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1 INTRODUCTION

1.1 General

Phase transitions are common phenomena in nature. Familiar ex-

amples are the freezing and boiling of water, the melting of candle

wax, the sublimation of snow and the demixing of oil and water.

This thesis focuses on phase separation behaviour of liquid mixtures.

Phase separation in liquids occurs when the cohesive interactions be-

tween chemically identical molecules are stronger than the adhesive

interactions between chemically di�erent molecules. This means that

there exists an e�ective `dislike' or repulsion between the di�erent

molecules in the system.

If mutual disliking groups are part of the same molecule, as in

surfactants or amphiphilic polymers, covalent bonds limit the maxi-

mal separation length between the phases. These molecules generally

tend to form self-assembly structures in complex liquids. In phase

separation, three di�erent length scales can be identi�ed (�gure 1.1).

In the microscopic region, the phase behaviour can be modeled us-

ing a detailed molecular description, often with techniques such as

Molecular Dynamics and Monte Carlo. In the macroscopic region,

phase separation models can be based on equations of state, which

are �tted to macroscopic phase diagrams. In the mesoscopic region,

local concentration �elds can be used as collective variables, in order

to obtain a description of self-assembly structures.

This research focuses on mesoscale models. In particular on the

development and the practical application of a dynamic mean-�eld

density functional method (MesoDyn) for the description of the phase

separation kinetics of complex polymer systems. It will be shown,

that when the molecular behaviour can be described by a Gaussian

chain model2 and the intermolecular interactions by a mean-�eld,3

the microphase separation kinetics can be simulated. There are es-

sentially two di�erent �elds of application, which are of industrial

and biological nature.
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Figure 1.1 Di�erent length scales in phase-separation phenomena.

Industrial applications

In a recent article4 on material science, it is remarked that scientists

already know for centuries that material properties depend as much

on processing conditions as on composition, but that they are just

beginning to understand how processing inuences the resulting ma-

terials. Until now, �nding the right conditions has always been a

process of trial and error. The work in this thesis can be used as a

starting point for rational predictions for microphase separating liq-

uid polymer systems. The �rst results of the MesoDyn method can

be found in chapter 4 and although much remains to be done, these

results are certainly very encouraging.

Biological relevance

Microphase separation is the dominant factor in the formation of

biological membranes and plays a role in protein folding. Without

the liquid boundaries formed by membranes and the catalytic be-

haviour of proteins life would almost certainly not exist. Predicting

the behaviour of lipids and proteins on the mesoscopic level requires

a description which contains speci�c packing interactions, which are

(at the moment) not included in our method. However, polymers

and polymer surfactants play an important role as model systems

for biological systems5 and non-toxic polymer surfactants are used in

pharmaceutical applications.6,7 Predictions and simulations of the

behaviour of these model systems will help us understand some of

the basic biological processes.
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1.2 Concepts of the method

Density functionals

Density functional theory is less than �fty years old. It is based

on the idea that the free energy F of an inhomogeneous liquid is a

functional of the local density function �. From the free energy, all

thermodynamic functions can be derived, so that for instance phase

transitions can be investigated as functionals of the density distri-

bution in the system. Two excellent reviews on density functional

theory for non-uniform classical liquids in equilibrium were written

by Evans.8,9

x x

ρ ρ U

(a) (b)
Figure 1.2 (a) Non-equilibrium thermodynamic system, with arbitrary

density distribution. (b) Thermodynamic system with identical density

distribution and additional external �eld.

In this thesis, density functional theory will be used to describe

phase-separation kinetics in non-equilibrium systems. We derive ex-

pressions for the free energy, the distribution function and the local

chemical potential for a non-equilibrium system.

Consider the example systems drawn in �gure 1.2. Figure 1.2a

shows a non-equilibrium thermodynamic system with con�gurational

distribution function 	 and free energy F

F [	] � Trcl	
�
HN + ��1 ln	

�
(1.1)

TrclO �
1

�3NN !

Z
Odr1 � � � drN (1.2)

where HN is the Hamiltonian� for N particles, ��1 = kBT , � is the

thermal wavelength10,11 and rn is the position of particle n. For the

non-equilibrium system, the chemical potential is de�ned as a local

quantity, by

�(r) �
�F

��(r)
(1.3)

�In this thesis we use the term 'Hamiltonian' to denote the potential energy

of the system.
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The density �(r) in the system can be determined by averaging the

microscopic density operator �̂(r) =
PN

n=1 �(r� rn):

�(r) = h�̂(r)i	 (1.4)

=
NX
n=1

Trcl�(r� rn)	

The free energy, the chemical potential and the local densities are

completely determined by the non-equilibrium distribution function

	. We derive an expression for 	, by comparing the system from

�gure 1.2a to �gure 1.2b. This �gure shows a second thermodynamic

system with identical composition, identical density distributions and

an identical Hamiltonian. The only di�erence is the presence of an

additional external �eld U . The free energy F 0 for this system is

given by

F 0 [	0] = Trcl	
0

 
HN +

NX
n=1

U(rn) + ��1 ln	0

!
(1.5)

and the density can be obtained from

� (r) =
NX
n=1

Trcl�(r� rn)	
0 (1.6)

It is impossible to derive a general expression for the distribution

function 	0, except when the system is in equilibrium. Then F 0 is in

its global minimum and the variational condition �F 0=�	0 = 0 leads

to the following normalized Boltzmann distribution

	0 = ��1 exp

"
��

 
HN(r1; :::; rN) +

NX
n=1

U(rn)

!#
(1.7)

with corresponding partition functional �

� = Trcl exp

"
��

 
HN +

NX
n=1

U(rn)

!#
(1.8)

The assumption of equilibrium leads to explicit expressions for the

free energy F 0, the distribution function 	0, the constant chemical

potential �0 and the density �(r). At the same time the relation

between the local density and the external �eld becomes bijective,12

i.e. �(r) = �[U ](r). Therefore the density is completely determined

by the external �eld and the external �eld is completely determined

by the observed density.

Equations 1.5, 1.6 and 1.7 describe the equilibrium state of a sys-

tem with identical composition, density distribution and interactions
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as the non-equilibrium system from �gure 1.2a. They can be used to

describe the non-equilibrium system by assuming that

	 = 	0 (1.9)

Equation 1.9 assumes that the non-equilibrium distribution func-

tion for the system from �gure 1.2a is a modi�ed Boltzmann distri-

bution: exp��HN � f [U ]. The modi�cation is given explicitly in

terms of the external �eld and is therefore uniquely determined by

the non-equilibrium density. From a physics point of view, equilib-

rium is assumed for all degrees of freedom except for the collective

densities.

Then the non-equilibrium free energy for �gure 1.2a can be ob-

tained from

F [�] = F 0[�]�

Z
V

U(r)�(r)dr (1.10)

= ���1 ln��

Z
V

U(r)�(r)dr

Mathematically, the external potential is used to constrain the

density by minimization of the Legendre transform F 0 of the free

energy F . When written in the form of equation 1.10, the external

�eld is interpreted as a Lagrange multiplier.

For the external �eld to constrain the density, it must balance the

thermodynamic forces in the non-equilibrium system. Therefore, the

chemical potential is given by:

�[�](r) =
�F

��(r)

= �0 � U(r) (1.11)

Dynamics

As an example for the dynamics, we discuss di�usion driven systems,

for which the local density change is given by

@� (r)

@t
= �rr � J (r) + � (r; t) (1.12)

where J is the ux and � is a stochastic term, which represents the

inuence of thermal movement of individual particles and is deter-

mined by the uctuation dissipation theorem13{15 (see also chapter

2). A simple expression for the ux is given by

J (r) = �M� (r)r� (r) (1.13)
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This approximation, where the ux is proportional to the gradient

of the chemical potential and the local density, is called the Local

Coupling Approximation (LCA).

Systems, for which hydrodynamic e�ects are important fall out-

side the scope of this thesis, except for the case of simple steady shear

which will be treated in chapter 6.

In the next section, the dynamic mean �eld density functional

method will be illustrated by several examples. It will be shown that

the time-evolution of a di�usion driven system is completely deter-

mined by the two conjugated variables � and U , which are connected

through the density functional, and can be calculated by integrating

equation 1.12 and inverting equation 1.6 simultaniously.

1.3 Ideal systems

Ideal gas

Imagine a system of n non-interacting particles, at temperature T

and �xed volume V . The Helmholtz free energy F of such a system

is

F = �n��1 ln��3

Z
V

exp f��U(r)g dr

The time-evolution is completely determined by the following two

equations

�(r) = n
exp f��U(r)gR

exp f��U(r1)g dr1
(1.14)

@� (r)

@t
= �Mr � � (r)rU (r) + � (r; t) (1.15)

In this particular example, the density functional from equation 1.14

can be inverted analytically to give

U(r) = ���1 ln ��(r) (1.16)

as can be veri�ed by substitution. � is a constant determined by the

total number of particles in the system. For an expression for the

noise, see chapter 2. By substituting equation 1.16 into 1.15, we �nd

@� (r)

@t
=Mr2� (r) + � (r; t) (1.17)

which is simply Fick's law with added noise.

Because of the nature of the ideal free energy, the system will

be in equilibrium if the density uctuates around the homogeneous

distribution.
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Binary systems

As a second example, imagine a binary system with densities �A(r)

and �B(r) and corresponding external potentials UA(r) and UB(r).

It is necessary to introduce additional interactions with respect to

the ideal system in order to obtain phase separation. We assume an

ideal system with additional mean-�eld interactions:

F = F id + F nid

= F id +
1

2

X
I;J

Z
V 2

�IJ(r1; r2)�I(r1)�J(r2)dr1dr2

+
�

2

Z
V

(X
I

�I
�
�I(r)� �0I

�)2

dr (1.18)

F id = �nAkBT ln��3
A

Z
exp f��UA(r)g dr

�nBkBT ln��3
B

Z
exp f��UB(r)g dr (1.19)

nI (I = A;B) is the number of particles of type I.

Repulsion and attraction between particles of di�erent types is

introduced by the mean-�eld free energy term F nid. For simplicity,

we assume that the mean-�eld interaction kernel �IJ has a Gaussian

shape.16 A Helfand penalty function (last term on the rhs. of equa-

tion 1.18) is introduced as a compressibility term,17 which increases

the free energy of the system when the total local density
P

I �I(r)

deviates from the reference value
P

I �
0
I .

The di�usion equations are given by

@�I
@t

= MIr � �Ir�I + �I (1.20)

= MIr � �Ir

�
�UI +

�F nid

��I

�
+ �I

and the external �elds are determined by the two density functionals

�I(r) = nI
exp f��UI(r)gR
exp f��UI(r1)g dr1

which can again be inverted analytically (see equation 1.16). This

model is comparable to the phenomenological description of Cahn

and Hilliard18 for macrophase separation phenomena.

A numerical example can be found in �gure 1.3. While this free

energy model is extremely crude, it possesses the basic properties

needed to predict macrophase separation. However, without any

molecular detail, the prediction of microphase separation phenom-

ena is impossible.
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(c)

(a) (b)

(d)

(e)

(g)

(f)

(h)

Figure 1.3 Phase separation of a binary mixture (70% type A and 30% type

B, top) and an A5B5 melt (bottom). Colors denote the density of type B.

Snapshots of the density are shown at � = 50 (e), � = 100 (f), � = 500

(g) and � = 1000 (h) for the mixture and at � = 2 (a), � = 5 (b), � = 8

(c) and � = 12 (d) , where � = ��1Mh�2t. The di�usion equations given

by equation 1.20 were integrated numerically on a 64 � 64 square grid with

length h. Both simulation are started from the homogenous densities.

8 INTRODUCTION



Polymer systems

Imagine a system containing n Gaussian chains2 with intramolecular

Hamiltonian H id

H id = ��1

NX
s=2

3 (rs � rs�1)
2

2a2
(1.21)

Each chain has N beads of two di�erent types (A or B). The ideal

free energy of such a system is given by

F id = n��1 ln��3

Z
V N

dr1:::drN �

exp

(
��

 
H id +

NX
s=1

Us(rs)

!)

where s is a particle index along the chain. Us is either UA or UB,

depending on the type of bead s. The non-ideal parts, consisting of

the cohesive and excluded volume interactions, are the same as in

the previous subsection (equation 1.18) and the di�usion equations

are given by equation 1.20. For this system the density functional is

given by

�I (r) = N
NX
s=1

�KIs

Z
V N

dr1:::drN � (1.22)

� (r� rs) exp

(
��

 
H id +

NX
s0=1

Us0(rs0)

!)

where N is a normalization constant and �KIs is a kronecker delta

which is non-zero when particle s is of type I. Analytical inversion of

the density functional in equation 1.22 is impossible. An example of

a phenomenological expansion of the free energy in the local densities

can be found in reference 19.

For this system, macrophase separation is not possible, as the

beads A and B are connected, but for some values of �IJ , microphase

separation will occur. An example of a simulation of an A5B5 Gaus-

sian chain can be found in �gure 1.3. This simple model of a poly-

mer melt is capable of predicting the lamellar structure, which is

well known to be the most stable morphology for symmetric block

copolymers.20

General remarks

The dynamic density method as applied to polymer systems has re-

cently been extended to include branched polymers of any composi-

INTRODUCTION 9



tion, additional solvents and external shear �elds. Detailed informa-

tion on parameterization and the numerical aspects can be found in

the next chapters.

1.4 Organization of this thesis

Chapter 2: Noise distribution in functional Langevin models for the

mesoscopic dynamics of complex liquids

This chapter was previously published as:

Calculation of noise distribution in mesoscopic dynamics models for

phase-separation of multicomponent complex liquids.

B.A.C. van Vlimmeren and J.G.E.M. Fraaije.

Computer Physics Communications 99 (1996) 21-28.

A section was added at the end (Author's comments).

We present a simple method for the numerical calculation of the

noise distribution in multicomponent functional Langevin models.

The topic is of considerable importance, in view of the increased in-

terest in the application of mesoscopic dynamics simulation models to

phase separation of complex liquids in polymer and surfactant indus-

tries. We show that simple computational methods can be derived for

a few (non-)linear cases. The analysis contains three distinct steps:

(1) Factorization of the di�usion operator, (2) generation of auxil-

iary random �elds and (3) Cholesky decomposition of the mobility

operators.

Chapter 3: Surfactant aggregation in solution

This chapter was published previously as:

Functional Langevin models for the mesoscopic dynamics of surfac-

tant aggregation in solution.

B.A.C. van Vlimmeren, M. Postma, P. Huetz, A. Brisson and

J.G.E.M. Fraaije.

Physical Review E 54 (1996) 5836-5839.

A section was added at the end (Author's comments).

We discuss a time-dependent potential model for the simulation

of surfactant aggregation in solution. The numerical model is derived

from a generalization of time-dependent Ginzburg-Landau theory for

conserved order parameters. A new element in our coarse-grained

approach is that we retain important aspects of molecular detail by

inclusion of single chain density functionals. Representative results of

10 INTRODUCTION



simulations of concentrated dioctadecylamine solutions are discussed.

We �nd that multicomponent coarse-grained simulations are indeed

feasible, and may increase our understanding of a wide variety of

mesoscopic aggregation processes in complex surfactant solutions. A

conspicuous result is that thermal uctuations greatly inuence the

formation of the aggregate structures.

Chapter 4: A �rst application in 3D: Pluronic water mixtures

The new dynamic density functional method for microphase separa-

tion kinetics of "real" polymer systems is demonstrated by its appli-

cation to the aqueous solution of the triblock polymer surfactant

(Ethylene Oxide)13(Propylene Oxide)30(Ethylene Oxide)13. These

are the �rst 3-dimensional computer simulations of morphology for-

mation in speci�c polymer solutions. The separation kinetics varies

from fast spinodal demixing to slow binodal-like nucleation. Espe-

cially the intermediate hexagonal and bicontinuous phases retain a

rich defect structure. The �nal phase diagram in a small 50-70% sur-

factant concentration interval consists of four di�erent phases (micel-

lar, hexagonal, bicontinuous and lamellar), which is in good agree-

ment with experiments.

Chapter 5: Parameterization of Gaussian chain models

We discuss several di�erent aspects of the parameterization of the

ideal free energy as used in the dynamic mean-�eld density func-

tional method. The topic is of considerable importance, as simulation

results of speci�c systems can depend critically on the parameteriza-

tion.

A formal relation between the ideal chemical potentials of two dif-

ferent systems will be derived. The parameterization of a Gaussian

chain model using a Monte Carlo generated single chain structure fac-

tor of a Pluronic polymer surfactant will be discussed. We introduce

a novel parameterization method, using the similarity of response

functions. The results are compared to two other parameterization

methods.

It is shown that the Pluronic L64 surfactant can be represented

by a Gaussian chain. The �t procedure is insensitive to the Gaussian

chain length, and to the exact ratio's between the polymer blocks.

Therefore, we have the freedom to minimize the computational cost

of a simulation by changing the Gaussian chain topology.
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Chapter 6: Mesoscale dynamics of block copolymers under shear

The �rst part of this chapter (simple steady shear in polymer melts)

is published as:

Three dimensional mesoscale dynamics of block copolymers under

shear: the dynamic density functional approach.

A.V. Zvelindovsky, G.J.A. Sevink, B.A.C. van Vlimmeren, N.M.

Maurits and J.G.E.M. Fraaije.

Physical Review E 57 (1998) 4699-4703.

The results of the hexagonal phase of the PL64-water mixture are

submitted to the same journal.

The inuence of externally applied steady simple shear on the

relaxation process of block copolymers is studied for di�erent sys-

tems. First, two simulations of a model A8B8 block copolymer melt

are presented in comparison with theoretical and experimental liter-

ature. In both the two dimensional and the three dimensional melt,

the most stable equilibrium structures are observed.

Second, shear is applied to the hexagonal phase of the PL64-water

system described in chapter 4. The results are compared with very

recent experimental results. The experimentally observed equilib-

rium structure is reproduced by the simulation. The orientation of

the simulated structure di�ers 100 from the experimental value.
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2 NOISE DISTRIBUTION IN

FUNCTIONAL LANGEVIN MODELS FOR

THE MESOSCOPIC DYNAMICS OF

COMPLEX LIQUIDS

2.1 Summary

We present a simple method for the numerical calculation of the noise

distribution in multicomponent functional Langevin models. The

topic is of considerable importance, in view of the increased interest

in the application of mesoscopic dynamics simulation models to phase

separation of complex liquids in polymer and surfactant industries.

We show that simple computational methods can be derived for a

few (non-)linear cases. The analysis contains three distinct steps:

(1) Factorization of the di�usion operator, (2) generation of auxil-

iary random �elds and (3) Cholesky decomposition of the mobility

operators.

2.2 Introduction

In this paper we present a method for the numerical calculation of

the noise distribution in multicomponent functional Langevin mod-

els. The topic is of considerable importance for mesoscopic dynamics

simulations of phase separation of complex liquids in polymer and

surfactant industries. In this arena of applied `soft-condensed matter'

physics, mesoscopic properties are receiving increased attention as

they form a bridge between molecular behavior and the macroscale.

Eventually multicomponent functional Langevin models may serve

as a simulation tool for a new breed of mesoscale chemical engineers.

A few recent references from groups working in this �eld are 21{25.

Two excellent modern reviews of general mesoscopic dynamics mod-

els can be found in references 26 and 27.

In the physics literature Langevin models are usually written in
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the form of a `normal' partial di�erential equation

@�

@t
= f [�] + � (2.1)

with variable �, systematic contribution f and stochastic part �.

Because � is a continuous, but non-di�erentiable function of the time

t, this notation is mathematically incorrect, although we use it in

the other chapters of this thesis. In this chapter, where we focus

on mathematical and numerical aspects of the noise calculation, the

formally correct Ito interpretation from reference 14 is used.

The model we study in this paper is summarized by an N com-

ponent di�usion equation:

d�I (r) =
NX
J=1

Z
V

DIJ (r; r
0)�J (r

0) dr0dt� (2.2)

��1

NX
J=1

Z
V

�DIJ (r; r
0)

��J (r0)
dr0dt+ d�I (r; t)

with particle concentration �elds �I(r) for I = 1; : : : ; N , di�usion

operators DIJ , intrinsic chemical potentials �I (r) � �F=��I (r) and

stochastic contribution d�I . The �rst term on the r.h.s. of the

Langevin equation 2.2 is the systematic di�usion. The second term

is a correction which counterbalances spurious drifts which would

otherwise occur as a result of the stochastic term. In the case of

constant or linear transport coe�cients this term is zero.

We write the stochastic term as

d�I =
NX
J=1

Z
V

BIJ (r; r
0) dWJ (r

0; t)

with Wiener processes14 WI and noise correlators BIJ (r; r
0).

The noise from equation 2.2 has a Gaussian distribution with

moments dictated by the uctuation-dissipation theorem. This fun-

damental relation can be derived from Fokker-Planck theory.13,14 We

write, following reference 14,

NX
K=1

Z
V

BIK (r; r00)BKJ (r
00; r0) dr00 = �2��1DIJ (r; r

0) (2.3)

It can be shown13,14 that the Fokker-Planck equation correspond-

ing to the Langevin equations 2.2 has a stationary solution which is

exactly a Boltzmann probability distribution; i.e. in uctuation equi-

librium the distribution of pro�les, �I (r) follows Boltzmann statis-

tics with probability density p[�1; � � � ; �N ] = N exp��F [�1; � � � ; �N ],
where N is a normalization constant.
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In the review papers and references one can �nd ample examples

of computer simulations of time-dependent Ginzburg-Landau mod-

els for two-component incompressible liquids with linear transport

coe�cients. In view of the practical importance of working with

more realistic molecular models, suitable for the chemical engineer,

an extension of the theoretical and simulation methods to more gen-

eral transport models (and free energy functionals) is clearly needed.

However, the usage of more sophisticated di�usion models immedi-

ately leads to the issue of the noise calculation in simulation stud-

ies. The computational di�culties are certainly not trivial. In the

Langevin model outlined above there are N noise �elds, coupled

through the collective transport coe�cients, formally described by

the complicated quadratic operator equation 2.3.

As we will show, simple computational methods can be derived

for a few (non-)linear cases. The analysis contains three distinct

steps: (1) Factorization of the di�usion operator, (2) generation of

auxiliary random �elds and (3) Cholesky decomposition of the mo-

bility operators.28 We propose here essentially a generalization of

the method of Petschek and Metiu.29 The reasoning is simple. We

know that any Gaussian distributed random variable can be written

as a sum of Gaussian distributed random variables. Likewise, we can

write the random �elds for equation 2.2 as weighted sums of auxiliary

Wiener processes W . We can choose the number of these �elds freely,

and then calculate the proper weights, which may be more compli-

cated because they take the form of spatial operators. The weights

are completely determined by the uctuation dissipation theorem.

In this paper, we focus on the algorithms for the noise calculation.

Results of actual simulations will be published in separate papers.

2.3 Method

Principle

The principle of the computational method can be explained as fol-

lows. First, we factorize each di�usion operator into a divergence

operator r
r
�, a mobility operator �IJ and a gradient operator r

r
0 :

DIJ (r; r
0) = r

r
� �IJ (r; r

0)r
r
0 (2.4)

Second, we rewrite the noise term as a sum of 3N Wiener processes

as stochastic sources and substitute:

d�I =

r
2

�

NX
J=1

rr �
Z
V

CIJ(r; r
0) dWJ(r

0; t) (2.5)
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where dWK is a three-component vector of completely decorrelated

Wiener processes, with distributions14�Z
V

Z t

0

dW �
I (r; t

0)

�
= 0 (2.6)�Z

V

Z t

0

dW �
I (r; t

0)

Z
V

Z s

0

dW �0

J (r0; s0)

�
=

Z
V 2

�IJ���0�(r� r0)drdr0 �Z t

0

Z s

0

�(t0 � s0)dt0ds0 (2.7)

� indicates the x, y or z component of the vector dW. Compared to

the original equation 2.2, we have gone from a system with N corre-

lated noise processes to an equivalent system with 3N uncorrelated

noise sources. All correlations are contained within the operators C.

Equation 2.5 e�ectively separates the noise terms into a general

part (the divergence and gradient operators) and an application spe-

ci�c part, for which the following operator equation must hold:

NX
K=1

Z
V

dr00CIK(r; r
00)CJK(r

0; r00) = �IJ(r; r
0) (2.8)

or, in matrix notation:Z
V

dr00C(r; r00)CT (r0; r00) = �(r; r0) (2.9)

X (C or �) is a matrix with components XIJ and XT is the

matrix-transpose. In a formal sense, the root of equation 2.9 is a non-

unique solution of the problem. In the numerical approach outlined

below, we �nd C by Cholesky decomposition.

Numerical method

Consider an explicit time-integration of the functional Langevin equa-

tions on a uniform grid, in a dimensionless form:

�k+1Ip � �kIp =

(
��




NX
J=1

X
q

�
DIJpq�Jq � @DIJpq

@�Jq

�
+ �Ip

)k

(2.10)

�kIp = ��I(rp) (� is the total number of particles per unit volume) is

the relative concentration of component I in cell p at time step k,

�� is a dimensionless time increment and 
 = ��1h3 is the average

number of particles per cubic gridcell of size h3. The tensor element

DIJpq, which connects grid cell q of component J to grid cell p of

component I, is the dimensionless form of the grid-restricted di�u-

sion operator DIJ (rp; rq), p and q are cell index counters and the
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potentials � are dimensionless chemical potentials ��. The dimen-

sionless discrete noise for component I at grid cell p added in the

time interval �� is denoted by �Ip.

fgkon the r.h.s. means that all enclosing terms must be evaluated

at time step k. We have implicitly assumed here that the molecular

volumes and mobilities are independent of molecular type; general-

izations in this direction are trivial. Here and below, we use the

notation convention that all grid restricted operators and �elds are

dimensionless. Their pre-factors are included in the dimensionless

time step �� and expansion parameter 
.

The distribution of the noise �elds �Ip is according to the discrete

version of the uctuation-dissipation theorem (for an extensive dis-

cussion of the relation between the continuous and discrete version,

see reference 14): 

�kIp
�

= 0

�kIp�

l
Jq

�
= �2
�1��DIJpq�kl (2.11)

Notice that h3
P

I �I = 

P

I �I , the number of particles per cell,

is e�ectively the number of collective degrees of freedom in each cell.

In the language of van Kampen,15 

P

I �I is the expansion parameter

of the corresponding master equation.

The explicit time integration scheme is of course only one possi-

ble scheme out of many; time-integration of partial di�erential equa-

tions is well documented in many textbooks.30 In contrast, for the

calculation of the noise �elds in functional Langevin models the doc-

umentation is extremely scarce. The standard reference paper seems

to be that of Petschek and Metiu,29 but that paper only discusses

a classical 2D time-dependent Ginzburg Landau problem (one order

parameter model) with linear transport coe�cients. Other methods

for integration of stochastic di�erential equations can be found in

reference 31.

For the noise calculation, we apply the same steps as in the previ-

ous section. First, we factorize the discrete di�usion tensor element

DIJpq:

DIJpq �
mX
�

d�[D��IJD�]pq

=
mX
�

X
xy

d�D�px�IJxyD�yq (2.12)

where D� is a half-point �nite-di�erence �rst derivative operator in

lattice direction �; D�px is the weight for point x in the derivative at

point p in lattice direction �. The factor d� is a scalar weight. We do
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not need to specify here how many lattice directionsm are needed. In

a discretization of a 1D problem one lattice direction (m = 1) might

be su�cient (i.e. 3-points stencil). In more complicated 3D problems

13 lattice directions (m = 13) may be needed for sophisticated 27-

points isotropic stencils (Appendix A). For clearness, the discretized

di�usion tensor should be read as follows: for each lattice direction,

�rst apply a half-point �rst derivative operator to a source �eld,

then apply the mobility operator �IJ (in the case of local coe�cients

this is just a diagonal spatial operator), and then apply the �rst

derivative operator again, multiply by the scalar weight and add all

contributions from all lattice directions.

Then, we postulate for the N discrete noise terms �kIp a weighted

sum of m�N discrete auxiliary random noise �elds w�k
Jq :

�kIp =

r
2��




NX
J=1

X
xq

mX
�

p
d�D�pxC

k
IJxqw

�k
Jq (2.13)

The auxiliary �elds have Gaussian distributions:

hw�k
Ip i = 0 (2.14)

hw�k
Ipw

�0l
Jq i = ���0�IJ�pq�kl

The elements CIJpq are one root of the discrete version of equation

2.8:
NX

K=1

X
r

CIKprCJKqr = �IJpq (2.15)

which can not be further simpli�ed without specifying the mobilities.

2.4 Applications

Constant transport operators

We �rst consider the following simple transport operator:

�IJ = M�IJ� (r� r0) (2.16)

where M is a constant. The Cholesky decomposition of the matrix

� is simply the root of the diagonal:

CIJ =
p
M�IJ� (r� r0) (2.17)

The complete discrete representation for the noise becomes (leaving

out the time index here and below):

�Ip =

r
2��




mX
�

X
q

p
d�D�pq w

�
Iq (2.18)
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with dimensionless time-step

�� = ��1Mh�t

In Fourier space this simpli�es to:

~�Iq =

r
2��



jqj ~wIq (2.19)

where ~ denotes Fourier transform. The summation over directions

� is removed, so that only one random �eld has to be generated.

Notice, that any matrix
p
MC0 is a solution of 2.16 ifC0 is unitary.

Therefore, the root is not unique: We have the freedom to take the

most convenient solution which, for numerical purposes, is the matrix

with the largest number of zeroes.

In two dimensions, equation 2.18 reduces to the expression from

Petschek and Metiu29 when we use standard forward di�erence op-

erators for D�, for the two principal lattice directions.

Linear transport coe�cients

We now have:

�IJ(r; r
0) =M�I(r)�IJ�(r� r0) (2.20)

where the transport coe�cient is linear in the concentration. In this

case, M has the dimensions of mobility. A solution to equation 2.8

is:

CIJ(r; r
0) =

p
M�I(r)�IJ�(r� r0) (2.21)

which leads to the discrete representation:

�Ip =

r
2��




mX
�

X
q

p
d�D�pq

p
�Iq w

�
Iq (2.22)

�� = ��1Mh�2�t (2.23)

The decomposition in Fourier modes is not bene�cial here, since the

multiplicative e�ect with
p
�I leads to spatial mode coupling. We

calculate the noise in normal space, with an algorithm containing

the following steps:

� Generate w�
I for all gridpoints p.

� Pointwise multiply w�
I with

p
�I .

� Apply the derivative operator to
p
�Iw

�
I in direction � and

multiply the result by
q

2��d�



.

This should be repeated for each direction �. The total number

of independent stochastic auxiliary �elds needed is N �m.
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Exchange model

Next, we consider an incompressible complex uid, with dynamic

constraint
P

I �I = 1. The transport coe�cients are modeled ac-

cording to a local exchange mechanism,21,32 with:

�IJ(r; r
0) =M��(r� r0)�

�
�I (
P

K �K � �J) For I = J

��I�J For I 6= J
(2.24)

The matrix � is positive semi-de�nite, with one zero eigenvalue due

to the dynamic constraint. We again have the freedom to select

the most convenient solution of equation 2.8, which we �nd by an

algebraic Cholesky decomposition:

CIJ(r; r
0) =

p
M��1� (r� r0)

s
�J

fJ
fJ�1

�

8><
>:

1 For I = J

� �I
fJ

For J < I

0 For J > I

(2.25)

where

f0 = 1

fI = fI�1 � �I For I > 0 (2.26)

The matrix C has one zero eigenvalue, which reduces the number of

auxiliary �elds to be generated from N � m to (N � 1) � m. The

discrete expression for the dimensionless noise is:

�Ip =

r
2��




NX
J=1

mX
�

X
xq

p
d�D�pxCIJxqw

�
Jq (2.27)

�� = ��1Mh�2�t (2.28)

The proposed numerical scheme is:

Repeat for each J :

� Calculate CIJ for all I � J .

� Repeat for each I � J and �:

{ Generate w�
I

{ Pointwise multiply w�
I with CIJ and apply the di�erential

operator
p
d�D�. Add each result to the appropriate noise

component �I .

An example of a polymer simulation using the local exchange

mechanism can be found in reference 16.
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Non-local mobility kernels

We generalize the principle of auxiliary random �elds further to the

important case of non-local, non-linear symmetric transport coe�-

cients. We consider transport coe�cients of the following form:

�IJ(r; r
0) = MgI(r)gJ(r

0)�IJ (jr� r0j) (2.29)

where gI and gJ are local functions of the density. E�ectively, we

factorize the operator into two local terms and a spatial coupling

term. Transport coe�cients with this or similar forms occur in the-

oretical studies of polymer melt morphology dynamics.33{37 Here,

the functional form of the transport coe�cients is constructed such

that the calculation of the noise is easy. If we take gI =
p
��I , the

above functional form may be regarded as a rough approximation to

a (pair) correlation function.

Application of the uctuation dissipation theorem now results in:

NX
K=1

Z
V

CIK(r; r
00)CJK(r

0; r00)dr00 = MgI(r)�IJ(jr� r0j)gJ(r0) (2.30)

with a simple solution (as before, not unique):

CIJ(r; r
0) =

p
MgI(r)cIJ(jr� r0j) (2.31)

whereZ
V

NX
K=1

cIK(jr� r00j)cJK(jr0 � r00j) dr00 = �IJ(jr� r0j) (2.32)

In direct space the elements cIK and �IJ are distributions over the

grid, not just diagonal spatial operators as in equation 2.20 or 2.24,

but the transport kernels are convolution kernels, and hence if we im-

pose the same spatial symmetry on the cIJ operators, we can trans-

form both sides to Fourier space and �nd again a simple form for

diagonal operators:

NX
K=1

~cIK(jqj)~cJK(jqj) = ~�IJ(jqj) (2.33)

This matrix equation can easily be solved by algebraic Cholesky de-

composition for any set of symmetric transport kernels, which can

be done before the actual integration of the Langevin equation is

started.

The discrete noise term is:

�Ip =

r
2��




NX
J=1

X
qr

mX
�

p
d�D�pqgIqcIJqrw

�
Jr (2.34)
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For the algorithm, we split the calculation into two parts, and per-

form the �rst part in the Fourier domain. This reduces the number

of auxiliary �elds needed to N , but introduces global Fourier trans-

forms, which need to be calculated every time step:

�Ip =

r
2��




mX
�

X
r

p
d�D�prgIr�

�
Ir

��Ir = IFT(
NX
J=1

cIJqw
�
Jq )

where IFT() denotes the inverse Fourier transform.

As we already calculated the matrix c before the start of the

simulation, we propose the following algorithm:

� Generate w�
Jq for all frequencies q and components J .

� Multiply all wJq with cIJq and perform the summation.

� Perform the inverse fast Fourier transform and pointwise mul-

tiply with gIr.

� Apply the di�erential operator D�and multiply with
q

2��d�



.

These steps have to be repeated for each grid direction �.

2.5 Conclusion

We generalized the calculation of the stochastic terms in several

Mesoscopic Dynamics models for phase-separation dynamics of multi-

component complex liquids. We recognize three distinct elements.

(1) The factorization of the di�usion operator, which separates gradi-

ent and divergence operators from the mobility operator. (2) Mutual

uncorrelated auxiliary random source �elds can be introduced. A

simple expression for the noise can then be postulated, which com-

bines the source �elds into the physically correct stochastic terms.

Combined with the uctuation dissipation theorem, this leaves a

quadratic operator equation. (3) The quadratic operator equation

can be solved by (algebraic) Cholesky decomposition for all mobility

operators with the form of equation 2.29. A few simple considerations

then lead to e�cient noise generator algorithms.

We have implemented the di�erent algorithms for the simulation

of 3D microphase separation phenomena. Results of the simulations

will be published in separate papers.
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AUTHOR'S COMMENTS

1. The inuence of the noise is determined by the proximity of

the system to the order disorder transition. When the system

is quenched far into the ordered region of the phase diagram,

the actual amplitude of the noise is not important for the pre-

diction of the structure of a system. In this case, the noise term

serves as a mechanism to transport the system over free energy

barriers. The amplitude of the noise (the noise scaling param-

eter 
) can be used to reduce or increase the average time that

the system will spend in a local free energy minimum.

Close to the order-disorder transition the full noise with the

amplitude given by the uctuation dissipation theorem should

be taken into account for the prediction of the noise induced

shift of the order-disorder transition.

In the next chapter, the �rst application of the equations from

section 2.4.c can be found.

2. The isotropic derivative stencil as presented in appendix A has

recently been replaced by a new stencil algorithm which utilizes

only 3 directions (instead of the original 13).

3. The interpretation of the noise scaling parameter 
 in this chap-

ter is the number of `degrees of freedom' per grid cell. In chapter

5 we will show that the value of 
 is linked to the exibility of

the chain.
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3 SURFACTANT AGGREGATION IN

SOLUTION

3.1 Summary

We discuss a time-dependent potential model for the simulation of

surfactant aggregation in solution. The numerical model is derived

from a generalization of time-dependent Ginzburg-Landau theory for

conserved order parameters. A new element in our coarse-grained

approach is that we retain important aspects of molecular detail by

inclusion of single-chain density functionals. Representative results of

simulations of concentrated dioctadecylamine solutions are discussed.

We �nd that multicomponent coarse-grained simulations are indeed

feasible, and may increase our understanding of a wide variety of

mesoscopic aggregation processes in complex surfactant solutions. A

conspicuous result is that thermal uctuations greatly inuence the

formation of the aggregate structures.

3.2 Introduction

Functional Langevin models o�er a natural way to describe slow dif-

fusive and hydrodynamic mesoscale phenomena in many complex

uids.22,24{27 A general Z-component evolution equation for coarse-

grained di�usive relaxation of conserved order parameters is

@�I(r)

@t
=

ZX
J=1

Z
V

DIJ (r; r1)�J(r1)dr1 � (3.1)

��1

ZX
J=1

Z
V

�DIJ (r; r1)

��J (r1)
dr1 + �I (r; t)

DIJ (r; r1) = rr � �IJ (r; r1)rr1

with spatial vectors r and r1, particle concentration �elds �I(r) (I =

1; : : : ; Z), transport coe�cients �IJ , intrinsic chemical potentials

�I(r) � �F=��I (r)
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(F is the free energy) and noise �elds �I (r; t). �
�1 = kBT . The �rst

term is the systematic di�usion, the second term counterbalances

spurious drift and the third term introduces thermal uctuations into

the system. The noise has a Gaussian distribution with moments

dictated by the uctuation-dissipation theorem.13,14 This model is a

generalization of model B.26,38

In the cited papers22,24{27,38 and references cited therein, one can

�nd numerous examples of computer simulations of time-dependent

Ginzburg-Landau models for two-component incompressible liquids

with linear transport coe�cients and relatively simple fourth order

phenomenological expansion models for the free energy. The goal of

mesoscopic modeling would be a theory of ordering phenomena in

complex uids, based on an atomic description and including molec-

ular shape, packing e�ects and charges. We use a free energy func-

tional, derived for a collection of Gaussian chains in a mean-�eld

environment. In this approach we try to retain as much as possible

of the underlying molecular detail, i.e. the architecture and compo-

sition of the chain molecules are important. To this end, we do not

use an expansion of the free energy in the order parameters, as is

commonly done in Ginzburg-Landau models, but rather use a single

chain inverse density functional description for the chemical poten-

tials. Previously, we studied the random term,39 the Gaussian chain

density functional40 and the relation with fourth order expansions.41

Some results of numerical calculations of phase separation in block

copolymer melts are discussed in reference 16.

In this paper we present an application of the method to the

aggregation processes in surfactant solutions. A few representative

results of simulations in 2D are presented. Since the present version

of the model neglects hydrodynamic e�ects, we discuss concentrated

surfactant solutions only. The particular system we studied is an

aqueous solution of dioctadecylamine [DODA, (C18H37)2NH]. This

surfactant is a precursor for soft templates in (membrane-)protein

crystallization.42,43 The comparison with the experimental data43

shows that the particular density functional we have chosen needs

further improvement to describe the strong liquid crystalline type

ordering in surfactant membranes, especially with respect to chain-

chain correlations. Nevertheless, our main conclusion is that the

inclusion of molecular detail in functional Langevin models via den-

sity functional methods is in principle possible. This may lead to

the description of a wide variety of interesting mesoscale phenom-

ena in self-assembling systems. In addition, it seems that thermal

uctuations greatly inuence the aggregate structures.
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3.3 Model description

We study a system with volume V containing nS solvent molecules

and nD surfactant molecules. Each surfactant molecule is de�ned as

a triblock copolymer Gaussian chain, with composition TNT
HNH

TNT

(total number of beads N = 2NT + NH), where T is a 'tail' and H

is a 'head' bead. We assume for simplicity that the system is incom-

pressible and that the bead volumes of the chain and the molecular

volume of the solvent molecules are the same, i.e.

�T (r) + �H (r) + �S (r) = ��1 (3.2)

where � is the average volume which is available per bead. The

subscript denotes tail beads (T ), head beads (H) or solvent molecules

(S). We assume furthermore that the dynamics is controlled by a

local exchange mechanism and that the mobilities M of the beads

and solvent molecules are identical. In this case, the spurious drift

term is zero and the general Langevin model equation 3.1 reduces to

three coupled stochastic partial di�erential equations (omitting space

and time coordinates):

@�I
@t

=
X
J

r � �IJr�J + �I (3.3)

where I; J = H; T or S. The kinetic coe�cients are (in matrix nota-

tion):

� = M�

0
@ �T (�

�1 � �T ) ��T�H ��T�S
��H�T �H (��1 � �H) ��H�S
��S�T ��S�H �S (�

�1 � �S)

1
A (3.4)

where M is the mobility coe�cient. The thermal noise is

�I = r �
X
J

CIJwJ (3.5)

where wJ are Gaussian distributed random vector �elds

wJxj (r; t)

�
= 0 (3.6)


wJxi (r; t)wJxj (r1; t)
�

= �(t� t0)� (r� r1) �
K
IJ�

K
ij (3.7)

where xi = x; y; z. The noise correlation coe�cients CIJ are related

to the kinetic coe�cients via

CC
T=2��1

� (3.8)

The application of the uctuation-dissipation theorem and the nu-

merical calculation of the random �elds are discussed further in ref-

erence 39.
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The intrinsic chemical potentials are obtained by a density func-

tional argument for a collection of ideal Gaussian chains in a mean-

�eld environment. Basically, the idea is that on a coarse-grained time

scale the collective statistical distribution function 	 of all surfactant

and solvent molecules is such that the free energy functional F [	] is

minimal in each time interval, given the spatially varying density

pattern. The variation of the free energy with respect to the distri-

bution function 	, under the constraint that the statistical average

of the microscopic density operators is the reference density pattern,

leads directly to an expression for the intrinsic chemical potentials.

A detailed analysis of the application of the method to copolymer

melts can be found in reference 16, here we summarize the results for

surfactant solutions. The chemical potentials are de�ned by

�I (r) �
�F

��I (r)

= �UI (r) +
X
J

Z
V

�IJ (jr� r1j) �J (r1) dr1 (3.9)

where �IJ (jr� r
0j) are mean-�eld interactions between component

I and J . The external potentials UI (r) are related to the density

�elds through a bijective density functional relation.16 For the sol-

vent molecules with no internal structure this is a simple normalized

Boltzmann weight:

�S[US ] (r) = nS
e��US(r)R

V
e��US(r)dr

(3.10)

The corresponding single chain density functional of the surfactant

molecules relates the two external �elds UT (r) and UH (r) to the two

density �elds �T (r) and �H (r). For example, the density functional

for the head beads reads

�H [UT ; UH ] (r) = nD

NX
s=1

�KHs

R
V N fB� (r�Rs) dR1 � � �dRNR

V N fBdR1 � � �dRN

(3.11)

where the Kronecker delta �KHs is 1 when bead s is of the head type

and 0 otherwise. The Boltzmann factor is given by

fB � exp�

"
3

2a2

NX
s0=2

(Rs0 �Rs0�1)
2 + �

NX
s0=1

Us0 (Rs0)

#
:

Rs is the position of bead s and a is the Gaussian bond length pa-

rameter. The expression for the tail functional is similar.

At this point, the mean-�eld kernel is still unspeci�ed. Since the

statistical units of the chain molecules each sample a volume � a3,
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we use a Gaussian kernel with width a:16

�IJ = �oIJ

�
3

2�a2

� 3

2

e�
3

2a2
(r�r1)2

The di�usion equations together with the density functionals and

the expression for the mean-�eld form a closed set, which can be

solved e�ciently by a �nite di�erence method on a cubic mesh.16

There are six dimensionless parameters in the numerical calculations:

the dimensionless time � = ��1Mh�2t, the noise scaling parameter


 = ��1h3 (the variance of the dimensionless noise scales with ��=
,

where �� is the time step), the ratio ah�1 of bond length a and of

mesh size h, and three exchange interaction parameters �HT , �HS
and �TS, where �IJ =

���1

2
[�oIJ + �oJI � �oII � �oJJ ].

3.4 Results and discussion

We used a T8H3T8 Gaussian chain as the model for DODA. The

chain was selected using a simple �tting procedure, where we com-

pared the single chain Gaussian chain 2-body correlation functions

with the corresponding functions from a force �eld molecular model

of DODA. The functions of the Gaussian chain were calculated an-

alytically with the Random Phase Approximation method.44 The

correlator functions for the molecular model were calculated by a

Monte Carlo method (T = 298 K), using the GROMOS force �eld.45

The �t consists of matching the minima of the inverse structure fac-

tors in Fourier space of the molecular model and the Gaussian chain.

A good �t was obtained by representing 16 carbon atoms of each

tail of the molecular model by 8 beads in each tail of the Gaussian

chain; the amine head and on each side 2 adjacent carbon atoms are

represented by the 3 head beads. The �tted bond length parameter

of the Gaussian chain is a = 0:58 nm. In a following report we will

discuss the �tting procedure in more detail (see chapter 5).

For the interaction parameters we used

�oII = 0

��1�0HT = ��1�oWT = 10 kJ mol�1

��1�oHS = �3 kJ mol�1

corresponding to e�ective exchange interactions of only a few kBT :

�HT = �WT = 4, �HS = �1:2. The molecular volume parameter was

estimated from the density of pure dioctylamine (0.8 g cm�3)46 as

� = 0:057 nm3. The mesh width in the simulations is h = 0:5 nm.
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In �gures 3.1 and 3.2, we present the results of two simulations,

each system containing 90% v=v surfactant and 10% v=v solvent. We

neglected the gradients in one direction and used a relatively small

system of 322 grid points.47 In �gure 3.1 are the results of calcula-

tions using the nominal values of the noise scale parameter 
 = 2:1

(corresponding to the value ��1h3 as prescribed by the uctuation

dissipation theorem) and �gure 3.2 shows the results using a 5 times

reduced noise level (setting 
 = 52:5). We can roughly estimate the

`real' time span in the simulations with the Stokes-Einstein relation

for the di�usion coe�cient ��1M . Since in the concentrated sur-

factant solution the local viscosity will be much larger than 10�3 kg

m�1s�1 (the viscosity of water) one unit of � is >> 1 �s.

Figure 3.1 Time-dependent morphologies of concentrated surfactant in

solution (90% v=v dioctadecylamine in 10% v=v water), � = 5000 (left)

and � = 10000 (right). Concentration of heads (upper) and solvent (lower).

The noise level parameter 
 = 2:1. This is the value determined by the

uctuation dissipation theorem.

In both �gures we observe the formation of disordered lamellae

and various micellar aggregates, where the level of disorder is con-
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Figure 3.2 As �gure 3.1, except with 
 = 52:5.

siderably larger in �gure 3.1 with large uctuations of the surfaces

and of membrane thickness. There are a number of important results.

First, the lamellar structures in the full noise simulation continuously

break up and form again, thereby reducing the average size of the ag-

gregates. Second, the solvent is in all cases closely associated with

the head beads: no isolated solvent droplets can be found. Third, in

the absence of solvent no stable microphases are formed with the cho-

sen head-tail interaction parameters (simulation results not shown).

Thus, the presence of a relatively small amount of solvent leads to

an increase in the e�ective repulsion between apolar and polar parts

of the surfactant molecules: in the micro phase separated system,

the heads protect the solvent from energetically unfavorable contacts

with the tails. Finally, it should be stressed that it takes a very long

time to reach uctuation equilibrium of the collective structures. In

fact, from further extensive simulations of this and similar systems

in 2D and also in 3D (data not shown) we found invariably that after

some time the system locks into a certain metastable arrangement

of aggregate structures, from which it is di�cult to escape. The ef-
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fect is the more pronounced if the level of the noise is lower. In

the complete absence of thermal uctuations the system would very

quickly freeze into a metastable state. The abundant occurrence of

metastable states in self-assembly systems is well known in the ex-

perimental literature. The same type of phenomenon is also observed

in the experimental data on DODA aggregation.43

Since the level of the noise is an important factor in the aggregate

formation, it is illustrative to estimate the most e�ective value of the

noise scale parameter 
. In the present simulations, where all beads

and solvent molecules have the same size, the uctuation dissipation

theorem demands that 
 = ��1h3. But in the real experimental

system the molecular volume of solvent is somewhat smaller than the

molecular volumes of the statistical units of the chain molecule. A

better parametrization for the noise scale parameter could be 
eff �

��1
S h3 = 4:2, since the uctuations are most dominant in the regions

where the solvent concentration is relatively high (interfaces and bulk

solvent). This would imply that the actual inuence of the noise is

likely to be smaller than suggested by the full noise calculation (�gure

3.1), but not so small as in the reduced noise calculation (�gure 3.2).

Comparison with experimental results is di�cult, since all of the

experimental data in reference 43 refers to dilute solutions. Electron

micrographs show that in aqueous solutions DODA self-assembles

into square and rectangular shaped plates or even stacks of lamellae,

depending on processing conditions. The data further suggests that

the ordering of the hydrophobic tails is rather strong, almost crys-

talline like. Here, we have used a single chain density functional in a

mean-�eld approach, and as a consequence the strong ordering e�ects

cannot be reproduced well: the mean-�eld approximation for chain-

chain correlations is obviously not very good for strongly ordered

materials. Since the Gaussian chain model has no energetic bending

terms, the molecules in our simulation are more exible than a hy-

drocarbon chain. The width of the lamellae in the simulations is ca.

2 nm, which indicates that the tails of the Gaussian chain are con-

siderably disordered. This is not in agreement with the experimental

�ndings.

3.5 Conclusions

We conclude that in a qualitative sense the simulations reproduce sev-

eral important aspects of aggregate formation in concentrated sur-

factant solutions, i.e. the e�ect of added solvent on the aggregate

structures, and the formation of metastable states. In addition the
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simulations show a strong inuence of the thermal noise. The accu-

rate reproduction of crystalline like ordering of tails is in the present

model di�cult to achieve, unless we �nd an better way to include

the chain-chain correlations. It is easy to change the parameters of

the Gaussian chain density functional in such a way that more com-

plex mixtures in 2D and 3D can also be studied. We are currently

investigating the application of the method to solutions of long ex-

ible polymer surfactants which do not have crystalline like ordering

properties. In this case the mean-�eld approximation is much better.
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AUTHOR'S COMMENTS

The simulations of systems with similar composition and structure

size are interesting because these systems can be used as model sys-

tems for biological membranes. This is only one of the possible rea-

sons to repeat these simulations. However, from the discussion and

conclusions, it must be clear that additional theory and simulation

tools must be available, before an second attempt can be made. There

are two main points of consideration.

� At biological relevant temperatures, the behavior of the car-

bon tails of the studied lipid cannot be described by Gaussian

chains. Therefore, a di�erent intramolecular model must be

found, which is capable of describing the sti� carbon chains,

and for which it is possible to calculate the density functional.

Ben-shaul48 and Szleifer49 introduced a comparable equilibrium

method which includes chain sti�ness.

� The crystallization processes which occur in the experiments

must be modeled, adding an e�ective crystallization term to

the free energy functional.

In order to validate the present model, we decided at the time

that we published this article, that it would be more bene�cial to

study a di�erent system, rather than expanding the model.
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4 A FIRST APPLICATION IN 3D:

PLURONIC WATER MIXTURES

4.1 Summary

The new dynamic density functional method for microphase separa-

tion kinetics of `real' polymer systems is demonstrated by its applica-

tion to the aqueous solution of the triblock polymer surfactant (Ethy-

lene Oxide)13(Propylene Oxide)30(Ethylene Oxide)13. These are the

�rst 3-dimensional computer simulations of morphology formation in

speci�c polymer solutions. The separation kinetics varies from fast

spinodal demixing (lamellar phase, 70%) to slow binodal-like nucle-

ation (micellar phase, 50%). Especially the intermediate hexagonal

and bicontinuous phases retain a rich defect structure. The �nal

phase diagram in a small 50-70% surfactant concentration interval

consists of four di�erent phases (micellar, hexagonal, bicontinuous

and lamellar), which is in good agreement with experiments.

4.2 Introduction

A recent paper4 states that the numerical implementation of materi-

als science principles has given birth to a revolutionary approach in

the design of multilevel-structured materials. This has lead to the de-

velopment of a variety of mesoscopic methods in the last decade.26,50

In previous papers, we described the dynamic density functional

method16,21 for the simulation of phase-separation kinetics in a com-

plex uid. The topic is of wide general interest as \Polymers a�ord

unique opportunities for detailed study of the thermodynamics of

`soft' condensed matter",51 both as industrially relevant applications

and as model systems for numerous biological systems.5

This letter is the �rst in literature, which presents a recipe for

numerical simulations in 3 dimensions of the mesophase formation

in various speci�c polymer systems. We have chosen as an exam-

ple the aqueous solution of polymer surfactant (EO)13(PO)30(EO)13,

(tradename Pluronic L64 or PL64) which received much attention in
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fundamental research and also in industry during the last decade.52

The results are in good agreement with the experimental water-PL64

phase diagram.

L2
LαL1

H1

0% 100%
PL64

Lα+L2L1+H1 Η1+Lα+L’

abcd
Figure 4.1 Experimental water-Pluronic L64 phase diagram at 25o C,

reproduced from reference 53. The observed microphases are shown at the

top of the diagram. L1, H1, L�, L
0 and L2 denote the isotropic micellar phase,

the normal hexagonal phase, the lamellar phase, the bicontinuous phase and

the reverse micellar phase. The simulations are performed at the volume

fractions (a) 70%, (b) 60%, (c) 55% and (d) 50%.

The dynamic density functional method combines Gaussian mean-

�eld statistics with a coarse grained Ginzburg Landau model for

the time-evolution of conserved order parameters. In contrast to

traditional phenomenological free energy expansion methods (Cahn-

Hilliard,18 Oono-Puri,54 Flory-Huggins-de Gennes33), we do not trun-

cate the free energy at a certain level, but rather retain the full

polymer path integral by a numerical procedure.16,17,21,39{41,55 Very

recently, a few other groups also started using this approach.56,57

The repeated calculation of the polymer path integral is computa-

tionally more expensive than the integration of any of the traditional

expansion models listed above. On the other hand, phenomenological

free energies contain only the basic physics of the phase separation

problem41 and are not well suited to describe the rich phase behavior

of complex industrial and biological systems. The extra computa-

tional cost of the path integral calculation is justi�ed if by doing so

the phase behavior of a speci�c system can be reproduced or even

better: can be predicted, without adjustment of parameters. Earlier,

we tried to rationalize the self-assembly of a synthetic lipid,58 but

the single chain Gaussian statistics cannot reproduce the strong or-

dering e�ects in semi-crystalline lipid bilayers. In contrast, Pluronics

are moderately sized exible polymers which can be described with

Gaussian chain statistics.
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4.3 Model description

We shortly repeat the main part of the theory. For more details see

reference 16. We consider a system of volume V , containing nP tri-

block copolymers, each with N = 2NE+NP segments and nS solvent

molecules. Here, the subscript E (P ) denotes segments which con-

sist of ethylene-oxide (propylene-oxide) monomers. There are three

concentration �elds �E (r), �P (r) and �S(r), three external poten-

tials UE (r), UP (r) and US(r) and three intrinsic chemical potentials

�E (r), �P (r) and �S(r).

Imagine that on a course-grained time scale, there is a certain

collective concentration �eld �I (r) of beads of type I (E, P or S).

A bead is a statistical unit consisting of a uctuating string of sev-

eral monomers.2,44,59 Given these concentration �elds a free energy

functional F [�] can be de�ned as follows:

�F [�] = � ln
�nP�nS

nP !nS!
� �

X
I

Z
UI (r) �I (r) dr+ �F nid[�] (4.1)

Here � is the partition functional for ideal molecules in the external

�eld UI , and F
nid[�] is the contribution from the non-ideal interac-

tions. The free energy functional is derived from an optimization

criterium16 which introduces the external potential as a Lagrange

multiplier �eld. The external potentials and the concentration �elds

are related via density functionals for ideal molecules:

�I [U ](r) = n
NX
s=1

�KIsTrcl � (r�Rs) (4.2)

Here �KIs0 is a Kronecker delta function with value 1 if bead s0 is of

type I and 0 otherwise. The trace Trcl is limited to the integration

over the coordinates of one chain

Trcl (�) = N
Z
V N

(�)
NY
s=1

dRs

N is a normalization constant.  is the appropriate single chain

con�guration distribution function

 =
1

�
e��[H+

P
N

s=1
Us(Rs)] (4.3)

where H is the intra molecular Hamiltonian. The density functional

is bijective: for every set of �elds f�Ig there is exactly one set of

�elds fUIg and for every set of �elds fUIg there is exactly one set of

�elds f�Ig. Therefore, there exists a unique inverse density functional
UI [�]. There is no known closed analytical expression for the inverse
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density functional, but for our purpose it is su�cient that the inverse

functional can be calculated e�ciently by numerical procedures for a

selection of simple Hamiltonians.

We split the non-ideal free energy functional into two parts

F nid[�] � F c[�] + F e[�]

where F e contains the excluded volume interactions17 and F c the

cohesive interactions. The intrinsic chemical potentials �I are de�ned

by the functional derivatives of the free energy:

�I (r) � �F

��I (r)
(4.4)

= �UI (r) + �F c

��I (r)
+

�F e

��I (r)

= �UI (r) + �cI (r) + �eI (r) (4.5)

Here we have introduced the cohesive potential �cI (r) and the ex-

cluded volume potential �eI . For the cohesive interactions we employ

a two-body mean-�eld potential:

F c[�] =
1

2

X
IJ

Z Z
�IJ(jr� r

0j)�I(r)�J(r0)drdr0 (4.6)

�cI(r) � �F c

��I
=
X
J

Z
V

�IJ(jr� r
0j)�J(r0)dr0 (4.7)

where �IJ(jr � r
0j) = �JI(jr � r

0j) is a cohesive interaction between

beads of type I at r and J at r040

�IJ(jr� r
0j) � �0IJ

�
3

2�a2

� 3

2

e�
3

2a2
(r�r0)2 (4.8)

The compressibility model that accounts for excluded volume inter-

actions is discussed in reference 17. In equilibrium �I (r) is constant;

this yields the familiar self-consistent �eld equations for Gaussian

chains, given a proper choice for F nid. When the system is not in

equilibrium the gradient of the intrinsic chemical potential �r�I
acts as a thermodynamic force which drives collective relaxation pro-

cesses. The stochastic di�usion equations are of the following form

@�I
@t

= �r � JI (4.9)

JI = �M�Ir�I + eJI (4.10)

where M is a mobility coe�cient and eJI is a noise �eld, distributed

according to a uctuation-dissipation theorem.39 Nonlocal forms for

the Onsager coe�cients are discussed in reference 55 and hydrody-

namics is discussed in references 60, 61
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The volume fraction �I = �I�I is integrated numerically by a

Crank-Nicolson scheme on a cubic grid with size 64�64�64 (for nu-

merical details see 16). For simplicity we use identical mobility coe�-

cients and bead volume parameters for all components. Seven dimen-

sionless parameters enter the numerics: three exchange parameters

�IJ � �

2�
[�0IJ + �

0
JI � �0JJ � �0II ], the dimensionless time � � ��1Mh�2t

(h is the mesh-size), a noise scaling parameter 
 (the variance of

the noise scales as 
�1),39 the grid scaling d � ah�1 = 1:1543 (a is

the Gaussian chain bondlength40) and the compressibility parameter

�0 � ��H�.

The current inversion algorithm scales linearly with the num-

ber of molecular beads and the number of grid cells. The simula-

tions presented in this article take 2 to 3 days each on an parallel

computer with distributed memory (8 processor IBM sp2). Details

of the method and the implementation can be found in references

16, 21, 39, 40

4.4 Parameterization

For the parameterization of the Gaussian chain, we could replace each

Kuhn segment, or even each monomer, by a Gaussian bead. This

procedure is standard practice in many self-consistent �eld calcula-

tions.62 However, as long as the response functions of the Gaussian

and the molecular chain are the same, further coarse-graining is pos-

sible. From comparison of RPA20 and molecular force �eld structure

factors (Monte-Carlo generated), we found that the structure factor

is well represented by an E3P9E3 chain, which corresponds to 3 to 4

monomers per bead. The solvent is represented as single beads.

The solvent-polymer interaction parameters were calculated from

vapor pressure data of aqueous homopolymer solutions,63 using the

Flory-Huggins expression �IJ = ��2fln p=p0�ln(1��)�(1�1=N)�)g,64
where p is the vapor pressure and � is the polymer volume frac-

tion. The chain length N was determined using 13
3

(EO) or 30
9

(PO) monomers per bead. This gives for the interaction parame-

ters �ES = 1:4, �PS = 1:7 in the concentration interval 50-70%.

Notice that these values are empirical: no further molecular model is

needed. For the EO-PO interaction parameter there are no reliable

experimental data; from group contribution methods65 we estimated

its value between 3 and 5. We used �EP = 3:0 in the simulations. For

the noise scaling parameter we used 
 = 100 and the compressibility

parameter was �xed at �0 = 10:0 (see references 17,39 for discussion).
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4.5 Results and discussion

We performed four simulations of the same length with di�erent poly-

mer concentrations (�gures 4.2-4.4). All systems were quenched in-

stantaneously from the homogeneous density distribution at the start

of the simulation. The separation kinetics varies from fast spinodal

crystallization (70%) to slow binodal-like nucleation (50%) (�gure

4.2). In each case the orientation of the copolymers in the self-

assembly is such that the hydrophilic ethylene-oxide shields the more

hydrophobic propylene-oxide from contact with water. The phase

sequence is lamellar (70%, �gure 4.3(a)), bicontinuous (60%, �g-

ure 4.3(b)), hexagonal (55%, �gure 4.3(c)) and micellar (50%, �gure

4.3(d)). This is in good agreement with experiment53 (�gure 4.1).

10 100 1000
0.00

0.05

0.10

0.15

P

10 100 1000
τ

(a)

(b)

(c)

(d)

Figure 4.2 Time evolution of the dimensionless order parameter P =

V �1
P

I

R
V
�2I (r)dr�

P
I

�
�0I

�2
. The labels a-d refer to the simulations (see

�gure 4.1).

As far as we know, there is no experimental information on the

time scale of the phase separation. The microphase structures are

determined after days or weeks of equilibrium time, while the phase

separation kinetics is arti�cially enhanced by repeated centrifuga-

tion.53 Using the Stokes-Einstein relations, reasonable values for the

viscosity (1 - 100 cp) and the bead size, we estimate the total time

span for the simulations at least 1 ms - 1 s.

Detailed analysis of the structure factors (�gure 4.4) shows that
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0.10 0.25

Figure 4.3 PO isosurface representation of the PL64 solutions: (a) 70%

PL64, isolevel �PO = 0:59, (b) 60% PL64, isolevel �PO = 0:5, (c) 55%

PL64, isolevel �PO = 0:46, (d) 50% PL64, isolevel �PO = 0:42. The colors

denote the volume fraction of the EO beads (�EO) at the surface.

all primary di�raction peaks are located at the same spatial frequency

(q0 = 0:17h�1), while the experimental SAXS data show a variation

in the repeat distance from 7.5 nm (68%) to 9.1 nm (53%).53 By

equating the theoretical and experimental repeat distance we �nd

the optimal Gaussian chain bondlength between 1.47 nm (70%) and

1.79 nm (55%).

Formally, the uctuation dissipation theorem dictates that 
 =

��1h3. We estimate that ��1h3 ' 9, using � ' 0:3 nm3 (from ref-

erence 53) and h ' 1:4 nm. A full paper describing the parameteri-

zation issues, the molecular interpretation of the bead sizes and the

noise scaling is in preparation.

In the structure factor of the micellar phase (�gure 4.4d) there is

a higher order Bragg peak at 1:59� 1:70q0, indicative of weak order-

ing, but the e�ect is very small. In the hexagonal phase there are

harmonics at 2q0 and
p
7q0. The expected peak at

p
3q0 is missing,
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Figure 4.4 The structure factors at � = 4200. (a) 70%, (b) 60%, (c) 55%

and (d) 50%. Each graph was obtained by performing a 3D Fourier transform

of �PO(r) and averaging over all directions. Units on the horizontal axis are

h�1. Units on the vertical axis are arbitrary.

probably because of the relatively broad primary peak. The �nal

structure of this system clearly has micro-domains of high hexago-

nal order. From clustering analysis� of the concentration pattern at

�PO = 0:6, we found that in this case both PO and EO-rich do-

mains coagulate into one percolating cluster. Therefore, we conclude

that this phase is bicontinuous. In the Fourier transform there is a

harmonic at 2q0 and a broad shoulder at 2:35� 2:9q0. The lamellar

phase has well developed second and third order peaks at 2q0 and

3q0 respectively. There is a boundary region, connecting the di�er-

ent lamellar micro-domains; as a result this lamellar phase forms a

bicontinuous structure.

The time-evolution of the structure factor of the lamellar phase is

shown in �gure 4.5. There are two main e�ects visible. First, the pri-

mary peak shifts to a lower value, reecting an increase in thickness

�The clustering algorithm selects neighboring gridcells, which all have a propy-

lene oxide volume fraction higher than a supplied threshhold value. From the

resulting clusters we analysed the topology in order to determine whether the

structures were percolating the simulation box.
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Figure 4.5 (a) The structure factor of the 70% PL64 simulation at � = 50

(bottom), � = 500 (middle) and � = 4200 (top). (b) Expanded view. Units

on the horizontal axis are h
�1. Units on the vertical axis are arbitrary. The

graphs have been shifted vertically.

of the lamellae. Second, the harmonic peaks at 2q0 and 3q0 continue

to grow, while the main order-parameter hardly changes with time

anymore (�gure 4.2). The physical picture is that in the �rst stages

of phase separation the system is still isotropic with one RPA peak in

the structure factor. Then slowly small patches of oriented lamellae

develop, which grow by a defect annihilation mechanism.

4.6 Conclusions

We conclude that the proposed method is well suited for the de-

scription of microphase separation of di�erent complex polymer sys-

tems.16,17,21,39{41,55 Extension of the method to include hydrody-

namic models22,66,67 is in progress. First results show that for con-

centrated polymer solutions like we have discussed here the viscosity

is usually so high that quenched systems do not evolve much fur-

ther than an initial di�usion controlled stage (see also the remarks

in 68), similar as in block-copolymer melts. There is already experi-

mental evidence to support this idea by comparison of experimental

structure factors from references 69, 70 with predictions from Pin-

cus34 and Kawasaki-Sekimoto spinodal decomposition theory37,71 for

block-copolymer melts.
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5 PARAMETERIZATION OF GAUSSIAN

CHAIN MODELS FOR THE

APPLICATION IN MEAN-FIELD

DENSITY FUNCTIONAL THEORY

5.1 Abstract

This chapter discusses several di�erent aspects of the parameteri-

zation of the ideal free energy as used in the dynamic mean-�eld

density functional method. The topic is of considerable importance,

as simulation results of speci�c systems can depend critically on the

parameterization.

A formal relation between the ideal chemical potentials of two dif-

ferent systems will be derived. The parameterization of a Gaussian

chain model using a Monte Carlo generated single chain structure fac-

tor of a Pluronic polymer surfactant will be discussed. We introduce

a novel parameterization method, using the similarity of response

functions. The results are compared to two other parameterization

methods.

It is shown that the Pluronic L64 surfactant can be represented

by a Gaussian chain. The �t procedure is insensitive to the Gaussian

chain length, and to the exact ratio's between the polymer blocks.

Therefore, we have the freedom to minimize the computational cost

of a simulation by changing the Gaussian chain topology.

5.2 Introduction

Mesoscopic theories of condensed matter form an important bridge

between microscopic particle based descriptions and macroscopic con-

tinuous descriptions. The topic is of considerable importance for the

simulation of microphase separation in multi-component polymer and

surfactant liquids.22,24{27 A method to model the time-evolution of a

mesoscopic system is the time-dependent Ginzburg Landau model.38
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Ginzburg-Landau models generally consist of a phenomenological ex-

pansion of the free energy in the density, which is used to model

thermodynamic forces, and a set of stochastic di�usion or (modi�ed)

Navier-Stokes equations to predict the time-evolution.

The dynamic density functional method16 is based on a free en-

ergy which combines ideal Gaussian chain intramolecular behavior

with mean-�eld intermolecular interactions. By the introduction of

chain statistics more complex physics is predicted, where the tradi-

tional Ginzburg Landau models would require additional expansion

terms. A study comparing both free energies can be found in refer-

ence 41. As a drawback the density functional method requires the

numerical inversion of a density functional21 in order to obtain the

intrinsic chemical potential. The combination of ideal chain statistics

and mean-�eld interactions is not unique. Caragino and Szleifer72,73

applied similar methods to equilibrium systems using a more com-

plex intrachain Hamiltonian. A comparable dynamic model is the

bond uctuation Monte Carlo method.68,74

This chapter deals with the parameterization of the intrachain

Hamiltonian. This topic is of considerable importance because it

must be possible to capture the complex behavior of a speci�c system.

At the same time, the computational cost of a simulation must be

minimized. The most important parameterization aspect that we

will discuss in this chapter is:

� How to �nd a Gaussian chain which behaves similar as the

molecule under investigation.

The idea is that for the Gaussian chain model to exhibit the same

behavior as the `real' system the volume fractions �I � �I�I (�I is

the particle volume, the subscript I denotes the particle type) and

the intrinsic chemical potentials must be identical. Suppose the sys-

tem under investigation has intrachain Hamiltonian H, non-uniform

particle densities �I (r) and intrinsic chemical potentials �I (r). The

model has Gaussian chain Hamiltonian H 0, particle densities �0
I
(r)

and intrinsic chemical potentials �0
I
(r). An implicit relation between

the chemical potentials of two systems with identical volume frac-

tion distributions and Hamiltonians H and H 0 can be obtained by

equating the volume fractions �I of the di�erent types in the di�erent

descriptions, i.e.

�I [H; fUg] = �0
I
[H 0; fU 0g] (5.1)

Because the density functional is bijective, equation 5.1 is also a

bijective relation. It translates the intrinsic chemical potentials from

a system with Hamiltonian H to a system with Hamiltonian H 0. As
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relation 5.1 is independent of the Hamiltonians, any Gaussian model

H 0 can be substituted.

There are two important implications:

1. It is possible to choose the parameters in the Gaussian chain

model Hamiltonian H 0 (the number of beads NI , the topology

and the bondlength a), such that the behavior of H and H 0 is

similar.

2. As the CPU demand of the dynamic density functional method

is proportional to the number of Gaussian chain beads, the

computational costs of the method can be signi�cantly reduced

by scaling a Gaussian chain to its shortest possible length.

In the next section we will derive a general and explicit relation

between two models with di�erent Hamiltonians. As a �rst applica-

tion, the relation between an united atom force �eld description of

the Pluronic L64 molecule and three di�erent Gaussian chains is dis-

cussed. Pluronic molecules form a special class of tri-block polymer

surfactants. They consist of blocks of ethylene-oxide and propylene-

oxide for which an abundant amount of thermodynamic data is avail-

able. Pluronics are being studied extensively, both experimentally

and theoretically.75{88

5.3 Theory

Following the method from appendix B, it is possible to �nd an ex-

pression for U in terms of U 0. Here we consider weak uctuations

of a hypothetical athermal melt of polymer molecules. Equation 5.1

can be expanded in a functional Taylor series in U and U 0, similar

to the RPA expansions of de Gennes and Leibler.20,41,44 Applied to

the Pluronic L64 surfactant as discussed in chapter 4, we �nd to �rst

order

�
UE

UP

�
=

�
��1
E
�EE ��1

P
�EP

��1
E
�PE ��1

P
�PP

�
� (5.2)

�
� 0
E
G0
EE

� 0
E
G0
EP

� 0
P
G0
PE

� 0
P
G0
PP

�
�
�

U 0
E

U 0
P

�

�
�

kEE kEP
kPE kPP

�
�
�

U 0
E

U 0
P

�
(5.3)

where �(2) are direct correlators and G(2) are two body correlators

or linear response functions. U 0 are the potentials which result from
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the numerical inversion of the Gaussian chain density functional. U

are the thermodynamic potentials for the Pluronic L64 molecule.

Equation 5.3 should be interpreted as follows. Suppose that we

observe the density pro�les �E and �P in a melt of PL64 molecules,

which is uctuating around the homogeneous distribution. We can

determine the thermodynamic forces UE and UP by inverting the

Gaussian chain density functional and then applying equation 5.3.

The detailed molecular model and the Gaussian chain model must

be considered similar or equal when the response functions are iden-

tical. Applied to the �rst order response functions this means that

th matrix kIJ is the unity matrix. When the two responses are not

the same this matrix can be used as a �rst order correction.

Notice that each function contribution to kIJ =
P

K
�IK

�
0

K

�K
G0
KJ

has a prefactor
�0

K

�K
, which is just the ratio of the available free volume

per particle in both descriptions. The particle volumes are

�K =
V

nN

where n is the number of molecules which would �ll volume V . For

the `real' system, � can be calculated from the density.

The ratio of the particle volumes is

� 0
K

�K
=

nN

n0N 0 (5.4)

Therefore, the ratio of the particle volumes is completely determined

by the number of molecules and the number of particles per molecule.

5.4 Results and discussion

Pluronic L64

We calculated the characteristic ratios of ethylene-oxide and propylene-

oxide homopolymers from di�erent molecular force �elds. The char-

acteristic ratio is given by

C1 = lim
N!1

hr2i
i

il2
(5.5)

where i is the number of backbone bonds and l2 = (l2
cc
+ 2l2

co
) =3 (lcc

and lco are the carbon-carbon and the carbon-oxygen bondlengths).

The calculation method is explained in appendix C. The results are

in table 5.1. The force �eld from references 89 and 90 reproduces the

experimental characteristic ratios. However, the RIS scheme we used

neglects correlations between consecutive bonds. In the Monte Carlo
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calculation of the response functionals (see below), we used the full

conformation which includes the molecular bond correlations. Since

C1 increases when the correlations are taken into account91 we use

PCFF92 in the calculation of the response functionals.

C1 EO C1 PO

experimental 5.289 6.090

Abe 5.11 4.48

Dreiding 9.57 20.3

PCFF 2.11 3.94

Table 5.1 Characteristic ratios for EO and PO homopolymers. All values

for PO are for isotactic chains. The �gures in the �rst row are experimental

values from references 89 and 90. The other values are calculated using

di�erent molecular force �elds by the method explained in appendix C. In

the second row are the values calculated using the force �eld from references

89 and 90, the third row using the Dreiding93 force �eld and the fourth row

was calculated using PCFF.92

A description of the Monte-Carlo generator and the method which

was used to calculate the inverse response functionals �
(2)
IJ

(q) can

be found in appendix D. The single chain structure factor for an

incompressible melt is de�ned as

S(q) �
�
�
(2)
EE

� �
(2)
EP

� �
(2)
PE

+ �
(2)
PP

��1

For the PL64 molecule it is plotted in �gure 5.1. The curve has a

single maximum corresponding to a wavelength of 4.6 nm.

Three di�erent Gaussian chains were �tted to the Monte Carlo

results. The Gaussian chain structure factors were calculated using

the RPA method.41

1. E13P30E13: One Gaussian chain bead for each monomer.94,95

The maximum of the single chain structure factor is �tted to

the maximum of the Monte Carlo results to give a = 0:63 nm.

This value for the Gaussian chain bond-length is larger than

the sum of the individual back-bone bonds (2lco + lcc = 0:449

nm), so that a cannot be interpreted as the monomer size.

2. E6P18E6: This chain topology is based on experimentally de-

termined characteristic ratios and the backbone length of the

PL64 molecule (see the next section for a discussion). Fitting

the maximum in the single chain structure factor gives a Gaus-

sian chain bond length of a = 0:87.
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3. E3P9E3: This is the topology used in chapter 4. Fitting the

Gaussian chain bondlength to the maximum of the Monte Carlo

single chain structure factor gives a = 1:3.

In �gure 5.1a the single chain structure factors of the three Gaus-

sian chains are plotted, together with the original Monte Carlo data.

An important result is that all structure factors contain only one

maximum and the shape of the functions is the same. This supports

our assumption that the PL64 molecule can be modeled by a Gaus-

sian chain. For the Gaussian chains, the height of the maxima is

dependent on the number of particles in the chain.

(a) (b)
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Figure 5.1 PL64 single chain structure factor ���1S as a function of the

spatial frequency jqj. Monte Carlo generated single chain structure factor

(||{). Single chain structure factor of a E3P9E3 Gaussian chain with

a = 0:63 (| | |). Single chain structure factor of a E6P18E6 Gaussian

chain with a = 0:87 (- - -). Single chain structure factor of a E13P30E13

Gaussian chain with a = 1:3 ({ { {). Figure (a) contains the calculated

values, (b) ���1 N

N 0S, according to the number of particles in the chain.

In order to determine the optimal model for PL64 the Gaussian

chain single chain structure factors are multiplied by N

N 0
, where N 0 is

the number of Gaussian chain beads and N the number of particles

in the Monte Carlo simulation. From �gure 5.1b we conclude that

the E13P30E13 and E6P18E6 chains have almost the same response,

while there is a small discrepancy with the E3P9E3 chain. The max-

imum height of the Monte Carlo generated response is about 20%

of maximum of the Gaussian chain response functions. This di�er-

ence indicates that the Gaussian chains are more easily compressed

or elongated than the detailed molecular PL64 model.

The results from �gure 5.1 imply that the wavelength of the uc-

tuations in the Gaussian chain and the detailed model are the same.

However, the amplitude in the Gaussian chain melt is overestimated

by a factor of 5. This has an important consequence for the noise

expansion parameter 
. In chapter 2 it was argued that 
 = ��1h3

is the number of particles or degrees of freedom in a grid cell of size
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h3. The values for PL64 were estimated in chapter 4 at 
 � 9. Now

we �nd that the collective uctuations in the Gaussian chain melt

are too high by a factor of 5. A more accurate estimate for the noise

expansion parameter is 
 � 40� 50.

Instead of scaling the expansion parameter, we could also choose

to scale the number of molecules in our model. As a smaller number

of chains n0 < n, would scale the single chain response functions. It

would also decrease the di�erences between the Monte Carlo results

and the Gaussian chain description. E�ectively, one Gaussian chain

would then model several molecules, which behave as a strongly cor-

related group, as all molecules would have the same coarse grained

conformation as the Gaussian chain.

In the linear regime where equation 5.3 is valid, there is no dif-

ference between scaling the expansion parameter or the number of

molecules. We expect a signi�cant di�erence in simulation results

when the non-linear terms become important. The best approxi-

mation (scaling the expansion parameter or scaling the number of

molecules) will depend on the system under investigation.

Comparison with traditional approaches

In literature, there are essentially two approaches which are used to

obtain Gaussian chain parameters N and a for a speci�c molecule.

A simple approach is to substitute a single bead for each monomer.81{83,94{96

This method is primarily used in lattice models, where a single monomer

is placed on each lattice site. For EO and PO monomers internal de-

grees of freedom can be accounted for by allowing each bead to take

on several states.94,95

A more sophisticated method is the `equivalent chain'.97 In this

method the Gaussian chain parameters N and a are calculated from

the end distribution hr2i and the length along the chain
P

li (li is

the length of backbone bond i).

The end distribution for the PL64 molecule can be estimated from

the characteristic ratios as

hr2i = 26CEO

1
�
l2
cc
+ 2l2

co

�
+ 30CPO

1
�
l2
cc
+ 2l2

co

� � 20:3 nm2

and the length of the backbone isX
i

li = 56lcc + 112lco � 24:6 nm

For a Gaussian chain hr2i = Na2 and
P

li = Na, which combined

with the estimated values results in the Gaussian chain parameters

N = 30 and a = 0:8.
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When the di�erent blocks in the polymer have very di�erent prop-

erties, a more complicated molecular model using di�erent bondlengths

a might be more appropriate. We implicitly assume here that the

characteristic ratios for the ethylene-oxide and the propylene-oxide

are close enough to use only a single bondlength a.

Numerical considerations

Figure 5.1 shows that di�erent Gaussian chains can be used to mimic

the behavior of PL64, provided that the bead size is scaled accord-

ingly. For practical purposes as few as possible beads should be used.

Therefore we have chosen the E3P9E3 chain for the simulations in

chapter 4.

There are several issues concerning the choice of the Gaussian

chain model and its impact on the numerics of the dynamic density

functional method.

An important issue is the size of the mesh. In a previous article40

it was shown that the discrete representation of the Gaussian chain

connectivity operators is optimal for a cubic grid with size h3 when
a

h
= 1:1543. Therefore, the high spatial frequency behavior of the

system is lost when the number of Gaussian chain beads in a molecule

is reduced. For example, if we replace an E6P18E6 with an E3P9E3

chain the highest frequency which can be mapped on the grid q = �

h

is decreased to �p
2h
. At the same time, the gridlength is increased to

h0 =
p
2h

which, with a constant number of gridcells and a 3 dimensional sys-

tem, is an increase in system volume by 2
p
2.

Further coarsening of the model to a EP3E model, would increase

the statistical length to
p
3h0, a value where the maximum in the

structure factor is almost at q� � �

h
. This highly undesirable, as the

repeat distance of the system is then nearly 2h. The micro-domain

size h and details of the structure shape are lost.

5.5 Conclusions

We conclude that it is possible to model the Pluronic L64 molecule

with a Gaussian chain. The simulation results are expected to be rel-

atively insensitive to exact topology (one bead per monomer, several

beads per monomer based on experimental data, or the coarse grained

model from chapter 4) of the chain as three very di�erent Gaussian
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chain models produce almost identical single chain structure factors

after scaling. Discrepancies between the Monte Carlo single chain

structure factor and the Gaussian chain single chain structure fac-

tors can be reduced by scaling either the noise expansion parameters

or the number of Gaussian chains.
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6 MESOSCALE DYNAMICS OF BLOCK

COPOLYMERS UNDER SHEAR

6.1 Abstract

The inuence of externally applied steady simple shear on the re-

laxation process of block copolymers is studied for di�erent systems.

First, two simulations of a model A8B8 block copolymer melt are pre-

sented in comparison with theoretical and experimental literature. In

both the two dimensional and the three dimensional melt, the most

stable equilibrium structures are observed.

Second, shear is applied to the hexagonal phase of the PL64-water

system described in chapter 4. The results are compared with very

recent experimental results. The experimentally observed equilib-

rium structure is reproduced by the simulation. The orientation of

the simulated structure di�ers 100 from the experimental value.

6.2 Introduction

Block copolymers are capable of forming a variety of mesoscale struc-

tures in melts and solutions. The morphology of these complex liq-

uids can be tailored by molecular synthesis and processing conditions.

In the previous chapters of this thesis, a method was presented to

predict morphologies based on molecular topology and experimental

thermodynamic data. This chapter forms the �rst step to including

processing conditions in our model: steady shear ow.

It is well known that ow �elds a�ect the morphologies of com-

plex liquids98,99 and this has been studied extensively, both theoret-

ically99{102 and experimentally.103 During the last couple of years,

the time evolution of patterns in complex uids has also been stud-

ied using computer simulations of time-dependent Ginzburg-Landau

models,98 but these methods cannot be applied to speci�c polymer

systems.

In this chapter, simple shear will be incorporated into the dynamic

mean-�eld density functional method, for which the additional theory
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will be presented in the next section. Then, the inuence of steady

simple shear on a model A8B8 block copolymer melt in two and three

dimensions will be discussed. The results are shown to be in excellent

agreement with theory and other simulations.

As an application example, a simulation of the hexagonal phase

of the PL64-water system (see also chapter 4) will be presented and

the results are compared to experiments, which were performed only

very recently.104 We conclude that our approach can be used for the

investigation of shear induced ordering in speci�c polymer systems.

The method can also be applied to oscillatory and step-shear.

6.3 Theory

General

The polymer system is modeled as a compressible solution of Gaus-

sian chain molecules, where for the intramolecular interactions a

mean-�eld approximation is used. The free energy functional of a

melt was discussed extensively previously16 and the extension to a

ternary system can be found in chapter 4. Here, only the extension

of the dynamics model is presented.

The time evolution of the density �eld �I (r) under ow can be

described by the following set of stochastic di�erential di�usion con-

vection equations

_�I = MIr � �Ir �F

��I
�r � (v�I) + �I (6.1)

where the �rst term on the right hand side is the di�usion term. The

second term is the convective term with velocity �eld v and �I is

a stochastic noise which is distributed according to the uctuation-

dissipation theorem.39 Formally, the velocity for equation 6.1 can

be obtained from (modi�ed) Navier Stokes equations and depends in

general on the viscosities, pressure and the chemical potentials.105 In

the case of simple steady shear, the velocity pro�le in the system is

linear and given by v = ( _y; 0; 0), where _ is the shear rate (the time

derivative of the strain ).98

Numerics

For the cubic grid, we use the sheared periodic boundary condi-

tions106,107 from �gure 6.1:
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�(x; y; z; t) = �(x + iL + jL; y + jL; z + kL; t) (6.2)

where L is the number of gridcells in each direction.

x

y

Figure 6.1 Shifted periodic boundary conditions.106 The arrows denote the

ow-�eld as applied to the system. In the x-direction (ow direction) and the

z-direction (neutral direction) normal periodic boundary conditions are used.

In the y-direction (velocity gradient direction) shifted periodic boundary

conditions are used. The shift depends on the externally applied strain .

Symbol Melt PL64

time �� = ��1Mh�2�t 0.5 0.5

grid parameter d = ah�1 1.1543 1.1543

compressibility �0 = ��H� 12.0 10.0

noise scaling 
 100 100

exchange mean-�eld �AB 1.0

�ES 1.3

�PS 1.7

�EP 3.0

shear ~_ = �t _ 10�3 10�3

Table 6.1 The simulation parameters and their values. The exchange

mean-�eld parameters are de�ned as �IJ = �
2�
(�II + �JJ � 2�IJ).

The actual simulation results depend on several dimensionless

variables (see also chapters 3 and 4), which are given in table 6.1.

The convective term in equation 6.1 introduces an additional dimen-

sionless simulation parameter ~_ = �t _ which was set to 10�3 in all

simulations. This value puts the system under a reasonable amount

of strain within several days of simulation time. As the time-step

in the simulations depends on ��1M , the actual shear rate can be

estimated from the di�usional coe�cient of the system. For example,

a typical di�usion constant of ��1M � 10�14� 10�13 m2=s results in

a shear rate of _ � 10� 102 s�1.

MESOSCALE DYNAMICS UNDER SHEAR 59



6.4 Results and discussion

Simulation of a two dimensional block copolymer melt

In �gure 6.2, the simulation results for a two dimensional A8B8 block

copolymer melt are shown for L = 128. At � = 0, the system was

quenched from the disordered state. For the �rst 500 steps no shear

was applied, so that a meso-phase structure is able to form (�gure

6.2a).

a) b) c)

d)

6

y

- x

e) f)

Figure 6.2 Morphologies of A8B8 in 2D under shear (vx = _y,vy = vz = 0):

a) � = 500 (starting con�guration), b) � = 1000, c) � = 2000, d) � = 4000

(end shear), e) � = 4500 (from � = 4000 to � = 4500 di�usion only). Figure

f) is a reference picture for the morphology without any shear at � = 4500.

The axes are indicated.

At � = 500, simple steady shear is initiated. During the simu-

lation, until � = 4000, the morphology pattern is reorganized into

global lamellae, oriented almost parallel to the ow direction (�gures

6.2b to d). At � = 4000 the external ow was removed (�gure 6.2d).

The morphology remains stable and the structure defects slowly dis-

appear. A snapshot of the system at � = 4500 is shown in �gure 6.2e.

For comparison, the phase separation pattern of the same system in

absence of shear is shown in �gure 6.2f.

There are a number of important results:

1. In the �rst stage of the reorientation, the lamellae are tilted

into the direction of the shear (�gure 6.2b and c).

2. As the strain increases, the lamellae start to break up. The

resulting pieces recombinate into new lamellae, which are ori-

ented in the direction of the shear. This is illustrated in �gure

6.3, where small pieces of the simulation pattern are shown at
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di�erent times. Di�erent structural changes such as undulation

of lamellae, breakup and recombination can be clearly observed.

1500 1750

2000 2250

Figure 6.3 Details of the reorientation mechanism by breaking up the

lamellae as a function of time � . The area of interest is in the middle of the

picture at � = 1500 and slowly moves in the direction of the shear.

3. In the late stages of the reorganization, almost all lamellae are

oriented in the direction of the shear. The growth of perfect

lamellae now proceeds by a defect annihilation mechanism, as

illustrated in �gure 6.4.

3250 3500

4000

? ?

?

Figure 6.4 Details of the reorientation mechanism as a function of time � .

The growth of perfect lamellae as a result of the shear can be observed. An

example is indicated by the arrows.

The morphology formation can be illustrated by the volume av-

eraged anisotropy factor108 Q = hrx�ry�iV (�gure 6.5); (in case of

perfect lamellae parallel to the shear direction Q = 0). The increase

of Q from � = 0 to � = 500 corresponds to the formation of more

and more sharp boundaries. Without shear (top line) Q reaches a

plateau region very soon after � = 500. The decrease of the factor

Q (bottom line) in case of shear describes reorientation of lamellae.

Factor Q becomes slightly negative as the lamellae align at a small

angle to the shear direction.
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Figure 6.5 The anisotropy factor Q of the 2D melt simulation. Di�usion

only (top line) and with shear (bottom line). Shear is applied at � = 500. The

shear strain  for can be calculated from  = �=500� 1 for 500 � � � 4000.

Simulation of a three dimensional block copolymer melt

We performed a simulation of the same A8B8 melt in a three dimen-

sional system (L = 64), as shown in �gure 6.6. The initial structure

at � = 500 has a lot of defects and is far from the equilibrium lamel-

lar structure. During the application of the shear, a global lamellar

orientation appears with only few remaining defects. The formation

of these lamellae proceeds essentially in the same way as for the two

dimensional system. There are two obvious di�erences: the charac-

teristic time of the reorganization and the alignment. The so called

perpendicular lamellae99 are formed in the three dimensional system.

From experiments and stability analysis, the perpendicular orien-

tation is known to be the most stable one,100,109 when the viscosity of

both A and B block are equal. The analysis in 100 was extended in

99 to show the inuence of di�erent block viscosities on the stability.

It was found that the e�ective shear rate in the system depends on

the square of the viscosity di�erence between the blocks and that the

parallel orientation can be stable at slow shear rate, because viscous

e�ects become dominant. The volume averaged anisotropy factor for

this system is plotted in �gure 6.7. As can be concluded from com-

parison of �gures 6.7 and 6.5 lamellae formation and alignment is

slower in 3D than in 2D.

In �gure 6.6d an isosurface of the 3D Fourier transform of the B-

density is shown at � = 4000. The value of the isosurface is chosen
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Figure 6.6 Three dimensional A8B8 polymer melt under shear (vx =

_y,vy = vz = 0). (a) At � = 500. (b) At � = 4000, without shear. (c) At

� = 4000, with shear. (d) The projection of an isosurface of the 3D Fourier

transform on the yz-plane.

0 1000 2000 3000 4000
0

1000

2000

3000

4000

Q

τ

Figure 6.7 The anisotropy factor Q of the 3D melt simulation. Di�usion

only (top line) and with shear (bottom line). Shear is applied at � = 500:
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such that only the primary peak is visible. The small tilt of the whole

picture indicates that the alignment to the ow direction is not yet

completely perfect. The shape of the peaks shows that there are

clusters with local orientation which is considerably di�erent from

the perpendicular alignment, while the average orientation of the

whole picture is only a few degrees o�. We continued the shear

until � = 7500. The obtained picture consists of almost perfect

perpendicular lamellae with much less defects than in �gure 6.6c.

Hexagonal Pluronic water mixture under shear

As an application example of the method, the inuence of shear on

the hexagonal phase of the Pluronic L64 water system was investi-

gated. Therefore, the 55% PL64 water simulation of chapter 4 was

repeated. The system was �rst equilibrated by integrating the dif-

fusion equations without the convective contribution until � = 5000.

Then shear is applied until � = 12500. Figure 6.8b shows the free

energy as a function of � . In �gures 6.9 to 6.12, the PO morphology

isosurfaces (�P = 0:33), the projection of the morphology isosurface

on the yz-plane and projections of the Fourier transform of the mor-

phology (isosurface at j~�P (q) j=10.0) on the xy- and yz-plane are

shown as a function of � .

At � = 5000, the density pattern (�gure 6.9(a)/(b)) displays only

small clusters of hexagonally ordered cylinders. No global ordering

can be observed from the density pattern. The angle averaged Fourier

transform (�gure 6.8a) shows the same higher order peaks as found in

chapter 4, at 2q0 and
p
7q0, where q0 is the frequency of the primary

peak. The peak at
p
3q0 is again not visible. From the presence of

the rings in the projections of the 3 dimensional Fourier transform of

the PO-density (upper part of �gure 6.10: (a) and (b)) we conclude

that some global ordering already exists.

The externally applied shear, which perturbs the system, leads to

a sharp increase in the free energy immediatly after � = 5000 (see

�gure 6.8b). After � = 7000, the system �nds a path to the hexag-

onally ordered morphology with minimal energy. The behavior of

the anisotropy factor in this simulation is signi�cantly di�erent from

the A8B8 system. In the melt, this factor falls down immediatly af-

ter applying shear, while for the hexagonal phase of the PL64/water

mixture the anisotropy factor �rst increases. Only after � = 6500, it

decreases because of the alignment of structures in the shear direc-

tion. As the anisotropy factor is closely related to the stress tensor,110

the rheological parameters of these two systems will be signi�cantly
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Figure 6.8 (a) The angle averaged Fourier transform of the density pattern

at � = 5000. The hexagonal ordering leads to the peaks at 2q0 and
p
7q0,

where q0 is the frequency of the main peak. Units on the horizontal axis are

h�1, units on the vertical axis are arbitrary. (b) The free energy of the 55%

PL64 solution. The units on the vertical axis are kBTh
�3. Immediatly after

the quench, the system is trapped in a local free energy minimum. When

the shear is started at � = 5000, the system is pushed over the free energy

barrier which seperates it from the global hexagonal ordering which is the

global free energy minimum. (c) The absolute value of the anisotropy factor

jQj = j hrx�ry�i j. In contrast to the melt simulations, the anisotropy

factor �rst increases after the start of the shearing.

di�erent in the initial stages of the externally applied shear ow.

For the reorganization mechanism, we observe that the system

initially reorganizes (�gures 6.9) by breaking connections between

the di�erent structures, which leads to the increase in free energy

and to the increase of the anisotropy factor. After a short period,

the new structures align in the direction of the shear and grow by a

defect annihilation mechanism (�gures 6.11). The projections of the

structure factor indicate that the reordering is a continuous process.

No sudden changes are observed.

The orientation of the hexagonal phase of PL64 under shear was

determined recently104 from SANS experiments. Theoretically, there

are two possible orientations of the hexagonal unit cell in the system

under shear, which are somewhat analogues to the perpendicular

and parallel orientation for the lamellar system. They are classi�ed

MESOSCALE DYNAMICS UNDER SHEAR 65



(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.9 55% PL64 solution under shear. PO-isodensities were calculated

at (a)/(b) � = 5000, (c)/(d) � = 6250, (e)/(f) � = 7500 and (g)/(h)

� = 8750. (b), (d), (f) and (h) are projections on the yz-plane.
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Figure 6.10 55% PL64 solution under shear. Depicted are projections of

the 3D Fourier transform on the xy-plane ((a), (c), (e) and (g)) and the

yz-plane ((b), (d), (f) and (h)) at (a)/(b) � = 5000, (c)/(d) � = 6250,

(e)/(f) � = 7500 and (g)/(h) � = 8750.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11 55% PL64 solution under shear. PO-isodensities were calculated

at (a)/(b) � = 10000, (c)/(d) � = 11250 and (e)/(f) � = 12500. (b), (d),

and (f) are projections on the yz-plane.
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Figure 6.12 55% PL64 solution under shear. Depicted are projections of

the 3D Fourier transform on the xy-plane ((a), (c) and (e)) and the yz-plane

((b), (d) and (f)) at (a)/(b) � = 10000, (c)/(d) � = 11250 and (e)/(f)

� = 12500.

MESOSCALE DYNAMICS UNDER SHEAR 69



according to the orientation of the d10 plane with respect to the

neutral direction (see �gure 6.13). For comparison we plotted a slice

of the PO-volume fraction at � = 12500 in �gure 6.13b from which

several big clusters can be observed.

(a) (b) (c)
Neutral direction

G
ra

di
en

t d
ire

ct
io

n

Figure 6.13 Orientations of the hexagonal phase under shear. (a) parallel

orientation. The central cylinder has two neighbours which ow at the

same speed. (b) slice of the PL64-water simulation at � = 12500. (c)

perpendicular orientation. The central cylinder has no neighbours which ow

at the same speed.

Both orientations are observed in experiments104,111 and to our

knowledge, there is no theory which predicts the orientation. In

agreement with experiments, an orientation close to 6.13a is observed.

The deviation is about 100. As our model neglects the viscosity dif-

ference between the Pluronic and the water, we conclude that the

global orientation of the hexagonal phase is not an e�ect of the vis-

cosity di�erences.

From the orthogonal projections of the PO morphology, we can

closely observe the growth of the liquid crystals. At � = 8750, the

�rst cylinders are aligned with the ow direction. This �rst domain

grows until � = 11250, when a second domain becomes visible. The

domains are clearly separated by defect rich regions, which are slowly

disappearing.

6.5 Conclusions.

In this chapter, an A8B8 polymer melt in 2 spatial dimensions, an

A8B8 polymer melt in 3 spatial dimensions and a PL64-water mixture

were studied under simple steady shear. It was found that in all cases

the reordering process went through the same basic stages:
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1. In the beginning, the original structures are deformed and tilted

into the direction of the shear.

2. Due to the strain, structures break up and reform into struc-

tures oriented in the shear direction.

3. The reoriented structures grow via a defect annihilation mech-

anism, until global order is reached.

In each case, the predicted or experimentally determined equilib-

rium structure is obtained: for the two dimensional melt, we obtain

parallel lamellae, for the three dimensional melt, we obtain perpen-

dicular lamellae and for the Pluronic water mixture, we obtain cylin-

ders which are aligned to the ow direction with the lattice oriented

close to the orientation from �gure 6.13a. We therefore conclude

that it is possible to apply the dynamic mean-�eld density functional

method to predict the meso-phase formation of polymer melt or so-

lutions under shear.
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A THE 27-POINT ISOTROPIC STENCIL

OPERATORS

In this appendix we briey discuss the values for the weights d� in

a 27-point isotropic stencil. In Fourier space the discrete half point

derivative operator D� in direction � is

~D� =
2i

jr�j sin 2q � r� (A.1)

where r� is a lattice direction in positive half-space:

r� =

8<
:

(1; 0; 0)

(0; 1; 0)

(0; 0; 1)

9=
; d100

r� =

8>>>>>>><
>>>>>>>:

(1; 1; 0)

(1;�1; 0)
(1; 0; 1)

(1; 0;�1)
(0; 1; 1)

(0; 1;�1)

9>>>>>>>=
>>>>>>>;
d110

r� =

8>>><
>>>:

(1; 1; 1)

(1; 1;�1)
(1;�1; 1)
(1;�1;�1)

9>>>=
>>>;
d111 (A.2)

In Fourier space, r2 is �q � q, with the corresponding discrete S(q):

�q2 ! S(q) =
X
�

d� ~D�
~D� (A.3)

The values for the weights d� are found by invoking three condi-

tions

@2S

@q2xi

= �2 xi = x; y; z (Scaling condition)

S(�; 0; 0) = S

�
�p
2
;
�p
2
; 0

�
= S

�
�p
3
;
�p
3
;
�p
3

�
(Isotropy)
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which results in

d100 = 0:294726

d110 = 0:235425

d111 = 0:175818

The root mean square deviation from isotropy with these conditions

at jqj = � is less than 1%.
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B THE EXPANSION IN THE EXTERNAL

FIELD

We de�ne two di�erent Hamiltonians H and H 0. The densities and

external potentials corresponding with H 0 are marked with a 0. Using

the bijectivity of the density functional and demanding that

�I = �0I (B.1)

for all I, where �I = �I�I is the volume fraction, we can write the set

of external potentials U 0I as an exact functional Taylor20,41 series of

the �elds UI , by de�nition:

UI (q) �
X
J

k
(2)
IJ (q)U

0

J (q) +

1

2

X
JK

Z
k
(3)
IJK (q� q1;q1)U

0

J (q� q1)U
0

K (q1) dq1 + � � �

Expressions for the expansion kernels can be found by �rst inserting

the expansion for U in the density, followed by the expansion of the

density in U 0. This results in

k
(2)
IJ (q1) =

X
K

�
(2)
IK (q1)

� 0K
�K

G
(2)0
KJ (q1) (B.2)

k
(3)
IJK (q1;q2) =

X
L

�
(2)
IL (q1 + q2)

� 0L
�L
G

(3)0
LJK (q1;q2) + (B.3)

X
L;M

�
(3)
ILM (q1;q2)

� 0L
�L
G

(2)0
LJ (q1)

� 0M
�M

G
(2)0
MK (q2)

where

�
(n)
I;J;::;M � �n�1UI

��J :::��M
j�=�0 (B.4)

G
(n)0
I;J;:::;M � �n�1�0I

�U 0J :::�U
0

M

jU 0=0 (B.5)

� and � 0 are the particle volumes in the two descriptions. Notice,

that all � and G0 functions are evaluated when the external �elds are

zero.
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C CHAIN MODELS WITH SEPARABLE

CONFIGURATIONAL ENERGIES

i−1

i

i+1

i−2

xi

yi

θi

yi−1

xi−1

φi

Figure C.1 Cartesian reference frames for the bond rotations.

The characteristic ratio of a chain with n backbone-bonds is de�ned

as

Cn � hr2iP
i l

2
i

(C.1)

where l2i is the square of bondlength i and r2 =
P

i;j li � lj.
We de�ne the orthogonal transformation matricesTi;j which trans-

form a arbitrary vector v in reference frame j to v0 in reference frame

i. For two consecutive bonds with reference frames as drawn in �gure

C.1 we obtain

Ti;i+1 �
0
@ � cos �i sin �i 0

sin �i cos�i cos �i cos�i sin�i
sin �i sin�i cos �i sin�i � cos �i

1
A (C.2)

Then for j > i,

hli � lji = lilj


(Ti;i+1:::Tj�1;j)11

�
(C.3)

where the X11 denotes the upper left element of the matrix X. In

order to calculate hr2i we assume separable con�gurational ener-

gies,91,112 so that hTi;i+1:::Tj�1;ji � hTi;i+1i ::: hTj�1;ji and

hTi;i+1i = N
Z

d�iTi;i+1 exp��Ei;i+1 (�i) (C.4)
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where Ei;i+1 is the dihedral energy of bond i andN is a normalization

constant.

For chains with a repeating unit, it is convenient to index the

transformation matrices with the bondtypes instead of the bond num-

ber. For an ethyleneoxide chain or a propylene oxide chain, we obtain

three di�erent matrices Tcco, Tcoc and Tocc, which transform the ref-

erence frame of a C � O bond into the preceeding C � C bond, a

O � C bond into the preceding C � O bond and a C � C bond into

a preceeding O � C bond. Then the expression for hr2i for a chain

of N EO monomers is

hr2i =

��Nl2cc + (2N � 1) l2oc

�
I+ 2NlcolocTcoc+

2lcc
�
N (I�TEO)

�1 �TEO �
�
I�TN

EO

� � (I�TEO)
�2� �

(Ilcc +Tccolco +TccoTcoclco) +

2lco (Tocc +TcocTocc)
�
N (I�TEO)

�1 � �I�TN
EO

� � (I�TEO)
�2� �

(Ilcc +Tccolco +TccoTcoclco)i11
where I is the unity matrix, lcc is the carbon-carbon bondlength,

lco = loc is the oxygen carbon bondlength and TEO = TccoTcocTocc.

The characteristic ratio is given by

C1 = lim
N!1

hr2i11
N (l2cc + 2l2co)

=
�
2l2co (1 + hTcoci11)� l2cc

� �
l2cc + 2l2co

�
�1

+

2 fhIlcc +Tcoclco +TccoTcoclcoi �

(I�TEO)

�1� �
hIlcc +Tccolco +TccoTcoclcoig11

�
l2cc + 2l2co

�
�1

The results are similar for PO monomers.
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D MONTE-CARLO GENERATED

RESPONSE FUNCTIONALS

We consider an homogeneous melt of n molecules with non-Gaussian

intra-molecular Hamiltonian H. All inter-chain interactions are ne-

glected. In order to determine the linear response of the system, we

apply the following method:

We consider an weak external �eld U which is isotropic around

the origin

UI (r) = A�IJ
sinq � r
q � r (D.1)

where q and A are parameters. The response of the system is calcu-

lated by Metropolis Monte Carlo, according to

�I (r) = N
X
C

X
s

�Is� (r� rs) exp��
"
H +

X
s0

Us0 (rs0)

#
(D.2)

where
P

C denotes a sum over all generated conformations, N is a

normalization constant and H is the intra-chain Hamiltonian. In the

calculations we used the force-�eld from reference 92, with �xed bond

lengths and bond angles. In order to prevent collapse of the chain,

only the repulsive Lennard Jones terms were taken into account.

For small values of the external �eld amplitude A, the response

is linear. In the weak seggregation limit, the density deviations �̂I =

�I � �0I , where �
0
I is the average density, are given by

�̂I(r) =
A

4�

Z
q�21 exp [iq1:r] � (jq� q1j) ~G(2)

IK (jq1j)dq1

=
A

4�

Z Z Z
q�21 exp [iq1r cos �] q

2 sin �� (q � q1) ~G
(2)
IK (q1) d�d�dq

=
A

2

Z
exp [iqr cos �] sin � ~G

(2)
IK (q) d�

= A
sin qr

qr
~G
(2)
IK (q)

where ~X denotes the Fourier transform of X.

The response functions can therefore be determined from

~G
(2)
IJ (q) = A�1�̂I (0) (D.3)
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After calculating the G functions, the � functions are obtained

through a matrix inversion

�(2)
IJ (q) =

�
G(2) (q)

��1
IJ

where G(2) is a matrix with elements G
(2)
IJ .

In order to calculate higher order G and � functions, the same

derivation can be repeated, taking into account the bi-linear expan-

sion term and using two non-zero external �elds.
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SUMMARY

Microphase separation is an interesting topic in condensed matter

physics, with many industrial and biological applications. After all,

it would be di�cult to imagine a world without commercial surfac-

tants (shampoo, soap, detergents) and polymers (plastics) and it is

quite impossible to imagine life without the uid boundaries formed

by lipid bilayers or the catalytic behavior of proteins. In the last

three decades, several computational methods have been developed

for the simulation of these systems. This thesis describes the �rst

applications of the dynamic density functional method, a new com-

putational tool which describes the time-evolution of complex uids

by calculating the collective degrees of freedom: the local densities,

which determine the local composition and the local chemical po-

tentials, which determine the time-evolution. The dynamic density

functional method is capable of describing mesoscopic phenomena,

which range in length-scales from a few to a hundred nanometers

and which occur within several seconds to several days.

In the �rst chapter of this thesis, the dynamic density functional

method is introduced and it is shown how to apply existing equi-

librium density functional theory to non-equilibrium complex uids.

The resulting density functional is combined with a stochastic di�u-

sion equation, which describes the time evolution of the composition.

The method is illustrated by applications to three di�erent systems:

an uniform ideal gas, a binary mixture and a simple polymer melt.

The second chapter of this thesis describes di�erent algorithms

for the calculation of the stochastic term from the di�usion equation.

From Fokker-Planck theory, it is already known that the exact ex-

pression for the noise depends on the di�usion operator. Therefore,

several di�erent di�usion mechanism are discussed, both for com-

pressible and incompressible systems, and algorithms are derived for

each case.

Chapter three discusses representative results of simulations of

concentrated dioctadecylamine solutions, a model system for biolog-

ical membranes. This was the �rst attempt at obtaining simulation

parameters from experimental and molecular simulation data. An

important result is that the Gaussian chain intra-molecular model is
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not capable of describing the sti� carbon chains of small lipids. We

conclude that in a qualitative sense the simulations reproduce several

important aspects of aggregate formation in concentrated surfactant

solutions, i.e. the e�ect of added solvent on the aggregate structures,

and the formation of metastable states. In addition the simulations

show a strong inuence of the thermal noise. The accurate repro-

duction of crystalline like ordering of tails is in the present model

di�cult to achieve, unless we �nd an better way to include chain-

chain correlations.

In the fourth chapter, the dynamic density functional method is

demonstrated by its application to the aqueous solution of the tri-

block polymer surfactant PL64. These are the �rst 3-dimensional

computer simulations of morphology formation in speci�c polymer

solutions. The separation kinetics varies from fast spinodal demixing

to slow binodal-like nucleation. Especially the intermediate hexago-

nal and bicontinuous phases retain a rich defect structure. The �nal

phase diagram in a small 50-70% surfactant concentration interval

consists of four di�erent phases (micellar, hexagonal, bicontinuous

and lamellar), which is in good agreement with experiments.

The �fth chapter discusses several important aspects of the pa-

rameterization of the ideal free energy. First a formal relation be-

tween the ideal chemical potentials of two di�erent systems is de-

rived. Second, the parameterization of a Gaussian chain model using

a Monte Carlo generated single chain structure factor of a Pluronic

polymer surfactant will be discussed. Then, the substitution between

several Gaussian chains will be studied, and as a last topic some im-

portant numerical issues will be discussed.

It is shown that the Pluronic surfactant under investigation can be

represented by a Gaussian chain and that the �t procedure is insen-

sitive to the Gaussian chain length, and to the exact ratio's between

the polymer blocks. Therefore, we have the freedom to minimize the

computational cost of a simulation by changing the Gaussian chain

topology.

In the last chapter, the inuence of externally applied steady sim-

ple shear on the relaxation process of block copolymers is studied

for di�erent systems. First, two simulations of a model A8B8 block

copolymer melt are presented and compared with theoretical and

experimental results. In both the two dimensional and the three di-

mensional melt, the most stable equilibrium structures are observed.

Second, shear is applied to the hexagonal phase of the PL64-water

system described in chapter 4. The results are compared with very re-

cent experimental results. The experimentally observed equilibrium

structure is reproduced by the simulation.
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Microfasescheiding is een interessant deel van de natuurkunde, omdat

het veel industri�ele en biologisch getinte toepassingen heeft. Onze

samenleving zou er geheel anders uitzien als er geen commerci�ele

surfactants (shampoo, zeep, wasmiddelen) en polymeren (plastics)

waren. Tevens is het geheel onmogelijk om een levensvorm voor te

stellen, zonder de vloeibare lipide celmembranen of de katalyserende

werking van eiwitten.

Gedurende de laatste dertig jaar zijn er verscheidene rekenme-

thodes ontwikkeld, waarmee de eigenschappen van deze systemen

gesimuleerd kunnen worden. Dit proefschrift beschrijft de `dynamic

density functional method' of de dynamische dichtheidsfunctionaal

methode, een nieuwe techniek om het microfasescheidings gedrag van

complexe vloeisto�en te beschrijven door de collectieve vrijheids-

graden (de lokale dichtheden, die de compositie en dus de microfase

van het systeem bepalen en de lokale chemische potentialen, die de

thermodynamische krachten en dus de veranderingen bepalen) uit te

rekenen. De methode is in staat om fenomenen te beschrijven met

een grootte van enkele nanometers tot enkele honderden nanometers,

die zich voordoen in een tijdsbestek van enkele seconden tot enkele

dagen.

In het eerste hoofdstuk van dit proefschrift wordt de methode

ge��ntroduceerd. Er wordt beschreven hoe bestaande evenwichts dicht-

heidsfunctionalen kunnen worden toegepast op systemen die niet in

evenwicht zijn. De resulterende beschrijving kan gebruikt worden

om chemische potentialen uit te rekenen, gegeven de lokale dichthe-

den in het systeem. De chemische potentialen worden als drijvende

kracht gebruikt voor een stochastische di�usievergelijking, waarmee

dichtheidsveranderingen worden voorspeld. Er worden drie voor-

beeldsystemen besproken: Een ideaal gas, een mengsel van twee

gassen en een simpele polymeer smelt.

Het tweede hoofdstuk van dit proefschrift beschrijft verschillende

algorithmes voor het benaderen van de stochastische term uit de dif-

fusievergelijking. Met behulp van Fokker-Plank theorie kan aange-

toond worden dat de exacte uitdrukking voor de ruis van de dif-

fusieoperator afhankelijk is. Daarom worden verschillende di�usie-
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mechanismes besproken, voor zowel samendrukbare als niet samen-

drukbare systemen, en voor iedere di�usie operator wordt een algo-

rithme afgeleid.

In hoofdstuk drie worden de resultaten van simulaties van gecon-

centreerd dioctadecylamine besproken. Dioctadecylamine is een model

systeem voor biologische membranen. Dit hoofdstuk beschrijft de

eerste poging om simulatieparameters te verkrijgen door gebruik te

maken van experimentele en simulatiedata. Een belangrijk resul-

taat is dat het zogenaamde Gauss ketenmodel, waarmee het molec-

ulair gedrag in de dynamische dichtheidsfunctionaalmethode wordt

beschreven, niet in staat is de stijve koolstof staarten van lipiden

te beschrijven. We concluderen dat op een kwalitatieve manier een

aantal belangrijke aspecten worden gereproduceerd: De e�ecten van

het toegevoegde oplosmiddel op de gevormde structuren en de for-

matie van metastabiele toestanden. Tevens worden de simulaties

sterk beinvloed door de ruis. De precieze reproduktie van de kristal-

lijne ordening van de staarten is met het huidige model moeilijk te

bereiken, tenzij een betere manier gevonden wordt om keten-keten

interacties mee te nemen.

In het vierde hoofdstuk wordt de dynamische dichtheidsfunction-

aalmethode gebruikt om een oplossing van het triblock polymere

surfactant PL64 te beschrijven. Dit zijn de eerste computersimu-

laties van een drie dimensionaal systeem met een speci�eke polymeer

oplossing. De fasescheidingskinetiek varieert van snelle spinodale

ontmenging (lamellaire fase) tot langzame binodaal-achtige nucleatie

(micellaire fase). Vooral de tussenliggende hexagonale en bicontinue

fasen behouden een defectrijke eindstructuur. Het uiteindelijke fase-

diagram (van 50% tot 70% surfactant) bestrijkt vier verschillende

fasen (micellair, hexagonaal, bicontinu en lamellair), wat goed met

experimenten overeenkomt.

In het vijfde hoofdstuk worden enkele belangrijke aspecten van

de parametrisatie van de ideale vrije energie besproken. Als eerste

wordt er een formele relatie afgeleid tussen de chemische potentialen

van twee systemen die beide dezelfde lokale volumefractieverdeling

hebben. Daarna wordt de parameterisatie van een Gauss keten met

behulp van een met Monte Carlo technieken gegenereerde enkele

keten structuur factor besproken. Als derde punt bekijken we de

substitutie tussen twee Gauss ketens en als laatste bespreken we een

aantal numerieke gevolgen van de parametrisatie.

Tevens wordt in dit hoofdstuk aangetoond dat het gedrag van een

Pluronic L64 molekuul goed kan worden nagebootst door een Gauss

keten en dat de �tprocedure die gebruikt wordt relatief ongevoelig

is voor het aantal deeltjes in de Gauss keten en de precieze samen-
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stelling. Hierdoor hebben we de vrijheid de topologie van de Gauss

keten zo te kiezen dat de rekentijd minimaal wordt.

In het laatste hoofdstuk wordt de invloed van een extern aan-

gelegde stroming op de block-copolymeren onderzocht voor verschil-

lende systemen. Als eerste worden twee simulaties van een A8B8

block copolymeersmelt gepresenteerd. De resultaten worden vergeleken

met theoretische voorspellingen en experimentele resultaten. In zowel

het twee- als het driedimensionale systeem worden de theoretisch

meest stabiele evenwichtsstructuren gereproduceerd.

Als tweede onderwerp wordt de hexagonal fase van het PL64-

water systeem uit hoofdstuk 4 beschreven. De resultaten worden

vergeleken met recent uitgevoerde experimenten. De simulatie re-

produceert de experimenteel gevonden evenwichtsstructuur.
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