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CHAPTER 4

AN EXTENDED MIND PERSPECTIVE ON
NATURAL NUMBER REPRESENTATION

This chapter is an expanded version of De Cruz, H. (2008). An extended
mind perspective on natural number representation. Philosophical Psy-
chology, 21, 475–490.

Abstract

Experimental studies indicate that nonhuman animals and human infants
represent numerosities above three or four approximately and that their
mental number line is unlike the linear number line of natural numbers.
In contrast, human children from most cultures gradually acquire the ca-
pacity to denote exact cardinal values. To explain this di↵erence, this
chapter takes an extended mind perspective, arguing that the distinctly hu-
man ability to use external representations as a complement for internal
cognitive operations enables us to represent natural numbers. Reviewing
neuroscientific, developmental, and anthropological evidence, I argue that
the use of external media that represent natural numbers (like number
words, body parts, tokens or numerals) influences the functional architec-
ture of the brain, which suggests a two-way tra�c between the brain and
cultural public representations.
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106 Chapter 4. The extended mind and natural numbers

4.1 The bounds of cognition

Human cognition is characterized by an extensive interaction between
brain and external environment. We are part of distributed cognitive sys-
tems, which include other people’s minds, external storage devices such as
books, and instruments such as pocket calculators. Delegating cognitive
operations to the external world clearly enhances our cognitive capaci-
ties: multiple-digit multiplications with pen and paper are far easier than
mental arithmetic. Moreover, without external cognitive artifacts many
concepts (such as heliocentrism) or solutions to computational prob-
lems (such as algebra) are not just harder to obtain, they are unthinkable.
Despite this importance of external media in human cognition, relatively
little research has been conducted to clarify how the brain and the envi-
ronment interact to enhance and extend our cognitive capacities.

As a result, there is considerable disagreement on the viability of the
extended mind as a philosophical concept. An ongoing debate focuses
on whether the manipulation of external objects, i.e., processes that take
place outside of the brain, can be characterized as cognitive processes.
Active externalists1 like Andy Clark and David Chalmers (1998) argue
that there is little di↵erence between an Alzheimer’s patient who consults
his notebook to remember the location and date of an exhibition and
a neurologically normal person who consults her memory to recall the
same event. Internalists like Fred Adams and Ken Aizawa (2001, 57)
object that this opens the threat of cognitive bloat: cognition oozing
into everything that is somehow causally connected to it. The latter do
not deny that manipulating external media are important in cognitive
processes, but they maintain that such manipulations do not count as
cognition.

A large part of the disagreement stems from the centrality of the so-
called parity principle. Briefly stated, the parity principle holds that if
we characterize a process that takes place in the brain as cognitive, we
also ought to characterize a structurally similar process that takes place
outside of the brain as cognitive. In their example of the Alzheimer’s
patient, Clark and Chalmers (1998) argue that his use of the notebook
and the consultation of a healthy person’s memory are functionally equiv-

1The term “active externalism” was coined by Clark and Chalmers (1998) to denote
an externalist position, where the environment plays an active role in the formation of
cognitive processes.
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alent: if we are happy to concede that the neurologically normal person
is informed by her (internally stored) beliefs about the location and date
of the exhibition, we should also regard the externally stored information
in the notebook as beliefs. Richard Menary (2006) has observed that the
parity principle is not an argument for the extended mind, but rather,
an intuition pump to overcome Cartesian prejudices: were we to count
only intracranial processes as cognitive, this would make external actions
not cognitive by definition, but this wouldn’t be a particularly interest-
ing thesis to defend. Internalists accept the parity principle: Adams and
Aizawa (2001), for example, use the principle to argue that digestion can
be a transcorporeal process: some spiders inject their prey with enzymes
that digest it from the inside out. According to them, transcorporeal
cognition is not impossible as a matter of principle. Rather, they ar-
gue that there are no relevant empirically-attested instances of functional
equivalence between internal and external processes. However, the par-
ity principle may not be a good starting point for developing an active
externalist position. For one thing, the manipulation of external objects
and symbols can be quite di↵erent from internal cognitive processes (this
will be discussed in more detail in the next chapter).

Some defenders of the extended mind thesis, like Menary (e.g., 2006,
2007) have therefore proposed that cognition should not be limited to
those instances of intracranial processing and external actions that hap-
pen to be isomorphic to them, but rather, that we should think of cogni-
tion as an integration of internal and external processes. This involves a
causal, dynamic interaction between both types of processes, where the
practices of manipulating external objects can lead to structural changes
in the way internal cognitive processes are solved. In chapter 5, we will
see one example of cognitive integration, namely the use of mathematical
symbols as epistemic actions. In the present chapter, we will examine
the two-way interaction between external media and internal numerical
cognition.

How should we characterize cognitive processes without the parity
principle? Merlin Donald’s (1991) classic essay on human cognitive evo-
lution presents a possible view: he claims that the extensive use of writing
and other material symbols results in a radical restructuring of the brain
during ontogeny. On this view, the extended mind does not consist of in-
ternal cognitive processes supplemented by external media, but rather, of
internal cognitive processes and external media that influence each other.
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The use of external media changes our cognitive processes, and thus has a
lasting influence on our cognition. This view, however, seems incompati-
ble with modular, nativist accounts of cognition that many psychologists
and philosophers of mind (e.g., Carruthers, 2006) endorse. If we take, for
example, the view that numerical cognition is subserved by an innately
specified and phylogenetically ancient number sense (as argued in chapter
3), how could external media influence these cognitive processes? In this
chapter, I will not defend the view that numerical cognition is to some
extent innately specified and modularly organized (for outlines of such
accounts, see chapters 2 and 3). Rather, this chapter will examine in
what way a modular framework on numerical cognition can be combined
with models of the extended mind thesis.

The aim of this chapter is to come to a more precise formulation
of brain–world interactions through an examination of the various ways
in which natural numbers are represented. The starting point is a fun-
damental di↵erence between numerical representations in humans and
nonhuman animals: humans are unique in their ability to denote exact
cardinal values above three. Although number words often play a signifi-
cant role in the conceptual development of natural numbers, I will argue
that natural language is neither necessary nor su�cient for their develop-
ment. This chapter will develop a model of multiple cognitive pathways
that lead to successful natural number representation, including tokens
(e.g., abacus beads, tallies), body parts, numerical notation systems and
gestures. Taking evidence from neuropsychology, anthropology and his-
tory of mathematics, I will argue that these cognitive pathways influence
the structure of the human brain, which supports the view that culture
influences cognitive architecture without repudiating domain-specific ac-
counts of human cognition.

4.2 Domain-specificity in numerical representa-
tions

As we saw in chapters 2 and 3, a growing body of experimental and neu-
ropsychological literature suggests that human numerical competence is
rooted in cognitive evolution and that we possess some elementary innate
numerical skills that we share with other animals. Nonhuman animals
and infants can only enumerate small collections (up to three) precisely.
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Higher numbers are represented approximately; they can only be discrim-
inated if the ratio di↵erence between them is large enough. Six-month-
olds, for example, can discriminate between 8 and 16, but not between
8 and 12 (Xu & Spelke, 2000). Similarly, young chicks can discriminate
accurately between displays of 2 and 3 items where the total surface area
has been kept constant, but not between 3 and 4, or even between 4 and
6 (Rugani et al., 2008). There are several models of mental magnitude to
explain the lack of precision in intuitive numerosities. The earliest model
of mental magnitudes is that of scalar variability, originally developed
by Meck and Church (1983) (Fig. 2.2b on p. 65). This model says that
representations denoting larger numbers exhibit more variability than do
representations denoting smaller numbers. One prediction of this model
is that, at a certain point, the range of magnitudes which may denote a
given number begins to overlap with the ranges of magnitudes that denote
nearby numerosities. As a matter of fact, they will increasingly overlap
as cardinalities increase. This model explains that animals and nonnu-
merate humans will have increasing di�culties keeping numbers apart if
they are larger. This is indeed confirmed by the size e↵ect, an observation
that is empirically robust (e.g. Moyer & Landauer, 1967; Xu & Spelke,
2000; Pica et al., 2004).

A more recent model (e.g., Dehaene, 2003) posits mental magnitudes
as falling onto a logarithmically compressed mental number line on which
magnitudes are mapped conforming to the natural logarithm of these
numbers (Fig. 2.2a on p. 65). Each magnitude is represented by a Gaus-
sian tuning curve, which increasingly overlaps with curves distributed
along other magnitudes. Accordingly, the perceived distance between
larger numbers (e.g., 8 and 10) is smaller than between smaller numbers
with the same absolute di↵erence (e.g., 2 and 4), which could explain why
numerosities < 4 are easier to tell apart. This leads to an overestimation
of the distance between small numbers, such as 1 and 2, where the psycho-
logical distance is typically judged to be much greater than between larger
numbers like 11 and 12. Several experimental findings are in accordance
with this logarithmic model. For example, young children make charac-
teristic errors when plotting numbers on a scale. Robert Siegler and Julie
Booth (2004) gave five- to seven-year-olds a number line with 0 at the left
side and 100 at the right, and asked them to place various numbers on
this number line. Younger children typically place small numbers too far
to the right. For example, they tend to put the number 10 in the middle



110 Chapter 4. The extended mind and natural numbers

of the scale, which is roughly in accordance with a logarithmic represen-
tation. As children become older, their number lines begin to look more
linear. From these results, Siegler and Booth (2004) conclude that our
intuitive number representation is logarithmic, and that it becomes more
linear as children learn to manipulate exact quantities. It is interesting to
note that, as children learn to deal with larger numbers, their initial rep-
resentation is also logarithmic. In another experiment, Siegler and Opfer
(2003) presented rulers with 0 at the left end and 1000 at the right, and
asked children between 7 and 11 years old to place numbers on this scale.
Siegler and Opfer (2003, 239) tried to match the answers to two mod-
els: a logarithmic or a linear ruler. The results showed that 7-year-olds
had an almost perfect match with a logarithmic model, that 11-year-olds’
performance fitted a linear pattern, and that 9-year-olds’ results fell into
neither. Thus, each time children learn to deal with larger numbers, they
have to adapt an initially logarithmic number representation into a linear
number line. Dehaene et al. (2008) adapted this experiment in an ele-
gant fashion to study Mundurukú participants, presenting them with a
line with one dot to the left, and ten dots to the right. The Mundurukú
were given a specific numerical stimulus, either a number of tones, or a
number word in Portuguese or Mundurukú. In all cases, the best fit of
the responses was logarithmic, not linear. As the authors of this study
acknowledge, language cannot be the sole factor responsible for linear nu-
merical representations in western people, as the Mundurukú responded
logarithmically, regardless of the language or format in which the numbers
were presented. Perhaps other external representations, such as rulers or
the practice of measurement, can explain this change.

A third model of mental magnitudes (e.g., Feigenson et al., 2004)
describes how humans and other animals are in fact endowed with two
systems of numerical cognition. One deals with numerosities up to 3 with
reasonable accuracy in the format of object files, which represent a limited
number of objects in a discrete, imagistic format (see subsection 2.2.2).
The second is a system of mental magnitudes, which tracks magnitudes
not as discrete but as continuous entities. Lisa Feigenson et al. (2004)
invoke this model to explain why nonhuman animals, infants and innu-
merate adults are much more accurate in dealing with numbers up to 3
than with larger cardinalities. Although scalar variability and logarith-
mic models can also explain the accuracy in small number discrimination,
proponents of this model argue that object files need to be invoked to ex-
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plain the failure of nonhuman animals and infants to keep larger numbers
in working memory. For example, Feigenson, Carey, and Hauser (2002)
let 12-month-old infants crawl to one of two opaque buckets in which a
number of crackers were dropped. Although the infants correctly chose
the bucket with the most crackers in 1 versus 2 or 2 versus 3, they failed
in 4 versus 6 and even 3 versus 6. Feigenson et al. (2002) speculate that
object files allow infants to keep small quantities in memory.

For the argument developed in this chapter, it does not matter which
of these models is correct. What is important is that intuitive numerical
cognition for quantities > 3 is imprecise. This is most evident in number
comparison tasks, where adults respond faster for small numerosities (e.g.,
2 vs. 3 is easier than 8 vs. 9) and for numerosities with a large absolute
di↵erence (e.g., 3 vs. 8 is easier than 7 vs. 8); in fact, their performance is
almost identical to that of rhesus monkeys who are trained to perform the
same task (Brannon & Terrace, 2002). These results are in line with the
view that our intuitive number representation only becomes linear when
children learn to manipulate exact quantities. There is thus a discrepancy
between natural number concepts2 and intuitive numerosities that needs
to be explained.

As mentioned in the previous chapter, the question of how people
acquire formal numerical concepts such as natural numbers remains un-
solved. How are humans able to go from noisy, imprecise magnitudes to
the representation of natural numbers and other formal number concepts?
Several authors have proposed accounts that involve a radical conceptual
change to explain the change in our internal representation of number
(e.g., Spelke, 2003; Rips et al., 2008). However, from the perspective of
cognitive integration, such an account is not really required. Given that
external and internal components of cognition are integrated, all that is
required is an account of how our interactions with the external world
provide us with the ability to make formal representations of number.

2With “natural number concepts” I do not mean the concept natural number,
which arguably requires an understanding of advanced mathematical principles and
axioms. I will not deal here with the question of how we acquire the concept natural

number (see e.g. Rips, Asmuth, & Bloomfield, 2006, for a treatment of this). Rather, I
am interested here in how we represent individual natural number concepts like seven

or forty-two.
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4.3 Two cognitive routes for number words

4.3.1 Counting

How are humans able to overcome these cognitive limitations and to repre-
sent larger cardinal values precisely? Most scholars agree that a counting
routine is necessary (although probably not su�cient) for natural number
representation. As we saw in subsection 3.4.1, to count, one establishes
a one-to-one correspondence between each countable item and consec-
utive symbols in a list with a fixed ordinality (e.g., the number words
“one”, “two”, etc.). The final item tagged determines the last tag from
the counting sequence, which in turn denotes the cardinality of the set.
Making correspondences between small collections is part of our innate
cognitive architecture: both infants and nonhuman animals can recognize
whether two sets of stimuli have the same number of elements. Seven-
month-olds, for example, can match the number of voices they hear to the
number of speakers they see (Jordan & Brannon, 2006). Lions and rhesus
monkeys show similar capacities: they can compare the number of con-
specifics they hear to the number of individuals they see (e.g., McComb
et al., 1994; Jordan, Brannon, Logothetis, & Ghazanfar, 2005). However,
humans are not innately furnished with a stably ordered counting list. As
will be argued below, external media, such as body parts or tallies, may
be able to supplement our approximate numerical representation with a
list of counting symbols. They provide the necessary conceptual stabil-
ity, thus enabling us to discriminate between numerosities (e.g., 5 and 6)
that would otherwise be indistinguishable through our evolved numerical
cognition.

To be semantically accessible, external symbolic number representa-
tions are linked to the mental number line. This is most aptly demon-
strated by neuroimaging studies (e.g., Eger et al., 2003), that indicate that
passively hearing spoken number words or perceiving arabic numerals ac-
tivates the same neural circuits that are implicated in approximate numer-
ical cognition, namely the bilateral intraparietal sulci. The tendency to
understand symbolic numerical stimuli in terms of approximate numerosi-
ties seems irresistible, and even occurs when we are confronted with nu-
merical symbols of which we do not know the precise meaning. Masataka,
Ohnishi, Imabayashi, Hirakata, and Matsuda (2007) presented monolin-
gual Japanese adults with roman numerals (e.g., CMXCIX), which are
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unknown in Japan. Initially, the subjects’ neural activation (as indicated
by the blood oxygen level dependent signal in their fMRI experiment)
showed the typical linguistic pattern for letter processing. Upon learning
that these shapes actually represent numerosities, the subjects’ brains
immediately showed strong activation in a network of areas involved in
numerical processing, such as the bilateral inferior and superior parietal
lobule. Although none of the participants could even remotely identify
these numerals, their brains showed numerical activation patterns at the
simple presentation of the unknown numerical stimuli.

Given that counting lists provide us with exact cardinal values, it
seems remarkable that numerate individuals should continue to rely on
their approximate number representation. One reason to associate sym-
bolic representations with the fuzzy and imprecise number sense is that
only the latter gives us semantic access to numerosities, enabling us, for
example, to judge very quickly and without calculation or counting that 6
is smaller than 9, or that 3 + 5 cannot be 15. Indeed, while patients with
brain damage to the intraparietal area can typically recite calculations
they learnt by heart (e.g., multiplication facts), they make puzzling errors
in calculations that are not stored in long-term memory, such as division
or subtraction (Lemer, Dehaene, Spelke, & Cohen, 2003). Furthermore,
the linkage between numerical symbols and approximate numerosities al-
lows us to reason about numerosities in a purely symbolic format, with-
out actually observing collections of items, which significantly expands
our ability to deal with number.

4.3.2 Approximate number words

People from innumerate cultures do not have a conventionalized counting
routine, but rather estimate numerosities directly, and only subsequently
convert this approximate representation into a linguistic format. The
Mundurukú only possess number words up to five (see subsection 3.4.1 for
discussion). However, they do not use these words in counting routines,
but make approximate comparisons between numerosities and collections
that are easily available, such as the fingers on one hand. They use the
expression pũg põgbi (“a hand”) not only for collections of 5 items, but
also for collections ranging from 4 to 12 items. As we saw in subsection
2.3.1, the Pirahã do not even have a specialized vocabulary to represent
discrete cardinality, but rather, have words that denote a small quantity, a
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somewhat larger quantity, and a large quantity. Thus, the mere presence
of number words is not su�cient to promote natural number represen-
tation. Rather, number words can emerge from two distinct cognitive
routes: they can be representations of exact cardinal values, emerging
from the use of counting words, or they can be linguistic expressions of
perceived approximate numerosities, as is the case with the Mundurukú
and other cultures with few number words. In numerate adults, this sec-
ond, approximate use of number words is also apparent in expressions
like “a couple of days” or “about 50 people”. When there is no strong
cultural incentive to denote cardinal values (e.g., lack of monetary com-
merce), this latter system may be su�cient, and counting routines may
not develop3.

Once the need arises to denote numerosities more precisely, approxi-
mate number words can serve as the basis of a counting list, which may
explain why in so many languages, some number words are etymologi-
cally related to the word for “hand” or “finger”. Take speakers of Martu
Wangka, a western Aboriginal Australian language, who started using
their approximate number words in an exact sense once monetary econ-
omy was introduced. While older speakers of Martu Wangka use the
words marakuju and marakujarra in an approximate fashion to denote
“about a hand” and “about two hands”, younger speakers use these terms
as the precise numbers 5 and 10 (Harris, 1982, 167). This is probably
due to an increasing participation in the monetary economy, as is aptly
illustrated by the Tiwi, an Aboriginal culture from Melville Island, Aus-
tralia, whose numerical competence strongly correlates with the degree
to which they participate in monetary economic activities (McRoberts,
1990, 35–36). In the case of Martu Wangka, the linguistic expressions
for (approximately) five and ten remained identical, but the semantic
meaning changed. This was due to an increased cultural importance of
number, stirred by an increased participation in the monetary economy.

3Also, there is evidence that people without schooling living in numerate cultures
fail to develop exact numerical concepts. Spaepen, Coppola, Spelke, Carey, and Goldin-
Meadow (2011) studied deaf adults from Nicaragua who did not attend schools and
who developed their own, spontaneous, sign languages to communicate with members
of their family and community. They found that these deaf adults could discriminate
small numbers up to 3, but that they were inaccurate in denoting larger numbers.
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4.4 Interactions between external media and in-
ternal cognitive processes

There are di↵ering views on the relationship between external media and
internal cognitive processes. One popular position in cognitive science
and philosophy of mind (e.g., Fodor, 1975) holds that external represen-
tations merely serve as input to the internal mind. According to this
approach, numerical cognition only takes place after we convert arabic
numerals and number words into some inner code. Some scholars (e.g.,
Clark, 2006) instead argue that external representations need not be rep-
resented internally to be involved in numerical cognition. In this view,
much of human cognition is essentially hybrid: it involves a complex inter-
play between the brain and external resources, and it is often impossible
to demarcate sharp boundaries between internal and external cognition.
A third position (e.g., Donald, 1991) asserts that external cognitive re-
sources shape the mind in the strong sense that they actually alter our
cognitive architecture. Compelling evidence for Donald’s claim comes
from studies on the e↵ects of literacy and music on the brain.

A functional neuroimaging study of reading (Tan, Feng, Fox, & Gao,
2001) revealed that di↵erent writing systems elicit di↵erent patterns of
neural activation. It compared neural activity in readers of Chinese, a lan-
guage that uses logograms (where characters map onto morphemes, i.e.,
small meaningful units) with readers of English, a language that makes
use of phonograms (where characters map onto phonemes, i.e., speech
sounds). Native Chinese readers rely more on right-hemispheric areas in-
volved in spatial cognition, whereas English readers show more activity in
their perisylvian (language-related) left-lateralized areas. Carreiras et al.
(2009) found that Colombians who learned to read as adults have struc-
tural di↵erences in the connectivity of their brains compared to adults
from the same community who learned to read as children. In particular,
they found increased connectivity between the angular gyri in the early
literates. In their comparison of brains of professional musicians, mu-
sical amateurs and nonmusicians, Gaser and Schlaug (2003) found that
musical competence correlates with an increase in grey matter in motor,
auditory and visual-spatial brain regions. Intriguingly, this e↵ect of prac-
tices on the brain is not unique to humans: the brains of rhesus monkeys
that learned to use tools also show increases in grey matter in temporal
and parietal areas, which are involved in object manipulation and spatial
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cognition (Quallo et al., 2009).
This influence of culture on the brain can be explained by the well-

established mechanism of Hebbian learning. Donald Hebb (1949) influ-
entially stated this principle as follows:

When an axon of cell A is near enough to excite a cell B and
repeatedly or persistently takes part in firing it, some growth
process or metabolic change takes place in one or both cells
such that A’s e�ciency, as one of the cells firing B, is increased
(Hebb, 1949, 62).

The principle of Hebbian learning assumes that a repeated and persistent
excitement of one neuron by another results in metabolic changes in both
cells which increases their connectivity, a process known as long-term
synaptic potentiation.

In the case of number, cultural exposure to symbolic numerical rep-
resentations during early cognitive development could result in long-term
synaptic potentiation between populations of number-sensitive neurons,
such as those in the intraparietal sulci, and neurons involved in high-level
processing of other domains, such as body-part representation or lan-
guage. In the following subsections, I discern five ways to represent nat-
ural numbers externally that are salient across cultures: number words,
body parts, tallies and tokens, numerical notation systems, and gestures.
For each of these instances, this chapter will attempt a more precise for-
mulation of how internal and external representations interact to yield
natural numbers.

4.4.1 Number words and language

The role of language in the development of natural number concepts has
been the focus of intense debate. This controversy is fueled by the fact
that both grammatical language and the ability to represent natural num-
bers accurately seem to be restricted to humans. Even chimpanzees who
received intensive training on arabic numerals never generalize to the
counting procedure that children master with ease (Biro & Matsuzawa,
2001a). The fact that both natural language and natural numbers are
uniquely human suggests a link between the two, leading several develop-
mental and comparative psychologists to propose that language enables
us to go beyond the limitations of our innate numerical capacities.
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Hauser, Chomsky, and Fitch (2002) invoke a uniquely human domain-
general recursive capacity that underlies both natural language and natu-
ral numbers. This ability, which allows us to generate a potentially infinite
array of expressions from a limited set of elements, would help children to
realize that they can come up with higher and higher numbers. However,
the recursiveness hypothesis is seriously underdetermined by the data:
there are many other features in language that might be relevant for our
acquisition of natural number concepts, such as its referential nature4.
Also, recursiveness might not be a universal property of human languages
(Everett, 2005), and starlings, manifestly a nonlinguistic species, seem to
be capable of learning recursive syntactic patterns (Gentner, Fenn, Mar-
goliash, & Nusbaum, 2006). If recursiveness were to play an important
role in natural number acquisition, we can expect that linguistic and
mathematical recursive tasks would recruit similar brain networks. How-
ever, there is little support in the neuropsychological literature for this
prediction. Rosemary Varley et al. (2005) investigated numerical skills in
three profoundly agrammatic patients. Despite their inability to produce
grammatical language, all subjects could accurately solve multiple-digit
calculations. They also scored well on questions on infinity, e.g., when
asked to produce several numbers smaller than 2 but larger than 1, par-
ticipants came up with creative solutions like 1.999, 1.9999. . . Varley et al.
(2005) proposed that the mature cognitive system contains autonomous,
domain-specific structures for both language and mathematics that deal
with recursive structures. Mart́ın-Loeches, Casado, Gonzalo, de Heras,
and Fernández-Fŕıas (2006) examined the ERP responses in subjects pre-
sented with mathematical reasoning tasks in an order-relevant format,
such as bracket expressions of the form 4 ÷ (10 � 3). Although these
problems closely mirror syntactical structures, they do not recruit any
brain areas which are related to syntax or linguistic working memory.

Since natural languages di↵er in their structure, one way to attempt
to resolve the debate is to investigate whether speakers of di↵erent natu-
ral languages conceptualize the world di↵erently. The strongest variant of

4Nonhuman animals, such as vervet monkeys and dolphins also show this ability
to some extent. Vervet monkeys have three distinct alarm calls for three kinds of
predators, leopard, eagle and snake (Seyfarth, Cheney, & Marler, 1980). Dolphins rely
on signature whistles to discriminate between conspecifics (Janik, Sayigh, & Wells,
2006). However, the range of calls with conventional, arbitrary meanings is a lot more
limited in nonhuman animals than it is in humans.
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linguistic relativism, the claim that speaking a particular natural language
influences cognition, is somewhat misleadingly termed the Whorfian hy-
pothesis. Whereas the linguist Benjamin Whorf (1956) focused almost
exclusively on the influence of language on thought in general, empirical
research on linguistic relativity today is characterized by more experimen-
tally controlled domain-centered approaches (see Pinker, 2007; De Cruz,
2009b; Regier, Kay, Gilbert, & Ivry, 2010, for recent discussions). These
studies look at a domain of perceived reality, such as number, color or
space, and investigate how various languages encode these. Such studies
allow us to evaluate linguistic relativism on a case-by-case basis, making
it perfectly coherent to be a strong linguistic relativist about color names,
for example, but not about spatial terms.

A strong linguistic relativist view about numbers argues that language
is necessary for our learning and understanding of natural numbers. This
hypothesis is endorsed by several cognitive psychologists. For example,
Susan Carey (2004) has argued that young children rely on a form of
bootstrapping to understand natural numbers. They map the counting
words for one, two and three onto their intuitive representations of these
magnitudes, detect that this small counting list obeys the rule that every
next tag corresponds to a magnitude n + 1, and generalize this to count
words � 4 (see also subsection 2.3.2). Thus, Carey (2004) maintains that
intuitive representations of small numerosities, combined with language,
are su�cient to promote our formation of natural number concepts. Eliz-
abeth Spelke (2003) has a similar view. According to her, language en-
ables us to combine our representations of small numbers and those of
large numbers (which she conceptualizes as two separate systems).

To better tease apart the role of language and other cultural fac-
tors, Frank, Fedorenko, and Gibson (2008) conducted experiments with
American college students that were very similar to those presented to
the Pirahã. These tasks involved both one-to-one matching tasks and
memory tasks. During these tests, their participants had to repeat words
played on a tape, which made it impossible for them to rely on subvocal
counting. Apparently, the ability to perform one-to-one matchings was
relatively unimpaired by the inability to count, but memory for numbers
was severely compromised. In the experiment that probed memory for
numerosity, the participants witnessed a quantity of nuts being placed
in a can, and then being withdrawn one by one. After each withdrawal,
the subjects responded as to whether the can still contained nuts or was
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empty. For Pirahã subjects, this task proved extremely di�cult, as the
responses dropped to chance level between 4 and 5 items (Gordon, 2004).
Once western subjects were unable to rely on subvocal counting, their
responses dropped to chance level as well, answering correctly only 47%
of the time for quantities > 4. This controlled study attempted to rule
out cultural factors, next to language, that might be responsible for the
peculiarities of Pirahã numerical cognition.

It is important to point out that authors who have studied Pirahã cul-
ture do not agree on the role of language in numerical cognition. Gordon
(2004, 498) claimed that his study “represents a rare and perhaps unique
case for strong linguistic determinism.” In contrast, Frank, Fedorenko,
and Gibson (2008) argue for a more moderate interpretation:

Rather than altering underlying representations, languages in-
stead help their speakers accomplish di�cult or intractable
cognitive tasks by providing abstractions which allow for the
e�cient storage and processing of information (Frank, Fe-
dorenko, & Gibson, 2008, 120).

Frank, Everett, et al. (2008) showed that Pirahã performed relatively
well on tasks that did not involve memory, such as matching a number
of objects to those that an experimenter showed them, by employing
strategies that involve making one-to-one correspondences. This suggests
that count words are not uniquely privileged in the creation of number
concepts, but rather concur with Locke’s (1689, book II, chapter 16) view
that they are “conducive to our well-reckoning.”

Natural language may play a role in the weaker sense that it is one of
several possible external media through which we can denote exact car-
dinal values. In many cultures that possess few number words, counting
is supplemented by tallies (such as marks on the ground) or body-part
counting (see, e.g., Wassmann & Dasen, 1994, on Yupno counting). The
frequent use of number words in everyday discourse helps children to un-
derstand that natural numbers are specific, rather than approximate, as
their innate number sense would lead them to suggest. Indeed, Sarnecka
and Gelman (2004) found that 2.5-year-old children understand that num-
ber words are specific, before they can actually count. These children can
predict, for example, that a box with six objects to which another object
is added, no longer contains six objects, even though they do not know
the precise outcome, and even though they cannot yet count a collection
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of six items.
Since number words play an important role in denoting exact cardinal

values in westerners, we can expect that linguistic areas are mainly re-
cruited for numerical tasks that involve exact numerical magnitudes. As
we have seen in subsection 3.3.2, neuroimaging studies (e.g., Dehaene et
al., 1999) show that exact calculation recruits extensive parts of the peri-
sylvian language-related areas, whereas approximate calculation yields a
stronger activation of the intraparietal sulci. Patients with brain lesions in
language-related areas have impaired exact calculation, while their ability
to perform approximate calculations remains relatively intact (e.g., Lemer
et al., 2003) . As we have seen in subsection 4.3.1, number words can be
used as external anchors to denote exact cardinal values and are thus
more extensively used in exact calculation. But they are not privileged
in this respect.

4.4.2 Body parts

Body-part counting features in many cultures. Several Indo-European
number words derive from body-part terms, suggesting an underlying
body-part counting system: the word “four” is related to the Proto-Indo-
European word for “finger”; “five” in many Indo-European languages
is related to the Proto-Indo-European word for “hand” (Butterworth,
1999, 66–67). Some cultures possess more elaborate body-part systems,
such as the Papua New Guinean Oksapmin, who count on their fingers,
facial features, shoulders and arms, which are touched and named in a
conventionalized stable order (Saxe, 1981), as can be seen on Fig. 4.1. In
such systems, individual body parts refer to quantities in much the same
way as our number words: in a counting context, the Oksapmin term for
“left shoulder” always denotes 18.

Intriguingly, body parts are also often used by people who do not
possess formalized counting routines, as was already reported by Locke
(1689, book 2, chapter 16). The Mundurukú numerical expressions, stud-
ied by Pica et al. (2004), include such terms as pũg põgbi (“one hand”),
eba (“your two arms”), and even “all the fingers of the hands and then
some more” (given by one subject in response to 13 dots). A possible rea-
son why body parts feature so prominently in counting and approximate
number word representation may be that the neural structure that repre-
sents fingers and other body parts—the body schema, situated in the left
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Figure 4.1: The Oksapmin counting system, from Saxe (1981, 307, Fig. 1).

intraparietal lobule—lies anatomically close to number-sensitive neurons
in the intraparietal sulci. Establishing a synaptic potentiation is easier
between areas that are anatomically close. Moreover, the body schema
is an ideal candidate for a list of symbols with fixed ordinality because
it represents body parts in an ordered fashion. The comparison of body
parts is prone to a distance e↵ect similar to that in number comparison.
For example, to determine that the nose is lower than the eyes takes a
longer response time than judging that the knees are lower than the eyes
(Le Clec’H et al., 2000). Likewise it is easier to assess that eight is bigger
than two, than to see that eight is bigger than seven. Thus, one always
has a list with fixed order at hand, so to speak.

To what extent does the cultural link between magnitudes and body
parts influence the structure of the human brain? Studies that measure
changes in corticospinal excitability of the hand muscles (e.g., Andres,
Seron, & Olivier, 2007) indicate that numerical tasks such as counting
and number comparison result in an increased excitability of the hand
muscles, while other muscles (such as those of the foot) remain unaf-
fected. Sandrini, Rossini, and Miniussi (2004) found that briefly disrupt-
ing the left intraparietal lobule (implicated in finger recognition) through
repetitive transcranial magnetic stimulation causes a marked increase in
reaction time when subjects complete a number comparison task. Sim-
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ilarly, a temporary disruption of the right angular gyrus results in both
finger agnosia (the inability to individualize one’s own fingers) and a
decline in number processing (Rusconi, Walsh, & Butterworth, 2005).
Taken together, these studies suggest that western adults, who no longer
use fingers to solve simple arithmetical problems, nevertheless continue to
use the internal cognitive architecture that represents fingers in numerical
tasks. Interestingly, the lack of finger cognition may partly explain the
limited numerical skills in the Pirahã: Everett (2005) noted that they do
not have individual names for fingers (e.g., ring finger, index), but collec-
tively refer to their fingers as “hand sticks”, and only did so after explicit
entreaties of the questioning anthropologist. Western children, especially
preschoolers and first-graders often resort to finger counting when they
have to solve arithmetical problems, whereas Chinese children, who have
more regular number words, rely less on finger counting (Geary, Bow-
Thomas, Liu, & Siegler, 1996). Hebbian learning provides a compelling
explanation to account for this continued use of finger representation in
western adult numerical cognition.

4.4.3 Tallies and tokens

Tallies are the oldest archeologically attested representations of numerosi-
ties. Artifacts in bone or antler that show regular incisions or notches are
present in the archeological record from about 70,000 to 50,000 BP on-
ward (Cain, 2006). Some of these objects were probably tally sticks, with
engravings that gradually accumulated over time. Tallying without dif-
ferentiation does not provide definite evidence that the makers of these
objects possessed natural number concepts, since, as we have seen, even
nonnumerate people are capable of one-to-one matching. More recent
notched artifacts, such as the La Marche antler (d’Errico, 1995), dated
to ca. 25,000 BP, or the engraved late Paleolithic hare tibia from Gough
cave, dated to ca. 12,000 BP (Tratman, 1976) show a clear and inten-
tional morphological di↵erentiation between sets of notches, indicating
that several collections of items were being counted. For example, the
notched bones from Ishango, Congo were found along the Upper Semliki
River, and are dated to ca. 25,000 BP. The one on Fig. 4.2 is about 10
cm long, inlaid with a sharp piece of quartz at one end. The notches on
this artifact are grouped together in several interesting ways. As one can
see on Fig. 4.2, the notches on two of the three sides sum up to 60; one of
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its sides displays the prime numbers between 10 and 20 (Pletser & Huyle-
brouck, 1999). Although it would probably be an over-interpretation to
say that its Stone Age makers had knowledge of prime numbers, the reg-
ular grouping of notches does indicate an awareness of number.

Figure 4.2: Four views from a notched bone from Ishango, Congo. Picture
copyright from the Natural Science Museum, Brussels.

Tokens have played an important role in historical literate cultures.
In western culture up to the introduction of the hindu-arabic positional
system, calculations were frequently made by moving counters on a sur-
face known as the abacus. Western abacus calculation was positional.
Values were assigned on an ad hoc basis: the same positions and objects
could stand for 10s or 100s, depending on the calculation required. As
Reviel Netz (2002, 9) observed, abaci were not just some aid in the ma-
nipulation of numbers, they were the principal medium of calculation in
early western Europe. The then available numerical notation systems,
such as the Greek alphabetic numerals, proved far too cumbersome for
calculation and were therefore rarely used as such. The Greek alphabetic
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system used 27 distinct signs for the numerical ranges 1–9, 10–90, and
100–900 (Chrisomalis, 2004), see table 4.1 on p. 126. This meant one had
to learn many multiplication and addition facts by heart, placing heavy
demands on working memory. Consider the addition 80 + 20. In Greek
alphabetic numerals, one needs to retrieve the addition p + k = r from
memory, whereas an abacus user can simply place one counter on the
“fifty” line and three counters on the “ten” line, where he adds two more
counters. Five counters on the “ten” line means that he can move one
counter to the “fifty” line, which in turn allows him to put one counter
on the “hundred” line. Since no rules further allow him to move counters,
the calculation is completed. The only internal cognitive operations he
had to perform, is counting up to five and counting up to two.

Does the enduring use of tokens also influence human cognition in
the stronger sense proposed by Donald (1991), i.e., does their use cause
synaptic reorganization? Support for this view comes from an fMRI study
by Yiyuan Tang et al. (2006), which compared brain activation of native
Chinese speakers and English speakers who perform comparison and addi-
tion tasks. Although intraparietal sulcus activation was common to both
groups, English speakers relied more on the language-related left perisyl-
vian areas (including Broca’s area and Wernicke’s area), whereas Chinese
speakers showed more activation in the premotor cortex and the cerebel-
lum, as is shown on Fig. 4.3. A plausible explanation for this finding lies

Figure 4.3: Brain areas involved in calculation in Chinese and English
speakers. Regions of interest mentioned in the text, left hemisphere shown
on the left.
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in cultural di↵erences in arithmetic teaching, in particular abacus instruc-
tion in Chinese education. Chinese abacus users can mentally visualize
and manipulate abacus beads while solving mathematical problems. The
premotor cortex is normally involved in planning complex movements in
response to particular stimuli. The activation of this area during nu-
merical tasks in Chinese speakers could thus be explained by their use
of a mental abacus. It is interesting to note that Japanese expert aba-
cus users can perform mental arithmetic involving very large numbers
(up to 16 digits) with remarkable accuracy by imagining a soroban, the
traditional Japanese abacus. When primed with subliminally presented
abacus beads in configurations not related to the problem, their perfor-
mance drops markedly (Negishi et al., 2005). These studies suggest that
users of the abacus internalize the operations they perform in the world
(the manipulation of abacus beads) when they do mental arithmetic, fos-
tering long-term synaptic potentiation between number-sensitive neurons
and neurons in the premotor cortex.

4.4.4 Numerical notation systems

Numerical notation systems are visual and primarily nonphonetic struc-
tured systems for representing numbers. Signs such as 9 or IX are part
of numerical notation systems, words like “nine” or “quatre-vingt” are
not. Over the past 5,000 years, more than 100 numerical notation sys-
tems were developed worldwide, many of which have now been replaced
by the hindu-arabic numerals (Chrisomalis, 2004, 2010). Numerical nota-
tion systems typically emerge in large-scale societies, where trade, public
works or taxation require calculation with large numbers. They enhance
our cognitive capacities by representing some aspects of numerical tasks
externally, so that they do not need to be represented internally, which
would require additional cognitive resources (Zhang & Norman, 1995).
For example, positional systems use place value, which externalizes some
information on the size of a number: the value of a given numeral sign is
partly determined by its position among the signs in the numeral phrase.
However, this does not allow us to decide which of two numbers is largest
if they have the same highest power value, such as 94 and 49. Whether 4
is smaller or bigger than 9 cannot be derived from the shape of the numer-
als. Before we can decide whether 49 is bigger or smaller than 94, we have
to retrieve the cardinal values of 4 and 9 from memory. The Egyptian
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1 2 3 4 5 6 7 8 9
⇥1 a b g d e ì z h j

⇥10 i k l m n x o p ✓

⇥100 r sv t u f q y w �

Table 4.1: The Greek alphabetic system of numerals. The numerals for
6, 90, and 900 are the now obsolete symbols digamma (ì), koppa (✓),
and san (�) (see Ifrah, 1985). This table is redrawn from De Cruz et al.
(2010), table 2, p. 86.

hieroglyphic system represents 1 as |, 2 as ||, and 3 as |||, thereby repre-
senting some information on magnitude externally through the shape of
the numerals, which is not the case in arabic numerals.

The Greek alphabetic system of numerals (see table 4.1), which is not
positional represents numbers up to 999 by combining 27 di↵erent ele-
mentary symbols and uses at most three di↵erent symbols per number.
Since the Greek system is not positional, it does not need a symbol to
mark an empty position (zero), but its basic symbols are never repeated
within a numeral. As a consequence, numbers are represented by even
fewer symbols on average than in our familiar decimal place-value nota-
tion. For example, the number 208 is written as “sh”, and 400 simply
as “u” (De Cruz et al., 2010). Thus, the Greek alphabetic numerical sys-
tem provides advantages in the briefness of the notation. However, larger
numbers require new symbols or a systematic scheme for modifications
(see Boyer, 1944), which places larger demands on long-term memory, as
the meanings of all these di↵erent symbols need to be internally stored.
Moreover, in contrast to arabic numerals and other positional systems,
calculations with Greek numerals rely much more on internal memory
retrieval, for example, in the determination of power values, which can
be read o↵ from the position of arabic digits, but needs to be retrieved
from memory in the Greek system.

Calculations with numerical notation systems involve an interplay of
internal and external cognitive resources. For example, a multiple-digit
calculation in arabic numerals requires one to retrieve the value of the
shapes of the numerals from memory and to remember multiplication
and addition facts, while carrying numbers and remembering partial so-
lutions can be performed externally. Several studies (e.g., Zhang & Wang,
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2005) support this important role of external representations in numerical
tasks, showing that the format in which numbers are presented influences
processing speed and accuracy. In this sense, pen-and-paper calculations
are hybrid modes of thought, where cognitive performance depends on
the complex interplay between internal cognitive operations and external
media.

Nevertheless, even though numerical notations are not simply trans-
lated into an internal symbolic code, they influence internal cognitive
processing. Children as young as five years show a number-specific brain
response (as measured by ERP) when they compare arabic numerals, a
response virtually indistinguishable from comparing nonsymbolic numer-
ical presentations such as collections of dots (Temple & Posner, 1998).
Moreover, as we have seen in subsection 3.3.2, passively viewing arabic
digits yields activation in the parietal sulci, whereas viewing letters does
not (Eger et al., 2003). This indicates that the brain converts arabic
digits into numerosities fast and automatically. Although numerical no-
tation systems are not entirely reducible to internal cognitive processes,
we nevertheless need to convert symbolic numerical representations into
mental magnitudes to gain semantic access to them.

4.4.5 Gestures

Across the world, gestures are used to denote cardinalities. Contempo-
rary Chinese use hand gestures to denote numerosities up to 20, and well
into the twentieth century, French farmers employed an elaborate sys-
tem of hand gestures to perform multiplications, such as 7⇥ 8 (Dantzig,
1954). Young children spontaneously point and gesture when they count.
Gesturing lightens cognitive demands by establishing which objects have
already been counted. Indeed, under experimental conditions, children
have more di�culties in counting when they are prevented from gesturing
or pointing (Alibali & DiRusso, 1999). Susan Goldin-Meadow and Susan
Wagner (2005) propose that gesturing helps lighten the cognitive demands
of counting because it enables us to individuate objects in space more
easily. To disentangle correlation from causation, Goldin-Meadow, Cook,
and Mitchell (2009) taught nine-year-old children to solve a type of math-
ematical problem that was novel to them, namely linear equations with
one unknown, and measured the e↵ect of gesturing on their performance.
The problems were presented in the following form: 3 + 2 + 8 = x + 8.
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Children were then randomly assigned to three groups, where one group
was taught to make appropriate gestures to solve the problem (i.e., make
a v-shaped hand toward 3 + 2 and then point with the index toward x),
a second group was taught an incorrect gesture (v-shaped hand toward
2 + 8, and index pointing to x), a third group learnt no gestures at all.
As predicted, the children who learned the correct gesture were more suc-
cessful in solving novel problems of the same form; the children who did
not gesture at all did worst.

Even in numerate adults, preventing pointing and touching has marked
e↵ects on numerical performance. If adult subjects are asked to count a
collection of coins without being allowed to touch or point to them, the
result is that over half of the subjects give a wrong answer. Once they
are allowed to touch or gesture, the error rate falls to nearly 20 % (Kirsh,
1995). Interestingly, neural structures that are typically recruited during
gesturing, pointing and visual attention lie very close to the number-
sensitive neurons in the intraparietal sulci (Simon et al., 2002). As ar-
gued earlier, the formation of new synaptic connections through Hebbian
learning is more easily established between two anatomically adjacent ar-
eas. As in the case of body-part counting, culture may key in on this
architectural property of the human brain by creating long term synaptic
connections between them.

4.5 Discussion and concluding remarks

The examination of natural number representation presented in this chap-
ter shows that external media are a necessary and irreducible part of
human numerical cognition. I have argued that external media form a
hybrid cognitive process with the internal cognitive processes involved in
number. However, I want to go further than this, and argue that the inter-
action between internal and external cognitive resources is bidirectional.
In particular, the enduring use of external media results in structural
changes in the brain: the cognitive sca↵olding we use to accurately repre-
sent cardinalities (number words, body parts, tokens, numerical notation
systems and gestures) is recruited in numerical cognition alongside the
number-sensitive neurons. For instance, body-part recognition (finger
counting) is recruited for solving numerical tasks involving arabic dig-
its. Natural number representation is only possible when we supplement
the internal cognitive architecture involved in numerical processing with
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external resources.
One could object to this view that it is easy to calculate 3⇥7 mentally

and that external media are therefore not necessary for natural number
representation. However, such calculations are only possible through an
extensive cultural familiarization with arabic numerals or number words.
It is interesting in this respect to compare the performance in arithmeti-
cal tasks of two small-scale societies, the Mundurukú and the Yupno.
Although the Mundurukú have approximate number words up to five,
they fail to produce a correct result when subtracting four dots from a
total set of six dots (i.e., 6 � 4), although the result is small enough to
be named in their approximate number word system (Pica et al., 2004).
The reason for their failure lies in the fact that their number words do
not denote natural numbers but are approximate number words. In con-
trast, the Yupno, who have a body-part counting system that goes up
to 33, can solve tasks such as 12 + 13 or 19 � 8, the latter by reversing
the problem into an addition, counting up from the smaller to the larger
number by naming the di↵erent body parts (Wassmann & Dasen, 1994,
89). They can do this because, in a counting context, body parts serve
as exact number symbols.

It is worthwhile to consider Terry Dartnall’s (2005) internalism in
this discussion. Internalism mirrors externalism in the sense that the
world leaks into the mind. As an illustration, Dartnall considers a person
who observes an incomplete jigsaw, leaves the room and then realizes
—through mental rotation—how one of the remaining pieces fits into
the puzzle. This mental rotation of the observed piece is an epistemic
action, since it tells him something he did not know before. We could
speculate that any kind of extended mind entails some kind of internalism:
we use external media that represent numerosities as epistemic tools by
manipulating mental representations of them to solve numerical problems
that are otherwise intractable to us, as in the case of skilled abacus users
who resort to a mental abacus to solve multiple-digit calculations.

External symbolic representations of natural numbers are not merely
converted into an inner code; they remain an important and irreducible
part of our numerical cognition. Natural language is one among several
tools that allow us to map exact cardinalities onto our approximate men-
tal number line. During cognitive development, the structure of the brain
is adapted to the external media that represent natural numbers in the
culture where one is raised. In this way, the interaction between inter-
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nal cognitive resources and external media is not a one-way tra�c but
an intricate bidirectional process: we do not just endow external media
with numerical meaning; rather, without them we would not be able to
represent cardinalities exactly.


