
5 PARAMETERIZATION OF GAUSSIAN

CHAIN MODELS FOR THE

APPLICATION IN MEAN-FIELD

DENSITY FUNCTIONAL THEORY

5.1 Abstract

This chapter discusses several di�erent aspects of the parameteri-

zation of the ideal free energy as used in the dynamic mean-�eld

density functional method. The topic is of considerable importance,

as simulation results of speci�c systems can depend critically on the

parameterization.

A formal relation between the ideal chemical potentials of two dif-

ferent systems will be derived. The parameterization of a Gaussian

chain model using a Monte Carlo generated single chain structure fac-

tor of a Pluronic polymer surfactant will be discussed. We introduce

a novel parameterization method, using the similarity of response

functions. The results are compared to two other parameterization

methods.

It is shown that the Pluronic L64 surfactant can be represented

by a Gaussian chain. The �t procedure is insensitive to the Gaussian

chain length, and to the exact ratio's between the polymer blocks.

Therefore, we have the freedom to minimize the computational cost

of a simulation by changing the Gaussian chain topology.

5.2 Introduction

Mesoscopic theories of condensed matter form an important bridge

between microscopic particle based descriptions and macroscopic con-

tinuous descriptions. The topic is of considerable importance for the

simulation of microphase separation in multi-component polymer and

surfactant liquids.22,24{27 A method to model the time-evolution of a

mesoscopic system is the time-dependent Ginzburg Landau model.38
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Ginzburg-Landau models generally consist of a phenomenological ex-

pansion of the free energy in the density, which is used to model

thermodynamic forces, and a set of stochastic di�usion or (modi�ed)

Navier-Stokes equations to predict the time-evolution.

The dynamic density functional method16 is based on a free en-

ergy which combines ideal Gaussian chain intramolecular behavior

with mean-�eld intermolecular interactions. By the introduction of

chain statistics more complex physics is predicted, where the tradi-

tional Ginzburg Landau models would require additional expansion

terms. A study comparing both free energies can be found in refer-

ence 41. As a drawback the density functional method requires the

numerical inversion of a density functional21 in order to obtain the

intrinsic chemical potential. The combination of ideal chain statistics

and mean-�eld interactions is not unique. Caragino and Szleifer72,73

applied similar methods to equilibrium systems using a more com-

plex intrachain Hamiltonian. A comparable dynamic model is the

bond uctuation Monte Carlo method.68,74

This chapter deals with the parameterization of the intrachain

Hamiltonian. This topic is of considerable importance because it

must be possible to capture the complex behavior of a speci�c system.

At the same time, the computational cost of a simulation must be

minimized. The most important parameterization aspect that we

will discuss in this chapter is:

� How to �nd a Gaussian chain which behaves similar as the

molecule under investigation.

The idea is that for the Gaussian chain model to exhibit the same

behavior as the `real' system the volume fractions �I � �I�I (�I is

the particle volume, the subscript I denotes the particle type) and

the intrinsic chemical potentials must be identical. Suppose the sys-

tem under investigation has intrachain Hamiltonian H, non-uniform

particle densities �I (r) and intrinsic chemical potentials �I (r). The

model has Gaussian chain Hamiltonian H 0, particle densities �0
I
(r)

and intrinsic chemical potentials �0
I
(r). An implicit relation between

the chemical potentials of two systems with identical volume frac-

tion distributions and Hamiltonians H and H 0 can be obtained by

equating the volume fractions �I of the di�erent types in the di�erent

descriptions, i.e.

�I [H; fUg] = �0
I
[H 0; fU 0g] (5.1)

Because the density functional is bijective, equation 5.1 is also a

bijective relation. It translates the intrinsic chemical potentials from

a system with Hamiltonian H to a system with Hamiltonian H 0. As
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relation 5.1 is independent of the Hamiltonians, any Gaussian model

H 0 can be substituted.

There are two important implications:

1. It is possible to choose the parameters in the Gaussian chain

model Hamiltonian H 0 (the number of beads NI , the topology

and the bondlength a), such that the behavior of H and H 0 is

similar.

2. As the CPU demand of the dynamic density functional method

is proportional to the number of Gaussian chain beads, the

computational costs of the method can be signi�cantly reduced

by scaling a Gaussian chain to its shortest possible length.

In the next section we will derive a general and explicit relation

between two models with di�erent Hamiltonians. As a �rst applica-

tion, the relation between an united atom force �eld description of

the Pluronic L64 molecule and three di�erent Gaussian chains is dis-

cussed. Pluronic molecules form a special class of tri-block polymer

surfactants. They consist of blocks of ethylene-oxide and propylene-

oxide for which an abundant amount of thermodynamic data is avail-

able. Pluronics are being studied extensively, both experimentally

and theoretically.75{88

5.3 Theory

Following the method from appendix B, it is possible to �nd an ex-

pression for U in terms of U 0. Here we consider weak uctuations

of a hypothetical athermal melt of polymer molecules. Equation 5.1

can be expanded in a functional Taylor series in U and U 0, similar

to the RPA expansions of de Gennes and Leibler.20,41,44 Applied to

the Pluronic L64 surfactant as discussed in chapter 4, we �nd to �rst

order
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where �(2) are direct correlators and G(2) are two body correlators

or linear response functions. U 0 are the potentials which result from
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the numerical inversion of the Gaussian chain density functional. U

are the thermodynamic potentials for the Pluronic L64 molecule.

Equation 5.3 should be interpreted as follows. Suppose that we

observe the density pro�les �E and �P in a melt of PL64 molecules,

which is uctuating around the homogeneous distribution. We can

determine the thermodynamic forces UE and UP by inverting the

Gaussian chain density functional and then applying equation 5.3.

The detailed molecular model and the Gaussian chain model must

be considered similar or equal when the response functions are iden-

tical. Applied to the �rst order response functions this means that

th matrix kIJ is the unity matrix. When the two responses are not

the same this matrix can be used as a �rst order correction.

Notice that each function contribution to kIJ =
P

K
�IK

�
0

K

�K
G0
KJ

has a prefactor
�0

K

�K
, which is just the ratio of the available free volume

per particle in both descriptions. The particle volumes are

�K =
V

nN

where n is the number of molecules which would �ll volume V . For

the `real' system, � can be calculated from the density.

The ratio of the particle volumes is

� 0
K

�K
=

nN

n0N 0 (5.4)

Therefore, the ratio of the particle volumes is completely determined

by the number of molecules and the number of particles per molecule.

5.4 Results and discussion

Pluronic L64

We calculated the characteristic ratios of ethylene-oxide and propylene-

oxide homopolymers from di�erent molecular force �elds. The char-

acteristic ratio is given by

C1 = lim
N!1

hr2i
i

il2
(5.5)

where i is the number of backbone bonds and l2 = (l2
cc
+ 2l2

co
) =3 (lcc

and lco are the carbon-carbon and the carbon-oxygen bondlengths).

The calculation method is explained in appendix C. The results are

in table 5.1. The force �eld from references 89 and 90 reproduces the

experimental characteristic ratios. However, the RIS scheme we used

neglects correlations between consecutive bonds. In the Monte Carlo
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calculation of the response functionals (see below), we used the full

conformation which includes the molecular bond correlations. Since

C1 increases when the correlations are taken into account91 we use

PCFF92 in the calculation of the response functionals.

C1 EO C1 PO

experimental 5.289 6.090

Abe 5.11 4.48

Dreiding 9.57 20.3

PCFF 2.11 3.94

Table 5.1 Characteristic ratios for EO and PO homopolymers. All values

for PO are for isotactic chains. The �gures in the �rst row are experimental

values from references 89 and 90. The other values are calculated using

di�erent molecular force �elds by the method explained in appendix C. In

the second row are the values calculated using the force �eld from references

89 and 90, the third row using the Dreiding93 force �eld and the fourth row

was calculated using PCFF.92

A description of the Monte-Carlo generator and the method which

was used to calculate the inverse response functionals �
(2)
IJ

(q) can

be found in appendix D. The single chain structure factor for an

incompressible melt is de�ned as

S(q) �
�
�
(2)
EE

� �
(2)
EP

� �
(2)
PE

+ �
(2)
PP

��1

For the PL64 molecule it is plotted in �gure 5.1. The curve has a

single maximum corresponding to a wavelength of 4.6 nm.

Three di�erent Gaussian chains were �tted to the Monte Carlo

results. The Gaussian chain structure factors were calculated using

the RPA method.41

1. E13P30E13: One Gaussian chain bead for each monomer.94,95

The maximum of the single chain structure factor is �tted to

the maximum of the Monte Carlo results to give a = 0:63 nm.

This value for the Gaussian chain bond-length is larger than

the sum of the individual back-bone bonds (2lco + lcc = 0:449

nm), so that a cannot be interpreted as the monomer size.

2. E6P18E6: This chain topology is based on experimentally de-

termined characteristic ratios and the backbone length of the

PL64 molecule (see the next section for a discussion). Fitting

the maximum in the single chain structure factor gives a Gaus-

sian chain bond length of a = 0:87.
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3. E3P9E3: This is the topology used in chapter 4. Fitting the

Gaussian chain bondlength to the maximum of the Monte Carlo

single chain structure factor gives a = 1:3.

In �gure 5.1a the single chain structure factors of the three Gaus-

sian chains are plotted, together with the original Monte Carlo data.

An important result is that all structure factors contain only one

maximum and the shape of the functions is the same. This supports

our assumption that the PL64 molecule can be modeled by a Gaus-

sian chain. For the Gaussian chains, the height of the maxima is

dependent on the number of particles in the chain.
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Figure 5.1 PL64 single chain structure factor ���1S as a function of the

spatial frequency jqj. Monte Carlo generated single chain structure factor

(||{). Single chain structure factor of a E3P9E3 Gaussian chain with

a = 0:63 (| | |). Single chain structure factor of a E6P18E6 Gaussian

chain with a = 0:87 (- - -). Single chain structure factor of a E13P30E13

Gaussian chain with a = 1:3 ({ { {). Figure (a) contains the calculated

values, (b) ���1 N

N 0S, according to the number of particles in the chain.

In order to determine the optimal model for PL64 the Gaussian

chain single chain structure factors are multiplied by N

N 0
, where N 0 is

the number of Gaussian chain beads and N the number of particles

in the Monte Carlo simulation. From �gure 5.1b we conclude that

the E13P30E13 and E6P18E6 chains have almost the same response,

while there is a small discrepancy with the E3P9E3 chain. The max-

imum height of the Monte Carlo generated response is about 20%

of maximum of the Gaussian chain response functions. This di�er-

ence indicates that the Gaussian chains are more easily compressed

or elongated than the detailed molecular PL64 model.

The results from �gure 5.1 imply that the wavelength of the uc-

tuations in the Gaussian chain and the detailed model are the same.

However, the amplitude in the Gaussian chain melt is overestimated

by a factor of 5. This has an important consequence for the noise

expansion parameter 
. In chapter 2 it was argued that 
 = ��1h3

is the number of particles or degrees of freedom in a grid cell of size
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h3. The values for PL64 were estimated in chapter 4 at 
 � 9. Now

we �nd that the collective uctuations in the Gaussian chain melt

are too high by a factor of 5. A more accurate estimate for the noise

expansion parameter is 
 � 40� 50.

Instead of scaling the expansion parameter, we could also choose

to scale the number of molecules in our model. As a smaller number

of chains n0 < n, would scale the single chain response functions. It

would also decrease the di�erences between the Monte Carlo results

and the Gaussian chain description. E�ectively, one Gaussian chain

would then model several molecules, which behave as a strongly cor-

related group, as all molecules would have the same coarse grained

conformation as the Gaussian chain.

In the linear regime where equation 5.3 is valid, there is no dif-

ference between scaling the expansion parameter or the number of

molecules. We expect a signi�cant di�erence in simulation results

when the non-linear terms become important. The best approxi-

mation (scaling the expansion parameter or scaling the number of

molecules) will depend on the system under investigation.

Comparison with traditional approaches

In literature, there are essentially two approaches which are used to

obtain Gaussian chain parameters N and a for a speci�c molecule.

A simple approach is to substitute a single bead for each monomer.81{83,94{96

This method is primarily used in lattice models, where a single monomer

is placed on each lattice site. For EO and PO monomers internal de-

grees of freedom can be accounted for by allowing each bead to take

on several states.94,95

A more sophisticated method is the `equivalent chain'.97 In this

method the Gaussian chain parameters N and a are calculated from

the end distribution hr2i and the length along the chain
P

li (li is

the length of backbone bond i).

The end distribution for the PL64 molecule can be estimated from

the characteristic ratios as

hr2i = 26CEO

1
�
l2
cc
+ 2l2

co

�
+ 30CPO

1
�
l2
cc
+ 2l2

co

� � 20:3 nm2

and the length of the backbone isX
i

li = 56lcc + 112lco � 24:6 nm

For a Gaussian chain hr2i = Na2 and
P

li = Na, which combined

with the estimated values results in the Gaussian chain parameters

N = 30 and a = 0:8.
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When the di�erent blocks in the polymer have very di�erent prop-

erties, a more complicated molecular model using di�erent bondlengths

a might be more appropriate. We implicitly assume here that the

characteristic ratios for the ethylene-oxide and the propylene-oxide

are close enough to use only a single bondlength a.

Numerical considerations

Figure 5.1 shows that di�erent Gaussian chains can be used to mimic

the behavior of PL64, provided that the bead size is scaled accord-

ingly. For practical purposes as few as possible beads should be used.

Therefore we have chosen the E3P9E3 chain for the simulations in

chapter 4.

There are several issues concerning the choice of the Gaussian

chain model and its impact on the numerics of the dynamic density

functional method.

An important issue is the size of the mesh. In a previous article40

it was shown that the discrete representation of the Gaussian chain

connectivity operators is optimal for a cubic grid with size h3 when
a

h
= 1:1543. Therefore, the high spatial frequency behavior of the

system is lost when the number of Gaussian chain beads in a molecule

is reduced. For example, if we replace an E6P18E6 with an E3P9E3

chain the highest frequency which can be mapped on the grid q = �

h

is decreased to �p
2h
. At the same time, the gridlength is increased to

h0 =
p
2h

which, with a constant number of gridcells and a 3 dimensional sys-

tem, is an increase in system volume by 2
p
2.

Further coarsening of the model to a EP3E model, would increase

the statistical length to
p
3h0, a value where the maximum in the

structure factor is almost at q� � �

h
. This highly undesirable, as the

repeat distance of the system is then nearly 2h. The micro-domain

size h and details of the structure shape are lost.

5.5 Conclusions

We conclude that it is possible to model the Pluronic L64 molecule

with a Gaussian chain. The simulation results are expected to be rel-

atively insensitive to exact topology (one bead per monomer, several

beads per monomer based on experimental data, or the coarse grained

model from chapter 4) of the chain as three very di�erent Gaussian
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chain models produce almost identical single chain structure factors

after scaling. Discrepancies between the Monte Carlo single chain

structure factor and the Gaussian chain single chain structure fac-

tors can be reduced by scaling either the noise expansion parameters

or the number of Gaussian chains.
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