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The comparison

In the previous chapter we described the spectrum of states of maximal and half-
maximal supergravity. In section 6.1 we will see how they can be obtained from
the Kac-Moody algebras E11 and D+++

8 , respectively. In section 6.3 we will try
to compare the equations of motion of supergravity to those obtained from a non-
linear sigma model of a Kac-Moody algebra. Note that for both the kinematical and
dynamical analysis we will only treat bosons; fermions have been discussed in for
example [28, 17, 26].

6.1 Kinematics

It was shown in [87, 81, 57] that the spectrum of physical states of the different
maximal supergravity theories can be obtained from the very extended Kac-Moody
algebra E11. This has been extended to the set of all possible deformation and
top-form potentials in [77, 1]. A similar analysis could be done for E10 [70, 23, 24]
except for the top-form potentials. In addition, non-maximal supergravity and the
associated very extended Kac-Moody algebras have been discussed in [57, 82, 2, 73,
56, 44]. We will first review how the the kinematics of maximal supergravity can be
obtained, and in subsection 6.1.2 switch to half-maximal supergravity.
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6.1.1 Maximal supergravity

The key idea is to decompose E11 with respect to subgroups that match the sym-
metry structure of maximal supergravity in various dimensions. The subalgebra
representations resulting from this level decomposition can then be matched with
the various supergravity fields. The valid decompositions for E11 are always of the
type G ⊗GL(D), where G is the duality group in D dimensions and GL(D) refers
to the space-time symmetries. Dynkin diagrams are a useful tool to visualize these
group decompositions: the decompositions correspond to ‘deleting’ certain nodes of
the diagram in order to obtain two disjoint parts. One of these disjoint parts is the
G duality group, and the other is the SL(D)⊗R+ = GL(D) gravity line. The extra
factor of R+ for the gravity line comes from the Cartan subalgebra generator of the
deleted node. Furthermore, the gravity line must always include the very-extended
node. All the valid 3 ≤ D ≤ 11 decompositions of E11 are listed in Table 6.1. Note
that the duality group G contains an extra R+ factor whenever there is a second
disabled node, stemming from the Cartan subalgebra generator of the disabled node.
This explains why the duality group of IIA supergravity is R+ and why those of IIB
and D = 11 supergravity do not have such a factor.

After the decomposition has been fixed, the generators of E11 can be analyzed
by means of a level decomposition (see also section 4.3). As the actual level decom-
position is quite cumbersome to do by hand, we have written a computer program
called SimpLie [5] to do the job. For more on SimpLie, see Appendix A.

The explicit results of the level decompositions of Table 6.1 can be found in sec-
tion C.1. The spectrum is obtained by associating to each generator a supergravity
field in the same representation. This leads to the following fields at each level. At
the lowest levels the physical states of the supergravity we started out with (see
Table 5.3) appear together with their duals. More precisely: corresponding to any
p-form generator we also find a (D−p−2)-form. In addition there is a (D−3, 1)-form
with mixed symmetries and possibly (D− 2)-form generators, which are interpreted
as the dual graviton [45, 87, 14, 10] and dual scalars, respectively. The duality re-
lations themselves are not reproduced by the level decomposition: in the absence of
dynamics these relations have to be imposed by hand. Beyond the level of the dual
graviton we find deformation potentials and top-forms, i.e. (D − 1)- and D-forms
respectively. At the same levels as the deformation potentials and top-forms, and at
higher levels still, there are the so-called ‘exotic’ generators. These exotic generators
have a space-time symmetric structure that does not have an obvious counterpart in
supergravity. Some of them may be interpreted as infinitely many exotic dual copies
of the previously mentioned fields [75, 73]. A schematic representation of the level
decomposition and the resulting tower of (physical) states can be found in Figure 6.1.

The (D−1)- and D-forms found from E11 are listed in Table 6.2. The interesting
thing is that they exactly match the representations of the embedding tensor and its
quadratic constraint as given in Table 5.5, save for an extra 248 representation in
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D G Grav. line E11 decomposition

11 1 GL(11)

IIA R+ GL(10)

IIB SL(2) GL(10)

9 GL(2) GL(9)

8 SL(3)× SL(2) GL(8)

7 SL(5) GL(7)

6 SO(5, 5) GL(6)

5 E6 GL(5)

4 E7 GL(4)

3 E8 GL(3)

Table 6.1: Global symmetry groups G of all 3 ≤ D ≤ 11 maximal supergravities embedded
in E11. The groups G can be read off from the decomposition of the Dynkin
diagram of E11; they correspond to the orange nodes. The white nodes together
with one scaling generator from a deleted node form the gravity line AD−1 ×
R+ = GL(D).
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Graviton & scalars

p-forms

Dual p-forms

Dual graviton & dual scalars

Deformation potentials

Top-forms

Exotic representations

level(s)

∞

Figure 6.1: Schematic Hasse diagram of E11 containing the hierarchy of subalgebra repre-
sentations common to all decompositions.
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(D − 1)-forms
D

p = 1 p = 2
D-forms

IIA 1 1⊕ 1
IIB 2⊕ 4
9 2⊕ 3 2⊕ 2⊕ 4
8 (3,2)⊕ (6,2) (3,1)⊕ (3,1)⊕ (3,3)⊕ (15,1)
7 15⊕ 40 5⊕ 45⊕ 70
6 144 10⊕ 126⊕ 320
5 351 27⊕ 1728
4 912 133⊕ 8645
3 1⊕ 3875 248⊕ 3875⊕ 147250

Table 6.2: E11 predictions for deformation- and top-forms in all 3 ≤ D ≤ 10 maximal
supergravities. These are representations of the respective duality groups G
given in Table 5.2. For the deformation-forms it is also indicated to which
type-p deformation they correspond (see section 6.2).

three dimensions. Furthermore, E11 predicts top-forms for IIB supergravity, which
were recently reconfirmed to exist in [8]. The single deformation potential for IIA
supergravity corresponds to Romans’ massive deformation thereof [78]. The fact that
Romans’ theory is not an ordinary gauged supergravity is reflected in the fact that
the deformation potential is of ‘type 2’, which will be explained in section 6.2.

6.1.2 Half-maximal supergravity

The analogy between gauged supergravity and very-extended Kac-Moody algebras
is not limited to maximal supergravity and E11. Half-maximal supergravity [2], cou-
pled to D−10+n vector multiplets, reduce to the scalar coset SO(8, 8+n)/SO(8)×
SO(8 + n) when reduced to three dimensions. In other words, the relevant groups
for supergravity theories with 16 supercharges are the B and D series in the above
real form. Of these, only three are of split real form, i.e. maximally non-compact,
which are given by n = −1, 0,+1. These correspond to the split forms of B7, D8

and B8, respectively.

We are interested in the decomposition of the very extensions of these algebras
with respect to the possible gravity lines. An exhaustive list of the possibilities
for the algebras of real split form is given in table Table 6.3. As can be seen from
this table, these correspond to the unique D-dimensional supergravity theory with 16
supercharges coupled to m+n vector multiplets with m = 10−D. The corresponding
duality groups G in D dimensions are also given in Table 6.3. Note that there is
no second disabled node and therefore no R+ factor in the duality group for the 6b
case and in D = 3, 4.
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D G Multiplets B+++
7 (n = −1)

10 R+ × SO(n) GV n −

9 R+ × SO(1, 1 + n) GV n+1

8 R+ × SO(2, 2 + n) GV n+2

7 R+ × SO(3, 3 + n) GV n+3

6a R+ × SO(4, 4 + n) GV n+4

6b SO(5, 5 + n) GTn+4

5 R+ × SO(5, 5 + n) GV n+5

4 SL(2)× SO(6, 6 + n) GV n+6

3 SO(8, 8 + n) GV n+7

Table 6.3: The decompositions of B+++
7 , D+++

8 and B+++
8 with respect to the possible

gravity lines. The duality groups G and the multiplet structures (where G is
the graviton, V the vector and T the self-dual tensor multiplet) are also given.
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D+++
8 (n = 0) B+++

8 (n = 1)

Table 6.3: Continued.
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(D − 1)-forms D-forms
D

p = 1, 2, 3. constraints on p = 1 other

10-8 1

7 1 1

6a 1 1 1

6b

5 1

4 (2, )
(
2,

)
(3, 1)

(
3,

) (
3,

)

3 1

Table 6.4: The representations of deformation- and top-forms in all half-maximal super-
gravities. The representations refer to the duality group G given in Table 6.3.
We also indicate which type p of deformations they correspond to (see also sec-
tion 6.2, and to which top-forms one can associate a quadratic constraint on
type 1 deformation parameters.

In section C.2 the result of the decomposition of the D+++
8 algebras with respect

to the different SL(D) subalgebras is given. It can be seen that these decompositions
give rise to exactly the physical degrees of freedom [57]. In addition there are the
deformation and top-form potentials in the Kac-Moody spectrum. In particular,
Table 6.4 summarizes our results for the deformation and top-form potentials for
half-maximal supergravity in D dimensions.

Using the embedding tensor approach, an analysis of the linear and quadratic
constraints on the possible deformations has been explicitly carried out in D =
3, 4, 5 [83]. It turns out that the representations of the quadratic constraints exactly
coincide with the representations of the possible top-forms in these dimensions.
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6.2 Fundamental p-forms and type-p deformations

Recall from section 4.3 that a level decomposition always induces a grading on the
decomposed algebra g:

[gl1 , gl2 ] ⊆ gl1+l2 , (6.1)

where, for simplicity, we have assumed there is only one level. This grading implies
that all the higher levels can be recovered from the repeated adjoint action of the
level one generators on themselves:

[g1, . . . [g1, [g1, g1]] . . . ]︸ ︷︷ ︸
l times

⊆ gl. (6.2)

For the supergravity decompositions of Kac-Moody algebras considered in this chap-
ter, the subalgebra representations at level 1 always correspond to one or more p-
forms. We will call these level 1 p-forms fundamental p-forms. The fundamental
p-forms correspond to the positive simple roots of the disabled nodes in the Kac-
Moody algebra. From the decomposed Dynkin diagram one can thus deduce the
number and type of these fundamental p-forms: any disabled node connected to
the nth node of the gravity line (counting from the very extended node) gives rise
to a fundamental (D − n)-form. Furthermore, if the disabled node in question is
also connected to a node of the duality group the (D− n)-form carries a non-trivial
representation of the duality group.

The level 1 p-forms are fundamental in the sense that by virtue of (6.2) their
commutators generate the other p-forms in the decomposition. Say Ap is a funda-
mental p-form, and Aq is a p-form that occurs higher in the decomposition. The
latter can then be written as

[Ap, . . . [Ap, [Ap, Ap]] . . . ]︸ ︷︷ ︸
l times, lp=q

⊆ Aq. (6.3)

This allows us to distinguish between deformations potentials that correspond to
gauged and massive deformations as follows.

The most familiar class of deformed supergravities are the gauged supergravi-
ties. They are special in the sense that the deformations can be seen as the result of
gauging a subgroup G0 of the duality group G (see section 5.3). Not all deformed
supergravities can be viewed as gauged supergravities. In the case of maximal su-
pergravity there is one exception: massive IIA supergravity cannot be obtained by
gauging the R+ duality group [78]. The gauged supergravities can be seen as the
first in a series of type-p deformations. There is a simple criterion that defines to
which type of deformation parameter each deformation potential gives rise to. The
central observation is that to each (D − 1)-form AD−1 one can associate a unique
commutator

[Ap, AD−p−1] = AD−1 , (6.4)
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where Ap corresponds to a fundamental p-form. The deformation potential corre-
sponding to such a deformation generator gives rise to a type-p deformation param-
eter.

We observe that each type p deformation is characterized by the fact that a
fundamental p-form gauge field becomes massive. For p = 1 this leads to gauged
supergravities, in which a vector can become massive by absorbing a scalar degree of
freedom. Note that other non-fundamental gauge fields may become massive as well.
The case p = 2 entails a fundamental two-form that becomes massive by ‘eating’
a vector. The prime example of this is massive IIA supergravity in ten dimensions
[78]. Another example is the non-chiral half-maximal supergravity in six dimensions
[79]. An example of a p = 3 deformation is the half-maximal supergravity theory of
[85] where a fundamental three-form potential acquires a topological mass term.

As is evident from Table 6.2 and Table 6.4 the Kac-Moody algebras E11 and
D+++

8 correctly reproduce the type-p deformation potentials for known non-gauged
supergravity deformations in ten [78], seven [85], and six [79] dimensions.

6.3 Dynamics

Up to this point we have been concerned with matching the kinematics of (gauged)
supergravity and certain Kac-Moody algebras. We will now attempt to take the
correspondence one step further, and try to compare the dynamics, i.e. the equations
of motion.

6.3.1 E10 or E11?

There are two proposals for implementing Kac-Moody symmetries in supergravity
theories. In the case of maximal supergravity, one employs the very-extended Kac-
Moody algebra E11 [88, 87], while the other uses the over-extended E10 [23]. Both
use a non-linear realization to implement the infinite symmetry. The former ap-
proach realizes the E11 symmetry directly in the dimension of the corresponding
supergravity theory by including an infinite amount of coordinates [76, 74, 72].

In this thesis we will focus on the latter approach, which realizes the E10 sym-
metry by reducing the coordinate dependence to only time. This is inspired by the
behavior of gravity near a spacetime singularity, where the spatial points dynam-
ically decouple [7]. The equations of motion in that regime only depend on time,
and exhibit chaotic behavior [62] that may be interpreted as taking place in the fun-
damental Weyl chamber of a hyperbolic Kac-Moody algebra [25, 22]. For maximal
supergravity, the hyperbolic Kac-Moody algebra is E10.

In this approach, the idea is to compare a suitably reduced supergravity theory
to a dynamic model based on an over-extended Kac-Moody algebra. To compare
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Supergravity

1D model

Kac-Moody algebra

Sliced KM algebra

1D model

ADM split

level decomposition

sigma model

kinematics

dynamics

Figure 6.2: Comparing supergravity with a Kac-Moody algebra. The former has to be
reduced to one dimension with an ADM-like split, and the latter has to be
sliced with a level decomposition and then realized as a non-linear sigma model.

both sides of this correspondence, on the one hand one has to truncate the super-
gravity fields and break spacetime covariance by choosing an ADM gauge [6] in
order to be amenable to a one-dimensional language. On the Kac-Moody side, on
the other hand, one has to perform a level decomposition and put the results on a
one-dimensional non-linear sigma model (see section 4.4). The correspondence has
been schematically depicted in Figure 6.2. Because the non-linear sigma model al-
ready provides the time dimension, the Kac-Moody target space has to provide the
spatial dimensions. Thus the gravity line to which to decompose the Kac-Moody
algebra must be GL(D − 1) for the D-dimensional decomposition. In order to get
the correct duality group, it is clear that the relevant Kac-Moody algebras are not
of the very-extended type, but must be over-extended. In particular, the correct
Kac-Moody algebra for a dynamical comparison in this particular way to maximal
supergravity is E10, and not E11 (see also Figure 6.3).

As one attractive scenario it has been suggested [23, 70, 24] that the higher
levels of the over-extended Kac-Moody algebra encode the spatial gradients of the
supergravity fields, and so by including all of these states one should finally recover
the full unrestricted supergravity in D dimensions (though in an ‘unconventional’
formulation). This is in contrast to the E11 approach, where, as already mentioned,
some of the higher level states can be interpreted as dual representations of lower
level states [75].

Instead we will interpret part of the higher levels (i.e. the deformation potentials
and top-forms) as deformations of pure maximal supergravity. In [55, 41] it has been
shown that Romans’ massive supergravity in ten dimensions [78], which deforms type
IIA supergravity with a mass parameter, is contained in the E10 model, upon taking
a certain 9-form representation into account. We will try to do the same for D = 3
maximal supergravity [3].
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(a)

(b)

Figure 6.3: Both E11 (a) and E10 (b) in a D = 3 E8 decomposition. For the very-extended
E11, the gravity line has to encode the space-time symmetries, and for the
over-extended E10 it has to encode the spatial symmetries.

6.3.2 The E10/K(E10) coset model

In this section we will focus on gauged supergravity in three dimensions. The ad-
vantage of this case is that E8 is the largest finite-dimensional duality group. As a
consequence, the E10 equations of motion truncated to level l = 0 already match un-
gauged supergravity reduced to a one-dimensional system. Thus, this model allows
a clear distinction between the ‘manifest’ aspects of the E10 conjecture at level l = 0
and the more speculative features related to higher levels, such as spatial gradients
or gauge couplings.

In order to make contact with three-dimensional supergravity we perform a level
decomposition of E10 with respect to the subgroup of spatial diffeomorphisms and
the duality group:

E10 ⊃ SL(2)⊗ E8. (6.5)

This corresponds to deleting the black node in the Dynkin diagram in Figure 6.3b.
The representations occurring in this level decomposition can be calculated using
the computer program SimpLie [5]. Up to level l < 3 we find the sl(2, R) ⊕ e8
representations in Table 6.5, where we indicated the corresponding generators with
their symmetries.

We denote by a, b = 1, 2 the fundamental indices of GL(2, R) and by A, B =
1, 2 . . . , 248 the adjoint indices of E8. The fields associated to the l = 0 generators
are the spatial zweibein and the coset scalars. The l = 1 fields can be interpreted as
gauge vectors. We will take the l = 2 fields to be the embedding tensor components
θ and Θ̃. At the negative levels we have the conjugate representations, i.e. the
transposed generators of those at the positive levels.

We will now construct the non-linear realization of E10/K(E10), in a similar
spirit in which the much simpler A2/K(A2) has been constructed in Example 4.4 in
section 4.4. Much of the details can be found in [3].
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Level ` SL(2)⊗ E8 representation Generator Interpretation
0 (1⊕ 3,1) Ka

b metric
0 (1,248) tA scalars
1 (2,248) EaA gauge vectors
2 (1,1) E θ

2 (1,3875) EAB = E(AB) Θ̃MN
2 (3,248) EabA = E(ab)

A

Table 6.5: SL(2)⊗ E8 representations within E10 up to level 2.

The local K(E10) invariance allows us to choose a suitable gauge for the E10-
valued group element V . In the Borel gauge, we can write V as a product

V = VlV0 = eXeheH, (6.6)

where Vl and V0 are group elements corresponding to l > 0 and l = 0, respectively.
Thus we can expand the corresponding algebra elements in the basis of e10 as

X = Am
MEmM +Bmn

MEmnM +BE +BMNEMN + · · · , (6.7a)

h = ha
bKa

b, (6.7b)

H = HAtA, (6.7c)

where the dots stand for higher-level contributions. Here and in the following,
m,n, . . . = 1, 2 and M, N . . . = 1, 2, . . . , 248 denote curved GL(2) and E8 indices,
respectively. This means that they are ‘world’ indices indicating rigid transforma-
tions from the left, while A and a are flat indices.

The Maurer-Cartan form J can then be computed to give

J = V −1∂V = J0 + J1 + J2 + · · · . (6.8)

The dots stand for the higher-level contributions, which will be truncated. The
derivative is with respect to time, i.e. ∂ ≡ ∂t. The low-level contributions that will
be kept are

J0 = PAt
A + 1

2Pa
bKa

b, (6.9a)

J1 = Pa
AEaA, (6.9b)

J2 = PE + PABEAB + Pab
AEabA, (6.9c)



110 Chapter 6 The comparison

where the individual components read

Pa
b = 1

2 (ea
m∂em

b + eb
m∂em

a), (6.10a)

PA = 1
2 (E−1∂E)A, (6.10b)

Pa
A = 1

2ea
mEAMDAmM, (6.10c)

P = 1
2 (det e)−1DB, (6.10d)

PAB = 1
2 (det e)−1EAMEBNDBMN , (6.10e)

Pab
A = 1

2ea
meb

nEAMDBmnM. (6.10f)

Here we have introduced two ‘vielbeine’ exph and expH, which are group elements
of gl(2) and e8, respectively. We denote the components of these group elements
by em

a and EMA, and their inverses by ea
m and EAM. Furthermore, we have

introduced the ‘covariant derivatives’

DAm
M = ∂Am

M, (6.11a)

DBmn
P = ∂Bmn

P + 1
2fMN

PA(m
M∂An)

N , (6.11b)

DB = ∂B − 1
4ε
abηMNAm

M∂An
N , (6.11c)

DBMN = ∂BMN − 1
2ε
mnPPQMNAmP∂AnQ. (6.11d)

Here the PABCD projector projects onto the 3875 representation of E8. It reads [58]

PABCD = 1
7δ(A

CδB)
D − 1

56ηABη
CD − 1

14f
E
A

(CfEB
D). (6.12)

After computing the coset element P(t) = 1
2 (J + JT ), it can be plugged into the

action to give

S =
1

4

∫
dt n(t)−1〈P(t)|P(t)〉

=

∫
dt (L0 + L12) .

(6.13)

The ‘level zero’ and ‘higher level’ Lagrangians L0 and L12 can be written as

L0 = n−1PAPA + 1
4n
−1
(
Pa

bPa
b − PaaPbb

)
, (6.14a)

L12 = 1
2n
−1
(
Pa
APa

A + Pab
APab

A + PP + 14PABPAB
)
, (6.14b)

Note that the index A runs here only over the E8/SO(16) coset, and not over the
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whole of E8. The above Lagrangians can also be written out completely as

L0 = 1
16n
−1
(
∂gmn∂gpq(g

mpgnq − gmngpq) + 1
60∂G

MN∂GPQGMPGNQ
)
,

L12 = 1
8n
−1
(
gmpgnqGMNDBmnMDBpqN + gmnGMNDAmMDAnN

+
(
14GMPGNQDBMNDBPQ +DBDB

)
(det g)−1

)
. (6.15)

Here we have introduced the respective GL(2) and E8 metrics

gmn = δab ea
meb

n, (6.16a)

GMN = δAB EAMEBN . (6.16b)

6.3.3 Gauged supergravity in three dimensions

In this section we review gauged three-dimensional supergravity in a formulation
suitable for comparison with the E10 analysis of the preceding section.

The bosonic sector of ungauged maximal supergravity in three dimensions con-
tains 128 propagating scalars transforming in the coset E8/(Spin(16)/Z2) and a
vielbein eµ

α that carries no dynamical degrees of freedom [61]. The scalars can also
be described by an (internal) vielbein which we denote by EMA (which was denoted
VMA in [67]). We will use the ‘typewriter’ font for supergravity variables in order to
distinguish them from the corresponding E10 quantities. The inverses will be written
as eα

µ and EAM. The curved indices are written as Greek indices µ, ν, . . . = (t,m)
and the flat indices are α, β, . . . = 0, 1, 2.

The bosonic Lagrangian of three-dimensional maximal gauged supergravity is
[68, 67]

L = L0 + Lg, (6.17)

where the ‘ungauged’ part of the action L0 and the ‘gauged’ part Lg read

L0 = + e
(

1
4R− Pµ

APµA
)
, (6.18a)

Lg =− eV − 1
4gε

µνρΘMNAµ
M∂νA

N
ρ

− 1
12g

2εµνρΘMNΘPQf
MP

RAµ
NAν

QAρ
R, (6.18b)

with e = det(eµ
α). Since there is no kinetic term for them, the gauge fields Aµ

M

do not contain propagating degrees of freedom. The gauging also introduces an
indefinite scalar potential, which can be written in the form

V = 1
32g

2GMN ,KLΘMNΘKL, (6.19)

where [4]

GMN ,KL = 1
14G
MKGNL + GMKηNL − 3

14η
MKηNL − 4

6727η
MN ηKL, (6.20)



112 Chapter 6 The comparison

with the metric GMN defined in (6.16), but here with respect to the supergravity
E8 vielbein EMA.

We now effectively reduce the three-dimensional gauged supergravity theory to
a one-dimensional time-like system. For this we perform the ADM-like split of the
vielbein

eµ
α =

(
N 0
0 em

a

)
, (6.21)

in which everything depends only on one coordinate x0 = t and we have split curved
indices as µ = (t,m) and flat ones as α = (0, a) (with signature (− + +)). Here
we have chosen a gauge with vanishing shift Nm, which turns out to be necessary
in order to match the E10 coset. As stressed before, gauge fixing is crucial for
comparing the E10 sigma model to supergravity. The field em

a denotes the internal
‘spatial’ vielbein, i.e. an element of GL(2, R)/SO(2).

For the reduction of the gauge fields we choose a temporal gauge

At
M = 0. (6.22)

The reduced Lagrangian (6.17) then reads

LD=1 = LD=1
0 + LD=1

g , (6.23)

with

LD=1
0 = + n−1Pt

APt
A + 1

4n
−1 (PabPab − PaaPbb) , (6.24a)

LD=1
g =− 1

8g
2egmn(GMN + ηMN )ΘMKΘNLAm

KAn
L − eV

+ 1
4gΘMN ε

mnAm
M∂tAn

N . (6.24b)

Here we have defined the quantities

n = N(det(em
a))−1, (6.25a)

Pab = −N−1e(a
m∂tem|b). (6.25b)

Furthermore, we have written the Lagrangian entirely in terms of the E8 ‘metric’
GMN . For this we have used the identity

EMAE
NA = 1

2

(
GMN + ηMN

)
, (6.26)

which follows from the fact that the Cartan-Killing metric ηMN differs from GMN

by a relative sign in the non-compact part.
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6.3.4 The correspondence

It is clear that the E10 ‘level zero’ Lagrangian (6.14a) has exactly the same form as
its supergravity counterpart (6.24a). We therefore focus on equating the E10 ‘higher
level’ Lagrangian L12 (6.15) and the supergravity ‘gauged’ Lagrangian Lg (6.18b),
or rather their equations of motion.

The first step is to eliminate the mixed-symmetry field Bmn
M on the Kac-Moody

side, as it has no obvious counterpart in supergravity. Similar mixed-symmetrical
objects have been found to be in a one-to-one correspondence with trombone gaug-
ings [59], but their space-time mixed symmetry lacks a solid understanding. We
therefore consistently truncate it by setting its covariant derivate equal to zero,

DBmn
M = 0. (6.27)

If we vary the action (6.13) with respect to the remaining level two fields, we obtain

0 = ∂(n−1(det g)−1DB), (6.28a)

0 = ∂(n−1(det g)−1GMPGNQDBPQ). (6.28b)

These two equations can be be integrated and identified with the 1 and 3875 com-
ponents of the embedding tensor:

c1gθ = n−1(det g)−1DB, (6.29a)

c2gΘ̃MN = n−1(det g)−1GMPGNQDBPQ, (6.29b)

where c1 and c1 are two arbitrary constants. The above equations can then be
subsequently used to write the equation of motion of Am

M from (6.13) as

∂
(
n−1gmnGMN∂AnN + gεmn

(
ηMN θ + Θ̃MN

)
An
N
)

= 0. (6.30)

Here we have already chosen the integration constants to be c1 = 2 and c2 = 1
14 .

This allows us to combine the 1 and 3875 components of the embedding tensor into
Θ, and integrate the above equation to

n−1gmnGMN∂AnN = gεmnΘMNAn
N + ΞmM. (6.31)

ΞmM denotes an integration constant. This integration constant cannot be set to
zero without breaking the symmetries. The situation is analogous to the integra-
tion leading to the embedding tensor ΘMN in (6.29), which generically breaks the
global E8 symmetry once ΘMN is constant. Correspondingly, the E10 shift sym-
metry leaves this first-order equation only invariant if the integration constant also
transforms as a shift,

δΛΞmM = −gεmnΘMNΛn
N , (6.32)
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which is consistent with the time-independence of Ξ. Thus, fixing it to any specific
value (as zero) breaks the symmetry, and in this sense supergravity may at best be
viewed as a broken phase of E10. After setting Ξ = 0 and contracting with ΘMN ,
(6.31) implies

gΘMN ε
mn∂An

N + g2eNGKLgmnΘMKΘNLAn
N = 0. (6.33)

This matches the duality relation obtained from the supergravity Lagrangian (6.23)
by varying with respect to Am

M, which reads

gΘMN ε
mn∂An

N + 1
2g

2e(GKL + ηKL)gmnΘMKΘNLAn
N = 0. (6.34)

Finally, we compare the ‘Einstein equations’ and the equations of motions for
the scalars on both side. For supergravity, they read

0 =
δL0

δgmn
+ 1

2egmnV

+ 1
16g

2e(GMN + ηMN )ΘMKΘNL
(
gmng

klAk
KAl
L − 2Am

KAn
L) ,
(6.35a)

0 =
δL0

δGMN
− 1

8g
2egmnΘMKΘNLAm

KAn
L

− 1
7·32eg

2GKLΘMKΘNL − 1
16eg

2ηKLΘMKΘNL, (6.35b)

whereas the equations of motion that follow from the E10 coset model are given by

0 =
δL0

δgmn
+ 1

8g
2eGMNΘMKΘNL

(
gmng

klAk
KAl

L −AmKAnL
)

+ 1
2g

2egmn

(
1
56G
MKGNLΘ̃MN Θ̃KL + θ2

)
, (6.36a)

0 =
δL0

δGMN
− 1

8g
2egmnΘMKΘNLAm

KAn
L − 1

56g
2eGKLΘ̃MKΘ̃NL. (6.36b)

By comparing (6.35) with (6.36) we observe that the equations are structure-wise the
same, but differ in the details. For one thing, on the E10 side we generically have just
GMN instead of 1

2 (GMN + ηMN ). Apart from that, the indefinite contributions to
the supergravity potential are not reproduced, but only the leading term quadratic
in GMN .

Summarizing, we find that the gauging appears exclusively as a consequence
of ‘switching on’ certain higher level degrees of freedom in the level expansion of
the Cartan form and the coset equations of motion. The embedding tensor appears
naturally in the coset model by integrating the one-dimensional equations of motion.
The same holds for duality relation between the scalars and vectors, and the scalar
potential. However, the latter is not fully reproduced by E10, but only the positive
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definite contributions. This is due to the fact that in supergravity the scalar potential
is indefinite [90], while the corresponding 2-forms appearing in the E10 coset model
necessarily enter with a positive definite kinetic term.




