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The simulations of systems with similar composition and structure

size are interesting because these systems can be used as model sys-

tems for biological membranes. This is only one of the possible rea-

sons to repeat these simulations. However, from the discussion and

conclusions, it must be clear that additional theory and simulation

tools must be available, before an second attempt can be made. There

are two main points of consideration.

� At biological relevant temperatures, the behavior of the car-

bon tails of the studied lipid cannot be described by Gaussian

chains. Therefore, a di�erent intramolecular model must be

found, which is capable of describing the sti� carbon chains,

and for which it is possible to calculate the density functional.

Ben-shaul48 and Szleifer49 introduced a comparable equilibrium

method which includes chain sti�ness.

� The crystallization processes which occur in the experiments

must be modeled, adding an e�ective crystallization term to

the free energy functional.

In order to validate the present model, we decided at the time

that we published this article, that it would be more bene�cial to

study a di�erent system, rather than expanding the model.
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4 A FIRST APPLICATION IN 3D:

PLURONIC WATER MIXTURES

4.1 Summary

The new dynamic density functional method for microphase separa-

tion kinetics of `real' polymer systems is demonstrated by its applica-

tion to the aqueous solution of the triblock polymer surfactant (Ethy-

lene Oxide)13(Propylene Oxide)30(Ethylene Oxide)13. These are the

�rst 3-dimensional computer simulations of morphology formation in

speci�c polymer solutions. The separation kinetics varies from fast

spinodal demixing (lamellar phase, 70%) to slow binodal-like nucle-

ation (micellar phase, 50%). Especially the intermediate hexagonal

and bicontinuous phases retain a rich defect structure. The �nal

phase diagram in a small 50-70% surfactant concentration interval

consists of four di�erent phases (micellar, hexagonal, bicontinuous

and lamellar), which is in good agreement with experiments.

4.2 Introduction

A recent paper4 states that the numerical implementation of materi-

als science principles has given birth to a revolutionary approach in

the design of multilevel-structured materials. This has lead to the de-

velopment of a variety of mesoscopic methods in the last decade.26,50

In previous papers, we described the dynamic density functional

method16,21 for the simulation of phase-separation kinetics in a com-

plex uid. The topic is of wide general interest as \Polymers a�ord

unique opportunities for detailed study of the thermodynamics of

`soft' condensed matter",51 both as industrially relevant applications

and as model systems for numerous biological systems.5

This letter is the �rst in literature, which presents a recipe for

numerical simulations in 3 dimensions of the mesophase formation

in various speci�c polymer systems. We have chosen as an exam-

ple the aqueous solution of polymer surfactant (EO)13(PO)30(EO)13,

(tradename Pluronic L64 or PL64) which received much attention in
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fundamental research and also in industry during the last decade.52

The results are in good agreement with the experimental water-PL64

phase diagram.
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Figure 4.1 Experimental water-Pluronic L64 phase diagram at 25o C,

reproduced from reference 53. The observed microphases are shown at the

top of the diagram. L1, H1, L�, L
0 and L2 denote the isotropic micellar phase,

the normal hexagonal phase, the lamellar phase, the bicontinuous phase and

the reverse micellar phase. The simulations are performed at the volume

fractions (a) 70%, (b) 60%, (c) 55% and (d) 50%.

The dynamic density functional method combines Gaussian mean-

�eld statistics with a coarse grained Ginzburg Landau model for

the time-evolution of conserved order parameters. In contrast to

traditional phenomenological free energy expansion methods (Cahn-

Hilliard,18 Oono-Puri,54 Flory-Huggins-de Gennes33), we do not trun-

cate the free energy at a certain level, but rather retain the full

polymer path integral by a numerical procedure.16,17,21,39{41,55 Very

recently, a few other groups also started using this approach.56,57

The repeated calculation of the polymer path integral is computa-

tionally more expensive than the integration of any of the traditional

expansion models listed above. On the other hand, phenomenological

free energies contain only the basic physics of the phase separation

problem41 and are not well suited to describe the rich phase behavior

of complex industrial and biological systems. The extra computa-

tional cost of the path integral calculation is justi�ed if by doing so

the phase behavior of a speci�c system can be reproduced or even

better: can be predicted, without adjustment of parameters. Earlier,

we tried to rationalize the self-assembly of a synthetic lipid,58 but

the single chain Gaussian statistics cannot reproduce the strong or-

dering e�ects in semi-crystalline lipid bilayers. In contrast, Pluronics

are moderately sized exible polymers which can be described with

Gaussian chain statistics.
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4.3 Model description

We shortly repeat the main part of the theory. For more details see

reference 16. We consider a system of volume V , containing nP tri-

block copolymers, each with N = 2NE+NP segments and nS solvent

molecules. Here, the subscript E (P ) denotes segments which con-

sist of ethylene-oxide (propylene-oxide) monomers. There are three

concentration �elds �E (r), �P (r) and �S(r), three external poten-

tials UE (r), UP (r) and US(r) and three intrinsic chemical potentials

�E (r), �P (r) and �S(r).

Imagine that on a course-grained time scale, there is a certain

collective concentration �eld �I (r) of beads of type I (E, P or S).

A bead is a statistical unit consisting of a uctuating string of sev-

eral monomers.2,44,59 Given these concentration �elds a free energy

functional F [�] can be de�ned as follows:

�F [�] = � ln
�nP�nS

nP !nS!
� �

X
I

Z
UI (r) �I (r) dr+ �F nid[�] (4.1)

Here � is the partition functional for ideal molecules in the external

�eld UI , and F
nid[�] is the contribution from the non-ideal interac-

tions. The free energy functional is derived from an optimization

criterium16 which introduces the external potential as a Lagrange

multiplier �eld. The external potentials and the concentration �elds

are related via density functionals for ideal molecules:

�I [U ](r) = n
NX
s=1

�KIsTrcl � (r�Rs) (4.2)

Here �KIs0 is a Kronecker delta function with value 1 if bead s0 is of

type I and 0 otherwise. The trace Trcl is limited to the integration

over the coordinates of one chain

Trcl (�) = N
Z
V N

(�)
NY
s=1

dRs

N is a normalization constant.  is the appropriate single chain

con�guration distribution function

 =
1

�
e��[H+

P
N

s=1
Us(Rs)] (4.3)

where H is the intra molecular Hamiltonian. The density functional

is bijective: for every set of �elds f�Ig there is exactly one set of

�elds fUIg and for every set of �elds fUIg there is exactly one set of

�elds f�Ig. Therefore, there exists a unique inverse density functional
UI [�]. There is no known closed analytical expression for the inverse
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density functional, but for our purpose it is su�cient that the inverse

functional can be calculated e�ciently by numerical procedures for a

selection of simple Hamiltonians.

We split the non-ideal free energy functional into two parts

F nid[�] � F c[�] + F e[�]

where F e contains the excluded volume interactions17 and F c the

cohesive interactions. The intrinsic chemical potentials �I are de�ned

by the functional derivatives of the free energy:

�I (r) � �F

��I (r)
(4.4)

= �UI (r) + �F c

��I (r)
+

�F e

��I (r)

= �UI (r) + �cI (r) + �eI (r) (4.5)

Here we have introduced the cohesive potential �cI (r) and the ex-

cluded volume potential �eI . For the cohesive interactions we employ

a two-body mean-�eld potential:

F c[�] =
1

2

X
IJ

Z Z
�IJ(jr� r

0j)�I(r)�J(r0)drdr0 (4.6)

�cI(r) � �F c

��I
=
X
J

Z
V

�IJ(jr� r
0j)�J(r0)dr0 (4.7)

where �IJ(jr � r
0j) = �JI(jr � r

0j) is a cohesive interaction between

beads of type I at r and J at r040

�IJ(jr� r
0j) � �0IJ

�
3

2�a2

� 3

2

e�
3

2a2
(r�r0)2 (4.8)

The compressibility model that accounts for excluded volume inter-

actions is discussed in reference 17. In equilibrium �I (r) is constant;

this yields the familiar self-consistent �eld equations for Gaussian

chains, given a proper choice for F nid. When the system is not in

equilibrium the gradient of the intrinsic chemical potential �r�I
acts as a thermodynamic force which drives collective relaxation pro-

cesses. The stochastic di�usion equations are of the following form

@�I
@t

= �r � JI (4.9)

JI = �M�Ir�I + eJI (4.10)

where M is a mobility coe�cient and eJI is a noise �eld, distributed

according to a uctuation-dissipation theorem.39 Nonlocal forms for

the Onsager coe�cients are discussed in reference 55 and hydrody-

namics is discussed in references 60, 61
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The volume fraction �I = �I�I is integrated numerically by a

Crank-Nicolson scheme on a cubic grid with size 64�64�64 (for nu-

merical details see 16). For simplicity we use identical mobility coe�-

cients and bead volume parameters for all components. Seven dimen-

sionless parameters enter the numerics: three exchange parameters

�IJ � �

2�
[�0IJ + �

0
JI � �0JJ � �0II ], the dimensionless time � � ��1Mh�2t

(h is the mesh-size), a noise scaling parameter 
 (the variance of

the noise scales as 
�1),39 the grid scaling d � ah�1 = 1:1543 (a is

the Gaussian chain bondlength40) and the compressibility parameter

�0 � ��H�.

The current inversion algorithm scales linearly with the num-

ber of molecular beads and the number of grid cells. The simula-

tions presented in this article take 2 to 3 days each on an parallel

computer with distributed memory (8 processor IBM sp2). Details

of the method and the implementation can be found in references

16, 21, 39, 40

4.4 Parameterization

For the parameterization of the Gaussian chain, we could replace each

Kuhn segment, or even each monomer, by a Gaussian bead. This

procedure is standard practice in many self-consistent �eld calcula-

tions.62 However, as long as the response functions of the Gaussian

and the molecular chain are the same, further coarse-graining is pos-

sible. From comparison of RPA20 and molecular force �eld structure

factors (Monte-Carlo generated), we found that the structure factor

is well represented by an E3P9E3 chain, which corresponds to 3 to 4

monomers per bead. The solvent is represented as single beads.

The solvent-polymer interaction parameters were calculated from

vapor pressure data of aqueous homopolymer solutions,63 using the

Flory-Huggins expression �IJ = ��2fln p=p0�ln(1��)�(1�1=N)�)g,64
where p is the vapor pressure and � is the polymer volume frac-

tion. The chain length N was determined using 13
3

(EO) or 30
9

(PO) monomers per bead. This gives for the interaction parame-

ters �ES = 1:4, �PS = 1:7 in the concentration interval 50-70%.

Notice that these values are empirical: no further molecular model is

needed. For the EO-PO interaction parameter there are no reliable

experimental data; from group contribution methods65 we estimated

its value between 3 and 5. We used �EP = 3:0 in the simulations. For

the noise scaling parameter we used 
 = 100 and the compressibility

parameter was �xed at �0 = 10:0 (see references 17,39 for discussion).

A FIRST APPLICATION IN 3D: PLURONIC WATER MIXTURES 41



4.5 Results and discussion

We performed four simulations of the same length with di�erent poly-

mer concentrations (�gures 4.2-4.4). All systems were quenched in-

stantaneously from the homogeneous density distribution at the start

of the simulation. The separation kinetics varies from fast spinodal

crystallization (70%) to slow binodal-like nucleation (50%) (�gure

4.2). In each case the orientation of the copolymers in the self-

assembly is such that the hydrophilic ethylene-oxide shields the more

hydrophobic propylene-oxide from contact with water. The phase

sequence is lamellar (70%, �gure 4.3(a)), bicontinuous (60%, �g-

ure 4.3(b)), hexagonal (55%, �gure 4.3(c)) and micellar (50%, �gure

4.3(d)). This is in good agreement with experiment53 (�gure 4.1).
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Figure 4.2 Time evolution of the dimensionless order parameter P =

V �1
P

I

R
V
�2I (r)dr�

P
I

�
�0I

�2
. The labels a-d refer to the simulations (see

�gure 4.1).

As far as we know, there is no experimental information on the

time scale of the phase separation. The microphase structures are

determined after days or weeks of equilibrium time, while the phase

separation kinetics is arti�cially enhanced by repeated centrifuga-

tion.53 Using the Stokes-Einstein relations, reasonable values for the

viscosity (1 - 100 cp) and the bead size, we estimate the total time

span for the simulations at least 1 ms - 1 s.

Detailed analysis of the structure factors (�gure 4.4) shows that
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Figure 4.3 PO isosurface representation of the PL64 solutions: (a) 70%

PL64, isolevel �PO = 0:59, (b) 60% PL64, isolevel �PO = 0:5, (c) 55%

PL64, isolevel �PO = 0:46, (d) 50% PL64, isolevel �PO = 0:42. The colors

denote the volume fraction of the EO beads (�EO) at the surface.

all primary di�raction peaks are located at the same spatial frequency

(q0 = 0:17h�1), while the experimental SAXS data show a variation

in the repeat distance from 7.5 nm (68%) to 9.1 nm (53%).53 By

equating the theoretical and experimental repeat distance we �nd

the optimal Gaussian chain bondlength between 1.47 nm (70%) and

1.79 nm (55%).

Formally, the uctuation dissipation theorem dictates that 
 =

��1h3. We estimate that ��1h3 ' 9, using � ' 0:3 nm3 (from ref-

erence 53) and h ' 1:4 nm. A full paper describing the parameteri-

zation issues, the molecular interpretation of the bead sizes and the

noise scaling is in preparation.

In the structure factor of the micellar phase (�gure 4.4d) there is

a higher order Bragg peak at 1:59� 1:70q0, indicative of weak order-

ing, but the e�ect is very small. In the hexagonal phase there are

harmonics at 2q0 and
p
7q0. The expected peak at

p
3q0 is missing,
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Figure 4.4 The structure factors at � = 4200. (a) 70%, (b) 60%, (c) 55%

and (d) 50%. Each graph was obtained by performing a 3D Fourier transform

of �PO(r) and averaging over all directions. Units on the horizontal axis are

h�1. Units on the vertical axis are arbitrary.

probably because of the relatively broad primary peak. The �nal

structure of this system clearly has micro-domains of high hexago-

nal order. From clustering analysis� of the concentration pattern at

�PO = 0:6, we found that in this case both PO and EO-rich do-

mains coagulate into one percolating cluster. Therefore, we conclude

that this phase is bicontinuous. In the Fourier transform there is a

harmonic at 2q0 and a broad shoulder at 2:35� 2:9q0. The lamellar

phase has well developed second and third order peaks at 2q0 and

3q0 respectively. There is a boundary region, connecting the di�er-

ent lamellar micro-domains; as a result this lamellar phase forms a

bicontinuous structure.

The time-evolution of the structure factor of the lamellar phase is

shown in �gure 4.5. There are two main e�ects visible. First, the pri-

mary peak shifts to a lower value, reecting an increase in thickness

�The clustering algorithm selects neighboring gridcells, which all have a propy-

lene oxide volume fraction higher than a supplied threshhold value. From the

resulting clusters we analysed the topology in order to determine whether the

structures were percolating the simulation box.
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Figure 4.5 (a) The structure factor of the 70% PL64 simulation at � = 50

(bottom), � = 500 (middle) and � = 4200 (top). (b) Expanded view. Units

on the horizontal axis are h
�1. Units on the vertical axis are arbitrary. The

graphs have been shifted vertically.

of the lamellae. Second, the harmonic peaks at 2q0 and 3q0 continue

to grow, while the main order-parameter hardly changes with time

anymore (�gure 4.2). The physical picture is that in the �rst stages

of phase separation the system is still isotropic with one RPA peak in

the structure factor. Then slowly small patches of oriented lamellae

develop, which grow by a defect annihilation mechanism.

4.6 Conclusions

We conclude that the proposed method is well suited for the de-

scription of microphase separation of di�erent complex polymer sys-

tems.16,17,21,39{41,55 Extension of the method to include hydrody-

namic models22,66,67 is in progress. First results show that for con-

centrated polymer solutions like we have discussed here the viscosity

is usually so high that quenched systems do not evolve much fur-

ther than an initial di�usion controlled stage (see also the remarks

in 68), similar as in block-copolymer melts. There is already experi-

mental evidence to support this idea by comparison of experimental

structure factors from references 69, 70 with predictions from Pin-

cus34 and Kawasaki-Sekimoto spinodal decomposition theory37,71 for

block-copolymer melts.
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