this chapter were taken from the work by
Knebe & Gibson (2004), which was taken also as a reference point for comparing results.
The overall conclusion of the chapter is that the curl field drives the formation of structure
on large scales and hence, to take into account its effects does not improve the result by
Nusser (2002) that structure grows too rapidly.

Following the idea of improving the treatment of MONDian cosmology presented
in previous works, chapter 5 was focused on the generation of the initial conditions
for cosmological simulations. In first place, the assumption that the accelerations at
high redshift are in the Newtonian regime was tested in an accurate way by solving
the quMOND equation on a cubic box. Different cosmological models were studied and
convergence tests related to the size of the box and the resolution were performed. The
conclusion is that the accelerations that are present at the early universe are not high
enough and that, even at decoupling, there are always pockets where the forces are in the
MONDian regime. Thus, MONDian physics must be taken into account to generate the
initial conditions for non-linear simulations.

Under the light of this new results, the same chapter presented a method to generate
initial conditions for N-body MONDian cosmological simulations. The method does not
rely on a particular linear theory, but can be used with any kind of generalized growth
equations; the information about the underlying linear theory is given through a set of
power spectra at different redshifts. The method is based on the idea of starting the N-
body simulation at a redshift close to recombination, using overdensity realizations of the
input power spectra as source of the gravitational field equation. The method was tested
with satisfactory results with Newtonian gravity, but its performance drops when it is
applied to MOND in the context of the linear theory by Sanders (2001). The common
feature is that the particles can recover the power spectrum given by Sanders on large
scales, but there is always an underestimation at small scales. After discussing possible
biases, simulations were run using these initial conditions. The results are comparable
to those in Nusser (2002): there is an overprediction of the power on large scales. In
addition to this, a new problem appeared. For first time, Silk dumping was taken into
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account in the generation of the initial power spectrum. This gives a spectrum much
steeper that the power law form used in previous works on non-linear evolution. Under
these conditions, it was found that MOND can not bring the power on small scales to
the observed levels at redshit z = 0. In short, MOND over-predicts the power spectrum
on large scales at redshift z = 0 and at the same time, when Silk dumping is taken into
account to obtain the initial power spectrum at decoupling, it is unable to make the small
scales to collapse.

The possibility that the acceleration constant a0 has a dependence with time was also
investigated in this thesis. There are two motivations for this. In first place, to assume
smaller a0 values at early times can help to bring the accelerations at decoupling well
into the Newtonian regime and thus, it permits the use of standard codes to calculate
the initial power spectrum. Secondly, such a time dependence could help in solving the
difficulties found on large scales by delaying the appearance of MOND effects. It was
found that, in effect, there is an improvement of the behaviour of the theory on large
scales, but at the same time, the problem on small scales is enhanced. It is more difficult
for MOND to form small-scale structure in the case of a time dependent a0.

In an effort to improve the performance of the method to generate the initial con-
ditions and also to verify the viability of spherical collapse models in MOND, a self-
consistent method to solve the standard growth equation coupled to the MOND field
equation was proposed. The method relies on the fact that the growth equation is for-
mally equivalent to the linearized geodesic equation and hence, it can be solved by means
of a leap-frog integration scheme. The method proposed here uses a cubic box and solves
the equations in a self consistent way, meaning that external field and curl field effects
are taken into account as well as the coupling between different modes. Using spherical
collapse techniques, Nusser (2002) found that the standard growth equation gives a power
spectrum with a logarithmic slope of -1 when it is used in combination with MOND. The
solution found with the new method is surprisingly different: the linear power spectrum
develops a power law with a logarithmic slope of -4. The solution was found to be very
stable with respect to changes in the time dependence of a0, resolution and box size.
The reason for this difference in the solution is that the external field produced by the
environment, which is taken into account only in the self consistent solution, decreases
the MOND effect and hence gives a steeper power law. In conclusion, spherical collapse
models are not valid in MOND. The environment plays a very important role in MON-
Dian cosmology and hence it must be taken into account when studying linear evolution.
Furthermore, the linear evolution is not self similar in MOND.

When generating initial conditions with this new linear solutions, a better agreement
was found between the power spectrum given by the particles and the numerical solution
of the growth equation. Owing to the steepness of the linear power spectrum, the problem
found with the small scales at redshift z = 0 is actually greater. In other words, the better
the calculations are made, the more serious is the disagreement with observations.

The introduction also proposed to study the performance of MOND when it is applied
to the weak points of the ΛCDM model. This analysis is based on the data obtained
from the simulations presented in chapter 2. The initial conditions for these simulations
were calculated using Newtonian gravity and specially designed to reach the observed
normalization at redshift z = 0. Naturally, for this to happens, an unrealistic power
spectrum must be used at the initial redshift with respect to both its functional form
and normalization. While this way of setting up the simulations seems unphysical, it
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makes it possible to obtain a density distribution that is similar to the observed one at
redshift z = 0, but that, at the same time, includes MONDian ingredients in its evolution.
Through this kind of simulations, it was found that MOND performs better than ΛCDM
in the context of collisional velocity of objects and the void phenomenon. Details on these
results can be found in section 2.4 and chapter 3.

In order to find which of the two gravitational models studied in this thesis (Newto-
nian and MONDian gravity) gives a better representation of reality, it is important to
find those observables quantities for which both theories give different predictions. The
introduction stated this point as one of the goals of the thesis. The results presented in
last paragraph gives one contribution in this direction. Another large difference that was
found between the two theories is that the MONDian dynamical mass is not bounded
on the lower side. Indeed, section 4.1, shows that the phantom density perturbations in
voids can reach negative values as smaller as 10 times the mean baryonic density. To find
through gravitational lensing such extreme under-dense regions with negative convergence
will give an unmistakable signal of MOND.

The introduction also proposed to study the capability of MOND to explain the
decoupling between peaks in visible matter and lensing signal that is observed in a
number of clusters of galaxies. The standard explanation of this phenomenon invokes
dark matter as responsible for the behavior of the lensing signal and a collision between
clusters as responsible for the decoupling between baryonic and dark matter components.
An alternative explanation from the MONDian side, which does not require dark matter,
assumes the decoupling as a consequence of the non-linearity of the MOND equation.
In chapter 4.2, it was proven that the effect may be present in idealistic situations, but
the signal was not found in the simulation data. Many possible biases responsible for
washing out the signal were discussed. The experiment should be repeated with better
simulation data before rejecting the explanation. The peculiar lensing behavior of the
Bullet Cluster remains an open question for MOND, although the high velocity of the
cluster collision is problematic for ΛCDM.

Regarding improvements in the techniques made in this thesis, it was mentioned
above that this thesis has proposed methods to generate initial conditions and to solve
a particular class of generalized growth equations in a self consistent way. In addition
to this, the multigrid techniques applied to the MOND equation were also refined. The
success of the multigrid method to obtain solutions in a fast way is very sensitive to the
quality of the initial guess which is employed for the iterations. A simple but effective
method to obtain a powerful initial guess was proposed. Also, effective discretization
formulas were presented for the calculation of the phantom term.

7.1 Discussion and outlook
The results presented in this thesis are sufficiently detailed to show that a Newtonian
treatment (meaning cosmological field equations derived from the equations given on a
Minkowsky background) of the original prescription for MOND can not explain structure
formation. Many paths are open for future work. One can assume that the Newtonian
treatment is a good approximation and that the problem is indeed in the theory. Ap-
pendix 6.A shows that, while very speculative, this could indeed be a valid route: non
standard definitions of the µ function, with Newtonian regimes at high and low accel-



7.1: Discussion and outlook 155

erations and MOND only as an intermediate regime, can greatly improve the predicted
MONDian linear power spectrum at redshift z = 0. There is indeed some theoretical
justification for this possibility (Sanders 1986; Famaey et al. 2007). A more conservative
point of view is to keep the MOND theory as it is, for instance given by the bi-metric
relativistic extension with the simple µ function, and to extend the study to a relativistic
context by taking into account the evolution of all the fields involved. An effort in this
direction was made in chapter 6, where a second metric was included in the analysis.
No major modifications were found in the evolution, but it is important to note that
while it is true that the two metrics were tracked, the derivation of the cosmological
equations was made still using a Newtonian approach. Another approximation made in
that chapter was that the coupling between the two metrics is taken into account only in
the non-linear regime. Furthermore, anisotropic stress was not taken into account, and
it has been proven that in some relativistic extensions, this is not be valid (as in TeVeS).
A self consistent derivation of the cosmological equations starting from the relativistic
Lagrangian and in gauge independent variables must be made and the corresponding
linear theory must be developed.

The main uncovered point of this thesis is the influence of gas and radiative physics
on the cosmological evolution, especially of pressure and cooling effects. As the theory
is non-linear, it is difficult to predict the consequences of including these two effects on
the evolution (see for instance, the large difference found between the linear solutions
obtained using spherical and self consistent analysis presented in section 5.2.4 as an
example of the importance of non-linear MONDian effects). Self consistent simulations
including these two effects must be run before accepting that these approximations are
not the source of the problems. Nevertheless, the pressure is a local effect and hence, it
is difficult to imagine how it can help to stop the extreme collapse found on large scales.
Regarding cooling, it could help to solve the problems on small scales by decreasing the
pressure and giving a stronger collapse.

Pre-recombination MONDian evolution should be also studied to reject the possibil-
ity that the problems found in this thesis originated because of ignoring MOND during
that epoch. Chapter 5 has shown that the distribution of accelerations at high red-
shift presents always a tail towards MONDian accelerations. Furthermore, section 5.2.4,
proved that this tail is enough to change very quickly the form of the power spectrum
at high frequencies giving a power law form to an initially exponential spectrum (similar
results were found by Sanders (2001)). If this apparently inoffensive tail in the distribu-
tion of accelerations has such a large effect on the evolution, one should ask the following
question: can MOND act against the Silk dumping during the radiation dominated era
and give a power law form to the power spectrum at decoupling even in the absence of
dark matter? Self consistent linear simulations must be made in the radiation dominated
era to answer this question.

This thesis also opens the door to changes in the observational techniques. For in-
stance, chapter 2 gave indications that the interpretation of the internal dynamics of
galaxies which is inferred from rotation curves could be biased when neglecting the en-
vironment in the context of the fully non-linear field equation. Predictions of rotation
curves are made assuming that the simple MOND formula is valid, but this is only true
in cases of high symmetry. Therefore, the observational results could be biased by asym-
metries arising in the environment. This should not be considered as a problem, but
in fact as a way to test the theory. Galaxies situated in the surroundings of clusters
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of galaxies should show the existence of a preference direction given by the location of
the cluster. To confirm this unmistakable signal of MOND, the analysis presented in
chapter 2 should be repeated including convergence tests for the size of the box (section
5.1.4 shows that this is an important quantity when calculating MONDian forces) and
determining the effects of the asymmetries in the actual form of the rotation curves.

The time dependence in a0 must be also studied from observations. The possibility
of non-standard forms for the µ function must be also studied (especially in the very low
accelerations regime), as well as the possibility that this is in fact a dynamical field, whose
form is a function of space and time. This considerations require a specific relativistic
theory to provide a context.

Further studies must be made with neutrinos. While they provide very convincing
solutions to clusters and cmb problems, their effects on cosmological evolution is still
and open question. Since the background expansion given by the presence of neutrinos
is closer to the ΛCDM expansion, neutrinos will help to match the evolution at very
large scales and prevent the extreme collapse that was found. Nevertheless, preliminary
calculations made in this thesis show that while neutrinos give a correction in the right
direction, it is not sufficient to avoid the problems. The problems are not in the expansion,
but in the fact that giga parsec scales reach the MOND regime before redshift z = 0 and
hence, give too much power at k . 0.1.

It is clear from the above discussion that this thesis represents only a beginning in
the study of structure formation with MOND. There remains much work to do in many
topics from both the relativistic side, to determine which are the equations that we really
want to solve and the numerical side to propose methods to solve them. The impressive
performance of the theory on galactic scales should be enough motivation to make the
effort.



Appendix A
Calculation of the initial guess for
non-linear MONDian solvers

An important issue that is present when solving non-linear partial differential equations
by means of multigrid methods is related to the initial guess used for the iterations. In
order to accelerate the convergence and to ensure that the final solution is the right one,
it is important to set a proper initial guess for the potential. One possible method, which
is known as the continuation method Brandt (1977), consist in solving the equation by
changing a parameter of the theory that makes the equation to go for instance, from a
linear equation to the non-linear version that one needs to solve. A different method
is proposed here. In the case of the MOND equation (eq.1.64), there is a very good
approximation for the solution, which is given by the solution of the simple version of
MOND (eq.1.60). This equations can be easily solved using a Fourier method in the
following way: in first place, the Newtonian potential φN is calculated by solving the
Poisson’s equation (eq.1.52) with, for instance, a Fourier method. From this potential,
one can compute the Laplacian of the simple MONDian forces as described in the Ap-
pendix B. This will give the source δsimple of a new Poisson’s equation whose solution
is the MONDian potential φsimple in its simple version, which can be solved again with
a Fourier method. Finally, this potential is the one that should be used as input for
the multigrid method. Figure A.1 schematizes the complete procedure to go from the
original over-density δ to the Bekenstein-Milgrom MONDian potential φ.

During this thesis, the Poisson’s equation was solved using a standard Fourier method
whose description can be found for instance in Hockney & Eastwood (1988). The Green’s
function employed in the code Solve described in section 5.2.2 is given by:

G(k) = − B
2n

sin
(
B

2n
2π
B

)
. (A.1)

The FFTs were calculated with the open source code FFTW (Frigo & Johnson 2005).
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δ φN δsimple φsimple φ

FFT method

Appendix B

FFT method

Multigrid

Figure A.1: Complete method for the determination of the Bekenstein-Milgrom MON-
Dian potential, including the calculation of the initial guess.



Appendix B
Laplacian of the simple MONDian
forces from the Newtonian potential

As described in Appendix A, the Laplacian of the simple MONDian forces ∇2φsimple
must be computed on a grid in order to calculate the initial guess for the solution of the
Bekenstein-Milgrom equation (eq.2.20). The same quantity is also required to actualize
the density on the leap-frog scheme described in section 5.2 in case that the simple version
of MOND is employed. The most direct way to obtain this quantity on a given grid point
is to calculate the simple MONDian forces by inverting eq.1.60 and to take its divergence
by means of a discretization formula. The procedure could be appropriated to obtain
initial guess for non-linear solvers, but as to make the derivative of a derivative on a
given grid point implies the use of neighbors to neighbors, there is a lose of resolution
that can have negative effects. For instance, experiments made with this algorithm to
solve the growth equation as described in section 5.2.4, give an under-prediction of the
power on small scales.

A more accurate way to calculate ∇2φsimple is by means of a formula that includes
derivatives of only the Newtonian potential, without having the intermediate step of
calculating the forces. The second derivatives of the simple MONDian potential can be
written using eq.1.60 as:

∂2φsimple

∂(xi)2
= ∂

∂xi

[
g (|∇φN |)

∂φN
∂xi

1
|∇φN |

]
, (B.1)

where the function g is given by:

g(u) = u

2
+
√
aa0u+

(u
2

)2
(B.2)
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for the simple µ function. Making the derivative in equation B.1 gives:

∂2φsimple

∂xj∂xi
= 1
|∇φN |

∂φN
∂xi

∂|∇φN |
∂xj

(
dg

du

)
|∇φN |

−

− 1
|∇φN |

∂φN
∂xi

∂|∇φN |
∂xj

1
|∇φN |

g(|∇φN |) +

+ 1
|∇φN |

g(|∇φN |)
∂2φN
∂xj∂xi

. (B.3)

Furthermore, the derivative of the function g is:

dg

du
= 1

2
+ 1

2
aa0 + u

2√
aa0u+

(
u
2
)2 (B.4)

and the one of the Newtonian accelerations is (only an example for the x coordinate is
shown):

∂|∇φN |
∂x

= 1
|∇φN |

(
∂φN
∂x

∂2φN
∂x2 + ∂φN

∂y

∂2φN
∂x∂y

+ ∂φN
∂z

∂2φN
∂x∂z

)
(B.5)

Putting everything together, it is possible to write down the Laplacian of the MONDian
potential on a given grid point, using only derivatives of the Newtonian potential at
the same point, so everything can be calculated using just a stencil of 27 points. The
derivatives of the Newtonian potential can be computed, for instance, using second order
formulas given by:(

∂φN
∂x

)
i,j,k

= (φN )i+1,j,k − (φN )i−1,j,k

2h
(B.6)(

∂2φN
∂x2

)
i,j,k

=
(φN )i+1,j,k + (φN )i− 1, j, k − 2(φN )(i,j,k)

h2(
∂2φN
∂x∂y

)
i,j,k

= 1
4h2 [(φN )i+1,j+1,k − (φN )i+1,j−1,k − (φN )i−1,j+1,k + (φN )i−1,j−1,k]

where we one example of each type of derivative is shown.



Appendix C
Calculation of the overdensity power
spectrum from a particle distribution

For the shake of clarity regarding normalization conventions and approximations made
in the calculation of the power spectrum, this Appendix summarizes the main points
related to the way in which the power spectrum was calculated during this thesis.

Given a distribution of particles, the first thing to do in order to calculate the power
spectrum is to estimate the overdensity field on a grid. This calculation was made using a
TSC kernel (e.g. Hockney & Eastwood 1988). The expression for the value of the density
ρi,j,k on the node (i, j, k) is:

ρi,j,k = 1
h3

∑
n

W1(x1
i,j,k − x1

n)W2(x2
i,j,k − x2

n)W3(x3
i,j,k − x3

n)mn, (C.1)

where mn is the mass of the particle n, xn is the position of that particle, xi,j,k is the
position of the node, h is the size of the node and W is the smoothing kernel, that in the
TSC case is given by:

W (x) =


3
4 −

(
|x|
h

)2
h
2 <= |x|

2

1
2

(
3
2 −

|x|
h

)2
h
2 <= |x| <= 3h

2
0 otherwise.

(C.2)

The CIC smoothing was also used during the thesis, which has a kernel given by:

W (x) =
{

1− |x|h 0 <= |x| <= h
0 otherwise. (C.3)

The index in the summation in eq.C.1 runs over all the particles in the box. The mass
of the particles is calculated assuming that the box has mean density Ω0ρc.

The power spectrum is defined as the mean value of the modulus squared of the
Fourier transform of the overdensity:

P (k) = 〈|δ̂|2〉, (C.4)



162 chapter C: Calculation of power spectrum

where δ̂ is the Fourier transform of the overdensity, that was estimated using the discrete
Fourier transform given by:

Y [k1, k2, k3] =
n−1∑
j1=0

n−1∑
j2=0

n−1∑
j3=0

δ[j1, j2, j3]e2πj1k1
√
−1/ne2πj2k2

√
−1/ne2πj3k3

√
−1/n, (C.5)

where n is the number of cells per dimension and δ[j1, j2, j3] is the overdensity in the
cell [j1, j2, j3]. The summations in this equation were made using the code FFTW (Frigo
& Johnson 2005), which gives the result as written above, without normalization. The
mean value in eq.C.4 is taken on spherical shells in Fourier space and the normalization,
which was made at the end of the calculations, is given by:

norm = B3

n6 . (C.6)

Note that this is the normalization of the power spectrum, not the Fourier transform.
In order to correct for the discreteness effects of the particles, including the the

smoothing kernel that is used to estimate the overdensity field, the iterative method
proposed in Jing (2005) was employed. As the method and the summations involved
on it converge very quickly, only 1 to 2 iterations were used and 1 to 2 terms in the
summations were taken into account.



Appendix D
The quMOND field equations in a
cosmological context

A new formulation of MOND in its weak field limit was recently proposed by Milgrom
(2010b). The field equations were derived from a clasical lagrangian, so they have the
same conserving properties that characterize the Bekenstein-Milgrom equation (eq.1.64).
The difference with respect with the original formulation is that the original non-linear
field equation is substituted by a set of two linear Poisson’s equations, where the sources
are the real matter density and the phantom density:

∇2φN = 4πGρ (D.1)

∇2φ = ∇ ·
[
ν

(
|∇φN |
a0

)
∇φN

]
, (D.2)

where φN is the standard Newtonian gravitational potential and φ is the new MONDian
potential that is responsible for the movement of matter. Note that the definition of the
phantom term is different that the one presented in chapter 6, since here it is given in
terms of the Newtonian potential. The advantages of this new equations are clear: as
both are linear and only coupled through the source, standard FFT methods or even
direct sumation mathods can be employed, with the consequent simplifications in the
codes. The acronym of this new formulation is quMOND, which means quasi-linear
MOND and make reference to the fact that the non-linearity is not present anymore in
an explicit way in the operator of the field equation.

This equations were presented in Milgrom (2010b) as equations for perturbations over
a Minkowsky metric. In order to be used in cosmology, the equations have to be translated
into an expanding context. The methodology that will be employed to obtain this new
equations is the same that was discussed in detail in section 2.1.1, where a cosmological
version of the Bekenstein-Milgrom equation was derived. The same procedure was applied
also in section 6.2 to derive equations in the context of the twin matter formalism. The
background will be assumed to be unaffected by MOND and hence following an evolution
dictated by the standard FRW equations. The equations for the pertubations on the
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metric will be obtained by means of the following change of variables:

xi = ri

a
. (D.3)

As discussed before, to be able to use the new equations under periodic boundary condi-
tions, the mean value of the sources must be zero. Taking this into account, the quMOND
equations become:

∇2φN = 4πGa2(ρ− ρ0) (D.4)

∇2φ = ∇ ·
[
ν

(
|∇φN |
aa0

)
∇φN

]
− 1
V

∫
V

∇ ·
[
ν

(
|∇φN |
aa0

)
∇φN

]
d3x, (D.5)

where ρ0 is the value of the unperturbed density and the integral in eq. D.5 is made
over an arbitrary region of space, with a volume V large enough to see the effects of the
cosmological principle.

Taking into account the usual way to write the source of the Poisson’s equation as a
function of the overdensity (see section 2.1.1), the system can be written as:

∇2φN = 3
2

Ω0H
2
0

a

δρ

ρ0
(D.6)

∇2φ = ∇ ·
[
ν

(
|∇φN |
aa0

)
∇φN

]
− 1
V

∫
V

∇ ·
[
ν

(
|∇φN |
aa0

)
∇φN

]
d3x, (D.7)

which are the equations solved by the code presented in section 5.2.2 and that were used
in section 5.1 to quantify the intensity of the gravitational field at high redshift. In this
implementation, the integral in equation D.7 is approximated as a summation over all
the nodes of the grid in which the potential φN is given.
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English summary

This thesis is about testing an alternative model for gravity in a cosmological context.
Our opinions about how to describe and to explain gravitational phenomena has a long
history of evolution and modifications over modifications. This long route is marked
by two fundamental works. The first one, which gives for first time the definition of a
gravitational theory, was published in a set of three books by Isaac Newton in 1686. At
that moment, the most basic rules of calculus that today are summarized in the first
course for undergraduate students were still under development. Therefore, the first law
of gravity was not given by the complicated formula that we use today, but simply with
words. For instance, the proposition I of the book III states: that the forces by which
the circumjovial planets are continually drawn off from rectilinear motions, and retained
in their proper orbits, tend to Jupiter’s centre; and are inversely as the squares of the
distances of the places of those planes from that centre. The great idea presented in this
work, is not only that there is something which we could call gravitational force that
dictates the movement of planets, but, most important, that this force is the same force
that makes your toast with butter to fall down over your shoe before going to work. By
defining the gravitational force, Newton was able to connect very different phenomena
happening at very different scales with a very simple statement.

The second milestone in the development of gravity appeared more than 200 years af-
ter Newton’s proposal. Einstein presented for first time his equations for the gravitational
field in 1915 in a tiny conference proceeding that consisted only of four pages. The two
centuries between this two publications were not quiet. A huge mathematical machinery
had to be built to give Einstein the possibility of writing his equations. Many physi-
cist and mathematicians contributed to that, including Newton himself. The complete
theory was published in 1916. The work of Einstein consisted of making the connection
between this mathematical machinery and the gravitational phenomena, giving at the
same time a complete new definition for the concepts of space and time that throws away
everything we knew before. In his original paper, Einstein divested gravity of its status
of force and described its effects as the curvature of the space-time. After Einstein, the
planets are considered as free bodies and move in the shortest path between two points
in space-time. What is curved in this description are not the trajectories of the planets,
but the space-time that we use to measure them. This theory has had great success, not
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only in explaining the solar system, but also in making predictions related to phenomena
that were unknown at that moment and that were confirmed a posteriori. One of these
predictions is, for instance, the fact that gravity affects not only massive bodies, but also
photons, which are considered to have no mass. This effect of gravitational lensing was
not only confirmed through observations, but it is considered today as one more of the
every day basics tools of astronomers.

What’s next? Did Einstein’s work set the end of the evolution of the gravitational
theory? Are Einstein’s words the last words about gravity? Many scientists today
strongly believe that this is indeed the case, at least in the lower energy regime before
quantum effects become important. There is nothing more to learn about gravity and
any minimal attempt to think in the opposite way must be punished with exile and the
expulsion from the community. It is important to note that this is not a strange behavior
among scientists. Einstein himself had problems in his time to gain acceptance for his
theory; the same happened, for instance, to Boltzmann. Philosophers of science, who
are not influenced by the natural passion connected to the calculations of a particular
physical theory and who see scientists in the same way a biologist see a monkey in a
laboratory, have different ideas. There is a line of thinking in the philosophy of science
that see strong changes in the way of explaining reality (as for instance the one given by
Einstein’s proposal about the definition of space and time) as the rule, not the exception.
Scientific knowledge does not only evolve in a smooth way by adding small pieces of
knowledge over the time, but also by sudden changes in direction as the one given by
Einstein. But, these revolutions do not happen for no reason. These changes are induced
by a repeated failure of the predominant theory to explain a given number of observations.
In the case of Einstein, for instance, the failure with Newtonian theory was found many
years before his proposal. At that moment, physicist started to have problems to find the
ether in which the waves that constitute the light were believed to propagate. Einstein
solved the problems in a particular case with his special theory of relativity in 1905
and had to work 10 more years to find the general solution given by his new theory of
gravity. In other words, those who work doing research in the history of science know
that theories are not unquiestionable truths and even the most successful theories are
likely to be changed at some point. Before that change to happen, one needs to wait for
an inconsistency to appear between its predictions and the observations. In case that
no contradiction appears, one can stay with the dominant theory, which is the simplest
one with which we can explain reality. Before discussing if these inconsistencies between
predictions and observations already exist at present in the context of gravity, let us see
which is the description that the scientist make of the universe today, under the light of
Einstein’s theory for gravity.

The standard cosmological model assumes that the universe is constituted by three
different components: baryons, dark matter and dark energy. The baryons are the
elements with which humans, the earth, the sun and everything that we can see is formed,
including all the atoms in the periodic table of elements. The quantity of baryons can
be measured through astronomical observations, and it was found that they constitute
only 4 per cent of the total mass energy content of the universe. The same observations
say that a 26 per cent of the energy is in the form of something that astronomers like
to call dark matter. We still do not know what it is or if it even exist, but we can
infer its presence by studying the way things move in the universe. For instance, we
know that a spiral galaxy rotates with a speed that is proportional to its mass. Indeed,
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the standard theory of gravity says that the more massive a galaxy is, the faster is the
speed of the stars on their orbits. This gives a very accurate way to determine the mass
of the galaxy once the velocity of the stars and gas is measured. The problem is that
the masses that astronomers infer with this method are much larger that the masses
that they can calculate from what they see in a direct way, for instance by counting the
number of stars. The discovery of the need for this extra amount of matter to explain the
movement of galaxies was made by Zwicky in 1933. There are many proposals regarding
the nature of these particles that constitute this dark component. There is a general
consensus that this particles are non-baryonic and that, if real, they belong to a group
of particles that can be predicted by extending the standard model of particle physics.
The problem in the detection of these particles in laboratories is that their masses are
too high, nevertheless, the new particle accelerator Large Hadron Colider may be able to
find some of them. The final component of the universe, the dark energy, represents the
70 per cent of its energy, and is something even more strange that the dark matter. We
infer its presence also because of the way things move, but with the difference that its
effect can not be seen on individual galaxies but by the speed with which galaxies move
away from each other owing to the expansion of the universe.

Is the standard cosmological model enough to explain observations? It is not possible
to answer this question with one word. The standard cosmological model has shown
great success in predicting the large scale distribution of galaxies, which is not a trivial
task at all. Nevertheless, the model still has imperfections. For instance, the amount
of dark energy can be predicted from basic principles using arguments that come from
particle physics. The value obtained with this method differs from the value observed
by astronomers in many orders of magnitude. The model has its weakneses also on the
scales of galaxies. In fact, at present there is no fully self consistent theory of galaxy
formation. The common belief is that this problem exist only because we are trying to
explain something that is extremely difficult. From this point of view, we just need more
time to obtain a better understanding of the solutions of the equations. Other scientist
see in these problems the signal of a possible crisis that will end up in a change of the
paradigm, for instance through a change of the gravitational theory.

The original definition of the gravitational model that we will consider in this thesis
is based on the following question. What if we never find the particles that are believed
to constitute the dark matter? Is it possible that we are looking for something that
does not really exist? One could always think that more precise observations or new
methods will give the possibility to find these particles and that we just need time. The
problem is that in case that an increase of precision can not find them, theoreticians
will always be able to propose a new particle that will require higher precision to be
observed. In other words, the model is constructed in a way that a failure to find the
dark matter particles can be cured by changes on the particle physics side, keeping it
always alive. So, the question is, how long are we going to wait before accepting that
this hypothetical particles do not really exist? This is the point that was rise by Moti
Milgrom when he presented his dynamical theory in 1983. He assumed that the elusive
dark matter does not exist and that the discrepancy found in the measurements of masses
of galaxies is in fact a signal that the gravitational theory is not correct. He proposed a
modification of gravity that permits one to explain the rotation curves of galaxies without
the addition of dark matter. The new theory includes a new fundamental constant a0
which has units of acceleration and sets a limit between two different descriptions of
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gravity. For accelerations greater than a0, the new theory is equivalent to the old one.
On the contrary, when the accelerations are lower that a0, the modification proposed
by Milgrom appears and the gravitational force acquires values which are higher than
those predicted by the old theory. The value of a0 was measured experimentally and
was found to be of the order of 10−8 cm/sec2, which is in fact, a relatively small value.
As a reference, think that the gravitational acceleration that we feel on the surface of
the earth is 980 cm/sec2, which is 1010 times higher that a0 and makes the dynamics on
the earth to be dictated by the old theory. Furthermore, the acceleration that we suffer
because of the presence of the sun is 0.6 cm/sec2, still much too large. Even the force
that the Little Prince will feel while sitting for instance on Pluto is still one thousand
times a0. In other words, the accelerations in the solar system are too high and thus,
the effects of the new theory are too small to be detected in a simple way. To experience
its effects in all its plenitude, it is necessary to go to larger scales, for instance galaxies,
were the accelerations can be as small as one tenth of a0.

This new theory was proven to be very succesful in explaining the dynamics of galax-
ies. What we need to know now, is if its success can be extended to much larger scales,
as for instance those that are being considered by cosmologists. This is the topic of this
thesis. We want to investigate the consequences of the new theory in the cosmological
evolution and see if it can reproduce the success of the standard model without the ad-
dition of a dark matter component. The very few works that exist at present on this
topic show pessimistic results: the theory predicts the structure formation that is too
vigorous. This means that the predicted distribution of galaxies at the present epoch
appears similar to what we expect to happen in the future, not today. In short, the
structure formation with MOND is too fast. These few studies, are based in a set of
untested hypothesis that could bias the results. The goal of this thesis is to understand
the effect that those simplifications have on the cosmological evolution.

To study the cosmological evolution of matter from the big bang until today is a
very difficult task. To take into account all the physics together in the calculations is
impossible, so theoreticians divide the study into different epochs, taking into account
only the dominant physical effects at every epoch. In this thesis, the focus will be put
in what is called the non-linear regime, which corresponds to the later epoch of the
evolution. The standard way of calculating the evolution during this epoch is to use
N-body simulations. The method consists in describing the density of the universe at
every point with a distribution of particles. The evolution of the density can be traced
by the movement of the particles, which is given by the equations that characterize the
particular theory under study.

The first thing that one should do before studying the cosmological evolution of
density perturbations is to determine which is the set of equations that will be solved.
There are two ways to obtain the equations for the gravitational forces in a cosmological
context. One of them is to start from basic principles, using a relativistic extension of
the theory given by Milgrom. The other is to apply a commonly used set of physical
arguments and to introduce the effects of the cosmological expansion into Milgrom’s
equations for galaxies by means of a change of variables. The fact that, at present,
there is no unique relativistic extension of MOND makes any kind of relativistic analysis
theory dependent and entails the risk of loosing generality and missing the fundamental
points that characterize the MOND theory; because of this, we decided to use the second
approach to obtain our equations, leaving the relativistic, more complete, analysis for
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the future.
The first problem (chapter 2) was to understand which are the effects on the non-linear

evolution of using the fully non-linear Bekenstein-Milgrom field equation instead of the
simple MOND prescription. In the context of cosmology based on Einstein’s gravity, the
equations for the gravitational forces have a property called linearity, or in other words,
they are linear equations. This is a very good thing because this type of equations are
very well known and there are already many methods to solve them. In the case of
MOND, the situation is different. The MOND field equation is highly non-linear. This
makes its treatment very difficult and, in most of the cases, impossible to do without
the aid of a computer. Nevertheless, it is possible to obtain a linear approximation to
the MOND equation, which is not exact but gives the correct description for special
symmetries. Thus, our first project was to study how good this approximation is in the
general case where there is no such a symmetry. To this end, we run a set of N-body
simulations with the exact and approximate solutions. We found that the use of the exact
solutions gives a further state of evolution on large scales. This means that the form of
the galaxy distribution is not very sensitive to this approximation, but their positions are
affected when the exact solution is used. Basically, the large scale forces that move the
galaxies (in opposition to the small scale forces that give them their shapes) are larger
in case that the exact solutions are used.

Using the same simulation data, we found also that the collisional velocity of objects
is larger in a MONDian universe (chapter 3). This helps to relax the tension that exist
with the velocity of the Bullet Cluster in the standard cosmological model which is
too high and can be considered as one of the possible discrepancies that the Einstein’s
gravitational model has with respect to observations. Furthermore, since both theories
give different distributions for the collisional velocity, the result gives a way to determine
through observations which theory is closer to reality.

Following the analysis, we focused on the intensity of the accelerations at early times
(section 5.1). It is easy to show that the typical peculiar accelerations in cosmological
scales decrease with time, or in other words, the accelerations were much higher in the
early universe than today. The question is how high were they. In case that they were
greater than Milgrom’s acceleration constant a0, one could accept that the old theory
was valid at that epoch and generate the initial conditions for the non-linear N-body
simulations described before by using standard methods with standard gravity. This
simplifies greatly the calculations and was the hypothesis made by previous authors in
the field. We calculated the accelerations for first time in a self consistent way, which
means that we did not consider only spherical isolated regions (as is done in the usual
analysis), but we took into account larger pieces of the Universe. We did not only consider
the spherical perturbations responsible for the accelerations, but also their environment.
The result of the analysis is that, in effect, at very high redshift, the accelerations are not
in the Newtonian regime and that MONDian physics is not only needed to study the late
evolution through N-body simulations, but also to generate initial conditions for these
simulations. The natural step after this discovery is to propose a method to generate
these initial conditions, which I did in section 5.2.

In an effort to obtain a better understanding of the underlying hypothesis of our
simulations and to check for possible biases in the analysis made by previous authors,
we tested the validity of spherical collapse models in MOND. These spherical collapse
models are usually used in the process of generating initial conditions for the N-body
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simulations. The analysis was made with one possible set of generalized equations to
describe the evolution. The novel aspect of our analysis was the fact that, again, we
took into account not only the evolution of spheres of matter, but also the effects of
their environment. The result that we found is that the particular characteristics of
the MOND equation, basically its non-linearity, make its solutions very sensitive to the
environment, giving a different evolution when the environment is taken into account
(section 5.2.4).

Coming back to the question that we raised above: can MOND reproduce the success
of the standard model on large scales? From the results of this thesis, we can say that, a
Newtonian treatment of the equations, which means that the cosmological equations were
obtained from those defined for galaxies and not from basic principles, does not give the
correct evolution and that a MONDian universe appears to have an excess of structure
evolution in the late stages. The improvements that we proposed on the calculations
described before, did not help to solve this pathology that the theory was known to have.
We tested a possible solution to this problem, which consist on giving a cosmic time
dependence to Milgrom’s constant. While this proposal can solve the problems on large
scales, it generates a new problem on small scales, since with this conditions, the small
scales can not collapse and it is not possible to form galaxies. It should be recalled,
however, that our calculations are completely dissipation-less (no gas dynamical effects)
which is probably not the case in a pure baryonic universe.

The last project I considered (chapter 6) is related to a new formulation of MOND
that has being proposed very recently. This prescription of MOND is based on the idea
that the universe is a two components universe, which consist in baryons and a different
component which Milgrom call twin matter (it is important to emphasize that is not dark
matter). The particular property of this twin matter is that the gravitational interaction
that it has with the normal matter is not attractive but repulsive. I ran simulations
under this new formulation, tracking the evolution of the two components, and found
that the effect of the presence of the twin component is to increase the evolution rate
at late times. In other words, under this formulation, the same problem of excess of
structure evolution still exists.

While the results presented in this thesis seems to be discouraging regarding the vi-
ability of the MOND idea, one has to take into account the sociological issues involved.
The main problem of MOND is not systems like the Bullet Cluster or its peculiar cosmo-
logical behaviour, but the fact that the fraction of the astronomical comunity working
in solving this problems is extremly small. Most of the hard problems related to MOND
are being worked out by PhD students. This makes the advances to be very slow. For
every working contract that is signed with a PhD student, one has to wait at least one
to two years for the student to start thinking not as a student, but as a real independent
scientist, capable of introducing his own ideas into the discussion. Thus, from every stu-
dent working on the field, one gets only one to two years of real science, which is devoted
not only to research, but mostly to the writing on the thesis. Afterwards, this PhD stu-
dents are forced to quit the subject (or even the scientific comunity in some cases) after
finishing the PhD. Phrases like “You are ruining your career working on that” are very
common in the corridors at international conferences in cosmology. So, we are forming
people to work in a particular subject, but we are not making use of what they have
learned afterwards. There is a lack in the MONDian community of researchers working
in the postdoc level, who are young enough to be free of the Professorship responsabilities
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and, at the same time, are enough experienced/mature to tackle the hard problems with
the intensity they should be treated.

The common question between scientist is “Why should we work on MOND if it has
problems in cosmology?”. There are two answers to this question. In first place, we still do
not know if the problems found in this thesis are real. While it is true that I have improved
the analysis that was previously made, there are still two fundamental hypothesis that
I did not relaxed: the absence of baryonic physics and a fully self consistent relativistic
treatement. Both should be treated before accepting that the theory has to be rejected.
The second answer resides in the performance that the theory has on galactic scales. The
extremely accurate and stable predictions made by MOND theory on galaxies makes it
a very respectable idea that should be developed by more than just PhD students.

Furthermore, if the same reasoning used to reject the MOND theory is applied to the
standard model, we should have rejected the standard model at least one decade ago,
when the missing satellites problem or the angular momentum catastrophe appeared.
The number of researchers working on solving these problems is greater by more than
one order of magnitude than those working on MOND and they still have not found a
solution after ten years. It is not possible to predict what will happen if just a fraction
of all this energy is applied to MOND. The only way to know it is to do it.
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Het onderwerp van dit proefschrift is het testen van een alternatief zwaartekracht model
tegen een kosmologische achtergrond. In de loop van de geschiedenis zĳn onze inzichten in
hoe het fenomeen zwaartekracht te beschrĳven vaak gewĳzigd en aangepast. Deze lange
weg wordt met name gemarkeerd door twee fundamentele werken. Het eerste hiervan,
dat voor het eerst een definitie geeft van een zwaartekrachtstheorie, werd gepubliceerd
in 1686 als een set van drie boeken door Isaac Newton. Op dat moment waren de meest
fundamentele regels van de wiskunde, zoals die nu zouden worden onderwezen in een
eerstejaarscollege voor studenten, nog niet gereed. Daarom werd de eerste wet van de
zwaartekracht niet gegeven door de gecompliceerde formule die we nu gebruiken, maar
simpelweg geformuleerd met woorden. De eerste stelling van boek III stelt bĳvoorbeeld:
dat de krachten waarmee de planeten van Jupiter constant van hun lineaire bewegingen
worden afgehouden en behouden in hun echte banen, neigen naar Jupiters centrum; en
zĳn omgekeerd als de kwadraten van de afstanden tot de plaatsen van die planeten vanaf
dat centrum. Het geweldige idee dat gepresenteerd wordt in dit werk is niet alleen dat er
iets bestaat dat we zwaartekracht zouden kunnen noemen en dat dit de bewegingen van
de planeten dicteert, maar, veel belangrĳker, dat dit precies dezelfde kracht is die ervoor
zorgt dat je boterham met de beboterde kant op je schoen valt net voordat je ’s morgens
naar je werk wilt gaan. Door een definitie te geven van zwaartekracht was Newton in
staat met een simpele verklaring hele verschillende fenomenen op heel uiteenlopende
schalen met elkaar te verbinden.

De tweede mĳlpaal in de ontwikkeling van de zwaartekrachtstheorie werd meer dan
200 jaar na Newtons voorstel behaald. Einstein presenteerde in 1915 voor de eerste
maal zĳn vergelĳkingen voor het zwaartekrachtsveld in een onbelangrĳke uitgave van
conferentienotulen bestaande uit slechts 4 pagina’s. In de twee eeuwen tussen deze twee
publicaties had men niet stil gestaan. Een enorm mathematisch instrumentarium was
ontwikkeld dat Einstein de mogelĳkheid gaf zĳn formules op te schrĳven. Veel natu-
urkundigen en wiskundigen droegen hun steentje hieraan bĳ, inclusief Newton zelf. De
complete theorie van Einstein, gepubliceerd in 1916, bestond uit het leggen van de link
tussen dit wiskundige instrumentarium en het fenomeen van de zwaartekracht en gelĳkti-
jdig het compleet opnieuw definiëren van de begrippen ruimte en tĳd. Dit werk zette alles
wat we tot dan toe begrepen in een ander licht. In zĳn oorspronkelĳke artikel ontnam
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Einstein de zwaartekracht zĳn entiteit als kracht en beschreef het als een effect van de
buiging van ruimtetĳd. Na Einstein worden de planeten beschouwd als vrĳe objecten die
bewegen over de kortste weg tussen twee punten in ruimtetĳd. De entiteit die gebogen
is in deze beschrĳving zĳn niet de banen van de planeten, maar de ruimtetĳd die we
gebruiken om hen te meten. Deze theorie is zeer succesvol gebleken, niet alleen in de
verklaring van het zonnestelsel, maar ook in het voorspellen van verschillende fenome-
nen die op dat moment onbekend waren en pas later bevestigd konden worden. Een
voorbeeld van zo’n voorspelling is bĳvoorbeeld het feit dat zwaartekracht niet alleen een
effect heeft op massieve objecten, maar ook op fotonen die geen massa zouden bezitten.
De effecten van zogenoemde gravitatielenzen zĳn ondertussen niet alleen bevestigd door
het doen van waarnemingen, maar worden vandaag de dag beschouwd als een van de
basistechnieken waarmee astronomen het universum bestuderen.

Wat is de volgende stap? Heeft de zwaartekrachtstheorie met Einsteins werk een
eindpunt bereikt? Zĳn Einsteins woorden de laatste woorden die er over dit onderwerp
gesproken zullen worden? Veel huidige wetenschappers hebben sterk het geloof dat dit
inderdaad het geval zou moeten zĳn, in ieder geval wat het energiebereik betreft waar
quantumeffecten geen rol spelen. Er is volgens hen niks meer te leren over zwaartekracht
en elke poging om in een andere richting te denken moet afgestraft worden met verban-
ning en uitzetting uit de wetenschappelĳke gemeenschap. Op dit punt aangekomen is het
belangrĳk op te merken dat dit geen vreemd gedrag is onder wetenschappers. Einstein
zelf had in zĳn tĳd problemen om zĳn theorie geaccepteerd te krĳgen en hetzelfde overk-
wam bĳvoorbeeld Boltzmann. Wetenschapsfilosofen, niet beïnvloed door de passie die
samen gaat met het berekenen van een bepaalde natuurkundige theorie, die wetenschap-
pers observeren zoals een bioloog apen bestudeert in het laboratorium, hebben hier hele
andere ideeën over. Er is een stroming binnen de wetenschapsfilosofie die van mening is
dat sterke veranderingen in de manier waarop de realiteit wordt verklaard (zoals bĳvoor-
beeld Einsteins voorstel over de definitie van ruimtetĳd dat doet) eerder regel zĳn dan
uitzondering. Wetenschappelĳke kennis gaat niet alleen vooruit door in een continu kleine
stukjes kennis toe te voegen, maar ook door plotselinge veranderingen in richting, zoals
Einstein dat deed. Maar deze revoluties gebeuren niet zonder reden. De veranderingen
zĳn vooraf gegaan door een herhaaldelĳk falen van de dominante theorie om bepaalde
waarnemingen te verklaren. In het geval van Einstein bĳvoorbeeld, was het falen van de
theorie van Newton al vele jaren eerder vastgesteld toen wetenschappers worstelden met
het vinden van de ether waarin licht zich zou moeten voortbewegen. Einstein loste dit
probleem op met zĳn speciale relativiteitstheorie in 1905 en moest daarna nog 10 jaar aan
zĳn theorie werken om het tot een algemene oplossing te maken voor de zwaartekracht.
Kortom, zĳ die onderzoek doen naar de geschiedenis van wetenschap weten dat the-
orieën niet onomstotelĳke waarheden zĳn en dat zelfs de meest succesvolle theorieën
waarschĳnlĳk een keer veranderd of aangepast moeten worden. Voordat die verandering
plaatsvindt is het nodig dat er een tegenstelling wordt gevonden tussen de voorspellin-
gen en de waarnemingen. In het geval dat geen tegenstelling wordt gevonden kan men
immers net zo goed bĳ de oude dominante theorie blĳven, dit is de eenvoudigste manier
om de realiteit te beschrĳven. Voordat we verder ingaan op de tegenstellingen tussen de
voorspellingen en waarnemingen die er al bestaan in de theorie van zwaartekracht, laat
ons bekĳken hoe ons universum er precies uitziet volgens de beschrĳving van Einsteins
zwaartekrachtstheorie.

Het kosmologische standaardmodel neemt aan dat het universum bestaat uit drie ver-
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schillende componenten: baryonen, donkere materie en donkere energie. De baryonen zĳn
de elementen waaruit mensen, de aarde, de zon en alles wat we kunnen zien is gevormd,
dus ook alle atomen in het systeem der elementen. De hoeveelheid baryonen kan gemeten
worden door astronomische waarnemingen en daarbĳ is gevonden dat zĳ slechts 4 procent
uitmaken van de totale massa van het universum. Dezelfde waarnemingen vertellen ons
dat 26 procent van de energie bestaat uit massa die astronomen graag donkere materie
noemen. We weten nog steeds niet wat het is en of het wel bestaat, maar we kunnen
wel de invloed van donkere materie meten door te bestuderen hoe objecten bewegen in
het universum. We weten bĳvoorbeeld dat een spiraalstelsel roteert met een snelheid
die proportioneel is aan zĳn massa. De standaard theorie van zwaartekracht vertelt ons
immers dat hoe massiever een sterrenstelsel is, hoe sneller de sterren erin bewegen in hun
banen. Dit geeft ons een heel nauwkeurige manier om de massa van een sterrenstelsel
te bepalen als we eenmaal de snelheden van zĳn sterren en gas hebben gemeten. Het
probleem is dat de massa’s die sterrenkundigen afleiden via deze methode veel groter
zĳn dan de massa’s afgeleid van de materie die je direct kunt zien, bĳvoorbeeld door het
tellen van de aantallen sterren. De ontdekking voor de noodzaak van extra materie om de
bewegingen binnen sterrenstelsels te verklaren werd gedaan door Zwicky in 1933. Er zĳn
veel verschillende ideeën over de aard van deze donkere deeltjes. De algemene consensus
is dat deze deeltjes niet baryonisch zĳn en dat, als ze bestaan, ze behoren tot een groep
van deeltjes die kan worden voorspeld door het standaardmodel van de deeltjesfysica uit
te breiden. Het probleem met de detectie van deze deeltjes in laboratoria is dat hun
massa’s te groot zĳn, hoewel de nieuwe deeltjesversneller, “the Large Hadron Collider”
misschien enkele voorspelde soorten binnenkort zou moeten kunnen detecteren. De laat-
ste component van het universum, de donkere energie, representeert 70 procent van de
energie en is eigenlĳk nog vreemder dan de donkere materie. We leiden het bestaan van
deze donkere energie ook af van hoe objecten bewegen in het universum, met dit verschil
dat het niet waargenomen kan worden binnen individuele sterrenstelsels maar juist door
te kĳken naar de snelheden waarmee de sterrenstelsels als geheel van elkaar af bewegen.
Deze beweging wordt veroorzaakt door de uitdĳing van het universum.

Is het kosmologische standaardmodel genoeg om de waarnemingen te verklaren? Het
is niet mogelĳk deze vraag met slechts één woord te beantwoorden. Het kosmologische
standaardmodel heeft grote successen geboekt in het voorspellen van de grote schaal
structuren van sterrenstelsels, een resultaat dat zeker niet triviaal te behalen is. Echter,
het model heeft ook nog steeds imperfecties. Een daarvan is bĳvoorbeeld de hoeveelheid
donkere energie die voorspeld kan worden vanuit de basisprincipes en argumenten uit de
deeltjesfysica. De waarde die op deze manier verkregen wordt, verschilt ordes van grootte
van de waarde die waargenomen wordt door astronomen. Ook vertoont het kosmologische
standaardmodel zwakheden op de schaal van individuele sterrenstelsels. Er is op het
moment eigenlĳk geen volledig consistent model voor de vorming van sterrenstelsels. In
het algemeen wordt aangenomen dat dit probleem alleen bestaat omdat we proberen
iets te verklaren wat enorm complex is. Vanuit dit standpunt gezien, hebben we alleen
meer tĳd nodig om een beter begrip te krĳgen van de oplossingen voor de vergelĳkingen.
Andere wetenschappers zien in deze problemen een voorbode voor een mogelĳke crisis
die zal eindigen in een verandering van het heersende paradigma, bĳvoorbeeld door een
verandering van de zwaartekrachtstheorie.

De oorspronkelĳke definitie van het zwaartekrachtsmodel dat we zullen gebruiken in
dit proefschrift is gebaseerd op de volgende vraag: Wat als we nooit de deeltjes vinden
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die worden verondersteld donkere materie te vormen? Is het mogelĳk dat we naar iets op
zoek zĳn dat niet echt bestaat? Het is altĳd mogelĳk om meer precieze waarnemingen
of nieuwe methodes bedenken en dan te verklaren dat we alleen tĳd meer nodig hebben.
Het probleem hier is dat als we ook met de betere metingen de deeltjes niet kunnen
vinden, theoretici altĳd in staat zullen zĳn om een nieuw deeltje voor te stellen dat nog
hogere precisie vereist om te worden gevonden. In andere woorden, het model is op
zo’n manier geconstrueerd dat mislukkingen om het deeltje te ontdekken altĳd verholpen
kunnen worden door aanpassingen aan de zĳde van de deeltjesfysica en zodoende is het
model als geheel altĳd staande te houden. Dus, de eigenlĳke vraag is: Hoe lang gaan
we wachten voordat we accepteren dat deze hypothetische deeltjes niet bestaan? Dit
is het argument dat Moti Milgrom naar voren bracht toen hĳ zĳn dynamische theorie
presenteerde in 1983. Hĳ nam aan dat de ongrĳpbare donkere materie niet bestaat en dat
de discrepantie in de metingen van massa’s van sterrenstelsels in feite een signaal is dat de
zwaartekrachtstheorie incorrect is. Hĳ stelde een aanpassing van de zwaartekracht voor
die een verklaring geeft voor de rotatiecurves van sterrenstelsels zonder de toevoeging van
donkere materie. De nieuwe theorie bevat een nieuwe fundamentele constante, a0, met de
eenheid van versnelling, en deze geeft een limiet tussen twee verschillende beschrĳvingen
van de zwaartekracht. Voor versnellingen groter dan a0 is de nieuwe theorie gelĳk aan de
oude. Voor versnellingen kleiner dan a0 echter, is de aanpassing van Milgrom nodig en de
zwaartekracht neemt waardes aan die hoger zĳn dan die voorspeld door de oude theorie.
De waarde voor a0 werd op experimentele wĳze gemeten en gevonden werd dat deze
rond de 10−8 cm/sec2 moest zĳn, wat in wezen een relatief lage waarde is. Om dit in een
referentiekader te plaatsen, bedenk dat de zwaartekrachtsversnelling op het oppervlak
van de aarde 980 cm/sec2 is, 1010 maal groter dan a0, en dus is de zwaartekracht op de
aarde bepaald door de oude theorie. Ook bĳvoorbeeld de versnelling die de aarde heeft
vanwege de aantrekkingskracht van de zon, 0.6 cm/sec2 is veel groter dan a0. Zelfs de
kracht die de Kleine Prins zou voelen, zittend bĳvoorbeeld op Pluto, zou nog duizend
keer a0 zĳn. Anders gezegd, de versnellingen binnen ons zonnestelsel zĳn te groot en dus
zĳn de effecten van de nieuwe theorie hier te klein om gedetecteerd te worden. Om het
effect van de nieuwe theorie volledig te overzien is het nodig om naar veel grotere schalen
te kĳken, bĳvoorbeeld in sterrenstelsels, waar de versnellingen zo klein kunnen zĳn als
slechts een tiende van a0.

De nieuwe theorie is bewezen succesvol te zĳn in het verklaren van de dynamica van
sterrenstelsels. Echter, wat we willen weten, is of het succes ook geldt voor de veel
grotere schalen, zoals bĳvoorbeeld kosmologen die beschouwen. Dit is het onderwerp van
dit proefschrift. We willen de consequenties van de nieuwe theorie onderzoeken in het
kader van kosmologische evolutie en zien of deze het succes van het standaardmodel kan
reproduceren zonder de toevoeging van een donkere materie component. Het weinige
werk dat al gedaan is over dit onderwerp geeft reden voor pessimisme: de theorie zou
voorspellen dat de structuurvorming te sterk is. Dat betekent dat de voorspelde distribu-
tie van sterrenstelsels meer lĳkt op wat we verwachten van de toekomst en niet de huidige
toestand. Kort gezegd, de structuurvorming met MOND gaat te snel. Deze enkele studies
zĳn gebaseerd op een serie van niet-geteste hypotheses die het resultaat zouden kunnen
beïnvloeden. Het doel van dit proefschrift is om te begrĳpen welke effecten dergelĳke
simplificaties hebben op de kosmologische evolutie.

Om de kosmologische evolutie van materie vanaf de oerknal tot nu te bestuderen is een
erg moeilĳke taak. Het is onmogelĳk om alle fysica mee te nemen in de berekeningen, dus



Nederlandse samenvatting 183

verdelen theoretici vaak de studie op in verschillende tĳdvakken en gebruiken ze alleen de
fysische wetten die domineren in een bepaald tĳdvak. In dit proefschrift ligt de nadruk op
wat wel genoemd wordt het niet-lineaire regime, dat overeenkomt met het latere tĳdvak
in de evolutie. De standaard manier om evolutie in dit tĳdvak te bestuderen is via het
gebruik van N-body simulaties. Deze methode beschrĳft de dichtheid van het universum
op elk punt door middel van een verdeling van deeltjes. De evolutie van dichtheid kan
vervolgens verkregen worden door de bewegingen van de deeltjes te bestuderen, die weer
gegeven worden door de vergelĳkingen binnen de bestudeerde theorie.

Het eerste wat moet gebeuren voordat de kosmologische evolutie van dichtheidsver-
storingen bestudeerd kan worden, is beslissen welke set van vergelĳkingen zou moeten
worden opgelost. Er zĳn twee manieren om de vergelĳkingen op te stellen in een kosmolo-
gische context. Eén daarvan is om te beginnen vanuit basisprincipes en een relativistische
uitbreiding te gebruiken op de theorie van Milgrom. De andere manier is om een alge-
meen veelgebruikte set van fysische argumenten toe te passen en om de effecten van de
kosmologische uitdĳing in Milgrom’s theorie te introduceren door het aanpassen van een
aantal variabelen. Het feit dat er op het moment geen unieke relativistische uitbreiding
van MOND bestaat, maakt elke relativistische analyse sterk modelafhankelĳk, loopt dus
het risico om het algemene karakter te verliezen en mist de fundamentele punten dat
de MOND theorie karakteriseren. Vanwege al deze overwegingen hebben we besloten
om de tweede aanpak te kiezen om onze vergelĳkingen te verkrĳgen, we laten dus de
relativistische, meer complete analyse voor toekomstig werk.

Het eerste probleem (hoofdstuk 2) was om te begrĳpen wat de effecten zĳn op de
niet-lineaire evolutie van het gebruik van de volledig niet-lineaire Bekenstein-Milgrom
veldvergelĳking in plaats van de simpele MOND vergelĳking. In de context van een
kosmologie die gebaseerd is op Einsteins zwaartekracht hebben de vergelĳkingen voor
de zwaartekracht een eigenschap genoemd “lineariteit”, of, in andere woorden, het zĳn
lineaire vergelĳkingen. Dit is een zeer goede eigenschap omdat dit soort vergelĳkingen
zeer bekend zĳn en er vele methodes zĳn om ze op te lossen. Voor MOND is de situatie
geheel anders. De MOND veldvergelĳking is zeer niet-lineair. Dit maakt het gebruik
ervan erg ingewikkeld en in de meeste situaties zelfs onmogelĳk zonder hulp van een
computer. Niettemin is het mogelĳk om een lineaire benadering van de MOND vergeli-
jking te verkrĳgen die weliswaar niet exact is, maar toch een correcte beschrĳving geeft
voor speciale symmetrieën. Dus, ons eerste project was om te bestuderen hoe goed deze
benadering werkt in het algemene geval waar er niet zo’n symmetrie bestaat. Hiervoor
voeren we een set van N-body simulaties uit met de exacte en de benaderde oplossingen.
We vinden hieruit dat het gebruik van een exacte oplossing een vergevorderde staat van
evolutie geeft op grotere schaal. Dit betekent dat de vorm van de distributie van ster-
renstelsels niet erg gevoelig is voor de gebruikte benadering, maar hun posities worden
wel beïnvloed als de exacte oplossing gebruikt wordt. De krachten op grote schaal die
de sterrenstelsels bewegen (in tegenstelling tot de krachten op kleine schaal die hen hun
vorm geven) zĳn groter in het geval dat de exacte oplossingen worden gebruikt.

Gebruik makende van dezelfde gesimuleerde data hebben we ook vastgesteld dat de
botsingssnelheden van objecten groter zĳn in een MOND universum (hoofdstuk 3). Dit
helpt ons om de snelheid van het Bullet Cluster beter te verklaren, die in het kosmolo-
gische standaardmodel te hoog is en dus kan worden beschouwd als een van de mogelĳke
problemen van het Einstein zwaartekrachtsmodel ten opzichte van de waarnemingen.
Omdat beide theorieën verschillende verdelingen van de botsingssnelheden geven, geeft
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dit resultaat ons een manier om te beoordelen door middel van het doen van waarnemin-
gen welk model dichter bĳ de realiteit staat.

Voortbordurend op de analyse hebben we ons gericht op de intensiteit van de ver-
snellingen in de vroegste tĳd (paragraaf 5.1). Het is eenvoudig om te laten zien dat de
typische hoge versnellingen op kosmologische schalen afnemen als functie van tĳd, of,
in andere woorden, de versnellingen waren veel hoger in het vroege universum dan ze
zĳn vandaag de dag. De vraag is hoe hoog ze geweest zĳn. In het geval dat ze veel
hoger waren dan Milgroms versnellingsconstante kan men accepteren dat de oude the-
orie geldig is in dat tĳdperk en kunnen de initiële condities via de eerder beschreven
niet-lineaire N-body simulaties gegenereerd worden met de standaard beschrĳving van
zwaartekracht. Dit betekent een flinke versimpeling van de berekeningen en dit was de
hypothese die wetenschappers eerder gebruikten. Wĳ hebben de versnellingen voor het
eerst volledig consistent berekend, wat betekent dat we niet alleen sferische geïsoleerde
ruimtes in beschouwing hebben genomen (zoals normaal gesproken gebeurt), maar we
hebben ook veel grotere delen van het universum beschouwd in de berekeningen. We
hebben dus niet alleen de sferische verstoringen zelf beschouwd die verantwoordelĳk zĳn
voor de versnellingen, maar ook hun omgeving. Onze conclusies hieruit zĳn dat op hoge
roodverschuiving de versnellingen zich niet in het Newtoniaanse regime bevinden en dat
MONDiaanse fysica niet alleen nodig is om het late universum te bestuderen door middel
van N-body simulaties, maar ook om de initiële condities te genereren voor deze simu-
laties. Een vanzelfsprekende volgende stap is om een methode voor te stellen om deze
condities te genereren, wat ik doe in paragraaf 5.2.

In een poging om een beter begrip te krĳgen van de onderliggende hypothese van
onze simulaties en om te checken of er mogelĳke vooroordelen zĳn in het werk van
voorgaande auteurs, hebben we de geldigheid getest van sferische ineenstortingsmodellen
in MOND. Deze sferische ineenstortingsmodellen worden meestal gebruikt in het proces
om de initiële condities te genereren voor de N-body simulaties. Deze analyse is gedaan
met een mogelĳke set van veralgemeniseerde vergelĳkingen om de evolutie te beschrĳven.
Het nieuwe aspect van onze analyse is in feite dat we ook hier in beschouwing nemen dat
niet alleen de evolutie van de sferische structuren belangrĳk is, maar ook het effect van
hun omgeving. Het resultaat dat we gevonden hebben is dat de specifieke eigenschappen
van de MOND vergelĳking, met name de niet-lineariteit, ervoor zorgen dat de oplossingen
heel gevoelig zĳn voor een verschillende omgeving (paragraaf 5.2.4).

Terugkomend op de vraag die we hierboven gesteld hebben: kan MOND het succes
reproduceren van het standaardmodel op de grote schaal? De resultaten van dit proef-
schrift hebben laten zien dat een Newtoniaanse behandeling van de vergelĳkingen, wat
betekent dat de kosmologische vergelĳken verkregen zĳn via die gedefinieerd voor ster-
renstelsels en niet vanuit de beginprincipes, niet een correcte beschrĳving geven van de
evolutie en dat een MONDiaans universum een overschot aan structuurevolutie in latere
stadia lĳkt te hebben. De verbeteringen die we voorstellen ten opzichte van de eerder
beschreven vergelĳkingen, hielpen niet om deze pathologie op te lossen die bekend was
voor deze theorie. We hebben een mogelĳke oplossing voor dit probleem getest, die eruit
bestaat dat we een kosmische tĳdsafhankelĳkheid geven aan de constante van Milgrom.
Hoewel dit voorstel de problemen op de grote schalen kan oplossen, genereert het een
nieuw probleem op kleine schaal omdat met deze condities de kleinere schalen niet ineen
kunnen storten en het niet mogelĳk is om sterrenstelsels te vormen. Het moet echter
opgemerkt worden dat onze berekeningen het effect van gasdynamica volledig negeren
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en dat deze waarschĳnlĳk wel een effect hebben in een universum dat alleen bestaat uit
baryonen.

Het laatste project dat ik ondernomen heb (hoofdstuk 6) is gerelateerd aan een
nieuwe manier om MOND te formuleren die zeer recent is voorgesteld. Deze beschri-
jving van MOND is gebaseerd op het idee dat het universum uit twee componenten
bestaat, namelĳk de baryonen en een andere component die Milgrom “tweelingmaterie”
heeft genoemd (het is belangrĳk om te benadrukken dat dit geen donkere materie is). De
specifieke eigenschap van deze tweelingmaterie is dat de zwaartekrachtsinteractie die het
heeft met normale materie niet aantrekkend is, maar juist afstotend. Ik heb een aantal
simulaties gedaan met deze nieuwe formule, kĳkend naar de twee componenten, en ik heb
gevonden dat het effect van de aanwezigheid van de tweelingcomponent is dat de mate
van evolutie verhevigt later in de simulatie. In andere woorden, met deze aannames is
hetzelfde probleem van een teveel aan structuurevolutie nog steeds aanwezig.

De resultaten gepresenteerd in dit proefschrift lĳken ontmoedigend te zĳn voor de
geldigheid van het MOND idee, maar men moet ook de sociologische situatie meenemen
in dit oordeel. Het grootste probleem van MOND ligt niet in systemen als het Bullet
Cluster of zĳn vreemde kosmologische gedragingen, maar in het feit dat de relatieve ho-
eveelheid astronomen die aan de oplossingen van deze problemen werken heel erg laag is.
Aan de meeste van de moeilĳke problemen gerelateerd aan MOND wordt gewerkt door
promotiestudenten en men moet hen in ieder geval twee jaar geven om te stoppen te
denken als een student en beginnen te denken als een onafhankelĳke wetenschapper die
zĳn of haar eigen ideeën aan de discussie kan toevoegen. Dus, van elke student die werkt
in dit veld krĳg je slechts twee jaar echte wetenschap terug en die jaren zĳn niet alleen
gewĳd aan het doen van onderzoek, maar voornamelĳk aan het schrĳven van het proef-
schrift. Vervolgens zĳn deze promotiestudenten gedwongen het onderwerp (of zelfs de
gehele wetenschappelĳke gemeenschap in sommige gevallen) te verlaten na hun promotie.
Opmerkingen als “Je verpest je carrière door hieraan te werken” zĳn erg normaal in de
wandelgangen van internationale conferenties over kosmologie. Dus uiteindelĳk leiden we
mensen op om aan een bepaald onderwerp te werken, maar maken we vervolgens geen
gebruik van wat ze geleerd hebben. Er is een tekort binnen de MONDiaanse gemeenschap
aan wetenschappers die werken op het niveau van een postdoc en die dus vrĳ zĳn van
veel van de verantwoordelĳkheden van een professor maar tegelĳkertĳd genoeg ervaring
en volwassenheid hebben om de moeilĳke problemen aan te pakken met de intensiteit
die zĳ verdienen.

Een veelgehoorde vraag tussen wetenschappers is “Waarom zouden we aan MOND
werken als het problemen heeft met de kosmologie?”. Er zĳn twee antwoorden op deze
vraag. Ten eerste weten we nog steeds niet of de problemen, zoals beschreven in dit proef-
schrift, wel echt zĳn. Hoewel het waar is dat ik voorgaande analyses heb verbeterd, zĳn
er nog steeds twee fundamentele hypotheses die ik niet beschouwd heb: de afwezigheid
van baryonische fysica en een volledige consistente behandeling van relativiteit. Deze
zouden beiden onderzocht moeten worden voordat geaccepteerd wordt dat de theorie
afgewezen moet worden. Het tweede antwoord ligt in de prestaties die de theorie laat
zien op de schaal van sterrenstelsels. De extreem nauwkeurige en stabiele voorspellin-
gen die de MOND doet over sterrenstelsels maken het een zeer gerespecteerd idee dat
ontwikkeld zou worden door meer mensen, en niet alleen promotiestudenten.

Bovendien, als dezelfde argumenten die worden gebruikt om de MOND theorie af te
wĳzen zouden worden gebruikt voor het standaardmodel zouden we het standaardmodel
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al meer dan een decennium geleden hebben moeten afwĳzen, toen de “missing satellite”
probleem of de “angular momentum catastrophe” tevoorschĳn kwamen. De aantallen
wetenschappers die aan een oplossing voor deze problemen werken zĳn meer dan tien-
maal groter dan die werkend aan MOND en ze hebben na tien jaar nog geen oplossing
gevonden. Het is niet mogelĳk om te voorspellen wat er zou gebeuren als slechts een
fractie van al deze energie gespendeerd zou worden aan MOND. De enige manier om
daar achter te komen is door het te doen.
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