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Chapter 5

Machine Design and Electron
Beam Collective Effects

This Chapter1 deals with the collective effects of the electron beam during its
transport from the injector end to the undulator, including the magnetic bunch
length compression. The collective effects are due the interaction of the parti-
cle distribution with the electromagnetic field generated by the distribution it-
self. Under certain assumptions for the electron beam parameters and strength
of the collective effects, the beam dynamics in the presence of these perturba-
tions can be predicted analytically, as shown in Chapter 3. So, the SC forces
are parametrized by the laminarity parameter; the effects of the structural wake
fields are evaluated for relatively short bunches; the gain of the so-called mi-
crobunching instability is computed in the linear regime. However, when the
theoretical model presents some lack of accuracy – for example, when it relies on
approximations that are not satisfied by more realistic beam parameters –, parti-
cle tracking codes are used to support the design of the accelerator system. This
happens for the short-range SC forces that might corrupt, for very high charge
densities, the linear theory of compression. The effect of the structural wake
fields on the longitudinal and on the transverse beam dynamics is characterized
in terms of the correlations established between the particles’ coordinates along

1This Chapter is based on the following works: Formation of electron bunches for harmonic cascade
X-ray free eletron lasers, Phys. Rev. Special Topics – Accel. and Beams, 9, 120701 (2006), by M. Cor-
nacchia, S. Di Mitri, G. Penco and A. A. Zholents. Single-bunch emittance preservation in the presence
of trajectory jitter for FERMI@Elettra seeded FEL, Nucl. Instr. and Methods in Phys. Research A, 604
(2009) 457–465, by P. Craievich, S. Di Mitri and A. A. Zholents. Design and simulation challenges for
FERMI@Elettra, Nucl. Instr. and Methods in Phys. Research A, 608 (2009) 19–27, by S. Di Mitri et al.
Comparative study of the FERMI@Elettra linac, with one and two-stage electron bunch length compression,
THPB03 in Proc. of Free Electron Laser Conf. 2010, Malmo, Sweden, by S. Di Mitri et al.
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the bunch. The interplay of LSC force and the coherent emission of synchrotron
radiation in the presence of magnetic compression is simulated to investigate
the nonlinear regime of the microbunching instability. In most of the mentioned
cases, a cure for the minimization of the collective effect perturbation due to
collective effects is proposed and its feasibility verified with analytical methods
and/or particle tracking simulations.

5.1 Short-Range Space Charge Forces

The importance of short-range SC forces on the electron beam dynamics along
the FERMI linac is here investigated by means of the laminarity parameter de-
fined by eq.3.54. The laminarity parameter is computed along the beam line on
the basis of the beam parameters provided by the particle tracking. Linac re-
gions where the laminarity parameter is much higher than 1 could therefore be
investigated with dedicated codes that also provide the simulation of the 3-D
SC forces. We consider the two following scenarios for FERMI@Elettra: a 350
pC bunch compressed to reach 0.5 kA and a 800 pC bunch compressed to reach
1 kA. In both scenarios, εth = 0.6 mm mrad, γ′ = 39.1 (corresponding to 20
MV/m); one- or two-stage compression can be adopted equivalently. The tran-
sition energy computed with eq.3.55 is, respectively, 500 MeV and 1 GeV. Since
the beam energy at BC2 – where the maximum peak current is finally reached
– is approximately 600 MeV, we can state that the beam dynamics is not space
charge dominated in the case of low charge/two-stage compression (this has a
threshold at 500 MeV) and only weakly dominated in the high charge/two-stage
compression (this has a threshold at 1 GeV). Instead, the one-stage compression
is performed with BC1 at the energy of 350 MeV that is well below the computed
thresholds for the low as well as the high charge scenario. Accordingly, a careful
study of the 3-D beam dynamics in the presence of SC forces has been carried
out for the one-stage compression. This study is reported in Section 5.5.

Figure 5.1 shows the laminarity parameter, eq.3.54 with Ω = 0, computed
on the basis of the particle tracking in the FERMI linac, performed with the
elegant code, from the injector end to the linac end, in the configuration of one-
stage compression. No external solenoid focusing is considered. A conservative
average accelerating gradient of 16 MV/m is adopted. The beam parameters
listed in Table 2.2 for FEL1 Commissioning and Operation are used. The lami-
narity parameter and the peak current are computed as the average value over
the bunch core, which runs over ∼ 80% of the total bunch length. CSR and linac
wake fields collective effects are included. In agreement with the previous es-
timations, we find that the beam dynamics in the high charge configuration is
much more strongly affected from SC forces than at low charge.
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Figure 5.1: Laminarity parameter along the FERMI linac. Left: 350 pC com-
pressed by a factor of 6.5. Right: 800 pC compressed by a factor of 10. In both
cases, ρL � 1 immediately downstream of BC1 (notice that the vertical scales
are different in the two plots), exactly where the peak current in the bunch core
rises to 1 kA. Then ρL falls down with ∼ γ−2 dependence.

5.2 Longitudinal Structural Wake Field

5.2.1 Energy Loss

Relying on the analytical model depicted in Section 3.3.2, we are now going
to evaluate the effect of the longitudinal structural wake field on the electron
energy distribution along the FERMI linac. The longitudinal wake potential in-
duces a total energy loss of the electron beam so that the relative energy change
at the bunch length coordinate z̄ is [59]:

δw(z̄) = −
e2L

γmc2

∫ ∞

0
w(z)n(z̄− z)dz (5.1)

where n(z̄− z) is the longitudinal particle distribution with normalization
∫ ∞
−∞ n(z)dz =

N (N is the total number of electrons in the bunch). As an example, for a uni-
form longitudinal bunch profile, one has n(z) = N/

(
2
√

3σz

)
for |z| ≤

√
3σz

and n(z) = 0 for |z| >
√

3σz. If the constant wake function in eq.3.58 is used,
then eq.5.1 yelds a linear wake-induced energy change along the bunch coordi-
nate:

δw(z̄) = −
2NreL

γa2

(
1 +

z̄√
3σz

)
(5.2)

where we have used the identity Z0cε0 = 1; re = 2.82 · 10−15 m is the classical
electron radius. It is straightforward to calculate the standard deviation of the

98



wake-induced relative energy loss:√
< δw(z̄)2 > = − 2√

3
NreL
γa2 (5.3)

Eq.5.3 can be used to roughly estimate the energy loss induced by the ge-
ometric longitudinal wake field in the FERMI linac. Taking into account the
specific iris radius and length of the various accelerating structures, we obtain a
total loss of approximately 10 MeV. Since the uncorrelated energy spread is a few
order of magnitudes smaller than this, the energy loss translates into correlated
energy spread. In the linear approximation, it could be removed by running off-
crest some accelerating structures at the end of the linac in order to compensate
this additional ∼ 1% energy chirp.

The estimation can be made more accurate by considering the exponential
behaviour of the wake functions in eqs. 3.60–3.62. The non-exponential terms
in eq.3.62 were added to fit the analytical wake function of the BTW structures
in case of bunches longer than 1.5 mm; they are neglected in the following treat-
ment. By substituting eq.3.59 in eq.5.1, we integrate by parts with the change of
variable u =

√
z/s0 and we finally find the following expression for the induced

average energy change per electron, normalized to the beam mean energy:

< δw >= − 4√
3

NreLs0

a2γσz

1−

1 +

√
2
√

3σz

s0

 e
−
√

2
√

3σz
s0

 (5.4)

With this result, the total energy loss in the FERMI linac is expected to be 15.6
MeV.

5.2.2 Cubic Energy Chirp

The effect of the structural longitudinal wake field in terms of energy loss has
been estimated for FERMI@Elettra in the previous Section. The standard theory
of compensation of the quadratic energy chirp during magnetic bunch length
compression has already been exposed in Section 3.2.2. We now move to dis-
cuss the more subtle effect of a cubic energy chirp. A significant cubic energy
chirp has three main disrupting consequences: i) it reduces the efficiency of the
magnetic compression for the bunch core, since during the compression, the
edges ”attract" particles from the core reducing the current in this region; ii) it
induces current spikes at the edges that may be dangerous sources of CSR, with
a direct impact on the transverse emittance and on the energy distribution; iii)
wake field excited by a leading edge spike may cause additional energy spread
in the low gap undulator vacuum chambers.
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The sign of the cubic energy chirp in the photo-injector is mainly determined
by SC forces. It is always negative for a flat-top charge distribution [30]. After
the interaction with longitudinal wake fields, this sign is reversed at the en-
trance of the second compressor, enhancing the energy-position correlation of
the bunch edges with respect to the core. The edges are there over-compressed
producing current spikes. On the contrary, a negative cubic chirp at the chicane
provides under-compression of the edges. For these reasons the sign of the cubic
term is related to the topology of the longitudinal phase space and to the final
current profile. This is illustrated in Figure 5.2.

For a given charge and bunch length, the interaction of the cubic chirp com-
ing from the injector with the longitudinal wake field of the succeeding linac
cannot be arbitrarily manipulated. However, the user has one more degree of
freedom to manage the cubic chirp before reaching the magnetic compressor,
that is by setting the harmonic cavity a few X-band degrees away from the usual
decelerating crest. In some cases this knob may be weak and a significant in-
crease is needed in the amplitude of the cavity voltage. For a one-stage com-
pression the following parameters are defined: k = 2π/λRF is the RF wave
number and λRF is the RF wavelength; U0 is the voltage amplitude of a first
linac accelerating on-crest (L0 for FERMI); U1 is the amplitude of a second linac
(L1) with off-crest acceleration at phase φ1, referred to the crest of the RF wave;
Ux and φx are the amplitude and phase of the RF harmonic cavity. Given the ini-
tial energy E0, the final energy of the particle at coordinate z from the centroid
is given by:

E f = E0 + U0 sin(ksz) + U1 sin(ksz + φ1) + Ux sin(kxz + φx) (5.5)

The cubic energy chirp is simply computed as the third consecutive derivative
of eq.5.5. We now assume that the longitudinal wake field is negligible in the
linac section upstream of the compressor. Thus, the cubic chirp is canceled if
∆E′′′z=0 = 0 that is:

Ux cos φx = −
(

ks

kx

)3

(U0 + U1 cos φ1) (5.6)

So far, we do not consider the 2nd order dynamics in the magnetic compres-
sor. With zero cubic chirp, the quadratic chirp is canceled in the equation for
∆E′′z=0 = 0 by imposing:

tan φx =
kx

ks

(
U0 + U1 sin φ1

U0 + U1 cos φ1

)
(5.7)

Hence, eqs.5.6 and 5.7 define the space where parameters of the harmonic cavity
can be moved in order to linearize the longitudinal phase space up to the 3rd
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Figure 5.2: Longitudinal dynamics in the presence of cubic energy chirp. The
energy distribution (left), the longitudinal phase space (center) and the corre-
sponding current profile (right) generated by LiTrack [104] tracking code are
shown, in the presence of three different values of the cubic energy chirp, D(3),
in units of 0.01 mm−3, at the entrance of BC1. The positive sign is related to an
over-compression of the bunch edges (top), while a negative sign is related to
their under-compression (bottom).

order. If the 2nd order dynamics in the magnetic chicane is considered instead,
Ux is fixed by eq.3.51 and φx is computed from eq.5.6.

We are now going to include the longitudinal wake field into our analysis.
Using a parabolic electron density distribution with 10 ps length (fwhm value)
and with a total charge of 0.8 nC, the wake potential induced by the L0 and L1
accelerating structures (for a total length of 30 m) is shown in Figure 5.3. The
black line is the actual calculation and the blue line is fit with a polynomial up
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to 3rd power (the artificial vertical offset in the blue line is made to avoid the
overlap of the two curves). The result is fit by the 3rd order polynomial:

Figure 5.3: Wake potential for 0.8 nC bunch with parabolic density distribution.

wz(z) =
k3a3

3!
z3 +

k2a2

2!
z2 + ka1z + a0 (5.8)

where a0 ≈ −2.38 MV/nC, a1 ≈ −24.2 MV/nC, a2 ≈ 144 MV/nC and a3 ≈
5000 MV/nC. The RF wave number k is introduced for convenience in order to
give dimensions of wake potential to the coefficients a0, a1, a2 and a3. When
wz(z)Q – where Q is the bunch charge – is added to the energy gain in eq. 5.5, it
modifies all derivatives of the equation for ∆E′′′z=0 = 0 with the addition of Qka1,
Qk2a2 and Qk3a3 in the first, second and third derivative, respectively. Again,
the quadratic chirp (second derivative) becomes zero when:

Ux sin φx = −
(

ks

kx

)2

(U0 + U1 sin φ1 −Qa2) (5.9)

With this result, the first derivative can be written as:

∆E′z=0 = ksU1 cos φ1 +
k2

s
kx

[U0 + U1 sin φ1 −Qa2] tan φx + Qksa1 (5.10)

This expression can be used to redefine the energy chirp used for magnetic
bunch length compression in the presence of longitudinal wake field. With zero
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quadratic chirp as in eq. 5.9, the cubic energy chirp in eq. 5.5 now takes the
following form:

∆E′′′z=0 = −k3
s (U0 + U1 cos φ1 + Qa3) + kxk2

s tan φx (U0 + U1 sin φ1 −Qa2)
(5.11)

As a numerical example, in FERMI@Elettra we use ks = 2π/100 mm−1,
Q=0.8 nC and a typical accelerator set-up with φx = 0 and ∆E′z=0 = 3.3 MV/mm.
With the fitted values of the afore-mentioned wake potential coefficients, eq.
5.10 gives U1 cos φ1 = 76.1 MV. This is to be compared in eq.5.11 with Qa3 ≈
5000 MV. Thus, we have demonstrated that the cubic energy chirp in the FERMI
linac is totally dominated by a contribution from the longitudinal wake poten-
tial, rather than by higher order terms from the RF curvature. For the FERMI@Elettra
case, eqs. 3.51, eq.5.11 and the constraint of a null cubic chirp ∆E′′′z=0 = 0 are used
to analytically determine the X-band cavity voltage and phase setting. Simula-
tions confirm the analysis and the X-band cavity is therefore specified to have
a nominal peak voltage of 20 MV to linearize the longitudinal phase space up
to the 2nd order during the bunch length compression. The RF phase is usually
shifted by approximately 4 X-band degrees from the decelerating crest to cancel
the cubic energy chirp. Some small adjustments to the voltage and to the phase
could be necessary in the simulations with respect to the present analysis, de-
pending on the cubic energy chirp coming from the injector and on the effective
compression factor. A tuning range 19–22 MV is actually specified in order to
allow some flexibility in the compression scheme and magnetic chicane bending
angle.

Since the cubic energy chirp is responsible for the appearance of a bifurcation
in the phase space after the bunch compressor and this phase space distortion
in turn leads to spikes in the peak current at the edges of the electron bunch, it
is desirable to minimize a3. One way to achieve this is to use a density distribu-
tion other than the parabolic one considered so far. For example, a distribution
with a linearly ramped peak current as shown in the next Section gives a wake
potential with a significantly reduced cubic chirp a3 ≈ 890 MV/nC. This is one
of the motivations leading to the technique of current shaping discussed in the
following Section.

5.2.3 Current Shaping

The basic premise for current shaping is that the output bunch configuration is
largely pre-determined by the input bunch configuration and that therefore it
is possible to find a unique electron density distribution at the beginning of the
linac that produces a flat-flat distribution at the end of the linac. Finding
this distribution can be relatively easy. One just needs to reverse the problem,
i.e. start at the end of the linac and move backwards towards the beginning of
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the linac. Eq.5.12 shows that for a given electron density λz and wake function
wz, the electron energy at the end of a section of the linac, defined as δ f (with
z f being the electron coordinate taken with respect to the bunch center), can be
determined using the electron energy δi and the coordinate zi at the beginning
of the section:

δ f (z f ) = δi(zi) + eU cos(kzi + φ)− LQ
∫ +∞

zi

wz(zi − z′)λz(z′)dz′ (5.12)

where U, φ, L define the RF voltage, phase and length of the linac section, k is
the wave number, e is the electron charge and Q is the bunch charge. For a
relativistic beam the electron distribution function λz does not change during
acceleration, i.e zi = z f , and, therefore, eq.5.12 can be used to define δi(zi) as a
function of δ f (z f = zi). Thus, beginning with a desirable electron distribution
at the end of the linac section, one can find the distribution at the beginning of
the linac section that will eventually make it.

A different situation arises in a bunch compressor where the electron co-
ordinate at the end of the bunch compressor z f (δ f ) becomes a function of the
electron coordinates zi and energy δi at the beginning of the bunch compressor:

z f (δ f ) = zi(δi) + R56δi + T566δ2
i + fCSR(zi, δi) (5.13)

where R56, T566 are first and second order time-of-flight parameters and a func-
tion fCSR describes changes related to the CSR effects. In the case of a smooth
electron density distribution, the emission of synchrotron radiation is coherent
at frequencies ω ≤ c/lb, where c is the speed of light and lb is the bunch length.
Since the loss of electron energy due to CSR is negligible with respect to that
induced by the longitudinal wake field in the linac, one can ignore CSR and
assume that the electron energy is not affected in the magnets of the bunch com-
pressor, i.e. δ f = δi (this assumption will be justified later on for the FERMI case
study). Then, the electron coordinate at the beginning of the bunch compressor
can be found using the electron coordinate at the end of the bunch compressor
using eq.5.13.

The above considerations justify a concept of reverse tracking demonstrated
in Figure 5.4. For each group of plots, the left image shows the longitudinal
phase space, while the right one shows the corresponding current profile. The
code was run with input particle distribution shown at the top line of each
group; the final particle distribution is at the bottom line of each group. The
result of this tracking (bottom right section) agrees well with the initial distribu-
tion (top left section).

In the next step, a desirable flat-flat distribution is set up at the end of the
accelerator. Starting with this distribution and tracking it backward, the nearly
linear ramped peak current shown in Figure 5.5 is obtained at the start of the
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Figure 5.4: Conceptual demonstration of the reverse particle tracking. Left plot
shows the result of conventional forward particle tracking obtained with LiTrack
starting with the particle distribution at the beginning of the linac. Right plot
shows the reverse tracking starting with the distribution obtained at the end of
the first tracking (see top right and bottom left sections).

Figure 5.5: Reverse tracking applied to the FERMI@Elettra linac. It begins with
flat-flat distribution at the end of the accelerator (top line) and moves towards
beginning of the accelerator (bottom line).
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accelerator. This result can be understood if one uses the wake function for an
accelerating structure consisting of an array of cells, eq.3.59:

wz(z) = A
Z0c
πa2 e−

√
z/s0 (5.14)

and convolutes it with the linear ramped peak current distribution shown with
the red line in Figure 5.6 to obtain the wake potential:

Wz(z) = −L
∫

wz(z− z′)λz(z′)dz′ (5.15)

shown with the red line in Figure 5.6. Here a is the iris radius, Z0 = 377Ω
and A ≈ 1 and s0 are fitting coefficients. On the left side, the density distribu-
tion with a linear ramped peak current. On the right side, the corresponding
wake potential calculated for a=9.73 mm, s0=1.28 mm and L=30 m. The red
line shows a desirable ideal distribution and its associated wake potential. The
black line shows the realistic density distribution obtained in the studies of the
photo-injector using the laser pulse with a quadratic ramp in the intensity and
the wake potential that corresponds to that distribution. The part under the red
line contains approximately 40% of the total charge under the black line. As
seen in Figure 5.6, the wake potential is highly linear and this is why the final
distribution is flat in energy.

Figure 5.6: Linear ramped peak current (left) and corresponding wake potential
(right).

Producing a linearly ramped electron bunch current at the exit of the injector
is somewhat of a challenge because of the strong nonlinearity of the SC fields at
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low energy. The longitudinal blow-up of the electrons from the cathode to the
first accelerating structure, poses a limit to the ramping fraction of the bunch
that meets the current linearity requirement. A fourth-degree polynomial dis-
tribution was found to offer the best cancellation of the high orders nonlinear
contributions of the SC field, and thus increases the bunch fraction that follows
a linear ramp. This cancellation helps preserving the linearity of the fields in the
space-charge dominated part of acceleration.

Now we consider a condition that allows a conversion of a linear ramped
peak current at the beginning of the accelerator into the flat distribution at the
end of the compression. The compression factor can be defined as:

C = Ia/Ib (5.16)

where Ia is the peak current after compression and Ib is the peak current before
compression. The transformation from a linear ramped peak current Ib = Ib0 +
I′bz to the flat distribution Ia = Ia0 = const. can be obtained with:

C−1 = Ib0/Ia0 + zI′b/Ia0 (5.17)

i.e. with a compression factor that gradually decreases from the head to the
tail of the electron bunch. On the other hand C−1 = 1 + hR56, where h =
d(∆E/E)/dz is the energy chirp in the electron bunch. Thus, eq.5.17 can be real-
ized if one uses the energy chirp with a quadratic component, i.e. h = h0 + h′z,
where:

h′ =
1

R56

I′b
Ia0

(5.18)

This result can easily be generalized. For example, in some cases a distri-
bution with the maximum peak current at the head of the bunch gradually re-
ducing towards the tail can be beneficial for HGHG FELs, i.e. one may want
Ia = Ia0 − I′az. Performing a similar analysis, one can find that this distribution
can be obtained with a slight modification to the quadratic energy chirp:

h′ =
1

R56

(
I′b
Ia0

+
I′a Ib0

I2
a0

)
(5.19)

The peak current spikes at the edges of the compressed electron bunches are
largely due to the compressor second order time-of-flight parameter T566 and
the cubic chirp in the electron energy distribution µ = d3E/dz3. Both of them
cause a bifurcation in the phase space whose example is shown in Figure 5.2.
Controlling µ is likely the only way to control the bifurcation for a given R56
since T566 is often bound to T566 ≈ −3R56/2 if sextupoles are no used in the
bunch compressor. Figure 5.7 shows a typical example that demonstrates how
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the change in µ from -0.008 MeV/mm3 to -0.088 MeV/mm3 in the electron en-
ergy distribution created in the injector removes the bifurcation after the bunch
compressor. Related to that is a drop of the spikes in the peak current from
∼5 kA in the first case to approximately no spikes condition in the second case.
Apart from the cubic energy chirp, the same initial distributions were used in
both cases.

Figure 5.7: Effect of the cubic energy chirp on the longitudinal phase space (left)
and peak current distribution (right) in FERMI@Elettra for a ramped final cur-
rent profile (the higher current is in the bunch tail).

It should be pointed out that the distribution in Figure 5.7, top plot is flat in
energy and in peak current, while the distribution in Figure 5.7, bottom plot is
neither flat in the energy nor it is flat in the peak current. By using a cubic en-
ergy chirp as a knob one can obtain either flat-flat distributions or distributions
without spikes rather routinely, but not both features at the same time. Sim-
ply having just one knob is not enough. However, one can effectively employ
the peak current distribution in the gun to provide required µ using the wake
fields. In the case of strong wake fields this method was found to be much more
effective than correction using a high harmonic cavity [36, 37].
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The electrons sitting at the edges of the electron bunch often deviate in en-
ergy from the energy of most other electrons. This feature can be exploited in
a complementary procedure for the removal of the spikes in the peak current if
the electron distribution in the phase space has a characteristic S-type shape, like
one shown in Figure 5.8 (we note that the S-shaped distribution in the longitu-
dinal phase space at the end of the linac appears rather naturally when ramped
peak current in the injector is used). Then, it is possible to dissolve clusters
of electrons at the edges of the electron bunch by sending the electron beam
through a lattice with properly adjusted time-of-flight parameter R56. Typically
a “dog-leg” type lattice is used to connect the linac to the FEL undulator line,
so that adjustments in bunch length through R56 manipulation can be easily
done there. The application of this technique to the FERMI@Elettra case study
is shown in Figure 5.8. A further discussion of the Spreader optics as related to
collective instabilities is given in Section 5.4. The elegant code has been used

Figure 5.8: Removal of current spikes using R56 adjustment in the Spreader.

in order to obtain the electron distribution in the longitudinal phase space and a
histogram of the electron peak current at the entrance of the FEL, verifying the
validity of all the techniques described here. These calculations have been per-
formed for FERMI@Elettra linac set in the two-stage compression scheme with
machine and the beam parameters described in Table 2.2 for the FEL1 Operation
mode. A ramped peak current distribution at the entrance of the linac has been
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used, as shown with the black line in Figure 5.6. The result of these calculations
is shown in Figure 5.9. We note that these calculations included CSR effects in
the bunch compressors.

Figure 5.9: Longitudinal phase space (left) and current profile (right) at the en-
trance of the FERMI@Elettra undulator. elegant particle tracking results start-
ing from 0.8 nC charge, linearly ramped current profile at the injector exit. The
two-stage compression scheme has been implemented. Collective effects have
been included in the simulation.

5.3 Transverse Structural Wake Field

5.3.1 Emittance Growth

The growth of the single bunch projected emittance accompanied by the char-
acteristic bending of the electron bunch into a banana-like shape induced by
the short range transverse wake field has been extensively treated in the lit-
erature for linear colliders with regard to the luminosity loss [105–107]. Tra-
jectory bumps to minimize the projected emittance growth were introduced in
[107–111]. Furthermore, the impact of trajectory jitter on the single bunch dy-
namics in the presence of a transverse wake field has been investigated in [106,
112–115], still with regard to projected emittance growth and luminosity loss in
colliders. FELs are sensitive to the projected emittance growth as are linear col-
liders. The FEL power relies on the energy exchange between the electrons and
the light beam along the undulator chain; this interaction is made possible when
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the two beams overlap. For HGHG FELs, this happens in the modulator, where
the external seeding laser has to superimpose on the electron bunch, as well as
in the succeeding radiator modules, where the electrons should overlap with
the coherent radiation emitted. It has been shown in [116] that the FERMI FEL
is sensitive to the projected emittance growth generated by the transverse dis-
placement of longitudinal slices of the bunch. However, owing to the fact that
the∼100 fs seeded laser is much shorter than the∼1 ps electron bunch, a bigger
projected emittance could be tolerated if the slice transverse mismatch is suffi-
ciently small in the region of the bunch where photons and electrons overlap. At
the same time, the distortion of the electron bunch shape in the (t, x) and (t, y)
plane (banana shape) should be sufficiently small along the whole undulator
chain so that electrons and photons travel on the same axis.

The transverse kick induced by the dipole wake potential along the bunch is
always proportional to the total charge of the bunch, it is linear with the linac-
to-beam relative displacement and, opposite to the longitudinal wake potential,
its strength increases with the bunch length (at a certain charge). Accordingly,
it imposes an upper limit to the bunch length that is based on the single bunch
emittance growth. In order to evaluate this limitation, we recall the approximate
transverse emittance dilution through an accelerating structure of length L, due
to a coherent betatron oscillation of amplitude ∆ [105]:

∆ε

ε
≈
(

πre

Z0c

)2 N2〈w〉2L2β

2γiγ f ε
∆2 (5.20)

This is predominantly a linear time-correlated emittance growth and can be
corrected. The wake field, 〈w〉, is expressed here as the approximate average
transverse wake function over the bunch given by eqs.3.64–3.66, evaluated at
z̄ = 2

√
3σz. In FERMI, the misalignment tolerance is |∆| ≤ 300 µm in order

to ensure ∆ε/ε ≤ 1% per cavity. At the same time, the FERMI electron bunch
and the accelerating structures are not short enough to completely fit into the
approximated eq.3.57, so that eq.5.20 underestimates the real effect. In this case,
the machine design and alignment tolerances are made more robust and reliable
by particle tracking studies that include the geometric wake functions and all re-
alistic alignment errors. The effect of the wake field can therefore be integrated
into the machine error budget.

5.3.2 Single-Bunch Transverse Wake Field Instability

The operation of X-ray FELs requires small emittance electron beams. Although
both SASE FELs and seeded FELs are mostly sensitive to slice emittance, it is also
important that relative transverse offsets of different slices or slice-to-slice vari-
ations along the electron bunch remain within strictly defined limits. Therefore
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any significant growth of the projected emittance in the linac under the influence
of the linac geometric wake fields should be minimized. Computer codes like
PLACET, MTRACK and MBTRACK [117–120] adopt the Courant Snyder vari-
ables to calculate the growth of the bunch slice coordinates caused by a random
misalignment of various machine components in the presence of the geometric
transverse wake fields. It has also been demonstrated that this instability can
be compensated with trajectory bumps. In a similar way, it has been shown in
[121, 122] that the single bunch emittance growth in the FERMI@Elettra linac
calculated with elegant is in good agreement with a prediction obtained on the
basis of a theory developed in [123, 124].

Relying on this basis, this Section addresses the impact of trajectory jitter
on the degradation of the projected emittance induced by short range geomet-
ric transverse wake fields during a single pass of the electron bunch through
the FERMI@Elettra linac. Special care is devoted to the incoherent part of the
trajectory growth due to random misalignment of quadrupole magnets and ac-
celerating structures. This Section shows that control over the transverse wake
field instability can be gained in a reliable way in the FERMI@Elettra linac by
applying local trajectory bumps even in the presence of a shot-to-shot trajectory
jitter. The instability analysis is focused on the correlation of the slice transverse
offset with its longitudinal position along the bunch. A specific Self-Describing
Data Sets (SDDS) [82] script working with Courant-Snyder variables is written
to evaluate the residual banana shape after instability suppression in the pres-
ence of shot-to-shot trajectory jitter. A statistical parameter for each bunch slice
is introduced; its maximum value over all slices determines the projected emit-
tance growth under the effect of trajectory jitter in terms of the slice transverse
phase space mismatch. For completeness, well known methods of evaluation
of the projected emittance and of the banana shape are included and the con-
sistency of all methods is demonstrated for FERMI@Elettra. A by-product of
this study is the capability of specifying the tolerances on trajectory jitters for
the FERMI@Elettra linac. As a first step, the FERMI@Elettra trajectory correc-
tion scheme is presented and the most important contributions to the trajectory
distortion are discussed. They are:

i) misalignment of magnetic elements, linac RF phase and voltage errors, beam
launching error. All these errors determine the machine error budget;

ii) trajectory distortion induced by the emission of CSR in the BC1 and BC2
magnetic chicanes;

iii) effective trajectory distortion induced by the banana shape.

Simulations including all these effects show that the global trajectory correc-
tion provided through a response matrix algorithm is not sufficient to damp the
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transverse wake field instability; for this reason local trajectory bumps are ap-
plied (with success) to suppress it. The validity of the trajectory manipulation
described so far is also checked in the presence of shot-to-shot trajectory jitter.
The following sources of trajectory jitter are considered:

a) beam launching error jitter;

b) quadrupole magnet mechanical vibration and power supply current ripple;

c) jitter of the residual dispersion induced by misaligned quadrupoles;

d) energy jitter translating into trajectory jitter through residual dispersion.

The projected emittance at the linac end is evaluated and its dependence on
the beam launching error jitter is shown. As an alternative method for the anal-
ysis of the instability, the simulation of the banana shape for all jittered runs
is presented. Finally, the Courant-Snyder variables are introduced to describe
the phase space mismatch of each longitudinal slice of the bunch in the pres-
ence of trajectory jitter. All three methods – projected emittance, banana shape,
Courant-Snyder amplitude – give consistent results. Concluding remarks are
given about the expected impact of the instability in the presence of trajectory
jitter on the FERMI@Elettra FEL performance.

It is well known that an electron traveling off axis in an accelerating module
excites the short range geometric transverse wake field that affects in turn trail-
ing electrons. This has a result that the bunch tail oscillates with respect to the
bunch head forming in the (t, x) and in the (t, y) planes a characteristic banana
shape. Persistence of the slice oscillations along the linac and their amplifica-
tion may cause the conversion of the bunch time duration into the transverse
dimension (beam break up). So, the displaced bunch tail adds a contribution
to the projection of the beam size on the transverse plane that is the projected
emittance is increased.

The transverse motion of a relativistic electron in the linac in the presence
of the short-range geometric transverse wake field is described by an ordinary
2nd order differential equation in the complete form. The l.h.s. of this equation
is the homogeneous equation for the betatron motion in the horizontal or ver-
tical plane; the r.h.s. contains the convolution of the transverse wake function
with the local current distribution and is also linearly proportional to the rela-
tive displacement of the particle from the axis of the accelerating structure [123,
124]:

1
γ(σ)

∂
∂σ

[
γ(σ) ∂

∂σ x (σ, γ)
]
+ κ(σ)2x (σ, γ) =

ε(σ)
∫ ζ
−in f ty w1

n (ζ − ζ ′) F(ζ ′) [x (σ, ζ ′)− dc(σ)] dζ ′
(5.21)
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where σ = s/L is the distance from the linac entrance normalized with the total
linac length L; ζ = z/lb is the longitudinal bunch coordinate at location σ mea-
sured after the arrival of the bunch head, normalized with the full width bunch
length; F(ζ) = I(ζ)/Ipk is the local current normalized with the maximum peak
current along the bunch; κ = kL is the average normalized focusing strength k
integrated along the linac length L; w1

n(ζ) is the transverse wake function nor-
malized with the wake amplitude; dc is the transverse offset of the beam respect
to the linac axis. Finally, ε(σ) = εr (γ0/γ(σ)) is the factor coupling the particle
betatron motion (described by the homogeneous form of the previous equation)
to the wake field driving term. It is given by [123]:

εr =
4πε0

IA

wn(1)IpklbL2

γ(0)
(5.22)

where IA=17 kA is the Alfven current, wn(1) is the wake function normalized
to its amplitude and computed for the particle at the bunch tail, Ipk is the peak
current. Thus, according to eqs.5.21 and 5.22, the transverse kick induced by the
dipole wake potential along the bunch is always proportional to the total charge
of the bunch, it is linear with the linac-to-beam relative displacement and, as
opposite to the longitudinal wake potential, its strength is proportional to the
bunch length, for a given charge.

The FERMI@Elettra linac lattice is simulated with elegant by adopting the
static machine error setting shown in Table 5.1. This includes errors on the
dipoles and quadrupoles main integrated field component bil, element mis-
alignments, magnet tilt angles, beam launching error and accelerating structure
phase and voltage errors. All values are rms taken over a Gaussian distribution
with a 3 sigma cut-off. The emittance growth induced by the transverse wake
field instability depends on the errors affecting the machine optics (quadrupole
misalignment and gradient error) and the acceleration (phase and voltage er-
rors). The trajectory correction scheme foresees 24 steering magnets (correctors)
in both the transverse planes and 31 BPMs whose rms single-shot resolution is
specified as 20 µm. A pair of horizontal and vertical correctors and one BPM
are placed after each accelerating structure. The elegant “global” method for
trajectory correction that minimizes the BPM position readings is implemented
by using the trajectory response matrix computed by the code itself. For illus-
tration, only one set of errors – randomly chosen over a meaningful sample of
error seeds – is shown in the following. A discussion of the statistical distri-
bution of the trajectory distortion over a large number of random seeds can be
found in [122, 125 and 126]. Simulations were performed with 2 · 105 particles
divided into 30 longitudinal slices. The particle spatial distribution is approxi-
mately Gaussian in the transverse dimensions; the initial current profile has an
approximate linear ramp, as described in Section 5.2, from the bunch head to
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Table 5.1: FERMI error budget.

∆(bil)/bil ∆x, ∆y ∆z Roll Angle
[%] [µm] [µm] [mrad]

Dipole 0.01 150 150 0.5
Quadrupole 0.01 150 150 0.5
BPM – 150 –
Acc. Structure – 300 150 –
Acc. Str. Voltage Error 0.1%
Acc. Str. Phase Error 0.1 deg S-band
Beam Launching Error ∆x, ∆y = 150µm, ∆x′, ∆y′ = 10µrad

the tail and it flattens out after the bunch length compression. The longitudinal
phase space has an energy chirp that increases to∼ 1% at BC1 and diminishes to
∼ 0.1% at the linac end. CSR is emitted in the dipoles of the magnetic chicanes
of the two compressors. CSR emission causes a diminishing of the beam mean
energy. Hence, the bunch centroid shifts to a trajectory that is a few 100’s µm
away from that defined by the nominal energy. A more important contribution
to the trajectory distortion comes from the transverse wake field. An ideal tra-
jectory correction sets the centroid trajectory to zero, but due to the wake field,
head and tail particles perform different, uncorrected betatron oscillations. The
trajectory correction efficiency is therefore degraded by the banana shape dy-
namics as compared to the case of a rigid beam. The residual centroid disper-
sion generated by a misaligned accelerating structure grows resonantly with s
and it becomes large at the end of the 150 m long FERMI linac.

Even after correction, the residual trajectory distortion induces an impor-
tant emittance dilution at the linac end. The projected emittances in Figure 5.12
blow up as the beam enters the BTW structures that start at the linac longitu-
dinal coordinate of approximately 80 m (see also the linac layout in Figure 2.2).
The emittance blow up can be suppressed through local trajectory bumps [107–
110]. Their simulation is shown in Figure 5.13. The bumps technique looks for
an empirical“golden” trajectory for which all the kicks generated by the trans-
verse wake field compensate each other and the banana shape is finally can-
celed. When applying the local bumps, the steering magnets force the beam
on a distorted trajectory but still keeping the beam off axis excursion less than
500 µm. Six steerers and six BPMs distributed along the BTW linac are used
for the bumps. The maximum variation of the steerer strengths with respect
to the nominal set up is 0.2 mrad. The emittances are finally compensated, as
shown in Figure 5.14. In practice, the implementation of the local bumps in
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Figure 5.10: Trajectory correction along the FERMI linac. The trajectory distor-
tion in the bare lattice with no collective effects (top) is compared with that in
the presence of CSR only (bottom). Field errors, gradient errors and element
misalignments are included in the simulation (solid line at the plot center is a
sketch of the machine layout).
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Figure 5.11: Trajectory correction along the FERMI linac when CSR and trans-
verse wake field are all included (compare with Figure 5.10). The trajectory
correction is performed with elegant by using the “global” correction method.
Field errors, gradient errors and element misalignments are included in the sim-
ulation (solid line at the plot center is a sketch of the machine layout). The CSR
induced trajectory distortion can be neglected with respect to the wake field con-
tribution that is especially important in the last part of the linac, which is made
of the high impedance BTW accelerating structures.

the FERMI@Elettra linac foresees the characterization of the transverse beam
profile as a function of the bunch longitudinal coordinate projected on screens
separated by a proper phase advance. This will be done in the diagnostic sec-
tion downstream the linac by means of RF deflectors [81], in the horizontal and
vertical plane.
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Figure 5.12: Single-bunch transverse wake field instability in the FERMI@Elettra
linac. The transverse projected emittances blow up as the 0.8 nC beam enters
into the BTW accelerating structures. A 300 µm rms lateral misalignment of the
structures is considered.

Figure 5.13: Trajectory bumps along the FERMI linac.
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Figure 5.14: Suppression of single-bunch transverse wake field instability in the
FERMI linac. Some trajectory manipulation is done as depicted in Figure 5.13.

5.3.3 Slice Centroid Courant-Snyder Amplitude

Owing to its local property, the efficacy of the local bumps technique depends on
the specific machine configuration (i.e., misalignment of elements) and beam op-
tics (i.e., bunch centroid position and angular divergence) at the locations where
the bumps are applied. Accordingly, shot-to-shot trajectory jitter may affect the
scheme efficacy by changing the bunch centroid transverse coordinates at the
location of the bumps. The aim of this Section is to evaluate a realistic budget
for the sources of trajectory jitter in the FERMI@Elettra linac.

The jitter budget is estimated by considering that the shot-to-shot jitter of
the bunch centroid position and angular divergence at the injector end should
not exceed a small fraction of the beam size and divergence, respectively, if the
machine is properly tuned. As an example, the nominal betatron functions at
the FERMI linac entrance are βx = βy = 19 m. These values coupled with the
rms geometric emittances of εx = εy = 7.65 nm rad (equivalent to a normalized
emittance of 1.5 mm mrad, at the energy of 100 MeV) give an rms beam size
σ =

√
εβ ' 380 µm in both planes. The rms variation of the launching position

is taken as 10% of the rms beam size; that is, 38 µm. The launching angular
divergence is related to the launching position through the injector optics. The
trajectory distortion generated by an angular kick θk at a longitudinal position sk
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in the lattice and observed at a downstream position s0 is given by eq.3.19 (valid
for both the transverse planes). We adopt here the new naming for ∆u′ = θk
and for the locations s0 and sk. The corresponding distortion of the angular
divergence at position s0 is therefore given by:

x′0 =
dx0

ds
= −θk

√
βk√
β0

[α0 sin(∆µk0) + cos(∆µk0)] (5.23)

In FERMI, α0 = 0 and ∆µk0 ≈ π/4. With these numbers, eq.5.23 gives x′0 =
x0
β0

cot(∆µk0) = x0/19 m. Thus, the launching error jitter is simulated by mov-
ing the position and the angular divergence of the bunch centroid at the linac
entrance over a Gaussian distribution with standard deviation σ0 = 38 µm and
σ′0 = 2 µrad, with a 3 sigma cutoff.

Other contributions to the trajectory jitter are: quadrupole vibrations, short-
term magnetic field stability and shot-to-shot variation of the residual disper-
sion. As for the quadrupole vibrations, rms vibration amplitude of 0.5 µm in
the range 1–100 Hz (FERMI will nominally operate at 50 Hz) leads to an rms
variation of the induced angular kick per quadrupole of:

∆θk,v =
∆
∫

B(s)ds
B0ρ

= klq∆r ≈ 0.1µrad (5.24)

where k is the quadrupole normalized strength, typically not larger than 2 m−2,
lq= 0.1 m is the quadrupole magnetic length and ∆r= 0.5 µm is the rms vibration
amplitude.

The relative short term (<100 Hz) stability of the quadrupole gradient is es-
sentially the stability of the current signal provided by the power supply; it is
specified to be equal or smaller than 10−4. The rms variation of the induced
angular kick is therefore:

∆θk,ps ≤ 10−4 · θk = 10−4 · klqR ≈ 20nrad (5.25)

where a particle offset R= 0.5 mm inside the quadrupole magnet is considered.
When the quadrupole magnet is traversed off axis, a shot-to-shot variation

of its integrated gradient excites residual dispersion that contributes to the shot-
to-shot trajectory distortion. Dispersion induced in both transverse planes by
the quadrupole gradient variation is estimated in thin lens approximation by:

ηr =
1

ρK

[
1− cos

(√
Klq
)]
' 1

ρK

[
1
2

Kl2
q

]
'

l2
q

2ρ
=

lqθk

2
(5.26)

where ρ =
lq
θk

is the curvature radius induced by the quadrupole magnetic field

when the magnet is traversed off axis and K =
(

1
ρ2 − k

)
. A similar considera-

tion gives for the derivative of the residual dispersion ∆η′r ≈ θk. Given eq.5.25,
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the maximum induced residual dispersion and its derivative is therefore of the
order of:

∆ηr '
lq
2 ∆θk ≈ 1 nm

∆η′r ' θk,ps ≈ 100 µrad
(5.27)

The relative energy spread in the FERMI@Elettra linac does not exceed 2%, so
that the maximum trajectory variation induced by the residual dispersion never
exceeds a few µrad. Finally, an energy jitter of 0.1% rms is taken into account. It
couples with the residual dispersion and its first derivative, therefore leading to
an effective trajectory jitter. Even assuming a 10 mm large dispersion and 1 mrad
first derivative propagating through the machine, we would obtain a jitter of the
trajectory offset and divergence smaller than 10 µm and 1 µrad, respectively.

elegant simulations are performed with the trajectory jitter budget listed in
Table 5.2. The jitter budget includes launching error jitter, quadrupole vibrations
and energy jitter. The residual dispersion functions and their induced trajectory
distortion are taken into account.

Table 5.2: Trajectory jitter budget.

Position Divergence
[µm] [µrad]

Beam
Launching 38 2
Quadrupole
Vibration Ampl. 0.5 –

The reference trajectory along the FERMI@Elettra linac is defined by the
golden trajectory shown in Figure 5.10, top plot. A shot-to-shot trajectory jit-
ter is then superimposed to it. We want to evaluate if the transverse wake field
instability remains suppressed by the trajectory local bumps in the presence of
trajectory jitter. Three methods for the evaluation of the instability effect on the
electron distribution are presented: evaluation of the projected emittance, of the
banana shape and the definition of a new parameter for each slice of the bunch
that is related to the slice phase space mismatch induced by the instability. A ro-
tational symmetry of the accelerating structures around their longitudinal axis
is assumed in the simulations. The geometric transverse wake field in the accel-
erating structures is taken as uniform over the whole transverse beam size, that
is, we use a simple dipole wake. Hence, the slice emittance is preserved, while
the projected emittance is not because the wake field drives a bunch tail oscilla-
tion relative to the bunch head; in this way, a correlation is established between
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the longitudinal slice position and its lateral displacement.
Let us reasonably assume the following approximation that is the full width

transverse beam size, in each plane, is covered by four standard deviations (σ) of
the particle position distribution. The beam standard deviation at the linac end
is approximately 100 µm. The tolerance on the beam size growth induced by
instability is now fixed so that it is sufficiently smaller than the total beam size,
namely the bunch tail centroid should not laterally exceed the head centroid by
more than 1σ, as it is sketched in Figure 5.15. In this limit case, the total projected
beam size becomes 5σ0 that we re-define equal to 4σe f f . The relative growth of
the beam size is therefore:

∆σ

σ
=

σe f f − σ0

σ0
= 25% (5.28)

Figure 5.15 shows the schematic of the beam size growth described by eq.5.28.
Since σ =

√
βε, where ε is the projected geometric emittance, the relative vari-

ation of the beam size is half of relative variation of the emittance. In other
words, the projected emittance growth after instability suppression must be less
than 50%.

Figure 5.15: Beam affected by transverse wake field instability (conceptual).

As a preliminary study, particle tracking simulations are performed to evalu-
ate the sensitivity of the projected emittance growth, specified at the linac end, to
the launching error jitter. Figure 5.16 shows the normalized emittances when the
launching coordinates of the bunch centroid move along an ellipse of semi-axes

122



x = 76 µm and x′ = 4 µrad (two times bigger the rms launching error specified
in Table 5.2) in the (x, x′) phase space. Same considerations apply to the vertical
plane. The maximum emittance growth is 44% in the horizontal plane and 64%
in the vertical plane. The lack of periodicity in the data depends from the static
errors set in the initial configuration; in other words, the machine errors corrupt
the dependence of the trajectory from the periodic launching condition; this fact
in turn reflects into a non-periodic dependence of the wake field effect or of the
projected emittance growth on the initial betatron phase of the beam centroid.

Figure 5.16: Final normalized projected emittances in the presence of trajectory
jitter in the FERMI linac. The only trajectory jitter source considered here is
the variation of the electron beam launching at the linac entrance (injector exit).
The phase along the abscissa is the betatron phase difference with respect to the
nominal set point (in each plane).

Now we want to investigate the projected emittance dilution induced by the
lateral slices offset. It can be quantified by means of the transverse deviation of
the bunch tail with respect to the head, in units of unperturbed rms beam size:
Rx = |xheadxtail |/σx (same applies in the vertical plane). Figure 5.17 shows the
banana shape jitter (slice centroid lateral deviation vs. bunch duration in 100 fs
units) over 50 runs generated by the trajectory jitter budget in Table 5.2; bunch
head is on the left. Averaging over all these runs we obtain 〈Rx〉 = 0.2 for the
horizontal plane and 〈Ry〉 = 0.8 for the vertical plane. Notice that Rx ≤ 0.9 and
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Ry ≤ 1.6 over the whole sample of trajectories considered.

Figure 5.17: Final banana shape affected by trajectory jitter.

Consistently with the constraint in eq.5.28 for the suppressed transverse wake
field instability, one should have Rx,y ≤ 1. We point out that if the instability is
suppressed at the linac end, then the slice centroid transverse offset and diver-
gence are small. Hence the bunch tends to maintain its shape in the (t, x) and
(t, y) plane at any point of the line downstream. On the contrary, if the banana
shape is pronounced, the slice optics in the bunch tail is mismatched to the mag-
netic lattice. Then, the bunch tail starts additional betatron oscillations around
the head axis and the banana shape at any point downstream will depend on the
Twiss parameters at the point of observation. The Courant-Snyder amplitude of
the slice centroid is here introduced as a parameter to characterize the instability
(same applies to the vertical plane):

εSC = γxx2
cm + 2αxxcmx′cm + βxx′2cm (5.29)

εSC is a constant of motion in absence of frictional forces such as geometric
wake fields and emission of radiation; this is just the case for the beam trans-
port downstream of the linac, where also coherent and incoherent synchrotron
radiation is neglected. εSC provides a measurement of the amplitude of mo-
tion that is independent of betatron phase. Its square root is proportional to the
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amplitudes of the slice centroid motion xSC(s) that describes the banana shape:{
xSC(s) =

√
εSC,xβx(s) cos ∆µx

x′SC(s) = −
√

εSC,x
βx(s)

[αx(s) cos ∆µx + sin δµx]
(5.30)

In general, xSC is the linear superposition of three main contributions sketched
in Figure 5.18: i) the betatron motion, xSβ, generated by focusing of misaligned
quadrupoles; ii) the trajectory distortion, xST ; iii) the transverse wake field ef-
fect, xSW . Notice that xo f f set = xSβ + xST is approximately the same for all slices
along the bunch. Regarding the instability, only the motion relative to the bunch
head is of interest:

xSW = xSC − xSβ − xST = xSC − xo f f set (5.31)

Figure 5.18: Slice centroid motion in the presence of transverse wake field insta-
bility.

We now define a new slice centroid amplitude relative to the motion of the
bunch head:

εSW,x = γx(xSC− xo f f set)
2 + 2αx(xSC− xo f f set)(x′SC− x′o f f set)+ βx(x′SC− x′o f f set)

2

(5.32)
The effect of the trajectory jitter on the scheme for the suppression of the insta-
bility can be evaluated by looking to the shot-to-shot variation of the centroid
amplitude εSW,x over the bunch duration. In fact, we require that the standard
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deviation (over all jitter runs) of the slice lateral deviation be less than the rms
(over all particles) beam size σx =

√
βxεx:

σx,SC

σx
≤ 1 (5.33)

Since xo f f set is a constant, we can write:

σx,SC =
√
〈x2

SC − x̄2
SC〉 '

√
1
N ∑N

i=1
(
xi

SW − x̄SW
)2

=

=

√
1
N ∑N

i=1

[√
βi

xεi
SW,x cos φx − 1

N ∑N
i=1

√
βi

xεi
SW,x cos φx

]2
=

=
√

βx cos φx

√
1
N ∑N

i=1

[√
εi

SW,x −
1
N ∑N

i=1

√
εi

SW,x

]2

(5.34)

In eq.5.34 the betatron function has been extracted from the summation under
two reasonable assumptions: first, the slice Twiss parameters are the same as the
projected ones even in case of slice lateral displacement; second, the slice Twiss
parameters remain constant over all jittered runs. We now redefine the variable√

εi
SW,x ≡ Qi

x. Given cos φx ≤ 1, it is possible to make the condition in eq.5.33
more stringent by defining the new instability threshold as the ratio between the
standard deviation of Qi

x and the square root of the rms projected (unperturbed)
emittance:

σQ,x√
εx
≤ 1 (5.35)

Figure 5.19 shows the ratio defined by eq.5.35 along the bunch duration for the
jitter budget specified in Table 5.2. Again, the reduced effectiveness of the in-
stability suppression due to trajectory jitter is more pronounced in the vertical
plane than in the horizontal plane.

Unlike the computation of the projected emittance and of the banana shape
profile, the slice centroid amplitude offers a deeper and more complete under-
standing of the instability behaviour in the presence of trajectory jitter. That is,
the projected emittance analysis does not contain the information on the slice
particle distribution. Presumably, the emittance growth, more pronounced in
the vertical plane than in the horizontal, could be due to a small portion of the
bunch tail that is not participating in the seeded FEL process. In particular, only
a few 100’s of fs in the bunch core over a total duration of approximately 1 ps
are going to be seeded in the modulator. If 40%− 60% emittance growth pre-
dicted by the simulation comes from the bunch tail slice offset, then it would
not affect the FERMI FEL performance. Similar considerations apply to the pa-
rameter Rx,y that works with the projection of the banana shape onto the plane
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of interest, not with individual slice dynamics. Moreover, the jitter of the slice
centroid position and divergence are treated separately. In this case, the instabil-
ity suppression can only be evaluated by means of a function properly defined
in terms of both the slice centroid position and divergence. This function is the
slice centroid Courant-Snyder amplitude εSW,x defined in eq.5.32. When eq.5.35
is applied to each slice of the bunch, it is possible to predict which portion of
the electron bunch can be safely used for the seeded FEL operation even in the
presence of trajectory jitter. Figure 5.19 shows that, for the specific linac error
set up considered, the vertical plane is more affected from the transverse wake
field than the horizontal. However, the transverse motion of only a very small
portion of the bunch tail is really affected by the trajectory jitter. Owing to the
fact that the condition 5.35 is widely satisfied for most of the bunch slices (about
80% of the bunch duration in both planes), we do not expect any important ef-
fect of the jitter on the FERMI FEL performance if the tolerances in Table 5.1 and
5.2 are respected.

Figure 5.19: Ratio defined as in eq.5.35 vs. bunch duration (in 100 fs unit), at the
end of the FERMI linac.
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5.4 Coherent Synchrotron Radiation Instability

5.4.1 Energy Loss

In order to achieve high peak current and small energy spread at the undulator,
the electron beam longitudinal phase space has to be manipulated in the linac.
The high peak current is normally achieved by using a series of RF accelerating
structures and at least one magnetic chicane, which all together make up the
bunch length compression system, as discussed in Section 3.2.2. Emission of
CSR in the chicane dipoles is the most evident perturbation to the beam energy
distribution and, indirectly, to the beam emittance. In order to provide a deeper
understanding of the CSR wake field discussed in Section 3.3.3, we follow [127]
to give a conceptual interpretation of the CSR field emission. Then, we identify
the regime of CSR emission for the FERMI case, in order to correctly compute
the CSR effect in the assumption of a uniform charge distribution (step function).
Finally, we show our application of the CSR theory to the case of a more realistic
charge distribution, also in the presence of vacuum chamber shielding effect.

Following [127], two segments of the ultra-relativistic bunch, spaced at a
distance s ∼ lb (“tail” and “head”) and moving in an arc ÂB as shown in Figure
5.20, are considered. The electron and photon trajectory path length difference
is called “slippage length”, sL

2:

sL = ÂB− AB = Rθ − 2R sin(θ/2) ≈ Rθ3

24
(5.36)

Since it is, by definition, the maximum cooperation length over the bending
magnet, it determines the regime of CSR emission, steady state or transient, as
will be shown in the following. It also determines other two important geomet-
rical parameters:

θ = 2
(

3s
R

)1/3
, d = AB sin(θ/2) = 2R sin2(θ/2) = 2

(
9s2R

)1/3
(5.37)

We will now restrict our analysis to the 1-D, longitudinal beam dynamics in
the presence of CSR. This approximation does include neither the effects of the
transverse distribution on the CSR fields nor the field variation across the beam.
It is valid for a transverse beam size σr � σ2/3

z R1/3. We notice that this condition
is well satisfied in the FERMI compressors where σr ≤ 200 µm and σ2/3

z R1/3 ≥ 2
mm. The magnitude of the transverse electric field that acts on the head particle

2this classical geometric relation was already well-known to Ipparco in the Antique Greece,∼ 100
B.C. More precisely, it is valid for γ � 1 where the relativistic correction is given by the additional
terms Rθ/(2γ2).
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Figure 5.20: A geometrical diagram for an electron bunch motion in the bending
magnet.

can be estimated as the field of the line-charge λz, with total charge Q, produced
at the characteristic distance d [71]:

E⊥ '
1

4πε0

2Qλz

d
(5.38)

Because this field was radiated at point A, its direction at point B is perpendicu-
lar to the line AC. Thus, the head particle experiences the longitudinal force:

F‖ =
eE⊥θ

4πε0
=

2eQλzθ

4πε0d
=

1
4πε0

2eQλz

31/3s1/3
L R2/3

(5.39)

As already depicted in Section 3.3.3, the energy loss per unit length of the refer-
ence particle in the steady state regime of CSr emission is:

dE
dz

= −
∫ ∞

−∞
λz(z)F‖(z)dz = − 1

4πε0

e2N2

31/3R2/3l4/3
b

(5.40)

where N is the number of particles per bunch and a uniform longitudinal den-
sity distribution λz = N/lb is assumed. The afore-mentioned conditions ensure
that the bunch is sufficiently short that the radiation of the tail particles over-
takes the head particles before the electron bunch leaves the magnet; at the same
time, the magnet is so long that the transient behavior of CSR emission at its
edges is negligible. This is one of the usual scenarios for magnetic compressors
in linac-based FELs.

The FERMI BC1 and BC2 retarded angle γθ is always bigger than 50 rad,
the slippage length sL is usually smaller than 140 µm and the nominal electron
bunch length lb is equal or longer than 150 µm (fwhm value). So, for γθ � 1
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and lb ≥ sL, the beam is emitting CSR in the long magnet, long bunch regime
described by eq.3.74. At the highest charge of 0.8 nC, eq.3.74 predicts a total
energy loss of 0.5 MeV that is 0.16% only of the mean energy at BC1. This value
is comparable with the specified shot-to-shot mean energy jitter of the electron
beam at the BC1 location.

We now enlarge the discussion to the possible scenarios of a very short bunch.
To estimate the energy loss in this case, we will use the electron density distri-
bution with the flat-top and smooth transitions at the edges with characteristic
width of ∼ 2σ0 described by the erf function. The plot of this distribution is
shown in Figure 5.21, with the assumption that the length of each transition oc-
cupies ∼ 10% of the main body. The function is normalized to 1. The abscissa is
in ps unit.

Figure 5.21: Longitudinal electron bunch density described by the erf function.

In this case, eq.3.68 becomes:

WSS
CSR(z) = −

1
4πε0

2e
31/3R2/3

∫ z

−∞

1

(z− z′)1/3
1√

2πσ0

e
− z′2

2σ2
0 − e

− (z′−lb)
2

2σ2
0

 dz′

(5.41)
This integral can be evaluated in analytical functions. The product WCSR,SS
times the bend magnet length is plotted in Figure 5.22 for bending magnet
length of 0.5 m, bending angle of 0.053 rad and σ0 = 20 µm. One can notice that
WCSR,SS ∼ 1/z1/3 over the entire length of the bunch excluding the edges. The
magnitude of the variation from head to tail for a 0.8 nC, 50 µm bunch length is
approximately 0.2 MeV and 0.4 MeV for a larger bending angle as large as 0.095
rad. This result is to be compared with the 15.6 MeV energy loss induced by the
longitudinal wake field in the FERMI linac (see Section 5.2). Thus, this study
concludes that the CSR affects the FERMI electron bunch energy distribution
much less than the linac geometric longitudinal wake field.

In practice, the electron bunch moves inside the vacuum chamber that acts
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Figure 5.22: CSR wake potential.

as a waveguide for the radiation. Not all spectral components of the CSR prop-
agate in the waveguide and therefore the actual radiating energy is smaller than
in a free space environment. For an estimation of the shielding effect of vacuum
chamber, the recipe suggested in [128] is used:

∆Eshielded
∆E f rees pace

' 4.2
(

nth
nc

)5/6
exp

(
−2nth

nc

)
, nth > nc (5.42)

Here nth =
√

2/3 (πR/∆)3/2 is the threshold harmonic number for a propagat-
ing radiation, ∆ is the vacuum chamber total gap, nc = R/σc is the characteristic
harmonic number for a Gaussian longitudinal density distribution with the rms
value of σc. For a uniform stepped density distribution, σc ' lb/3.22 with lb
the distribution length. The meaning of nc is that the spectral component of the
radiation with harmonic numbers beyond nc is incoherent. Figure 5.23 shows
the calculated effect of shielding for vacuum chamber with ∆=8 mm. However,
because of the very wide vacuum chamber in BC1 and BC2 (inner radius is 35
mm wide), most of the CSR emission is not shielded when a bunch length of the
order of 1 ps is considered.

5.4.2 Emittance Growth

The energy loss induced by CSR is inversely proportional to the bunch length.
Since in a magnetic chicane the bunch length reaches its minimum already in the
third magnet, the global CSR effect is dominated by the energy spread induced
in the second half of the chicane. Given the CSR induced energy spread σδ,CSR,
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Figure 5.23: Suppression of CSR by the vacuum chamber shielding.

i.e. computed with one of eqs. 3.71, 3.72 or 3.75, eq.3.31 can be used to estimate
the projected emittance growth induced by CSR in the presence of chromatic
filamentation:

∆ε

ε0
' 1

2
β

ε
θ2σ2

δ,CSR (5.43)

It is possible to recognize here the chromatic nature of the CSR transverse kick
angle, θσδ,CSR, where for a small bending angle (θ � 1) the first derivative of
the dispersion function behaves such as η′ ≈ θ. Due to the β-dependence of the
emittance growth, a proper optics design can help to reduce the impact of CSR
emission on the electron beam transverse dynamics by counteracting the CSR
emission especially in the last two bending magnets of the chicane. This formal-
ism, however, does not take into account the motion in phase space of the bunch
slices that causes such emittance blow up. In fact, an energy/position correla-
tion along the bunch is established by CSR emission. An optics system can be
designed to remove this correlation, finally canceling the consequent emittance
dilution. Also, the potential influence of SC forces during magnetic compression
on the electron beam dynamics should be evaluated. A benchmark of 1-D and
3-D modeling including a more exhaustive, numerical treatment of CSR instabil-
ity also in the presence of SC forces during magnetic compression is presented
in the following.

132



5.4.3 Optics Design to Suppress CSR Instability

Owing to the β-dependence shown by eq.5.43, the CSR induced projected emit-
tance growth expected at the magnetic compressor exit is reduced by a strong
focusing of the electron beam in the bending plane, especially where the CSR
emission is stronger that is in the third and fourth dipole magnet of the chicane.
The physical meaning of this is given by the well-known relation between the
Twiss parameters:

βγ = 1 + α2 (5.44)

and by recalling that the geometric transverse rms beam size and angular di-
vergence are given, respectively, by σ =

√
εβ and σ′ =

√
εγ. So, for any α, a

small β-function corresponds to a high beam angular divergence. If this is large
enough, the CSR kick is largely dispersed in the particle divergence distribution
– the perturbed beam divergence is computed as the squared sum of the un-
perturbed beam divergence and the CSR kick, that can therefore be neglected –
and no relevant CSR effect is observed in the bending plane. For this reason, the
horizontal betatron function is forced below 5 m in the second half of the FERMI
magnetic chicanes BC1 and BC2, as shown in Figure 4.2. This configuration lim-
its the relative projected emittance growth to ∼ 10%.

The CSR instability is not only studied for design the compression process,
but also for design the beam transport in the high energy transfer line that is
usually included in the machine to bring the electron beam from the linac end
to one or more undulator lines. Basically, all what is necessary is to contain the
effect of CSR on the emittance by employing a scheme of emittance preservation
that we are going to explain now. The CSR induced projected emittance growth
is actually the result of the bunch slices misalignment in the transverse phase
space. This misalignment is meant to be a spatial and an angular offset of each
slice centroid respect to the others. This offset is correlated with the z-coordinate
along the bunch. In principle, the emittance growth can be completely canceled
out if this correlation is removed. The spatial (angular) offset evaluated at a cer-
tain point of the lattice is the product of ηx (η′x), or equivalently the linear trans-
port matrix element R16 (R26), with the CSR induced energy change, integrated
over the beam path. In general, this kind of product has two contributions deal-
ing with the uncorrelated and correlated energy change in the dispersive region;
they lead to incoherent and coherent emittance growth, respectively [129]:

〈∆x2〉incoh =
∫

path
R2

16(s)
dσ2

δ (s)
ds

ds (5.45)

〈∆x2〉coh =

(∫
path

R16(s)
dσδ(s)

ds
ds
)2

(5.46)
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The angular kick error 〈∆x′2〉 is calculated with the same formulas, just substi-
tuting R16 with R26. Eq.5.45 is the integral of a positive quantity and therefore
it cannot be made null in any case. Instead, the sign of the integrand in eq.5.46
can change along the beam path and, if a proper linac optics is set, it can be zero
at the end of the path. This is the case for CSR emission. If a π betatron phase
advance is built up between two points of the lattice at which the beam is emit-
ting CSR in identical conditions, then eq.5.46 is the integral of an odd function
over a half-period and its value is zero [130]. We are now going to explain this
optics scheme in detail for the FERMI Spreader design.

Let δCSR be the relative energy loss due to CSR for an electron in the first
bend magnet of the Spreader scheme shown in Figure 5.24, right plot (b). Then
the kick to the electron trajectory due to this energy loss at the end of the first
magnet, in the thin lens approximation, can be written as:

δ′x = η′xδCSR (5.47)

where η′x is the derivative of the dispersion function at the exit of the magnet.
Since we use −I transport between the magnets (namely, a π betatron phase
advance in the bending plane), then at the entrance of the second magnet this
kick changes sign and also the derivative of the dispersion function changes
sign. Thus, the kick of the second magnet to the electron trajectory is η′xδCSR.
We assume that the electrons’ longitudinal position inside the bunch is fixed and
that, therefore, the CSR causes the same amount of the energy loss in the second
magnet as in the first magnet (as well as in the third and fourth magnets). After
another −I transport, the kick due to the CSR in the third magnet is −η′xδCSR;
the kick from the fourth magnet is the same as in the third one, −η′xδCSR. At the
end, the total kick due to the CSR induced energy loss in the dispersive region
is:

δx′ = 2η′xδCSR − 2η′xδCSR = 0 (5.48)

We see here that the electron emerges with zero kick, and therefore, there must
be no emittance excitation. In practice, however, the electron bunch is not com-
pletely frozen and there is a slight re-arrangement of electrons within the elec-
tron bunch. Certainly, this compromises the scheme, but not much. In all cir-
cumstances, the above described scheme is probably the best what one can do
in order to contain the emittance excitation.

By the way, we notice that a similar analysis repeated for an angular Spreader
like that in Figure 5.24, left plot (a), shows that the angle of the trajectory ac-
quired in the central magnet should be twice as large as the one in either of the
side magnets. Although both Spreader schemes work in principle, the parallel
Spreader is chosen for FERMI@Elettra, that has a small non-zero R56 = 2.8 mm.
It is easy to modify it by using the second quadrupole (of four) in each achro-
mat. These quadrupoles are separated by a unit transfer matrix and located near
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Figure 5.24: Angular (a) and parallel (b) Spreader (conceptual).

to the positive and negative peaks of the dispersion function. Thus, one can si-
multaneously change their gradients and produce a dispersion bump localized
between the quadrupoles. By controlling this bump, one would be able to regu-
late the R56 of the Spreader making it to be exactly zero or any other reasonable
value. In fact, we propose to keep it slightly positive in some cases in order to
disperse the electrons in the spikes of the peak current at the edges of the elec-
tron bunch. Figure 5.8, already shown in a previous Section, illustrates the idea.
Top of the Figure shows the original distribution, without energy variation in
the main part and significant energy variation of the opposite sign in the tails.
At its bottom we see what happens when we increase R56 from 2.8 mm to 7
mm. We disperse the electrons in the back spike more strongly and produce the
anticipated reduction in the peak current.

5.4.4 Numerical Methods

Three particle tracking codes are used to support the analytical study of CSR
instability and for mutual benchmarking. They are elegant [82], IMPACT [131]
and CSRTrack3D [132]. The flexibility of these codes allows the investigation
of the FERMI compression scheme and CSR effects independently from the an-
alytical approximation for the magnet length (γφ �1 or �1) or bunch length
(σz � or � Rφ3/24), already discussed in Section 3.3.3. Moreover, the codes
allow the simulation of an arbitrary longitudinal current profile since they con-
volve the CSR wake function with the actual current profile at the entrance of
the magnetic chicane. elegant implements a 1-D CSR steady-state and transient
force approximation for an arbitrary line-charge distribution as a function of the
position in the bunch and in the magnet; the charge distribution is assumed
unchanged at retarded times [72]. The 1-D model (σr � σ2/3

z R1/3, where R is
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the orbit radius of curvature) does include neither the effects of the transverse
distribution on the CSR fields nor the field variation across the beam. How-
ever, these approximations fit well with the bunch length compression scheme
in FERMI@Elettra. IMPACT computes quasi-static 3-D SC forces in the linac
with the exception of CSR which is treated with the same 1-D algorithm as in
elegant. Figure 5.25 shows the good agreement of the slice emittance predicted
by IMPACT, which was run for FERMI at LBNL, and elegant, for a 0.8 nC, 10
ps long bunch compressed by a factor of 10 in BC1. This agreement demon-
strates that SC forces in the range 100–350 MeV, simulated in IMPACT but not in
elegant, do not affect the compression substantially. CSRTrack3D, which was
run for FERMI at SLAC, treats sub-bunches of variant shape traveling on non-
linear trajectories in the compressor. The simulation result in Figure 5.25 shows
that the slice emittance of the bunch compressed by a factor 10 is somehow af-
fected, not drastically, by CSR.

In conclusion, a specification of 1.0 mm mrad and 1.5 mm mrad for the slice
and projected normalized emittance, respectively, can finally be established for
a compression factor of 10 in the one- as well as in the two-stage compression
scheme (see next Section for a comparative study of these two scenarios). These
values include a ∼ 20% margin with respect to the simulation results and are
compatible with the FEL ultimate goal of 4 nm wavelength output, for which
γε ≤ γλ/4π ' 2 mm mrad at 1.5 GeV. The significant slice emittance growth
shown by Figure 5.25 at the bunch edges is not really a limiting factor to the FEL
performance because those portions of the electron bunch are not foreseen to
interact with the external seeding laser, primarily because of the expected arrival
time jitter of 150 fs (rms value) of the electron bunch with respect to the laser.
In the presence of such jitter, only the bunch core, approximately 600 fs long,
will be involved in the FEL generation. On one hand, the particle distribution
at the bunch edges suffers more than the bunch core of nonlinear energy chirp,
which leads to local over-compression and optics mismatch. Thus, we expect a
stronger effect of the CSR instability in those regions. On the other hand, the
very ends of the bunch usually contain a smaller number of particles than the
bunch core. This implies a bigger uncertainty in the computation of the beam
slice parameters by the tracking codes due to numerical sampling errors.

5.5 Microbunching Instability

5.5.1 Energy Spread

So far we have considered collective effects with a typical scale of the order of the
electron bunch length. We have demonstrated that at this scale we can neglect
the energy loss induced by CSR by virtue of the dominant dynamics established
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Figure 5.25: Codes benchmarking slice emittance for C = 10 in the FERMI mag-
netic chicane BC1. We find a good agreement of the slice emittance predicted by
IMPACT (thick dotted line), which was run for FERMI at LBNL, and elegant

(sparse dotted line), for a 0.8 nC charge beam. This agreement demonstrates that
SC forces in the range 100–350 MeV, simulated in IMPACT but not in elegant,
do not affect the compression substantially. The CSRTrack3D result (solid line)
shows that the slice emittance is somehow affected, albeit not drastically, by
CSR.

by the linac geometric wake fields. We can also ignore LSC effects [38, 74–78,
127, 133, 134] because they are weak in the relativistic electron bunch with a
smooth density distribution. But at a scale much smaller than the bunch length
both these effects gain significance. At this scale shielding is not important at all
and any microstructures within the bunch will cause CSR as in a free space. The
same microstructures will induce LSC forces which over time will produce en-
ergy modulation of electrons within the electron bunch. Together, LSC and CSR
give rise to so-called microbunching instability [38, 78, 127]. This is a rather fun-
damental instability that takes its roots in a shot noise of electrons. Shot noise is
responsible for initial microbunching of electrons. The microbunching induces
LSC forces and they produce energy modulation of electrons. Then, energy
modulation is transformed into spatial modulation with increased magnitude
of microbunching when the electron bunch propagates through the magnets of
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the bunch compressor(s). At the same time, increased microbunching gives rise
to increased intensity. The entire machine acts as gigantic amplifier of the ini-
tial noise in a direct similarity with the process of self amplified spontaneous
emission in FELs. What one gets at the end is an electron beam with significant
fragmentation in the longitudinal phase space that reflects both a modulated
current profile and an increase of the slice momentum spread which, if it is too
large, reduces the gain and increases the bandwidth of the FEL.

Simulation of the microbunching instability with particle tracking codes re-
quires a large number of macroparticles. For example, the microbunching am-
plitude, b, due to shot noise in an electron beam with peak current Ib within the
bandwidth ∆λ can be estimated:

b =

√
ec

Ib∆λ
(5.49)

For Ib = 75 A and ∆λ = 10 µm this formula gives b = 2.52 · 10−4. Typically, the
microbunching due to granularity of the distribution of macro-particles is much
larger. For example, we calculate for a 6 ps long electron bunch (fwhm) with 106

macroparticles, b = 1.3 · 10−2, which is approximately 50 times larger than the
real shot noise. The particle tracking codes elegant and IMPACT are used in or-
der to get around this problem. A completely different approach is also pursued,
namely a technique that follows the evolution of the distribution function using
Vlasov’s kinetic equation [135]. This was implemented in a code developed and
run for FERMI at LBNL. Ideally this technique is absolutely free from computa-
tional noise, although some noise can be introduced on which, due to the final
size of the grid, the initial distribution function is defined. However, in practice,
this noise can be easily kept below the sensitivity level. Last but not least, we
use the analytical linear theory [78] to estimate the gain of the microbunching
and the energy spread caused by the instability. The tracking codes results and
the analytical evaluation converge with small discrepancy when applied to the
beam dynamics in FERMI@Elettra. In the case of comparison of the simulation
results with the linear theory, it becomes apparent that a true result will likely be
different because of the anticipation that the linear model should fail at the high
frequency end of the noise spectra. Nevertheless, even in the analytical case we
want to present a simple transparent result which gives a correct assessment of
the magnitude of the effect.

Eq. 3.85 is applied to the two-stage compression scheme of FERMI@Elettra,
whose set of machine and electron beam parameters are listed in Table 5.3. The
instability gain vs. uncompressed modulation wavelength at the end of BC1
is shown in Figure 5.26, left plot, while the total one at the linac end is shown
in Figure 5.26, right plot. Comparison of the two plots show that most of the
microbunching instability gain in FERMI@Elettra occurs after BC2. Hence, one
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can effectively suppress it by using only BC1 for bunch compression. This is a
potentially attractive option that however involves many different aspects of the
electron beam dynamics. The next chapter is dedicated to such investigation.

Table 5.3: FERMI parameters used to calculate the microbunching instability
gain.

Parameter Value Units
Uncorrel. Energy Spread (rms) 2 keV
Initial Beam Energy 100 MeV
Beam Energy at BC1 320 MeV
R56 of BC1 -26 mm
Lin. Compression Factor in BC1 4.5
Peak Current after BC1 350 A
Linac Length up to BC1 30 m
Lin. Compression Factor in BC2 2.5
Beam Energy at BC2 600 MeV
R56 of BC2 -16 mm
Peak Current after BC2 800 A
Linac Length up to BC2 50 m
Linac Length after BC2 70 m

Figure 5.26: Two-stage compression gain function at BC1 end (left) and at linac
end (right).

The slice energy spread in the electron bunch after BC2 can be calculated
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by assuming that the energy spread induced by the microbunching instability
will eventually become uncorrelated energy spread. We assumed an initial shot
noise with a constant spectral power and calculate the initial bunching accord-
ing to the formula:

|b|2 =
σ2

I
I2
b
=

2e
Ib

∆ν (5.50)

where ∆ν is the bandwidth. Then, we convolute it with spectral gain function
G(λ) shown in Figure 5.26, right plot, to obtain:(

σE
E0

)2
=

2ec
Ib

∫
G(λ)2 dλ

λ2 (5.51)

Here we used a substitution ∆ν = c∆λ/λ2. This gives us a large value, σE = 4.3
MeV, which is one order of magnitude larger than the FERMI FEL specification
of 150 keV rms.

5.5.2 Landau Damping

Eq. 3.84 shows that the gain of the microbunching instability is very sensitive
to the uncorrelated energy spread in the electron beam. Typically, even a mod-
est increase in the uncorrelated energy spread weakens the instability because
of the Landau damping effect. In order to underline the importance of Landau
damping, Figure 5.27 shows the damping coefficient for a Gaussian energy dis-
tribution, eq.3.85, as function of the compressed modulation wavelength: the
dashed curve reproduces the damping provided at BC1 by the natural 2 keV
rms energy spread of the beam. The other two curves are for 10 keV and 30
keV rms, respectively. The laser heater was proposed in [38] in order to have
an efficient control over the uncorrelated energy spread with the ability to in-
crease it beyond the original small level. The laser heater consists of an undula-
tor located in a magnetic chicane where a laser interacts with the electron beam,
causing an energy modulation within the bunch on the scale of the optical wave-
length. The corresponding density modulation is negligible and the coherent en-
ergy/position correlation is smeared by the particle motion in the chicane. The
reason is that, if the following condition is satisfied, σ′x · |R52| ≥ 780nm/2π (780
nm is the seed laser wavelength), then electrons with different divergences will
follow different paths independently of their longitudinal position. In FERMI
we have σ′x = 26 · 10−6 and |R52| = 25 mm; the condition for decoherence,
σ′x · |R52| = 650 nm, is therefore satisfied. In the following it is simply assumed
that the laser heater provides additional energy spread which adds in quadra-
ture to the uncorrelated one generated by the photoinjector.
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Figure 5.27: Gaussian damping coefficient vs. compressed modulation wave-
length.

In order to demonstrate the effect of the laser heater we compute the spectral
gain function for a few different setting of the laser heater and plot them in
Figure 5.28. It is seen here that the larger the energy spread added by the laser
heater the more efficient is the suppression of the gain at the high frequency end
of the spectra. We also compute the uncorrelated energy spread at the end of
the linac as a function of the energy spread added by the laser heater only with
the beam and accelerator parameters listed in Table 5.3. The analytical result is
shown in Figure 5.29. The calculation is simplified by the fact that the interaction
between the laser and the electron beam is weak because the required energy
spread is small. In this case the changes in laser and beam dimensions along
the interaction region can be neglected. Even the slippage effect is negligible
because the slippage length is small with respect to the electron and laser pulse
length. The heating process is therefore well described by the small gain theory
with a single mode [136].

Figure 5.29 shows a minimum. For beam heating weaker than that mini-
mum, the instability is not suppressed and the final uncorrelated energy spread
grows because of the energy modulation cumulated at the linac end at very short
wavelengths. For stronger beam heating, instead, the final uncorrelated energy
spread is dominated by that induced by the laser heater. Owing to the (approxi-
mate) preservation of the longitudinal emittance during bunch length compres-
sion, the final energy spread is linearly proportional to the initial one and this
explains the linear behaviour in the right part of the plot. The point of minimum
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Figure 5.28: Spectral gain function for several beam heating levels.

is the best one at which the machine should be tuned because, although the in-
stability is not fully damped, it is kept well under control by the beam heating
and the final energy spread is within the FEL specification. According to Figure
5.29, the energy spread induced by the laser heater should be in the range 8–12
keV rms.

As an alternative to the beam heating, energy modulation and transverse
emittance excitation induced by CSR can be moderated, in principle, with an
appropriate design of the compressor lattice. Although transverse microbunch-
ing radiative effects excite emittance directly [137, 138], an indirect emittance ex-
citation via longitudinal-to-transverse coupling typically dominates them. This
coupling is characterized by the function:

H = γxη2
x + 2αxηxη′x + βxη′2x (5.52)

where γx, αx and βx are the horizontal Twiss functions and ηx, η′x are the hori-
zontal dispersion function and its derivative (here we assume a chicane in the
horizontal plane.) Using H, we write for the emittance contribution due to CSR:

∆εx ≈ Hδ2 (5.53)
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Figure 5.29: Final uncorrelated energy spread vs. energy spread added by
the laser heater. This analytical computation is for the two-stage compression
scheme in FERMI@Elettra.

where δ is the spread of the energy losses caused by CSR, which is proportional
to the value defined in eq.5.40. It is obvious from eq.5.53 that the lattice with
small H gives less emittance excitation. Since the strongest CSR is expected in
the third and fourth bending magnet of the chicane where the electron bunch
is the shortest, we pursue the FERMI BC1 design with reduced H in this mag-
net. Now we would like to give the argument why we may not want to get the
smallest possible H . While moving through the chicane bending magnets, the
electrons with different amplitudes of the betatron oscillations follow different
paths with path lengths described by the following equation:

δl =
∫ s

0

x(s′)
R

ds′ = x0

∫ s

0

C(s′)
R

ds′ + x′0
∫ s

0

S(s′)
R

ds′ (5.54)

Here x0, x′0 are the electron spatial and angular coordinate at the beginning of
the chicane and C(s), S(s) are the cos-like and sin-like trajectory functions. It
can be shown that the rms value of ∆l taken over the electrons in any given
slice of the electron bunch is related to the electron beam emittance through the
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function H, i.e.:
∆lrms ≈

√
Hεx (5.55)

Thus, the lattice with large H spreads slice electrons more apart than the lattice
with small H and washes out the microbunching more effectively. In fact, with-
out accounting for this effect, the gain of the microbunching instability would be
significantly overestimated. This effect is very similar to the effect of the Landau
damping due to the energy spread. Because of the last argument, we design the
BC1 lattice such as the magnitude of H in the last bend of the chicane can vary
at least within a factor of four. It will give us some flexibility to maneuver be-
tween such tasks as containing the emittance excitation due to CSR that benefits
from smaller H and containing energy spread growth due to the microbunching
instability that benefits from larger H.

5.5.3 Numerical Methods

The sources of microbunching instability include initial density modulations
arising from non-uniformity of the photo-cathode laser profile and shot noise.
Unfortunately, simulations of shot noise are affected by unphysical numerical
sampling anomalies introduced by tracking codes when the particle flow is not
sufficiently smooth. In FERMI, this might artificially increase the instability gain
by a factor

√
Nreal/Nsim ≤ 100, depending on the number of particles in the real

bunch, Nreal , and in the simulation, Nsim. For this reason, three different noise
suppression strategies have been adopted and benchmarked: i) a smoothed ini-
tial particle distribution is taken as start for elegant [139]; the particle binning
is then filtered during the simulation. Several tens of million particles represent-
ing a 0.8 nC, 10 ps long bunch were tracked on parallel computing platforms to
resolve the final modulation at wavelengths of 1-10 µm; ii) IMPACT tracked 1
billion particles, thus reducing the numerical sampling noise by brute force. The
convergence of the final result for the increasing number of macroparticles was
demonstrated in [140]; iii) a 2-D direct Vlasov solver code was used that is much
less sensitive to numerical noise than PIC codes. The 4-D emittance smearing
effect is simulated by adding a filter, as shown in [141, 142].

elegant demonstrates [139] that FERMI is very sensitive to small initial den-
sity modulations and that the instability enters into the nonlinear regime as the
beam is fully compressed in BC2. The longitudinal phase space becomes folded
and sub-harmonics of the density and energy modulation appear. Consequently,
the uncorrelated energy spread produced in the injector region has to be in-
creased with a laser heater. Based on these results and on the afore-mentioned
analytical evaluations, elegant was used to define the physical requirements
for the laser heater; they are summarized in Table 5.4.
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IMPACT and the Vlasov solver predict [141] that a minimum beam heating
of 10 and 15 keV rms, respectively, is necessary to suppress the microbunch-
ing instability in the one- and two-stage compression scheme. This leads to a
final slice energy spread of 110 and 180 keV rms, respectively, with a nominal
uncertainty of about 15% from code to code.

Table 5.4: Parameters of laser heater for FERMI@Elettra.

Parameter Value Units
Nr. of Undulator Periods 12
Undulator Period Length 50 mm
Undulator Parameter k 0.487
Laser Peak Power 13 MW
Laser Wavelength 780 nm
Laser Waist 0.912 mm
Chicane Bending Angle 3 deg

In spite of the results obtained so far, the microbunching instability study
still presents some challenges. First, the Vlasov solver agrees well with the
linear analytical solution of the integral equation for the bunching factor for a
compression factor of 3.5, as shown in [135]. However, entrance into the non-
linear regime is predicted by that code when the compression factor reaches 10
[141]. Unfortunately, the analytical treatment of the nonlinear regime remains a
work in progress [143] and no nonlinear analytic treatment of the microbunch-
ing instability exists at present for codes benchmarking. Second, the initial seed
perturbations for the instability are currently not well determined, both in con-
figuration and in velocity space. Moreover, complications from the bunch com-
pression process, which can lead to “cross-talk” amongst different modulation
frequencies, make it difficult to extract the frequency-resolved gain curve. Fi-
nally, a fully resolved 3-D simulation of microbunching instability can only be
accomplished with massive parallel computing resources that are impractical
for the machine fine tuning. As mentioned before, only IMPACT implements
3-D SC forces, while elegant and Vlasov solver adopt a 1-D LSC impedance.
However, the substantial agreement between the codes suggests that the 3-D SC
effect (which is expected to mitigate the microbunching instability) is probably
masked by the differences in the computational methods and in the treatment
of the numerical noise.
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5.6 Conclusions

Analytical evaluations and simulations with particle tracking of electron beam
collective effects in a single-pass, S-band linac have been carried out. A quan-
titative study for the FERMI@Elettra electron beam delivery system from the
injector end to the undulator, including the magnetic bunch length compression
has been done. The strength of the short-range SC forces has been evaluated
through the laminarity parameter computed as function of the electron beam
parameters along the line. It has been shown that SC forces might corrupt the
quasi-laminar particle motion and therefore should be taken into account dur-
ing the one-stage magnetic compression of the bunch length, even at energies
at which the electrons are ultra-relativistic. The effect of the structural longi-
tudinal and transverse wake field on the electron beam energy distribution and
projected emittance, respectively, has been studied. Shaping of the initial current
profile has been proposed to alter the longitudinal wake potential and make it
almost linear. In this way, the longitudinal wake field can be used to cancel out
the linear energy chirp required for magnetic compression; moreover, nonlin-
ear contributions to the energy chirp are minimized. It has been proposed to
suppress the head-tail instability induced by the transverse wake with trajec-
tory manipulation along the linac (emittance bumps). Then, a trajectory jitter
study has been done in order to specify the magnets’ alignment and vibration
tolerances that do not affect this correction scheme. Finally, the CSR effect on
the transverse emittance and the microbunching instability linear gain has been
computed and compared with particle tracking results. The optics design allows
for the compensation of the CSR effect by means of a suitable optics arrange-
ment in the magnetic chicanes and in the Spreader. As for the microbunching
instability, it enters into the nonlinear regime when the two-stage compression
is adopted. This study therefore justifies the implementation of a laser heater to
Landau damp the instability and to keep the slice energy spread within the FEL
specifications.
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