
2 NOISE DISTRIBUTION IN

FUNCTIONAL LANGEVIN MODELS FOR

THE MESOSCOPIC DYNAMICS OF

COMPLEX LIQUIDS

2.1 Summary

We present a simple method for the numerical calculation of the noise

distribution in multicomponent functional Langevin models. The

topic is of considerable importance, in view of the increased interest

in the application of mesoscopic dynamics simulation models to phase

separation of complex liquids in polymer and surfactant industries.

We show that simple computational methods can be derived for a

few (non-)linear cases. The analysis contains three distinct steps:

(1) Factorization of the di�usion operator, (2) generation of auxil-

iary random �elds and (3) Cholesky decomposition of the mobility

operators.

2.2 Introduction

In this paper we present a method for the numerical calculation of

the noise distribution in multicomponent functional Langevin mod-

els. The topic is of considerable importance for mesoscopic dynamics

simulations of phase separation of complex liquids in polymer and

surfactant industries. In this arena of applied `soft-condensed matter'

physics, mesoscopic properties are receiving increased attention as

they form a bridge between molecular behavior and the macroscale.

Eventually multicomponent functional Langevin models may serve

as a simulation tool for a new breed of mesoscale chemical engineers.

A few recent references from groups working in this �eld are 21{25.

Two excellent modern reviews of general mesoscopic dynamics mod-

els can be found in references 26 and 27.

In the physics literature Langevin models are usually written in
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the form of a `normal' partial di�erential equation

@�

@t
= f [�] + � (2.1)

with variable �, systematic contribution f and stochastic part �.

Because � is a continuous, but non-di�erentiable function of the time

t, this notation is mathematically incorrect, although we use it in

the other chapters of this thesis. In this chapter, where we focus

on mathematical and numerical aspects of the noise calculation, the

formally correct Ito interpretation from reference 14 is used.

The model we study in this paper is summarized by an N com-

ponent di�usion equation:

d�I (r) =
NX
J=1

Z
V

DIJ (r; r
0)�J (r

0) dr0dt� (2.2)

��1

NX
J=1

Z
V

�DIJ (r; r
0)

��J (r0)
dr0dt+ d�I (r; t)

with particle concentration �elds �I(r) for I = 1; : : : ; N , di�usion

operators DIJ , intrinsic chemical potentials �I (r) � �F=��I (r) and

stochastic contribution d�I . The �rst term on the r.h.s. of the

Langevin equation 2.2 is the systematic di�usion. The second term

is a correction which counterbalances spurious drifts which would

otherwise occur as a result of the stochastic term. In the case of

constant or linear transport coe�cients this term is zero.

We write the stochastic term as

d�I =
NX
J=1

Z
V

BIJ (r; r
0) dWJ (r

0; t)

with Wiener processes14 WI and noise correlators BIJ (r; r
0).

The noise from equation 2.2 has a Gaussian distribution with

moments dictated by the uctuation-dissipation theorem. This fun-

damental relation can be derived from Fokker-Planck theory.13,14 We

write, following reference 14,

NX
K=1

Z
V

BIK (r; r00)BKJ (r
00; r0) dr00 = �2��1DIJ (r; r

0) (2.3)

It can be shown13,14 that the Fokker-Planck equation correspond-

ing to the Langevin equations 2.2 has a stationary solution which is

exactly a Boltzmann probability distribution; i.e. in uctuation equi-

librium the distribution of pro�les, �I (r) follows Boltzmann statis-

tics with probability density p[�1; � � � ; �N ] = N exp��F [�1; � � � ; �N ],
where N is a normalization constant.
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In the review papers and references one can �nd ample examples

of computer simulations of time-dependent Ginzburg-Landau mod-

els for two-component incompressible liquids with linear transport

coe�cients. In view of the practical importance of working with

more realistic molecular models, suitable for the chemical engineer,

an extension of the theoretical and simulation methods to more gen-

eral transport models (and free energy functionals) is clearly needed.

However, the usage of more sophisticated di�usion models immedi-

ately leads to the issue of the noise calculation in simulation stud-

ies. The computational di�culties are certainly not trivial. In the

Langevin model outlined above there are N noise �elds, coupled

through the collective transport coe�cients, formally described by

the complicated quadratic operator equation 2.3.

As we will show, simple computational methods can be derived

for a few (non-)linear cases. The analysis contains three distinct

steps: (1) Factorization of the di�usion operator, (2) generation of

auxiliary random �elds and (3) Cholesky decomposition of the mo-

bility operators.28 We propose here essentially a generalization of

the method of Petschek and Metiu.29 The reasoning is simple. We

know that any Gaussian distributed random variable can be written

as a sum of Gaussian distributed random variables. Likewise, we can

write the random �elds for equation 2.2 as weighted sums of auxiliary

Wiener processes W . We can choose the number of these �elds freely,

and then calculate the proper weights, which may be more compli-

cated because they take the form of spatial operators. The weights

are completely determined by the uctuation dissipation theorem.

In this paper, we focus on the algorithms for the noise calculation.

Results of actual simulations will be published in separate papers.

2.3 Method

Principle

The principle of the computational method can be explained as fol-

lows. First, we factorize each di�usion operator into a divergence

operator r
r
�, a mobility operator �IJ and a gradient operator r

r
0 :

DIJ (r; r
0) = r

r
� �IJ (r; r

0)r
r
0 (2.4)

Second, we rewrite the noise term as a sum of 3N Wiener processes

as stochastic sources and substitute:

d�I =

r
2

�

NX
J=1

rr �
Z
V

CIJ(r; r
0) dWJ(r

0; t) (2.5)
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where dWK is a three-component vector of completely decorrelated

Wiener processes, with distributions14�Z
V

Z t

0

dW �
I (r; t

0)

�
= 0 (2.6)�Z

V

Z t

0

dW �
I (r; t

0)

Z
V

Z s

0

dW �0

J (r0; s0)

�
=

Z
V 2

�IJ���0�(r� r0)drdr0 �Z t

0

Z s

0

�(t0 � s0)dt0ds0 (2.7)

� indicates the x, y or z component of the vector dW. Compared to

the original equation 2.2, we have gone from a system with N corre-

lated noise processes to an equivalent system with 3N uncorrelated

noise sources. All correlations are contained within the operators C.

Equation 2.5 e�ectively separates the noise terms into a general

part (the divergence and gradient operators) and an application spe-

ci�c part, for which the following operator equation must hold:

NX
K=1

Z
V

dr00CIK(r; r
00)CJK(r

0; r00) = �IJ(r; r
0) (2.8)

or, in matrix notation:Z
V

dr00C(r; r00)CT (r0; r00) = �(r; r0) (2.9)

X (C or �) is a matrix with components XIJ and XT is the

matrix-transpose. In a formal sense, the root of equation 2.9 is a non-

unique solution of the problem. In the numerical approach outlined

below, we �nd C by Cholesky decomposition.

Numerical method

Consider an explicit time-integration of the functional Langevin equa-

tions on a uniform grid, in a dimensionless form:

�k+1Ip � �kIp =

(
��




NX
J=1

X
q

�
DIJpq�Jq � @DIJpq

@�Jq

�
+ �Ip

)k

(2.10)

�kIp = ��I(rp) (� is the total number of particles per unit volume) is

the relative concentration of component I in cell p at time step k,

�� is a dimensionless time increment and 
 = ��1h3 is the average

number of particles per cubic gridcell of size h3. The tensor element

DIJpq, which connects grid cell q of component J to grid cell p of

component I, is the dimensionless form of the grid-restricted di�u-

sion operator DIJ (rp; rq), p and q are cell index counters and the
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potentials � are dimensionless chemical potentials ��. The dimen-

sionless discrete noise for component I at grid cell p added in the

time interval �� is denoted by �Ip.

fgkon the r.h.s. means that all enclosing terms must be evaluated

at time step k. We have implicitly assumed here that the molecular

volumes and mobilities are independent of molecular type; general-

izations in this direction are trivial. Here and below, we use the

notation convention that all grid restricted operators and �elds are

dimensionless. Their pre-factors are included in the dimensionless

time step �� and expansion parameter 
.

The distribution of the noise �elds �Ip is according to the discrete

version of the uctuation-dissipation theorem (for an extensive dis-

cussion of the relation between the continuous and discrete version,

see reference 14): 

�kIp
�

= 0

�kIp�

l
Jq

�
= �2
�1��DIJpq�kl (2.11)

Notice that h3
P

I �I = 

P

I �I , the number of particles per cell,

is e�ectively the number of collective degrees of freedom in each cell.

In the language of van Kampen,15 

P

I �I is the expansion parameter

of the corresponding master equation.

The explicit time integration scheme is of course only one possi-

ble scheme out of many; time-integration of partial di�erential equa-

tions is well documented in many textbooks.30 In contrast, for the

calculation of the noise �elds in functional Langevin models the doc-

umentation is extremely scarce. The standard reference paper seems

to be that of Petschek and Metiu,29 but that paper only discusses

a classical 2D time-dependent Ginzburg Landau problem (one order

parameter model) with linear transport coe�cients. Other methods

for integration of stochastic di�erential equations can be found in

reference 31.

For the noise calculation, we apply the same steps as in the previ-

ous section. First, we factorize the discrete di�usion tensor element

DIJpq:

DIJpq �
mX
�

d�[D��IJD�]pq

=
mX
�

X
xy

d�D�px�IJxyD�yq (2.12)

where D� is a half-point �nite-di�erence �rst derivative operator in

lattice direction �; D�px is the weight for point x in the derivative at

point p in lattice direction �. The factor d� is a scalar weight. We do
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not need to specify here how many lattice directionsm are needed. In

a discretization of a 1D problem one lattice direction (m = 1) might

be su�cient (i.e. 3-points stencil). In more complicated 3D problems

13 lattice directions (m = 13) may be needed for sophisticated 27-

points isotropic stencils (Appendix A). For clearness, the discretized

di�usion tensor should be read as follows: for each lattice direction,

�rst apply a half-point �rst derivative operator to a source �eld,

then apply the mobility operator �IJ (in the case of local coe�cients

this is just a diagonal spatial operator), and then apply the �rst

derivative operator again, multiply by the scalar weight and add all

contributions from all lattice directions.

Then, we postulate for the N discrete noise terms �kIp a weighted

sum of m�N discrete auxiliary random noise �elds w�k
Jq :

�kIp =

r
2��




NX
J=1

X
xq

mX
�

p
d�D�pxC

k
IJxqw

�k
Jq (2.13)

The auxiliary �elds have Gaussian distributions:

hw�k
Ip i = 0 (2.14)

hw�k
Ipw

�0l
Jq i = ���0�IJ�pq�kl

The elements CIJpq are one root of the discrete version of equation

2.8:
NX

K=1

X
r

CIKprCJKqr = �IJpq (2.15)

which can not be further simpli�ed without specifying the mobilities.

2.4 Applications

Constant transport operators

We �rst consider the following simple transport operator:

�IJ = M�IJ� (r� r0) (2.16)

where M is a constant. The Cholesky decomposition of the matrix

� is simply the root of the diagonal:

CIJ =
p
M�IJ� (r� r0) (2.17)

The complete discrete representation for the noise becomes (leaving

out the time index here and below):

�Ip =

r
2��




mX
�

X
q

p
d�D�pq w

�
Iq (2.18)
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with dimensionless time-step

�� = ��1Mh�t

In Fourier space this simpli�es to:

~�Iq =

r
2��



jqj ~wIq (2.19)

where ~ denotes Fourier transform. The summation over directions

� is removed, so that only one random �eld has to be generated.

Notice, that any matrix
p
MC0 is a solution of 2.16 ifC0 is unitary.

Therefore, the root is not unique: We have the freedom to take the

most convenient solution which, for numerical purposes, is the matrix

with the largest number of zeroes.

In two dimensions, equation 2.18 reduces to the expression from

Petschek and Metiu29 when we use standard forward di�erence op-

erators for D�, for the two principal lattice directions.

Linear transport coe�cients

We now have:

�IJ(r; r
0) =M�I(r)�IJ�(r� r0) (2.20)

where the transport coe�cient is linear in the concentration. In this

case, M has the dimensions of mobility. A solution to equation 2.8

is:

CIJ(r; r
0) =

p
M�I(r)�IJ�(r� r0) (2.21)

which leads to the discrete representation:

�Ip =

r
2��




mX
�

X
q

p
d�D�pq

p
�Iq w

�
Iq (2.22)

�� = ��1Mh�2�t (2.23)

The decomposition in Fourier modes is not bene�cial here, since the

multiplicative e�ect with
p
�I leads to spatial mode coupling. We

calculate the noise in normal space, with an algorithm containing

the following steps:

� Generate w�
I for all gridpoints p.

� Pointwise multiply w�
I with

p
�I .

� Apply the derivative operator to
p
�Iw

�
I in direction � and

multiply the result by
q

2��d�



.

This should be repeated for each direction �. The total number

of independent stochastic auxiliary �elds needed is N �m.
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Exchange model

Next, we consider an incompressible complex uid, with dynamic

constraint
P

I �I = 1. The transport coe�cients are modeled ac-

cording to a local exchange mechanism,21,32 with:

�IJ(r; r
0) =M��(r� r0)�

�
�I (
P

K �K � �J) For I = J

��I�J For I 6= J
(2.24)

The matrix � is positive semi-de�nite, with one zero eigenvalue due

to the dynamic constraint. We again have the freedom to select

the most convenient solution of equation 2.8, which we �nd by an

algebraic Cholesky decomposition:

CIJ(r; r
0) =

p
M��1� (r� r0)

s
�J

fJ
fJ�1

�

8><
>:

1 For I = J

� �I
fJ

For J < I

0 For J > I

(2.25)

where

f0 = 1

fI = fI�1 � �I For I > 0 (2.26)

The matrix C has one zero eigenvalue, which reduces the number of

auxiliary �elds to be generated from N � m to (N � 1) � m. The

discrete expression for the dimensionless noise is:

�Ip =

r
2��




NX
J=1

mX
�

X
xq

p
d�D�pxCIJxqw

�
Jq (2.27)

�� = ��1Mh�2�t (2.28)

The proposed numerical scheme is:

Repeat for each J :

� Calculate CIJ for all I � J .

� Repeat for each I � J and �:

{ Generate w�
I

{ Pointwise multiply w�
I with CIJ and apply the di�erential

operator
p
d�D�. Add each result to the appropriate noise

component �I .

An example of a polymer simulation using the local exchange

mechanism can be found in reference 16.
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Non-local mobility kernels

We generalize the principle of auxiliary random �elds further to the

important case of non-local, non-linear symmetric transport coe�-

cients. We consider transport coe�cients of the following form:

�IJ(r; r
0) = MgI(r)gJ(r

0)�IJ (jr� r0j) (2.29)

where gI and gJ are local functions of the density. E�ectively, we

factorize the operator into two local terms and a spatial coupling

term. Transport coe�cients with this or similar forms occur in the-

oretical studies of polymer melt morphology dynamics.33{37 Here,

the functional form of the transport coe�cients is constructed such

that the calculation of the noise is easy. If we take gI =
p
��I , the

above functional form may be regarded as a rough approximation to

a (pair) correlation function.

Application of the uctuation dissipation theorem now results in:

NX
K=1

Z
V

CIK(r; r
00)CJK(r

0; r00)dr00 = MgI(r)�IJ(jr� r0j)gJ(r0) (2.30)

with a simple solution (as before, not unique):

CIJ(r; r
0) =

p
MgI(r)cIJ(jr� r0j) (2.31)

whereZ
V

NX
K=1

cIK(jr� r00j)cJK(jr0 � r00j) dr00 = �IJ(jr� r0j) (2.32)

In direct space the elements cIK and �IJ are distributions over the

grid, not just diagonal spatial operators as in equation 2.20 or 2.24,

but the transport kernels are convolution kernels, and hence if we im-

pose the same spatial symmetry on the cIJ operators, we can trans-

form both sides to Fourier space and �nd again a simple form for

diagonal operators:

NX
K=1

~cIK(jqj)~cJK(jqj) = ~�IJ(jqj) (2.33)

This matrix equation can easily be solved by algebraic Cholesky de-

composition for any set of symmetric transport kernels, which can

be done before the actual integration of the Langevin equation is

started.

The discrete noise term is:

�Ip =

r
2��




NX
J=1

X
qr

mX
�

p
d�D�pqgIqcIJqrw

�
Jr (2.34)
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For the algorithm, we split the calculation into two parts, and per-

form the �rst part in the Fourier domain. This reduces the number

of auxiliary �elds needed to N , but introduces global Fourier trans-

forms, which need to be calculated every time step:

�Ip =

r
2��




mX
�

X
r

p
d�D�prgIr�

�
Ir

��Ir = IFT(
NX
J=1

cIJqw
�
Jq )

where IFT() denotes the inverse Fourier transform.

As we already calculated the matrix c before the start of the

simulation, we propose the following algorithm:

� Generate w�
Jq for all frequencies q and components J .

� Multiply all wJq with cIJq and perform the summation.

� Perform the inverse fast Fourier transform and pointwise mul-

tiply with gIr.

� Apply the di�erential operator D�and multiply with
q

2��d�



.

These steps have to be repeated for each grid direction �.

2.5 Conclusion

We generalized the calculation of the stochastic terms in several

Mesoscopic Dynamics models for phase-separation dynamics of multi-

component complex liquids. We recognize three distinct elements.

(1) The factorization of the di�usion operator, which separates gradi-

ent and divergence operators from the mobility operator. (2) Mutual

uncorrelated auxiliary random source �elds can be introduced. A

simple expression for the noise can then be postulated, which com-

bines the source �elds into the physically correct stochastic terms.

Combined with the uctuation dissipation theorem, this leaves a

quadratic operator equation. (3) The quadratic operator equation

can be solved by (algebraic) Cholesky decomposition for all mobility

operators with the form of equation 2.29. A few simple considerations

then lead to e�cient noise generator algorithms.

We have implemented the di�erent algorithms for the simulation

of 3D microphase separation phenomena. Results of the simulations

will be published in separate papers.
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AUTHOR'S COMMENTS

1. The inuence of the noise is determined by the proximity of

the system to the order disorder transition. When the system

is quenched far into the ordered region of the phase diagram,

the actual amplitude of the noise is not important for the pre-

diction of the structure of a system. In this case, the noise term

serves as a mechanism to transport the system over free energy

barriers. The amplitude of the noise (the noise scaling param-

eter 
) can be used to reduce or increase the average time that

the system will spend in a local free energy minimum.

Close to the order-disorder transition the full noise with the

amplitude given by the uctuation dissipation theorem should

be taken into account for the prediction of the noise induced

shift of the order-disorder transition.

In the next chapter, the �rst application of the equations from

section 2.4.c can be found.

2. The isotropic derivative stencil as presented in appendix A has

recently been replaced by a new stencil algorithm which utilizes

only 3 directions (instead of the original 13).

3. The interpretation of the noise scaling parameter 
 in this chap-

ter is the number of `degrees of freedom' per grid cell. In chapter

5 we will show that the value of 
 is linked to the exibility of

the chain.
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