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4

Kac-Moody algebras

A Kac-Moody algebra is a Lie algebra whose Cartan matrix A is generalized. That
is, A is not necessarily positive definite (see equation (2.13)). The algebra is finite-
dimensional when A is positive definite, and infinite-dimensional otherwise. This
chapter will treat special kinds of the latter case. Namely, we will consider the Kac-
Moody algebras that can be obtained by enlarging the Cartan matrix (or equiva-
lently, the Dynkin diagram) of finite Lie algebras in a particular way.

4.1 Affine algebras

An affine Kac-Moody algebra is a Kac-Moody algebra whose Cartan matrix A has
a vanishing determinant [34],

detA = 0. (4.1)

This a loosening of condition (2.13d), but condition (2.13e) remains intact: all its
principal minors should remain positive. Thus if we remove any node from the
associated Dynkin diagram, the remaining diagram should correspond to a finite Lie
algebra.

If A is an (n + 1) × (n + 1) matrix, its rank is n; it has one eigenvector whose
eigenvalue is zero, and is therefore positive semidefinite. The root space Φ thus has
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(1, 0) (0, 1)
(1, 1)

(2, 1) (1, 2)
(2, 2)

(3, 2) (2, 3)
(3, 3)

(4, 3) (3, 4)

(a)

[2,−2] [−2, 2]
[0, 0]

[2,−2] [−2, 2]
[0, 0]

[2,−2] [−2, 2]
[0, 0]

[2,−2] [−2, 2]

(b)

Figure 4.1: Hasse diagrams of the root system of A+
1 up to height 7. In Figure (a) the

labels are the root vectors, in Figure (b) the Dynkin labels.

one null direction, which is the reason the root system ∆ becomes infinite. Another
point of view is that an affine Lie algebra is infinite-dimensional because the Serre
construction does not terminate when A is not positive definite.

Besides the fact root systems of affine algebras are infinite, they are also highly
structured. Take for example the simplest affine algebra, known as A+

1 . Its Cartan
matrix is given by

A =

(
2 −2
−2 2

)
. (4.2)

The root system ∆ of A+
1 up to a given height is given in Figure 4.1. One feature

that is immediately clear is that it is repetitive, which is in fact common to all affine
Kac-Moody algebras. See for example also Figure 4.2. To be precise, there is one
element δ ∈ ∆ for which the following holds:

α+mδ ∈ ∆ ∀α ∈ ∆. (4.3)

Here m is the smallest possible non-negative integer for which the above statement is
true, and δ is the so-called null root, which will be defined below. Algebras for which
m is equal to one are known as untwisted affine algebras. Otherwise they are called
twisted . In the following we will assume that the affine algebra under consideration
is always untwisted.
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(a) (b) (c) (d) (e) (f)

Figure 4.2: Hasse diagrams of root systems of affine Kac-Moody algebras of increasing
complexity. From left to right we have: (a) A+

1 , (b) C+
2 , (c) D+

4 , (d) A+
8 , (e)

D+
7 , and (f) E+

7 .
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The null root δ and its dual δ∨ are given by

δ = aiαi, (4.4a)

δ∨ = a∨iα∨i . (4.4b)

The coefficients a∨i and ai are the (dual) Coxeter labels of the affine Kac-Moody
algebra. In contrast to finite algebras, they are defined as the left and right null
eigenvectors of the Cartan matrix. They are normalized such that their minimum
component is equal to one:

ajAji = 0 min(ai) = 1 = a0, (4.5a)

Aija
∨j = 0 min(a∨i) = 1 = a∨0. (4.5b)

This particular normalization ensures that δ lies on the root lattice. For convenience,
the index for which both ai and a∨i are minimal has been labeled 0. The full index
i then runs over i = 0, 1, . . . , n. From their definition it follows that the Coxeter
labels ai and a∨i satisfy

a∨i =
(αi|αi)
(α0|α0)

ai. (4.6)

It follows straightforwardly that the null root is related to its dual by

δ∨ =
2

(α0|α0)
δ. (4.7)

This is not the usual definition δ∨ = 2δ/ (δ|δ), as that would have been ill-defined.
δ is namely truly a null root in the sense of equation (2.42); its norm (δ|δ) is zero.

The null root of A+
1 is δ = α0 +α1. Studying Figure 4.1 in more detail, you may

notice that roots differing by δ share the same Dynkin labels pi,

pi = (α|α∨i ) = Ajim
j = (α+ δ|α∨i ) . (4.8)

The reason this happens is that the Dynkin labels of δ are all zero, because its root
vector is the null vector of the Cartan matrix. In order to lift this degeneracy of the
roots, we can add an additional Dynkin label p−1 that distinguishes between α and
α+ δ. For an arbitrary root α it is defined as

p−1 = (α|γ∨) , (4.9)

where γ∨ = 2 γ
(γ|γ) . We will call γ the root of derivation. It is an element of the root

space Φ that satisfies

(δ|γ∨) = −1. (4.10)
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This does the trick, as (α+ δ|γ∨) = (α|γ∨)− 1. Therefore the Dynkin label p−1 of
α + δ differs from that of α by −1. Because the zeroth Coxeter label a0 is always
equal to one, the inner product of γ∨ with the simple roots can be defined as

(αi|γ∨) = −δ0
i , (4.11)

With this definition γ satisfies (4.10). Note that γ cannot lie in the span of the
simple roots. If that were the case, its inner product with δ would be zero. We
therefore need to manually add γ to the root space,

Φ = span{α0, . . . , αn} ⊕ γ. (4.12)

Note that the root of derivation is not a member of the root system ∆, as all of the
roots in ∆ can still be expanded entirely in the basis of simple roots.

In principle the norm of the root of derivation is not fixed by the above analysis.
However, things simplify a bit when we choose (γ|γ) = (α0|α0). The above equation
then can be written as

(α∨i |γ) = −δ0
i =

(
−Λ0|α∨i

)
. (4.13)

Thus γ can be identified with minus the zeroth fundamental weight, Λ0. When the
Cartan matrix is non-degenerate, the fundamental weights can be given by means
of its inverse (see equation (2.50)). But when the Cartan matrix is degenerate, as
is the case for affine algebras, this is not possible. The fundamental weights can
be introduced for affine algebras only because the introduction of γ has lifted the
degeneracy of the Cartan matrix.

The Cartan matrix A can namely be extended to a bigger matrix, A′. The
extended Cartan matrix A′ has one extra row and column that correspond to γ:

A(−1)i = (γ|α∨i ) = (α∨i |γ) = Ai(−1). (4.14)

The introduction of γ has effectively added a generator h−1 to the Cartan subalgebra,
on which the action of the simple roots is (compare equation (2.29))

αi(h−1) = A(−1)i. (4.15)

The extended Cartan matrix reads in full

A′ =


2 −1 0 · · · 0
−1 A00 A10 · · · A0n

0 A10 A11 · · · A1n

...
...

...
. . .

...
0 An0 An1 · · · Ann

 . (4.16)

This matrix is indeed non-degenerate, as its rank is n + 2. The extended Cartan
matrix can be taken as the starting point in the Serre construction of affine Kac-
Moody algebras. However, one must then take some additional rules into account.
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Namely, there are no Chevalley generators e−1 and f−1 associated to the extension,
but only an extra generator h−1 for the Cartan subalgebra. The extra simple root
α−1 is also absent. If it were present it would correspond to γ, which is, as noted
above, not part of the root system. Lastly, the Weyl group is generated by the n+ 1
fundamental reflections w0, . . . , wn. The reflection w−1 does not exist.

Example 4.1: A+
1

Recall that the Cartan matrix of A+
1 is equal to

A =

(
2 −2
−2 2

)
. (4.17)

The normalized Coxeter labels are then ai = (1, 1), as ajAji = 0 and min(ai) = 1.
Because both Coxeter labels are equal to one, we have a freedom to choose which
index will be the zeroth. If we pick the first one, the extended Cartan matrix is

A′ =

 2 −1 0
−1 2 −2
0 −2 2

 . (4.18)

If we use the extended Cartan matrix to calculate the Dynkin labels of the roots
via pi = A′jim

j , Figure 4.1 becomes

(0, 1, 0) (0, 0, 1)
(0, 1, 1)

(0, 2, 1) (0, 1, 2)
(0, 2, 2)

(0, 3, 2) (0, 2, 3)
(0, 3, 3)

(0, 4, 3) (0, 3, 4)

[−1, 2,−2] [0,−2, 2]
[−1, 0, 0]

[−2, 2,−2] [−1,−2, 2]
[−2, 0, 0]

[−3, 2,−2] [−2,−2, 2]
[−3, 0, 0]

[−4, 2,−2] [−3,−2, 2]

The addition of the derivation γ to the root space, and its corresponding row and

column to the Cartan matrix, has achieved what it was supposed to achieve: the

Dynkin labels are no longer degenerate.
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4.1.1 Affine algebras as extensions of finite algebras

Besides being defined by means of Cartan matrices with vanishing determinant,
an affine Kac-Moody algebra g can also be obtained from a finite semi-simple Lie
algebra g. The Lie algebra g then features as a particular subalgebra of g whose
roots α all satisfy

(α|γ∨) = 0. (4.19)

The subalgebra g is called the horizontal subalgebra of g. The way g can be obtained
from g is as follows. If the Lie bracket of g reads

[T a, T b] = f c
ab T

c (4.20)

a loop algebra gloop can be formed by introducing a grading over Z:

[T am, T
b
n] = f c

ab T
c
m+n. (4.21)

Here the additional indices run over the integers: m,n ∈ Z. In order to turn the loop
algebra into an affine algebra we have to add two additional generators, the central
element K and the derivation D. With the inclusion of K and D, the complete Lie
bracket reads

[T am, T
b
n] = f c

ab T
c
m+n +mδm,−nη

abK, (4.22a)

[D,T am] = −mT am, (4.22b)

[K,D] = [K,T am] = 0. (4.22c)

The algebra g specified by the above bracket is said to be the affine extension of
g, and is often denoted by g+. The original Lie algebra g can be identified with
generators T am whose bracket with D vanishes. This is the same identification as in
equation (4.19).

The central element is unique up to normalization, and corresponds to the null
direction of the Cartan subalgebra:

K = a∨ihi. (4.23)

Inspection then shows that K indeed commutes with all Chevalley generators ei and
fi (see equation (2.16)), and thus also with all generators of g+.

The derivation D is identical to the extra generator h−1 of the previous section.
Like γ does for the roots, the derivation ‘measures’ the Z grading of the loop gener-
ators T am. It also crucially lifts the degeneracy of the Cartan-Killing form, which is
given by

〈T am|T bn〉 = 〈T a|T b〉δm,−n, (4.24a)

〈K|D〉 = −1, (4.24b)
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with all other combinations vanishing. As a consequence, the derivation also lifts the
degeneracy of the inner product on the root space. The root space is again defined
as the dual of the Cartan subalgebra, Φ = h∗, which can be given by

h = h⊕ span{K,D}. (4.25)

The root system ∆ then has the same structure as described in section 4.1. In
particular, the simple roots are given by

αs = αs, (4.26a)

α0 = δ − θ, (4.26b)

where θ is the highest root and αs are the simple roots of g. The index s runs over
the rank of g, that is i = {0, 1, . . . , n} = {0, s}. Note that the norm of α0 is the
same as that of θ, (α0|α0) =

(
θ|θ
)
.

By equation (4.26), the Cartan matrix A of the horizontal subalgebra g can be
recovered from that of g by deleting the zeroth row and column. Equivalently, one
can delete the zeroth node of the affine Dynkin diagram to retrieve the diagram of
the horizontal subalgebra. Conversely, the Cartan matrix of the affine algebra can
be obtained from A by adjoining a row and column whose entries correspond to the
Dynkin labels of the lowest root of g. Specifically, the row and columns to add are

A0s =
(
δ − θ|α∨s

)
= −atAts, (4.27a)

As0 =
(αs|αs)(
θ|θ
) A0s. (4.27b)

4.2 Over- and very-extended algebras

In section 4.1 we argued that the extended Cartan matrix (4.16) of affine Kac-
Moody algebras can serve as the starting point in their construction if one takes
certain rules into account. When those rules are forgotten, the resulting algebra is
not affine. Using the ‘ordinary’ Serre construction, the result is a so-called over-
extended Kac-Moody algebra. The nomenclature stems from the fact that an over-
extended algebra is an extension of an affine algebra g+, who in turn is an extension
of its horizontal finite subalgebra g. Over-extended algebras are denoted by g++.

By (4.16), their Dynkin diagram is obtained from that of affine algebras by
adding a node to the zeroth node of the affine diagram. In Figure 4.4 the over-
extended node is denoted by −1. As noted in section 4.1, the over-extended Cartan
matrix is non-degenerate. If its rank is n+ 2, it has one negative and n+ 1 positive
eigenvalues. The root space of over-extended Kac-Moody algebras has therefore a
Lorentzian signature, allowing for real, null, and imaginary roots.
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Example 4.2: A+
1 as the affine extension of A1

Recall from Example 2.2 and Example 2.3 that the Cartan matrix of the Lie
algebra A1 is given by

A =
(
2
)
. (4.28)

The highest root of A1 is its only positive root, θ = α1, whose Dynkin label is
equal to 2. By equation (4.27) the Cartan matrix A of the affine extension of A1

is thus given by

A =

(
2 −2
−2 2

)
. (4.29)

This is, not surprisingly, the same Cartan matrix as in equation (4.2). A+
1 is thus

truly the affine extension of A1. Its Dynkin diagram is given by

0 1

The node labels indicate their ordering. The black zeroth node has been ‘deleted’:
the remaining undeleted Dynkin diagram is that of the horizontal subalgebra A1.
If we again take a look at the root system of A+

1 , we can distinguish infinitely
many copies of the root system of A1 within it:

(−1,−2) (−2,−1)
(−1,−1)

(0,−1) (−1, 0)
(0, 0)

(1, 0) (0, 1)
(1, 1)

(2, 1) (1, 2)

The red lines have been thickened to indicate the A1 subalgebras. The middle

roots (0,−1), (0, 0), and (0, 1) form the horizontal root subsystem, as they all

satisfy equation (4.19).
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(a) (b)

Figure 4.3: Hasse diagrams of the root systems of (a) A++
1 and (b) A+++

1 up to height 22.
The number of roots of A+++

1 grows faster in height than that of A++
1 .

If we repeat the procedure and attach yet another node to the over-extended
node, the resulting diagram is that of a very-extended Kac-Moody algebra g+++.
Figure 4.4 lists all the Kac-Moody algebras that are very-extensions of simple Lie al-
gebras. In Figure 4.4 the very-extended node has been labeled −2. Similarly to over-
extended algebras, the Cartan matrix of very-extended algebras is also Lorentzian.
As opposed to affine algebras, their root systems do not grow linearly in height; both
over- and very-extended root systems grow faster. Figure 4.3 shows the root systems
of A++

1 and A+++
1 . Because of the extra very-extended simple root, the root system

of very-extended algebras grows faster than that of the over-extended algebras.

In contrast to affine algebras, the root systems of over- and very-extended Kac-
Moody algebras cannot (yet) be described fully in closed form. However, it is worth
noting that there is a class of Lorentzian Kac-Moody algebras for which one can
make general statements about the root system. These Kac-Moody algebras are
called hyperbolic, and they are characterized by the fact their Cartan matrix contains
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A+++
n

-2 -1 0

B+++
n

-2 -1 0

C+++
n

-2 -1 0

D+++
n

-2 -1 0

E+++
6

-2 -1 0

E+++
7

-2 -1 0

E+++
8

-2 -1 0

F+++
4

-2 -1 0

G+++
2

-2 -1 0

Figure 4.4: Dynkin diagrams of all Kac-Moody algebras that are very-extensions of finite
simple Lie algebras. Deleting node −2 results in all of the over-extended Kac-
Moody algebras g++, and also deleting node −1 in all of the extended (affine)
algebras g+. In all cases the subscript denotes the rank of the unextended
algebra.
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only positive definite or positive semidefinite submatrices. Thus upon removing any
node from their Dynkin diagram, we are left with a diagram of either a finite or an
affine algebra. Very-extended Kac-Moody algebras are not hyperbolic; removing the
very-extended node yields a Lorentzian over-extended algebra. In contrast, over-
extended algebras can be hyperbolic. The root system ∆ of hyperbolic algebras
consists of all the points on the root lattice whose norm is smaller than norm of the
longest simple root, α2

max [50]:

∆ =
{
α ∈ ∆

∣∣ (α|α) ≤ α2
max

}
. (4.30)

Unfortunately, this tells us nothing about the root multiplicities. Besides, we would
also like to analyze the root system of very-extended Kac-Moody algebras. So for
the general case one has to resort to methods that analyze the root system part by
part, such as the level decomposition.

4.3 Level decomposition

A level decomposition is a way to chop up a Lie algebra g in terms of one of its sub-
algebras s [23, 70, 53, 57]. More precisely, under a level decomposition the adjoint
representation of g branches into a number of representations of s. This is par-
ticularly useful for over- and very-extended Kac-Moody algebras, as their infinite
adjoint representation can be described in terms of finite representations of a finite
subalgebra. One can of course also perform a level decomposition of finite algebras;
see Figure 4.5 for a few examples.

The subalgebra s will always be chosen to be regular. That is, all simple roots of
s are also simple roots of g. Put differently, the Cartan matrix of s is obtained from
that of g by simultaneously deleting certain rows and columns. Equivalently, the
Dynkin diagram of s is a subdiagram of that of g and can be recovered by deleting
one or more nodes. The number of nodes that are deleted will be denoted by m. In
order to indicate which of the simple roots belong to s we will split the indices as
i = (s, a). They respectively run over

i, j, . . . : Rank of full algebra, n,

s, t, . . . : Rank of regular subalgebra, n−m,

a, b, . . . : Number of deleted nodes, m.

(4.31)

Any root α ∈ g can then be written as

α = miαi = msαs + laαa, (4.32)

where la ≡ ma are called the levels of a root. The algebra g then splits up into level
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(a) (b) (c)

Figure 4.5: Hasse diagrams of the root system of E8 branched with respect to different
regular subalgebras. The subalgebras are: (a) E7, (b) E6, and (c) A7. Compare
also Figure 3.4.
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spaces gla . They are direct sums of root spaces gα whose root is of level la:

gla =
⊕

(α|Λ∨a)=la

gα. (4.33)

The whole algebra g can then be written as

g = h⊕
⊕
la∈Zm

gla . (4.34)

Because g is graded by means of its roots (see equation (2.35)), the levels also induce
a grading on g:

[gla1 , gla2 ] ⊆ gla1+la2
. (4.35)

The roots of the regular subalgebra s all have level zero by construction. This implies
that the adjoint action of s on a level space cannot change the level,

[s, gla ] ⊆ gla . (4.36)

Owing to the triangular decomposition (2.20), a level space gla 6= s sits either in the
positive part (gla ∈ n+) or in the negative part (gla ∈ n−) of g. In the former case
the adjoint action of s on gla can never reach n−. The level space gla is therefore
bounded from below. This in turn implies there exist generators x ∈ gla that are
annihilated by the adjoint action of the negative Chevalley generators of s:

adfs x = 0. (4.37)

Comparing with equation (2.86), we see that the generators x are lowest weight
vectors in lowest weight representations of s. The level space is thus completely
reducible in terms of lowest weight representations. On the other hand, if gla ∈ n−
it is reducible in terms of highest weight representations. In the final case that
gla = s the level space is given by the adjoint representation of s. We will focus only
on the decomposition of n+, as the decomposition of n− follows from it using the
Chevalley involution (2.21).

As we saw in subsection 2.2.1, if x is a lowest weight vector of s its Dynkin labels
with respect to s are non-positive. By equation (2.51a) it can be easily checked if
this is the case. The Dynkin labels of any positive root α = miαi are

ps = Atsm
t +Aasl

a. (4.38)

Using the above equation, we can check every root to see if it is a lowest weight of
s. It can also be inverted to give

ms =
(
A−1

sub

)ts
(pt − laAat) , (4.39)
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where Asub is the Cartan matrix of s. This, together with the requirement that the
root norm is bounded from above (2.75), gives us an algorithm to scan for potential
lowest weights. The bound (2.75) can be written as

α2 = Gstsub

(
pspt −AasAbtlalb

)
+Babl

alb ≤ α2
max. (4.40)

Note that for this formula to be valid, we have to make sure that a long (or short)
root in the full algebra is also a long (short) root in the subalgebra, which in general
is not automatically the case. Luckily we are always free to choose a normalization
such that the root lengths match.

Assuming s is finite, the quadratic form matrix Gstsub of s only has positive entries.
Therefore α2 is a monotonically increasing function of |ps| at fixed levels la. The
number of distinct Dynkin labels ps that respect the bound is thus finite. Further-
more, the root vector associated to ps has to lie on the root lattice, implying that ms

should be non-negative integers. Hence equation (4.39) restricts the possible values
of ps even more. All in all, there are a finite number of subalgebra representations
at a given level if s is finite.

After scanning for possible valid Dynkin labels at fixed levels using equations
(4.39) and (4.40), we still have to determine whether the representation V (Λ) with
lowest weight Λ = psΛ

s actually occurs at level la. Let nla be the number of distinct
Dynkin labels found at level la using the above scanning technique. In principle
there could be nla distinct representations Vi at level la. Say a root α occurs as a
weight within the weight diagrams of some of the representations Vi. Then the sum
of its multiplicity as a weight in the different representations has to add up to its
multiplicity as a root:

mult(α) =

nla∑
i=1

µla(Vi) multVi(α). (4.41)

The number µla(Vi) counts how often the representation Vi occurs at level la, and is
called the outer multiplicity of the representation. If one calculates mult(α) by
means of the Peterson recursion formula (2.99) and multVi(α) by means of the
Freudenthal recursion formula (2.101), it is relatively straightforward to compute
the outer multiplicities.
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Example 4.3: Level decomposition of A2

Let us see how the root system of A2 splits up under the level decomposition
with respect to an A1 regular subalgebra. If we delete the first node, the Dynkin
diagram looks like

1 2

The simple root of the deleted (black) node will count the level. The root system
splits up according to

α = lα1 +mα2. (4.42)

Graphically, it looks like the following:

(1, 0)

(0, 1)

(0,−1)

(−1, 0)

(1, 1)

(−1,−1)

l = −1

l = 0

l = 1

The colored lines are Weyl reflections of the A1 subalgebra. The different colors
indicate the three levels -1, 0, and 1. From the above picture it is fairly obvious
which roots are lowest or highest weights of A1, but we can also employ the
scanning method to find them. Equations (4.39) and (4.40) simplify to

m = 1
2
(p+ l) (4.43a)

α2 = 1
2

(
p2 + 3l2

)
≤ 2. (4.43b)
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The last equation has no solution for l ≥ 2, so, as expected, we only have to look
at level -1,0, and 1. For l = ±1, the only allowed values are p = ±1. For l = 0 the
options are p = {−2, 0, 2} . Since we’re looking for lowest weights, the positive
values of p can be discarded. All in all, the different Dynkin labels we have found
are:

[0]

[−1]

[−2]

[−1]

l = −1

l = 0

l = 1

Each representation occurs with outer multiplicity one, including the singlet [0]
representation. The singlet corresponds to the Cartan subalgebra generator of
the deleted node, h1. Generically, for every deleted node there is one singlet
representation. The results of the decomposition can be collected in a table:

l −p mi α2 dim mult(α) µ

-1 1 -1 -1 2 2 1 1
0 2 0 -1 2 3 1 1
0 0 0 0 0 1 2 1
1 1 1 0 2 2 1 1

The rows in the columns are the various representations of the subalgebra A1

at the different levels. Here l denotes the level, p the Dynkin label, mi the root
vector of the lowest weight, dim the dimension of the representation, mult(α) the
multiplicity of the root of the lowest weight, and µ the outer multiplicity of the
representation.

To summarize, the level decomposition splits the adjoint A2 representations

into four A1 representations over three different levels. In terms of the dimensions

of the representations, we have made the following branching: 8→ 3+1+2+2.
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4.4 Non-linear realizations

For infinite-dimensional Kac-Moody algebras one can in principle construct a non-
linear realization. But as there are an infinite amount of generators, the parameter-
ization of the group element V (t) (2.127) will contain an infinite amount of terms.
This makes it impossible to compute the Maurer-Cartan form (2.124) in full gener-
ality. What is possible, however, is to make a consistent truncation of the formally
defined action (2.126) for which the solutions of the equations of motion are also
solutions to the full model [24, 42]. This can be done by truncating not the group
element, but the Maurer-Cartan form either at a given root height or at a given
level of a level decomposition. These two methods are similar in spirit, and we will
discuss only the latter.

Recall that under a level decomposition the Lie algebra g splits into level gla

according to (4.34). The group element (2.127) can thus be written as

V (t) =
∏
la≥0

Vla(t) =
∏
la≥0

exp
(
φla(t) · Ela

)
. (4.44)

Here Ela denotes all the representations of the subalgebra that occur at level la. The
negative levels do not enter, as we can use the Borel gauge (2.128) to parameterize
V (t). Consequently, the Maurer-Cartan form splits as

J = V −1∂V =
∑
la≥0

Jla , (4.45)

where the summand schematically reads

Jla = Rla · Ela . (4.46)

The coefficients Rla contracting Ela can depend on scalar fields φl′a whose level is at
most la, i.e. l′a ≤ la. The exact form of Rla depends strongly on the graded structure
of g. Before truncating, the sum in the expansion of J is infinite for Kac-Moody
algebras. The truncated version can simply be cut off at any given level ta,

J̃ =
∑

0≤la≤ta
Jla . (4.47)

This truncated Maurer-Cartan form J̃ can then be used to calculate a (truncated)
coset element P̃ and its corresponding action.
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Example 4.4: Non-linear realization of A1 ⊂ A2

In Example 4.3 we decomposed A2 with respect to A1. In this example we
will show how to do a non-linear realization of the fields recovered in the level
decomposition. Recall that the results of the level decomposition were

l −p α2 dim mult(α) µ representation

-1 1 2 2 1 1 Fa
0 2 2 3 1 1 Ka

b

0 0 0 1 2 1 K
1 1 2 2 1 1 Ea

The representations introduced in the last column correspond to the various
generators as follows:

l = 0 : h1 = K1
1 + 2K2

2, e2 = K1
2, (4.48a)

h2 = K1
1 −K2

2, f2 = K2
1, (4.48b)

l = 1 : e1 = E2, [e1, e2] = E1, (4.48c)

l = −1 : f1 = F2, [f2, f1] = F1. (4.48d)

Like in Example 2.10, Ka
b are 2× 2 matrices, and Ea and Fb are vectors,

(Ka
b)
i
j = δaiδbj , (4.49a)

(Ea)i = δai, (4.49b)

(Fa)i = δai. (4.49c)

All indices run from one to two. As we already know the Cartan-Killing norm on
the generators from Example 2.8, we can straightforwardly cast it in the form

〈Ka
b|Kc

d〉 = δadδ
c
b − 1

3
δab δ

c
d, (4.50a)

〈Ea|Fb〉 = δab . (4.50b)

All other combinations vanish. A convenient parameterization of the group ele-
ment V is

V (t) = V1(t)V0(t), (4.51a)

V0(t) = eha
b(t)Kba , (4.51b)

V1(t) = eAa(t)Ea . (4.51c)



84 Chapter 4 Kac-Moody algebras

The Maurer-Cartan form splits into a level 0 part J0 and a level 1 part J1,

J = J0 + J1, (4.52a)

J0 = ea
m∂em

bKa
b, (4.52b)

J1 = ea
m∂AmE

a, (4.52c)

where em
a is again the matrix exponential of hm

a and plays the role of the
vielbein, and ea

m is its inverse. The coset element splits in a similar fashion:

P = P0 + P1, (4.53a)

P0 = ea
m∂em

bSab, (4.53b)

P1 = ea
m∂AmS

a, (4.53c)

where the coset basis elements S are given by

Sab = 1
2

(
Ka

b +Kb
a

)
, (4.54a)

Sa = 1
2

(Ea + Fa) . (4.54b)

Note that Ea and Fa are each others transposeds. If we evaluate the Cartan-
Killing norm on the coset basis, we find

〈Sa|Sb〉 = 1
2
δab, (4.55a)

〈Sab|Scd〉 = δadδ
c
b − 1

3
δab δ

c
d. (4.55b)

Upon introducing the metric gmn = δabem
aen

b the action finally becomes

S = − 1
4

∫
dt n(t)−1

((
gmpgnq − 1

3
gmngpq

)
∂gmn∂gpq + 2gmn∂Am∂An

)
. (4.56)

This action should of course also follow from a direct reduction of the non-linear
sigma model action of a non-decomposed A2. If we recall from Example 2.10 that
action was

S = − 1
4

∫
dt n(t)−1GMPGNQ∂GMN∂GPQ, (4.57)

and the metric GMN was constrained to have unit determinant. The capital
indices run from one to three. It turns out that if we use the Ansatz

GMN =
1

det(gmn)1/3

(
gmn +AmAn Am

An 1

)
(4.58)

the action (4.57) exactly reduces to (4.56), just as expected.


