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Chapter 1

Introduction

In 2006, approximately when I started working on my Ph.D. thesis, a research
group in Cambridge, UK, published one of the most spectacular figures in the field
of Galactic archaeology. “The Field of Streams” (see Figure 1.1) is a map of stars in
the outer regions of the Milky Way covering about one-quarter of the night sky, as
observed by the Sloan Digital Sky Survey (SDSS). It depicts a large amount of sub-
structure in the form of extended stellar streams and small satellite galaxies that
are orbiting the Milky Way. This map is one of the most beautiful proofs that our
Galaxy has undergone multiple merger events, as expected in the current paradigm
of structure formation in the Universe. As the reader may guess, this was a very
exciting moment to start a research project in this field, which has over the past
years continued to grow and developed to become one of the “frontier” topics in
modern astrophysics.

1.1 The current paradigm of galaxy formation and
evolution

The formation of a galaxy like our own Milky Way can be fairly well understood
within the current concordance cosmological model, known as Λ Cold Dark Mat-
ter (ΛCDM). In this model, approximately 13.7 Gyr ago, the “Big Bang” took place
(Hoyle, 1950) and the Universe began its evolution towards its current configura-
tion. Initially the Universe was an extremely hot, homogeneous and dense plasma
of elementary particles. During the first ≈ 10−30 seconds after the Big Bang the
Universe is believed to have undergone a very rapid and exponential expansion,
known as inflation. During this inflationary phase initial vacuum quantum fluctua-
tions were converted into macroscopic cosmological perturbations, which seeded
the primordial density field. As time went by, these fluctuations grew thanks to their
own gravitational field: Overdense regions became denser, giving rise to what is
now known as the cosmic web, whereas underdense regions developed into voids
of matter. Therefore, the density fluctuations produced in the early Universe can
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Figure 1.1: The "Field of Streams". This image is a map of halo turn-off stars
(selected by their (g−r) colour) in the outer regions of the Milky Way covering about
one-quarter of the night sky, as observed by the Sloan Digital Sky Survey (SDSS-
II). The trails and streams that cross the image are stars torn from disrupted Milky
Way satellites. The colour corresponds to distance, with red being the most distant
and blue being the closest. Credits: Vasily Belokurov, The SDSS-II Collaboration.

be regarded as the “seeds” of the wealth of structure we observe nowadays on dif-
ferent scales, such as galaxies, cluster of galaxies or even superclusters. The Hot
Big Bang model is supported by a vast amount of observations on many different
cosmological scales. Probably its most important confirmation was the discovery
of the cosmic microwave background (CMB, Penzias & Wilson, 1965; Dicke et al.,
1965). The CMB is the oldest light any telescope has detected and provides us with
important information about the properties of the primordial density fluctuations.
Another example is the discovery of the expansion of the Universe, made in the
1920s by Edwin Hubble.

As its name suggests, the concordance ΛCDM cosmological model postulates
that the universe is largely filled with dark matter, more specifically of non-baryonic
nature. Historically, the term dark comes from the fact that this matter has not
been detected electromagnetically, but rather by its gravitational influence on the
luminous (baryonic) components of galaxies. Although its exact nature has not been
established yet, there are many indications of its existence. The orbital velocities
of stars in galaxies, and the gravitational lensing of light by galaxy clusters are
two examples of measurements that cannot be accounted for by just the observed
baryonic matter. It is now commonly accepted that up to 75% of the total matter in
the Universe is dark (Komatsu et al., 2009).

The model also assumes that dark matter is “cold”, meaning that its velocity
dispersion was sufficiently low that small scale density perturbations in the early
universe were not erased. As these perturbations grew in mass, they collapsed
under their own self-gravity leading to the formation of bound objects, known as
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dark matter haloes. Gas (baryons) located within such potential wells will have
cooled and collapsed towards the centre, fragmenting and eventually forming the
first stars and galaxies.

During these early epochs, the Universe was very violent. Because of its high
density, mergers between objects of comparable size were rather frequent then.
As the Universe expanded, and its density decreased, such major mergers became
less common although objects continued to grow via e.g. the accretion of smaller
companions. It is only during this relatively quiet phase that the underlying grav-
itational potential of a dark matter halo stopped varying strongly and, therefore,
that a dynamically cold thin disc, such as the one observed in our Milky Way, could
have formed and survived until the present day.

Clearly the physics that governs the evolution of the luminous part of a galaxy
is far more complicated than outlined above. Stars die injecting new chemical
elements to the interstellar medium, gas is heated up and ejected thanks to the
energy release by winds from massive stars, supernova events or active galactic
nuclei, new generations of stars are formed in the cores of dense molecular clouds,
etc. In this thesis these mechanisms are not addressed in detail. The focus is on the
dynamical signatures of the growth via the gravitational interactions just described.
As we shall see below, we expect these signatures to remain fairly intact in galaxies,
and in particular to be observationally accessible in our own Galaxy. Therefore in
the following section we dive into the galaxy we know best, our home: the Milky
Way.

1.2 The Milky Way now

The Milky Way is a large spiral galaxy. Its luminous part can be roughly divided
into three very different components: the bulge, the disc and the stellar halo, as
shown in Figure 1.2. As described below, each of these components has its own
chemical and dynamical characteristics, most probably indicating different forma-
tion mechanisms. Therefore, by studying their properties we may be able to infer
the formation history of our Galaxy.

The bulge is the central component of the Galaxy. It contains a total mass of
∼ 2× 1010M� (Sofue, Honma & Omodaka, 2009) and it has an elongated structure,
well characterised as a bar (Dwek et al., 1995) with a scale length of approximately
1.5 kpc (Zoccali, 2010). The bulk of its population has an age older than 10 Gyr
(Clarkson et al., 2008) and a metallicity distribution, in the range −1.5 . [Fe/H] .
0.5 dex, with a mean value of 〈[Fe/H]〉 ≈ −0.25 dex (Zoccali et al., 2008). The bulge
is rotating, with a peak velocity of ∼ 75 km s−1 and has a large velocity dispersion,
of 120 km s−1, that decreases with Galactocentric distance (Minniti & Zoccali,
2008). The formation history of the bulge is not fully established yet. It is now
believed that the bulge contains two different populations (Babusiaux et al., 2010):
an old spheroid with a rapid formation time-scale and a younger population formed
over a long time scale via disc secular evolution. See Minniti & Zoccali (2008) for
a recent review.
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Bulge Disc

Halo

Figure 1.2: Digital compilation of over 3,000 images comprising the highest reso-
lution digital panorama of the entire night sky yet created. Credits: Axel Mellinger,
A Colour All-Sky Panorama Image of the Milky Way, Publ. Astron. Soc. Pacific 121,
1180-1187 (2009).

The disc is a rotational supported and very flattened component of the Galaxy
and it contains a total mass of approximately 6×1010 M� (Sofue, Honma & Omodaka,
2009). As first shown by Gilmore & Reid (1983), the Galactic disc can be better de-
scribed as two different overlapping components: the thin and the thick disc. The
thin disc extends radially up to ∼ 15 kpc (Ruphy et al., 1996) and follows a double
exponential density distribution with a scale-length of 2.8 kpc (Robin et al., 2003)
and a scale-height of 0.3 kpc (Cabrera-Lavers et al, 2005; Jurić et al., 2008). This
is a relatively young component, with no stars older than ∼ 8 – 10 Gyr, covering a
range of metallicities of −1 . [Fe/H] . 0.4 dex which peaks at [Fe/H] ≈ −0.2 dex
(Nordström et al., 2004; Ivezić et al., 2008). The circular velocity is estimated to be
≈ 220 km s−1 at the position of the Sun, ≈ 8 kpc away from the Galactic centre (see
McMillan & Binney, 2010). Instead, the thick disc constitutes an older and more
metal poor component, with ages around ∼ 10 to 12 Gyr and a metallicity range of
−2.2 . [Fe/H] . 0.0 dex (Bensby et al., 2007). As for the thin disc, its density pro-
file can be well characterised by a double exponential function with similar scale
length but with a 2 to 3 times larger scale height (Cabrera-Lavers et al, 2005; Jurić
et al., 2008). Measurements of the azimuthal velocities of its stars show that these
are lagging with respect to the thin disc by 30 to 90 km s−1 (Chiba & Beers, 2000;
Gilmore, Wyse & Norris, 2002). Whereas the formation of the thin disc can be well
explained by the dissipational collapse of a gas cloud, the formation of the thick
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disc remains a puzzle. Although older stars in the thin disc tend to have larger
velocity dispersions as a consequence of the scattering induced by the spiral arms
and molecular clouds, this is not enough to account for the high velocity dispersion,
of ∼ 60 km s−1, observed for stars with ages & 8 Gyr in the thick disc (Villalobos
2009, and references there in). It has recently been proposed that, via resonant
scattering with the spiral arms (Rŏskar et al., 2008; Schönrich & Binney, 2009)
and the Galactic Bar (Minchev & Famaey, 2009), stars might migrate throughout
out the disc. Consequently, a fraction of the stars presently at the Solar Neigh-
bourhood may have originated in the inner regions of the disc, where the vertical
velocity dispersions are higher, and will thus depict thick disc kinematics. Other
scenarios proposed for the formation of this component are the thickening of a
pre-existing thin disc through a minor merger (Villalobos & Helmi, 2008, and refer-
ences therein) or in-situ intense star formation events possibly during/after gas-rich
mergers (Brook et al., 2004, 2005; Bournaud et al, 2007). Therefore, understanding
the formation of the thick disc may provide new insights into the merging history
of the Milky Way. For a detailed description of the different formation scenarios
proposed up to date, we refer the reader to Sales et al. (2009).

The stellar halo is a spheroidal Galactic component with a total mass
of ≈ 2 × 109 M� and a very old stellar population, with ages of ∼ 10-15 Gyr. Sev-
eral studies carried out over the last few decades have shown that the stellar halo
can be better described as two broadly overlapping components (Carollo et al.,
2007, and references there in). The first component, or inner halo, dominates the
population of halo stars up to 10–15 kpc. Its density profile can be approximately
parametrised as a power-law, ρin ∼ r−α with 2 . α . 3 (Bell et al., 2008), al-
though its spatial distribution seems to be rather flattened, with a major to minor
axis ratio of ≈ 0.6. The metallicity distribution function of the inner halo peaks at
[Fe/H] ≈ −1.6 dex (Carollo et al., 2007). This is essentially a non-rotating compo-
nent, with a mean rotational prograde velocity of 〈Vφ〉 = 7±4 km s−1 and a velocity
ellipsoid of (σVR , σVφ , σVz ) = (150 ± 2, 95 ± 2, 85 ± 1) km s−1 (Carollo et al., 2010).
The second component, or outer halo, dominates in the region beyond 15–20 kpc.
Its density profile is somewhat steeper, ρout ∼ r−α with 3 . α . 4 (Bell et al., 2008)
and is rounder, with an axis ratio of 0.9 (Carollo et al., 2007). Its metallicity dis-
tribution peaks at [Fe/H] ≈ −2.2 dex and, in contrast with its inner counterpart, it
shows a net retrograde rotation, with a mean circular velocity of 〈Vφ〉 = −80 ± 13

km s−1 and a velocity ellipsoid of (σVR , σVφ , σVz ) = (159 ± 4, 165 ± 9, 116 ± 3) km
s−1 (Carollo et al., 2010). It is worthwhile pointing out that these measurements
are based on a sample of nearby halo stars on outer orbits, and therefore are not
necessarily completely representative of the in-situ outer halo (Morrison H. L., priv.
comm.).

It is currently believed that some fraction of the stellar halo was formed from
the debris of accreted satellite galaxies that were disrupted by the tidal interaction
with the (progenitor of the) Milky Way (see e.g. Bullock & Johnston, 2005; De Lucia
& Helmi, 2008; Cooper et al., 2010), although in-situ star formation may have also
played a role (see e.g. Helmi, 2008; Zolotov et al., 2009). Therefore, and as ex-



6 CHAPTER 1. INTRODUCTION

plained in the following section, this Galactic component is of particular relevance
for Galactic archaeology since it may contain detailed information about the accre-
tion history of the Milky Way. For a recent review on the properties of the Galactic
stellar halo see Helmi (2008).

1.3 Milky Way archaeology

From the description above, we know that the various luminous components of
our Galaxy have very different ages, chemical and dynamical compositions. The
reasons behind this must be related to the different formation mechanisms that
each component has experienced. In contrast to the first models, where galax-
ies were thought to have formed through the monolithic collapse of a single and
very large pristine gas cloud (Eggen, Lynden-Bell & Sandage, 1962), we now have
direct evidence that mergers may have had an important role in their formation
process, particularly of the spheroids. This evidence comes from the wealth of sub-
structure observed in stellar haloes (see e.g. Helmi et al., 1999; Belokurov et al.,
2006; Helmi, 2008; Klement, 2010; McConnachie et al., 2009; Martínez-Delgado
et al., 2009). When two galaxies merge, each will typically have its own particu-
lar formation history imprinted in the stellar populations’ chemical and dynamical
properties. The outcome of such a merger will be a larger galaxy that will contain
detailed information about the formation history of its progenitors. Consequently,
by tagging stars according to their chemistry and dynamics, it may be possible to
identify and isolate the stars from each individual progenitor. Of course, a large
galaxy as the Milky Way is expected to have undergone multiple merger episodes,
occurring at a variety of epochs. Identifying remnants of these events is likely to be
a very challenging task, particularly if the star formation histories of the building
blocks were not significantly different.

The goal of Galactic archaeology is to use the present day spatial distribution,
motions, ages and chemical abundances of stars to reconstruct the early Galac-
tic history. In particular, the identification of fossil remnants of past merger and
accretion events would allow us to probe the assembly of the Milky Way. Citing
Freeman & Bland-Hawthorn (2002), “We seek a detailed physical understanding of
the sequence of events which led to the Milky Way”. Therefore, we will now sum-
marise the techniques that have been developed and applied over the last decade
to identify, on the basis of spatial and kinematical information, fossil remnants of
merger events in the Milky Way. We will also briefly describe how stellar streams
are formed and how they evolve.

1.3.1 Formation and evolution of debris

As mentioned before, we are interested in identifying tracers of the merger events
that our Galaxy has undergone. When a satellite galaxy is accreted by a larger host
system, it experiences tidal forces which may eventually lead to its full disruption.
Along its orbit, and especially at its pericentre, the tidal field prunes the satellite’s
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Figure 1.3: Left panel: Contours of effective equi-potentials, as defined in ro-
tating a reference frame centred on the centre of mass of the system (see Eq.
8.88 from Binney & Tremaine, 2008), for two point masses with a mass ratio of
msat/Mhost

= 1/9. Tidally stripped particles are preferentially released through the
unstable Lagrangian points, L1 and L2, forming two different kinematical substruc-
tures, known as leading and trailing streams. Right panel: Stellar density plot of
the surroundings of the globular cluster Palomar 5. The cluster is located at the
central density peak. An analysis of the surface density distribution of the stars
in the field that match the colour-luminosity profile of the cluster reveals the well-
defined tidal tails. The yellow line delineates the orbit of the cluster around the
Milky Way. Credit: Michael Odenkirchen (see Odenkirchen et al., 2001)

least bound (typically the most distant) stars. This process thus enforces an upper
limit to the size of a satellite. Let us assume that both, the host and the satellite,
can be described as point massesMhost andmsat and, furthermore, that the satellite
is on a circular orbit around the host. It can be shown (Binney & Tremaine, 2008)
that any star from the satellite at a distance larger than

rtidal ≈
(

msat

3Mhost

)1/3

rcirc, (1.1)

is subject to be stripped by the host. Hence rtidal provides an estimate of the size
of the satellite. Here rcirc is the orbital radius of the satellite. From this simplified
model, it is also possible to show that stars are preferentially released through the
unstable Lagrangian points, L1 and L2 (see left panel of Figure 1.3), forming two
different tidal tails, known as leading and trailing streams (see the right panel of
Figure 1.3).

It is also very instructive to think about tidal stripping in terms of density con-
trasts between the host and the satellite. By defining the mean density of the
satellite within rtidal as ρsat = msat/

4
3πr

3
tidal and the mean density of the host inside

the orbital radius as ρhost = Mhost/
4
3πr

3
circ we find, after replacing in Equation 1.1,
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that

ρsat = 3ρhost. (1.2)

To a first approximation, this equation shows that a satellite is expected to suffer
tidal stripping until its mean density approximately equals the mean density of the
host within its orbital radius. A more complete picture of tidal disruption can be
obtained by adding to this analysis both the eccentricity of the satellite’s orbit and
the effect of dynamical friction. A satellite on a very eccentric orbit, that probes
inner and denser regions of the host than a satellite in a circular orbit with a similar
average orbital distance, will be more strongly perturbed by tides and generally be
disrupted faster. In addition relatively massive satellites are affected by dynamical
friction, which causes a satellite to loose orbital energy and spiral in towards the
centre of the host, probing denser regions as time goes by and suffering further
disruption. We refer the reader to Morrison et al. (2009) for a careful discussion
about the implications of these effects on the formation of the inner stellar halo.

Once a tidal stream has been formed, its subsequent evolution will be deter-
mined by the underlying host potential as well as by the orbital properties of its
constituent stars* (see e.g. Johnston et al., 1996; Johnston, 1998; Helmi & White,
1999). As first shown by Helmi & White (1999), and later extended by Vogelsberger
et al. (2008), it is possible to characterise the evolution of a stream in terms of the
rate at which the local stream’s spatial density decreases in time. If the underlying
potential can be regarded as integrable, then the local stream’s density is expected
to decrease as a power-law, ρstream ≈ (t/torbital)

−n, where torbital is a characteristic
orbital period and the value of the exponent n = 1, 2 or 3 depends on the number of
fundamental frequencies the orbit has. For example, the local density of a stream
evolving in a spherical potential will typically decrease as a function of time with
an exponent n = 2, since the orbits can be characterised by two independent fun-
damental frequencies: radial and angular on the plane of motion of the stream†. On
the other hand, a stream in an axisymmetric or triaxial potential will typically have
three independent frequencies and therefore its density will decrease in time with
an exponent n = 3. Consequently, and regardless of the potential, as the stream
orbits the host, its local spatial density will decrease while its total spatial exten-
sion increases. Eventually, the streams will cross eachother in confined regions of
space, overlapping and the debris will be spatially mixed. This process is commonly
referred to in the literature as “phase mixing”. Note as well that galaxies as our
own Milky Way are essentially collisionless systems (Binney & Tremaine, 2008).
Liouville’s theorem (see e.g. Binney & Tremaine, 2008) guarantees the conserva-
tion of the phase-space density. This means that, as the local spatial density of the
stream decreases, its corresponding density in velocity space must increase at the
same rate. Therefore, the different wraps of a stream can be identified as distinct
cold kinematical structures (see Figure 3.4 and 3.5 of this thesis).

* Note, however, that gravitational attraction exerted by the progenitor on the stream may affect the
stream’s orbit (see e.g. Choi, Weinberg & Katz, 2007)

† Notice that a resonance between these two frequencies will cause the stream’s density to decrease
in time with n = 1
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So far we have considered only the evolution of debris in an integrable potential.
However, galactic potentials such as that of the Milky Way are expected to admit
a certain amount of chaos. In contrast with phase mixing, the density of a stream
on a chaotic orbit decreases exponentially as a function of time and, hence, the
stream spreads out in space on a much shorter time scale. As a consequence,
such streams are generally are expected to be too diffuse to be observable, thus,
effectively creating a smooth stellar background in phase-space. This process is
known as “chaotic mixing”.

1.3.2 Galactic substructure

Over the last twenty years a large amount of substructure, in the form of tidal
streams, has been discovered especially in the Galactic stellar halo but also in
other Galactic components such as the thick disc. In this section, we will describe
a few of the best known examples of Galactic substructure.

As mentioned in Section 1.3.1, dynamically young streams or streams orbiting
the outer regions of our Galaxy are expected to be coherent in space, making them
a relatively easy target for Galactic archaeologists. The most striking and beautiful
example is the Sagittarius tidal stream, which can be observed as a large forked
feature in Figure 1.1. This stream originates in the Sagittarius dwarf spheroidal
galaxy (Ibata, Gilmore & Irwin, 1994) which is currently being disrupted by the
tidal field of the Milky Way. The overdensities associated to the leading tidal tail of
Sagittarius were discovered thanks to the arrival of the Sloan Digital Sky Survey
(SDSS) by two different groups who identified clumps of RR Lyrae stars (Ivezić et
al., 2000) and of blue A-type stars (Yanny et al., 2000) laying along the predicted
orbit of the Sagittarius dwarf galaxy (Helmi & White, 2001) (although earlier evi-
dence of tidal extensions of this galaxy were reported by Ibata et al. 1997; Mateo
et al. 1998; Majewski et al. 1999).

The same figure shows many other clear examples of stellar streams. The Or-
phan stream is a very narrow tidal tail that owes its name to the absence of an obvi-
ous progenitor. It is believed that this progenitor may have been a dwarf spheroidal
galaxy that was fully disrupted by the Milky Way (Sales et al., 2008). We can also
observe the Monoceros ring (Ibata et al., 2003; Yanny et al., 2003), which is a low
latitude stream spanning about 100◦ in longitude at a nearly constant distance,
likely part of the Galactic thick disc. It is believed that this stellar ring is debris
from an accreted satellite (Helmi et al., 2003; Peñarrubia et al., 2005; Martínez-
Delgado et al., 2005) however its nature is still under debate (see e.g. Momany et
al., 2004; Moitinho et al., 2006, for other possible scenarios). Another spectacular
feature is the very narrow stream from the disrupting globular cluster, Palomar
5 discovered by Odenkirchen et al. (2001) (see also right panel of Fig. 1.3). All
these streams were discovered thanks to deep photometric surveys, such as the
previously mentioned SDSS, that have allowed mapping the positions on the sky of
very distant (and therefore relatively faint) stars, located in the outer realms of the
Galaxy.

The identification of streams associated with ancient accretion events cannot
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be done just by looking for overdensities on the distribution of stars in the sky,
unless these are located in the outer regions of the Galaxy where the orbital peri-
ods are very large (see section 1.3.1). Nevertheless, although ancient streams in
the inner Galactic regions are not expected to be spatially coherent, unless they
are extremely young, it should be possible to identify them as cold kinematical
structures. Furthermore, as shown by Helmi & de Zeeuw (2000), stars stripped
from the same progenitor are expected to be distributed in clumps when project-
ing their 6D phase-space coordinates into spaces of pseudo conserved quantities,
such as energy or angular momentum. With these ideas in mind, and with a full
6D sample of only a few hundred metal poor stars located within 2.5 kpc from the
Sun, Helmi et al. (1999) successfully detected two stellar streams originated from a
single progenitor accreted 6 – 9 Gyr ago (Kepley et al., 2007). Figure 1.4 shows the
distribution of stars analysed by Helmi et al. (1999) projected into velocity (top pan-
els) and angular momentum (bottom panel) space. The stars identified as members
of the stellar streams are shown with coloured symbols.

In the following years no other streams were detected in the neighbourhood of
the Sun. Using the revised NLTT proper motion survey (New Luyten Two Tenths,
Gould & Salim, 2003; Salim & Gould, 2003), Gould (2003) constrained the degree
of granularity present in the nearby stellar halo. His analysis showed that, statisti-
cally, no stream crossing the Solar Neighbourhood is expected to contain more than
5% of halo stars near the Sun. In addition, early studies, based on a cosmological
simulation of the formation of the Milky Way dark matter halo (see Helmi, White &
Springel, 2003), predicted that approximately 300 – 500 stellar streams should be
present in a local volume around the Sun. Therefore, it becomes clear that a large
full 6D phase-space catalogue of, at the very least, 1,000 stars is required to unveil,
if present, the substructure expected in the Solar neighbourhood. It is only now
that, thanks to spectroscopic surveys like RAVE (Zwitter et al., 2008) or SEGUE
(Yanny et al., 2009) in combination with Tycho-2 (Høg et al., 2000) and Hipparcos
(Perryman et al., 1997), these 6D phase-space catalogues are becoming available
(see e.g. Breddels et al., 2010). Thanks to these catalogues, a few new candidate
stellar streams have been detected in recent years, not only in the local stellar halo
(see e.g. Smith et al., 2009; Klement et al., 2009), but also in the Galactic thick disc
(see e.g. Helmi et al., 2006). As we will show later in Chapter 4, the astrometric
satellite Gaia (Perryman et al., 2001) will provide us with a full 6D phase-space
catalogue large and accurate enough to start deciphering the formation history of
the Milky Way. For a recent review on the stellar streams identified in the Milky
Way we refer the interested reader to Klement (2010).

The substructure mentioned so far can be associated to debris from merger and
accretion events. However, kinematically cold substructure in the Solar Neigh-
bourhood can also arise due to other physical mechanisms, such us the disruption
of stellar associations or dynamical effects induced by the non-axisymmetric com-
ponents of the Milky Way (see Antoja, 2010, for a detailed discussion). A clear
example of the latter is the Hercules stream (Dehnen, 2000; Fux, 2001), while the
nature of some of the moving groups discussed in detail by Eggen (1996) such as
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Figure 1.4: The distribution of nearby halo stars in velocity space and in angular
momentum space. Filled circles indicate stars from a sample with metallicities
[Fe/H] ≤ −1.6 dex lying within 1 kpc from the Sun whereas open circles indicate
stars from a sample with metallicities [Fe/H] ≤ −1 dex lying within 2.5 kpc from the
Sun. Candidates for the detected substructure are highlighted in colour: triangles
indicate more metal-rich giant stars at distances > 1 kpc, diamonds more metal-
rich giants at ≤ 1 kpc, squares metal-poor giants at > 1 kpc, and circles metal-poor
giants at ≤ 1 kpc. From Helmi et al. (1999).

Arcturus is still under debate (Navarro, Helmi & Freeman, 2004; Williams et al.,
2009).

Streams have also been observed in stellar haloes of other galaxies. Most strik-
ing is the wealth of substructure present in the halo of the Andromeda galaxy
(see Figure 1.5) (see e.g. Ibata et al., 2001; McConnachie et al., 2009), but stellar
streams have been reported in the haloes of several other galaxies (e.g. Martínez-
Delgado et al., 2008, 2009). These detections represent an unambiguous proof that
accretion is inherent to the process of galaxy formation.
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Figure 1.5: Spatial stellar density map of the Andromeda (M31)-Triangulum (M33)
system, obtained with ’Pan-Andromeda Archaeological Survey’ (PAndAS). A large
amount of stellar streams can be observed as large and extended overdense re-
gions. From McConnachie et al. (2009)

1.4 This Thesis

In this thesis we have made use of numerical and analytical methods to charac-
terise the dynamical signatures as well as the time evolution of debris associated
with accretion events. A large fraction of this thesis is based on the analysis of
N -body simulations of the formation of galactic stellar haloes. Thanks to the use of
simulations at different levels of sophistication, we have characterised the impact
of different physical mechanisms on the final distribution of debris in localised vol-
umes of phase-space (Chapter 4 & 5). In particular, we have analysed the suite of
high-resolution dark matter only simulations from the Aquarius Project (Springel
et al., 2008a,b) that, coupled with the GALFORM semi-analytical model (Cole et al.,
1994, 2000; Bower et al., 2006), have produced realistic stellar haloes formed in
a fully cosmological scenario (see Cooper et al., 2010) (Chapter 5). In these sim-
ulations, effects such as the violent variation of the host potential due to merger
events, and the chaotic orbital behaviour induced by the strongly triaxial dark mat-
ter haloes (Vera et al., 2010) are naturally accounted for. Note, however, that the
simulations analysed in this thesis are still limited by the lack of a self-consistent
treatment of the physical processes that affect baryons.
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We have also developed new methods and techniques to identify and charac-
terise fossil signatures of satellite galaxies accreted and disrupted long time ago
(Chapter 3). We have studied what fraction of these remnants will be recovered
with the advent of the astrometric satellite Gaia (Chapter 4). We have also re-
visited the problem of the very rapid initial divergence of nearby orbits observed
even in fully integrable potentials, sometimes referred to as “Miller’s instability”
(Chapter 2).

1.4.1 Key questions addressed in this Thesis

1. Does an initial extremely rapid divergence on initially nearby orbits necessar-
ily imply a manifestation of chaos? (Chapter 2)

2. Will the observational errors expected for the Gaia mission erase the signa-
tures leftover by past accretion events? If not, what fraction of these sub-
structures can we expect to recover? Which algorithms are the most effective
to identify these substructures? (Chapter 4)

3. Which is the most suitable space to identify debris from past accretion events?
What happens when the potential is strongly evolving in time or if it is “live”?
What can we learn from the distribution of debris in the space of orbital fre-
quencies? (Chapter 3)

4. What is the phase-space structure predicted by the ΛCDM model for the stel-
lar halo near the Sun? Does any memory remain of the mergers and accretion
events that led to the formation of the stellar halo? How much of this memory
is erased by dynamical chaos? (Chapter 5)

1.4.2 Outline of the thesis

In Chapter 2 we study the initial behaviour of nearby trajectories in the phase-
space of integrable potentials. Our goal is to investigate whether the initial ex-
tremely rapid divergence of nearby orbits previously reported in N -body systems
does inevitably imply a manifestation of microscopic chaos on a crossing timescale.
We perform a suite of frozen N -body simulations of Plummer spheres and develop
a simple analytical model to describe the behaviour of orbits on short timescales.
We show that nearby orbits will diverge very fast initially even for fully integrable
smooth potentials, provided the orbits are strongly clustered in space and less in
velocity. This divergence is driven by the distortion of the phase-space around an
orbit with time and is a generic feature of dynamical systems. Therefore, we con-
clude that this transient phenomenon is not necessarily related to an instability in
the sense of non-integrable behaviour in the short-term dynamics of N -body sys-
tems.

In Chapter 3 we study the evolution of satellite debris to establish the most suit-
able space to identify past merger events. We show that orbital frequencies consti-
tute a very suitable space for this task. In this space, particles in a given volume of
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physical space are found to populate well-defined lumps, each of them associated
with a different stream. As time goes by, the number of streams increases while
the separation between adjacent streams decreases. We have shown that this char-
acteristic separation or scale can be used to estimate the time of accretion of the
progenitor system through a Fourier analysis. The results are still valid even when
strongly time dependent potentials or fully self-consistent N -body simulations are
considered. For time-independent potentials, streams are distributed in a regular
pattern along lines of constant frequency. However, when the potential is evolv-
ing in time the regular pattern is distorted. This implies that, contrary to previous
claims (e.g. Peñarrubia et al., 2006; Warnick et al., 2008), the final distribution of
streams does retain information on the evolution in time of the host.

In Chapter 4 we study the characteristics of merger debris in the Solar neigh-
bourhood as may be observed by ESA’s Gaia mission in the near future. For this
purpose we model the formation of the Galactic stellar halo via the accretion of
satellite galaxies onto a time-dependent semi-cosmological galactic potential. Us-
ing synthetic CMDs, we create a mock full 6D phase-space Gaia catalogue that also
includes a Galactic background population of stars, represented by a Monte Carlo
model of the Galactic disc and bulge. We show that the impact of this background
contamination can be strongly reduced by applying a simple cut on metallicity. We
find that, even after accounting for the expected observational errors, the result-
ing phase-space is full of substructure. We are able to successfully isolate roughly
50% of the different satellites contributing to the “Solar neighbourhood” by apply-
ing the Mean-Shift clustering algorithm in energy and angular momentum space.
Furthermore, a Fourier analysis of the space of orbital frequencies allows us to
obtain accurate estimates of the time since accretion for approximately 30% of the
recovered satellites.

In Chapter 5 we use the very high resolution fully cosmological simulations from
the Aquarius project, coupled with a semi-analytical model of galaxy formation to
study the phase-space distribution of halo stars in “solar neighbourhood” -like vol-
umes. We find that this distribution is very rich in substructure in the form of stellar
streams for all five stellar haloes we have analysed. In concordance with previous
works, we find that 90% of the stellar mass enclosed in our “solar neighbourhoods”
comes, in all cases, from 3 to 5 significant contributors. In one of our volumes
we are able to resolve 221 stellar streams which contain 53% of all the particles
present. We estimate that 25% of the remaining particles are in (numerically) un-
resolved streams. This leads us to predict that 2/3 of the accreted halo stars near
the Sun should be in massive, observable streams. The remaining 1/3 are likely to
be on streams which have become too diffuse due to chaotic mixing.

1.5 Future perspectives

The field of Galactic archaeology has evolved very rapidly and it is now enter-
ing a new era of exploration and discoveries. The arrival of spectroscopic sur-
veys such as SEGUE and RAVE were just the first two important steps towards
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this era, but much more is about to come. The biggest leap will be taken with
the arrival of the astrometric satellite Gaia. This satellite will be launched in
2012 and is expected to measure the positions and velocities of billions of stars
in our Galaxy with unprecedented accuracy. Moreover, Gaia data is likely to be
supplemented by massive ground based spectroscopic surveys. Such surveys are
currently being planned by both the European astronomical community (see e.g.
GREAT, http://www.ast.cam.ac.uk/GREAT/) and other non-European collabora-
tions (e.g. LAMOST, Zhao et al., 2006; BigBOSS, Schlegel et al., 2009; HERMES,
Wylie-de Boer & Freeman, 2010; APOGEE, Majewski et al., 2010). As a result, we
will have catalogues with not only full 6D phase-space information but also with
detailed chemical abundance patterns for large numbers of stars.

During the last two decades astronomers have been preparing themselves for
this new era by developing the necessary tools and methods to extract, from these
forthcoming data, the signatures of the mergers and accretions events that our
Galaxy may have experienced. These tools, as those developed in this thesis, still
have to be applied to currently available 6D data sets (see e.g. Smith et al., 2009;
Breddels et al., 2010) since this not only could lead to interesting discoveries but
also will greatly help to improve and optimise the techniques necessary for the Gaia
era.

Furthermore, we have now in place a set of predictions that are ready to be
tested and confronted with data sets. Examples of these are the expected amount
of streams in the Solar Neighbourhood (Helmi & White, 1999; Helmi, White &
Springel, 2003, Chapter 5 of this thesis), the distribution of eccentricities of thick
disc stars (Sales et al., 2009), the dependence of the stellar halo’s properties on
the number of progenitors and particular history (Cooper et al., 2010), etc. All
these quantities and distributions are related to the assembly history of a galaxy.
Confronting these predictions with future observations will thus shed light onto the
formation history of the Milky Way. However, more can (and needs) to be done in
this respect. For example, it would be important to establish if it will be possible
to constrain the properties of the possible progenitors of the Milky Way from the
currently available (or planned) datasets and to address how the accreted galaxies
compare to the satellites we observe nowadays. This implies an understanding
of the requirements to constrain their star formation and chemical histories. In
addition, it is well established by now that the existence of a bar and that the disc’s
spiral pattern of the Milky Way generates resonances that can affect the stellar
velocity distribution in the Solar Neighbourhood (Antoja et al., 2009; Minchev et al.,
2009). Previous studies have focused on how these dynamical instabilities affect
the phase-space distribution of disc stars. However, little attention has been put
on how they may affect the expected substructure associated to ancient accretion
events. For example, these dynamical perturbations may erase information about
the formation history of the Milky Way. If so, it is important to establish the time
scales involved in this process and under what initial configurations (internal and
orbital) merger debris is likely to be most affected.
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Chapter 2

The short-term evolution of
initially nearby orbits

Abstract*

We study the initial behaviour of nearby trajectories in the phase-space of inte-
grable potentials. We perform a suite of frozen N -body simulations of Plum-

mer spheres and develop a simple analytical model to describe the behaviour of
orbits on short timescales. We show that nearby orbits may at first diverge very
fast while at late times they do so linearly with time. The initial transient behaviour
is commonly present in N -body systems, and has been attributed in the past to
short-term (microscopic) N -body chaos driven by close encounters. However our
analytic model shows that another interpretation is possible. We find that the initial
divergence depends on the rapid changes of the coordinates and momenta along
an orbit when projected onto the time-domain. We explicitly demonstrate this for
the isochrone potential, in which case the separation of nearby orbits grows in pro-
portion to

√
t for t → 0, explaining the steepness of the initial rate of divergence.

Our results support previous suspicions that this phenomenon is transient and not
necessarily related to an instability in the sense of non-integrable behaviour in the
early stages of the dynamics of N -body systems.

Key words: stellar dynamics – methods: analytical – methods: N -body simulations
– galaxies: kinematics and dynamics

* Based on Helmi & Gómez, 2010, submitted to A&A
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2.1 Introduction

The problem of how exactly galaxies reach their final equilibrium configuration is
still open. It is clear that in contrast to gases, two-body collisions between stars in
galaxies are unlikely to be the driving mechanism to reach a relaxed state, since
the associated timescales are exceedingly large (Binney & Tremaine, 2008). In
an attempt to explain the road to equilibrium from a statistical mechanics point
of view, Lynden-Bell (1967) introduced the concept of “violent relaxation”. In this
context, the relaxation is reached through the effects of a “violently changing”
gravitational field. The detailed mechanics of this process remain to be understood
(Arad & Lynden-Bell, 2005; Valluri et al., 2007; Vass et al., 2009).

Besides the statistical mechanics approach, it is also possible to study the prob-
lem of “relaxation” at the orbital level. It is then useful to introduce the concept
of mixing, by which we mean how quickly nearby particle trajectories diverge in
(phase) space as a function of time. In the case of time-independent gravitational
potentials it is customary to classify mixing into two types. If the particles move in
an integrable potential, their orbits will diverge in space as a power-law in time,
e.g. Helmi & White (1999); Vogelsberger et al. (2008). This process is known
as phase-mixing (Binney & Tremaine, 2008). However, when the potential admits
a certain amount of chaos, there exist regions of phase-space where nearby orbits
diverge exponentially, evidencing an extreme sensitivity to small changes in the ini-
tial conditions (Lichtenberg & Lieberman, 1983). This is known as chaotic-mixing
(Kandrup, 1998; Kandrup & Sideris, 2003).

Since the 1970s N -body simulations have become the standard tool for studies
of the dynamics of structures in the Universe. One of the first to focus on how
N -body systems evolve was Miller (1964), who simulated a self-consistent system
in virial equilibrium of 8 up to 32 particles distributed randomly in a cubic volume.
Miller found that the trajectories of neighbouring particles diverged exponentially
right from the start, a process now known as “Miller’s instability”.

The initial transient originally identified by Miller (1964) has been confirmed
using numerical experiments with a significantly larger number of particles (Lecar,
1968; Kandrup & Mahon, 1994; Valluri & Merritt, 2000; Hemsendorf & Merritt,
2002; Valluri et al., 2007), as well as with various degrees of numerical softening
(Kandrup & Sideris, 2001) both for integrable and chaotic potentials. Furthermore,
there is evidence that the rate of divergence associated to this phase increases
in proportion to the number of particles used (Goodman, Heggie & Hut, 1993;
Hemsendorf & Merritt, 2002). However, because this instability only lasts for a
very short timescale it has been argued that it does not necessarily imply that the
system is (macroscopically) chaotic (Valluri & Merritt, 2000; El-Zant, 2002).

Given the discrete nature ofN -body simulations, it is not surprising that chaotic-
ity should be present in these systems. This is why efforts have been made to es-
tablish the extent up to which an N -body simulation may be considered a faithful
representation of a dynamical system (e.g. Diemand et al., 2004; Binney, 2004).
General agreement now exists that when a system is represented by a sufficiently
large number of particles, its behaviour tends to that expected from the collision-
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less Boltzmann equation, at least in a statistical sense (Kandrup & Smith, 1991;
Quinlan & Tremaine, 1992; El-Zant, 2002; Hayes, 2003; Sideris, 2004).

So, while the existence of a continuum limit in N -body systems appears to be
more or less established for long timescales, on short timescales the initial tran-
sient behaviour is more difficult to understand. Goodman, Heggie & Hut (1993);
Hut & Heggie (2001) presented a model to estimate the Lyapunov timescale in the
absence of softening in a system of N -bodies of the same mass. They find that
encounters between particles with impact parameter p ∼ R/

√
N occur sufficiently

frequently (once per crossing time) to lead to the exponential growth of infinitesi-
mal perturbations on a timescale proportional to the crossing time (here R denotes
the size of the system and N the number of particles used to represent it). They es-
timate ∆r ∼ ∆r0et/tcr , which thus implies that in a crossing-time tcr the separation
between particles has increased by an e-fold, i.e. a factor ∼ 2.7 (see also Binney &
Tremaine, 2008).

In this paper, we revisit the problem of the initial divergence of nearby orbits.
We first explore the behaviour in frozen N -body Plummer spheres and the depen-
dence on the numerical parameters used (number of particles and softening) as
in previous works. We then develop an analytic model that describes the initial
behaviour of nearby orbits in the corresponding integrable smooth Plummer po-
tential. Perhaps surprisingly, we find that, under certain initial conditions, nearby
orbits in the smooth potential depict an extremely rapid divergence on timescales
comparable to a crossing time just like in the N -body case.

The structure of this paper is the following. In Section 2.2 we introduce our N -
body simulations and compute the rate of divergence of nearby orbits for different
choices of the numerical parameters. In Section 2.3 we present our analytic model
and in Section 2.4 we compare it to the behaviour found in the N -body simulations.
Finally, Section 2.5 presents our conclusions.

2.2 The initial evolution in N-body frozen Plummer
spheres

For simplicity, we study the behaviour of nearby orbits in an N -body realisation
of the Plummer sphere, i.e. a fully integrable (spherical) system. The associated
density and potential satisfy

ρ(r) =
3M

4πb3

(
1 +

r2

b2

)−5/2

and φ(r) = − GM√
r2 + b2

. (2.1)

We choose units such that G = M = b = 1 and the internal energy of the system
is E = −3π/64. We define the crossing time of the system tcr = R/V where R =

−GM2/2E and V 2 = −2E/M .
N -body simulations are often used to model the dynamical evolution of galaxies

and galaxy systems, even though the number of particles that present day comput-
ers can handle is smaller, often by several orders of magnitude, than the number of
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stars present in a galaxy. This implies that the particles do not represent individ-
ual stars, but should be considered as Monte Carlo realisations of the distribution
function of a galaxy.

To represent a dynamical system with a limited number of particles such as
our N -body realisations of the Plummer sphere, and to avoid spurious 2-body relax-
ation, the gravitational force between particles is generally softened. The softening
parameter ε ensures that when two particles come very close together, they still will
experience a finite acceleration. Several studies have looked at the optimal com-
bination of numerical parameters for a given problem (e.g. Merritt, 1996; Dehnen,
2001; Springel, Yoshida & White, 2001). Athanassoula et al. (2000) in particular,
discuss the optimal combination of softening and number of particles for the spe-
cific case of the Plummer sphere. In this work, the optimal softening is defined as
that which minimises the integrated weighted difference between the true force
field and the force computed in the N -body simulation. Therefore, the optimal soft-
ening is that which gives the best representation of the force for a given N , and
was found to be εopt = 0.84N−0.25 by Athanassoula et al. (2000).

Here we adopt this same scaling, and moreover for a given experiment with N

particles, we explore three possibilities for the softening. We take a slightly smaller
value for the optimal softening, namely εopt = 0.66N−0.25 for all our experiments ex-
cept for that with N = 128, 000 for which we use εopt = 0.53N−0.25. We also consider
two additional cases: ε′ = 0.1εopt and ε′′ = 0.01εopt. In all our experiments, the nu-
merical values of the softening εopt and ε′ are smaller than the average inter-particle
separation R/N1/3, while ε′ and ε′′ are both smaller than the impact parameter of
dominant encounters R/

√
N as estimated by Goodman, Heggie & Hut (1993); Bin-

ney & Tremaine (2008). Therefore, we expect the effect of close encounters to be
apparent in the rate of divergence of nearby orbits especially in these two latter
cases.

We generate N -body realisations of the Plummer sphere with N = 1, 000 up
to 128, 000 particles in increasing powers of 2. As Kandrup & Sideris (2001) we
follow the evolution of 100 nearby orbits in these frozen (in time and space) N -body
systems. We use a Runge-Kutta-Fehlberg algorithm of order 4–5 for the orbital
integration, with a variable timestep (the maximum tolerance is 10−8). Our 100
orbits are distributed according to a multivariate Gaussian in phase-space with
initial dispersion σx,0 = 10−5 and σv,0 = 10−3 around an orbit with pericentre 0.37,
apocentre 1.64 and radial period 1.17 tcr.

Figure 2.1 shows the evolution of the average separation 〈∆r〉 of the ensemble of
the above-mentioned 100 orbits for different values of N , where we have used the
εopt value for the softening. This Figure shows that in all cases, an initial transient
occurs, in which the orbits diverge very rapidly, increasing their separation by a
factor e6 ∼ 400 on a timescale of one crossing time. Afterwards, the growth rate
saturates and a new regime appears in which the growth is approximately linear in
time. The separation reached after the initial transient is smaller than the impact
parameter of dominant encounters for all N , and is roughly 1% of the scale of the
system. It only becomes comparable to this impact parameters’ scale after 5tcr, but
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Figure 2.1: Evolution of the average separation of nearby orbits in frozen N -body
simulations of a Plummer sphere with varying number of particles (from 1,000 up
to 128,000). The force computations have used the optimal softening for each N

(see text for details).

is still significantly smaller than the extent of the system.
Therefore, Figure 2.1 shows that over the timescales considered here, the be-

haviour is quite similar for all N , which testifies to the good choice of the softening
proposed by Athanassoula et al. (2000).

In Figure 2.2 we explore the divergence in the frozen N -body simulations for
different values of the softening. In all cases, we have used softenings which are
smaller by a factor 10 (dark grey) and 100 (light grey) from the optimal values
(in black). This Figure shows that a dependence of the rate of divergence on the
softening exists, in the sense that the smaller ε the faster the divergence. However,
this is only noticeable after 1-2 tcr and even later for the larger N experiments. The
amplitude of the initial transient (t < tcr), which dominates the growth over the
period considered in this Figure, does not depend on the particular value of N or ε.

These experiments suggest that the initial transient is a generic feature of the
system, independent of the specific choice of numerical parameters. It occurs on a
timescale comparable to a crossing time, but does not appear to be driven by single
encounters, since systems with very small (or no) softening do not experience a
stronger initial divergence.

Note as well, that the initial divergence has a much larger amplitude that es-
timated by the model of Goodman, Heggie & Hut (1993), suggesting that 2-body
encounters of the type described in their work are not the driver of the initial very
rapid divergence observed in our N -body systems. It is possible, nonetheless that
this class of encounters are relevant at later times (between 1 and 5 tcr, which is
the point when the impact parameter is comparable to the separation) but only for
the experiments with the smallest softenings.

The results of our experiments are in very good agreement with previous reports
on the same problem. For example Kandrup & Sideris (2001) have run a similar
set of experiments (their Figure 2) and found essentially the same initial growth as
that shown in Figure 1. Valluri & Merritt (2000) also find for their triaxial ellipsoid
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Figure 2.2: Evolution of the average separation of nearby orbits in N -body simu-
lations of a Plummer sphere using different numbers of particles N and softening
values for the force. The black curves correspond to εopt while dark and light grey
to 10% and 1% of εopt respectively.
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experiments that the divergence is initially very fast, after which and for large
N , it saturates when it is of order 1% of the system size. Our experiments are
also consistent with the results of Hemsendorf & Merritt (2002) on a timescale
comparable to a crossing time. However we do not find the reported very large
increase by factors e120 for longer timescales (up to 7 crossing times). There are
three possible causes for the difference: i) the effect of round-off errors, which
will be larger in their case because of the initial orbit separation 10−30, well below
the value we have considered and what is possible to follow with double precision;
ii) they integrate the “variational equations” without softening; iii) our systems,
unlike theirs, are frozen N -body experiments, which implies that we are probably
underestimating the effect of the propagation of “errors” triggered by encounters.

2.3 Analytic description of the evolution in phase-
space of nearby orbits

Helmi & White (1999) developed a formalism to follow the evolution in time and
in phase-space of a distribution function representing an initial cluster of particles
orbiting an external gravitational field.

The basic idea behind their approach consists mapping the initial system (a
cluster of stars or a satellite galaxy) onto action-angle space, then follow the much
simpler evolution in this space, and finally transform back locally onto observable
coordinates (all these being linear transformations; for a sketch see Figure 2.3).
This method, which uses action-angle variables, is very general and can be applied
to any potential that admits regular orbits (Goldstein, 1959; Binney & Tremaine,
2008). If the potential is separable such as in the case of the Plummer sphere, the
implementation is simpler while still being generic.

2.3.1 The distribution function

Therefore, instead of following the evolution of pairs of nearby orbits as we have
done in Section 2.2, we here follow the evolution of a distribution function in phase-
space. In particular, and for simplicity, we assume that the initial distribution func-
tion of the system is a multivariate Gaussian in $ = (x,v) coordinates centred on
〈$0〉 (a given particle or orbit):

f($, t0) = f0 exp

[
−1

2
∆†$,0σ$,0∆$,0

]
(2.2)

where ∆$,0 = $ − 〈$0〉, and σ$,0 is the variance matrix (the inverse of the covari-
ance matrix) at the initial time:

σ$,0 =

[
Sx,0 Cxv,0

Cxv,0 σv,0

]
. (2.3)

For example, if the variance matrix is diagonal, then Sx = [1/σ2
xiδij ] and σv =

[1/σ2
viδij ], and Cxv = 0.
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Figure 2.3: Flow chart showing the basic steps of our analytic formalism to mea-
sure the evolution of a system in phase-space.

To transform from configuration and velocity space to action-angle space we will
use a mapping T : $ → w = (φ,J). This mapping will be linear provided the extent
of the system in phase-space is small. Its elements are Tij = ∂$i/∂wj evaluated at
〈$〉. Such a mapping will preserve the form of the distribution function, which will
now be a Gaussian in action-angle space, with variance matrix σw,0 = T†0σ$,0T0.

The dynamical evolution of the system in action-angle coordinates is given by
φ = φ0 + Ω(J) t, and J = cst. Since we may express

∆w = Θ(t)∆w,0 with Θ(t) =

[
I3 −Ω′t

0 I3

]
,

where I3 is the identity matrix in 3-D, and Ω′ represents a 3 × 3 matrix whose
elements are ∂Ωi/∂Jj , the distribution function at time t becomes

f(w, t) = f0 exp

[
−1

2
∆w

†σw∆w

]
, with σw = Θ(t)

†
σw,0Θ(t). (2.4)

From this last Equation we may finally derive the distribution function in configu-
ration and velocity space at time t. To this end, we perform a local transformation
using the matrix T. Since this is done locally, our distribution function is still a
multivariate Gaussian. The variance matrix at time t is

σ$(t) = (T0Θ(t)T−1)†σ$,0(T0Θ(t)T−1). (2.5)

This variance matrix contains all the information about the dynamical properties of
the particles on initially nearby orbits. For example, the evolution of the velocity
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Figure 2.4: Time evolution of the velocity dispersions (top three panels on the
left), spatial density (bottom left panel) and dispersions in configuration space (top
three panels on the right), for a system moving in a Plummer potential on the orbit
explored in Sec.2.2. The periodicity observed is related to the radial (and angular)
orbital oscillations, as shown in the bottom panel on the right, where we have
plotted the logarithm of r(t) (solid) and

√
rpr(t) (dashed).

ellipsoid may be derived from the velocity submatrix: σv. This submatrix describes
the velocity distribution of nearby particles at time t. The spatial density at a partic-
ular location x at time t (which is related to the spatial separation of those particles)
is obtained by integrating the distribution function with respect to all velocities:

ρ(x, t) = (2π)3f0σv1σv2σv3 × exp

[
−1

2
∆x
†σx∆x

]
(2.6)

where σvi=1,2,3 are the velocity dispersions along the principal components of the
velocity ellipsoid. The matrix σx is 3×3, and contains all the information concerning
the evolution of the particle distribution in configuration space, including their
separation, which is ultimately, the quantity that we want to measure.

2.3.2 Application to the Plummer potential

As in Section 2.2 we assume that the initial variance matrix of the particle distribu-
tion σ$,0 is diagonal (see Eq. 2.3), with Sx,0 = [1/σ2

x,0δij ] and σv,0 = [1/σ2
v,0δij ], and

where σx,0 = 10−5 and σv,0 = 10−3. We centre this distribution on the orbit used in
the N -body simulations of Sec. 2.2.

In Figure 2.4 we plot the evolution of the velocity dispersions, the spatial density
and the dispersions in configuration space. These quantities have been computed
using the procedure outlined above. This Figure shows that in the case of spherical
potentials, only two of the velocity dispersions decrease in time, while the third one
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remains on average constant (it corresponds to the direction perpendicular to the
plane of motion). These results imply that the configuration-space dispersions will
increase in time, as a consequence of Liouville’s theorem (i.e. the conservation of
phase-space density). This can also be seen from dM ∼ ρ× σx1

σx2
σx3

= cst.
The explicit form of the dispersions in velocity and in configuration space has

been derived in the Appendix. There we work in a reference frame that coincides
with the plane of motion (this is of course possible for a spherical potential). In
this new frame only two coordinates and two velocities are required to specify
completely the state of system. In this case, the spatial density

ρ ∝ σv1σv2 = (λv1λv2)−1/2, (2.7)

where λv denotes the eigenvalues of the velocity submatrix σv, and for which the
following relation holds

λv1λv2 =
r2p2

r

Ω2
r

(
α4t

4 + α3t
3 + α2t

2 + α1t+ α0

)
. (2.8)

The coefficients αi depend both on location along the orbit as well as on the initial
extent of the system in phase-space (see Eq. 2.18). The decrease in the spatial
density of the system observed in Fig. 2.4 can thus be understood from Eqs. (2.7)
and (2.8). The strong enhancements in the density seen in Fig. 2.4 take place at
the orbital turning points: when pr = 0 then λv1 × λv2 → 0 and hence ρ→∞.

In the Appendix we show that the configuration-space dispersions satisfy σx1
σx2

=√
λv1λv2
detσ0

w
(see Eq. 2.24). Close inspection of Eqs. (2.8) and (2.18), allows us to reach

the following conclusions:

• For very short timescales, the term with α0 dominates. In this case the sepa-
ration of nearby orbits as measured by σxi purely reflects the rapid changes
in the coordinates and momenta along the orbit when projected onto the time-
domain (i.e. this term is heavily weighted by r2p2

r).

• The terms with α2 and α4 are always positive, implying that these will induce
a rapid increase in the λv, and hence of the dispersions in configuration space
on intermediate timescales.

• The terms with α1 and α3 can either be positive or negative, depending on
location along the orbit. This (partly) explains the strong oscillatory behaviour
observed in Fig. 2.4.

• On longer timescales, only the term with α4t
4 is important. This gives rise to

the secular behaviour of density which decreases as 1/t2 (as found by Helmi
& White, 1999), and for the dispersions in configuration-space to increase in
linear proportion to t.

The behaviour just described applies to orbits in any spherical potential. In
general the exact time-variation of the various coefficients in Eq. (2.8) is rather
complex. However, in the case of the isochrone potential, it is possible to find the
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relation between the action-angle variables and the coordinates in configuration
and velocity space exactly (Binney & Tremaine, 2008). This allows the derivation
of the explicit functional form of each of the terms in Eq. (2.8).

Particularly relevant in the context of this Paper, is the behaviour of the term
α0×r2p2

r since this will set the short-term (rate of) divergence of nearby orbits. For
the isochrone potential

r2p2
r = C sin2 Ψ, (2.9)

where C is a constant dependent on the energy and angular momentum of the orbit
and on the scale and mass of the system (McGill & Binney, 1990; Gerhard & Saha,
1991). Ψ is related to the radial angle φr

φr = φ0,r + Ωrt = Ψ− C ′ sin Ψ. (2.10)

In the case of the Kepler potential (which is a limiting case of the isochrone poten-
tial), Ψ is the mean anomaly. Note that for small t, and assuming φ0,r = 0 (i.e. the
integration starts at a radial turning point) then Ψ ∝ t. If we further assume that
α0 is constant (a condition satisfied if σx,0 � σv,0) then

λv1λv2 ∝ r2p2
r ∝ sin2 Ψ ∝ t2. (2.11)

This implies for example that the density will initially decrease as ρ ∝ 1/t, i.e. its
rate of decline diverges as t → 0. Even though we have derived this dependence
explicitly only for the isochrone potential, we expect this result to be valid more
generally. The bottom left panel of Figure 2.4, which depicts the evolution of the
density for the Plummer potential shows that this indeed appears to be the case.

2.3.3 Separation in configuration space and dependence on
initial conditions

To establish the relation between the dispersions in configuration space (i.e. the
inverse of the eigenvalues of the matrix σx) and the separation between nearby
orbits we proceed as follows.

We integrate 1,000 orbits with initial conditions following the same 6D Gaus-
sian used in the previous section (i.e configuration space dispersion σx,0 = 10−5

and velocity dispersion σv,0 = 10−3 centred also around the same orbit). We then
measure the separation ∆smooth

r,i = |ri − r0| between this orbit and the 1,000 neigh-
bouring trajectories, and derive the average 〈∆smooth

r 〉. We compare this separation
to three different averages of the configuration-space dispersions obtained from
our analytic model:

1. the geometric mean: ∆g = (σx1σx2σx3)1/3,

2. the arithmetic mean: ∆a = (σx1 + σx2 + σx3)/3,

3. the modulus: ∆m =
√
σ2
x1

+ σ2
x2

+ σ2
x3
/3.
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Figure 2.5: Time evolution of three possible averages of the dispersions in
configuration-space obtained through our formalism. The black dashed curve in
each panel represents the average separation 〈∆r〉 of 1,000 nearby orbits. Note
the excellent agreement between 〈∆r〉 and ∆m as shown in the middle panel. In
this panel, the grey long-dashed curve is proportional to

√
t and follows well the

very steep initial growth of 〈∆r〉. On the other hand, at late times the separations
increase linearly as shown by the short-dashed grey curve.

The various panels in Figure 2.5 show the behaviour of these means compared to
the average obtained directly from the integrations of the 1,000 nearby trajectories
(dashed curve). As can be seen from this Figure the three averages perform equally
well for short timescales. On the other hand, for longer timescales it is the modulus
∆m of the configuration-space dispersions which provides the best match to the
separation between nearby orbits 〈∆smooth

r 〉.
Figure 2.5 shows that the separation of nearby orbits in smooth integrable po-

tentials exhibits a rapid initial divergence, which is followed by a secular increase
which is linear in time. The initial transient occurs in a completely integrable sys-
tem. It reflects the way the phase-space curves around an orbit with time, as
shown in the Appendix. In the case of the isochrone potential, the explicit time-
dependence of the initial transient can be derived analytically. As discussed above,
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Figure 2.6: Time evolution of the separation of nearby orbits as measured by ∆m

for two different orbits: the black curve is for an inner orbit, while grey corresponds
to an orbit with a large apocentre.

∆g ∝
√
σx1
× σx2

∝ (λv1λv2)1/4 ∝
√
t from Eq. (2.11). This shows that the sepa-

ration of nearby orbits as measured by the geometric mean ∆g has a very steep
rate of increase with time, since d∆g/dt ∝ 1/

√
t → ∞ as t → 0. The grey curve in

the middle panel of Figure 2.5 shows that this functional form describes well the
behaviour also in the case of an orbit in a Plummer sphere.

Thus far we have only explored one initial configuration for the orbit and for the
variance matrix. We now focus on how the separation of nearby orbits depends on
their location in phase-space. The black curve in Figure 2.6 shows ∆m for an orbit
constrained to move in the inner regions of the system (pericentre rp = 0.12 and
apocentre ra = 0.84), while the grey curve has a much larger apocentre ra = 2.87

(rp = 0.21). Clearly the amplitude of the initial transient depends on the regions
of phase-space the orbits probe. We also find a slight dependence on the initial lo-
cation along the orbit, namely that the initial divergence has the largest amplitude
(and it lasts longer) when the integration is started near an orbital turning point.

However, the largest influence on the initial rate of divergence comes from the
form of the initial variance matrix. The examples discussed thus far consider σx,0 =

10−5 and σv,0 = 10−3. We have found that by decreasing σx,0/σv,0, the amplitude of
the divergence can be made exceedingly large. However, as we will show below it
can also be made negligibly small if σx,0 � σv,0.

2.4 Comparison to N-body simulations

The behaviour visible in Figure 2.5 is strikingly similar to that observed in the N -
body simulations discussed in Sec. 2.2. This is explicitly demonstrated in the top
panel of Fig. 2.7, where we compare our analytic estimates (∆m, dashed) to the
average separation of 100 orbits integrated in the N -body representation of the
system (〈∆r〉, solid curve), with N = 128k for the optimal softening case and for
σv,0 � σx,0.

This Figure suggests that the initial divergence previously reported to be present
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Figure 2.7: Time evolution of the average separation 〈∆r〉 of 100 nearby orbits
integrated in a frozen N -body realisation of the Plummer sphere with N = 128, 000

and εopt (solid curve). The error bars denote the error on this average. The dashed
curve represents the separation of nearby orbits as measured by ∆m using our
analytic prescription. The different panels show the dependence of the rate of
divergence on the initial configuration of the set of nearby orbits, where top (bot-
tom) corresponds to more (less) strongly clustered in configuration than in velocity
space.

in N -body simulations, and shown in Figures 2 and 3 of this paper, is intrinsic to
gravitational systems. As shown in Section 2.3.2, it results from the distortion of
the phase-space neighbourhood of an orbit when studied in the time domain. The
rate of divergence is very large as it evolves as 1/

√
t near t→ 0.

The near saturation of the rate of divergence after roughly one orbital period,
indicates that this transient behaviour cannot be related to dynamical chaos. For
example, for a chaotic orbit in a non-integrable potential this saturation is never
reached as shown by Vogelsberger et al. (2008) (see their Fig. 6).

The bottom panel of Figure 2.7 shows that the initial transient may disappear
completely both in the analytic model as in the N -body simulations when the ini-
tial system is more strongly clustered in velocity than in configuration space. Here
we have used σv,0 = 10−5 and σx,0 = 10−3. We have noticed that the orbital in-
tegrations in the N -body experiments reported in the literature often start from a
configuration such as that depicted in the top panel. In such cases, nearby orbits
are drawn within a specific (small) region of configuration space, but are free to
have any range of initial velocities (e.g. Kandrup & Sideris, 2001).

In light of the discussion above, we may reach the following conclusions. In N -
body systems with the appropriate (optimal) value of the softening, the initial rate
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of divergence is reproduced very well by our model, and has a “geometric” origin.
However, in N -body simulations with a very small or no softening, such as those
discussed by Goodman, Heggie & Hut (1993); Hut & Heggie (2001) and Valluri &
Merritt (2000) we expect a steep initial divergence as in our model only for orbits
initially (much) more strongly clustered in space than in velocity. Under a differ-
ent initial configuration, nearby orbits may diverge due to 2-body encounters but
this divergence should typically have a lower amplitude. For all initial configura-
tions, and after a crossing time, such encounters are likely important in driving the
evolution of the separation of nearby orbits.

2.5 Discussion and Conclusions

We have studied the initial divergence of nearby orbits in frozenN -body simulations
of a Plummer sphere, and have explored the dependencies of this divergence on
numerical parameters, in particular softening and number of particles. In very
good agreement with previous work, we have found that the rate of divergence is
initially very fast, and that roughly after one crossing time, it saturates. At this
point in time the separation is much smaller than the scale of the system.

We then developed an analytic model to follow the separation of nearby orbits
in a smooth Plummer potential. This model shows that nearby orbits will diverge
very fast initially even for fully integrable smooth potentials, provided they are
strongly clustered in space and less in velocity. This divergence is driven by the
time-evolution of the distortion of the phase-space around an orbit and is a generic
feature of dynamical systems. We have been able to show explicitly that nearby
orbits in the isochrone potential diverge initially in proportion to

√
t, i.e. as t → 0

the rate of separation effectively diverges.
Therefore, the initial extremely rapid divergence of nearby orbits previously re-

ported in N -body systems does not inevitably imply a manifestation of microscopic
chaos on a crossing timescale. This transient phenomenon is not necessarily re-
lated to an instability in the sense of non-integrable behaviour in the short-term
dynamics of N -body systems.
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Appendix 2.A Matrices in a spherical potential

For spherical potentials Φ(r), we may choose a system of coordinates that coincides
with the plane of motion of the system. In this plane the position of a particle is
specified by its angular (ψ) and radial (r) coordinates. The actions of an orbit in
this case are:

L = Jψ = pψ, Jr =
1

π

∫ r2

r1

dr
1

r

√
2[E − Φ(r)]r2 − L2, (2.12)

where L is the total angular momentum of the particle, E is its energy, and r1 and
r2 the orbital turning points.

In order to track the evolution of the dispersions of our initial distribution func-
tion, f($, t0), we perform the following sequence of operations. Firstly, we trans-
form from Cartesian coordinates $ = (x,v) to action angle variables w = (θ,J).
The distribution function is then evolved in this space, after which, we transform
back to Cartesian coordinates (see Figure 2.3).

For the sake of simplicity, here we begin with a distribution function already
expressed in terms of the action-angle variables and we also assume that, initially,
the variance matrix is diagonal, i.e., σw,0 = [σiiδij ]. With the time evolution op-
erator, Θ(t), known, we can compute the variance matrix at any given time t as
σw(t) = Θ(t)

†
σw,0Θ(t). Equation (2.4) shows Θ(t) for the 3-D case, but we reduce

the equation for our purposes to the 2-D case.

After evolving the system in the action-angle space we need to transform back
locally to configuration and momenta space ω̂ = (x,p) using the transformation
matrix T−1. The elements of this matrix are related to the second derivatives of
the characteristic function W (q,J). In our case

T−1 =


1 t12 t13 t14

0 t22 t23 t24

0 0 1 0

0 t42 t43 t44

 , (2.13)

with

t12 = −h(r)
Ωr

W34 + κ
pr
, t13 = W33 +W34t43, t14 = W34t44,

t22 = −h(r)
Ωr

W44 + Ωr
pr
, t23 = W34 +W44t43, t24 = W44t44,

t42 = −h(r)
Ωr

, t43 = − κ
Ωr
, t44 = pr

Ωr
,

where

h(r) = −Φ′(r) + L2

r3 , pr =
√

2[E − Φ(r)]− L2

r2 , κ = Ωψ − L
r2 ,

and
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W33 =
∂2W

∂L2
=

∫ r

r1

dr

pr

(
∂Ωψ
∂Jψ

− 1

r2
− κ2

p2
r

)
,

W44 =
∂2W

∂Jr
2 =

∫ r

r1

dr

pr

(
∂Ωr
∂Jr

− Ω2
r

p2
r

)
,

W34 =
∂2W

∂L∂Jr
=

∫ r

r1

dr

pr

(
∂Ωψ
∂Jr

− κ

p2
r

Ωr

)
.

Subindices 1 and 3 in the expressions above refer to directions associated with
ψ, such as, φψ and Jψ whereas 2 and 4 are related to r. For more details about this
procedure we refer the reader to Helmi & White (1999).

Given T−1, the variance matrix at time t is expressed as:

σω̂(t) = (Θ(t)T−1)†σw,0(Θ(t)T−1). (2.14)

where the elements tij are evaluated at 〈x(t)〉. Substituting T−1, Θ(t) and σw,0 in
the above expression, then

σω̂(t) =


σ11 σ11A σ11B

{1, 2} σ11A
2 + σ22D

2 + σ44t
2
42 σ11AB + σ22DE + σ44t42t43

{1, 3} {2, 3} σ11B
2 + σ22E

2 + σ33 + σ44t
2
43

{1, 4} {2, 4} {3, 4}
σ11C

σ11AC + σ22DF + σ44t42t44

σ11BC + σ22EF + σ44t43t44

σ11C
2 + σ22F

2 + σ44t
2
44

 , (2.15)

where

A = t12 − Ω′34t42t, B = t13 − (Ω′33 − Ω′34t43)t, C = t14 − Ω′34t44t,
D = t22 − Ω′44t42t, E = t23 − (Ω′34 − Ω′44t43)t, F = t24 − Ω′44t44t.

In general, one is more interested in the properties of the debris in velocity
space, rather than in momenta space. Therefore we transform the variance matrix
according to σ$(t) = T†p→vσω̂(t)Tp→v, with

Tp→v =


1 0 0 0

0 1 0 0

0 vψ r 0

0 0 0 1

 .
To obtain an expression for the time evolution of the velocity dispersions we fo-

cus our attention on what happens around a particular point 〈x(t)〉 in configuration
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space located on the mean orbit of the system. This is equivalent to studying the
velocity submatrix of the variance matrix σ$(t), that is

σv =

[
r2(σ11B

2 + σ22E
2 + σ33 + σ44t

2
43) r(σ11BC + σ22EF + σ44t43)

{1, 2} σ11C
2 + σ22F

2 + σ44t
2
44

]
. (2.16)

By diagonalising the matrix σv we obtain the principal axes of the velocity el-
lipsoid at the point 〈x(t)〉, and the associated dispersions. The eigenvalues of
σv are the roots of the characteristic equation: det[σv − λI] = 0. An interesting
quantity is for example, λv1λv2 because it is inversely proportional to the density:
ρ ∝ σv1σv2 = (λv1λv2)−1/2. In our case:

λv1λv2 =
r2p2

r

Ω2
r

(
α4t

4 + α3t
3 + α2t

2 + α1t+ α0

)
, (2.17)

where

α4 = σ11σ22(det Ω′)2,

α3 = 2σ11σ22 det Ω′ (2W34Ω′34 −W33Ω′44 −W44Ω′33),

α2 = σ11σ22

(
2 det Ω′ det W + (Ω′44W33 + Ω′33W44)2+

4W34(Ω′
2
34W34 − Ω′33Ω′34W44 − Ω′34Ω′44W33)

)
+

(σ11σ33 + σ22σ44) Ω′
2
34 + σ11σ44Ω′

2
33 + σ22σ33Ω′

2
44,

α1 = 2
(
σ11σ22 det W (2Ω′34W34 − Ω′44W33 − Ω′33W44)−

Ω′34W34 (σ11σ33 + σ22σ44)− σ11σ44Ω′33W33−
σ22σ33Ω′44W44

)
,

α0 = (σ11σ22)(det W)2 +W 2
34 (σ11σ33 + σ22σ44) +

σ11σ44W
2
33 + σ22σ33W

2
44 + σ33σ44, (2.18)

with

det W = W33W44 −W 2
34.

These equations explicitly show the behaviour of principal axes velocity disper-
sions:

• For very short timescales, the term with α0 dominates. In this case the be-
haviour purely reflects the geometry of the orbit in phase space (being heavily
weighted by r2p2

r).

• The terms with α2 and α4 are always positive, implying that these will induce
a rapid increase in the λv, or a rapid decrease of the velocity dispersions on
intermediate timescales.

• The terms with α1 and α3 can either be positive or negative, depending on lo-
cation along the orbit (i.e. the Wij vary in magnitude and sign). This explains
the strong oscillatory behaviour observed in Fig. 2.4.
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• On longer timescales, only the term α4t
4 is important. This gives rise to the

secular behaviour of density which decreases as 1/t2, and the velocity disper-
sions to behave as 1/t for long timescales.

To obtain the expression for the time evolution of the dispersions in configura-
tion space we integrate the distribution function with respect to all velocities (see
Eq. 2.6). In practice, we first transform σ$(t) from polar to Cartesian coordinates,
σ′$(t) = (T′)†σ$(t)T′, where

T′ =


− sin(ψ)

r

cos(ψ)

r
0 0

cos(ψ) sin(ψ) 0 0
sin(ψ)pr

r
−cos(ψ)pr

r
− sin(ψ) cos(ψ)

− sin(ψ)vψ
r

cos(ψ)vψ
r

cos(ψ) sin(ψ)

 . (2.19)

We express σ′$ as

σ′$ =

(
A B

B† C

)
,

where the 2x2 matrices A, C and B represent the position submatrix, the velocity
submatrix, and the cross correlation between positions and velocities, respectively
(as in Eq. 2.3). Then, the matrix σx is obtained from the integration of the distribu-
tion function over the velocities:

σx =

(
s11 s12

s12 s22

)
,

where the elements sij are related to the dispersions in configuration space. These
elements can be expressed as:

sij =
det Γij
det C

, (2.20)

with

Γij =

 aij bi1 bi2
bj1 c11 c12

bj2 c12 c22

 ,

where aij , bij and cij are elements of the matrices A, B and C respectively. The
diagonalisation of the matrix σx yields the values of the dispersions along the prin-
cipal axes of the system in configuration space since σxi = 1/

√
λri , where λri are

the eigenvalues of σx.
Solving the characteristic equation for σx we finally obtain:

λri = (2λv1λv2)−1
[
β2t

2 + β1t+ β0±√
(β2t2 + β1t+ β0)2 − 4λv1λv2 detσ0

w

]
, (2.21)



42 CHAPTER 2. THE SHORT-TERM EVOLUTION OF INITIALLY NEARBY ORBITS

where

β2 = σ11σ22r
2
[
(σ44Ω′

2
34 + σ33Ω′

2
44)(p2

r + r2κ2)− (2.22)

2Ω′34(σ44Ω′33 + σ33Ω′44)r2κΩr + (σ44Ω′
2
33 + σ33Ω′

2
34)r2Ω2

r

]
,

β1 = −2σ11σ22r
2
[
(σ44W34Ω′34 + σ33W44Ω′44)(p2

r + r2κ2)+(
(σ33W44 + σ44W33)Ω′34 +W34(σ44Ω′33 + σ33Ω′44)

)
r2κΩr−

(σ44W33Ω′33 + σ33W34Ω′34)r2Ω2
r

]
,

β0 = r2
[
σ11

(
σ22σ33W

2
44 + σ44(σ22W

2
34 + σ33)

)
(p2
r + r2κ2)−

2σ11σ22W34(σ33W44 + σ44W33)r2κΩr+

σ22

(
σ11σ33W

2
34 + σ44(σ11W

2
33 + σ33)

)
r2Ω2

r

]
. (2.23)

Finally, multiplying both eigenvalues:

λr1λr2 =
detσ0

w

λv1λv2
. (2.24)
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Chapter 3

On the identification of
substructure in phase-space
using orbital frequencies

Abstract*

We study the evolution of satellite debris to establish the most suitable space to
identify past merger events. We confirm that the space of orbital frequencies

is very promising in this respect. In frequency space individual streams can be
easily identified, and their separation provides a direct measurement of the time
of accretion. We are able to show for a few idealised gravitational potentials that
these features are preserved also in systems that have evolved strongly in time.
Furthermore, this time evolution is imprinted in the distribution of streams in fre-
quency space. We have also tested the power of the orbital frequencies in a fully
self-consistent (live) N -body simulation of the merger between a disk galaxy and a
massive satellite. Even in this case streams can be easily identified and the time of
accretion of the satellite can be accurately estimated.

Key words: galaxies: formation – galaxies: kinematics and dynamics – methods:
analytical – methods: N -body simulations.

* Based on Gómez & Helmi, 2010, MNRAS, 401, 2285
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3.1 Introduction

In the current standard cosmological model, known as ΛCDM, galaxies like our
own Milky Way are formed bottom-up, through the merger and accretion of smaller
building blocks that come together due to their gravitational attraction (e.g. White
& Rees, 1978).

This model is being continuously tested and many questions and puzzles re-
main to be addressed. An example is the large number of bound substructures
predicted to orbit galaxies like the Milky Way and M31 compared to the observed
abundance of satellite galaxies in these systems (Klypin et al., 1999; Moore et al.,
1999), although several solutions have been proposed (e.g. Bullock et al., 2000).
The formation of realistic disk galaxies in full cosmological simulations remains
another great challenge (e.g. Steinmetz & Navarro, 1999) yet steady progress is
being made (e.g. Governato et al., 2004, 2007; Scannapieco et al., 2009).

One strong test of the current paradigm may be performed through observa-
tions of the stellar halos of galaxies like the Milky Way. For example, if the Galaxy
was formed in a hierarchical fashion via mergers, then we should be able to find
fossil signatures of these events in the present day phase-space distribution of halo
stars. This idea was strongly exalted after the discovery of the disrupting Sgr dwarf
galaxy by Ibata et al. (1994). In the following years further debris from accretion
events was discovered, not only in the halo (Helmi et al., 1999; Grillmair, 2006;
Belokurov et al., 2006) but also in the disk of our Galaxy (Eggen, 1996; Ibata et
al., 2003; Yanny et al., 2003; Navarro, Helmi & Freeman, 2004; Helmi et al., 2006),
although some of this substructure may be of dynamical origin (Antoja et al., 2009;
Minchev et al., 2009).

However, if the hierarchical scenario is correct, we are still far from having
unveiled every single stream associated to each merger event the Galaxy has ex-
perienced in its lifetime. Helmi, White & Springel (2003) by combining numerical
simulations with analytic work predicted that there should be several hundreds of
cold stellar streams present in the vicinity of the Sun (see also Vogelsberger et al.,
2008). The short dynamical time scales, especially in the Solar neighbourhood,
are the basic reason behind why such a large number is expected. An accreted
satellite, orbiting in the inner regions of the Galaxy will give rise to multiple stellar
streams in a relatively short period of time. As shown by Helmi & White (1999)
the spatial density of these streams is a strongly decreasing function of time. Con-
sequently, substructure associated to a past accretion event is expected to have a
very low-density contrast, making its detection very difficult from its distribution
in space. On the other hand, due to the conservation of phase-space density, the
velocity dispersion of a stream will decrease as time goes by, making the streams
tighter in the velocity domain.

The arguments above highlight the need for full 6D phase-space information to
completely disentangle the predicted wealth of substructure. Furthermore, sam-
ples of at least 1,000 halo stars would appear to be necessary for this enterprise.
Statistical arguments using the revised NLTT proper motion survey (New Luyten
Two Tenths, Gould & Salim, 2003; Salim & Gould, 2003) have been used to mea-
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sure the amount of granularity (associated to moving groups) in the stellar halo
near Sun. Gould (2003) has shown that no streams are present in this region of
the Galaxy that contain more than approximately 5% of the halo stars near the
Sun. This estimate is in good agreement with the expectations described above,
but does not provide a direct confirmation of the predictions. Spectroscopic sur-
veys such as RAVE (Zwitter et al., 2008) and SEGUE (Yanny et al., 2009) should be
helpful in identifying further nearby streams (e.g. Smith et al., 2009; Klement et
al., 2009) but the breakthrough will take place only with the astrometric satellite
Gaia (Perryman et al., 2001). Gaia, expected to be launched in 2012, will measure
the positions and motions of 109 stars with very high accuracy.

Given the datasets that soon will become available it is natural to ask what is
the optimal way to discover merger debris. More precisely, the question we would
like to address in this work is what is the best space to look for substructure if our
goal is to disentangle how the Galaxy was assembled.

The first steps in this direction have been presented by Helmi & de Zeeuw
(2000). These authors analysed simulations of the disruption of satellite galax-
ies in a fixed Galactic potential and concluded that the “integrals-of-motion” space
defined by the energy, the total angular momentum and its z-component (E,L,Lz)

is very suitable for identifying the remains of past accretion events. Even in fully
self-consistent cosmological simulations, disrupted satellites still appear as coher-
ent structures in this “integrals of motion” space (Knebe et al., 2005). Font et al.
(2006) demonstrated the power of complementary chemical abundance informa-
tion to disentangle debris from different events. Arifyanto & Fuchs (2006) have
used samples of nearby stars the space defined by (U2 + 2V 2)1/2 and V , where U
is the radial velocity in the Galactic plane, and V is the velocity component in the
direction of rotation. More recently McMillan & Binney (2008) (hereafter MB08)
showed that action-angles coordinates, and in particular, the orbital frequencies
could conform a very convenient set of variables to identify nearby substructure.

In this paper we explore further the power of the orbital frequencies. We start
our journey by briefly reviewing the concept of action-angle variables in Section 2.
In Section 3 we discuss in depth the space of orbital frequencies. We characterise
the distribution of debris in a few simple cases and in particular, in a static spherical
potential. In Section 4 we analyse how the structure of this space is altered in a
time dependent (still rigid) potential. Finally, in Section 5 we focus on a live N -body
simulation of the accretion of a massive satellite onto a pre-existing thin disk. We
discuss and summarise our results in Section 6.

3.2 The action-angle variables

Let us consider a dynamical system with a time-independent Hamiltonian H(p,q),
where (p,q) is a set of 2n canonical coordinates. The dynamical state of this system
is governed by the Hamilton’s equations

ṗi = −∂H
∂qi

, q̇i =
∂H

∂pi
, (3.1)
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Figure 3.1: Distribution of particles in actions (upper panels) and frequency (lower
panels) space located in a small region of the angle space at three different times.
Each clump represents a particular stream crossing this region at the time consid-
ered. The solid lines indicate Ω2 = cst whereas the dotted-dashed lines represent
lines of constant Ω1, as shown in the bottom panels.

with i = 1, . . . , n.
The evolution of a system may be expressed much more simply by performing a

canonical transformation of coordinates such that the equations of motion are

Ṗi = −∂H(P)

∂Qi
= 0, Q̇i =

∂H(P)

∂Pi
= Ωi(P), (3.2)

with solutions
Qi = Q0

i + Ωit, Pi = P 0
i . (3.3)

If the system under study is such that the motion is periodic, then this set of canon-
ical variables is known as action-angle variables.

In a spherical potential Φ(r), the radial action is

Jr =
1

π

∫ r2

r1

dr
1

r

√
2[E − Φ(r)]r2 − L2 (3.4)

where L is the total angular momentum, r1 and r2 the turning points in the radial
direction and

Jφ = Lz, Jθ = L− Lz (3.5)
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are the angular actions. The frequencies of motion Ωi = ∂H/∂Ji, can be derived by
differentiation of the implicit function

g = Jr −
1

π

∫ r2

r1

dr
1

r

√
2[E − Φ(r)]r2 − L2 (3.6)

defined by Eq. (3.4). For more details, see e.g., Goldstein, Poole & Safko (2001).

3.3 Frequency space for static potentials

3.3.1 Toy-Model

The space of orbital frequencies in the context of isolating debris from accreted
satellites was first introduced by MB08. For completeness we here review its main
characteristics. We also refer the reader to Section 4 of MB08. For this purpose we
have developed a simple toy-model and followed the evolution of a satellite in this
space.

Let us consider a satellite (i.e. a system of particles that are initially strongly
clustered in phase-space) orbiting under the influence of an arbitrary gravitational
potential. For simplicity, we consider a system with only two independent frequen-
cies of motion. We will also assume that the initial distribution in action-angle
space of the satellite follows a multivariate Gaussian with dispersions of σθ = π/4

and σJ = π/3 in the angles and actions, respectively (and no correlation among the
different directions). In this space, the location of a given particle will vary only due
to the evolution of the angle coordinates. The rate of evolution, i.e. the frequencies,
is completely determined by the underlying potential in which our satellite evolves
(see Eq. (3.3)). The other two coordinates, i.e., the actions, will remain constant in
time.

Here we shall assume that we can express the frequencies in the following way:

Ω1 = c1J1 + c2J2,

Ω2 = c3J1 + c4J2,

(3.7)

where ci are constants. In general, the relation between the frequencies and the
actions is more complex, and depends on the specific form of the gravitational
potential.

Typically, we have access to samples of stars located in a particular region of
space such as, for example, the Solar neighbourhood. This constraint acts as a
filter, implying that we only observe the subset of stars with orbital properties such
that they are in this particular location at the time of observation. To mimic this,
we focus on the particles located in a small region of the angles’ space in our toy-
model. Figure 3.1 shows the distribution of these particles in the space of actions
and of frequencies at three different times (0 < t1 < t2 < t3).

As discussed by MB08 the particles passing through a particular location of
(angle-)space are distributed in different patches or streams. With time, the num-
ber of streams increases while their extent in frequency space decreases. When
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the particles cross our location for the first time, they have not had enough time
to become significantly spread in angle. We then observe only one big stream (left
panel of Fig. 3.1). At some later time, particles with the highest frequencies begin
to overtake the slowest ones and therefore we observe multiple streams (since the
angles are periodic) each with its own characteristic frequency. The size of each
individual stream at any given time is dependent on the size of the small region
under consideration and on the initial spread of the system.

Since the orbital frequencies are constant (for a time independent gravitational
potential) the location of a particle in frequency space remains unchanged. The
changing pattern shown in Fig. 3.1 is simply a consequence of the fact that we re-
strict our analysis to particles at a given spatial location. The gaps thus correspond
to particles which are located outside our window.

The network of patches is shaped by lines of constant frequency Ωi = cst. As
a consequence, and because of the relation implied by Eq. (3.7), the distribution
of particles in action space is also very regular. However, in general the relation
between frequencies and actions will not be linear, and therefore the distribution
of particles in action space is typically more complex (see e.g. Figure 3.5 below).

The number of clumps observed along each frequency direction at a given lo-
cation can be estimated by considering the initial spread in the frequency. For
example, at Ω2 = cst, ∆Ω1 = Ωmax

1 − Ωmin
1 . After some time t = t3, the angle θ1

between the particles with the largest and smallest Ω1 has increased to

∆θ1(t3) = ∆Ω1t3 + ∆θ1(t0). (3.8)

with ∆θ1(t0) the initial separation at time t0. Since θ1 is a 2π-periodic variable the
number of streams N1 at Ω2 = cst is

N1 =

[
∆θ1(t3)

2π

]
=

[
∆Ω1t3 + ∆θ1(t0)

2π

]
≈
[

∆Ω1t3
2π

]
(3.9)

where the last approximation holds if t3 is long enough such that ∆Ω1t3 >> ∆θ1(t0).
Another quantity of interest is the distance between two adjacent streams in

frequency space,

δΩi =
∆Ωi
Ni
≈ 2π

t
, i = 1, 2. (3.10)

The time t may be considered as the time since disruption of our system (i.e. its
constituent stars have been tidally stripped, and move only under the influence
of the host gravitational field). Eq. (3.10) states that this time can be directly
estimated by measuring δΩi. Moreover, systems will have different values of δΩi
depending on the time since disruption, which implies that this characteristic scale
could be used to recognise the streams originating in objects plausibly accreted at
different epochs.

3.3.2 Spherical potentials

We now consider dynamical systems with an underlying spherical potential, Φ(r).
Due to the conservation of angular momentum L, the motion of stars are con-
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strained to remain in a plane, implying that there are only two independent fre-
quencies of motion: Ωr associated to the radial oscillation and Ωφ associated to the
angular oscillation in this plane.

Characterising frequency space

Our previous analysis has shown that the space of frequencies appears to be well
suited to identify streams. Here we will characterise this space and how its prop-
erties depend on the form of the host gravitational potential.

The angular and radial periods of an orbit are related to the respective frequen-
cies through

Tφ = 2π/Ωφ, Tr = 2π/Ωr. (3.11)

Once a radial oscillation is completed the azimuthal angle has increased by an
amount ∆φ = ΩφTr or, equivalently

∆φ = 2π
Ωφ
Ωr

,

thus
Ωr
Ωφ

=
Tφ
Tr

=
2π

∆φ
. (3.12)

In general 2π/∆φ will not be a rational number and therefore the orbit will not
be closed. However there are two gravitational potentials in which all orbits are
closed, those of an homogeneous sphere and of a point mass. Notice that any other
spherical system may be considered to have a mass distribution between these
limiting cases, i.e. its density gradient will be neither as shallow nor as steep as in
these two cases. Orbits in a time-independent homogeneous mass distribution have
∆φ = π, whereas for the Kepler problem ∆φ = 2π. From Eq. (3.12) this implies that
the frequencies of a bound orbit in any spherical mass distribution are constrained
to lie inside the subspace defined by Ωr/2 ≤ Ωφ ≤ Ωr. The extent to which this
subspace is probed by orbits depends on the exact distribution of mass.

To examine this, let us consider the Plummer potential, Φ, generated by a den-
sity ρ, where

Φ(r) =
−GM√
r2 + b2

,

ρ(r) =
3M

4πb3

(
1 +

r2

b2

)−5/2
(3.13)

(Plummer, 1911). We sample the frequency space in this potential by randomly
drawing 104 orbits from the distribution function associated to the Plummer sphere
with parameters M = 1012 M� and b ≈ 22 kpc. The upper panel in Fig. 3.2 shows
the distribution of these orbits in frequency space. The solid line and dashed lines
correspond to Ωr = 2Ωφ (homogeneous sphere) and Ωr = Ωφ (point mass), re-
spectively. Note that orbits with small frequencies cover the whole region between
these two lines. Instead, orbits with high frequencies tend to bend over towards the
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Figure 3.2: Top: Distribution of possible orbits in a Plummer sphere in frequency
space. The solid line corresponds to Ωr = 2Ωφ, as in the case of orbits in a homo-
geneous sphere. The dashed line shows Ωr = Ωφ, as found for all orbits in a point
mass distribution. The left wedge of the distribution corresponds to circular orbits.
Bottom: Relation between the radial frequency Ωr and the orbital apocentre-to-
pericentre ratio.
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Figure 3.3: Distribution of possible orbits in a Hernquist profile (black dots) in
frequency space. For comparison, the distribution for a Plummer sphere is shown in
grey. Solid and dashed lines represent as before the natural limits of this space, i.e.
Ωr = 2Ωφ and Ωr = Ωφ respectively. Note that because the Hernquist inner density
profile is cusped orbits with high frequencies do not bend over to the boundary
associated with the homogeneous sphere.

line given by the homogeneous sphere. This is because particles on orbits with low
frequencies populate the outer regions of the system, and hence perceive a poten-
tial close to that of a point mass. On the other hand those on high frequency orbits
are generally confined to the central regions of the system. Since the Plummer
density profile has a core these particles will feel a potential resembling that of the
homogeneous distribution. The strict cut-off at a value of Ωr ≈ 42 Gyr−1 therefore
corresponds to the characteristic frequency associated to the homogeneous mass
distribution, i.e for r << b, a particle in the Plummer model should have a period

of Tr ∼
√

π2b3

GM which in our case corresponds to 0.15 Gyr, or Ωr = 42 Gyr−1.

For a given Ωφ, (nearly) circular orbits will be those with the largest radial
period, i.e. the smallest Ωr frequency. Thus such orbits are located on the wedge
seen in the top panel of Fig. 3.2. This is also illustrated in the bottom panel of the
same figure, where we have plotted the ratio of apocentre to pericentre distances
of orbits as a function of Ωr. As we can see, orbits with the lowest Ωr for a given
Ωφ = cst have rapo/rper = 1.

We now consider a system with a cuspy density distribution, namely the Hern-
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Figure 3.4: X-Y distribution of particles from an accreted satellite at three different
times, as indicated on each panel. The black circle shows the location of a “Solar
neighbourhood” sphere.

quist profile whose potential, Φ, and density ρ, are given by

Φ(r) =
−GM
r + b

,

ρ(r) =
bM

2πr

1

(r + b)3

(3.14)

(Hernquist, 1990). We set M = 1012 M� and b ≈ 22 kpc. As before, we sample the
available phase-space with 104 orbits. The black points in Fig. 3.3 show the result-
ing distribution of orbits in frequency space. For comparison, we overplotted the
frequencies for the Plummer profile (in grey). At the low frequencies end both dis-
tributions overlap as expected (point mass regime). However there is a significant
difference in the region populated by orbits with high frequencies. Due to the lack
of a core in the Hernquist density distribution, the bend over towards Ωr = 2Ωφ,
i.e. the regime of the homogeneous mass distribution, has disappeared, and there
is no upper limit to the radial or angular frequency of motion.

Comparing different projections of phase-space

Various spaces have been proposed to identify debris from disrupted satellites. For
example, Helmi & de Zeeuw (2000) introduced the space of energy, total angular
momentum and its z-component (E,L,Lz). Later on, Helmi et al. (2006) showed
that substructure can be identified by looking at the apocentre, pericentre and
Lz space. In this space, streams are represented by extended structures, roughly
along a line of constant eccentricity. In this section we will compare the distribution
of debris in these and other previously used spaces to that in frequency space. To
this end we consider the accretion of a satellite galaxy onto a spherical host.
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Figure 3.5: Comparison of the various spaces commonly used to identify merger
debris. Grey dots show the distribution of all satellite particles whereas the black
dots represent the particles inside the sphere shown in Fig. 3.4. As in the toy model
example discussed in Section 3.3.1, streams in frequency space (top left panel)
are distributed in a regular pattern. Notice that the distribution of particles in
frequency space is much better defined than in any other of the spaces considered.
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We represent the host with the Plummer profile discussed in the previous sec-
tion. The satellite is assumed to be spherical and to have an isotropic velocity
ellipsoid, and is modelled with a multivariate Gaussian in 6D with a dispersion of
σx ≈ 1 kpc and σv = 22 km/s−1. We set the central particle of the satellite on an or-
bit with apocentre rapo ≈ 35 kpc, pericentre rper ≈ 8 kpc and inclined by 56 degrees
with respect to the z-axis. We follow then the evolution of the satellite for approx-
imately 10 Gyr. For simplicity, in this experiment the self-gravity of the satellite is
not considered. As a consequence, we expect to find a larger number of streams at
any given epoch, with a larger spread in orbital parameters, in comparison to the
self-gravitating case. This is because particles can drift apart from each other right
from the start, whereas when their self-gravity is considered, this will only happen
during successive pericentric passages where they are (typically) stripped from the
parent satellite.

In Fig. 3.4 we show the spatial distribution of satellite particles at three different
times. To study the distribution of particles in various projections of phase-space
we focus on those inside an sphere of radius 4 kpc centred at r ≈ 10 kpc at the final
time, as shown in the rightmost panel of this Figure.

The results are shown in Fig. 3.5 for six different spaces. Grey points represent
all the particles of the satellite whereas black points only those inside the sphere
of interest. In the top left corner (panel a) we show their projection in frequency
space. As in the toy model discussed in Section 3.3.1, for a given Ωφ = cst we find
multiple streams in Ωr. Note that there are typically more streams at constant Ωφ
than at constant Ωr. This is because Tr ≤ Tφ ≤ 2Tr, and hence mixing occurs faster
in the r-direction.

Notice that some of the groups of particles found at given Ωr and Ωφ ≈ cst may
be decomposed into smaller structures. This can be understood from the radial
velocity vs. radial distance plot shown in the bottom right panel of Fig. 3.5. Streams
with pericentres inside the sphere under consideration, appear in frequency space
as a single compact structure. For the rest we observe two separate structures,
each of these associated to particles located just before or after their corresponding
pericentre.

The top right panel of Fig. 3.5 shows the distribution of particles in a projection
of velocity space. Although several features are visible, the individual streams are
clearly less well separated than in panel a). This is also the case for the radial
velocity vs. radial distance plot (panel f).

The two middle panels of Fig. 3.5 show the distribution of particles in the E−Lz
(left) and apocentre vs. pericentre (right) spaces. The number of structures in the
E−Lz space is smaller and slightly less sharp than in frequency space. On the other
hand, streams are well detached from each other in the apocentre vs. pericentre
space. Finally, in the bottom left panel we show the distribution of particles in
the space of actions, Jr vs. Jφ. As in the E − Lz space, distinction of the various
streams is less clear in this space, and hence it appears to be less suitable for
finding individual debris streams. However, it is important to note that we are
only considering two of the three available actions. By projecting the particle’s
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distribution into the principal directions of action space it is also possible to find a
well defined distribution of streams (see Figure 7 of MB08).

This analysis shows that frequency space is a very suitable space to identify
streams associated to accretion events. Moreover, as we explained in Section 3.3.1,
the way streams are distributed in this space can allow us to estimate quantities
such as time since disruption. This last characteristic makes the space of orbital
frequencies more appealing than the other spaces previously considered.

Estimating the time of accretion

As discussed before the separation between adjacent streams along each direction
of the space of orbital frequencies yields a direct estimate of the time since disrup-
tion, e.g. a satellite accreted 10 Gyr ago should give rise to streams separated by a
scale δΩr = δΩφ = 2π/10 Gyr−1.

By considering information from the distribution of particles not only in fre-
quency but also in angle space MB08 developed a powerful method that, by a pro-
cess of iteration over a guess potential, allows to estimate time of disruption and to
pin down the true underlying potential.

In this section we explore a different method which, only based on the regular-
ity seen in frequency space, provides an accurate estimate of time since disruption.
As an example we focus on the streams shown in panel a) of Fig. 3.5. Because
there is a unique scale (all streams are separated by the same amount) a straight-
forward way to compute the separation between adjacent streams is to use Fourier
analysis techniques. We proceed by first creating an image from the scatter plot in
frequency space, to which we then apply a Fourier transform. In the final step we
compute the power spectrum. To obtain an image from our data we grid the fre-
quency space with a regular N×N mesh of bin size ∆ in both Ωr and Ωφ directions.
In this way, the number of particles in the (nr, nφ) bin of the grid is h(nr, nφ). We
apply a two dimensional discrete Fourier transform to this image:

H(kr, kφ) =

N−1∑
nr=0

N−1∑
nφ=0

exp(2πikrnr/N) exp(2πikφnφ/N)h(nr, nφ), (3.15)

with kr, kφ = −N2 , . . . , N2 − 1.

In the top panel of Fig. 3.6 we show the image of the panel a) of Figure 3.5 in
Fourier space. This has been computed on a grid of 200 by 200 elements. The axes
represent the wavenumbers in each direction (kr/(N∆), kφ/(N∆)) while the colour
coding show the square value of each of the Fourier components |H(kr, kφ)|2. As we
can see from this image, and as expected from our previous discussion, a regular
pattern is present. To measure the characteristic scale we consider two different
“slits” (of 4 bins width) of the Fourier image around kr = 0 and kφ = 0. These
regions are delimited by the black lines in the top panel of Fig. 3.6. We can now
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compute the one-dimensional power spectrum of the image along each direction as

P (0) =
1

N2
|H(0, 0)|2 ,

P (kr) =
1

N2

[
|H(kr, 0)|2 + |H(−kr, 0)|2

]
for kr = 1, . . . ,

(
N
2 − 1

)
,

P (N/2) =
1

N2
|H(−N/2, 0)|2

(3.16)

and analogously for P (kφ). Recall that the one-dimensional power spectrum we
compute is, in practice, an average over the slits considered along the kr and kφ
directions.

The results are shown in the middle and the bottom panels of Figure 3.6, for
P (kr) and P (kφ), respectively. The scales present in the power spectrum P (kr) are
associated to separations in the Ωr direction (since they correspond to kφ = 0).
The large power for wavenumbers close to zero, i.e. P (0) represents the average
power over the whole image. All other peaks in the spectrum are related to waves
resonating with our image. In particular the first peak, with the highest power, is
associated to a wavenumber of f0 = 1.59 Gyr, and is denoted by the vertical black
line in the spectrum. The corresponding wavelength of this peak is 0.62 Gyr−1

≈ 2π/10 Gyr−1. This is in fact the separation we would have estimated using Eq.
(3.10) and corresponds to an estimated time since accretion of t̃acc = 2πf0 ≈ 10

Gyr . The rest of the peaks in the spectrum are associated to the harmonics of this
wavenumber, i.e., 2f0, 3f0, etc.

The situation is similar when we consider a cut around kr = 0. In this case the
scales present in the power spectrum are associated to separations in the Ωφ direc-
tion. We find the peak with the highest amplitude to be at the same wavenumber f0

and it is possible to distinguish some of its harmonics. However, due to the smaller
number of streams we have in the Ωφ direction, the peaks are less clearly defined
than for P (kr).

The Fourier method developed in this section may be considered to be very
complementary to that introduced by MB08. Even if the gravitational potential
is only approximately known, streams in frequency space will still distributed on
a lattice (see below and Sec. 4.3 of MB08). This implies that a Fourier analysis
technique will (always) provide an estimate of the time since accretion. Instead, in
the presence of a very clear set of streams MB08’s method can be used not only
to provide a more accurate estimate of the time since accretion but also to narrow
down the true underlying potential.
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Figure 3.6: Top panel: Fourier transform of the distribution of streams shown in
the top left panel of Fig. 3.5. The black lines denote the regions selected in the
Fourier image to compute the 1-d power spectra, i.e. around kφ = 0 (middle panel)
and kr = 0 (lower panel). The black vertical lines in these panels show the location
of the peak with the highest power in the spectrum.
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3.4 Frequency space for time dependent potentials

In a hierarchical universe, the gravitational potentials associated to galaxies are
expected to have changed over time. Under these circumstances, quantities such
as the energy, apocentre and pericentre and also the frequencies of individual or-
bits will no longer be conserved. It is therefore of special interest to study how a
time dependent potential affects the structure of debris in frequency space.

To this end, we consider a simple model of a satellite accreted onto a Plummer
sphere whose mass varies according to

M(t) = M0 exp(t/tscale) (3.17)

where we explore several values for the time scale, tscale. The growth in mass will
lead to a shrinking of the possible orbits, and be manifested in an increase in the
frequencies and acceleration experienced by the particles with time.

3.4.1 Time evolution of the frequencies and the rate of change
of the potential

To derive the evolution of the frequencies of motion for an orbit in a time-dependent
mass distribution such as that given by Eq. (3.17), we proceed as follows. At each
step of this orbit’s time-integration, we take the instantaneous position and velocity
as initial conditions to compute an orbit in the instantaneous (frozen) associated
potential. Then, for this orbit we derive an instantaneous set of frequencies.

We will consider the evolution of two different orbits: an initially outer orbit
with an apocentre of rapo ≈ 64 kpc and pericentre of rper ≈ 19 kpc, and a second
inner orbit with rapo ≈ 25 kpc and rper ≈ 5 kpc. The initial values of the frequencies
of the outer orbit are Ωr ≈ 8 Gyr−1 and Ωφ ≈ 6 Gyr−1, whereas for the inner one
they are Ωr ≈ 25 Gyr−1 and Ωφ ≈ 13 Gyr−1. Both orbits are launched from their
apocentre.

Let us first consider a slowly varying potential, where tscale = 30 Gyr. We follow
the evolution of the orbit over 14 Gyr. The top panel in Fig. 3.7 shows the time
evolution of the radial action Jr for this case, where black and light-grey lines in
this Figure correspond to the outer and the inner orbit respectively. This Figure
shows that the instantaneous action Jr displays an oscillatory behaviour*, with a
period that corresponds to that of the orbit.

This is not surprising since under adiabatic variations of the potential it is the
time average of the actions that remains constant (see Goldstein, Poole & Safko,
2001; Wells & Siklos, 2006). In general, for a given orbit the amplitude of the oscil-
lation depends on the time scale on which the potential grows. By increasing tscale

the evolution is more adiabatic and the amplitude of the oscillation is decreased.
In order for an orbit to be in a condition of adiabatic invariance it is necessary

that torb � tscale, where torb is the orbital period. Since inner orbits have shorter

* Note that due to the spherical nature of the potential the other two actions, associated with the
angular momentum, remain constant in time.



3.4. FREQUENCY SPACE FOR TIME DEPENDENT POTENTIALS 61

0.95

1

1.05

J r / 
J r0

slow growth

0 2 4 6 8 10 12 14
0.95

1

1.05

J r / 
J r0

t [Gyr]

fast growth

Figure 3.7: Time evolution of the radial action of two different orbits in a very slow
(top panel) and a very fast (bottom panel) time varying Plummer potentials. The
black and light-grey curves correspond to an outer and an inner orbit respectively.
The observed oscillatory behaviour is related to the orbital motion.

orbital periods, we expect those to behave “more adiabatically" compared to outer
orbits. This is demonstrated in the top panel of Fig. 3.7, where the amplitude of the
oscillation of Jr is smaller for the inner orbit.

For the outer orbit in the rapidly growing potential, tscale = 3 Gyr, the amplitude
of oscillation is larger, especially at early times when the orbit is farther away from
the adiabatic regime (since its initial period, Tr = 0.78, is comparable to tscale). As
the mass of the system grows in time, which leads to the deepening of the potential
well, orbits are continuously driven towards deeper regions of the well, implying
that the corresponding orbital periods decrease with time. Therefore what we
observe as the damping of the amplitude of oscillation is a transition from a non-
adiabatic towards an adiabatic regime.

In Figure 3.8 we focus on the evolution of the radial frequency Ωr (the angular
frequency Ωφ depicts a qualitatively similar behaviour). The top and bottom panels
of this Figure correspond, respectively, to the slowly and to the rapidly varying
potentials. Note that in contrast to the actions, the frequencies do change with
time, and that their evolution appears to follow closely that of the potential. For
comparison, we plot in Fig. 3.8 the time evolution of the normalised energy of each
orbit E/E0 (dashed lines), and of the mass of the system M/M0 (dotted-dashed
line).

The exact relation between the evolution of the frequencies and that of the po-
tential can not be derived analytically in the general case. However, some insights
may be obtained from two simple cases: the homogeneous sphere and the Kepler
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Figure 3.8: Time evolution of the radial frequency for two different orbits in a very
slow (top panel) and a very fast (bottom panel) time varying Plummer potentials.
The black and light-grey curves correspond to an outer and an inner orbit respec-
tively. The dashed lines represent the time evolution of the normalised energies of
each orbit E/E0, while the dotted-dashed line shows the time evolution of the mass
of the host M/M0.

potentials.
For the homogeneous sphere the radial period Tr ∝ ρ−

1
2 or Tr ∝ M−

1
2 (Binney

& Tremaine, 2008), therefore Ωr ∝M
1
2 . Hence, for M(t) ∝ exp(t/tscale) we obtain

Ωr(t) ∝ exp(t/2tscale). (3.18)

Therefore, the frequencies evolve in time with the same functional form as the
potential, but on a time scale that is twice as long. Consequently, their evolution is
slower.

In a Kepler potential the radial orbital frequency of a particle can be expressed
in terms of its actions as (Binney & Tremaine, 2008, Appendix E)

Ωr =
(GM)

2

(Jr + L)
3 (3.19)

and therefore
Ωr(t) ∝ exp(2t/tscale). (3.20)

Again, in this example we find that frequencies are evolving in a similar fash-
ion as the potential. Therefore a very external orbit in the Plummer sphere should
initially evolve at a rate similar to that given by Eq. (3.20) (as for the Kepler poten-
tial). On the other hand, inner orbits should evolve at a rate similar to that of the
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Figure 3.9: Distribution of particles in frequency space located inside a sphere of 4
kpc radius at ≈ 10 kpc from the centre of the time-dependent Plummer sphere after
10 Gyr of evolution. The timescales for the mass growth of the Plummer sphere are
tscale = 12 Gyr (top panel) and tscale = 3 Gyr (bottom panel). Note that structure in
frequency space is not destroyed by the time varying nature of the potential.
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homogeneous sphere. Thus, we can already see that orbits in a given potential will
evolve at different rates, depending on their initial location in phase-space.

3.4.2 Structure in frequency space

In this section we address how the debris of a satellite is distributed in frequency
space in the time-dependent Plummer potential discussed above.

We ran simulations with the same satellite and orbital initial conditions as de-
scribed in Section 3.3.2. We followed its evolution in the Plummer potential with
two different timescales, namely tscale = 3 Gyr and 12 Gyr. As before, we do not
include the self-gravity of the satellite.

Fig. 3.9 shows the distribution of particles inside a sphere of 4 kpc radius located
at ≈ 10 kpc from the centre of the system after 10 Gyr of evolution. The top panel
presents the results for tscale = 12 Gyr while the bottom panel corresponds to tscale =

3 Gyr. As we can see from this Figure, even in a time dependent system, satellite
debris at a given spatial location is distributed in a regular pattern of patches in
the space of orbital frequencies.

In the simulation where the time evolution is slow (i.e., tscale = 12 Gyr) some
of the structures may be decomposed into two clumps. As we explained in Sec-
tion 3.3.2, such structures appear when neither the apocentre nor the pericentre
of the orbits fall inside the sphere under consideration. In contrast, when the po-
tential evolves quickly the particles in each stream are all distributed in compact
single structures. This is because in this case the orbits have shrunk so much af-
ter 10 Gyr that all streams present in this volume have their apocentres inside the
chosen sphere.

Comparison to the case in which the potential is fixed (Fig. 3.5) shows that
streams in the Ωr direction are not exactly distributed along a line of Ωφ = cst

but rather on a line with a given curvature. This is due to the fact that orbits
with different initial frequencies evolve at different rates (as discussed in the pre-
vious section). The amount of curvature observed in this space (e.g. Figure 3.9)
depends on the rate of evolution of the potential. This is schematically depicted
in Figure 3.10. Particles located close to the homogeneous sphere regime, will
evolve at rates ∼ (2tscale)−1, while those with orbits closer to the point mass distri-
bution regime will evolve at rates more similar to ∼ 2/tscale, i.e., four times faster.
Note that since the particles in the Plummer sphere occupy a smaller region in fre-
quency space than that delimited by these two regimes, the difference in their rate
of evolution will typically be smaller than the estimate just provided. If by the final
time tend, the particles satisfy the condition

∫ tend
t0

∆Ωr(t)dt = 2πN their associated
streams will be located along a curve roughly as depicted in this Figure.

Note that the extent of the distribution of particles in frequency space has also
changed, but since this is also dependent on the initial internal properties of the
satellite, it cannot be used to directly measure the evolution of the potential.

We may conclude from these experiments that the time evolution modelled here
for the host potential does not destroy the coherence of satellite debris in frequency
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Figure 3.10: Schematic of the time evolution of the frequencies of two particles
and their dependence on location in frequency space. At initial time, t = t0, both
particles have the same initial Ωφ but different Ωr. The frequency of the particle
closer to the homogeneous sphere regime evolves at a slower rate than that which
is closer to the point mass distribution. This results in a lattice that has curvature
in frequency space for those particles which satisfy

∫ tend
t0

∆Ωr(t)dt = 2πN , similar
to that seen in Figure 3.9.

space. Furthermore, since the frequencies evolve at different rates even for par-
ticles with same origin, it may be possible to recover the evolution of the host
potential by measuring the curvature of the lines over which the streams are dis-
tributed in frequency space. Note that this implies that the host’s evolution has
left its imprints in the present day orbits of accreted stars. This is in contrast to
the results by Peñarrubia et al. (2006) (see also Warnick et al., 2008), who find
that present-day observables only constrain the present day mass distribution of
the host, independently of its past evolution.

3.4.3 Estimating the time of accretion

The top panel in Fig. 3.11 shows the results of applying a two dimensional Fourier
transform to an image created from the distribution of streams shown in the top
panel of Fig. 3.9. This corresponds to the satellite accreted 10 Gyr ago onto a host
whose mass increases on tscale = 12 Gyr. As before we compute the power spec-
trum along the kφ and kr directions. The middle panel shows P (kr), and the black
line here denotes the location of the peak with the highest amplitude, having a
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Figure 3.11: Top panel: Fourier transform of the distribution of streams shown in
the top panel of Fig. 3.9. As in Fig. 3.6 the middle and central panels depict the
1-d power spectra along the kr and kφ directions, respectively. The location of the
first peak (denoted by the vertical lines in these panels) can be used to estimate
the accretion time of the satellite.
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wavenumber of f0 = 1.46 Gyr. From this spectrum we would estimate the satellite
was accreted 9.2 Gyr ago. When P (kφ) is considered, the highest amplitude peak
is located at a wavenumber f0 = 1.36 Gyr, corresponding to an estimated time of
accretion of 8.6 Gyr. Therefore, in this example the analysis of the power spectrum
suggests different times of accretion depending on whether Ωr or Ωφ are consid-
ered. Both values are reasonably close to the actual accretion time (10 Gyr ago),
but the direction associated to Ωr appears to provide a better estimate.

Fig. 3.12 shows the same result but now for the satellite accreted onto a host
potential that evolves on tscale = 3 Gyr. P (kr) peaks at a wavenumber f0 = 1.4 Gyr,
as shown by the black line in the middle panel of this Figure while P (kφ) peaks at
a wavenumber f0 = 1.21 Gyr. The corresponding estimated times of accretion t̃acc

are 8.8 and 7.6 Gyr ago, respectively. Note that even though the potential evolves
on a very short timescale, the estimated accretion times only differ by ∼ 15 − 25%
from the true value.

We may estimate the relation between the true time since accretion tacc and t̃acc

for a general time dependent potential as follows. Let us consider two particles
that at final time are found in adjacent streams. As discussed before, the condition
for this to happen is ∆θi(tacc) =

∫ tacc
0

∆Ωi(t)dt = 2π, for i = r, φ. This implies∫ tacc

0

∆Ωi(t) dt = ∆Ωi(tacc) t̃acc. (3.21)

We may use the second mean value theorem for integration (Courant, 1998), i.e.∫ b
a
G(t)ϕ(t)dt = G(a)

∫ x
a
ϕ(t)dt + G(b)

∫ b
x
ϕ(t)dt. If we take ϕ(t) = 1 and G(t) =

∆Ωi(t), then ∫ tacc

0

∆Ωi(t) dt = ∆Ωi(0)tg + ∆Ωi(tacc)(tacc − tg),

where tg ∈ (0, tacc). Therefore in Eq. (3.21)

t̃acc = tacc − tg(1−∆Ωi(0)/∆Ωi(tacc)), (3.22)

which shows that our estimate is always a lower limit to the actual time since
accretion. Its accuracy depends on the particular form of the gravitational potential
and on its evolution (through the quantities ∆Ωi(tacc) and tg).

We have also performed an experiment in which an axisymmetric thin disk
was grown adiabatically inside an initially spherical (Plummer) mass distribution.
Therefore, in this case, both the shape and the depth of the gravitational potential
have changed with time. We find that also under such conditions, we are able to
estimate the time of accretion with similar accuracy.

3.5 Full N-body case

The previous analysis has shown that frequency space is particularly well suited for
identifying streams from mergers, at least for the idealised potentials considered
thus far. We now explore a more realistic case, namely that of a minor merger with
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Figure 3.12: As in Fig. 3.11, now for the distribution of streams shown in the
bottom panel of Fig. 3.9.
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a live host. We use one of the simulations of Villalobos & Helmi (2008) (hereafter
VH08), that model the formation of a thick disk via the merger of a relatively mas-
sive satellite onto a pre-existing thin disk. Two important physical processes take
place during the merger which may affect the structure of the debris in frequency
space. First, the satellite suffers significant dynamical friction. Secondly, the host
system responds strongly to the perturber, resulting in a disk that has been signifi-
cantly tilted and heated. This implies that, even though the total mass of the system
is conserved, its distribution evolves in time. The VH08 simulation that we consider
here corresponds to a two component satellite (stars + dark matter) launched on
a 30 ◦ inclination orbit with respect to the disk from a distance of approximately 84

kpc (∼ 50 disk scale lengths). The host consists of a (live) dark halo and a (live) thin
disk. The total (and the stellar) mass ratio between the satellite and the host is 20%.
After 4.5 Gyr of evolution, the satellite is fully disrupted and has deposited debris
in the disk of the host. The host disk is significantly thickened by this process and
shows characteristics typical of thick disks.

3.5.1 Computing the frequencies

The remnant system modelled by VH08 does not have a separable gravitational
potential which prevent us from deriving explicitly the action-angles variables using
Eq. (3.2)-(3.3). Nevertheless several methods have been developed to obtain the
frequencies of orbits in general potentials. Here we focus on the spectral analysis
approach, introduced by Binney & Spergel (1982), which relies on the numerical
integration of the equations of motion in a given potential. The basic idea is to
perform a Fourier transform of the time series x(t) (i.e., the orbit), and then to
derive the frequencies of motion.

To obtain a reliable Fourier spectrum the orbits must be integrated for a very
large number of periods. However, in the problem under consideration the orbits
are not stationary, i.e. the frequencies are time dependent and so this approach
cannot be applied directly using the orbits from the N -body simulation. This is why
we have used the final output of the simulation to define a set of initial conditions
which we integrate in a fixed (static) potential. This potential should ressemble
that of our simulation, and for simplicity we have taken a two component model,
consisting in a Miyamoto-Nagai disk (Miyamoto & Nagai, 1975)

Φdisk = − GMdisk√
R2 + (a+

√
z2 + b2)2

, (3.23)

and NFW dark matter halo (Navarro, Frenk & White, 1996)

Φhalo = −Φ0
rs
r

log

(
1 +

r

rs

)
. (3.24)

We have set the parameters of the model to Mdisk = 2.5× 1010 M�, a = 1.8 kpc and
b = 0.6 kpc; Φ0 = 1.05× 105 km2 s−2 and rs = 14.1 kpc. These choices lead to a po-
tential energy distribution that differs by at most 5 per cent from the true potential
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up to a radius of 50 kpc on the z = 0 plane. This radius is large enough to enclose
the apocentres of 99% of the particles presently found in a volume resembling the
Solar neighbourhood. We thus integrate the orbits of the stellar particles located in
such a volume for approximately 100 orbital periods and compute their frequencies
using the code developed by Carpintero & Aguilar (1998).

Note that the results are not strongly dependent on our particular choice of
the potential, since substructure in integrals of motion space (Helmi & de Zeeuw,
2000; Helmi et al., 2006) and in frequency space (MB08) are both robust to small
differences in the mass distribution. This is because we always focus on small
volumes in space and hence small changes in the potential essentially act as a zero
point offset, affecting all particles present in this volume in the same way.

3.5.2 Results

In Fig. 3.13 we present the distribution of stellar particles inside a sphere of 2 kpc
radius located at 8 kpc from the centre of the remnant galaxy in some commonly
used spaces to identify substructure. Here the red particles represent those orig-
inally present in the disk, while those from the satellite are colour-coded in black.
The total number of stellar particles inside this sphere is approximately 27000, out
of which 23000 belong to the satellite and 4000 to the host*.

The top panel of Fig. 3.13 shows the distribution of particles in the Ωφ vs. Ωr
space. Note the large amount of substructure present. As expected, satellite parti-
cles are distributed in multiple lumps associated with the different streams crossing
this volume. These lumps are better defined for orbits which spend most of their
time far from the centre, and so are found at low frequencies and have long mixing
timescales.

The upper envelope defined by the smallest Ωr at a given Ωφ corresponds to
particles with low eccentricity (i.e. on more circular orbits) as discussed in Section
3.3.2. In our simulation this region is preferentially populated by disk particles.

In general, orbits in axisymmetric potentials have three independent frequen-
cies: the previously discussed Ωr and Ωφ and a third frequency associated with the
vertical motion, Ωz. However, particles in the thick disk typically have very short
periods in the vertical direction. Hence, the number of streams expected in the Ωz
direction is very large and therefore it is hard to resolve in our simulation, and not
discussed further here.

In the bottom left panel of Fig. 3.13 we can observe the distribution of particles
in the space defined by orbital apocentre and pericentre. The stripy features along
lines of different eccentricities are the counterparts of the lumps located on diag-
onal lines in frequency space. The middle panel shows the E − Lz space, where
extended structures with slightly different orientations may be seen. The panel
on the right shows a projection of velocity space, which clearly exhibits less well-
defined structures in comparison to the other spaces discussed. In general, we

* This is due to higher number of particles used to simulate the satellite to properly resolve its struc-
ture in phase-space. Therefore, in practice only 1 in 50 satellite particles should be considered.
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may conclude from this Figure that streams are much better defined and easier to
interpret in frequency space than in any of the other projections considered.

3.5.3 Estimating the time of accretion

In comparison with the idealised cases discussed in Section 3.3.2 and 3.4.2 the
distribution of particles in frequency space for the VH08 simulation is less regular.
Nevertheless, we would like to explore if it is still possible to obtain a good estima-
tion of the time of accretion of the satellite, using the Fourier analysis described in
previous sections.

The top panel of Fig. 3.14 plots the image in Fourier space of the frequency
plane Ωφ vs. Ωr discussed above. This image was obtained by making a grid in
frequency space and counting the number of particles in each grid element. As
before the black lines in the top panel of Fig. 3.14 denote the cuts around kr = 0

and kφ = 0 made to compute the 1-dimensional power spectra.

To estimate the uncertainties in the power spectrum, we create a second image
obtained by assuming that the particles are spread throughout the permitted re-
gions of frequency space according to a Poisson distribution. That is, we assign to
each grid element Np particles, where this number is drawn from a Poisson distri-
bution with mean 〈N〉 = (Ndisk +Nsat)/ngrid, i.e. equal to average number of stellar
particles per grid element. We then compute the Fourier transform of this distri-
bution and the corresponding 1-dimensional power spectra from the image. This
procedure is repeated 1000 times, to yield an average power spectrum in each
direction associated to a random distribution of particles in frequency space.

The results are shown in the bottom and middle panel of Fig. 3.14. The black
solid line in each panel denotes the power spectrum obtained from the actual dis-
tribution of particles in frequency space. The dashed line corresponds to the av-
erage power spectrum for our random distributions where the vertical error bars
represent the rms dispersion around this average spectrum. As we can see, a sta-
tistically significant peak can be identified in the observed power spectrum along
kr (and also for kφ). The wavenumber of this peak is f0 ≈ 0.43 Gyr for both the
radial and angular directions. This corresponds to an estimated accretion time of
2.7 Gyr. Recall that this simulation is evolved for 4.5 Gyr. However, the satellite
only starts to lose a significant amount of stars ∼ 1 Gyr after infall (see Figure 3 of
VH08). Therefore, we may conclude that the time since disruption of a satellite can
be reasonably estimated even in a simulation with a live host.

3.6 Discussion and Conclusions

We have confirmed and extended previous work by MB08 showing that orbital fre-
quencies constitute a very suitable space to identify debris from past accretion
events. In this space, particles in a given volume of physical space are found to
populate well-defined lumps, each of them associated with a different stream.
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Figure 3.13: Distribution of stellar particles inside a sphere of 4 kpc radius located
at 8 kpc from the centre of the remnant of a 5:1 merger between a satellite and
a disk galaxy, after 4.5 Gyr of evolution. In all panels, the black dots represent
particles from the satellite and red dots particles from the disk. The top panel
shows the distribution of particles in frequency space, whereas the bottom panels
correspond to the apocentre vs. pericentre space (left), the E − Lz (middle) and
the VR − Vφ (right) projections. Notice that streams are much better defined in
frequency space than in these other projections.
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Figure 3.14: Top panel: Fourier transform of the distribution of particles in fre-
quency space shown in the top panel of Fig. 3.13. As in Fig. 3.6 the middle and
central panels depict the 1-d power spectra around kφ ∼ 0 and kr ∼ 0, respectively.
The vertical lines in these panels show the location of the peak associated to the
average separation between streams in frequency space, and can be used to es-
timate the accretion epoch. The dashed curve corresponds to the average power
spectrum obtained from a random distribution of particles in frequency space. The
error bars represent the rms dispersion from this average spectrum.
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For time-independent potentials, these streams are distributed in a regular pat-
tern along lines of constant frequency. As time goes by, the number of streams at
a given physical location increases while the separation between adjacent streams
decreases. We have shown here that this characteristic separation or scale can be
used to estimate the time of accretion of the object through a Fourier analysis.

We have also addressed how the time evolution of the host affects substructure
in frequency space. As an example, we have considered the case in which the mass
of the host is increased exponentially in time on two different timescales. We find
that in contrast with the actions which are adiabatic invariants for slowly vary-
ing potentials, the frequencies always evolve in time, closely following the rate of
change of the host potential. This evolution however does not destroy the clumpi-
ness present in frequency space. Streams still look lumpy and are regularly dis-
tributed in this space, even if the host potential varies on a very short timescale
(when even the actions are no longer invariant). Interestingly in this case, streams
are not exactly distributed along straight lines of constant frequency but rather on
lines whose curvature depends on the timescale of growth of the potential. This
implies that, contrary to previous claims (e.g. Peñarrubia et al., 2006; Warnick et
al., 2008), the final distribution of streams does retain information on the evolution
in time of the host.

Finally, we have analysed a full N -body simulation of the accretion of a satellite
galaxy onto a disk galaxy. Due to the inclusion of other physical processes (such
as self-gravity, dynamical friction and the variation in time of the distribution of
mass in the system), the distribution of satellite particles in frequency space looks
somewhat less regular than in the previously discussed idealised cases. Neverthe-
less, the space of frequencies is still rich in substructure associated to streams.
Furthermore, even in this case Fourier analysis techniques can be used to estimate
the time of accretion reasonably well, although in general, only a lower limit is
obtained.

For all these examples we have compared the final distribution of streams in the
most commonly used spaces to identify satellite debris. These comparisons have
shown that frequency space contains information that is either not present or is
not simply obtained in other spaces. In general streams are most sharply defined
in frequency space.

One important simplification in our analysis is to consider the accretion of a
single satellite galaxy. In reality, the process of the formation of a galaxy like the
Milky Way will have involved many mergers (in the range of 5− 40, see De Lucia &
Helmi, 2008). Therefore it is possible, and even likely, that their debris will overlap
in frequency space. However, as we have shown, the separation between adjacent
streams in frequency space is predicted to be different for mergers that took place
at different epochs. Moreover, the location of their debris in frequency space at
the present time is dependent upon the initial orbital conditions. Consequently we
expect the overlap to be incomplete and hence the identification of their remnants
to be feasible. We are currently analysing the full cosmological high resolution
N -body simulations of the Aquarius Project (Springel et al., 2008) in order to ad-
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dress this issue and to understand what to expect in the context of the hierarchical
paradigm of structure formation.
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Chapter 4

On the identification of
merger debris in the Gaia Era

Abstract*

We model the formation of the Galactic stellar halo via the accretion of satellite
galaxies onto a time-dependent semi-cosmological galactic potential. Our

goal is to characterize the substructure left by these accretion events in a close
manner to what may be possible with the Gaia mission. We have created a synthetic
Gaia Solar Neighbourhood catalogue by convolving the 6D phase-space coordinates
of stellar particles from our disrupted satellites with the latest estimates of the Gaia
measurement errors, and included realistic background contamination due to the
Galactic disc(s) and bulge. We find that, even after accounting for the expected
observational errors, the resulting phase-space is full of substructure. We are able
to successfully isolate roughly 50% of the different satellites contributing to the
‘Solar Neighbourhood’ by applying the Mean-Shift clustering algorithm in energy-
angular momentum space. Furthermore, a Fourier analysis of the space of orbital
frequencies allows us to obtain accurate estimates of the time since accretion for
approximately 30% of the recovered satellites.

Key words: galaxies: formation – galaxies: kinematics and dynamics – methods:
analytical – methods: N -body simulations

* Based on Gómez, Helmi, Brown & Li, 2010b, MNRAS, in press
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4.1 Introduction

How galaxies form and evolve remains one of the most interesting and challenging
puzzles in astronomy. Although a great deal of progress has been made in the last
decade many questions remain to be addressed. Both theory and observations are
now converging on a key ingredient of this formation process; galaxies such as our
own Milky Way seem to have experienced the accretion of smaller objects that have
come together thanks to the relentless pull of gravity (e.g. White & Rees, 1978).

From the observational side, several new studies have revealed the presence of
a large amount of stellar streams in galactic stellar haloes, echoes of ancient as well
as recent and ongoing accretion events. These stellar streams have been preferen-
tially found in the outer regions of galaxies. The Sagittarius Tidal Streams (Ibata,
Gilmore & Irwin, 1994; Ibata et al., 2001b; Majewski et al., 2003) and the Orphan
Stream (Belokurov et al., 2007) are just two examples of satellite debris in the Milky
Way (see also Newberg et al., 2002; Ibata et al., 2003; Yanny et al., 2003; Belokurov
et al., 2006; Grillmair, 2006; Starkenburg et al., 2009). The abundant substruc-
tures found not only in the halo of M31 (e.g. Ibata et al., 2001a; McConnachie et
al., 2009), but also in several haloes of other galaxies (e.g. Martínez-Delgado et al.,
2008, 2009) are an unambiguous proof that accretion is inherent to the process of
galaxy formation.

On the theoretical side, models of the formation of stellar haloes in the ΛCDM
cosmogony have been able to explain their gross structural properties (e.g. Bul-
lock & Johnston, 2005; De Lucia & Helmi, 2008; Cooper et al., 2010). In these
models, the inner regions of the haloes (including the Solar Neighbourhood) typi-
cally formed first and hence contain information about the most ancient accretion
events that the galaxy has experienced (e.g. White & Springel, 2000; Helmi, White
& Springel, 2003; Bullock & Johnston, 2005; Tumlinson, 2010). Previous studies
have predicted that several hundreds kinematically cold stellar streams should be
present in the Solar Vicinity (Helmi & White, 1999). However, the identification
of these streams is quite challenging especially because of the small size of the
samples of halo stars with accurate 3-D velocities currently available. Full phase-
space information is necessary because of the very short mixing time-scales in the
inner regions of the halo. Some progress has been made towards building such
a catalogue but only a few detections have been reported to date (Helmi et al.,
1999; Klement et al., 2009; Smith et al., 2009). These have made use of catalogues
such as SEGUE (Yanny et al., 2009) and RAVE (Zwitter et al., 2008) in combination
with Tycho (Høg et al., 2000) and Hipparcos (Perryman et al., 1997). Clearly, this
field will only advance significantly with the launch of the astrometric satellite Gaia
(Perryman et al., 2001). This mission from the European Space Agency will provide
accurate measurements of the 6-D phase-space coordinates of an extraordinarily
large number of stars*. Together with positions, proper motions and parallaxes of
all stars brighter than V = 20, Gaia will also measure radial velocities down to a
magnitude of V = 17.

* Details about the latest Gaia performance numbers may be found at: http://www.rssd.esa.int/gaia
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To unravel the accretion history of the Milky Way requires the development of
theoretical tools that will ultimately allow the identification and characterization
of the substructure present in the Gaia data set. Several authors have studied
the suitability of various spaces to isolate debris from accretion events (see, e.g.
Helmi & de Zeeuw, 2000; Knebe et al., 2005; Arifyanto & Fuchs, 2006; Font et
al., 2006; Helmi et al., 2006; Sharma & Johnston, 2009). Recently McMillan &
Binney (2008), followed by Gómez & Helmi (2010, hereafter GH10), showed that
orbital frequencies define a very suitable space in which to identify debris from
past merger events. In frequency space individual streams from an accreted satel-
lite can be easily identified, and their separation provides a direct measurement
of its time of accretion. Furthermore, GH10 showed for a few idealized gravita-
tional potentials that these features are preserved also in systems that have evolved
strongly in time. While very promising, these studies have focused on a single ac-
cretion event onto a host galaxy. In reality, we expect the Galactic stellar halo to
have formed as a result of multiple merger events (where most of its mass should
have originated in a handful of significant contributors; see e.g. De Lucia & Helmi,
2008; Cooper et al., 2010). As a consequence, it is likely that debris from different
satellites will overlap in frequency space, complicating their detection.

In this paper we follow multiple accretion events in a time-dependent (cosmo-
logically motivated) galactic gravitational potential. We focus on how the latest
estimates of the measurement errors expected for the Gaia mission will affect our
ability to recover these events. In particular we study the distribution of stellar
streams in frequency space and the determination of a satellite’s time since accre-
tion from stellar particles located in a region like the Solar Neighbourhood. Our
paper is organized as follows. In Section 2 we present the details of the N -body
simulations carried out, as well as the steps taken to generate a mock Gaia stel-
lar catalogue. In Section 3 we characterize the distribution of debris in a Solar
Neighbourhood-like sphere in the absence of measurement errors, while in Section
4 we focus on the analysis of the mock Gaia catalogue. We discuss and summarize
our results in Section 5.

4.2 Methods

We model the formation of the stellar halo of the Milky Way using N -body simula-
tions of the disruption and accretion of luminous satellites onto a time-dependent
galactic potential. We describe firstly the characteristics of the galactic potential
and of the population of satellites, as well as the N -body simulations. Finally we
outline the steps followed to generate a mock Gaia star catalogue.

In this paper we adopt a flat cosmology defined by Ωm = 0.3 and ΩΛ = 0.7 with
a Hubble constant of H(z = 0) = H0 = 70 km s−1Mpc−1.
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Table 4.1: Parameters of the present day Milky Way-like potential used in our
N -body simulations. Masses are in M� and distances in kpc.

Disc Bulge Halo

Md = 7.5× 1010 Mb = 2.5× 1010 Mvir = 9× 1011

ra = 5.4; rb = 0.3 rc = 0.5 rvir = 250

c = 13.1

4.2.1 The Galactic potential

To model the Milky Way potential we chose a three-component system, including a
Miyamoto-Nagai disc (Miyamoto & Nagai, 1975)

Φdisc = − GMd√
R2 + (ra +

√
Z2 + r2

b)2

, (4.1)

a Hernquist bulge (Hernquist, 1990),

Φbulge = − GMb

r + rc
, (4.2)

and a NFW dark matter halo (Navarro, Frenk & White, 1996)

Φhalo = − GMvir

r [log(1 + c)− c/(1 + c)]
log

(
1 +

r

rs

)
. (4.3)

Table 4.1 summarizes the numerical values of the parameters at redshift z = 0

(Allen & Santillán, 1991; Bullock & Johnston, 2005; Smith et al., 2007; Sofue,
Honma & Omodaka, 2009). The circular velocity curve in this model takes a value
of 220 km s−1 at 8 kpc from the galactic centre, and is shown in Figure 4.1.

To model the evolution of the Milky Way potential we allow the characteristic
parameters to vary in time. For the dark matter halo, the evolution of its virial mass
and its concentration as a function of redshift are given by Wechsler et al. (2002)
and Zhao et al. (2003)

Mvir(z) = Mvir(z = 0) exp(−2acz), (4.4)

where the constant ac = 0.34 is defined as the formation epoch of the halo, and

c(z) =
c(z = 0)

1 + z
. (4.5)

For the disc and bulge components we follow the prescriptions given by Bullock
& Johnston (2005), i.e.,

Md,b(z) = Md,b(z = 0)
Mvir(z)

Mvir(z = 0)
(4.6)

for the masses and

ra,b,c(z) = ra,b,c(z = 0)
rvir(z)

rvir(z = 0)
(4.7)
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Figure 4.1: Circular velocity curve as a function of distance from the galactic
centre. The thick solid lines represent the total circular velocity used in the suite
of simulations at z = 0 (black) and z ∼ 1.85 (grey), respectively. The individual
contributions from the dark matter halo, the disc and the bulge at present time are
shown by the thin dashed, dotted and dashed dotted lines, respectively.

for the scalelengths. Here rvir is the virial radius of the dark matter halo. Its
evolution can be expressed as

rvir(z) =

(
3Mvir(z)

4π∆vir(z)ρc(z)

)1/3

(4.8)

where ∆vir(z) is the virial overdensity (Bryan & Norman, 1998),

∆vir(z) = 18π2 + 82[Ω(z)− 1]− 39[Ω(z)− 1]2 (4.9)

with Ω(z) the mass density of the universe,

Ω(z) =
Ωm(1 + z)3

Ωm(1 + z)3 + ΩΛ
, (4.10)

and ρc(z) is the critical density of the universe at a given redshift,

ρc(z) =
3H2(z)

8πG
, (4.11)

with
H(z) = H0

√
ΩΛ + Ωm(1 + z)3 (4.12)

4.2.2 Satellite galaxies

Internal properties

We assume the properties of the progenitors of our model stellar halo (i.e. the
satellites at high redshift) are similar to those at the present day. The Galactic
stellar halo has a total luminosity of ∼ 109 L�. To obtain a population of satellites
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that, after accretion, produces a stellar halo with this total luminosity, we use the
luminosity distribution function of the Milky Way satellites given by Koposov et al.
(2008)

dN

dMV
= 10× 100.1(MV +5). (4.13)

Figure 4.2 shows the luminosity function of our model satellite population obtained
by randomly drawing 42 objects.

For the initial stellar structure of the satellites, we assume a King profile (King,
1966) with a concentration parameter c ≈ 0.72. We derive the structural parame-
ters for each of our satellites using the scaling relations

log
L

L�
− 3.53 log

σv

km s−1 ≈ 2.35,

log
σv

km s−1 − 1.15 log
Rc
kpc

≈ 1.64,

as given by Guzmán, Lucey & Bower (1993) for the Coma cluster dwarf ellipticals
galaxies. Here Rc is the core radius of the King profile, and σv is the central velocity
dispersion. We note that the total mass of the King model as defined by these
parameters may differ from that implied by the satellite’s luminosity L. Therefore
we also implicitly allow the presence of dark matter in our model satellites. The
corresponding (total) mass-to-light ratios for our satellites would range from ∼ 250

for the faintest object (MV = −5) to ∼ 37 for the brightest one (MV = −15.9)

Orbital properties

The density profile of the stellar halo is often parametrized in a principal axis coor-
dinate system as

ρ(x, y, z) = ρ0

(
x2 +

y2

p2
+
z2

q2
+ a2

)n
rn0

(4.14)

where n is the power-law exponent, p and q the minor- and intermediate-to-mayor
axis ratios, a the scale radius and ρ0 the stellar halo density at a radius r0. (See
Helmi, 2008, for a complete review of recent measurements of these parameters.)
Here for simplicity, we shall assume a = 0 (as the halo appears to be rather concen-
trated), p = q = 1 and n = −3. At the solar radius, r0 = R� = 8 kpc, ρ0 corresponds
to the local stellar halo density. In this paper we adopt ρ0 = 1.5× 104 M� kpc−3, as
given by Fuchs & Jahreiß (1998).

From this density profile we randomly draw positions at redshift z = 0 for the
guiding orbit of each one of our satellites. To generate their velocities we follow the
method described in section 2.1 of Helmi & de Zeeuw (2000). The main assumption
made is that the stellar halo can be modelled by a radially anisotropic phase-space
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Figure 4.2: Luminosity function for the model satellite galaxies used in this suite of
simulations (histogram). The (grey) dashed line shows the ‘all sky SDSS’ luminosity
function by Koposov et al. (2008).

distribution function, which is only a function of energy, E, and angular momentum,
L.

This combined set of orbital initial conditions guarantees that at z = 0, the
observed stellar halo density profile and velocity ellipsoid at the solar radius are
roughly matched by our model. These initial conditions are then integrated back-
wards in time for ∼ 10 Gyr (z ≈ 1.85) in the time-dependent potential described
in Section 4.2.1. Therefore, we now have obtained the set of initial positions and
velocities required for forward integration in time of our N -body simulations.

We do not include any numerical treatment of dynamical friction in our simula-
tions. Therefore, and to mimic the effects of this process, we have assigned the five
most bound orbits at the present time to the five most massive satellites. For the
rest of the satellites the orbits are assigned randomly.

Numerical treatments

The numerical simulations are, in most cases, self-consistently evolved using the
massively parallel TREESPH code GADGET-2.0 (Springel, 2005). The number of
particles used to simulate each satellite depends on its total luminosity, as ex-
plained below (Section 4.2.3). This number ranges from a minimum of 2.56×105 up
to 107 particles. To avoid very large computational times we neglect self-gravity for
the five most massive satellites. We do not expect this to significantly affect our re-
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sults since these satellites inhabit the inner regions of the host (see Section 4.2.2)
and therefore they are rapidly disrupted. For the gravitational softening parameter
we choose ε = 0.025Rc (where Rc is the core radius of the system). After allowing
each satellite to relax in isolation for 3 Gyr, we launch it from the apocentre of
its orbit and let it evolve for ∼ 10 Gyr under the influence of the time-dependent
galactic potential.

4.2.3 Generating a mock Gaia catalogue

N-body particles to stars

To generate a mock Gaia catalogue we need to ‘transform’ our N -body particles
into ‘stars’. Therefore we assign absolute magnitudes, colours and spectral types
to each particle in our simulations. We use the IAC-STAR code (Aparicio & Gallart,
2004) which generates synthetic colour-magnitude diagrams (CMDs) for a desired
stellar population model. As output we obtain the MV and (V − I) colour for each
stellar particle.

We assign to each satellite a stellar population model (Pietrinferni et al., 2004)
with a range of ages from 11 to 13 Gyr, −2 ≤ [Fe/H] ≤ −1.5 dex, [α/Fe] = 0.3,
and a Kroupa initial mass function (Kroupa et al., 1993). All these parameters are
consistent with the observed values in the Galactic stellar halo (Helmi, 2008, and
references therein). An example of the resulting CMD is shown in Figure 4.3

Due to the limited resolution of our N -body simulations it is not possible to fully
populate the CMDs of our satellites. Therefore each satellite is populated only
with stars brighter than MV ≈ 4.5, which corresponds to an apparent magnitude
V = 16 at 2 kpc from the Sun. This choice represents a good compromise between
the numerical resolution of our simulations and the limiting apparent magnitude
Vlim for which Gaia will measure full 6D phase-space coordinates (astrometric and
photometric measurements extend to V = 20, but spectroscopic measurements
reach V ≈ 17).

As explained in Section 4.2.2 different satellites have different total luminosities
and, thus, the number of stars down to magnitude MV ≈ 4.5 varies from object
to object. Therefore, in each satellite a different number of N -body particles is
converted into stars. To estimate this number we use the CMD code by Marigo et al.
(2008), which provides a stellar luminosity function normalized to the initial stellar
mass of a given population. The age and metallicity of the stellar population model
is fixed to the average values described above and the initial mass is set by the
total luminosity of each satellite. Finally, accumulating the number of stars down
to MV ≈ 4.5 we obtain the number of N -body particles that need to be transformed
into stars. This number ranges from 660 for the faintest satellite (MV = −5) to
1.4× 107 for the brightest one (MV = −15.9).
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Figure 4.3: Example of a synthetic CMD used to populate our model satellite
galaxies with ‘stars’. The stellar population model (Pietrinferni et al., 2004) used
has a range of ages from 11 to 13 Gyr, −2 ≤ [Fe/H] ≤ −1.5 dex, [α/Fe] = 0.3, and
a Kroupa initial mass function (Kroupa et al., 1993). The dashed line indicates the
limiting absolute magnitude considered in our simulations (MV ≈ 4.5).

Disc and Bulge contamination

The Gaia catalogue will contain not only stars from the halo, but also stars associ-
ated to the different components of the Galaxy. These stars act as a smooth Galactic
background which could in principle complicate the task of identification of debris
associated to accretion events. To take into account this stellar background, Brown,
Velásquez & Aguilar (2005, hereafter BVA05) created a Monte Carlo model of the
Milky Way. This model consists of three different components: a disc, a bulge, and
a smooth stellar halo; where the latter was meant to take into account the set of
halo stars formed in-situ. In this work we only consider the background contamina-
tion by the disc and bulge components of the Monte Carlo Galactic model of BVA05,
since we build our stellar halo completely from disrupted satellites. The disc model
consists of particles distributed in space according to a double exponential lumi-
nosity profile with a scale length and height of 3.5 kpc and 0.2 kpc, respectively.
For the bulge model a Plummer density distribution (Plummer, 1911) with a scale
radius of 0.38 kpc is adopted. Although the models for the disc luminosity profile
and for its gravitational potential (see Table 4.1) are not self-consistent, the values
of the corresponding scales were chosen in an attempt to faithfully match i) the ob-
served stellar density at the location of the Sun and ii) the Galactic circular velocity
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Figure 4.4: Distribution of particles in E − Lz space after 10 Gyr of evolution.
Different colours represent different satellites.

profile. To each particle an absolute magnitude and spectral class is assigned ac-
cording to the Hess diagram listed in table 4-7 of Mihalas & Binney (1981). Finally,
the kinematics are modelled assuming different velocity ellipsoids for stars in the
disc of each spectral type whereas an isotropic velocity dispersion is assumed for
bulge stars. For more details, see section 2.1 of BVA05.

Adding Gaia errors

To convolve the positions and velocities of our mock catalogue of stars with the
expected Gaia errors we have followed the steps described in section 4.1 of BVA05.
Here we give a short overview of the procedure but we refer the reader to BVA05
for more details. As a first step, we transform Galactocentric positions and veloci-
ties to heliocentric coordinates, ~rhelio = ~rgal−~r� and ~vhelio = ~vgal−~v�. Subsequently,
these quantities are transformed into radial velocity and five astrometric observ-
ables that Gaia will measure, i.e., the Galactic coordinates (l, b), the parallax $,
and the proper motions µl∗ = µl cos b and µb. The next step consists in convolving
with the expected Gaia errors according to the accuracy assessment described in
the Gaia web pages at ESA (http://www.rssd.esa.int/gaia). Note that the errors vary
most strongly with apparent magnitude, with a weaker dependence on colour and
position on the sky. Finally, we transformed the particles’ observed phase-space
coordinates back to the Galactocentric reference frame for our analysis.
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Figure 4.5: Distribution on the sky (l,b) of the stellar particles located inside a
sphere of 2.5 kpc radius centred at 8 kpc from the galactic centre. Different colours
represent different satellites.

4.3 Characterization of satellite debris

In this section we analyse how the debris of our 42 satellites is distributed in various
projections of phase-space, before taking into account how the Gaia observations
will affect this distribution. In comparison to previous works (e.g. Helmi & de
Zeeuw, 2000), recall that our satellites have evolved in a live potential for 10 Gyr.

4.3.1 Traditional spaces

Figure 4.4 shows the distribution of∼ 2.5×104 randomly chosen particles from each
satellite in the space of energy, E, and the z-component of the angular momentum,
Lz. The different colours represent different satellites. Note that in this projection
of phase-space a large amount of substructure is still present, despite the strong
evolution of the host gravitational potential (e.g. the total mass increased by a
factor ∼ 3.5).

We focus now on the stellar particles from our mock Gaia catalogue (prior to er-
ror convolution) located within a ‘Solar Neighbourhood’ sphere of 2.5 kpc radius,
centred at 8 kpc from the galactic centre. Figures 4.5 and 4.6 show their distri-
bution on the sky and in velocity space, respectively. Inside this sphere we find
approximately 2× 104 stellar particles coming from 22 different satellites that con-
tribute with, at least, 20 stars brighter thanMV ≈ 4.5. The distribution on the sky is
very smooth* and, thus, disentangling merger debris in the ‘Solar Neighbourhood’
by only using spatial information is not obvious. On the contrary, substructure can
be observed in velocity space but this is clearly less sharply defined than what is
found in the pseudo integrals of motion E–Lz space (e.g. Figure 4.4). We turn next
to the space of orbital frequencies where we also expect to find much clumpiness.

* The central overdensity is merely due to the increase in stellar halo density towards the Galactic
centre.
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Figure 4.6: Distribution in two different projections of velocity space of the stellar
particles shown in Fig. 4.5.
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4.3.2 Frequency space

The orbital frequencies of the stellar particles are computed as follows (see also
section 5.1 of GH10):

• We assume a fixed underlying potential as described in Section 4.2.1 at z = 0.

• We integrate the orbits of each stellar particle for approximately 100 orbital
periods.

• We obtain their orbital frequencies by applying the spectral analysis code
developed by Carpintero & Aguilar (1998).

Generalities

The distribution of the stellar particles in frequency space is shown in the left panel
of Figure 4.7. We use the same colour coding as in previous figures. Note that
satellite galaxies do not appear as a single and smooth structure, but rather as a
collection of well defined and small clumps. These small clumps are associated
to the different stellar streams crossing our Solar Neighbourhood sphere at the
present time. In a time independent gravitational potential, streams are distributed
in frequency space along lines of constant Ωr and Ωφ. However, in a time dependent
potential, such as the one considered here, streams are distributed along lines with
a given curvature, which itself depends upon the rate of growth of the potential (see
also GH10).

The left-hand panel of Figure 4.7 also shows that in the Ωφ vs. Ωr − Ωφ space
satellites may strongly overlap. This situation can be considerably improved by
adding the z-component of the angular momentum as an extra dimension to this
space, as shown in the right-hand panel of Figure 4.7.

The distribution of debris in the space of Ωr − Ωφ vs. Lz is very similar to that
in E vs. Lz, as a coarse comparison between Figure 4.4 and Figure 4.7 will reveal.
Note as well that as in E − Lz space, from this projection it is possible, solely by
eye inspection, to isolate a few accreted satellites.

From this Figure we can also notice that satellites on low frequency orbits have
a smaller amount and a set of better defined streams than those on orbits with high
frequency. The reason for this are twofold. Firstly, satellites on low frequency or-
bits spend most of their time far from the centre of the host potential and therefore
have longer mixing time-scales, as opposed to those on high frequency orbits (short
periods). Secondly, potentials such as the one considered in this work may admit
a certain degree of chaoticity (e.g. Schuster & Allen, 1997). Satellites on highly
eccentric short period orbits come close to the galactic centre and may be ‘scat-
tered’ via chaos. Such chaotic orbits do not have stable fundamental frequencies
(since they have fewer integrals of motion than needed and thus wander through
phase-space). Therefore, their structure in frequency space is rapidly erased.

It is important to note that our desire to analyse a ‘Solar Neighbourhood’ sphere
has resulted in certain limitations. For example, some satellites do not contribute
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at all to this volume because of their particular orbit. In addition, most of the faint
satellite galaxies have only a few, if any, ‘stars’ with absolute magnitude above the
limiting magnitude of our mock Gaia catalogue and therefore they are not ‘observ-
able’, either.

Estimating the time of accretion

An important feature of frequency space is that an estimate of the time since ac-
cretion of a satellite can be derived by measuring the separation between adjacent
streams along the Ωφ or Ωr directions (McMillan & Binney, 2008, GH10). This char-
acteristic scale may be estimated through a Fourier analysis technique as follows

• We create an image of the scatter plot in frequency space, by griding the
space with a regular N × N mesh of bin size ∆ and count the number of
stellar particles in each bin.

• We apply a 2-D discrete Fourier Transform to this image and obtain H(kr, kφ)

• We compute a 1-D power spectrum along a thin slit centred on the wavenum-
bers kr/(N∆), kφ/(N∆) = 0 as

P (0) =
1

N2
|H(0, 0)|2 ,

P (kφ) =
1

N2

[
|H(kφ, 0)|2 + |H(−kφ, 0)|2

]
for kφ = 1, . . . ,

(
N
2 − 1

)
,

P (N/2) =
1

N2
|H(−N/2, 0)|2

(4.15)

and analogously for P (kr).

• We identify the wavenumber f0 of the dominant peak in the spectra, which
corresponds to a wavelength equal to the distance between adjacent streams
in frequency space.

• The estimate of the time since accretion is t̃acc = 2πf0 (for more details, see
section 3.2.3 of GH10).

We have applied this method to three different satellites from our simulations.
Two of these satellites (labelled number 1 and 2 in the right-hand panel of Fig-
ure 4.7) have a low frequency guiding orbit and, just by eye inspection, can be
isolated in Lz vs. Ωr − Ωφ space. The third one (number 3) has a high frequency
guiding orbit and overlaps with some other satellites in this space.

In Figure 4.8 we zoom into the distribution of particles in frequency space for
each satellite separately. From this figure we clearly appreciate the large number
of streams that each of these satellites is contributing to this ‘Solar Neighbourhood’
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Figure 4.7: Distribution of stellar particles in frequency (left-hand panel) and Lz
vs. Ωr − Ωφ (right-hand panel) space located inside a sphere of 2.5 kpc radius at
8 kpc from the galactic centre. The colour-coding is the same as in previous figures.
Note that this distribution of particles was obtained without taking into account the
expected Gaia observational errors.
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volume. Although the number of streams apparent in this Figure is very large (44,
30 and 59, for satellite 1, 2 and 3, respectively), this is consistent with the models
of Helmi & White (1999), who predicted a total of ∼ 300−500 streams locally, i.e. in
an infinitesimal volume around the Sun. This is encouraging particularly because
the models presented here are more realistic than those by Helmi & White (1999).

To obtain an estimate of the time since accretion for our satellites we compute
the normalized power spectrum along the kr = 0 direction. The results are shown
in the bottom panels of Figure 4.8. From left to right, the peak with the highest am-
plitude in the spectrum is located at a wavenumber of f0 = 1.24, 1.41 and 1.21 Gyr,
respectively. These values correspond to an estimated time since accretion of 7.8,
8.9 and 7.6 Gyr, respectively. These are in reasonable agreement with the true
value, which we define as the time when 80% of the stellar particles became un-
bound*. For each satellite we obtain a tacc of 9, 9.4 and 9.7 Gyr, respectively. In
agreement with GH10, we find that this method provides a lower limit to the actual
time since accretion, differing by 15 − 25%. This is very encouraging since GH10
did not study such a complex growth of the host potential.

4.4 Analysis of the mock Gaia catalogue

We will now analyse the phase-space distribution of stellar particles located in a
volume in the ‘Solar Neighbourhood’, as may be observed in the future by Gaia.
We study how the Gaia errors, as well as the contamination from other Galactic
components, would affect our ability to identify and characterize merger debris.

4.4.1 Contamination by disc and bulge

As in Section 4.3.2, we restrict our analysis to the stellar particles located inside
a sphere of 2.5 kpc radius centred at 8 kpc from the galactic centre. To account
for the maximum possible degree of background contamination, we consider all
the stars for which Gaia will measure full phase-space coordinates (i.e., all stars
brighter than V = 17), according to the Monte Carlo model of the disc and bulge.

Disc particles largely outnumber those in the stellar halo, generally providing
a prominent background. However much of this can be removed by considering
the Metallicity Distribution Function (MDF) of the Galactic components. While
the MDF of the halo peaks at approximately [Fe/H] = −1.6, that of disc peaks at
[Fe/H] ≈ −0.2. As a consequence, stars from the disc are in general more metal-
rich and therefore a simple cut on metallicity could be of great help to isolate halo
stars in our sample.

It is therefore important to characterize well the metal poor tail of the Galactic
disc MDF. We use the model by Ivezić et al. (2008a) to represent this tail:

p(x) = G1(x|µ1, σ1) + 0.2 G2(x|µ2, σ2), x = [Fe/H], (4.16)

* For simplicity we assume that a particle becomes unbound when it is found outside the initial
satellite’s tidal radius, obtained from the initial King profile.
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Figure 4.8: The top panels show for three different satellites, the distribution of
stellar particles in frequency space located inside a sphere of 2.5 kpc radius at
8 kpc from the galactic centre. The bottom panels show the 1-D normalized power
spectra along the kr = 0 direction, obtained as explained in Section 4.3.2. The
wavenumber of the dominant peak (denoted by the vertical lines in these panels)
is used to estimate the accretion time of the satellites. Other peaks in the spectra
are associated to either the harmonics of this wavenumber or to the global shape
of the particle’s distribution in frequency space.

and

G(x|µ, σ) =
1√
2πσ

exp
−(x− µ)2

2σ2
. (4.17)

Here σ1 = 0.16 dex, σ2 = 0.1 dex, µ2 = −1.0. Ivezić et al. (2008a) found µ1 to
vary as a function of the height from the plane of the disc, but for simplicity we
fix µ1 = −0.71. The contribution of stars more metal-rich than [Fe/H] ≈ −0.4 to
the study of Ivezić et al. (2008a) is small (because of a restriction imposed on the
colour range). Therefore to account for this population in our model, we normalize
p([Fe/H]) with a constant α. The numerical value of α is such that at its peak value
(located at [Fe/H] ≈ −0.7) p([Fe/H]) matches the MDF of the Geneva-Copenhagen
survey (Nordström et al., 2004).

Having derived a MDF for our disc model, we can proceed to apply a cut on
metallicities [Fe/H] ≥ −1.1 to the disc particles present in our ‘Solar Neighbour-
hood’ sphere of 2.5 kpc radius. Although in our simulation halo stars have metallic-
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Figure 4.9: Distribution of stellar particles in frequency (left-hand panel) and Lz
vs. Ωr − Ωφ (right-hand panel) space located inside a sphere of 2.5 kpc radius
at 8 kpc from the galactic centre, after convolution with the Gaia observational
errors. The black dots denote the contribution from the disc and bulge. The rest of
the colours represent different satellites.



4.4. ANALYSIS OF THE MOCK GAIA CATALOGUE 97

ities between −2.0 ≤ [Fe/H] ≤ −1.5, stars with higher metallicities are known to be
present in the Galactic stellar halo. Hence the more generous cut. This cut leads
to a subsample of only ≈ 9.3× 103 ‘disc stars’ brighter than V = 17 out of a total of
4.1× 107 found in our model.

A similar approach can be followed for the bulge component. In this case metal-
licities are assigned according to the observed MDF of the Galactic bulge, as given
by Zoccali (2009). This MDF is modelled as a single gaussian distribution with a
mean metallicity 〈[Fe/H]〉 = −0.28 dex and a dispersion σ = 0.4 dex, as found in the
outermost field analysed by Zoccali (2009) (located at a latitude of b = −12◦).

After removing all stellar particles with [Fe/H] ≥ −1.1, out of the 2.9× 104 bulge
stellar particles with V ≤ 17 originally present in our ‘Solar Neighbourhood’ sphere
we are left with only 784 stars. This very small number suggests that the contam-
ination from this Galactic component should not strongly affect the detection of
substructure in phase-space.

4.4.2 Frequency Space

Figure 4.9 shows the distribution of stellar particles inside the ‘Solar Neighbour-
hood’ sphere in both frequency (left-hand panel) and Lz vs. Ωr − Ωφ (right-hand
panel) space, now after error convolution. Again, the different colours indicate
stellar particles from different satellites, with the addition of the disc and bulge
which are shown in black. Interestingly, in both spaces disc particles are part of a
very well defined and quite isolated structure since, as expected for stars moving in
the galactic plane on a circular orbit, they have the largest values of |Lz| at a given
Ωr − Ωφ. Therefore, it is possible to isolate and easily eliminate the contamination
from the disc. On the other hand, bulge particles are sparsely distributed in both
spaces and, although there are very few, they cannot be isolated simply as in the
case of the disc. Nonetheless, they do not define a clump that could be confused
with merger debris.

Both panels of Figure 4.9 show that, even after convolution with the latest
model of the Gaia measurement errors, significant substructure is apparent in Lz
vs. Ωr − Ωφ vs. Ωφ space. Comparison to Figure 4.7 shows very good correspon-
dence between clumps, although these are, as a consequence of the convolution,
generally less well defined and contain less internal substructure.

Estimating the time since accretion

A derivation of the time since accretion is significantly more difficult when the Gaia
measurement errors are taken into account. We exemplify this by focusing on the
three satellites described in Section 4.3.2. The ‘observed’ distribution of stellar
particles in frequency space are shown in grey in the top panels of Figure 4.10.
A direct comparison to Figure 4.8 clearly highlights what the effects of the Gaia
errors are. As in Section 4.3.2, we perform our Fourier analysis and compute the
normalized power spectra. These are shown with a black solid line in the bottom
panels of Figure 4.10. Only for the spectrum shown in the middle panel we can
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Figure 4.10: Top panels: Distribution of stellar particles in frequency space for
the three satellites shown in Fig. 8, after convolution with the Gaia observational
errors. Grey dots show the distribution of all the stellar particles inside the ‘Solar
Neighbourhood’ sphere, whereas the red dots are the subset with σ$/$ ≤ 0.02

(see also zoom-in). Bottom panels: The black solid lines show the 1-D normalized
power spectra obtained from the distribution of points shown in the top panels,
while the black dashed lines corresponds to the subset with σ$/$ ≤ 0.02. The
grey solid lines show the normalized power spectra obtained from the distribution
of particles before convolution with the observational errors (cf. Figure 4.8). Their
largest amplitude peak is indicated whith a vertical line.

identify a single dominant peak. Therefore observational errors seem to be large
enough to erase the signal associated with the time since accretion in the power
spectrum for at least some of our satellite galaxies.

We wish to obtain an order of magnitude estimate of how large the errors in
velocities have to be to blend two adjacent streams in frequency space. Let us
consider a satellite moving on a circular orbit accreted tacc = 8 Gyr ago. The
separation of two adjacent streams in frequency space is ∆Ω = 2π/tacc ≈ 0.78

(comparable to that found for the satellites in our simulations). Since Vφ = RΩ,
we may deduce that the maximum error in the tangential velocity should be σvφ =

R∆Ω. Therefore, for the streams found at R = 8 kpc from the Galactic centre,
σvφ ≤ 6 km s−1. This implies that, to be able to estimate the time since accretion
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from the power spectra, the relative parallax errors should be* σ$/$ ≤ 0.02.
The set of stellar particles from each of our three satellites satisfying this con-

dition are shown as red dots in the top panel of Figure 4.10. Out of the 445 (left
panel), 1264 (middle panel) and 720 (right panel) stellar particles originally found
inside our solar neighbourhood sphere, only 90, 239 and 113 respectively, have
remained after the error cut. The normalized power spectra obtained for these dis-
tributions are shown with dashed black lines in bottom panels of Figure 4.10. Now,
the largest amplitude peak is (once again and for all satellites) associated with the
time since accretion. Note that, since each peak is located at the same wavenum-
ber as in the analysis with no observational errors (grey curves in this Figure),
the estimated times since accretion for each satellite are exactly those obtained in
Section 4.3.2.

Nevertheless, it is clear that the signal found in the power spectra could be
determined better if a larger number of stars with σ$/$ ≤ 0.02 were available.
Such stars are expected to be present in the Gaia catalogue, but because of the
limited numerical resolution of our experiments, they are not part of our mock Gaia
catalogue. Such stars would be fainter than MV = 4.5, but closer than 2 kpc from
the Sun. For example, according to the latest Gaia performance numbers, a dwarf
star located at 1 kpc from the Sun, with an apparent magnitude of V ≈ 16 should
have a parallax measurement error σ$/$ ≤ 0.02. This apparent magnitude and
distance translates into an absolute magnitude of MV ≈ 6, i.e. it is 1.5 magnitudes
fainter than limiting magnitude we have used in our simulations. If we use the
number of particles found at distances closer than 1 kpc from the Sun, and if we
take into account the luminosity functions of the 3 satellites in Fig. 10, we can
obtain an estimate of how many stars would be observable by Gaia with the desired
parallax errors. In this way we find, respectively, 186, 465, and 276 extra stars
with 4.5 ≤ MV ≤ 12, which would thus allows to estimate the time since accretion
for each satellite.

4.4.3 Identification of Satellites

Although promising, this is unlikely to be the way we will proceed in the future with
real Gaia observations. In order to obtain an estimate of the time since accretion
of any given satellite, we first have to efficiently identify it. This can be achieved
by applying a suitable clustering technique. In this work we have used the Mean
Shift algorithm (Fukunaga & Hostetler, 1975; Comaniciu & Meer, 2002; Derpanis,
2005). The main idea behind mean shift is to treat the points in any N -dimensional
space as an empirical probability density function where dense regions in the space
correspond to the local maxima of the underlying distribution. For each data point
in the space, one performs a gradient ascent procedure on the local estimated
density until convergence is reached. Furthermore, the data points associated with
the same stationary point are considered members of the same cluster.

* In this derivation we have assumed that relative errors in proper motion are of the same order of
magnitude as those in the parallax. However, for the Gaia mission the former are expected to be in
general an order of magnitude smaller.
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We have applied the Mean Shift algorithm to the set of particles inside a sphere
of 4 kpc radius, located at 8 kpc from the galactic centre, projected into the space
of E − L − Lz. We chose this space because the satellite’s internal substructure
(due to the presence of individual streams) is less well defined and, therefore, is
more suitable for a clustering search of global structures. Enclosed in this sphere
we find a total of ∼ 8 × 104 stellar particles, coming from 26 different satellites
contributing each with at least 20 particles. In addition, the disc and the bulge
contribute with ∼ 20 000 and ∼ 2 000 particles, respectively. For this analysis
we deliberately chose to sample a larger volume of physical space so that each
satellite is represented with a larger number of stellar particles. In this way, we
can avoid overfragmentation, which occurs when a clump is populated with a very
small number of particles.

Figure 4.11 shows the different clusters of particles identified with this method.
We have found 17 groups that contain more than 20 particles. Out these 17 groups,
only 15 have more than 50% of their particles associated to a single progenitor. One
of these groups corresponds to the disc while two others are double detections of
two different satellites that were fragmented by the algorithm. Therefore, only 12
of these groups can be uniquely associated to a single satellite. This corresponds
to ∼ 50% of all the satellites contributing with stars to this volume. This is a similar
recovery rate to that obtained by Helmi & de Zeeuw (2000), but now under a more
realistic cosmological model and with the latest model for the Gaia measurement
errors.

When attempting to compute the time since accretion, we were successful only
in four cases. These groups are indicated in Figure 4.11 with black open circles.
Two of them correspond to the satellites labeled number 1 and 2 in previous anal-
ysis. In general, we find that the remaining identified groups lack a significant
number of ‘stars’ with the required relative parallax error, σ$/$ ≤ 0.02 (i.e., typi-
cally ≤ 50). However, as explained before, in this simulation our limited numerical
resolution led us to consider only stars with MV ≤ 4.5. After estimating the number
of stellar particles within 1 kpc from the Sun that may be observed by Gaia with
the required relative parallax errors (as explained in Section 4.4.2), we find that
at least two additional satellites, among the 12 previously isolated, should have at
least 200 stellar particles available to compute a reliable power spectrum.

4.5 Summary and Conclusions

We have studied the characteristics of merger debris in the Solar neighbourhood as
may be observed by ESA’s Gaia mission in the near future. We have run a suite of
N -body simulations of the formation of the Milky Way stellar halo set up to match,
at the present time, its known properties such as the velocity ellipsoid, density pro-
file and total luminosity. The simulations follow the accretion of a set of 42 satellite
galaxies onto a semi-cosmological time dependent Galactic potential. These satel-
lites are evolved for 10 Gyr, and we use the final positions and velocities of the
constituent particles to generate a mock Gaia catalogue.
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Figure 4.11: Distribution of stellar particles inside a sphere of 4 kpc radius at
8 kpc from the galactic centre in E vs. Lz space as would be observed by Gaia. The
different colours show the groups identified by the Mean Shift algorithm. Black
open circles denote those for which the time since accretion was successfully de-
rived.

Using synthetic CMDs, we have resampled the satellite’s particles to represent
stars down to MV ≈ 4.5. This absolute magnitude corresponds to an apparent
magnitude V ≈ 16 at 2.5 kpc, which is comparable to the Gaia magnitude limit
for which full phase-space information will be available. Our mock catalogue also
includes a Galactic background population of stars represented by a Monte Carlo
model of the Galactic disc and bulge, as in Brown, Velásquez & Aguilar (2005). At
8 kpc from the Galactic centre, stars from the disc largely outnumber those of the
stellar halo. However, it is possible to reduce their impact by applying a simple cut
on metallicity. Using the latest determinations of the MDF of the Galactic disc(s)
(Nordström et al., 2004; Ivezić et al., 2008a) we have estimated that only 10 000

stars out of the estimated 4.1 × 107 disc stars brighter than V = 17 in the Solar
neighbourhood should have [Fe/H] ≤ −1.1. A smaller number of bulge stars (∼ 800)
with [Fe/H] ≤ −1.1 is expected to contaminate our stellar halo sample, down to
the faintest MV . This fraction represents only 2.6 per cent of the whole mock Gaia
stellar halo catalogue, and therefore does not constitute an important obstacle to
our ability to characterize this component.

Finally, we have convolved the positions and velocities of all ‘observable stars’
in our Solar Neighbourhood sphere with the latest models of the Gaia observational
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errors, according to performances given by ESA (http://www.rssd.esa.int/gaia).

The analysis presented here confirms previous results, namely that satellites
can be identified as coherent clumps in phase-space, e.g. in the E-Lz projection
(see Helmi & de Zeeuw, 2000; Knebe et al., 2005; Font et al., 2006). We find that
a clustering algorithm such as Mean-Shift (Fukunaga & Hostetler, 1975; Comani-
ciu & Meer, 2002; Derpanis, 2005) is able to recover roughly 50% of all satellites
contributing stellar particles to the Solar neighbourhood sphere.

We have also demonstrated that even after accounting for the Galactic back-
ground contamination and the expected measurement errors for the Gaia mission,
the space of orbital frequencies is also very rich in substructure. In this space
streams from a given satellite define a regular pattern whose characteristic scale
is determined by the satellite’s time since accretion. We find that reasonable esti-
mates of the time since accretion may be provided when the number of stars with
accurate parallaxes (σ$/$ ≤ 0.02) from a given satellite is at least ∼ 100. This was
possible in our simulations for 4 cases.

In addition to Gaia, massive ground based spectroscopic surveys are currently
being planned by both the European astronomical community (see e.g. GREAT,
http://www.ast.cam.ac.uk/GREAT/) and other non-European collaborations (e.g.
LAMOST, Zhao et al., 2006; HERMES, Wylie-de Boer & Freeman, 2010; APOGEE,
Majewski et al., 2010; BigBOSS, Schlegel et al., 2009). For some of these projects
(mostly those led by Europe) the goal is to complement a future Gaia catalogue
with information that either will not be obtained or for which the accuracy will be
low. As an example, multi object spectroscopy of intermediate resolution could be
used to push the limiting magnitude of the phase-space catalogue down to V ≈ 20.
In combination with accurate (photometric or trigonometric) parallaxes this would
allow the identification of satellites in, e.g., E−Lz space beyond the extended Solar
neighbourhood. Firstly, very faint satellites could now be observed and, secondly,
the much larger sample of stars could be used to apply a clustering algorithm in
very small volumes around the Sun with enough resolution to avoid large overfrag-
mentation. Furthermore, by extending the volume probed we expect to reduce the
overlap between satellites in E−Lz space. In addition, a multi-object spectrograph
with a high-resolution R & 20, 000 mode would provide detailed chemical abun-
dance patterns of individual stars. This could be used to characterize the satellite’s
star formation and chemical histories, and opens up the possibility of performing
“chemical tagging” (Freeman & Bland-Hawthorn, 2002). Note, however, that in our
simulations we find that stellar particles in a given stream do not originate from a
localized region in physical space (such as a single molecular cloud). Therefore
even individual streams are likely to reflect the full metallicity distribution function
present in the object at the time it was accreted.

Although our satellites were evolved in a cosmologically motivated time depen-
dent host potential, our simulations do not contain the fully hierarchical and often
chaotic build-up of structure characteristic of the Λ cold dark matter model. The
violent variation of the host potential during merger events, the chaotic behavior
induced by a triaxial dark matter halo (e.g. Vogelsberger et al., 2008), and the or-
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bital evolution due to baryonic condensation (Valluri et al., 2010), are potentially
important effects which we have neglected and should be taken into account in
future work. To assess the impact of some of these effects on the distribution of
debris in the Solar Neighbourhood we are currently analysing fully cosmological
high resolution simulation of the formation of galactic stellar haloes based on the
Aquarius project (Cooper et al., 2010).
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Chapter 5

Streams in the Aquarius
stellar haloes

Abstract*

We use the very high resolution fully cosmological simulations from the Aquar-
ius project, coupled with a semi-analytical model of galaxy formation to study

the phase-space distribution of halo stars in “solar neighbourhood”-like volumes.
We find that this distribution is very rich in substructure in the form of stellar
streams for all five stellar haloes we have analysed. These streams can be easily
identified in velocity space, as well as in spaces of pseudo-conserved quantities
such as E vs. Lz. For example in one of our volumes, we are able to resolve 221
stellar streams which contain 53% of all the particles present. We estimate that
25% of the remaining particles are in (numerically) unresolved streams. This leads
us to predict that 2/3 of the accreted halo stars near the Sun should be in mas-
sive, observable streams. The remaining 1/3 are likely to be on streams which have
become too diffuse due chaotic mixing.

Key words: galaxies: formation – galaxies: kinematics and dynamics – methods:
N -body simulations

* Based on Gómez, et al., 2010, in preparation
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5.1 Introduction

In the last decade the characterisation of the phase-space distribution of stars in
the vicinity of the Sun has become a subject of great interest to astronomers. It
is now well-established that by studying the phase-space distribution function of
the Milky Way we may be able to unveil its formation history (Freeman & Bland-
Hawthorn, 2002; Helmi, 2008).

According to the current paradigm of galaxy formation, large galaxies as our
own are formed through the accretion and mergers of smaller objects (White &
Rees, 1978), rather than by a rapid collapse of a large and pristine gas cloud
(Eggen, Lynden-Bell & Sandage, 1962). During the process of accretion these sys-
tems are tidally disrupted, and contribute gas and stars to the final object. Whereas
the gas component rapidly forgets its dynamical origin due to its dissipative nature,
stars should retain this information for much longer time scales because their den-
sity in phase-space is conserved. This memory is especially easily accessible in
the outer regions of galaxies, or outer stellar haloes, where the dynamical mixing
time scales are very long. A vast amount of observed stellar streams in the outer
regions of the Milky Way supports this picture of galaxy formation. The Sagittarius
stream (Ibata, Gilmore & Irwin, 1994; Ibata et al., 2001b) and the Orphan stream
(Belokurov et al., 2007) are just a few examples among many other overdensities
recently discovered (see also Newberg et al., 2002; Ibata et al., 2003; Yanny et al.,
2003; Belokurov et al., 2006; Grillmair, 2006; Starkenburg et al., 2009).

This galaxy formation model also predicts that for Milky Way-like galaxies, the
centres of stellar haloes are older (Helmi et al., 2002; Cooper et al., 2010). There-
fore, fossil signatures of the most ancient accretion events that a galaxy has experi-
enced should be buried in their inner regions or, in the case of the Milky Way, close
to or in the Solar Neighbourhood. However, due to the very short dynamical time
scales characteristic of these regions, debris from accretion events are expected to
be well spatially-mixed and therefore they are rather difficult to detect. Further-
more, in Λ cold dark matter models, dark matter haloes are expected to be strongly
triaxial (see e.g. Vera et al., 2010). As a consequence chaotic orbits may be quite
important and result in much shorter mixing time-scales (see e.g. Vogelsberger et
al., 2008), which lead to a phase-space distribution that is effectively smooth.

The first attempt to quantify the amount of substructure in the form of stellar
streams expected in the Solar Neighbourhood was carried out by Helmi & White
(1999). They suggested that ∼ 300 - 500 kinematical coherent substructures should
be present in a local volume around the Sun. Although they considered a fixed
Galactic potential, the results were later confirmed by Helmi, White & Springel
(2003) who analysed a full cosmological simulation of the formation of a cluster
dark matter halo scaled down to galaxy size. They also showed that debris from
accretion events appeared to mix on time-scales comparable to those expected for
integrable potentials. However, their results were based on a single N -body simu-
lation and were limited by its numerical resolution.

Thanks to current surveys as RAVE (Steinmetz et al., 2006) or SDSS (York et al.,
2000), as well as the forthcoming launch of the astrometric satellite Gaia (Perryman
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et al., 2001), these predictions are becoming testable. Although up to date only a
handful of stellar streams have been detected in the Solar Neighbourhood (e.g.
Helmi et al., 1999; Klement et al., 2009; Smith et al., 2009), with the full 6-D phase-
space catalogues that are already becoming available (Breddels et al., 2010), it will
soon be possible to start deciphering the formation history of the Milky Way.

In this Chapter we revise the predictions made by Helmi, White & Springel
(2003). Our goal is to characterise and quantify the amount of substructure inside
solar neighbourhood like volumes obtained from the galactic stellar haloes mod-
elled by Cooper et al. (2010). In Section 5.2 we briefly describe these models. We
characterise the phase-space distribution of stellar particles in “solar neighbour-
hood” spheres in Section 5.3. In Section 5.4 we measure the number of stellar
streams, and explore the relevance of orbital chaos for halo stars near the Sun.
Finally, in Section 5.5 we summarise our results.

5.2 The Simulations

In this Chapter we analyse the suite of high-resolution N -body simulations from
the Aquarius Project (Springel et al., 2008a,b), coupled with the GALFORM semi-
analytic model (Cole et al., 1994, 2000; Bower et al., 2006) as described by Cooper
et al. (2010).

5.2.1 N-body simulations

The Aquarius Project has simulated the formation of six Milky Way-like dark matter
haloes in a Λ-CDM cosmology. The simulations were carried out using the parallel
Tree-PM code GADGET-3 (upgraded version of GADGET-2 Springel, 2005a). Each
halo was first identified in a cosmological simulation within a periodic box of side
100 h−1 Mpc in a cosmology with parameters Ωm = 0.25, Ωλ = 0.75, σ8 = 0.9,
ns = 1, and Hubble constant H0 = 100 h km s−1 Mpc−1 = 73 km s−1 Mpc−1. The
haloes were selected to have masses comparable to that of the Milky Way and to be
relatively isolated at z = 0. By applying a multi-mass particle ‘zoom-in’ technique,
each halo was re-simulated at a series of progressively higher resolutions. The
results presented in this work are based on the simulations with the second highest
resolution (Aq-2) available. In all cases 128 outputs, starting from redshift z ≈
45*, were stored. In each snapshot, dark matter haloes were identified using a
Friends-of-Friends (Davis et al., 1985) algorithm while subhaloes were identified
with SUBFIND (Springel et al., 2001). For more details about the simulations, we
refer the reader to Springel et al. (2008a,b). The main properties of the resulting
haloes are summarised in Table 5.1. Note that we exclude from our analysis the
halo Aq-F. This is due to its assembly history; more than 95% of its stellar mass
comes from a single galaxy that was accreted very late, at z ≈ 0.7.

* Note however that the simulations were started at redshift z = 127
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Table 5.1: Properties of the five Aquarius haloes used
in this work.

Name M200 r200 Vmax mp cNFW

[1012 M�] [kpc] [km s−1] [103 M�]
A-2 1.84 246 209 13.7 16.19

B-2 0.82 188 158 6.447 9.72

C-2 1.77 243 222 13.99 15.21

D-2 1.74 243 203 13.97 9.37

E-2 1.19 212 179 9.593 8.26

5.2.2 Semi-analytic model

To study the growth and properties of stellar haloes, Cooper et al. (2010) coupled
the semi-analytical model GALFORM to the Aquarius dark matter N -body simula-
tions. The basic idea behind semi-analytical techniques is to model the evolution of
the baryonic components of galaxies through a set of observationally and/or theo-
retically motivated analytic prescriptions. Critical physical processes that govern
galaxy formation, such as gas cooling, star formation feedback, supernovae, winds
of massive stars and AGN, etc. are taken into account. The parameters that control
these processes were fixed on the basis of an implementation of GALFORM on the
Millennium Simulation (Springel, 2005b), as this set of choices allows to success-
fully reproduce the properties of galaxies on large scales as well as those of the
Milky Way (Bower et al., 2006; Cooper et al., 2010).

5.2.3 Building up stellar haloes

Within the context of CDM, stellar haloes may be formed via hierarchical aggre-
gation of smaller objects, each one of them imprinting their own chemical and
dynamical signatures on the final halo’s properties (Freeman & Bland-Hawthorn,
2002). As previously explained, the GALFORM model provides a detailed descrip-
tion of the composite stellar population of every galaxy in the simulation at any
given time. However it does not follow properly the dynamics of these systems. To
study the dynamical properties of the resulting galactic stellar haloes Cooper et al.
(2010) assumed that the most strongly bound dark matter particles in a halo could
be used to represent halo stars. In every snapshot of the simulation a fixed fraction
of the most-bound dark matter particles were selected to trace any newly formed
stellar population in each galaxy. This implies that each tagged dark matter parti-
cle may have a different final stellar mass associated to it. The fraction of selected
bound particles is set such that properties of the satellite population at z = 0, like
their luminosities, surface brightness, half-light radii and velocity dispersions, are
consistent with those observed for the Milky Way and M31 satellites. Note that
this implementation is only useful to describe the accreted (as opposed to in-situ)
component of stellar haloes. For a detailed description of this procedure we refer
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Table 5.2: Global properties of the five stellar haloes analysed in this work.

Name M total
∗ r1/2

[108 M�] [kpc]
A-2 3.79 20
B-2 5.59 2.3
C-2 3.92 53
D-2 11.1 26
E-2 18.5 1.0

the reader to Section 3 of Cooper et al. (2010). The properties of the resulting
stellar haloes obtained in each simulation, such as total mass and half-light radius
are listed in Table 5.2.

5.3 Characterisation of Substructure in solar vol-
umes

In this Section we characterise the phase-space distribution of stellar particles in-
side “solar neighbourhood” spheres of 2.5 kpc radius located at 8 kpc from the
galactic centre in five of the Aquarius stellar haloes. The final configuration of the
host dark matter haloes is, in all cases, strongly triaxial. Therefore, to allow a direct
comparison between the different “solar neighbourhood” spheres we have rotated
the haloes to the set of principal axis, and placed the sphere along the direction of
the mayor axis.

In Figures 5.1 and 5.2 we present two different projections of velocity space.
The different colours indicate particles coming from different satellites that have
contributed with at least five particles (while those from satellites contributing
fewer particles are shown in black). It is very interesting to observe how these
distributions in velocity space vary from halo to halo. Essentially, less massive
(dark) haloes have smaller velocity dispersions and thus, the distribution of par-
ticles in velocity space is more compact. The values of the velocity dispersions
of these distributions are listed in Table 5.3. A comparison with the estimated
values of the velocity ellipsoid of the local stellar halo (see Chiba & Beers, 2000)
(σR, σφ, σZ) = (141 ± 11, 106 ± 9, 94 ± 8) km s−1 shows that the ellipsoids of haloes
Aq-A-2, -C-2 and -D-2 have amplitudes comparable to those observed for the Milky
Way. Note however that the dynamics of the stellar particles in these simulations
are only determined by the underlying dark matter halo potential. If the mass as-
sociated to the disc and the bulge were to be included, the velocity dispersions
would be significantly increased, since we may relate the velocity dispersion σ2

to the circular velocity V 2
c and V 2

c ∝ M(< r) = Mdisk + Mhalo, and Mdisk ∼ Mhalo

near the Sun (Binney & Tremaine, 2008). In Table 5.3 we also show the local stel-
lar halo average densities, ρ0. We find that, except for halo Aq-B-2, the values
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obtained are in reasonable agreement with the estimates for the Solar Neighbour-
hood, ρ0 = 1.5×104M�kpc−3 (see e.g. Fuchs & Jahreiß, 1998). However, one should
bear in mind that, if a disc component were to be included, this should lead to a
contraction of the halo, and hence to a larger density, especially on the galactic disc
plane. The highest local density is found for halo Aq-B-2. This halo has a low stellar
mass compared to halos Aq-D-2 and E-2, but is much more centrally concentrated
than Aq-D-2. In comparison to Aq-E-2, which is also very centrally concentrated,
Aq-B-2 has a strongly prolate shape, which explains its a much higher value of ρ0

on the major axis, where our “solar neighbourhood” sphere is placed.

Table 5.3 shows that 90% of the total mass enclosed in these spheres comes,
in all cases, from 3-5 significant contributors, NSN

prog. This is in concordance with
De Lucia & Helmi (2008); Cooper et al. (2010), who find that stellar haloes are
predominantly built from fewer than 5 satellites with masses comparable to the
brightest classical dwarf spheroidals of the Milky Way.

From Figures 5.1 and 5.2 we can also appreciate the very large amount of sub-
structure, coming from many different objects, present in these volumes. Recall
that these stellar haloes are build-up in a fully cosmological scenario. Therefore,
effects as violent variation of the host potential due to merger events, and chaotic
orbital behaviour induced by the strongly triaxial dark matter haloes (Vera et al.,
2010) are naturally accounted for in these simulations. Nonetheless, these physi-
cal processes have not been efficient enough as to erase completely the memory of
origin of the stellar halo particles.

This is also evidenced in Figure 5.3 which shows the distribution of stellar par-
ticles in the space of pseudo conserved quantities Enorm vs. Lz, where

Enorm =
E − Emin

Emax − Emin
,

with Emax and Emin are the energies of the most and the least bound stellar par-
ticles inside the volume under analysis, respectively. To compute the energy we
assume a smooth and spherical representation of the underlying gravitational po-
tential, as given by Navarro, Frenk & White (1996)

Φ(r) = − GM200

r [log(1 + cNFW)− cNFW/(1 + cNFW)]
log

(
1 +

r

rs

)
(5.1)

with values for the parameters at redshift z = 0 as listed in table 5.1. As expected,
substructure in this space is much better defined than in velocity space (see also
e.g. Helmi & de Zeeuw, 2000; Knebe et al., 2005; Font et al., 2006; Gómez & Helmi,
2010a). In this projection of phase-space streams from the same satellite tend to
cluster together, and can be observed as well defined clumps. Note however that
(and as discussed in Chapter 3), within a given clump substructure associated with
the various streams crossing the “solar neighbourhood” may be apparent.

To search for stellar streams in the Solar Neighbourhood without assuming an
underlying Galactic potential, Klement et al. (2009) introduced the space of ν, V∆E
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Table 5.3: Properties of the distribution of stellar particles inside our “solar
neighbourhood” spheres of 2.5 kpc radius.

Name ρ0 NSN
prog σR σφ σZ

[104 M� kpc−3] [km s−1] [km s−1] [km s−1]

A-2 1.54 5 149.4 130.9 90.5
B-2 15.2 3 85.3 51.1 45.5
C-2 2.50 3 148.2 98.1 80.7
D-2 8.15 5 175.1 88.5 75.7
E-2 3.34 3 93.8 62.3 55.0

and Vaz, where

ν = arctan

(
V + VLSR

W

)
,

V∆E =
√
U2 + 2(VLSR − Vaz)2,

Vaz =
√

(V + VLSR)2 +W 2

(5.2)

i.e. these are based only on kinematical measurements. For a star on the Galactic
plane, ν would be the angle between the orbital plane and the direction towards the
North Galactic Pole, Vaz is related to the angular momentum and V∆E is a measure
of a star’s eccentricity. Under the assumption of a spherical potential and a flat
rotation curve, stars in a given stellar stream should be distributed in a clump
when projected onto this space. The distribution of stellar particles located inside
our “solar neighbourhood” spheres projected onto the spaces of Vaz vs. V∆E and
ν vs. V∆E are shown in Figures 5.4 and 5.5. Although less sharply defined than
in E vs. Lz space, substructure clearly stands out also in these two projections of
phase-space.

5.4 Quantification of Substructure in solar volumes

In the previous Section we found that the phase-space distribution of stellar par-
ticles inside a “solar neighbourhood” sphere is very rich in substructure in all of
our haloes. We will now quantify the amount of stellar streams crossing the “solar
neighbourhood” of halo Aq-A-2, as well as characterise their evolution in time. Our
goal is to compare the results of this analysis with previous studies (Helmi & White,
1999; Helmi, White & Springel, 2003) that have analytically estimated this number
and concluded that the merging history of the Milky Way could be recovered from
the phase-space distribution of Solar Neighbourhood stars. Furthermore, we will
address what fraction of stellar particles smoothly distributed in phase-space are
actually in streams that could not be resolved in the N -body simulations, as well as
establish the importance of chaoticity for stellar halo orbits.
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Figure 5.1: Distribution in VR vs. Vφ space of the stellar particles located inside
a sphere of 2.5 kpc radius at 8 kpc from the galactic centre. The different colours
represent different satellites. The corresponding host halo is indicated on the lower
left corner of each panel.
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Figure 5.2: Distribution in VR vs. VZ space for the same set of particles as shown
in Fig. 5.1. The corresponding host halo is indicated on the lower left corner of
each panel.
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Figure 5.3: Distribution in E vs. Lz space for the same set of particles as shown
in Figures 5.1. The corresponding host halo is indicated on the top left corner of
each panel.
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Figure 5.4: Distribution in Vaz vs. V∆E space for the set of particles shown in
previous figures. The corresponding host halo is indicated on the lower right corner
of each panel.
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Figure 5.5: Distribution in ν vs. V∆E space for the set of particles shown in
previous figures. The corresponding host halo is indicated on the top left corner of
each panel.
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Table 5.4: Properties of the distribution of particles inside the “solar neighbour-
hood” sphere of 2.5 kpc radius in halo A-2.

Name Particles Satellites Streams Particles Fraction of mass
in streams in streams

A-2 1400 85 221 740 (∼ 53%) 66%

5.4.1 Resolved substructure

To quantify the number of streams inside our sphere we first need to specify how
to identify them. Following Helmi, White & Springel (2003), we say that a given
stellar particle is part of a stream at redshift z = 0 if another stellar particle from
the same parent satellite can be found within a distance rstream and, moreover, these
particles have never been separated by more than a distance rext. This definition
ensures that the particles have the same orbital phase, a necessary condition to
be in the same stream. The values of rstream and rext are set to account for the
stellar streams that, due to numerical resolution, are poorly resolved in the “solar
neighbourhood”. For particles with apocentres 10 ≤ rapo ≤ 13 kpc we set rstream = 3

kpc, for particles with 13 < rapo ≤ 15 kpc we set rstream = 5 kpc and for the rest
we set rstream = 10 kpc. In all cases we define rext = 2rstream. Note that rstream is
always smaller than the apocentre of each particle and therefore we avoid grouping
particles with different orbital phases.

In practice we proceed as follows:

• For each particle inside our solar neighbourhood sphere of 2.5 kpc radius at
redshift z = 0 we identify its parent satellite.

• We measure the time tform (prior the time of accretion) when the spatial extent
of all particles associated to this parent takes its smallest value (as measured
by the 3D dispersion, σr)

• At t = tform we identify all particles located in a sphere of 5 kpc radius, centred
on the selected particle.

• We follow forward in time these particles until redshift z = 0, and discard
those that are more distant than rext from the selected particle.

• The selected particle is considered to be in a stream if at final time any of the
original neighbouring particles lie within rstream from it.

The number of streams with at least two particles found inside the “solar neigh-
bourhood” sphere is listed in Table 5.4. This number is in good agreement with
the ∼ 300 - 500 stellar streams around the sun predicted by the models of Helmi
& White (1999) (see also Gómez & Helmi, 2010b). Note however that ∼ 47% of
the particles have not been associated to any substructure and therefore the total
number of streams (which would include those unresolved) could be significantly
larger. It is very interesting that only 52% of the stellar streams found in our “solar
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Figure 5.6: Distribution in VR vs. Vφ space of the stellar particles located inside a
sphere of 2.5 kpc radius centred at 8 kpc from the galactic centre of halo Aq-A-2.
Blue dots show the stellar particles that are associated to streams whereas red dots
show those particles that were not linked to any substructure. The arrow in in this
figure indicates the stream that is shown in Figure 5.7.

neighbourhood” sphere originate in the most significant progenitors, implying that
half of the streams observed come from low(er) mass objects.

In Figure 5.6 we compare the velocity distribution of stellar particles in the “so-
lar neighbourhood” in streams (blue dots) to those not associated to any structure
(red dots) according to our algorithm. In addition to a very large number of incon-
spicuous substructures, we can appreciate that the most prominent streams have
been recovered. Interestingly, the particles in streams populate the wings of the
distribution. In general, particles in the core of the velocity distribution will have
been accreted earlier and tend to have more inner orbits (faster mixing timescales).
Therefore any streams, if present, may be more difficult to identify because of the
limited resolution. In addition, and as explained below, it is possible that due to the
triaxiality of the dark matter potential some of these orbits exhibit chaotic mixing.
Thus, the associated streams are effectively too diffuse to be observable.

Figure 5.7 shows the evolution in space of a stream presently crossing the “so-
lar neighbourhood” and indicated with an arrow in Figure 5.6. The black dots
correspond to the particles that have been neighbours (i.e. within rext) of a ref-
erence particle in this stream. This figure clearly shows the full spatial extent of
the stream, which probes distances significantly beyond the “solar neighbourhood”
volume.
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5.4.2 Smooth/Unresolved component

In addition to the stellar particles associated to streams with at least two parti-
cles, our “solar neighbourhood” sphere contains an important number of stellar
particles that are not linked to any substructure, i.e. they appear to be smoothly
distributed in phase-space. The reason for this could be either of dynamical origin
or, as explained before, simply due to the numerical resolution of the simulation.
It is well-known that phase-space regions of triaxial dark matter haloes may exist
which are occupied by chaotic orbits (e.g. Vogelsberger et al., 2008). On such or-
bits, stellar particles that are initially nearby diverge in space exponentially with
time. As a result, substructure present in localised volumes of phase-space left by
accretion events is rapidly erased. This process is known as chaotic-mixing. On
the other hand, initially nearby particles in phase-space on regular orbits diverge
in space as a power-law in time. Therefore, the time-scale in which these particles
fully phase-mix is much larger.

Based on the previous discussion, we will now analyse the evolution in time of
the local (stream) density around the particles in the “solar neighbourhood” sphere.
Our goal is to obtain an estimate of the fraction of these particles that are on chaotic
and on regular orbits. The later could be associated to unresolved stellar streams
due to the high but nonetheless limited numerical resolution of our simulations.

As in Section 5.4.1, we place a sphere of 5 kpc radius around each particle at
t = tform and tag all the surrounding neighbours. We track these particles forward
in time until redshift z = 0 and, at every output, neighbours that depart from our
particles by more than rext are discarded. We compute the local spatial density of
the selected particle, ρ(t), by counting the number of neighbours within a distance
rstream. In Figure 5.8 we show the time evolution of the spatial density of parti-
cles from four different satellites that contribute to the “solar neighbourhood” of
the Aquarius halo A-2. From this figure we can appreciate that the rate at which
the spatial density of a stream decreases with time varies strongly (likely as a con-
sequence of the different orbits). We can also observe that in many cases, when a
particle becomes unbound from its parent satellite, the density of the newly formed
stream exhibits initially a very rapid and quasi-exponential decrease. As shown by
Helmi & Gómez (2010) this initial transient is also present in regular orbits and
does not necessarily imply a manifestation of chaotic behaviour.

Therefore it is necessary to follow the evolution of the stream’s density for long
time scales (much larger than a crossing time) to disentangle regular from chaotic
behaviour. Our approach to characterise the type of mixing consists in fitting a
power-law function to the time evolution of the local density of a stream,

ρ̂(t) = αt−n, (5.3)

and determining the value of n for each stream. As shown by Vogelsberger et al.
(2008) (see also Helmi & White, 1999) for a stream on a regular orbit n = 1, 2 or 3,
depending on the number of fundamental orbital frequencies. Although we know
that the density of a stream on a chaotic orbit does not evolve as a power-law in
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Figure 5.7: Time evolution of a stellar stream that crosses the “solar neighbour-
hood” sphere of the Aquarius halo A-2 at redshift z = 0. The green dots show all the
stellar particles from the corresponding parent-satellite. With black dots we show
the particles that have always been within rext from the reference particle, which
indicated with an arrow in Figure 5.6.
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time, we nonetheless fit the functional form given by Eq. (5.3), and expect larger
values of n than for the regular case.

Figure 5.8 shows the results of applying such a fit to the streams densities as
a function of time. Since we are interested in the behaviour of the density on long
time scales, we do not include the initial quasi-exponential transient in the fits. We
proceed as follows:

• We define the formation time of a stream, tstream, as the time when its density
decreases from one snapshot to the next one by 50%.

• Starting from the snapshot associated with tstream, we iteratively fit ten times
a power-law function to the stream’s density by increasing each time the start-
ing point of the fit. The fits are always normalised to the value of the density
at the starting point. Furthermore, each data point is weighted according to
number of particles used to measure the corresponding density.

• We estimate the goodness of each fit by computing root mean squared error,
RMSE, defined as:

RMSE =

√∑m
i=1 (ρ̂(ti)− ρ(ti))

2

m− 2
(5.4)

where ρ(ti) is the density estimated from the particles count and m is the
number of data points used in the fit.

• Of all these experiments, we only keep the n obtained from the fit from which
the RMSE is minimised.

The results of applying this procedure to all the particles inside the “solar neigh-
bourhood” sphere is shown in Figure 5.9. The black solid histogram shows the dis-
tribution of n-values for all the particles in our “solar neighbourhood” sphere. The
distribution for those particles associated to ’resolved’ stellar streams is given by
the black dashed histogram, while the grey-dashed one corresponds to the remain-
ing particles. From this figure we can observe that there is a clear offset between
these two distributions. Stellar particles on streams (and thus more likely to be
on regular orbits) tend to have the smallest values of n. Furthermore, their dis-
tribution peaks at a value n = 3, which corresponds to what is expected for the
dependence of their density evolution with time when on regular orbits in a three
dimensional gravitational potential (see, e.g. Helmi & White, 1999; Vogelsberger
et al., 2008). On the contrary, the distribution for the remaining particles clearly
peaks at larger value, namely n = 5.

Note that a fraction of the particles that have not been associated to streams
have values of n ≤ 3. This implies that they are on regular orbits, but that because
of the limited numerical resolution, they are not found in (massive) streams. There
are 162 (out of 1400, 12% of our “solar neighbourhood” sphere) such particles with
this range of n-values. A comparison with particles associated to streams that have
been resolved and which also have n ≤ 3 shows that the latter were released from
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Figure 5.8: Time evolution of the density of streams originating in four different
satellites that contribute, at redshift z = 0, to the solar neighbourhood sphere. The
dashed lines show the power-law fits applied to the particles identified as stream
members, as explained in Section 5.4.2, whereas the dashed-dotted lines corre-
spond to the remaining particles.

their parent satellite, on average, 2 Gyr later and have more outer orbits. The
average apocentric distances for these two subsets are 15 and 22 kpc, respectively.

A fraction of the stellar particles associated to streams have n ≥ 5. These
particles are on chaotic orbits but were released, on average, 4 Gyr later than
other particles with similar n-values which are not part of an identifiable stream.
Stars in (massive) streams on chaotic orbits typically probe farther away from the
halo centre (they have an average apocentric distance of 46 kpc, compared to 16
kpc for the comparison set). These facts explain why, even though their mixing is
chaotic, such particles are still by z = 0 on massive streams: the time elapsed since
their release is shorter and they have a longer orbital period.

5.5 Summary

In this work we have characterised the phase-space distribution as well as the
time evolution of debris for stars found inside “solar neighbourhood” volumes. Our
analysis is based on simulations of the formation of galactic stellar haloes, as de-
scribed by Cooper et al. (2010). The haloes were obtained by combining the very
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Figure 5.9: The black solid histogram shows the distribution of n-values found
for particles in our “solar neighbourhood” spheres. The black (respectively grey)
dashed histogram corresponds to those particles that are (respectively, not) as-
sociated to resolved stellar streams. The vertical line indicates the peak of the
distribution for the particles in such streams, and which is located at n = 3.

high resolution fully cosmological ΛCDM simulations of the Aquarius project with
a semi-analytical model of galaxy formation.

We find that, for haloes Aq-A-2, -C-2 and -D-2, the measured velocity ellipsoid
at 8 kpc on the major axis of the halo is in good agreement with the estimation for
the local Galactic stellar halo (Chiba & Beers, 2000). Similarly, for all haloes but
Aq-B-2, the local stellar halo average density is in reasonable agreement with the
observed value (Fuchs & Jahreiß, 1998). However, we note that if the contribution
of the disc and bulge were to be included, the resulting velocity dispersions as well
as the local stellar halo average density would be significantly increased. This could
suggest that these dark halos are too massive to host the Milky Way (in agreement
with Battaglia et al., 2005; Smith et al., 2007). On the other hand, if located in
a prolate low mass halo such as Aq-B-2, the measured local stellar density would
imply that the Sun should be on the intermediate or minor axis, i.e. the Galactic
disk’s angular momentum would be aligned with the major axis of the dark halo
(Helmi, 2004).

In concordance with previous works, we find that 90% of the stellar mass en-
closed in our “solar neighbourhoods”, comes in all cases, from 3 to 5 significant
contributors. These “solar neighbourhood” volumes contain a large amount of sub-
structure in the form of stellar streams. In the five analysed stellar haloes, sub-
structure can be easily identified as kinematically cold structures, as well as in well
defined lumps of stellar particles in spaces of pseudo-conserved quantities.

In the case of halo Aq-A-2 we find a total of 221 (resolved) stellar streams
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present in the solar sphere, in good agreement with Helmi, White & Springel
(2003). Interestingly, only ∼ 53% of the stellar particles in this volume are as-
sociated to streams; the rest of the particles were not linked to any substructure
by our algorithm and could be smoothly distributed in phase-space. We have quan-
tified the fraction of these “stars” that, due to the limited number of particles in
our simulation, could be associated to unresolved streams. We find such 162 par-
ticles, which corresponds to 12% of those in this volume. This leads us to predict
that roughly 2/3 of all accreted stars near the Sun should be in massive, observable
streams.

The results presented in this work suggest that the phase-space structure in
the vicinity of the Sun should be quite reach in substructures. Recall that our
analysis is based on fully cosmological simulations and therefore chaos and violent
changes in the gravitational potential that are so characteristic of cold dark matter
models, are naturally included. In order to asses how different formation histories
may affect the properties of merger debris, we plan to extend our study to the
remaining Aquarius stellar haloes in the near future.
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Nederlandse Samenvatting

Als je ooit hebt genoten van het staren naar de sterren dan heb je waarschijnlijk
gemerkt dat elk jaar de patronen van de sterren aan de hemel zichzelf herhalen

met een verbazingwekkende precisie. Kijk vanavond naar de hemel en je zult,
aangenomen dat je je niet ergens anders op de wereld bevindt, over ongeveer 365
dagen precies dezelfde sterrenbeelden aan de hemel zien. Dit feit was al in de
oudheid waargenomen. Door verschillende groepen sterren een naam te geven en
hun positie aan de hemel waar te nemen, konden onze voorouders bepalen wanneer
het het juiste seizoen was om te zaaien en te oogsten. Ook hielp (en helpt) het
de zeemannen hun schepen te navigeren midden op zee. Als een gevolg hiervan
hebben wij een statisch beeld gevormd van de verdeling van de sterren aan de
hemel, en zelfs in het hele Heelal. Echter, het Heelal is verre van statisch; de
sterren die we elke dag zien, bewegen ten opzichte van ons met een hele hoge
snelheid, soms zelfs sneller dan de geluidssnelheid hier op aarde. De reden waarom
wij deze bewegingen niet waarnemen is dat deze sterren zo verschrikkelijk ver
weg staan. Het leven van een mens is te kort om met het blote oog hun relatieve
verschuivingen aan de hemel te zien.

Rond 1850 ontdekten astronomen dat sterren niet altijd alleen bewegen, maar
soms ook in groepen. Soms verschijnen deze groepen duidelijk aan de hemel,
meestal echter niet (Figuur 1). Als we dus verschillende leden van zo’n groep
willen onderscheiden van hun naburige sterren, is het nodig om de snelheden te
meten van alle sterren in een specifiek deel van de hemel. De sterren in de bewe-
gende groep zullen alle dezelfde snelheid en bewegingsrichting hebben. Kinema-
tisch samenhangende groepen kunnen voortkomen uit een scala van verschillende
fysische processen. Met name, zoals ik hieronder verder zal uitleggen, de fossiele
overblijfselen van satelliet-stelsels die lang geleden door de Melkweg zijn opgeno-
men, zullen te herkennen zijn als bewegende groepen of stromen. Deze stromen
zijn met name interessant, omdat we door hun eigenschappen te bestuderen meer
leren over hoe de Melkweg is gevormd.

Het huidig populaire kosmologische model dat bekend staat als het "Hiërarchi-
sche paradigma"voorspelt dat sterrenstelsels zoals onze eigen Melkweg worden
gevormd door de samensmelting van kleinere systemen die samenkomen door de
aanhoudende aantrekking van de zwaartekracht. Wanneer een kleiner stelsel (een
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Figuur 1: Boven: De gele punten duiden de posities (i.e. Galactische latitude b
en longitude l) van ongeveer 55.000 sterren aan, zoals die zijn waargenomen met
de astrometrische satelliet Hipparcos. De kleur codering van de punten duiden
sterren aan die leden zijn van verschillende bewegende groepen. De lengte en
richting van de lijnen tonen de verplaatsing van de groepen in de komende 500.000

jaar. Onder: Leden van een groep geplaatst op een kaart van het Galactische gas
en stof (Inter Stellair Medium). Credits: Jos de Bruijne (see de Zeeuw P. T., et al.,
1999, AJ, 117, 354).

satelliet) zich rond de Melkweg beweegt dan kunnen de sterren in dit stelsel sterke
krachten voelen die kunnen leiden tot het los maken van deze sterren. Deze krach-
ten zijn van vergelijkbare oorsprong als de krachten die de getijden veroorzaken,
namelijk de gravitationele aantrekkingskracht van de Aarde en de Maan. De getijde
kracht die een satelliet-stelsel ondergaat terwijl hij samensmelt met de Melkweg
zal zijn vorm verstoren en uiteindelijk leiden tot twee uitgestrekte structuren die
bekend staan als getijdestromen of stellaire stromen (Figuur 2). De sterren in de
stroom zullen voornamelijk op dezelfde baan bewegen als de baan van de oorspron-
kelijke satelliet. Met het verstrijken van de tijd worden de stromen verder uitgerekt
en kunnen ze elkaar zelfs kruisen.

Als het hiërarchische paradigma correct is dan moet de Melkweg zijn samenge-
smolten met meerdere satellieten gedurende zijn evolutie, waarvan elke van deze
satellieten meerdere stellaire stromen achter laat. Omdat elke samengesmolten
satelliet zijn eigen karakteristieke baan heeft, kan de superpositie van al dit puin
een sferische component creëren. Daarom wordt verondersteld dat de stellaire
halo van de Melkweg, en ook de dikke schijf, reservoirs zijn van overgebleven puin
van samengesmolten satellieten. Met name een volume rond de Zon zou door vele
honderden van deze stellaire stromen, fossielen van de verstoorde satellieten, moe-
ten worden doorkruist. De kwantificatie en karakterisatie van deze stromen in de
buurt van de Zon zullen zodoende cruciale tests leveren voor dit paradigma. Bo-
vendien zullen deze tests de mogelijkheid geven om de formatie geschiedenis van
onze Melkweg te bestuderen.
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Figuur 2: Linker paneel: Beeld van een stellaire getijde-stroom rond het spiraal
stelsel NGC 5907 waargenomen met een amateur robot telescoop in de bergen van
New Mexico Credit: R. Jay Gabany. Rechter paneel: Artistieke impressie van de
satelliet stelsels die samensmelten en worden verstoord door de Melkweg. Credit:
Steven R. Majewski.

Echter, de identificatie van deze dichtbij staande stellaire stromen kan erg las-
tig zijn. Dit komt doordat de sterren in een stroom met de tijd langzaam van elkaar
weg drijven, waardoor de stroom breder wordt en uiteindelijk te verspreid raakt
om nog te worden herkend in de fysische ruimte. Niettemin kan dit probleem wor-
den vermeden als men de snelheden van deze sterren kent. De basis van dit idee
kan simpel worden uitgelegd met de volgende analogie: Laat ons een voorstelling
maken van een race die plaatsvindt op een gesloten circuit. Wanneer de race start
staan alle renners samen aan de start en bezetten maar een klein deel van het cir-
cuit. Een snapshot even later genomen zou genoeg zijn om te bepalen wie leidt en
wie achter op loopt. Met het verstrijken van de tijd strekt de groep renners zich
steeds verder uit over het circuit en uiteindelijk, door hun verschillende snelheden,
zullen de snelste renners de langzaamste inhalen. Tijdens de race kan dit meerdere
malen voorkomen en als een gevolg daarvan zullen we op een specifiek gedeelte
van het circuit renners hebben die een verschillend aantal rondes hebben afgelegd.
Hoe kunnen we de leiders onderscheiden van de renners in de staart? Eén moge-
lijkheid is om hun snelheden te meten. Ondanks dat alle renners heel goed zijn
"gemengdïn de ruimte zullen de renners die voor de leiding vechten opvallen door
hun hoge snelheden vergeleken met de langzamere renners achterin.

Hetzelfde basis principe kan worden toegepast om stellaire stromen die van één
samengesmolten satelliet komen te herkennen. Sterren van één gegeven stroom
worden verwacht te groeperen in de snelheidsruimte. De verschillende stelsels
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waarmee onze Melkweg waarschijnlijk is samengesmolten zullen alle stellaire stro-
men creëren maar op een variéteit van verschillende banen. Daarom is het on-
ontbeerlijk om grote catalogi van sterren te hebben die niet alleen de posities aan
de hemel van de sterren bevatten maar ook hun snelheden, zodat de verschillende
stromen kunnen worden onderscheiden. Dit is met name belangrijk voor de meest
oude stromen, waarvan wordt verwacht dat ze volledig zijn gemixt in de ruimte.
Echter, het verkrijgen van precieze stellaire snelheden is een grote technische uit-
daging en enkel heden ten dage komen zulke grote catalogi beschikbaar. Bijzonder
belangrijk in deze ontwikkeling zal de in 2012 geplande lancering zijn van een
astrometrische satelliet Gaia van het European Space Agency. Deze satelliet zal de
posities en snelheden van één miljard sterren in de Melkweg met een ongekende
precisie meten. Dankzij deze satelliet zullen we voor de eerste keer genoeg in-
formatie hebben om te proberen vast te leggen hoe de Melkweg is samen-gesteld.
Daarom is het nu de tijd om methodes te ontwikkelen (en bestaande te verbeteren)
die het puin van historische samensmeltingen kunnen identificeren. Daarbij is het
ook van belang robuuste voorspellingen te doen die kunnen worden vergeleken met
de komende data.

In dit proefschrift hebben we gebruik gemaakt van numerieke en analytische
methodes om de dynamische kenmerken en de tijdsevolutie van het puin dat komt
van de verschillende van samensmeltingen, te karakteriseren. Een groot deel van
dit proefschrift is gebaseerd op de analyse van numerieke simulaties waarmee het
mogelijk is om de formatie van stellaire halo’s te modelleren. Dankzij het gebruik
van simulaties met verschillende niveaus van complexiteit hebben we de invloed
van verschillende fysische mechanismen op de uiteindelijke verdeling van het puin
in relatief kleine ruimtes, zoals de omgeving van onze Zon, kunnen karakteriseren.
We hebben ook nieuwe methodes en technieken ontwikkeld om fossiele signaturen
van satellieten die zeer lang geleden zijn samengesmolten en verstoord te identifi-
ceren en karakteriseren.

Numerieke N -body simulaties zijn een zeer veel gebruikt en krachtig stuk ge-
reedschap in de moderne sterrenkunde en met name in de bestudering van de
dynamica van sterrenstelsels. Een N -body simulatie is een computer-simulatie van
een dynamisch systeem van deeltjes die evolueren onder de invloed van de fysi-
sche krachten zoals zwaartekracht. Echter, in hoeverre een N -body kan worden
gezien als een waarheidsgetrouwe representatie van een dynamisch systeem is al
jaren een onderwerp van discussie. Voorgaande studies hebben gesuggereerd dat
N -body simulaties inherent chaotisch zijn. Wat bedoelen we met de term chaos?
Wanneer een zeer kleine verandering in de positie en/of de snelheid van een deel-
tje leidt tot een zeer grote verandering in zijn baan wordt het deeltje verondersteld
chaotisch te zijn. Eén van de gevolgen van dit gedrag is een zeer snelle exponen-
tiële divergentie in de (fase) ruimte van deeltjes die oorspronkelijk zeer dicht bij
elkaar waren. Verrassend genoeg liet deze divergentie zich al binnen zeer korte
tijd zien, zelfs in systemen waarvan bekend is dat ze niet chaotisch zijn (i.e. inte-
greerbare systemen), onafhankelijk van de nauwkeurigheid waarmee de simulatie
is opgezet. In Hoofdstuk 2 van dit proefschrift laten we analytisch zien dat on-
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Figuur 3: Twee voorbeelden van Melkweg-achtige stellaire halo’s verkregen door
een kosmologische simulatie. De gekleurde punten stellen de distributie van de
aangegroeide sterren in de halo van elk stelsel voor. In beide voorbeelden zien
we een grote hoeveelheid aan stellaire stromen , de signaturen van oude zowel als
huidige samensmeltingen. Credit: Andrew Cooper en de Aquarius groep, Cooper
A. P., et al., 2010, MNRAS, 406, 744.

der bepaalde omstandigheden deeltjes, die oorspronkelijk zeer dicht bij elkaar zijn,
zelfs in niet chaotische dynamische systemen zeer snel kunnen beginnen te diver-
geren. Deze initiële overgang reflecteert een langzamere exponentïle divergentie
(zoals verwacht in niet-chaotische potentialen) gemoduleerd met de vorm van een
baan in de faseruimte. Daarom is een initiële extreem snelle divergentie van nabij-
gelegen banen niet noodzakelijk een manifestatie van chaos.

Zoals al eerder vermeld komt binnenkort met de komst van Gaia een zeer grote
en exacte catalogus van stellaire posities en snelheden beschikbaar. Het is daarom
logisch om ons af te vragen wat de beste manier is om samensmeltingspuin te ont-
dekken. De exacte vraag om te beantwoorden is eigenlijk wat de beste ruimte is
om naar stellaire stromen te zoeken, als ons doel is te ontdekken hoe de Melk-
weg is samengesteld. Om deze vraag te beantwoorden hebben we in Hoofdstuk 3
de evolutie van satelliet puin bestudeerd met behulp van N -body simulaties. Hier
vonden we dat baan-frequenties, i.e. de inversie van de tijd die het een ster kost
om één keer zijn baan af te leggen, een zeer passende ruimte voor deze taak de-
finiëren. In deze ruimte, vormen de deeltjes afkomstig van één satelliet die zich
nu in één specifiek deel van de Melkweg bevinden, zoals in de buurt van de Zon,
zeer duidelijk gedefiniëerde groepen, waarvan elke groep wordt geassocieerd met
een verschillende stroom. We vinden ook dat in deze ruimte de afstand tussen de
stromen van één satelliet kan worden gebruikt om de tijd te schatten waarop de
satelliet volledig werd verstoord door de Melkweg.

In Hoofdstuk 4 hebben we de kenmerken van het samensmeltingspuin, zoals dat
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binnenkort kan worden waargenomen door ESA’s Gaia missie, bestudeerd. Voor dit
doel hebben we de formatie van een Galactische stellaire halo, door het samen-
smelten van satelliet stelsels met een model van de Melkweg, gevolgd. Dit model is
relatief simpel omdat het de evolutie van de massa-distributie van de Melkweg (zo-
als kosmologisch verwacht) op een geïdealiseerde (analytische) manier meeneemt.
Door deze studie zijn we erachter gekomen dat- , zelfs na het meenemen van de
verwachte fouten die door Gaia worden geïntroduceerd op de posities en snelhe-
den van de sterren, een zeer grote hoeveelheid stellaire stromen kunnen worden
geïdentificeerd in de buurt van de Zon. Voor ons was het mogelijk om grofweg
50 procent van de verschillende satellieten die sterren hebben bijgedragen in de
“buurt van de Zon” te isoleren. Tevens was het voor 30 procent van hen mogelijk
om een schatting te maken van de tijd waarop ze volledig werden verstoord.

Tot slot hebben we in Hoofdstuk 5 een stel zeer krachtige en meer realistische
simulaties van het vormen van de Melkweg gebruikt om de uiteindelijke distributie
van aangegroeide sterren in de buurt van de Zon te bestuderen. Deze simulaties,
die de naam "kosmologisch"dragen, beginnen met de omstandigheden zoals die
waren kort na de geboorte van het Universum. Na het monsteren van de massa
distributie in een klein gebied van het Universum in deze vroege tijden met mil-
jarden deeltjes, evolueren deze simulaties zelf consistent en uitsluitend onder de
invloed van de zwaartekracht, tot de huidige tijd. Als een gevolg hiervan bevat de
uiteindelijke simulatie objecten die vergelijkbaar zijn in massa met onze Melkweg
en die tot in detail kunnen worden bestudeerd (Figuur 3). Deze simulaties modelle-
ren niet alle fysische processen die leiden tot de formatie van galactische objecten
(Dit gaat verder dan de huidige computers aankunnen), maar niettemin zijn ze erg
geschikt om de dynamica van aangroei en samensmeltingen van een systeem zoals
de Melkweg te bestuderen. We vinden dat zelfs in deze meer realistische simula-
ties de distributie van aangegroeide halo sterren zeer rijk is aan substructuur in
de vorm van stromen. Door de de hoeveelheid stromen in één van onze "Zonsbuur-
ten"te kwantificeren konden we voorspellen dat 2/3 van de aangegroeide sterren
nabij onze Zon zich zou moeten bevinden in waarneembare stromen.



Resumen en Castellano

Si alguna vez disfrutaste de observar las estrellas, muy probablemente habrás
notado que su configuración en el cielo se repite año tras año con asombrosa

precisión. Observa el cielo esta noche y, asumiendo que no viajes a otro lugar del
mundo, aproximadamente 365 días más tarde encontrarás en el cielo nocturno las
mismas constelaciones que observaste hoy.

Esto fue notado también por antiguas civilizaciones. Nombrando grupos de es-
trellas y observando sus posiciones en la esfera celeste a lo largo del año, nuestros
ancestros podían decidir cuándo plantar y cosechar sus siembras. También ayu-
dó a los primeros marineros (y lo sigue haciendo) a orientar sus naves cuando se
aventuraban en los mares. Por esta razón, usualmente tendemos a pensar que la
distribución de estrellas en el cielo y más aún el Universo son estáticos. Sin embar-
go, el Universo esta lejos de ser estático. Esas estrellas que observamos cada día se
mueven con respecto a nosotros a grandes velocidades, incluso a veces a velocida-
des mayores que la del sonido en la tierra. La razón por la cual no percibimos sus
movimientos es que se encuentran a distancias extremadamente grandes. La vida
de un ser humano es demasiado corta para que podamos observar, a ojo desnudo,
sus movimientos relativos en el cielo.

Alrededor del año 1850, astrónomos descubrieron que las estrellas no siem-
pre se mueven solas, sino que en algunos casos, lo hacen en grupos. A veces las
estrellas de estos grupos se encuentran acumuladas en una pequeña región del
cielo, pero esto no es lo que comúnmente sucede (Figura 1). Por lo tanto, para dis-
tinguir los miembros de un grupo del resto de las estrellas vecinas, necesitamos
medir las velocidades de todas las estrellas que se encuentran en un determinado
sector del cielo. Aquellas que pertenezcan a un grupo en movimiento compartirán
velocidades y direcciones de movimiento muy similares. Grupos cinemáticos cohe-
rentes pueden generarse debido a diferentes procesos físicos. En particular, como
explicaré detalladamente más adelante, los remanentes fósiles de galaxias satélites
que fueron fusionadas con la Vía Láctea mucho tiempo atrás se manifiestan como
grupos en movimiento o corrientes estelares. Estas corrientes de estrellas son par-
ticularmente interesantes debido a que, mediante el estudio de sus propiedades
podemos aprender acerca de la historia de la formación de la Galaxia.

El modelo cosmológico actualmente más aceptado, conocido como paradigma
jerárquico, predice que galaxias como la Vía Láctea se forman debido a la fusión y
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Figura 1: Panel superior: Los puntos amarillos indican las posiciones en el cie-
lo (más precisamente la latitud b y la longitud l Galáctica) de aproximadamente
55.000 estrellas observadas por el satélite astrométrico Hypparcos. Los puntos con
colores distintos indican las estrellas que están asociadas a diferentes grupos en
movimiento. El tamaño y la dirección de los vectores muestran el desplazamien-
to de los miembros de cada grupo en los próximos 500.000 años. Panel inferior:
Miembros de los grupos en movimientos superpuestos a un mapa de gas y polvo en
la Galaxia (medio interestelar). Créditos: Jos de Bruijne (ver de Zeeuw P. T., et al.,
1999, AJ, 117, 354).

acreción de objetos más pequeños que son atraídos mutuamente gracias a su inter-
acción gravitatoria. Cuando una galaxia más pequeña se desplaza alrededor de la
Vía Láctea, sus estrellas pueden experimentar grandes fuerzas que pueden acabar
desprendiéndolas de la misma. La naturaleza de estas fuerzas es similar a la de las
que causan las mareas en la tierra, las cuales se deben a la atracción gravitatoria
ejercida por la Luna y el Sol en nuestro planeta. Las fuerzas de marea que una ga-
laxia satélite experimenta al ser fusionada con la Vía Láctea distorsionan su forma
y eventualmente conllevan a la formación de dos estructuras extendidas, conocidas
como corrientes de estrellas (Figura 2). Las estrellas de una corriente típicamente
se desplazan en una trayectoria (u órbita) similar a la del satélite progenitor. A me-
dida que el tiempo transcurre, las corrientes se vuelven cada vez más elongadas e
incluso pueden llegar a cruzarse entre ellas en el espacio.

Si el paradigma jerárquico es correcto, la Vía Láctea debería haberse fusionado
con múltiples satélites a lo largo de su evolución, cada uno de ellos dejando detrás
varias corrientes estelares. Debido a que cada galaxia satélite que fue fusionada
tenía su órbita característica, la superposición de todos los restos puede producir
como resultado una estructura de forma esferoidal, conocida como halo Galáctico.
Es por esto que se cree que no sólo el halo de la Galaxia, sino también una segunda
componente conocida como disco grueso, son repositorios de restos de galaxias
que han sido fusionadas. En particular, la vecindad Solar (un volumen centrado en
el Sol) debería estar atravesada por cientos de corrientes estelares, fósiles de estas
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Figura 2: Panel izquierdo: Imágen de una corriente estelar circundando la galaxia
NGC 5907. La imágen fue obtenida con un telescopio robótico amateur en las mon-
tañas de Nueva México. Créditos: R. Jay Gabany. Panel derecho: Impresión artística
de un grupo de galaxias satélites siendo destruidas y fusionadas con la Vía Láctea.
Creditos: Steven R. Majewski.

galaxias destruidas tiempo atrás. Cuantificar y caracterizar las corrientes estelares
en la vecindad Solar es por lo tanto una prueba crucial para este paradigma la cual,
más aún, nos permitiría estudiar la historia de formación de nuestra Galaxia.

Sin embargo, la identificación de corrientes estelares cercanas puede resultar
una tarea complicada. Esto se debe a que, a medida que pasa el tiempo, las estrellas
de una corriente se van lentamente separando unas de otras. Consecuentemente,
la corriente se extiende y ensancha; eventualmente se torna muy difusa para po-
der ser observada en el espacio. No obstante, el problema puede ser sorteado si
se conocen las velocidades de las estrellas. La idea básica puede ser explicada
simplemente gracias a la siguiente analogía. Imaginemos una carrera que se lle-
va a cabo en un circuito cerrado: en el momento en el que ésta comienza, todos
lo corredores se encuentran agrupados en una pequeña fracción del circuito. Una
foto instantánea tomada unos segundos más tarde alcanzaría para decidir quiénes
están al frente y quiénes están quedando retrasados en la competición. A medida
que el tiempo pasa, debido a las pequeñas diferencias en sus velocidades, el grupo
de corredores se irá dispersando a lo largo del circuito y eventualmente los co-
rredores más rápidos pasarán a los más lentos. Durante la carrera esto ocurrirá
en varias ocasiones, y por lo tanto en una pequeña fracción del circuito encon-
traremos corredores que han completado un número distinto de vueltas. ¿Cómo
podemos distinguir a los líderes de la competición de aquellos que se encuentran
en las últimas posiciones? Una posibilidad es medir sus velocidades. Aunque todos
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los corredores se encuentran bien “mezclados” espacialmente, los competidores
peleando por la punta sobresaldrán como un grupo con alta velocidad con respecto
a sus compañeros más lentos.

La misma idea básica puede ser utilizada para identificar las corrientes de estre-
llas originadas en un mismo satélite progenitor. Las estrellas de una dada corriente
deberían encontrarse agrupadas en el espacio de velocidades. Cada uno de los sis-
temas que probablemente se haya fusionado con nuestra Galaxia contribuirá con
corrientes estelares, pero éstos lo harán en una variedad de órbitas distintas. Por
lo tanto, para desenmarañar las múltiples corrientes estelares es indispensable te-
ner grandes catálogos estelares, no sólo con posiciones en el cielo, sino también
con velocidades. Esto cobra particular importancia en el caso de las más antiguas
corrientes que presumiblemente se encuentran fuertemente mezcladas en el es-
pacio. Sin embargo, obtener mediciones precisas de velocidades estelares es algo
técnicamente desafiante y recién ahora estos estos catálogos se están volviendo
disponibles. En particular, la Agencia Espacial Europea (ESA) ha programado para
el año 2012 el lanzamiento del satélite astrométrico Gaia, el cual medirá posicio-
nes y velocidades de un billón de estrellas en la Galaxia con una precisión sin
precedentes. Gracias a este satélite tendremos por primera vez suficiente informa-
ción cómo para poder intentar descifrar como la Galaxia fue ensamblada. Es por
lo tanto oportuno desarrollar técnicas (y mejorar las ya existentes) para identificar
antiguos restos de galaxias fusionadas, así como para hacer robustas predicciones
a los efectos de contrastar con estos próximos datos.

En esta tesis hemos utilizado técnicas numéricas y analíticas para caracterizar
las improntas dinámicas, así como la evolución temporal de restos asociados a pro-
cesos de fusiones en la Galaxia. Una gran parte de esta tesis se ha basado en el
análisis de simulaciones numéricas que nos han permitido modelar la formación de
halos galácticos. Gracias al uso de simulaciones con diferentes niveles de sofistica-
ción hemos podido caracterizar el impacto que distintos procesos físicos tienen en
la distribución final de los ya mencionados restos en regiones relativamente peque-
ñas de la Galaxia, como por ejemplo la vecindad Solar. También hemos desarrollado
nuevos métodos y técnicas para identificar y caracterizar las improntas fósiles de-
jadas por galaxias destruidas y fusionadas con la Vía Láctea mucho tiempo atrás.

Las simulaciones numéricas de N -cuerpos son herramientas muy poderosas y
comúnmente utilizadas en la astronomía moderna, especialmente en el área de di-
námica de galaxias. Una simulación de N -cuerpos es un modelo computacional de
un sistema dinámico de partículas que evoluciona bajo la influencia de fuerzas ta-
les como la gravedad. Sin embargo, hasta qué punto una simulación de N -cuerpos
puede ser considerada una fiel representación de un sistema dinámico ha sido de-
batido por mucho tiempo. Previos estudios han sugerido que las simulaciones de
N -cuerpos son inherentemente caóticas. ¿A qué nos referimos con el término caos?
Cuando un pequeño cambio en la posición y/o velocidad de una partícula genera
un gran cambio en la trayectoria de la misma, el comportamiento de la partícula
se denomina caótico. Una de las manifestaciones de este comportamiento es una
evolución exponencial muy rápida en la separación de partículas (divergencia) que



Resumen en castellano 141

Figura 3: Dos ejemplos de halos estelares similares al de la Vía Láctea, obtenidos
mediante una simulación cosmológica. Los puntos con distintos colores represen-
tan estrellas en los halos de cada galaxia que provienen de galaxias fusionadas.
En ambos ejemplos es posible observar una gran cantidad de corrientes estela-
res, remanentes fósiles de antiguos y actuales eventos de fusión. Créditos: Andrew
Cooper y la colaboración, Aquarius, Cooper A. P., et al., 2010, MNRAS, 406, 744.

inicialmente se encuentran muy cercanas en el espacio (de las fases). Sorpresiva-
mente esta divergencia también fue observada en sistemas dinámicos que es sabido
no son caóticos, sin importar cuán cuidadosamente la simulación fue preparada. En
el Capítulo 2 de esta tesis mostramos analíticamente que bajo ciertas condiciones,
incluso en sistemas no caóticos, partículas que inicialmente se encuentran muy
cercanas pueden comenzar a divergir muy rápidamente. Este período transitorio
inicial refleja una divergencia mas lenta, dada por una ley de potencias (como es
de esperarse en sistemas no caóticos), modulada por la forma de la órbita en el
espacio de las fases. Por lo tanto, la extremadamente rápida divergencia inicial de
partículas cercanas no implica inevitablemente una manifestación de caos.

Como fue mencionado anteriormente, gracias a la llegada del satélite astromé
trico Gaia, grandes y muy precisos catálogos con posiciones y velocidades de es-
trellas estarán disponibles en un corto plazo. Por lo tanto, es natural preguntarse
cual es la manera óptima de descubrir los remanentes de galaxias previamente
destruidas y fusionadas. Más precisamente, la pregunta que queremos responder
es: ¿Qué grupo de variables constituye el mejor espacio para buscar por corrien-
tes estelares si nuestra meta es descifrar cómo la Galaxia fue ensamblada? Como
resultado encontramos, en el Capítulo 3, que las frecuencias orbitales, es decir la
inversa del tiempo que a una estrella le lleva completar una revolución en su órbita,
definen un espacio muy adecuado para llevar a cabo esta tarea. En este espacio,
las partículas que han sido desprendidas de una misma galaxia satélite y que están
localizadas en un dada región de la Galaxia, como por ejemplo la vecindad Solar,
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se distribuyen en grupos bien definidos, cada uno asociado a una distinta corriente
estelar. Como nota interesante, encontramos que en este espacio la separación que
se observa entre corrientes estelares puede ser utilizada para estimar cuándo la
galaxia satélite fue completamente destruida por la Vía Láctea.

En el Capítulo 4 estudiamos las características de los remanentes de galaxias
destruidas depositados en la vecindad del Sol como serian observados durante la
futura misión de la ESA, Gaia. Con este propósito, simulamos la formación del halo
Galáctico a través de la fusión de galaxias satélites en un modelo de la Vía Lác-
tea. Nuestro modelo de la Galaxia es relativamente simple ya que, aunque tiene
en cuenta cómo su distribución de masa evoluciona en el tiempo (como es espe-
rado cosmológicamente), lo hace en una manera idealizada (en forma analítica).
Los resultados de este estudio indican que incluso luego de tomar en cuenta los
errores que Gaia introducirá al medir las posiciones y velocidades de las estrellas,
una gran cantidad de corrientes estelares pueden ser identificadas en la vecindad
Solar. De todos los satélites que contribuyeron con estrellas a nuestra vecindad So-
lar simulada, hemos podido satisfactoriamente aislar aproximadamente el 50 % de
ellos. Más aún, para un 30 % de estos satélites hemos podido estimar el tiempo en
el que fueron completamente destruidos.

Finalmente, en el Capítulo 5 usamos un conjunto de simulaciones más pode-
rosas y realísticas de la formación de la Vía Láctea para estudiar la distribución
de estrellas en la vecindad del Sol provenientes de galaxias satélites fusionadas.
Estas simulaciones, llamadas “cosmológicas”, son iniciadas con las condiciones fí-
sicas presentes en el Universo unos instantes después de su nacimiento. Luego de
muestrear con billones de partículas la distribución de masa en una pequeña región
del Universo en estas tempranas épocas, las simulaciones se dejan evolucionar au-
toconsistentemente bajo la influencia de la gravedad hasta la época actual. Como
resultado de estas simulaciones, obtenemos objetos que tienen masas similares a
la de nuestra Galaxia y que pueden ser estudiados en gran detalle (Figura ??).
Aunque en dichas simulaciones no se modelan todos los mecanismos físicos in-
volucrados en la formación de una galaxia (esto se encuentra mas allá de lo que
actualmente los recursos computacionales nos permiten), son muy adecuadas para
estudiar los procesos dinámicos involucrados en la acreción y fusión de galaxias.
Analizando estas simulaciones más realísticas encontramos que la distribución de
estrellas desprendidas de galaxias satélites es rica en subestructura, en la forma
de corrientes estelares. Mediante la cuantificación de estas corrientes en una de
nuestras simulaciones hemos predicho que 2/3 de las estrellas en la vecindad Solar
deberían estar distribuidas en corrientes estelares observables.



Summary

If you ever enjoyed star gazing, you have most likely realised that year after year
the configuration of the stars on the sky repeats itself with astonishing precision.

Look at the sky tonight and, assuming you have not moved to a different location
in the world, you will find depicted in approximately 365 days from now the same
stellar constellations. This was also noticed by ancient civilisations. By naming
groups of stars and watching their location in the celestial sphere through the
year, our ancestors were able to decide when to plant and to harvest their crops
according to the changing seasons. It also helped early sailors (and still does) to
navigate their ships when venturing out into the sea. As a consequence, we tend
to think that the distribution of stars on the sky or, even more, the Universe is
somehow static. However, the Universe is far from being static; those stars that
we observe everyday are moving at high velocities with respect to us, sometimes
even faster than the speed of sound on the earth. The reason we do not perceive
their motion is that they are located at extremely large distances. The life-span of a
human being is too short to observe with the naked eye their relative displacements
on the sky.

Back in the 1850s, astronomers discovered that stars do not always move alone
but in some cases they do so in groups. Sometimes these groups appear clus-
tered on the sky however, more often, they do not (Figure 1). This implies that to
distinguish members from neighbouring field stars it is necessary to measure the
velocities of all the stars in a given patch of the sky. The stars in the moving group
will all be sharing the same speed and direction of motion. Kinematically coherent
groups can arise from a variety of different physical processes. In particular, and
as I will explain further below, the fossil remnants of satellite galaxies accreted by
our own Milky Way long time ago will manifest as moving groups or streams. These
streams are particularly interesting because by studying their properties we learn
about the formation history of the Galaxy.

In the currently popular cosmological model, known as the “hierarchical
paradigm”, galaxies as our own Milky Way are predicted to have formed through
the accretion and merger of smaller systems that came together due to the relent-
less pull of gravity. When a smaller galaxy (a satellite) moves around the Milky Way,
its stars can experience strong forces that may lead to them being released. These
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Figure 1: Top panel: The yellow dots indicate the postions on the sky (i.e., Galactic
latitude b and longitude l) of approximately 55, 000 stars as observed with the astro-
metric satellite Hipparcos. The colour coded dots indicate stars that are members
of different moving groups. The size and the direction of the lines indicate the dis-
placement of the group members in the next 500, 000 years. Bottom panel: Moving
group members superimposed to a map of the Galactic gas and dust (interstellar
medium). Credits: Jos de Bruijne (see de Zeeuw P. T., et al., 1999, AJ, 117, 354).

forces are similar in nature to those causing the sea tides on the Earth, which are
due to the gravitational pull of the Moon and the Sun. The tidal force that a satel-
lite galaxy experiences while been accreted by the Milky Way will distort its shape
and, eventually, leads to the formation of two extended structures known as tidal
tails or stellar streams (Figure 2). The stream stars will typically move on a similar
trajectory (or orbit) to that of the satellite progenitor. As time goes by, streams
become more elongated and can even cross eachother in space.

If the hierarchical paradigm is correct, the Milky Way should have accreted
multiple satellites along its evolution, each of them leaving behind several stellar
streams. Since each accreted satellite galaxy has it own characteristic orbit, the
superposition of all this debris may give rise to a spheroidal component. This is why
the stellar halo of the Galaxy, but also its thick disc are believed to be repositories
of merger debris. In particular, the Solar vicinity (a volume centred on the Sun)
should be crossed by hundreds stellar streams, fossils of these disrupted satellites.
The quantification and characterisation of streams in the Solar neighbourhood are
therefore crucial tests of this paradigm, which moreover would allow us to study
the formation history of our Galaxy.

However, the identification of these nearby stellar streams can be a difficult
task. This is because stars in a stream slow drift away from each other as time
goes by, making the stream broader and eventually too diffuse in physical space
to be distinguishable. Nonetheless, this problem can be circumvented if the ve-
locities of the stars are known. The basic idea can be simply explained with the
following analogy: Let us imagine a race taking place in a closed circuit. At the
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Figure 2: Left panel: Image of a stellar tidal stream surrounding the spiral galaxy
NGC 5907 obtained with an amateur robotic telescope in the mountains of New
Mexico. Credit: R. Jay Gabany. Rigth panel: Artistic impression of satellite galaxies
being accreted and disrupted by the gravitational interaction with the Milky Way.
Credit: Steven R. Majewski.

time the race starts, all the runners are clustered and occupy a small fraction of
the circuit. A later snapshot would be enough to tell who is leading or lagging be-
hind. As time goes by, the clump of runners will stretch out along the circuit and
eventually, thanks to their slightly different velocities, the fastest will overtake the
slowest runners. During the race this may happen on many occassions and, as a
consequence, in a small fraction of the circuit we will have runners that will have
completed different numbers of laps. How can we distinguish the leaders from
those in the tail? One possibility is by measuring their velocities. Although all the
runners are very well “mixed” in space, the runners fighting for the lead will stand
out as a group with high velocities with respect to the slowest fellow competitors.

The same basic idea can be applied to identify stellar streams originated in a
single accreted satellite. Stars on a given stream are expected to clump in velocity
space. The various systems that our Galaxy has likely accreted will each contribute
streams of stars but on a variety of different orbits. Therefore to disentangle mul-
tiple streams, it becomes indispensable to have large stellar catalogues not only
with positions on the sky but also with velocities. This is especially important for
the most ancient stellar streams that are expected to be strongly mixed in space.
However, obtaining accurate measurements of stellar velocities is technically very
challenging and it is only now that these catalogues are becoming available. In
particular, the European Space Agency has scheduled for 2012 the launch of the
astrometric satellite Gaia, which will measure the positions and velocities of one
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billion of stars in the Galaxy with unprecedented accuracy. Thanks to this satellite
we will have for the first time enough data to attempt to unveil the assembly of the
Milky Way. It is therefore timely to develop (and to improve existing) techniques to
identify debris from ancient accretion events as well as to make robust predictions
to confront with these forthcoming data.

In this thesis we have made use of numerical and analytical methods to char-
acterise the dynamical signatures as well as the time evolution of the debris as-
sociated with accretion events. A large fraction of this thesis has been based on
the analysis of numerical simulations that allowed us to model the formation of
galactic stellar haloes. Thanks to the use of simulations at different levels of so-
phistication, we have characterised the impact of different physical mechanisms
on the final distribution of debris in relatively small regions of the Galaxy, such as
the neighbourhood of the Sun. We have also developed new methods and tech-
niques to identify and characterise fossil signatures of satellite galaxies accreted
and disrupted long time ago.

Numerical N -body simulations are a very commonly used and powerful tool in
modern astronomy, and especially in galactic dynamics. An N -body simulation is a
computer model of a dynamical system of particles evolving under the influence of
physical forces, such as gravity. However, to what extent an N -body simulation may
be considered a faithful representation of a dynamical system has been subject to
debate for a long time. Previous studies have suggested that N -body simulations
are inherently “chaotic”. What do we mean with the term chaos? When a very small
change in the position and/or velocity of a particle leads to a very large change in
its trajectory, the behaviour of the particle is denominated “chaotic”. One of the
manifestations of this behaviour is a very rapid exponential divergence of initially
nearby particles in (phase) space. Surprisingly, this divergence was found to man-
ifest itself on very short timescales even in simulations of dynamical systems that
are known to be non-chaotic (i.e. integrable systems), no matter how carefully the
simulations were set up. In Chapter 2 of this thesis we showed analytically that, un-
der certain conditions, initially nearby particles can begin to diverge very fast even
in non-chaotic dynamical systems. This initial transient reflects a slower power-law
divergence (as expected in non-chaotic potentials) modulated by the shape of an
orbit in phase-space. Therefore, the initial extremely rapid divergence of nearby
orbits does not inevitably imply a manifestation of chaos.

As mentioned before, with the arrival of the astrometric satellite Gaia, very
large and accurate stellar catalogues with positions and velocities will soon become
available. Therefore it is natural to ask what is the optimal way to discover merger
debris. More precisely, the question we need to address is what is the best space to
look for stellar streams if our goal is to disentangle how the Galaxy was assembled.
To address this question, in Chapter 3 we studied the evolution of satellite debris
using N -body simulations. As a result, we found that orbital frequencies, i.e. the
inverse of the time that a star takes to complete a revolution in its orbit, define
a very suitable space for this task. In this space, the particles stripped from a
common satellite galaxy that are now located in a given region of the Galaxy, such
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Figure 3: Two examples of Milky Way-like stellar haloes obtained in a cosmological
simulation. The color coded dots represent the distribution of accreted stars in the
halo of each galaxy. In both examples a large amount of stellar streams, signatures
of ancient as well as ongoing accretion events, can be observed. Credit: Andrew
Cooper and the Aquarius collaboration, Cooper A. P., et al., 2010, MNRAS, 406,
744.

as the Solar neighbourhood, are found to populate well-defined lumps, each of them
associated with a different stream. Interestingly, we found that in this space the
separation between streams of a satellite can be used to obtain an estimate of the
time at which the satellite galaxy got fully disrupted by the Milky Way.

In Chapter 4 we studied the characteristics of merger debris in the Solar neigh-
bourhood as may be observed by ESA’s Gaia mission in the near future. For this
purpose we followed the formation of the Galactic stellar halo via the accretion of
satellite galaxies onto a model of the Milky Way. This model is relatively simple,
since although it does take into account the changes in the mass distribution of
the Galaxy with time (as expected cosmologically), it does so in an idealized (an-
alytic) way. As a result of this study we found that, even after accounting for the
expected errors that Gaia will introduce on the measurements of the positions and
velocities of the stars, a very large amount of stellar streams can be identified in
the neighbourhood of the Sun. We were able to successfully isolate roughly 50 per
cent of the different satellites that contributed with stars to the simulated “Solar
neighbourhood”. Furthermore, we were able to estimate the time since disruption
of approximately 30 per cent of them.

Finally, in Chapter 5 we used a set of very powerful and more realistic simula-
tions of the formation of the Milky Way to study the final distribution of accreted
halo stars in the neighbourhood of the Sun. These simulations, termed “cosmolog-
ical”, begin with the conditions present just slightly after the birth of the Universe.
After sampling the mass distribution of a small region of the Universe at these



148 Summary

very early times with billions of particles, these simulations were left to evolve self-
consistently under the influence of gravity until the present epoch. As a result,
the final output contains objects that are similar in mass to our Galaxy and which
can be studied in great detail (Figure 3). These simulations do not model all the
physical processes that lead to the formation of galactic objects (this is beyond the
currently available computational resources), but nonetheless they are very suit-
able to understand the dynamics of accretion and mergers onto a system like the
Milky Way. We have found that even in these more realistic simulations, the distri-
bution of accreted halo stars is very rich in substructure in the form of streams. By
quantifying the amount of streams in one of our simulated solar neighbourhoods
we were able to predict that 2/3 of the accreted halo stars near the Sun should be
distributed in observable streams.
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