
1 INTRODUCTION

1.1 General

Phase transitions are common phenomena in nature. Familiar ex-

amples are the freezing and boiling of water, the melting of candle

wax, the sublimation of snow and the demixing of oil and water.

This thesis focuses on phase separation behaviour of liquid mixtures.

Phase separation in liquids occurs when the cohesive interactions be-

tween chemically identical molecules are stronger than the adhesive

interactions between chemically di�erent molecules. This means that

there exists an e�ective `dislike' or repulsion between the di�erent

molecules in the system.

If mutual disliking groups are part of the same molecule, as in

surfactants or amphiphilic polymers, covalent bonds limit the maxi-

mal separation length between the phases. These molecules generally

tend to form self-assembly structures in complex liquids. In phase

separation, three di�erent length scales can be identi�ed (�gure 1.1).

In the microscopic region, the phase behaviour can be modeled us-

ing a detailed molecular description, often with techniques such as

Molecular Dynamics and Monte Carlo. In the macroscopic region,

phase separation models can be based on equations of state, which

are �tted to macroscopic phase diagrams. In the mesoscopic region,

local concentration �elds can be used as collective variables, in order

to obtain a description of self-assembly structures.

This research focuses on mesoscale models. In particular on the

development and the practical application of a dynamic mean-�eld

density functional method (MesoDyn) for the description of the phase

separation kinetics of complex polymer systems. It will be shown,

that when the molecular behaviour can be described by a Gaussian

chain model2 and the intermolecular interactions by a mean-�eld,3

the microphase separation kinetics can be simulated. There are es-

sentially two di�erent �elds of application, which are of industrial

and biological nature.
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Figure 1.1 Di�erent length scales in phase-separation phenomena.

Industrial applications

In a recent article4 on material science, it is remarked that scientists

already know for centuries that material properties depend as much

on processing conditions as on composition, but that they are just

beginning to understand how processing inuences the resulting ma-

terials. Until now, �nding the right conditions has always been a

process of trial and error. The work in this thesis can be used as a

starting point for rational predictions for microphase separating liq-

uid polymer systems. The �rst results of the MesoDyn method can

be found in chapter 4 and although much remains to be done, these

results are certainly very encouraging.

Biological relevance

Microphase separation is the dominant factor in the formation of

biological membranes and plays a role in protein folding. Without

the liquid boundaries formed by membranes and the catalytic be-

haviour of proteins life would almost certainly not exist. Predicting

the behaviour of lipids and proteins on the mesoscopic level requires

a description which contains speci�c packing interactions, which are

(at the moment) not included in our method. However, polymers

and polymer surfactants play an important role as model systems

for biological systems5 and non-toxic polymer surfactants are used in

pharmaceutical applications.6,7 Predictions and simulations of the

behaviour of these model systems will help us understand some of

the basic biological processes.
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1.2 Concepts of the method

Density functionals

Density functional theory is less than �fty years old. It is based

on the idea that the free energy F of an inhomogeneous liquid is a

functional of the local density function �. From the free energy, all

thermodynamic functions can be derived, so that for instance phase

transitions can be investigated as functionals of the density distri-

bution in the system. Two excellent reviews on density functional

theory for non-uniform classical liquids in equilibrium were written

by Evans.8,9
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Figure 1.2 (a) Non-equilibrium thermodynamic system, with arbitrary

density distribution. (b) Thermodynamic system with identical density

distribution and additional external �eld.

In this thesis, density functional theory will be used to describe

phase-separation kinetics in non-equilibrium systems. We derive ex-

pressions for the free energy, the distribution function and the local

chemical potential for a non-equilibrium system.

Consider the example systems drawn in �gure 1.2. Figure 1.2a

shows a non-equilibrium thermodynamic system with con�gurational

distribution function 	 and free energy F

F [	] � Trcl	
�
HN + ��1 ln	

�
(1.1)

TrclO �
1

�3NN !

Z
Odr1 � � � drN (1.2)

where HN is the Hamiltonian� for N particles, ��1 = kBT , � is the

thermal wavelength10,11 and rn is the position of particle n. For the

non-equilibrium system, the chemical potential is de�ned as a local

quantity, by

�(r) �
�F

��(r)
(1.3)

�In this thesis we use the term 'Hamiltonian' to denote the potential energy

of the system.
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The density �(r) in the system can be determined by averaging the

microscopic density operator �̂(r) =
PN

n=1 �(r� rn):

�(r) = h�̂(r)i	 (1.4)

=
NX
n=1

Trcl�(r� rn)	

The free energy, the chemical potential and the local densities are

completely determined by the non-equilibrium distribution function

	. We derive an expression for 	, by comparing the system from

�gure 1.2a to �gure 1.2b. This �gure shows a second thermodynamic

system with identical composition, identical density distributions and

an identical Hamiltonian. The only di�erence is the presence of an

additional external �eld U . The free energy F 0 for this system is

given by

F 0 [	0] = Trcl	
0

 
HN +

NX
n=1

U(rn) + ��1 ln	0

!
(1.5)

and the density can be obtained from

� (r) =
NX
n=1

Trcl�(r� rn)	
0 (1.6)

It is impossible to derive a general expression for the distribution

function 	0, except when the system is in equilibrium. Then F 0 is in

its global minimum and the variational condition �F 0=�	0 = 0 leads

to the following normalized Boltzmann distribution

	0 = ��1 exp

"
��

 
HN(r1; :::; rN) +

NX
n=1

U(rn)

!#
(1.7)

with corresponding partition functional �

� = Trcl exp

"
��

 
HN +

NX
n=1

U(rn)

!#
(1.8)

The assumption of equilibrium leads to explicit expressions for the

free energy F 0, the distribution function 	0, the constant chemical

potential �0 and the density �(r). At the same time the relation

between the local density and the external �eld becomes bijective,12

i.e. �(r) = �[U ](r). Therefore the density is completely determined

by the external �eld and the external �eld is completely determined

by the observed density.

Equations 1.5, 1.6 and 1.7 describe the equilibrium state of a sys-

tem with identical composition, density distribution and interactions
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as the non-equilibrium system from �gure 1.2a. They can be used to

describe the non-equilibrium system by assuming that

	 = 	0 (1.9)

Equation 1.9 assumes that the non-equilibrium distribution func-

tion for the system from �gure 1.2a is a modi�ed Boltzmann distri-

bution: exp��HN � f [U ]. The modi�cation is given explicitly in

terms of the external �eld and is therefore uniquely determined by

the non-equilibrium density. From a physics point of view, equilib-

rium is assumed for all degrees of freedom except for the collective

densities.

Then the non-equilibrium free energy for �gure 1.2a can be ob-

tained from

F [�] = F 0[�]�

Z
V

U(r)�(r)dr (1.10)

= ���1 ln��

Z
V

U(r)�(r)dr

Mathematically, the external potential is used to constrain the

density by minimization of the Legendre transform F 0 of the free

energy F . When written in the form of equation 1.10, the external

�eld is interpreted as a Lagrange multiplier.

For the external �eld to constrain the density, it must balance the

thermodynamic forces in the non-equilibrium system. Therefore, the

chemical potential is given by:

�[�](r) =
�F

��(r)

= �0 � U(r) (1.11)

Dynamics

As an example for the dynamics, we discuss di�usion driven systems,

for which the local density change is given by

@� (r)

@t
= �rr � J (r) + � (r; t) (1.12)

where J is the ux and � is a stochastic term, which represents the

inuence of thermal movement of individual particles and is deter-

mined by the uctuation dissipation theorem13{15 (see also chapter

2). A simple expression for the ux is given by

J (r) = �M� (r)r� (r) (1.13)
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This approximation, where the ux is proportional to the gradient

of the chemical potential and the local density, is called the Local

Coupling Approximation (LCA).

Systems, for which hydrodynamic e�ects are important fall out-

side the scope of this thesis, except for the case of simple steady shear

which will be treated in chapter 6.

In the next section, the dynamic mean �eld density functional

method will be illustrated by several examples. It will be shown that

the time-evolution of a di�usion driven system is completely deter-

mined by the two conjugated variables � and U , which are connected

through the density functional, and can be calculated by integrating

equation 1.12 and inverting equation 1.6 simultaniously.

1.3 Ideal systems

Ideal gas

Imagine a system of n non-interacting particles, at temperature T

and �xed volume V . The Helmholtz free energy F of such a system

is

F = �n��1 ln��3

Z
V

exp f��U(r)g dr

The time-evolution is completely determined by the following two

equations

�(r) = n
exp f��U(r)gR

exp f��U(r1)g dr1
(1.14)

@� (r)

@t
= �Mr � � (r)rU (r) + � (r; t) (1.15)

In this particular example, the density functional from equation 1.14

can be inverted analytically to give

U(r) = ���1 ln ��(r) (1.16)

as can be veri�ed by substitution. � is a constant determined by the

total number of particles in the system. For an expression for the

noise, see chapter 2. By substituting equation 1.16 into 1.15, we �nd

@� (r)

@t
=Mr2� (r) + � (r; t) (1.17)

which is simply Fick's law with added noise.

Because of the nature of the ideal free energy, the system will

be in equilibrium if the density uctuates around the homogeneous

distribution.
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Binary systems

As a second example, imagine a binary system with densities �A(r)

and �B(r) and corresponding external potentials UA(r) and UB(r).

It is necessary to introduce additional interactions with respect to

the ideal system in order to obtain phase separation. We assume an

ideal system with additional mean-�eld interactions:

F = F id + F nid

= F id +
1

2

X
I;J

Z
V 2

�IJ(r1; r2)�I(r1)�J(r2)dr1dr2

+
�

2

Z
V

(X
I

�I
�
�I(r)� �0I

�)2

dr (1.18)

F id = �nAkBT ln��3
A

Z
exp f��UA(r)g dr

�nBkBT ln��3
B

Z
exp f��UB(r)g dr (1.19)

nI (I = A;B) is the number of particles of type I.

Repulsion and attraction between particles of di�erent types is

introduced by the mean-�eld free energy term F nid. For simplicity,

we assume that the mean-�eld interaction kernel �IJ has a Gaussian

shape.16 A Helfand penalty function (last term on the rhs. of equa-

tion 1.18) is introduced as a compressibility term,17 which increases

the free energy of the system when the total local density
P

I �I(r)

deviates from the reference value
P

I �
0
I .

The di�usion equations are given by

@�I
@t

= MIr � �Ir�I + �I (1.20)

= MIr � �Ir

�
�UI +

�F nid

��I

�
+ �I

and the external �elds are determined by the two density functionals

�I(r) = nI
exp f��UI(r)gR
exp f��UI(r1)g dr1

which can again be inverted analytically (see equation 1.16). This

model is comparable to the phenomenological description of Cahn

and Hilliard18 for macrophase separation phenomena.

A numerical example can be found in �gure 1.3. While this free

energy model is extremely crude, it possesses the basic properties

needed to predict macrophase separation. However, without any

molecular detail, the prediction of microphase separation phenom-

ena is impossible.
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Figure 1.3 Phase separation of a binary mixture (70% type A and 30% type

B, top) and an A5B5 melt (bottom). Colors denote the density of type B.

Snapshots of the density are shown at � = 50 (e), � = 100 (f), � = 500

(g) and � = 1000 (h) for the mixture and at � = 2 (a), � = 5 (b), � = 8

(c) and � = 12 (d) , where � = ��1Mh�2t. The di�usion equations given

by equation 1.20 were integrated numerically on a 64 � 64 square grid with

length h. Both simulation are started from the homogenous densities.
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Polymer systems

Imagine a system containing n Gaussian chains2 with intramolecular

Hamiltonian H id

H id = ��1

NX
s=2

3 (rs � rs�1)
2

2a2
(1.21)

Each chain has N beads of two di�erent types (A or B). The ideal

free energy of such a system is given by

F id = n��1 ln��3

Z
V N

dr1:::drN �

exp

(
��

 
H id +

NX
s=1

Us(rs)

!)

where s is a particle index along the chain. Us is either UA or UB,

depending on the type of bead s. The non-ideal parts, consisting of

the cohesive and excluded volume interactions, are the same as in

the previous subsection (equation 1.18) and the di�usion equations

are given by equation 1.20. For this system the density functional is

given by

�I (r) = N
NX
s=1

�KIs

Z
V N

dr1:::drN � (1.22)

� (r� rs) exp

(
��

 
H id +

NX
s0=1

Us0(rs0)

!)

where N is a normalization constant and �KIs is a kronecker delta

which is non-zero when particle s is of type I. Analytical inversion of

the density functional in equation 1.22 is impossible. An example of

a phenomenological expansion of the free energy in the local densities

can be found in reference 19.

For this system, macrophase separation is not possible, as the

beads A and B are connected, but for some values of �IJ , microphase

separation will occur. An example of a simulation of an A5B5 Gaus-

sian chain can be found in �gure 1.3. This simple model of a poly-

mer melt is capable of predicting the lamellar structure, which is

well known to be the most stable morphology for symmetric block

copolymers.20

General remarks

The dynamic density method as applied to polymer systems has re-

cently been extended to include branched polymers of any composi-
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tion, additional solvents and external shear �elds. Detailed informa-

tion on parameterization and the numerical aspects can be found in

the next chapters.

1.4 Organization of this thesis

Chapter 2: Noise distribution in functional Langevin models for the

mesoscopic dynamics of complex liquids

This chapter was previously published as:

Calculation of noise distribution in mesoscopic dynamics models for

phase-separation of multicomponent complex liquids.

B.A.C. van Vlimmeren and J.G.E.M. Fraaije.

Computer Physics Communications 99 (1996) 21-28.

A section was added at the end (Author's comments).

We present a simple method for the numerical calculation of the

noise distribution in multicomponent functional Langevin models.

The topic is of considerable importance, in view of the increased in-

terest in the application of mesoscopic dynamics simulation models to

phase separation of complex liquids in polymer and surfactant indus-

tries. We show that simple computational methods can be derived for

a few (non-)linear cases. The analysis contains three distinct steps:

(1) Factorization of the di�usion operator, (2) generation of auxil-

iary random �elds and (3) Cholesky decomposition of the mobility

operators.

Chapter 3: Surfactant aggregation in solution

This chapter was published previously as:

Functional Langevin models for the mesoscopic dynamics of surfac-

tant aggregation in solution.

B.A.C. van Vlimmeren, M. Postma, P. Huetz, A. Brisson and

J.G.E.M. Fraaije.

Physical Review E 54 (1996) 5836-5839.

A section was added at the end (Author's comments).

We discuss a time-dependent potential model for the simulation

of surfactant aggregation in solution. The numerical model is derived

from a generalization of time-dependent Ginzburg-Landau theory for

conserved order parameters. A new element in our coarse-grained

approach is that we retain important aspects of molecular detail by

inclusion of single chain density functionals. Representative results of
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simulations of concentrated dioctadecylamine solutions are discussed.

We �nd that multicomponent coarse-grained simulations are indeed

feasible, and may increase our understanding of a wide variety of

mesoscopic aggregation processes in complex surfactant solutions. A

conspicuous result is that thermal uctuations greatly inuence the

formation of the aggregate structures.

Chapter 4: A �rst application in 3D: Pluronic water mixtures

The new dynamic density functional method for microphase separa-

tion kinetics of "real" polymer systems is demonstrated by its appli-

cation to the aqueous solution of the triblock polymer surfactant

(Ethylene Oxide)13(Propylene Oxide)30(Ethylene Oxide)13. These

are the �rst 3-dimensional computer simulations of morphology for-

mation in speci�c polymer solutions. The separation kinetics varies

from fast spinodal demixing to slow binodal-like nucleation. Espe-

cially the intermediate hexagonal and bicontinuous phases retain a

rich defect structure. The �nal phase diagram in a small 50-70% sur-

factant concentration interval consists of four di�erent phases (micel-

lar, hexagonal, bicontinuous and lamellar), which is in good agree-

ment with experiments.

Chapter 5: Parameterization of Gaussian chain models

We discuss several di�erent aspects of the parameterization of the

ideal free energy as used in the dynamic mean-�eld density func-

tional method. The topic is of considerable importance, as simulation

results of speci�c systems can depend critically on the parameteriza-

tion.

A formal relation between the ideal chemical potentials of two dif-

ferent systems will be derived. The parameterization of a Gaussian

chain model using a Monte Carlo generated single chain structure fac-

tor of a Pluronic polymer surfactant will be discussed. We introduce

a novel parameterization method, using the similarity of response

functions. The results are compared to two other parameterization

methods.

It is shown that the Pluronic L64 surfactant can be represented

by a Gaussian chain. The �t procedure is insensitive to the Gaussian

chain length, and to the exact ratio's between the polymer blocks.

Therefore, we have the freedom to minimize the computational cost

of a simulation by changing the Gaussian chain topology.
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Chapter 6: Mesoscale dynamics of block copolymers under shear

The �rst part of this chapter (simple steady shear in polymer melts)

is published as:

Three dimensional mesoscale dynamics of block copolymers under

shear: the dynamic density functional approach.

A.V. Zvelindovsky, G.J.A. Sevink, B.A.C. van Vlimmeren, N.M.

Maurits and J.G.E.M. Fraaije.

Physical Review E 57 (1998) 4699-4703.

The results of the hexagonal phase of the PL64-water mixture are

submitted to the same journal.

The inuence of externally applied steady simple shear on the

relaxation process of block copolymers is studied for di�erent sys-

tems. First, two simulations of a model A8B8 block copolymer melt

are presented in comparison with theoretical and experimental liter-

ature. In both the two dimensional and the three dimensional melt,

the most stable equilibrium structures are observed.

Second, shear is applied to the hexagonal phase of the PL64-water

system described in chapter 4. The results are compared with very

recent experimental results. The experimentally observed equilib-

rium structure is reproduced by the simulation. The orientation of

the simulated structure di�ers 100 from the experimental value.
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