
 

 

 University of Groningen

Stress relaxation in thin films due to grain boundary diffusion and dislocation glide
Ayas, Can

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2010

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Ayas, C. (2010). Stress relaxation in thin films due to grain boundary diffusion and dislocation glide. s.n.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/6b5d86f8-849b-44ea-b4c9-73dcf023ca42


Stress Relaxation in Thin Films due to
Grain Boundary Diffusion & Dislocation Glide

Can Ayas



Stress Relaxation in Thin Films due to
Grain Boundary Diffusion & Dislocation Glide

Can Ayas

PhD Thesis
University of Groningen
The Netherlands
September 2010

Cover design: Elif Ergür

Zernike Institute for Advanced Materials
PhD thesis series 2010–11
ISSN: 1570–1530
ISBN: 978-90-367-4465-2



RIJKSUNIVERSITEIT GRONINGEN

Stress Relaxation in Thin Films due to
Grain Boundary Diffusion and Dislocation

Glide

Proefschrift

ter verkrijging van het doctoraat in de
Wiskunde en Natuurwetenschappen
aan de Rijksuniversiteit Groningen

op gezag van de
Rector Magnificus, dr. F. Zwarts,
in het openbaar te verdedigen op

vrijdag 3 september 2010
om 11.00 uur

door

Can Ayas

geboren op 18 december 1980
te Ankara, Turkije



Promotor: Prof. dr. ir. E. Van der Giessen

Beoordelingscommissie: Prof. dr. H. Gao
Prof. dr. ir. M.G.D. Geers
Prof. dr. O. Kraft

ISBN: 978-90-367-4465-2



To my beloved parents
Bilge & Güvenç
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Chapter 1

Introduction

1.1 Background Information

Thin films deposited on substrates are one of the main building blocks of modern
microelectronic integrated circuits. They are also utilized in magnetic storage ap-

plications, micro-electro-mechanical systems (MEMS), and optical coatings.
The widespread usage of thin films is ultimately connected to the increasing minia-

turization trend in electronic appliance technology. The need for small scale integrated
circuits necessitates small parts, so that the electrical charge is confined and conducted
through thin films, multilayers and connecting wires made up of materials possessing
different electrical properties [4]. In MEMS, thin films made up of piezoelectric materials
serve as actuators and sensors that range in size from sub-micrometers to millimeters
thus enabling miniaturization of conventional devices. Furthermore, physical proper-
ties that are not attainable in bulk form can be observed in thin films. For instance,
optical coatings are designed from multilayers of thin films either to pass or to block
certain parts of the optical spectrum by precise adjustment of the thickness of each layer
[11]. Finally cost benefits due to amount of material to be used also contributes to the
demand for the thin film form [11].

Thin films are mostly manufactured by vapor deposition processes in which the film
atoms are transferred from a source onto a substrate where film formation and growth
takes place. In physical vapor deposition, vaporization of the solid/liquid source is
attained by thermal means, whereas in sputtering the atoms are dislodged from the
solid source by colliding high impact gaseous ions. In both cases deposition is carried
out in a low pressure vacuum environment and at elevated temperatures for efficient
transport of the gaseous species [12].

The microstructural control of pure elemental metals in thin film form is achieved
through the choice of deposition temperature, Tdep, but also bound to the material prop-
erties [7]. According to the so-called structural zone model [13], microstructural de-
velopment can be divided into three zones according to the homologous temperature,
Tdep/Tm (ratio of deposition temperature to melting temperature). As illustrated in fig-
ure 1.1, in zone I with very low Tdep/Tm, the restrained mobility creates needle-like
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Figure 1.1: Schematic illustration of the Structural Zone Model showing the transition from
needle-like grains to more equiaxed microstructure with increasing Tdep/Tm (Reprinted with
permission from [13]. Copyright [2003], American Vacuum Society).

porous microstructures. In the other extreme regime where Tdep/Tm > 0.4, large grains
with low surface and interface energies grow at the expense of smaller or unfavorably
oriented grains. A transition zone (Zone T) lies in between where competitive grain
growth occurs due to moderate mobility.

1.2 Motivation of Present Study

Thin film materials are primarily designed for adequate electronic properties; mechani-
cal properties are of importance since they control the integrity and functionality of the
device in terms of excessive elastic deformation, yielding and complete failure. From
the point of view of mechanical reliability two key issues arise for thin films deposited
on substrates. Since deposition itself is far from thermodynamic equilibrium, films in-
herit an intrinsic stress during the growth. Moreover, thermal stresses develop simulta-
neously (when there is a thermal expansion mismatch between film and substrate) due
to temperature cycles involved during deposition and/or afterwards when the device
is in service.

1.2.1 Experimental Findings

The vast amount of literature on thin film mechanics comply with the view that me-
chanical properties are size dependent. Especially plasticity in metals is associated with
distinct size effects, e.g. [1, 20, 19, 14]. ‘Smaller is harder’ is the message in a nutshell
that is revealed by these studies. Experimental determination of stress in films is carried
out through either directly measuring the lattice strains by X-ray diffraction or by means



1.2. Motivation of Present Study 3

Figure 1.2: Stress–strain behavior during micro tensile tests for thin films with varying thick-
nesses (reprinted from [14] with permission from Taylor and Francis).

of indirectly measuring the elastic deformation of the substrate commonly known as the
wafer curvature measurements.

Schwaiger et al. [14] have carried out micro tensile tests inside an X-ray diffractome-
ter and measured the stress–strain behavior of copper films with varying film thickness.
The stress–strain curve given in figure 1.2 indicates a higher yield strength and stronger
hardening for a film thickness of 0.4 µm while the films with thicknesses 0.8 µm and
3.0 µm virtually gave the same response.

Another example will be highlighted because of its close relation to the current study.
Weiss et al. [19] have investigated the thermomechanical behavior of copper films de-
posited on Si substrates by wafer curvature measurements. Pure Cu and Cu–1%Al alloy
films were subjected to thermal cycles, where the minute addition of Al constitutes a
self-passivation layer on the free surface of Cu–1%Al films. Figure 1.3 shows the film
average stress as the temperature of the system is cycled between room temperature
and and 500◦C. Upon heating, thermal stresses in the films gradually increases and on-
set of plastic deformation is seen with the deviation from linearity in the plot. The key
observation made was that inelastic relaxation is more pronounced in pure Cu films
with no passivation upon heating. In the cooling cycle hardening slope for pure Cu
suddenly increases with a decrease in temperature. The authors concluded that diffu-
sion of material from the surface into the grain boundaries as described in [5], operated
as an auxiliary relaxation mechanism on top of dislocation glide when the temperature
is high enough for appreciable diffusion to occur. The softer response during heating in-
dicates that diffusion is enabled while the sudden increase in hardening during cooling
indicates the diffusional relaxation mechanism for pure copper being disabled.
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Figure 1.3: Film average stress plotted against the temperature for 0.5 µm thick Cu films with
and without passivation layer (reprinted from [19] with permission from Elsevier).

1.2.2 Modelling of Small Scale Plasticity

Conventional continuum approaches are not capable of predicting a size dependent
mechanical response due to the absence of an innate length scale. The theory assumes
material elements to be homogeneously deformed, which is clearly not the case when
one considers the underlying glide motion of dislocations. However when the material
element under consideration is large so that it contains a vast number of dislocations,
the overall heterogeneities can be smeared out. Crystal plasticity models in this re-
spect couple crystallographic slip in predefined directions with elastic distortions of the
lattice. Equipped with yield criteria and hardening laws formulated on a phenomeno-
logical basis, this method is suitable for plasticity problems where plastic anisotropy
plays a critical role. Upon examining smaller length scales, however, the number of
dislocations within the material element continuously decreases, thus approaching the
limit of meaningful statistical averaging. Moreover, dislocations can form patterns such
as cells and walls in order to minimize the total energy, which further contributes to
deformation becoming fully heterogeneous.

An analogous argument for the applicability range of continuum models can be elu-
cidated through the separation of scales between continuum plasticity and individual
dislocations. The average spacing between dislocations can be estimated as,

l⊥ ∝ 1√
ρ

where ρ is the dislocation density (in units of length−2). As long as the characteristic
dimension of the material sample, l, is much bigger than the mean distance between
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Figure 1.4: Schematic illustration of separation between dislocation scale on the left and contin-
uum scale on the right.

the dislocations, l >> l⊥ as in figure 1.4, the two scales are uncoupled and continuum
theory can be safely employed. In contrast, when the material thickness, grain size
and/or deformation wavelength becomes comparable with l⊥, the two scales become
coupled thus producing pronounced size effects. It is for this reason that thin films
with thicknesses and grain sizes on the order of micrometers cannot be treated with
conventional continuum theories.

Continuum theories incorporating a native length scale have been developed to
tackle this issue. These approaches rely on more sophisticated constitutive descrip-
tion taking into account both strain and strain gradients rather than solely strain based
constitutive equations. The aim is to account for gradients in the plastic strain field due
to geometrically necessary dislocations (GNDs). GNDs are required to accommodate
the lattice curvature imposed by to non-uniform deformation such as, e.g., bending of a
beam. GNDs take part in relaxation just like every dislocation, but since they tend to or-
der in structures they introduce an extra hindrance for the motion of dislocations. In the
size scale of micrometers their contribution to work hardening is also essential. These
methods are commonly referred as non-local or strain gradient theories. Few examples
of the methods are [2, 6, 21].

A direct physical mechanism based way to articulate size effects is the discrete dis-
location framework. This is a mesoscale modeling tool where plastic deformation is
expressed by the collective motion of individual dislocations on slip planes. Size de-
pendent plastic deformation of thin films with thicknesses and grain sizes on the order
of micrometers has successfully been described by this tool.

Nicola et al. [8] have studied the plastic deformation in thin films on substrates and
were able to demonstrate an increase in the strain hardening slopes with decreasing
film thickness. Moreover, the origin of size effects were explained with the presence
of a highly stressed interface boundary layer having a thickness of around 0.15 µm,
independent of the film thickness. The boundary layer forms because of dislocations
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piling up against the film/substrate interface which precludes plasticity in this layer
and also counteracts the generation of new dislocations through shielding the disloca-
tion sources with back stresses. In a follow-up work [9] size effects due to grain sizes
of thin films were investigated where grain boundaries were also modelled to block the
dislocation glide. Fine grained microstructures revealed steeper strain hardening slopes
owing to greater confinement of plasticity in small grains. The predictions of two di-
mensional discrete dislocation plasticity in free standing films gave a very good agree-
ment in terms of yield strength and hardening when compared with the plane strain
bulge test experiments [10]. Very recently even a better agreement of the entire stress-
strain response is attained with incorporation of three dimensional considerations of
dislocation nucleation [15].

1.3 In This Study

The recent progress to understand and predict size dependent behavior with discrete
dislocation dynamics is promising. However in order to model intrinsic stress evolu-
tion and inelastic deformations at relatively high temperatures the contribution of dif-
fusional mechanisms cannot be overseen. As mentioned above, the experimental stud-
ies from Weiss et al. [19] have glimpsed evidence for the coupling of glide and grain
boundary diffusion. Moreover the development of intrinsic stress in thin films is also
associated with diffusional material transport from surface into grain boundaries [3].

In this study, the development and relaxation of thermal as well as of intrinsic stresses
is studied. Two inelastic relaxation mechanism are considered: glide of dislocations on
slip planes and grain boundary diffusion. The discrete dislocation dynamics method
will be extended to study grain boundary diffusion as an inelastic deformation mecha-
nism, with special emphasis on revealing the size effects that are connected to diffusion.
A continuum approach for grain boundary diffusion will also be presented in order to
substantiate the size effects and make comparisons. Finally, the first steps towards the
coupling of these mechanisms in a unified discrete dislocation scheme for growing films
will be presented.

In Chapter 2 a brief summary of the discrete dislocation framework from [18] is
given since it constitutes the backbone of the models developed in the consecutive chap-
ters. The remainder of this chapter is allocated for a simple introductory exercise in
which the assessment of wafer curvature experiments as mentioned in section 1.2.1 is
performed.
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1.4 Stoney’s Equation

Wafer curvature experiments are one of the standard methods for investigating stresses
in thin film/substrate systems and in multilayers. The method also enables in-situ stress
monitoring during film deposition, e.g. see [16]. Sophisticated experimental tools such
as scanning the wafer surface with a laser beam are utilized in order to increase the
accuracy of the measurements.

The average stress in the film is determined from the measured curvature by Stoney’s
equation [17]:

〈σ11〉 =
E

1− ν
h2

s

6hfR
, (1.1)

where E is the elastic modulus and ν is Poisson’s ratio of the substrate. The thickness
of film and substrate are denoted by hs and hf respectively and R is the radius of cur-
vature, which is typically measured on the back side of the substrate. The key aspect of
Stoney’s equation is that it involves only the elastic constants of the substrate. In fact,
it also applies if the film undergoes inelastic deformation provided that the substrate
remains in the elastic deformation regime. It is noted that Stoney’s equation and there-
fore wafer curvature measurements do not enclose information about the distribution
of stress within the film.

Stoney’s equation comes with several assumptions which should be handled with
care to ensure the validity of the prediction. In order to gain more confidence on the
bounds of the accuracy, we perform finite element computations of film/substrate sys-
tems with different geometries subjected to thermal stress. The substrate curvature and
the film average stress are calculated independently and checked versus Stoney’s equa-
tion.

The assumptions on which Stoney’s equation is built are:

1. The stress state in the film is equibiaxial.

2. The derivation relies on linear elastic bending theory. This brings the restriction to
work with slender systems.

3. The film thickness should be very small compared to the substrate thickness i.e.
hf << hs.

4. The substrate attains a uniform curvature.

5. Both substrate and film material are homogeneous, isotropic and the substrate is
linear elastic.

In the remainder, the plane-strain version of Stoney’s equation is investigated; the other
assumptions remain unchanged.
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1.4.1 Problem Description

The two-dimensional plane strain problem illustrated in figure 1.5(a) concerns a thin
film (hf = 0.5 µm) perfectly bonded onto a thick substrate (hs = 50 µm) of width w. The
film possesses a thermal expansion coefficient, αf = 23.2 × 10−6/K◦, that is higher than
that of substrate, αs = 4.2 × 10−6/K◦(values are typical for Al on Si). Upon cooling the
system with a temperature change of ∆T = −200K◦, displacement continuity along the
film/substrate interface induces a tensile stress in the film, while the substrate is under
a weak compressive stress (see figure 1.7). Since both film and substrate are treated as
linearly elastic and isotropic, the governing equations read

σij,j = 0

εij =
1

2
(ui,j + uj,i)

εij =Mijklσkl + α∆Tδij (1.2)

whereMijkl is the forth order compliance tensor and δij is the Kronecker delta.
The system has traction-free surfaces all around. The lower left corner of the sub-

strate is fixed while the lower right corner is free to move in x1 but is fixed in x2 with a
roller support in order to prohibit rigid body translations and rotations. The boundary
value problem is solved numerically by the finite element method (FEM). If the de-
formation of the film–substrate system would be simple bending, the substrate would
attain the negative radius of curvature R as shown in figure 1.5(b).

1.4.2 Plane Strain Stoney’s Equation

For the two-dimensional problem formulated in the previous subsection, equation (1.1)
which was derived for biaxial stress state, needs to be modified for the plane strain
condition. Assuming the substrate is deforming in simple bending mode as illustrated
in figure 1.6, it is known from elementary beam theory that the bending stress σ11 across
the height of a beam with unit out of plane thickness is given by

σ11 =
12Mx2

hs
3 , (1.3)

where M is the bending moment.
For a beam with the origin of the coordinate system chosen to be located at the

center of gravity of its cross section, the longitudinal strain ε11 is related to the radius of
curvature R as

ε11 =
x2

R
= −κx2. (1.4)
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T=600K

T=400K

w

hs

hf

(a)

(b)

Figure 1.5: The schematic illustration of problem is given at T = 600K◦(a). Deformed mesh of
the film/substrate system when temperature is decreased to T = 400K◦(b). Deformations are
50 times amplified.

Figure 1.6: Schematic illustration of uniform bending of a beam.

The linear elastic constitutive law

εij =
1 + ν

E

(
σij − ν

1 + ν
δijσkk

)
(1.5)

together with the plane strain condition ε33 = 0 yields

ε11 =
(1− ν2)

E
σ11 . (1.6)
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In passing, it is noted that under biaxial stress, i.e. σ11 = σ33 and σ22 = 0, equation (1.5)
becomes

ε11 =
(1− ν)

E
σ11. (1.7)

For the system to be in equilibrium, force balance necessitates 〈σ11〉fhf = −〈σ11〉shs,
while the balance of moments reads

M = 〈σ11〉fhfhs/2. (1.8)

Combination of the equations (1.3), (1.4), (1.6) and (1.8) result in Stoney’s equation in
plane strain,

〈σ11〉f =
E

1− ν2

h2
s

6hfR
. (1.9)

The difference with the biaxial version in equation (1.1) is solely due to the plane strain
modulus E/(1− ν2) in equation (1.6) instead of the biaxial modulus E/(1− ν) in equa-
tion (1.7).

1.4.3 Results

FEM calculations are carried out for different values of the width w when the tempera-
ture drops from T = 600K◦to T = 400K◦. Elastic field quantities are calculated accord-
ing to equation (1.2). Adaptive meshing is found to be necessary for accurately taking
into account the effect of traction free edges on the radius of curvature and stress dis-
tribution. Thus the element width increases away from the the traction-free edges (see
figure 1.5(b)). The stress distribution for a film with w = 8 µm is shown in figure 1.7 to
exemplify the decay in σ11 towards the edges.

The bottom surface of the substrate is scanned along x1 and the local radius of cur-
vature R is computed from

1

R
= −d

2u2(x1)

dx2
1

(1.10)

which leads to the Stoney estimate of the thickness-average stress 〈σ11〉hf through equa-
tion (1.9). Moreover, 〈σ11〉hf for the film as a function of x1 is calculated by averaging the
FEM solution of σ11 over the film height according to

〈σ11〉hf =
1

hf

∫ hf

0

σ11(x1, x2) dx2. (1.11)

Note that both measures vary along the width of the film, as can be seen in figure 1.8 for
various widthsw. The substrate thickness is taken to be 50µm while the film thickness is
0.5µm for all the calculations. The aspect ratio χ is defined as the length of the substrate
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Figure 1.7: The distribution of thermal stress σ11 in the film/substrate system forw = 8µm. Only
a small portion of the substrate is shown in order to improve visibility of the stress distribution
in the film.

x1/w
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σ

11
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0.2 0.4 0.6 0.8
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w=16 µm χ=0.32
w=32 µm χ=0.64
w=64 µm χ=1.28
w=128 µm χ=2.64
w=256 µm χ=5.12
w=512 µm χ=10.24
w=1024 µm χ=20.48

f

Figure 1.8: Thickness-average film stress according to Stoney’s equation (1.9) (solid lines) and
according to the FEM solution (dashed lines) through equation (1.11).



12 1. Introduction

χ=0.32

χ=40.96

χ=20.48

χ=10.24

χ=5.12

χ=2.56

χ=1.28

χ=0.64

χ=81.92

Figure 1.9: Aspect ratio χ = w/hs of the substrate geometries considered. Only for the red ones
a meaningful curvature was observed due to bending of a beam.

divided by its thickness and tabulated in figure 1.9 for the geometries considered in
figure 1.8.

It is observed that for systems with χ < 2.64, a negative radius of curvature ceases
to exist. In fact, in terms of employing beam theory, substrates with χ < 5 disqualify
anyway.

For increasingly slender geometries with χ > 5, away from the edges, a portion of
the uniform radius and therefore uniform 〈σ11〉hf develops and with further increase in
χ uniform radius and stress starts to dominate. Moreover from the dashed curves in
figure 1.8, it can also be seen that the edge effects are also confined to smaller fractions
of the film width as χ increases.

In order to calculate the film-average stress, 〈σ11〉f , the local curvature is averaged
along the width of the substrate over the rangew/4 < x1 < 3w/4 (in between the dashed
gray lines shown in figure 1.8). This is more or less the range in which the curvature is
uniform for substrates with χ > 5. In order to judge the accuracy of wafer curvature
predictions, 〈σ11〉f is also calculated via the numerical integration of the FEM solution
of σ11 over the entire film. The results are plotted for different geometries in figure 1.10.
The data points reveal that in the aspect ratio range χ < 5.12, wafer curvature mea-
surements are not suitable. When χ ≥ 5.12 the stress values calculated from Stoney’s
equation slightly overestimate the film stress, but the difference fades with increasing
χ (at χ = 81.92 the difference is only 0.28%). The agreement is due to both a perfectly
uniform curvature for the interior region where the averaging of substrate curvature
is carried out and due to considering a film that is wide enough for edge effects to be
insignificant.

For an infinitely wide film, the thermal stress is given by (see Chapter 5 for a more
detailed description)

〈σ11〉f =
(αs − αf)E∆T

(1− v)
. (1.12)
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The value for the parameters chosen here is indicated in figure 1.10 with the dotted line.
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Figure 1.10: Comparison of the film-average stress 〈σ11〉f in plane strain calculated with
Stoney’s formula (1.9) and that from the FEM solution as a function of the substrate aspect ratio
χ = w/hs.

It is found that the predictions based on the curvature measurement are in good
agreement with the finite element solution when the width of the system is around 40
times larger than the substrate thickness. Also it is observed that while the radius of
curvature is uniform over the central region, it deviates near the edges and therefore is
misleading for estimating the film average stress.





Bibliography

[1] H.D. Espinosa, B.C. Prorok, and B. Peng. Plasticity size effects in free-standing sub-
micron polycrystalline FCC films subjected to pure tension. Journal of the Mechanics
and Physicss of Solids, 52(3):667–689, Mar 2004.

[2] N.A. Fleck, G.M. Muller, M.F. Ashby, and J.W. Hutchinson. Strain Gradient Plas-
ticity - Theory and Experiment. Acta Metallurgica et Materialia, 42(2):475–487, Feb
1994.

[3] J.A. Floro, E. Chason, R.C. Cammarata, and D.J. Srolovitz. Physical origins of in-
trinsic stresses in Volmer-Weber thin films. MRS Bulletin, 27(1):19–25, Jan 2002.

[4] L.B. Freund and S. Suresh. Thin Film Materials Stress, Defect Formation and Surface
Evolution. Cambridge University Press, 2003.

[5] H. Gao, L. Zhang, W.D. Nix, C.V. Thompson, and E. Arzt. Crack-like grain-
boundary diffusion wedges in thin metal films. Acta Materialia, 47(10):2865 – 2878,
1999.

[6] M.E. Gurtin. On the plasticity of single crystals: free energy, microforces, plastic-
strain gradients. Journal of the Mechanics and Physics of Solids, 48(5):989–1036, May
2000.

[7] G.C.A.M. Janssen. Stress and strain in polycrystalline thin films. Thin Solid Films,
515(17):6654 – 6664, 2007.

[8] L. Nicola, E. Van der Giessen, and A. Needleman. Discrete dislocation analysis of
size effects in thin films. Journal of Applied Physics, 93(10, Part 1):5920–5928, May
2003.



16 BIBLIOGRAPHY

[9] L. Nicola, E. Van der Giessen, and A. Needleman. Size effects in polycrystalline
thin films analyzed by discrete dislocation plasticity. Thin Solid films, 479(1-2):329–
338, May 2005.

[10] L. Nicola, Y. Xiang, J.J. Vlassak, E. Van der Giessen, and A. Needleman. Plastic
deformation of freestanding thin films: Experiments and modeling. Journal of the
Mechanics and Physics of Solids, 54(10):2089–2110, Oct 2006.

[11] W.D. Nix. Mechanical properties of thin films. An incomplete set of class notes
for a graduate class at Stanford University: Materials Science and Engineering 353,
Mechanical Properties of Thin Films, January 2005.

[12] M. Ohring. The Material Science of Thin Films. Academic Press, 1992.

[13] I. Petrov, P.B. Barna, L. Hultman, and J.E. Greene. Microstructural evolution during
film growth. Journal of Vacuum Science Technology, 21:117, Sep 2003.

[14] R. Schwaiger, G. Dehm, and O. Kraft. Cyclic deformation of polycrystalline cu
films. Philosophical Magazine, 83:693–710, 2003.

[15] S. S. Shishvan and E. Van der Giessen. Distribution of dislocation source length and
the size dependent yield strength in freestanding thin films. Journal of the Mechanics
and Physics of Solids, 58(5):678 – 695, 2010.

[16] A.L. Shull and F. Spaepen. Measurements of stress during vapor deposition of
copper and silver thin films and multilayers. Journal of Applied Physics, 80(11):6243–
6256, Dec 1996.

[17] G.G. Stoney. The tension of metallic films deposited by electrolysis. Proceedings of
the Royal Society of London Series, 82:172, 1909.

[18] E. Van der Giessen and A. Needleman. Discrete dislocation plasticity: a simple pla-
nar model. Modelling and Simulation in Materials Science and Engineering, 3(5):689–
735, 1995.

[19] D. Weiss, H. Gao, and E. Arzt. Constrained diffusional creep in uhv-produced
copper thin films. Acta Materialia, 49(13):2395 – 2403, 2001.

[20] Y. Xiang and J.J. Vlassak. Bauschinger and size effects in thin-film plasticity. Acta
Materialia, 54(20):5449–5460, Dec 2006.

[21] S. Yefimov, I. Groma, and E. Van der Giessen. A comparison of a statistical-
mechanics based plasticity model with discrete dislocation plasticity calculations.
Journal of the Mechanics and Physics of Solids, 52(2):279–300, Feb 2004.



Chapter 2

Methodology

Dislocation dynamics (DD) method is briefly outlined in this chapter. DD is a com-
putational framework to study plastic flow in materials by collective motion of

dislocations. Dislocations are treated individually as displacement discontinuities in an
otherwise perfect elastic continuum that gives rise to characteristic displacement and
stress fields. Dislocations are utilized in order to model slip and ‘misfit’ due to presence
of extra material. The effects of boundaries on elastic field quantities are taken into ac-
count with the use of superposition principle [2]. The motion of dislocations manifests
the permanent inelastic deformation which is driven by forces due to interaction with
other dislocations and external loads. Dislocation motion, generation and annihilation
are characterized by constitutive rules which represent fundamental atomistic features
of the dislocations.
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2.1 Introduction

DD is a meso-scale computational tool which is developed for plasticity problems where
time and length scales involved renders atomistic approaches such as molecular dy-
namics impractical due to the enormous number of atoms involved. In contrast, con-
ventional continuum approaches are inappropriate since the deformation is highly in-
homogeneous due to distinct patterning of dislocation ensemble. DD bridges the con-
tinuum and atomistic scales in order to accurately describe the inelastic deformation
phenomena and hence becomes an efficient computational tool in the length scale range
roughly from fractions of to few micrometers. In DD framework the material is consid-
ered as an elastic continuum which contains dislocations as discrete entities. The way
the dislocation structure develops takes into account the fundamental atomistic features
of dislocations as line defects in a perfect crystal through a set of constitutive rules.

2.2 Dislocation representation

In real materials dislocation can be conceptualized as a line tracing the atoms that ex-
hibit a lattice mismatch with the host crystal. The lattice mismatch creates unique distor-
tion quantified by the Burgers vector, bwhich has a magnitude equal to the interatomic
spacing. Since b should be conserved, dislocations cannot terminate within the crystal
but form either closed loops or cease at the free surface by creating a surface step. In a
continuum framework the notion of Burgers vector is introduced with a displacement
discontinuity and stated as

bi =

∮
∂ui
∂c

dc, (2.1)

where ui is the displacement vector field and the integral is taken around a contour that
encloses the dislocation line. The plane on which the dislocation resides is identified
with its unit normal vector mi. Throughout the coming chapters two classes of disloca-
tion loops with different geometrical properties will be the focus of attention. The first
class of dislocations are the glide loops which are typically emitted from Frank-Read
sources and their motion manifests the slip across glide planes which is illustrated in
figure 2.1(a) while ‘misfit’ loops can be regarded as a result of dislocation climb mo-
tion that embody the presence of extra material along the dislocation plane which is
illustared in figure 2.1(b).

For two dimensional (2D) plane strain problems which the current study is limited
to, the projection of three dimensional loop onto the plane of paper is considered. Hence
in 2D the dislocation loop is represented by a dipole of two edge dislocations. For a
glide dipole, bi is orthogonal to the glide plane normal mi. The ‘misfit’ dipole also
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(a)

(b)
Figure 2.1: Schematic representation of glide (a). Dislocation loop is shown on the left column
which expands under the effect of resolved shear stress τ . On the right column surface steps
have been formed when dislocation loop reaches the material boundaries. Schematic represen-
tation of ‘misfit’ (b). Dislocation loop is given in left column expands under the resolved normal
stress σ. The deformation of material due to presence of dislocation is illustrated on the right
column.

consists of a pair of edge dislocations, however bi is now parallel to mi. Accordingly
both dipoles create a displacement field that is discontinuous along the slip/‘misfit’
plane. The displacement discontinuity is tangential to mi for the glide dipole whereas
it is normal to mi in the ‘misfit’ dipole. The displacement field of a glide dislocation in
infinite space is well known e.g. [1] and given by

u1(x1, x2) =
b

2π(1− ν)

(
1

2

x1x2

x1
2 + x2

2
− (1− ν) tan−1(

x1

x2

)

)
(2.2)

u2(x1, x2) =
b

2π(1− ν)

(
1

2

x2
2

x1
2 + x2

2
− 1

4
(1− 2ν) ln(

x1
2 + x2

2

b
)

)
(2.3)

for a dislocation positioned at the origin of a Cartesian coordinate system where b is
the magnitude of the Burgers vector and ν is the Poisson’s ratio. On the contrary the
x1 component of displacement field of a ‘misfit’ edge dislocation differs subtly by the
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orientation of multivalued portion of arc tangent function and given as,

u1 =
b

2π(1− ν)

(
1

2

x1x2

x2
1 + x2

2

+ (1− ν) tan−1(
x2

x1

)

)
. (2.4)

In figure 2.2 these displacement fields for the two different types of dipoles are illus-
trated.

(a) (b)

Figure 2.2: Displacement vector plots in infinite space for the glide dipole where the displace-
ments are calculated according to equations (2.2) and (2.3) (a), for the ‘misfit’ dipole according
to equations (2.4) and (2.3) (b).

2.3 Stress Fields for Edge Dislocations

The stress fields around an edge dislocation in an infinite space can be obtained by first
calculating the strain fields,

2εij = ui,j (2.5)

and then using the linear elastic constitutive law for the isotropic case,

σij =
E

1 + ν

[
εij +

ν

1− 2ν
εkkδij

]
(2.6)

where E is the elastic modulus, ν is Poisson’s ratio and δij is the Kronecker delta. For
both classes of edge dislocations the strain fields and therefore the stress fields are iden-
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Figure 2.3: Contour plots for the σ11 (a) σ22 (b) and σ12 (c) components of the stress tensor for
an edge dislocation at origin.

tical and read as

σ11 = − Eb

4π(1− ν2)

x2(3x1
2 + x2

2)

(x1
2 + x2

2)2
(2.7)

σ22 =
Eb

4π(1− ν2)

x2(x1
2 − x2

2)

(x1
2 + x2

2)2
(2.8)

σ12 =
Eb

4π(1− ν2)

x1(x1
2 − x2

2)

(x1
2 + x2

2)2
(2.9)

which are visualized by contour plots in figure 2.3. All components of the stress ten-
sor are singular at the dislocation position. Obviously this singularity is not physical
but arises due to linear elastic continuum analysis over the crystal distortions that are
incompatible. Moreover elastic field quantities in the vicinity of dislocation should be
handled with care since the atomistic nature of a dislocation reminds us neither the
smalls strain assumption nor omitting the quadratic terms in equation (2.5) is validated.
However the atomistic studies revealed that a cylindrical core volume around the dis-
location loop with non–linear and finite strains has a radius around rc ≈ 2b. Thus a few
nanometers away from the dislocations, continuum linear elasticity is highly accurate
and hence the atomistic configuration of the material no longer needs to be resolved.

2.4 Superposition Principle

Although stress and displacement fields for dislocations in infinite space are given by
closed–form solutions specified above, analytical solution for a solid enclosed by an
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arbitrary surface is not available. However superposition principle formulated by Van
der Giessen and Needleman [2] is a general approach for the solution of dislocation field
quantities in boundary value problems.

For an elastic solid V with a surface ∂V illustrated in figure 2.4(a), the boundary con-
ditions for the general case are prescribed tractions, T 0

i on some portion of the bound-
ary ∂V T and prescribed displacements, U0

i on the remaining of the surface ∂V U , i.e.
∂V = ∂V T ∪ ∂V U . The elastic fields for the problem at hand can be decomposed into
fields for the dislocation ensemble in infinite space denoted by (̃ ) (see figure 2.4(b)) and
elastic fields due boundary corrections denoted by (̂ ) (see figure 2.4(c)). For instance
for the case of stress, decomposition reads

σij = σ̃ij + σ̂ij. (2.10)

In order to identify σ̂ij , the following boundary value problem should be considered.
The traction on the surface ∂V T caused by the ensemble of dislocations in infinite space
can be found as

t̃i =
N∑
I=1

σ̃
(I)
ij nj (2.11)

where I is the dislocation index that runs from 1 to number of dislocations N and ni
is the unit surface normal. Since the tractions are prescribed to T 0

i the complimentary
tractions for the problem shown in figure 2.4(c) should be

t̂i = T 0
i − t̃i (2.12)

on ∂V T . Similarly the prescribed displacements on ∂V U become

ûi = U0
i − ũi. (2.13)

Thus the solution of the boundary correction becomes a standard boundary value prob-
lem itself which is governed by the principle of virtual work

∫

∂V

t̂iδûidA =

∫

V

σ̂ijδε̂ijdV, (2.14)

together with the boundary conditions equations (2.12) and (2.13). The discretization
of integrals in equation (2.14) naturally leads to the numerical solution by the finite
element method.

2.5 Dislocation Motion & Constitutive Rules

Dislocation motion is driven by the thermodynamic force on a dislocation – the so called
Peach-Koehler force – which is due to externally applied loading and the stress fields
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= +

Figure 2.4: The schematic illustration of superposition principle where for elastic fields of the
solid with dislocations (a) can be decomposed to problem of infinite solid and the complimen-
tary problem with a solid with no dislocations.

of other dislocations. In the framework of superposition principle Van der Giessen and
Needleman [2] derived the Peach–Koehler force by considering the variations in poten-
tial energy due to variations in dislocation positions. The component of this force in the
plane of dislocation is

f (I) = m
(I)
i

(
σ̂ij +

∑

J 6=I
σ̃

(I)
ij

)
b

(I)
j (2.15)

where the index I runs over the total number of dislocations in the system. It is impor-
tant to note that although the stress field of a dislocation is singular the Peach–Koehler
force is not because it does not depend on the stress field of itself. Equation (2.15) can
be rewritten in a more compact form

f (I) = τ (I)b(I) (2.16)

by defining τ (I), the resolved shear stress on the particular slip plane of interest as

τ (I) = m
(I)
i

(
σ̂ij +

∑

J 6=I
σ̃

(I)
ij

)
n

(I)
j (2.17)

where n(I)
i is the unit vector in the direction of b(I)

i . The current study assumes quasi–
static deformation in the solid. Moreover inertial effects becomes important at a time
scale much smaller than the one associated with the dislocation motion. Therefore in-
ertial effects of dislocation motion is omitted. In the absence of inertia, phonons are
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assumed to create a drag force counteracting on the Peach-Koehler force as

f (I) −Bv(I) = ρv̇(I) = 0 (2.18)

and therefore the dislocation glide velocity v(I) is given as

v(I) = f (I)/B (2.19)

whereB is the drag coefficient. Metals usually posses some density of dislocations even
at the undeformed state. Upon the application of loads new dislocations are generated
and dislocation density increases. In the present DD framework nucleation occurs from
point sources which represents a Frank–Read segment pinned at two points. The nu-
cleation occurs by bowing out of the segment which in 2D corresponds to emission of a
dipole a when the resolved shear stress, τ exceeds the source strength, τnuc for a dura-
tion of nucleation time tnuc. The schematic of the nucleation event is given in figure 2.5.
The dipole is initially separated by a distance

Lnuc =
E

4π(1− ν2)

b

τ
(2.20)

so that there the attractive forces between the two ends of the dipole are equilibrated by
the applied shear stress, τ . Dislocations with opposite signs are annihilated when they
are closer than 6b to each other granted they live on the identical slip plane. In contrast
dislocations from different slip planes pin each other which gives way to hardening of
material as the dislocation density increases.

For a ‘misfit’ edge dislocation the critical component of Peach–Koehler force still
governed by equation (2.15) however due to the different orientation of ‘misfit’ plane it
is convenient to rewrite equation (2.15) similar to equation (2.16) as

f (I) = σ(I)b(I) (2.21)

where σ is now defined as the stress component normal to the m(I)
i i.e.

σ(I) = m
(I)
i

(
σ̂ij +

∑

J 6=I
σ̃

(I)
ij

)
n

(I)
j (2.22)

that is responsible from ‘climb’ of ‘misfit’ dislocations (see figure 2.1). The ‘climb’ mo-
tion of ‘misfit’ dislocation is explored in Chapter 4.
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Figure 2.5: Schematic illustration of a Frank–Read source which is a dislocation segment is
pinned between two points. Nucleation happens when the segment becomes unstable due to
resolved shear stress and bow around itself. Partial annihilation leaves a loop and a copy of the
original segment.
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Chapter 3

Dislocation dynamics simulations of the
relaxation of intrinsic stress in thin films

The relaxation of compressive intrinsic stress for a film/substrate system is mod-
eled with discrete dislocation dynamics (DDD). Compressive stress is arising due

to the diffusion of extra material into the grain boundaries (GBs) during deposition.
Dislocation nucleation and motion relax the stress in the thin film. The effect of mi-
crostructure on the process is found to be two-fold. As the grains get finer, the initial
compressive stress becomes higher and more homogeneous, while impenetrable GBs
also cause higher hardening. The two effects seem to balance out when there are few
sources available for dislocation nucleation. When the density of sources is high, relax-
ation behavior seems to be less affected by microstructure since both effects get weaker
when the limit of continuum behavior is approached.

0Based on Dislocation dynamics simulations of the relaxation of intrinsic stress in thin films, Can Ayas and Erik
van der Giessen, Philosophical Magazine, 88, 30-32, 3461-3477 (2008).
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3.1 Introduction

Thin metallic films are routinely used at (sub)micrometer scales in applications such as
integrated microelectronic circuits and micro-electro-mechanical systems (MEMS). Al-
though these films are not primarily designed for load bearing applications, mechanical
properties of small scale devices are of importance for reliability, and hence understand-
ing them is insightful for sustainable design.

In this chapter we focus on the intrinsic growth stresses that are due to the non-
equilibrium nature of film synthesis techniques. The evolution of the stress state has
been experimentally studied by in–situ monitoring of the film average stress during
deposition, e.g. [6]. Abermann [1] distinguished two types of characteristic stress evo-
lution in polycrystalline thin films. Films with relatively low melting temperatures
are susceptible to appreciable diffusion at deposition temperature and usually end up
building up an average compressive stress. On the other hand, tensile stresses are ob-
served for high melting point materials.

The origin of both classes of behavior resides in the Volmer–Weber growth mech-
anism of polycrystalline films. As long as the binding interaction between film atoms
is stronger than the binding interaction between film and substrate atoms, film growth
starts out by island formation. The evolution of stress in the film then reveals three
distinct stages as illustrated in figure 3.1. During the first stage, small islands on the
substrate nucleate and the film is in compression as a consequence of surface stress.
As islands grow, the magnitude of the compressive stress decreases. The second stage
starts when independent islands have grown so much that they touch each other. It then
is energetically favorable to transform two free surfaces into one GB. The film grains de-
form slightly to accommodate this zipping process as long as the elastic strain energy
gained is less than the energy consumption for GB formation. When coalescence of the
islands into grains is complete, the peak tensile stress is attained, [12, 8].

The third stage of growth is still not completely understood and a number of mech-
anisms have been proposed in the literature, e.g. [14, 4, 19, 9, 5]. According to Chason
et al. [5] adatoms are continuously arriving at the film surface during deposition where
they create a supersaturated adatom population. Accordingly, a chemical potential dif-
ference between the free surface and the uppermost part of the GB builds up. This
induces a chemical potential gradient, which drives a flux of atoms into the film along
the GBs. Diffusion of extra material relaxes the tensile stress and depending on the pro-
cess parameters different tensile and, even, compressive stress levels can be attained [5].
The stress magnitude depends on the competition between film growth and diffusion. If
the growth rate of film is low, or equivalently when the deposition temperature is high,
significant diffusion can occur leading to a pronounced compressive stress, while for
fast growth, even some tensile stress may be frozen-in in the film. It is also important to
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Figure 3.1: Schematic illustration of the typical stress evolution with three distinct stages during
the Volmer–Weber growth of a thin film on a substrate.

note once again that the driving force for diffusion is chemical potential difference due
to supersaturated adatom population at the free surface. Hence, even when the tensile
stress due to former island coalescence stage is totally relaxed to zero, diffusion may
continue because the ongoing deposition process still pushes gas atoms near the film’s
advancing front, thus supplying a chemical potential gradient. Actually when there is
no constraint for diffusion, intrinsic compressive stress continues to build up to a level
decided by adatom supersaturation. Grain boundary diffusion, being much slower than
surface diffusion, is the rate-controlling process and therefore governs stress evolution.
A mechanistic model describing these observations has been given by Guduru et al. [11].
The third stage of stress evolution is absent in films with a high melting temperature be-
cause diffusion is too slow.

Relaxation of the intrinsic compressive stress may occur by dislocation plasticity,
debonding of the film from the substrate or by reverse diffusion caused by reversal of
the chemical potential gradient after deposition halts. The various relaxation mecha-
nisms can be triggered already during film deposition, but in order to gain some basic
insight, in this chapter we decouple growth and diffusion from dislocation plasticity,
and focus solely on the latter.

We consider a thin metal film on a substrate just after deposition, but still at the
deposition temperature. During deposition, diffusion of adatoms is assumed to have
created a compressive stress above the yield strength of the film material. The stress
will relax by plasticity, eventually leaving some residual stress. It bears emphasis that
we do not take into account the coupling between film growth, diffusion and plastic-
ity, but look solely into plastic flow in the initially compressed film. Plastic relaxation
is described using discrete dislocation plasticity, where individual dislocations can be



32 3. Dislocation dynamics simulations of the relaxation of intrinsic stress in thin films

αf

αs

x1

x2

o60

π

w

sources

GB
dislocations

d

π

h

Figure 3.2: Schematic description of the periodic thin film problem

nucleated and glide on discrete slip planes. The dislocations themselves are treated as
singularities in an elastic background, and superposition is used to satisfy the boundary
conditions [20]. This approach has shown previously to be able to pick up size effects in
films with thicknesses on the order of fractions to several micrometers, e.g. [15, 16, 17].
The objective of the present chapter is to study the effect of microstructure, in particular
grain size and density of dislocation sources, on the propensity of relaxation of intrinsic
compressive stress.

3.2 Method

We consider the plane-strain problem of a thin film of infinite width that is perfectly
bonded to a very thick elastic substrate, as illustrated in figure 3.2. The film has thick-
ness h and comprises columnar grains of width d, each containing three slip systems.
Obviously, in real materials, the orientation of the grains varies, but here we will assume
all grains to have the same orientation. This simplification is motivated by the finding
in [2] that the role of GBs as obstacles for dislocation motion is more important in con-
trolling the Hall–Petch grain size effect than lattice mismatch. Thus, the slip planes are
oriented at mutual angles of 60◦, with one of them being parallel to the film–substrate
interface. This mimics, in two dimensions, an FCC crystal with (001) coinciding with the
interface and the (110) plane being the plane of consideration. As shown by Rice [18]
this orientation allows for plane strain deformations by virtue of the symmetry of the
〈110〉 slip directions on the {111} planes.

The infinitely wide film is modeled by considering a plane-strain, periodic cell of
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width w in x1 direction. Periodic boundary conditions on the cell edges (denoted by π
in figure 3.2) ensure displacement and traction continuity along the sides,

ui(0, x2) = ui(w, x2), σ1i(0, x2) = σ1i(w, x2), i = 1, 2 . (3.1)

The substrate is considered to be elastic, while plastic flow in the film is modeled by the
dynamics of discrete dislocations, treated as line singularities in the otherwise elastic
medium. A statistically meaningful sample of the film is obtained when the computa-
tional cell contains several grains; when the latter is not the case, multiple realizations
of the computational cell are needed.

Two sets of discrete dislocation computations are carried out. The main simulation
is that of the relaxation of the initial stress state induced by the material inserted into
the GB during deposition. The width (or opening) of the GB is determined by an in-
dependent calculation, described subsequently, and serves as the initial condition for
the dislocation plasticity simulation. The second type of computation is performed to
capture the hardening behavior of the film material itself, i.e. in the absence of intrinsic
stress. In the latter case, straining of the film is imposed by making use of the thermal
mismatch between film and substrate, which upon cooling induces a tensile stress in the
film when the film’s expansion coefficient is larger than that of the substrate. The ther-
mal stress increases with decreasing temperature, and plasticity is triggered when the
stress level is high enough to nucleate and move dislocations. This kind of computation
is similar to that reported by Nicola et al. [16] and serves here merely to substantiate the
interpretation of the intrinsic stress relaxation results.

3.2.1 Initial compressive stress

As mentioned before, a compressive stress can develop in the film by diffusion of adatoms
into the GB when the growth rate is relatively low. According to Gao et al. [10], the GB
opening due to diffusion of extra material can be approximated by the opening dis-
placement of a mode I crack. This leads to the distribution of GB separation δ being
given by

δ(x2) = δ(h)
√

1− (1− x2/h)2 . (3.2)

The prefactor δ(h) is a measure of the average induced stress in the film. Its value, defin-
ing the total amount of material diffused along the GB, is determined by the deposition
process, but will be considered an input variable for the model here.

For convenience within a framework for discrete dislocations, the local boundary
opening according to equation (3.2) is discretized by distributing edge dislocations along
each GB, whose Burgers vector is parallel to the film substrate interface.1 They are intro-

1For simplicity, we refer to the dislocations describing the GB opening as “GB dislocations”, even tough
there is no orientation mismatch between grains.
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duced in the form of dipoles to ensure proper orientation of the displacement disconti-
nuity so as to represent the inserted material. The negative ends of the dipoles reside at
the free surface while the positive parts are placed along the boundary with a separation
between them, ∆l. A single dipole with Burgers vector b at x2 = y therefore produces an
opening δ(x2) = bH(x2 − y) along x2 < h (neglecting core effects; H(x) is the Heaviside
step function: H = 1 for x > 0, H = 0 elsewhere). As a consequence, the separation
at any point on the boundary is determined by all the GB dislocations that are below
that point. Equal dislocations at a regular spacing produce a linear wedge opening of
the GB; a nonlinear variation of the opening is obtained by varying the magnitude b(I)

of the misfit dislocations (or the spacing, but we here choose to keep this constant and
equal to the slip plane spacing). With the n dislocations positioned at x2 = X

(I)
2 := I∆l,

the (discretized) opening becomes

δ(x2) =
n∑
I=1

b(I)H(x2 −X(I)
2 ) (3.3)

The full displacement field, along with the induced strain and stress fields, is computed
by means of the superposition method [20] in order that the boundary conditions are
met (as will be summarized in some detail in the next subsection).

As an example, a film with h = 0.5 µm having n = 20 dislocations along the GB
(so that ∆l = 0.025 µm) is taken here to explain the procedure. The GB opening cal-
culated from equation (3.2) is shown with the solid curve in figure 3.3. Here we have
chosen δ(h) = 2.6 nm; this corresponds to an initial stress state with an average film
stress of −75.7 MPa for which significant relaxation will occur for the chosen material
parameters. The values of b(I) are computed sequentially for I = 1 to n by application of
equation (3.3) at the nodes of the finite element mesh. The resulting discretized opening
profile shown by the dashed curve provides a good approximation. The corresponding
stress and deformation fields are shown in figure 3.4.

3.2.2 Discrete dislocation plasticity

Not only the GB dislocations but also the dislocations that can relax the resulting stresses
by glide are of edge character; the key distinction is that the latter dislocations live on
the three slip systems indicated in figure 3.2. In either case, we adopt the approach
in [20] and decompose the dislocation fields into a singular long-range field, denoted
by (̃ ), and a non-singular image field (̂ ) to correct for the boundary and periodicity
conditions. Hence, for example for stress,

σij = σ̂ij +
∑
I

σ̃
(I)
ij , (3.4)
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Figure 3.3: Discretization of GB displacement by dislocations in a film of h = 0.5 µm. Solid
curve: GB opening δ according to the closed form equation (3.2) (for δ(h) = 2.6 nm) evaluated at
dislocation locations indicated by5. Dotted curve: Burgers vector b of the discrete dislocations
(⊥) computed from the solid curve. Dashed curve: displacements (at nodes indicated by ¦)
caused by these discrete dislocations.

with I being an index for a dislocation. For the (̃ )-fields we here make use of the closed-
form expressions for a periodic array of dislocations in half-infinite space given in [7].
By construction, these fields already satisfy periodicity conditions at the sides and the
traction-free conditions at the top surface of the film. The (̂ )-fields serve to satisfy the
boundary conditions at the bottom of the substrate: u2 = 0 and σ21 = 0. These non-
singular, image fields are obtained by the finite element method, using a quadrilateral
mesh (as can be seen in figure 3.4(b)). Both fields are computed at each time increment,
once the dislocation structure is updated for that step. While the long-range interac-
tions between dislocations are captured by their elastic fields, the interactions at small
distances are described by a set of constitutive rules.

Glide dislocations get nucleated from two-dimensional Frank-Read sources that are
positioned randomly on slip planes (spaced, in the present computations, at 100b with
a magnitude b = 0.25nm of the Burgers vector). These sources generate a dipole when
the resolved shear stress at the source exceeds the strength τnuc for a sufficiently long
time (here, tnuc = 10ns). The source strengths are randomly selected from a Gaussian
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Figure 3.4: (a) Initial stress σ11 and (b) deformed mesh due to GB opening for the film with
d = 2 µm. Deformations are amplified 50 times.

distribution with a mean strength τ̄nuc = 25MPa and a standard deviation of 5MPa. The
sign of the generated dipole depends on the sign of the resolved shear stress τ . At the
instant of nucleation, the two ends of the dipole are initially separated at a distance Lnuc,
given by

Lnuc =
µ

2π(1− ν)

b

τnuc

(3.5)

so that the attractive interaction between them does not make the dipole collapse right
away.

The motion of the glide dislocations is governed by the Peach-Koehler force, i.e. the
potential energy change of the system for an infinitesimal change in the position of the
dislocation of interest. The component of that force in the direction of slip is given by
[20]

f (I) = m
(I)
i

(
σ̂ij +

∑

J 6=I
σ̃

(J)
ij

)
b

(I)
j (3.6)

where m(I)
i is the unit normal to the slip system on which the dislocation I with Burgers

vector b(I)
j resides. The motion of dislocations is taken to be drag controlled with a drag

coefficient of B = 104Pa s, so that the glide velocity is given by vI = f I/B.
Dislocations with opposite sign get annihilated if they come closer than 6b to each

other. In the present computations, there are no obstacles to dislocation motion inside
the grains, but the film–substrate interface and the GBs are assumed to be impenetrable
to dislocations.
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3.3 Results and Discussion

We consider thin films with varying grain sizes d, but with the same thickness of h =

0.5µm. Elasticity in both film and substrate is linear isotropic; Young’s modulus is taken
to beE = 70GPa, while Poisson’s ratio is ν = 0.33 (it is known from [15] that the effect of
elastic mismatch is negligible). The thermal expansion coefficients of film and substrate
are αf = 23.2× 10−6/K◦and αs = 4.2× 10−6/K◦, respectively. In the cooling simulations,
a cooling rate of 40 × 106K◦/s is adopted. The time step used for cooling simulations
is 0.05ns, while a smaller time increment of 0.005ns was found necessary to resolve the
dislocation movement during relaxation simulations.

3.3.1 Relaxation: concerted action of dislocation generation and hard-
ening

Relaxation simulations start from an initial compressive state of stress governed by the
opening distribution equation (3.2). As mentioned previously, we regard the maximum
GB opening δ(h) to be an input parameter. Its value of 2.6 nm in films with d = 2 µm
gives rise to the initial stress state shown in figure 3.4(a), with a film average value of
〈σ11(0)〉 = −75.7 MPa.

The relaxation behavior of thin films with d = 2 µm for different source densities is
presented in figure 3.5(a) in terms of the evolution of the film average stress 〈σ11〉 nor-
malized with the initial film average stress 〈σ11(0)〉. Time is normalized by the nucle-
ation time. Each curve shown is an average of five different source distributions and the
error bars denote the standard deviation of the data. A source density of ρnuc = 60µm−2

is the central case in this parameter study (as in [16]), but we also consider a low density
of 30 µm−2 and a higher one, ρnuc = 240 µm−2.

For all source densities analyzed, the stress relaxation curves have the same charac-
teristic shape. Relaxation starts after an incubation period equal to the nucleation time,
after which nucleation and motion of the glide dislocations take place. As seen in fig-
ure 3.5(a), both the rate of decay and the maximum relaxation achievable depend on
the source density. The total reduction of stress is the manifestation of the collective
motion of all glide dislocations. Under the influence of the predominant σ11 stress state
(with Schmid factor 1

2
sin 2φ), the positive dislocations on slip planes with φ = 60◦ and

the negative ones on the 120◦ slip planes tend to move towards the free surface; when
they exit the crystal they leave a surface step. The opposite-signed dislocations tend
to pile-up against the film/substrate interface or the GBs were they are blocked. It is
this interplay between nucleation, glide and the development of back stresses caused
by pile-ups that governs the characteristic decay.

Because relaxation proceeds with plastic deformation, material hardening also comes
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Figure 3.5: Time-dependent relaxation of intrinsic compressive stress (a) and hardening behav-
ior due to thermal stress (b) in a film with d = 2 µm.

into the picture. Hardening in the present model is due to the hindrance of dislocation
motion by (i) dislocations piling-up against a GB or the film/substrate interface, and
(ii) ’collision’ and ’locking’ with a dislocation on another slip plane. This hardening be-
havior is studied separately in cooling simulations of the same films (but without initial
stress). According to figure 3.5(b), hardening is nearly linear with imposed strain and
decreases with increasing source density (see also [15, 16]). The latter is a partial expla-
nation for the observation in figure 3.5(a) that the final residual stress after relaxation is
higher (in absolute value) for lower source densities.

The relative contributions to relaxation by nucleation and glide can be better under-
stood by investigating the evolution of dislocation density, as shown in figure 3.6. In
films with relatively coarse grains (d = 2 µm; solid curves), plasticity seems to be glide
dominated. The dislocations that are needed for relaxation are generated in the early
stages right after t = tnuc; their density only decreases with time as dislocations escape
from the crystal through the free surface. Note that for the highest source density of
ρnuc = 240 µm−2, many dislocations nucleated at t = tnuc were not sustainable and anni-
hilated again. This sharp peak seen in figure 3.6 is responsible for the sharp stress drop
in figure 3.5(a) for ρnuc = 240 µm−2.

As the source density increases, relaxation is more efficient in the sense of a lower
(in absolute value) final residual stress that can no longer be relaxed. From figure 3.5(a)
one finds that the average residual stress varies from −24.4 MPa for the lowest source
density to −10.4 MPa when ρnuc = 240 µm−2. One reason for this sensitivity to source
density is that the likelihood of weak sources is higher when the source density is larger,
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Figure 3.6: Evolution of dislocation density, ρ, in the course of relaxation for different films and
for low vs. high source density.

but the main reason is the increased probability of finding a source in a favorable con-
dition to nucleate. Taking into account the Schmid factor, all residual stresses from
figure 3.5(a) correspond to a resolved shear stress on the inclined slip planes is smaller
than the strength of the weakest source that happens to be present. Having infinitely
many sources would conceptually be approaching a continuum theory, where (implic-
itly) sufficiently many sources are available whenever and wherever they are needed.
Stress relaxation in continuum theory would therefore occur instantly (aside from rate
effects), and would depend only on the yield strength. However, even in a hypothetical
infinite-source discrete dislocation framework still some time is spent on nucleation.

3.3.2 Grain size effect

Hardening in thin films depends on grain size [16]; what is the effect of grain size on the
relaxation behavior of intrinsic stress? This cannot be addressed by solely changing the
value of d, but also requires consideration of the initial compressive stress, or in other
words the value of the maximum GB opening δ(h) in equation (3.2). As described in
detail by Guduru et al. [11], the diffusion of material into a GB during deposition is
governed by the local (compressive) stress along the boundary and by the injection rate
at the growing surface, assuming that GB diffusion is the rate-limiting step. Although
the solution for multiple GBs is not yet available, we can make a number of simple ob-
servations. First of all, we point out that the compressive stress field induced by the GB
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opening decays almost exponentially with distance from the GB (exponential decay is
exact for a perfect tilt wall comprising equal dislocations; it is not exact for the variations
in Burgers vector seen in figure 3.3, but it is fairly close to that). This means that, when
the grain size is much larger than the film thickness, the normal stress along a particular
GB is not affected significantly by diffusion on the neighboring boundary. Hence, one
would expect δ(h) to be independent of grain size for coarse grained microstructures.
On the other hand, when d is very small and the boundaries communicate with each
other almost directly, diffusion at a neighboring grain would restrict the diffusion at
the GB of interest. In this case it is more likely that δ(h)/d is constant where, the total
diffused material is distributed equally among all boundaries.

Awaiting a quantitative solution, we here consider the two extreme cases. First, the
opening per GB is kept constant (i.e. δ(h) is independent of d); this leads to films having
a higher initial stress as the grains get finer. The other extreme case is that δ(h)/d is
constant, which implies the same average initial stress irrespective of grain size.

Identical GB opening

Figure 3.7(a) presents results for a grain size of d = 0.5 µm. Compared to the results for
d = 2 µm in figure 3.5(a), the finer microstructure is seen to induce important changes
in the relaxation curves. Considering first the films with ρnuc = 30µm−2, we see that the
relaxation curve is less smooth than for d = 2µm, figure 3.5(a). There are two reasons for
this. Firstly, as the initial compressive stress increases with decreasing grain size, there
is a notable difference in the mechanism of relaxation, viz. it becomes more nucleation
controlled. The initial resolved stresses are so high that the first dipoles of nucleated
dislocations glide apart and reach their final positions very rapidly, even within the nu-
cleation time. After 2tnuc, new dislocations are nucleated, which again move rapidly and
relax the stress down to a lower plateau. This process repeats every nucleation cycle,
with the amount of relaxation per cycle gradually reducing until a steady stress state
is achieved. This phenomenon can also be seen from the evolution of the dislocation
density, shown, for even finer grains with d = 0.25µm, in figure 3.6. The second striking
difference is that the dislocation motion is more restricted due to the increased amount
of impenetrable GB length per unit area. This couples back to the aforementioned nucle-
ation domination, since reduced dislocation motion calls for the creation of dislocations
in order for plasticity to be sustained. As a consequence, relaxation completes but the
residual stress in d = 0.5µm films with ρnuc = 30µm−2 is almost three times higher than
that when d = 2 µm. The characteristic time scale for relaxation does not appear to be
very sensitive to grain size.

In a similar fashion, figure 3.7(b) reveals the effect of grain size on the behavior dur-
ing thermal relaxation of the same films. As was seen in figure 3.5(b) for d = 2 µm,
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Figure 3.7: Time-dependent relaxation of intrinsic compressive stress (a) and hardening behav-
ior due to thermal stress (b) in a film with d = 0.5 µm.

a higher source density reduces hardening. When comparing figure 3.7(b) with fig-
ure 3.5(b), we observe that hardening is slightly stronger in fine grained films that have
a high density of sources (ρnuc = 240 µm−2), but that hardening is increased dramat-
ically at low source density. In the latter case, the back stresses created by disloca-
tions piled-up against grain boundaries tend to shut off sources (see [16] for a more
in-depth discussion). The change in the hardening slope of the material with thick-
ness has been explained in [16] due to the formation of hard boundary layers in the
vicinity of film/substrate interface and free surface during plastic deformation. The
thickness of these boundary layers are independent of the film thickness and grain size
while the level of average stress they carry increases with a decrease in the width of the
columnar grains. For slender grains the dislocation density at the interface boundary
layer is reduced since more dislocations gliding towards the interface are blocked by
GBs. Accordingly, in this region, strain is mostly accommodated by elastic distortions,
thus giving rise to high stress levels. On the other hand for slender grains, the disloca-
tion density in the surface boundary layer increases since more dislocations are being
stopped at the GBs instead of exiting from the free surface. The stress fields of these
dislocations are the main cause of the increase in average stress in this region. The de-
pendence of this GB effect on film thickness and grain size was shown recently to be
governed by the total surface area of GBs per unit volume in the microstructure [13].

The effect of GBs (both vertical and horizontal) on yield strength and hardening
in multilayer films was investigated in [13] where authors showed that the effect of
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impenetrable boundaries is independent of their orientation and thus governed by the
total surface area of GBs per unit volume in the microstructure.
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Figure 3.8: Resolved shear stress τφ at the end of relaxation for d = 0.25µm and ρnuc = 30µm−2

on all slip systems: (a) φ = 0◦, (b) φ = 60◦ and (c) φ = 120◦. The current dislocation (denoted
by ⊥’s) and source (denoted by ◦’s) structure for each slip system is superimposed. Stress is
normalized with the average nucleation strength τnuc.

The suppression of source activity is illustrated for relaxation calculations, by the
distribution of the resolved shear stress on the three slip systems for a typical ρnuc =

30 µm−2 case but an even smaller grain size of d = 0.25 µm in figure 3.8. The shear
stress at the sources is low due to the back stress from the dislocation pile-ups. Because
of this, the shear component of the average residual stress resolved on the inclined slip
planes is larger than the minimum source strength (contrary to the previous cases with
d = 2 µm); in fact, the residual stress is below the average source strength only for the
highest source density. Figure 3.8 also reveals a few dislocations on horizontal glide
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planes, despite the fact that the resolved shear stress due to the GB wedge is below the
nucleation strength of their sources. Their nucleation has been caused by the stress field
of dislocations on other systems. The dislocation activity on horizontal slip planes was
investigated by Balk et al. [3] by means of in-situ TEM analysis of thermally loaded
Cu thin films on Si substrates. Their experiments revealed that the plastic deformation
is predominantly taking place by glide of dislocations on a (111) plane parallel to the
film/substrate interface in films 200 nm and thinner. In our calculations we have iden-
tified this ‘parallel glide’ mechanism triggered by the shear stress due to the diffusion
wedge to be present only when ρnuc is high. Eventhough few dislocations are gliding
parallel to the film/substrate interface most of the plastic strain is still accommodated
on the inclined slip systems for the film thickness h = 0.5 µm we have considered. For
thin films below 200 nm thickness it is also consistent with our model that parallel glide
can play a crucial role since the resolved shear stress on the slip systems parallel to
film/substrate interface is highest near the interface and decays along the x2 axis which
can be later seen in figure 3.11.

As the source density increases for a fixed d, more relaxation occurs and therefore
lower residual stress levels are observed. When we compare this trend in figure 3.5
with that in figure 3.7 it is observed that when the grains get finer, an increase in source
density from ρnuc = 30µm−2 to 240µm−2 lowers the residual stress by a factor of around
three when d = 0.5 µm compared to only two when d = 2 µm. The reason for this en-
hanced sensitivity is that hardening is more sensitive to source density for finer grains.

Finally, we compile the residual stresses predicted by the simulations (in figures 3.5(a)
and 3.7(a) at t/tnuc = 10) for various source densities and plot them as a function of grain
size in figure 3.9(a). When the source density is low, ρnuc = 30 µm−2, there appear to be
two opposing effects that control the residual stress level. As the grain size decreases,
the initial compressive stress, being the driving force for relaxation, increases as dis-
cussed above. On the other hand, when the grain size decreases, dislocation motion
becomes more and more restricted. These two opposing effects balance at some inter-
mediate point. When the source density increases and hardening weakens, the balance
between the opposing effects is less pronounced (ρnuc = 60µm−2). For the highest source
density (ρnuc = 240 µm−2) considered, relaxation is nearly microstructure independent.
The hardening behavior for the different cases can be seen in figure 3.9(b) where 〈σ11〉
values at T = 300K◦are compiled for all hardening simulations. Two important points
should be noted. When the source density increases, hardening is weaker. Secondly
there seems to be a correlation between grain size d and thickness of the film h. For
all source densities, there seems to be practically no difference in terms of hardening
between films with d = 2 µm and d = 1 µm. Size effects in this range are probably con-
trolled by the film thickness h = 0.5 µm. Only after d becomes comparable with h it be-
comes the controlling parameter. Because plasticity at small scales is affected by stress
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Figure 3.9: Grain size dependence of the relaxation of intrinsic compressive stress (a) and the
hardening behavior due to thermal stress (b) in films with various source densities. The amount
of diffusion-inserted material along the GB is constant for all microstructures. The straight lines
between datapoints serve merely as guides to the eye.

states and microstructural variables through the scarcity of dislocations, relaxation of
intrinsic stresses and resulting residual stresses are not independent of microstructural
parameters.

It is noted that, although there is an a priori spacing between slip planes in the
simulation, the spacing between active glide systems is controlled essentially by the
distance between sources (1/

√
ρnuc on average). While the former is chosen equal to

∆l = 0.025 µm, the actual source spacing varies from 0.06 µm for the highest density
ρnuc = 240 µm−2 to 0.18 µm for ρnuc = 30 µm−2. Although GB and glide dislocations
play a different role, it is of interest to investigate the influence of the presumed spac-
ing between dislocations in the GBs. A smaller spacing will enable the GB opening
(cf. figure 3.3) to be more accurately mimicked, but figure 3.10 proves that the distance
∆l = 0.025 µm used in all computations reported on here is small enough for the relax-
ation results to be independent of it.

Constant total amount of GB material

When the relaxation simulations are carried out with a constant amount of GB mate-
rial in the film, i.e. δ(h)/d is constant, the grain size dependence of the driving force
for relaxation is expected to fade; this would leave the relaxation behavior to be gov-
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Figure 3.10: Time-dependent stress relaxation at the default spacing of ∆l = 0.025 µm between
the GB dislocations versus that of a finer distribution, ∆l = 0.0125 µm. The grains, with a width
of d = 0.25µm, have boundaries of the same width, cf. figure 3.5(a) and 3.7(a), and have a source
density of ρnuc = 30 µm−2.

erned by the size dependence of hardening. However grain size still plays a role, by
virtue of the inhomogeneity of the stress state for an array of dislocations. To illus-
trate this effect, figure 3.11 shows the resolved shear stress on the three slip systems
before relaxation starts, for two different grain sizes. It is observed that the resolved
shear stress on slip planes with φ = 0◦ is anyway rather low. Slip planes of this sys-
tem are not very significant in the course of relaxation. However on the other two slip
systems, where most of the dislocation activity occurs, there is a significant change in
the resolved stress distributions with grain size, eventhough the film averages are the
same. When the grains are coarse, such as d = 2µm in figure 3.11(a), there is a relatively
large area along the film/substrate interface where τ is lower than |τnuc| which means
that this part of the film is not expected to be susceptible to nucleation, at least in the
beginning. In the course of the relaxation process, dislocations pushed into this area
may invoke some nucleation or there may be sources in the low stress area which have
a significantly lower τnuc than the average strength and therefore still able to nucleate.
However, averaging over different realizations rules out these coincidental situations to
be decisive. For finer grains (see figure 3.11(b)) the domain where τ is not high enough
to trigger nucleation is significantly smaller. The inhomogeneity effect is likely to be
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Figure 3.11: Initial resolved shear stress in three slip systems d = 2 µm (a) and d = 0.25 µm (b).
The total amount of diffusion-inserted material along the GBs is the same for both cases.

effective when the source density is low, as it reduces the density of potentially active
sources even further. However when the source density is high, there are still enough
sources to effectively relax the initial stress. It should be noted that in the cooling cal-
culations, where we consider the hardening behavior of different microstructures, the
inhomogeneity effect is absent since the resolved shear stress arising from the thermal
mismatch is homogeneous through the film.

In order to see the overall relaxation trends when it assumed that the total amount of
material injected in GBs is independent of grain size, figure 3.12 presents the compila-
tion of the relaxation simulation results. For a high source density of ρnuc = 240µm−2 the
amount of relaxation correlates with the hardening, and the inhomogeneity effect is not
dominant (as expected). For grain sizes in the range 2–0.5 µm , relaxation seems to be
independent within the statistical scatter, just like the hardening behavior of the same
film shown with the dotted line in figure 3.9(b). In films with ρnuc = 60µm−2, hardening
is stronger but exhibits the same grain size dependence (cf. figure 3.9(b)), and according
to figure 3.12 the relaxation behavior also shows a similar trend as for ρnuc = 240 µm−2.
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Figure 3.12: Grain size dependence of the relaxation of intrinsic compressive stress (a) and the
hardening behavior due to thermal stress (b) in films with various source densities. Contrary to
figure 3.9, the total amount of diffusion-inserted grain boundary material is constant, i.e. δ(h)/d
is constant. The straight lines between datapoints serve merely as guides to the eye.

This suggests that even for this source density, hardening is the dominant effect. How-
ever, for the lowest source density considered, ρnuc = 30µm−2, the grain size dependence
of relaxation reveals an additional effect. Although the hardening is even stronger than
for the other source densities (see figure 3.9(b)), the inhomogeneity of the resolved shear
stress act as an opposing effect and promotes more relaxation as grains becomes finer.
For a grain size below 0.25 µm, the influence of stress inhomogeneity has saturated and
hardening takes control of the size dependence again.

3.4 Conclusions

We have explored the relaxation of intrinsic growth stresses in thin films with columnar
grains by dislocation plasticity. The initial compressive stress arising from the diffusion
of adatoms into GBs has been modeled by an array of dislocations along the GB. Plastic
relaxation of stress was incorporated by dislocation nucleation and glide. The grain
size in films with a thickness of 0.5 µm has been varied between 0.25 µm and 2 µm. A
parameter study with the density of dislocation sources in the range of 30–240 µm−2

revealed the following features:

• Dislocation plasticity relaxes the initial compressive stress over a timescale that is
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an order of magnitude larger than the timescale of the generation of dislocations
by a Frank–Read mechanism. Relaxation is never complete but a residual stress of
10 to 40% remains.

• The efficiency of stress relaxation strongly depends on grain size and density of
dislocation sources, in way these factors affect hardening, with smaller grains be-
ing harder.

• There is an opposite grain size dependence of relaxation which is caused by

– the grain size dependence of the initial (compressive) stress;

– the heterogeneity of the initial stress distribution, which decreases with de-
creasing grain size.

The modeling of the initial stress is limited in, at least, two ways:

• The actual grain size dependence of diffusion of adatoms over the film and into the
GBs is currently unsolved. We have studied the two limits: one where the amount
of material diffused into all GBs is the same; the other where the total amount of
material is divided equally among all boundaries. The real case being in between
these two extremes it is clear that there will be a combined effect of inhomogeneity
and increased driving force versus finer microstructures being harder. Relaxation
behavior and residual intrinsic stress will be dependent on the balance between
them. Finding this balance is the topic of current research.

• In this work, relaxation is assumed to take place after the intrinsic compressive
stress has already been formed. This is a simplifying assumption, as in reality
the compressive stress is created by GB diffusion at the same time that plasticity
by dislocation motion is possible. These two processes are highly uncoupled in
terms of timescales since dislocation movement is very much faster than diffusion.
This suggests a scenario whereby as soon as the compressive stress reaches the
yield strength, some plasticity will occur instantly to relax the stress; followed by
continued diffusion and re-activation of plasticity depending on the diffusion rate.
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Chapter 4

Stress relaxation
in thin film/substrate systems by grain boundary
diffusion: a discrete dislocation framework

The relaxation of stress in a thin film due to grain boundary diffusion is investigated
in terms of a new discrete dislocation framework. Discrete dislocations along grain

boundaries (GBs) are nucleated from the free surface and are then driven to ‘climb’
by the Peach-Koehler force, with a mobility that is determined by the grain boundary
diffusivity. Application to a planar film/substrate problem with (sub-) micron scale
columnar grains shows that the amount of relaxation is dependent on the initial stress
and on the grain aspect ratio. For thin columnar grains the relaxation is faster and more
effective and the opening displacements along the GB are more uniform, an effect that
is not captured by current continuum models. When the initial stress is low and and
the grain size is small, it is necessary to account for variations in the threshold stress for
diffusion among different GBs to achieve realistic results.

0Based on Stress relaxation in thin film/substrate systems by grain boundary diffusion: a discrete dislocation frame-
work, Can Ayas and E. van der Giessen, Modelling and Simulation in Materials Science and Engineering,
17, 6, 064007 (2009).
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4.1 Introduction

Metallic thin films with thicknesses in the (sub)micrometer range are widely used in
MEMS and electronic device technology. The mechanical reliability of these devices is
intimately related with size effects in the material properties, especially those governing
stress relaxation. In thin film/substrate systems, there are different causes of stress
depending on material and on environmental conditions, and they can be found during
manufacturing and/or while in service. For example, thermal stresses appear due to
the thermal expansion mismatch between film and substrate material as the system
undergoes thermal cycling. Intrinsic stress is another type of stress, and is due to the
non-equilibrium nature of deposition processes during film growth. Both magnitude
and sign of the intrinsic stress depend upon the deposition procedure and the materials
involved [3, 6].

Plasticity is a key mechanism for stress relaxation in general. Traditionally it is as-
sociated with dislocation glide inside crystallites, but at (sub)micron length scales it is
not the only stress relaxation mechanism available. It has been reported in the literature
that diffusion of atoms from the surface into the GBs can also act to relax the stress in
thin films. Weiss et al. [13], for example, argued by comparing mechanical behavior
of capped and uncapped Cu thin films that the relatively low yield point in uncapped
films at high temperatures is due to the operation of diffusional creep [5] together with
dislocation glide.

In this chapter we study this kind of diffusion along GBs in an initially stressed thin
film attached to a stiff substrate. Diffusion is represented through the ‘climb’ motion
of discrete GB dislocations in a two-dimensional plane strain situation. Dislocations
relax the initial stress by means of material transport from the surface into the bound-
aries. These dislocations have a Burgers vector that is normal to the plane of GB, thus
creating a rotational distortion along the GB plane. For example, in the form of an infi-
nite wall, GB dislocations represent the crystallographic misorientation between neigh-
bouring grains and the boundary has the shape1 of a linear wedge. However, different
dislocation configurations and Burgers vector distributions may result in different GB
geometries [1] (see Chapter 3).

In our discrete dislocation model, GB dislocations get nucleated from the surface and
move towards to the substrate according to the Peach-Koehler force that arises from a
chemical potential gradient along the boundary, while their mobility depends on the
diffusion coefficient. The governing equations are presented in some detail in the fol-
lowing section. Subsequently, we use this approach to study the effect of grain size on
stress relaxation, with particular emphasis on the final (residual) stress state.

1‘GB shape’ denotes the geometry of the extra half planes that have have been incorporated into the film
due to diffusion.
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Gao et al. [5] modelled similar problem by utilizing continuum description of dis-
locations, but here we develop a method based on discrete dislocations. The approach
can be regarded as a discretization of a continuum description, but is at the same time
motivated by an atomistic view of diffusion. More specifically, the molecular dynamics
study in [2] has revealed snapshots of the GB diffusion process which clearly illustrate
that the material diffused into the GB takes the form of distinct extra half planes extend-
ing to the surface. This provides definite physical foundation to describing GB diffusion
by ‘climb’ of discrete edge dislocations.

In Chapter 3 [1] we have investigated size effects in the relaxation of intrinsic stress
by dislocation glide. The initially present intrinsic stress was assumed to have resulted
from diffusion during film growth and was described by a stack of dislocations along
GBs with a characteristic Burgers vector distribution. As a continuation of this, we here
study the preceding process, namely the GB diffusion phenomena. The way we have
chosen to model the diffusion process is borne out of convenience. The simulation of
GB diffusion by dislocation dynamics is similar to that of plasticity by glide dislocations
(used, e.g., in [12, 1, 10]). The present framework enables a seamless (future) coupling
of GB diffusion and dislocation glide plasticity.

Hartmaier et al. [8, 7] have a developed a two-dimensional discrete dislocation
model to study the effect of film thickness on coupled dislocation glide and GB dif-
fusion, in which the drag coefficient for climb of is taken to be controlled by a drag
coefficient that is 100 times higher than that for glide. In contrast, our analysis is based
on the solution of diffusion equation and thus the velocity of GB dislocations are di-
rectly tied to GB diffusion coefficient. In fact in Chapter 7 we will briefly demonstrate
that the time scales of the two mechanisms are much more decoupled than assumed in
[8, 7].

4.2 Discrete Dislocation Formulation for Diffusion

For an edge dislocation, glide is the motion confined to the slip plane parallel to its
Burgers vector b; the motion perpendicular to b is called climb. The motion of an edge
dislocation to represent diffusion along a GB is, by definition, along the GB and hence
always perpendicular to the Burgers vector; henceforth we adopt the word ‘climb’ when
we refer to the motion of a GB dislocation.

In order to find the governing equations for climb of the discrete GB dislocations, we
follow the original idea by Needleman and Rice [9] to consider the energy dissipation
during diffusion.

The schematic in figure 4.1(a) illustrates the continuum picture of the problem where
the GB is represented by a displacement discontinuity ∆i = ui(Γ

+) − ui(Γ−) along the
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plane Γ, where ui is the displacement field. We will require that the dissipation rate
according to this description be equal to that in a formulation based on the climb motion
of discrete dislocations, as illustrated in figure 4.1(b).
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x1

3

2
1

4

(3)s
s(3)∆h
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Figure 4.1: Two energetically equivalent systems; diffusion is described by the opening ∆ along
the GB (a) or diffusion is defined by ‘climb’ motion of dislocations (b).

In the continuum picture the interface separation ∆i represents material diffused
from the surface in the presence of tractions Ti along Γ. The dissipation rate during
virtual changes (indicated by a superposed ∗) of the separation rate ∆̇i is

Θ∗ =

∫

Γ

Ti∆̇
∗
i dS (4.1)

In a planar situation where all variables of interest are independent of the out-of-plane
direction in figure 4.1, the virtual energy dissipation rate per unit depth, Π∗, becomes

Π∗ =

∫ h

0

Ti∆̇
∗
i dx2 (4.2)

where h is the length of the GB. Diffusion will cause the GB interface to open in the
direction of the GB unit normal n, i.e. ∆̇n = ∆̇ini = ∆̇1. Since the governing traction
component is the normal stress σn = niσijnj = σ11 the dissipation rate can be written as

Π∗ =

∫ h

0

σ11∆̇∗1dx2 =

∫ h

0

σn∆̇∗ndx2 . (4.3)

Following [9], we now take conservation of mass into account, written as

∆̇n = − ∂ji
∂xi

(4.4)
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in terms of the volumetric flux per unit depth, ji. Substitution of equation (4.4) into
equation (4.3) and integration by parts yields

Π∗ =

∫ h

0

−σn
∂j∗i
∂xi

dx2

=

∫ h

0

− ∂

∂xi

(
σnj

∗
i

)
dx2 +

∫ h

0

∂σn

∂xi
j∗i dx2

=
(− σnj

∗
i

)∣∣∣∣
h

0

+

∫ h

0

∂σn

∂xi
j∗i dx2 . (4.5)

Fick’s law assigns a linear relation between flux and stress gradient,

ji = D
∂σn

∂xi
(4.6)

where D can be further expressed as

D =
DΩδ

kT
(4.7)

in terms of the the diffusion coefficient D, the thickness of the diffusion layer δ, Boltz-
mann’s constant k, temperature T and the volume of an atom, Ω. Upon inserting equa-
tion (4.6), identifying the non-vanishing component of the flux to be j2, and incorporat-
ing the zero-flux boundary condition at the film–substrate interface, j2(0) = 0, we find
that the expression (4.5) for the virtual dissipation rate becomes

Π∗ = −σn(h)j2(h)∗ +
1

D

∫ h

0

j2j
∗
2dx2 . (4.8)

The second boundary condition is flux continuity at the free surface, i.e. the flux at
the top of the GB be equal to the flux of atoms migrating from the surface into the
GB: j2(h) = js/gb. The driving force for js/gb is the difference between the 11–stress
at the top of the GB, σn(h) and on the free surface, σs. The value of σs depends on
the deposition parameters. If the film does not grow, as assumed for simplicity in this
study, then σs = 0. In this case surface diffusion will go on as long as σn(h) > 0. In the
presence of a deposition flux (growing film), σs < 0 due to surface atoms experiencing
an extra push into the boundaries because of the supersaturation of adatoms [6]. In
either case the mobility of semi-attached atoms on the surface is higher than that of
GB atoms. Therefore material transport at the GB surface junction will limit the rate of
entire process.

At this point we consider the diffusion process as represented by the climb motion
of dislocations in the GB, see figure 4.1(b), with the aim to find the equivalent of equa-
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tion (4.8) in terms of discrete dislocation quantities. In general, the energy that is dissi-
pated during the motion of N dislocations is

Θ = −
N∑
I=1

∮

L(I)

f
(I)
i v

(I)
i dl (4.9)

where L(I) denotes the dislocation loop, v(I)
i the velocity and f

(I)
i the Peach-Koehler

force on dislocation I . In plane strain, GB dislocations are represented by dipoles of
two edge dislocations with opposite signs. To represent diffusion, only the positive
dislocation is free to move along the GB, i.e. vi = vcmi where m is the in-plane unit
tangent of the GB. Consequently, fc is the climb component of the Peach-Koehler force,
fc = fimi. Accordingly, in two dimensions, the dissipation rate per unit depth during
virtual dislocation motions becomes

Π∗ =
N∑
I=1

−f (I)
c vc

(I)∗ . (4.10)

This is the discrete dislocation equivalent of equation (4.2).
In order to confront the right-hand sides of equations (4.8) and (4.10), we proceed

with writing the flux in terms of the dislocation climb velocity. The GB opening profile
is discretized by distributing edge dislocations along the boundary, whose Burgers vec-
tor b is normal to the GB, as in [1]. In case of a single edge dislocation moving along the
GB, the non-vanishing component of the volumetric flux per unit thickness is j2 = vcb,
with vc being the climb velocity of that dislocation. When multiple dislocations are mov-
ing on the GB, the flux at any point receives contributions from all the GB dislocation
velocities that are moving below that point, i.e.

j2(x2) =
M∑
I=1

v(I)
c b(I) ∀ I ∈ [1,M ] for which s(I) ≤ x2 (4.11)

where s(I) is the position of dislocation I measured along the GB from the film/substrate
interface, see figure 4.1(b). The flux at the top of the GB where it meets the free surface,
j2(h), thus depends on the motion of all the dislocations on that particular GB. Finally,
by substituting of equation (4.11) into the right-hand side of (4.8) and equating it to
equation (4.10) we find the following equation governing GB diffusion in terms of dis-
crete dislocations:

N∑
I=1

f (I)
c v(I)∗

c = σs

N∑
I=1

v(I)∗
c b(I) − 1

D

∫ h

0

[( I∑
J=1

v(J)
c b(J)

)( I∑
K=1

v(K)∗
c b(K)

)]
dx2 . (4.12)
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In the spirit of the standard principle of virtual work and following [9], we require this
equation to hold for all virtual dislocation velocities v(I)∗

c . After discretization of the in-
tegral and further simplification (details can be found in Appendix A) this yields a sim-
ple linear system of N equations for the N velocities v(I)

c in terms of the instantaneous
Peach-Koehler forces. The latter are determined by the stress fields of all dislocations
and the boundary conditions for the particular problem at hand.

Although the formulation relies on the dissipation of energy a generalization can be
done based on the free energy consideration given in Appendix B.

4.3 Formulation of The Problem

Here we consider the plane-strain problem of a thin film of infinite width that is per-
fectly bonded to a very thick elastic substrate, as illustrated in figure 4.2. The film has
a thickness h and comprises columnar grains of width d. The infinitely wide film is
modelled by considering a periodic cell of width w in x1 direction. Periodic boundary
conditions at the cell edges ensure traction and displacement continuity, while the top
surface is traction free.

x2

x1

d

w

h

Figure 4.2: Illustration of the problem for two grain boundaries. The sources from which the
dislocations are nucleated are indicated by open circles.

The Peach-Koehler force on a dislocation in the simulation cell is calculated as

f (I)
c = n

(I)
i

(
σ̆

(I)
ij +

∑

J 6=I
σ̃

(J)
ij

)
b

(I)
j = b

(
σ̆

(I)
11 +

∑

J 6=I
σ̃

(J)
11

)
(4.13)

where n(I)
i is the unit normal to the GB on which the dislocation I with Burgers vector

b
(I)
j resides. The σ̃(I)

ij in equation (4.13) is the singular stress field of dislocation I and all
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its periodic replicas in half–infinite space, as derived by Freund [4], while σ̆(I)
ij represents

its non-singular image field necessary to enforce a traction-free top surface (see also
[11]). The derivation of the closed-form image stress fields is given in Appendix C.
For the configuration shown in figure 4.2, the general definition in the first equality in
equation (4.13) simplifies to that in the right-hand side.

At the start of the simulation, the film is in uniform tension while the substrate is
under compression and the system is dislocation free. The interface with the substrate
is considered to be impenetrable so that dislocations cannot penetrate into the substrate,
which thus remains elastic. Dislocations will be nucleated from the sources that are
shown in figure 4.2 according to the rule presented subsequently. These sources are
situated at a distance hnuc beneath the surface, which defines the strength of the source,
in an indirect manner, as follows. The image force on a dislocation at the position of
the source corresponds to a compressive stress. This stress needs to be overcome by the
applied stress plus that of all other dislocations in order for a dislocation at that position
to move downwards; it is this that becomes our nucleation criterion.

The simulation scheme is as follows: a test dislocation is nucleated from the source
if σn at the source is tensile. For the current dislocation structure first the Peach-Koehler
force on each dislocation is calculated from equation (4.13). After that, equation (4.12)
is used to calculate the climb velocities of dislocations. If the test dislocation has a
negative velocity (i.e., it moves towards the interface) it is kept, otherwise it is rejected.
Subsequently, the dislocation positions are updated for the time step and the cycle is
repeated. The time step is taken to be 10−5s.

The film average stress 〈σ11〉f is calculated by numerically integrating the σ11 stress
over the cell. A grid of quadrilaterals of 31.25nm× 16.67nm is utilized for this purpose.

4.4 Results & Discussion

We choose the elastic properties of film and substrate to be isotropic and specified by
Young’s modulus E = 70GPa and Poisson ratio ν = 0.33. From an earlier study [10], we
know that the influence of the elastic mismatch between film and substrate in real metal-
silicon systems has a negligible effect on the Peach-Koehler forces on the dislocations.
The length of the Burgers vector is taken to be b = 0.25nm, which is characteristic for FCC

materials like Cu and Ag. Beside these properties, the model includes two material pa-
rameters specific for the present GB diffusion model: hnuc which determines the source
position and the diffusion parameter D. We have adapted the diffusion coefficient from
[6] as δD = 15× 102 exp(−10013/T ) µm3/s and, from that, calculated the value of D for
the temperature of the simulation which was chosen to be of 400K. As mentioned in the
above, the value of hnuc sets the source strength. For instance, for hnuc = 24b, the free
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surface exerts a compressive stress of around 135MPa to a dislocation at the GB disloca-
tion source which would prevent a dislocation to move in at tensile stresses below this
value. In the first subsection, we consider this value of hnuc for all grain boundaries.
Subsequently, we study the effect of variations in hnuc among neighbouring boundaries.

4.4.1 Constant Nucleation Distance

As long as the nucleation distance is constant a single grain is representative in terms
of periodicity and therefore w = d throughout this subsection. Figure 4.3 shows typi-
cal stress relaxation curves, in terms of the film average stress 〈σ11〉f (normalized with
the initial tensile stress σ0). Three different levels of initial stress are considered: σ0 =

250MPa, 375MPa and 500MPa (and we recall that the source strength according to the
chosen hnuc value is roughly half of the lowest σ0). The thickness of the film is constant,
h = 0.5 µm, for all simulations while the grain size is varied from d = h/2 to d = 8h.
The average tensile stress is seen to decrease during GB diffusion, until a steady state is
attained and diffusion stops. For small grains, faster relaxation is observed owing to the
fact that diffusion occurs on many boundaries (per unit area). Not only the relaxation
rate but also the effectiveness of relaxation is size dependent: the residual stress after
completion of diffusion decreases with decreasing grain size.

To gain a better understanding of the phenomena, we start out by investigating the
dislocation distributions along the GBs. In figure 4.4 the steady-state distributions are
shown after relaxation from σ0 = 500MPa, together with the induced GB opening ∆(x2).
In order to quantify the shape of the GB opening profile, we introduce the following
measure:

ξ =
1

∆(h)h

∫ h

0

∆(x2)dx2 . (4.14)

A triangular opening corresponds to ξ = 1
2
, while the larger ξ, i.e. the closer to 1,

the more uniform the GB opening is. As seen in figure 4.4, the GB opening profile for
large grains is more V-shaped, with ξ being significantly smaller than 1. When grains
become columnar the opening becomes more U-shaped (ξ increases), tending towards
the opening profile of a single super dislocation at the root of the GB. This shape change
is mainly due to the fact that the amount of diffused material per GB decreases as the
grains become more columnar. The shift from a V to U–shape with decreasing d is also
observed for the other σ0 values (as can be seen later in figure 4.5(a)). Moreover, for
a fixed grain size, the GB opening becomes slightly more U–shaped with decreasing
σ0 (see figure 4.5(a)), for the same reason that less diffusion is necessary for relaxation
from a lower σ0. Finally in figure 4.4, the closed-form approximation of the continuum
solution according to [5] is superimposed. Excellent agreement is found between the
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Figure 4.3: Development of film average stress (normalized by the initial stress σ0) with time for
different grain sizes for a film with h = 0.5 µm.

u1[nm]

x 2
[µ

m
]

-10 -5 0 5 10
0

0.1

0.2

0.3

0.4

0.5

ξ=
0.

70

∆(h)=12.5 nm

d=2µm

u1[nm]
-10 -5 0 5 10

ξ=
0.

92

∆(h)=3.0 nm

d=0.5µm

u1[nm]
-10 -5 0 5 10

ξ=
0.

96

∆(h)=1.5 nm

d=0.25µm

u1[nm]
-10 -5 0 5 10

ξ=
0.

78

∆(h)=6.75 nm

d=1µm

Figure 4.4: GB opening profiles for different grain sizes after full relaxation from an initial stress
value of 500MPa. The dashed lines represent the closed-form approximation of the continuum
solution from [5]. The shape parameter ξ is defined in equation (4.14).
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Figure 4.5: GB shape parameter ξ for different d and σ0 values (a). Dislocation density at the
steady state for different grain sizes (b).

continuum and the present discrete dislocation solution for the case with d = 1µm. The
agreement for the other cases is somewhat less.

In order to elaborate on the difference between two models further, the GB displace-
ment profiles according to the continuum model for d = 1 µm and for d = 0.5 µm are
illustrated once again in figure 4.6. Gao et al. [5] reported that the GB shape can be
approximated by the mode I crack face displacement

∆(x2) = ∆(h)
√

1− (1− x2/h)2 . (4.15)

From equation (4.14) this functional form corresponds to a universal GB shape param-
eter of ξ = 0.79. Recall that the perfect agreement with the discrete dislocation model
was found in figure 4.4(b) for d = 1 µm for which ξ = 0.78. However, ξ is a function of
d in the discrete framework, and so does the extent of the agreement between the two
models as seen in figure 4.4.

This deviation stems from a fundamental difference between two models: in the
discrete dislocation model the Burgers vector is finite whereas the continuum solution
is based on a smeared-out distribution of a possibly infinitesimal Burgers vector. This
distribution is governed by the Burgers vector density ρb(x2) which dictates the opening
along the GB as follows

∆(x2) =

∫ x2

0

ρb(η)dη . (4.16)

The density ρb(x2) can be calculated by simple differentiation of equation (4.15) with
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Figure 4.6: Burgers vector density ρ(x2) (solid lines) and GB opening profiles (dashed lines) for
d = 1 µm and d = 0.5 µm in the continuum framework [5].

respect to x2, leading to

ρb(x2) = ∆(h)
1− x2/h

h
√

1− (1− x2/h)2
(4.17)

which is also plotted in figure 4.6. On the contrary, when dislocations are discrete enti-
ties, ρb(x2) is represented by a series of delta peaks. However the same normalization
described in equation (4.16) still holds.

Thus, the GB shape according to the continuum solution is virtually independent
of the grain size, whereas the shape change is quite significant in the discrete dislo-
cation prediction. It is not trivial, however, why the GB dislocation distribution and
therefore the opening profile depends on the amount of diffused material because it is
the outcome of the concurrent processes of stress relaxation and stress-driven diffusion.
The key in this competition is the development of back stresses on the source as well
as among dislocations. In the beginning of the process, dislocations migrate easily to-
wards the interface, where the first one is blocked and creates a back stress on the source.
As the density of dislocations increases towards the GB root, the back stress increases,
thus inhibiting nucleation of new dislocations and their subsequent propagation to the
film/substrate interface. Hence when the amount of diffused material increases, the GB
shape will become more V–shaped due to the enhancement of the dislocation pile-up.
Indeed figure 4.4 reveals that the pile-up for d = 2 µm is highly densely packed while it
is rather sparse for smaller d values.
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In addition to this, a more uniform stress distribution results inside smaller grains,
see figure 4.7. Higher average stress levels persist in large grains due to the long-range
stress field of edge dislocations. The∼ 1/x1-decay of the compressive 11–stress field of a
single dislocation leaves a significant part of each grain where the initial tensile stress is
not relaxed. In small grains, on the other hand, the dislocation fields overlap effectively
to leave almost uniformly relaxed grains, as seen in figure 4.7c.
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Figure 4.7: Distribution of σ11 (and superimposed dislocation distribution) when the steady
state has been reached for an initial stress of 500MPa; (a) d = 2µm, (b) d = 1µm, (c) d = 0.25µm.

Whereas the tensile 11–stress is partially relaxed with formation of the diffusion
wedge, a non-zero shear stress σ12 develops out of the initial uniform tensile state prior
to diffusion where this stress component vanishes. The distribution of σ12 is given in
figure 4.8 for different grain sizes. Its value is especially high near the film/substrate
interface just beside the GBs for d = 2 µm (see figure 4.8(a)). This stress field can be
responsible for the dislocation activity in horizontal slip planes as considered in [8, 7].
However the effectivity of this mechanism is bounded by the GB spacing since both
the area of high shear stresses and the available slip distance shrink as the grain size
decreases.

An overview of the grain size and stress dependence of relaxation is provided by
figure 4.9. For large grains, i.e. small h/d, there is no effect of initial stress; this only
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Figure 4.8: Distribution of σ12 (and superimposed dislocation distribution) when the steady
state has been reached for an initial stress of 500MPa; (a) d = 2µm, (b) d = 1µm, (c) d = 0.25µm.

occurs above h/d > 0.5. For the highest initial stress level, σ0 = 500MPa, the smaller
the grain size d, the more efficient relaxation is. When the initial stress is lower, σ0 =

375MPa, there is a weaker dependence on d in the range h/d > 0.5, while for σ0 =

250MPa we find a somewhat surprising increase in residual stress above h/d = 1.
For the interpretation of the curves given in figure 4.9 identifying a simple equation

with few parameters for the relaxation is insightful. When GB diffusion inserts material
along the GB corresponding to an average strain 〈ε11〉f , the average film stress becomes

〈σ11〉f = σ0 − Ē〈ε11〉f

where Ē = E/(1 − ν2) is the plane strain elastic modulus. When relating this induced
strain to the GB opening caused by a distribution of dislocations with Burgers magni-
tude b, we find

〈σ11〉f = σ0 − Ē 1

hd

∫ h

0

∆(x2)dx2

= σ0 − Ēξρdislbh (4.18)

where ρdisl is the dislocation density. From the equation above, since the elastic constants
and the Burgers vector are material constants, the residual stress level is seen to depend
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Figure 4.9: Steady-state film average stress normalized with the initial stress as a function of
grain size (with h = 0.5 µm) for different values of σ0.

on ξ, ρdisl, h and σ0. For the three values of σ0 investigated, we can now explain the
trends in figure 4.9 as follows.

Figure 4.5 shows the dependence of the shape parameter ξ and the GB dislocation
density on h/d. The opening is more U-shaped, i.e. ξ closer to 1, for larger h/d, see
figure 4.5(a), so that equation (4.18) predicts that the residual stress decreases with h/d

(at constant dislocation density). Indeed, this is what is found in figure 4.9 for σ0 =

500MPa.
However, dislocation density is not independent of grain size, as seen in figure 4.5(b).

For the case with σ0 = 500MPa, ρdisl increases with h/d when the grains are relatively
large, simply due to the increase in the number of nucleation events (per unit film area).
Yet, this levels off at higher h/d when dislocation interaction effects tend to suppress
nucleation. Apparently, the increase in ξ overcompensates the decrease in ρdisl when
then their product determines the efficiency of relaxation. The behavior under a some-
what lower initial stress, σ0 = 375MPa, is similar, but now the critical value for d where
ρdisl levels off, shifts to 2 µm. This is consistent with the observation in figure 4.9 that
relaxation loses efficiency for small grain sizes.

For the smallest initial stress considered, σ0 = 250MPa, there is even an increase in
the average residual stress at the small d end in figure 4.9. However this is an artifact
of our model. When the initial stress is low (i.e. not significantly higher than the image
stress at the source) and the grain size is rather small, the number of dislocations per GB
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becomes very small. Under these circumstances, nucleation of a single dislocation be-
comes overwhelmingly important for the average residual stress, and hence relaxation
becomes very sensitive to the value of hnuc. The nucleation of one dislocation more per
GB can strongly alter the amount of residual stress.

In order to demonstrate this sensitivity of relaxation to the number of dislocations
and also some other features we consider two simple ideal relaxed GB configurations. In
the first one, called the perfect–V case, the GB opening profile is assumed to be a linear
wedge (ξ = 0.5) where the dislocations are equally spaced along the GB. This spacing is
determined for each σ0 and h/d by computing the stress at the source for a successively
increasing number of dislocations. A tensile stress at the source indicates that more
dislocations could nucleate; once the source stress changes sign, the final relaxed stress
is assumed to have been attained. The resulting film average stress is reported in fig-
ure 4.10(a). The other extreme is the perfect–U case, where all dislocations are merged
into one super dislocation at the GB root, giving ξ = 1. The number of dislocations is de-
termined by first computing the real-valued ‘number’ of dislocations, n∗, such that the
stress state at the source be exactly zero. Then upper bound and lower bound film aver-
age stresses are calculated for a super-dislocation at the root which has a Burgers vector
of B = int[n∗]b and B = int[n∗](b+1), respectively (the function int[x] truncates the dec-
imal part of x and makes it integer). The lower and upper bound values are plotted as
a function of h/d in figure 4.10(b). Reality, as reported in figure 4.9, is somewhere in be-
tween the these two idealized cases. Although the amount of relaxation is significantly
underestimated by the perfect–V case, figure 4.10(a), it does pick-up the steep drop in
residual stress for large d. The reason is that the actual values of ξ (see figure 4.5(a)) are
not so different from 0.5 for large d. As the grain size decreases, ξ approaches 1 similar
to the perfect–U idealization. Indeed, although the relaxed stress is again too high, the
dependence on h/d above values of around 1 in figure 4.10(b), is qualitatively similar to
the computed behavior in figure 4.9, at least for the higher initial stress levels. However,
there is a relatively big difference between lower and upper bound for the lowest stress,
σ0 = 250MPa in the range of small grain size. In that situation, apparently, the nucle-
ation of one more dislocation has a big impact on relaxation. Due to the periodicity of
the problem along x1, a single nucleation event corresponds, in effect, to nucleation on
many GBs per unit area. Although, at a certain stage during relaxation, the stress is
relatively high it may not be not enough to overcome simultaneous nucleation on all
closely spaced GBs. Careful analysis of the numerical simulations for figure 4.9 reveal
that it is this feature that is responsible for the increase in residual stress with h/d for
σ0 = 250MPa (black curve).
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Figure 4.10: Two simple idealizations for the GB shape and the respective average relaxed stress
values, for perfect V–shape (a), for perfect U–shape (b) where two data sets for for each σ0

represents the upper and lower bound solutions.

4.4.2 Fluctuating Nucleation Distance

The sensitivity to the nucleation of a single dislocation in small grain films under low
initial stress is intimately tied to the fact that all GBs were equal: dislocations nucleated
on all GBs at the same moment. This synchronicity can be avoided by assuming that
the nucleation distances hnuc on different GBs are not identical. Physically this is to be
expected, in fact, since the atomic structure of different GBs will vary in a systematic
manner as a function of misorientation across the GB, and also stochastically even for
the same misorientation. To mimic this, we now modify the problem so that a periodic
cell contains a number of grains with GB sources whose position on different GBs, h(I)

nuc,
fluctuates about a mean distance of hnuc, as illustrated in figure 4.11. The distribution of
distances is chosen to be Gaussian with a mean value equal to that used previously, i.e.
hnuc = 24b, and with a standard deviation of 20% of hnuc.

In this approach, we first need to determine the size w of the periodic cell corre-
sponding to a statistically meaningful sampling of source positions. A small number
of grains in the cell will give rise to a large scatter in the relaxation results for different
realizations with different random h

(I)
nuc values. Therefore a convergence study has been

carried out by changing the width w of the periodic cell and monitoring the average
steady-state residual stress for five realizations for each w. The results of this study for
σ0 = 250MPa and d = 0.25 µm in figure 4.12 indicate that the mean value of the residual
stress has converged for a cell width of w = 8d. For the other d and σ0 values used in
this investigation, the scatter in the results will be less due to a weaker dependence on
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Figure 4.11: Schematic of the fluctuation of dislocation source positions on different GBs about
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Figure 4.12: Dependence of steady-state relaxed stress on width w of the periodic cell when the
nucleation distances follow a Gaussian distribution with mean value hnuc = 24b and a standard
deviation of 20%. Each fulldiamond is the result of a single realization of source positions, while
the black line passes through their mean. The error bars denotes the standard deviation from
the average.

h
(I)
nuc.

Thus, the results presented in figure 4.14 are the mean values of five realizations of
a periodic cell containing eight grains. When we compare this figure with figure 4.9
for constant hnuc we see that the results for the highest initial stresses, σ0 = 375MPa
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Figure 4.13: Distribution of σ11 (and superimposed dislocation distribution) in a d = 0.25 µm
film after relaxation from σ0 = 250MPa in case of fluctuating nucleation distances. Two different
realizations are plotted in (a) and (b).

and σ0 = 500MPa, are the same and that the unexpected increase for σ0 = 250MPa has
disappeared. When the error bars are taken into account it can be concluded that also
for σ0 = 250MPa relaxation reaches a plateau with decreasing grain size, just like for the
higher initial stresses. The reason is that since the dislocation distributions along the
various GBs are no longer identical, the effect of one extra nucleation event on a GB is
averaged out. This is illustrated for two realizations in figure 4.13: it can be seen that the
number dislocations on the various GBs and their positions vary in accordance to their
respective h(I)

nuc values. The figure also reveals that slightly different GB distributions are
capable of yielding varying steady state 〈σ11〉f values when h/d is small.

All computations reported so far were carried out for a constant film thickness of
h = 0.5 µm, and h/d was varied by considering different grain sizes. It bears emphasis
however that the results do not depend only on the ratio h/d since there are two other
length scales in the problem —b and hnuc—, hence a total of three dimensionless size
parameters. Yet, since the nucleation distance is kept constant, with hnuc/h << 1 and
the Burgers vector constant throughout the calculations, h/d remains the governing pa-
rameter. For verification, figure 4.14 also shows results (dashed lines) where the grain
size was kept constant at d = 0.5 µm and the film thickness h was varied. As expected
there is no difference within the spread of the results.

4.5 Conclusions

We have studied the relaxation of stress in a thin film bonded to a substrate with a
discrete dislocation model, in which the diffusive transport of material from the surface
into the GB is represented by dislocation nucleation and ‘climb’. Our key findings are:
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Figure 4.14: Steady-state film average stress as a function of h/d predicted by the model with
random nucleation distances with mean value hnuc = 24b. Each data point is the average over
five realizations. Solid lines are for a film thickness of h = 0.5 µm and varying grain size d (as in
figure 4.9 for a uniform distance), while the dashed are for a constant grain size d = 0.5 µm and
varying h.

• GB diffusion operates faster and is more effective when the grain aspect ratio h/d
is high (slender columnar grains). However this effect saturates at a critical aspect
ratio, the value of which depends on the initial stress σ0.

• The GB shape is rather uniform (ξ ∼ 1) when the grains are slender, and becomes
more V-like when the grains are wider. This GB shape dependence is absent in a
continuum model [5], as it is owing to the finite Burgers vector.

• For slender columnar grains under low initial stress, a variation of the source
strengths at different GBs about a mean value causes diffusion in different GBs
to initiate at different stress levels. The amount of stress relaxation thus increases
due to the presence of weak GBs.

The model presented is limited by the fact that diffusion is decoupled from dislocation
glide. Coupling of these two within the same discrete dislocation framework is the
focus of current research.
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Appendix A

To convert equation (4.12) into the set of linear equations for dislocation velocities in
equation (4.21) we start out by simplifying it to

N∑
I=1

(
σs − f

(I)
c

b(I)

)
v(I)∗
c b(I) =

1

D

∫ h

0

[( I∑
J=1

v(J)
c b(J)

)( I∑
K=1

v(K)∗
c b(K)

)]
dx2

The next step is to introduce an approximation for the integral on the right-hand side
on the basis of the value of the integrand at the dislocation positions, giving

N∑
I=1

(
σs − f

(I)
c

b(I)

)
v(I)∗
c b(I) ≈ 1

D

N∑
I=1

[( I∑
J=1

v(J)
c b(J)

)( I∑
K=1

v(K)∗
c b(K)

)
∆s(I)

]
(4.19)

where ∆s(I) is the distance between the dislocations with index I and I + 1. The right-
hand side of equation (4.19) can be reorganized to write the multiplication of sums as
consecutive ones which gives

N∑
I=1

(
σs − f (I)

b(I)

)
v(I)∗
c b(I) =

1

D

N∑
I=1

N∑
J=I

J∑
K=1

v(I)∗
c b(I)v(K)

c b(K)∆s(J)

Requiring this virtual dissipation condition to hold for all virtual velocities, we find the
following expression for the motion of dislocations:

N∑
I=1

(
σs − f (I)

b(I)

)
=

1

D

N∑
I=1

N∑
J=I

J∑
K=1

v(K)
c b(K)∆s(J) (4.20)

This can be written in matrix notation as




σs − f (1)

b(1)

σs − f (2)

b(2)

...

...
σs − f (N)

b(N)




=
1

D




N∑
M=1

∆s(M)
N∑

M=2

∆s(M) . . .
N∑

M=N

∆s(M)

N∑
M=2

∆s(M)
N∑

M=2

∆s(M) . . .
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M=N

∆s(M)

...

...
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∆s(M)
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M=N

∆s(M) . . .
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M=N

∆s(M)







v
(1)
c b(1)

v
(2)
c b(2)

...

...
v

(N)
c b(N)




Upon Gauss-Jordan elimination this can be written in the convenient form



f (2)

b(2) − f (1)

b(1)

f (3)

b(3) − f (2)

b(2)

...

...
σs − f (N)

b(N)




=
1

D




∆s(1) 0 . . . 0

∆s(2) ∆s(2) . . . 0
...
...

∆s(N) ∆s(N) . . . ∆s(N)







v
(1)
c b(1)

v
(2)
c b(2)

...

...
v

(N)
c b(N)



, (4.21)
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which allows for direct backward substitution of the unknown v(I)
c ’s.

Appendix B

The internal energy U of a continuum can be given as internal energy density e inte-
grated over its volume V ,

U =

∫

V

e dV . (4.22)

First law of thermodynamics in terms of a power balance dictates

U̇ =

∫

∂V

t · u̇ dA−
∫

∂V

q̇ · n dA (4.23)

where ∂V is the surface of the body under consideration. The first integral on the right
hand side is the external power supplied where t and u are traction and displacement
vectors. The second integral on the right hand side is the heat flux q through the surfaces
of the body having a unit normal vector n. Superimposed dot denotes rate of change of
a quantity in time. The free energy is the quantity defined in thermodynamics as

Φ = U − TS, (4.24)

where T is the temperature and S is the entropy. The rate of change of free energy
denoted by Φ̇ is simply

Φ̇ = U̇ − Ṫ S − T Ṡ. (4.25)

We assume temperature T to be constant and uniform so that the second term on the
right hand of side equation (4.25) cancels out. Plugging in the rate of change of entropy
(either produced ζs, or transported via heat flux) will yield

∫

V

φ̇ dV =

∫

∂V

t · u̇ dA−
∫

∂V

q̇ · n dA

︸ ︷︷ ︸
U̇

−T
(∫

V

ζ̇s dV −
∫

∂V

q̇

T
· n dA

)

︸ ︷︷ ︸
Ṡ

. (4.26)

Since we assume uniform temperature across the body, T in the last integral can be
taken out and the expression simplifies into

∫

V

φ̇ dV =

∫

∂V

t · u̇ dA−
∫

V

ζ̇sT dV . (4.27)

Our assumption of T being constant and uniform can be justified due to the fact that
diffusion is a slow process, for instance when compared with dislocation glide.

For an irreversible process entropy gets produced within the material. This is equiv-
alent to the part of the energy which is lost in the energetic sense and hence dissipated.
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Now the second integral on the right hand side becomes nothing but the definition of
dissipation. Denoting the rate of dissipation per unit volume with θ will give

∫

V

φ̇ dV =

∫

∂V

t · u̇ dA+

∫

V

θ dV (4.28)

For the specific problem that is solved in this chapter where all the surfaces are traction
free, dissipation is equal to the rate of change of free energy since the first integral on
the right hand side vanishes. However for the general case diffusion is governed by
the rate of change of free energy. In the discrete dislocation framework the dissipation
rate or for the problem considered here equivalently the rate of change of free energy is
given as ∫

V

φ̇ dV = −
N∑
I=1

∮

L(I)

f
(I)
i v

(I)
i dl (4.29)

Appendix C

In this appendix we derive the image stress fields due to the traction-free surface for a
dislocation in half-infinite space. Freund [4] has given the closed form expression for
the stress fields of a dislocation both in infinite space, Σij , and in half-infinite space, σij
(see figure 4.15) in terms of functions of the complex variable ζ = x1 + ix2. The stress
fields in infinite space (no boundaries) read as follows:

1

2
(Σ11 + Σ22) = 2<(Φ′(ζ)) (4.30)

1

2
(Σ22 − Σ11) + iΣ12 = ζΦ′′(ζ) + Ψ′(ζ) (4.31)

where
Φ′(ζ) =

µ

4π(1− ν)

ib

ζ + ih
(4.32)

Ψ′(ζ) =
µ

4π(1− ν)

(
− ib

ζ + ih
+

bh

(ζ + ih)2

)
(4.33)

are functions of the elastic constants (shear modulus µ and Poisson ratio ν), and the
Burgers vector b = b1 + ib2; h is the distance between the dislocation and the origin of
the coordinate system and ζ the coordinate of any point on the complex plane.

For the half-infinite space solution, the traction-free surface is taken to coincide with
the real axis of the coordinate system. The stress fields are given as

σ22 − iσ12 = ϕ′(ζ)− ϕ′(ζ) + (ζ − ζ)ϕ′′(ζ) (4.34)



76 4. Stress relaxation in thin film/substrate systems by grain boundary diffusion

x1

x2

b

h

(a)

x2

x1

b

h

(b)

Figure 4.15: Dislocation with an arbitrary Burgers vector in an infinite space (a), in half–infinite
space(b).

σ11 + iσ12 = ϕ′(ζ) + ϕ′(ζ)− (ζ − ζ)ϕ′′(ζ) + 2ϕ′(ζ) (4.35)

where

ϕ′(ζ) =
µ

4π(1− ν)

(
ib

ζ + ih
− ib(ζ + ih)

(ζ − ih)2
− i(b− b)

ζ − ih
)

(4.36)

Now the image stress due to the free surface —denoted by (˘)— is the difference
between the infinite space field and the half-infinite space field, i.e.,

σ̆22 − iσ̆12 = σ22 − iσ12 − (Σ22 − iΣ12) (4.37)

σ̆11 + iσ̆12 = σ11 + iσ12 − (Σ11 + iΣ12) (4.38)

The term between parentheses in equation (4.37) can be found by summing equation (4.30)
and the conjugate of equation (4.31), while that in equation (4.38) can be calculated by
subtracting the conjugate of equation (4.31) from equation (4.30). With the aid of the
equality 2<(Φ′(ζ)) = Φ′(ζ) + Φ′(ζ), equation (4.37) can be further written as

σ̆22 − iσ̆12 = ϕ′ − ϕ′(ζ) + (ζ − ζ)ϕ′′(ζ)− (ζΦ′′(ζ) + Ψ′(ζ) + Φ′(ζ) + Φ′(ζ)) (4.39)
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Expanding all terms in the above expression we find

σ̆22 − iσ̆12 =
µ

4π(1− ν)

[(
ib

ζ + ih
− ib(ζ + ih)

(ζ − ih)2
− i(b− b)

ζ − ih
)

−
(

ib

ζ + ih
− ib(ζ + ih)

(ζ − ih)2
− i(b− b)

ζ − ih

)

+ (ζ − ζ)

(
ib

(ζ − ih)2
− 2ib(ζ − ih)

(ζ + ih)3
− i(b− 2b)

(ζ + ih)2

)

−ζ ib

(ζ − ih)2
−
( −ib
ζ − ih +

bh

(ζ − ih)2

)
− ib

ζ + ih
+

ib

ζ − ih

]
, (4.40)

or, after simplification,

σ̆22 − iσ̆12 =
µ

4π(1− ν)

[(
− ib(ζ + ih)

(ζ − ih)2
− i(b− b)

ζ − ih
)
−
(

ib

ζ + ih

)
+

(ζ − ζ)

(
− 2ib(ζ − ih)

(ζ + ih)3
− i(b− 2b)

(ζ + ih)2

)]
(4.41)

This result can be put into a more compact form by introducing the function

ϕ̆′(ζ) = ϕ′(ζ)− Φ′(ζ) =
µ

4π(1− ν)

(
−ib(ζ + ih)

(ζ − ih)2
− i(b− b)

ζ − ih
)

(4.42)

similar to the ones defined above, so that equation (4.41) simplifies to

σ̆22 − iσ̆12 = ϕ̆′(ζ)− Φ′(ζ) + (ζ − ζ)ϕ̆′′(ζ) . (4.43)

Application of the same procedure to equation (4.38) gives the complementary equation
for the image stress field description,

σ̆11 + iσ̆12 = ϕ̆′(ζ) + Φ′(ζ) + (ζ − ζ)ϕ̆′′(ζ) + 2ϕ′(ζ) (4.44)

The results above are for a single dislocation in (half-) infinite space, while in this
chapter we use a periodic distribution. The stress field for a periodic array of disloca-
tions can be obtained by using superposition. If the spacing between dislocations in the
x1 direction is w, then contributions from dislocations at x1 = nw, x2 = −ih should be
summed over all integer values of n. According to Freund [4], this yields (the super-
script label π indicates that these functions apply to a periodic distribution)

Φ′(ζ)(π) =
µ

4(1− ν)w

[
ib cot

(
π(ζ + ih)

w

)]
(4.45)

ϕ̆′(ζ)(π) =
µ

4(1− ν)w

[
− ib cot

(
π

(ζ − ih)

w

)
+

2πbh

w
csc2

(
π

(ζ − ih)

w

)]
(4.46)
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Chapter 5

A Continuum Framework for Grain Boundary
Diffusion in Thin Film/Substrate Systems

Anew continuum model for stress relaxation in thin films through grain boundary
(GB) diffusion is developed. When a thin film with columnar grains is subjected to

thermal stress, stress gradients along the GBs are relaxed by diffusion of material from
the film surface into the GBs. The transported material constitutes a wedge and becomes
the source of stress on the elastic grains that are perfectly bonded to the substrate. In
the model, the coupling between diffusion and elasticity is obtained by numerically
solving the governing equations in a staggered manner. A finite difference scheme is
used to solve the diffusion equations, modified in order to implement realistic bound-
ary conditions, while the elasticity problem is solved with the finite element method.
The solutions reveal the existence of a universal power law scaling between the unre-
laxed fraction of stress and the grain aspect ratio. For slender grains, the GB wedge
attains a more uniform shape and relaxation is more effective. The kinetics of the pro-
cess depends not only on the grain aspect ratio but also strongly on the thickness of the
film. In case there is no adhesion between film and substrate, complete stress relaxation
is attained albeit at a slightly slower rate.

0Based on A Continuum Framework for Grain Boundary Diffusion in Thin Film/Substrate Systems, Can Ayas
and E. van der Giessen, Journal of Applied Physics, to appear.
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5.1 Introduction

Metallic thin films with thickness on the order of micrometers or smaller are routinely
used in microelectronic device technology. While their main role is electric transport,
mechanical properties are important for the reliability of the device.

One of the most common types of loads in thin films is due to the thermal expan-
sion mismatch between film and substrate upon temperature change. When the ther-
mal stress exceeds a certain threshold level, it is relaxed by inelastic processes. In thin
films with columnar grains, besides dislocation-mediated slip, diffusion along the GBs
is a known relaxation mechanism. The scope of this study is the relaxation of thermal
stresses in a film/substrate system by GB diffusion only.

Several modeling efforts have been instrumental in understanding stress relaxation
of this kind. Gao et al. [3] presented an essentially one-dimensional continuum frame-
work for GB diffusion. Subsequently, Guduru et al. [4] developed an even simpler
model in which grains are regarded as parallel linear springs normal to the GBs. These
models are able to capture the basics of the phenomena, but do not (or, at least, not prop-
erly) account for the microstructure of the films, i.e. the grain size and film thickness. In
this chapter, a new two-dimensional modeling approach is proposed for non-growing
films, which we subsequently use to gain insight in the microstructural parameters that
govern the degree and the kinetics of relaxation. The method involves a combination of
two numerical techniques in order to efficiently deal with the peculiar boundary condi-
tions involved. Specifically, we will show that a careful consideration of the boundary
conditions becomes essential for a two-dimensional model. The boundary conditions
given in Guduru et al. [4] are inadequate for a two-dimensional analysis and therefore
cannot describe the distribution of stress across the film width.

The stress gradient between the film surface and the uppermost part of the GB pro-
duces a chemical potential gradient which is the driving force for diffusion. As diffusion
progresses, the originally neighboring faces of the GB are pushed apart by the material
transported from the free surface into the GB. The GB thus becomes a source of stress
and strain in the system which in turn relaxes the thermal stress in the film. These
elastic fields are found by solving a mechanical (linear elastic) boundary value problem
(BVP). As the kinetics of the diffusion process is determined by the well-known diffu-
sion equation together with continuity, the development of the GB displacement profile
with time is a diffusional BVP. Eventually, stress gradients along the GBs vanish and
diffusion halts, even though this steady state is not necessarily stress free.

In Chapter 4, we have presented a discrete dislocation model for stress relaxation
by GB diffusion [1]. By construction, that model contains an intrinsic length scale. We
will confront the findings of the two models and will demonstrate the limitations of the
continuum theory due to the absence of an intrinsic length scale.
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5.2 Governing Equations

Diffusion in general is the transport of a quantity down the chemical potential gradient.
For a GB with a unit normal vector n, the chemical potential of an atom is given by

µ = −Ωσn, (5.1)

where Ω is the volume of an atom and σn is the stress normal to the GB, i.e. σn = n ·σ ·n.
Diffusion takes place along the GB plane in accordance with Fick’s law, which relates
the volumetric flux denoted by j to the gradient of the chemical potential through

j = D grad σn, D =
DΩδ

kT
. (5.2)

D is the GB diffusion coefficient, δ is the thickness of the diffusion layer, k is Boltzmann’s
constant and T is temperature. The effective diffusion coefficient is denoted by D.

Continuity along the GB requires

div j = −∆̇ (5.3)

in which ∆ is the local width of the GB wedge in the direction n and represents the
material migrated from the surface (the superimposed dot denotes the time derivative).
∆ also represents the displacement jump between the two originally neighboring faces
of the GB. Combination of equations (4.6) and (4.4) yields the governing differential
equation for diffusion,

∆̇ = −D div (grad σn). (5.4)

In the class of problems under consideration here, GB diffusion takes place concur-
rently with deformation of the grains. When this deformation process remains linear
elastic, the governing equations consist of, respectively, the equilibrium condition, com-
patibility between strain ε and displacement u, and the linear thermoelastic constitutive
relation:

div σ = 0,

ε =
1

2

(
grad u+ [grad u]T

)
,

ε =M : σ + α∆TI. (5.5)

Here, M is the fourth-order elastic compliance tensor, α the thermal expansion coeffi-
cient, ∆T the temperature change, while I is the second order unit tensor.
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Figure 5.1: Schematic illustration of the problem.

5.3 Problem Description

We consider a thin film consisting of columnar grains that is perfectly bonded to an
infinitely thick substrate, as illustrated in figure 5.1. The system is in a state of plane
strain perpendicular to the x1–x2 plane. The film has a thickness h and all grains have
the same width d. An infinitely wide film is modeled by introducing a periodic compu-
tational cell in the x1 direction which has width w; as the grains are modeled as being
isotropic and the initial conditions are uniform, it suffices to consider only a single grain
in the cell, i.e. w = d.

The system is cooled down from an initially stress-free state and therefore subjected
to a thermal stress, which is denoted with σ0. In practice, the thermal expansion coeffi-
cient αf of the (metallic) film material is higher than that of the substrate material, αs,
so that the film cannot freely contract in the x1 direction upon cooling. In the absence of
any inelastic processes, this thermal stress state is uniform inside the film and is given
by

σ11 =
(αs − αf )E∆T

(1− ν)
=: σ0, (5.6)

while low compressive stresses are induced in the substrate. We will investigate how
this initial thermal stress relaxes by way of GB diffusion.

For this purpose we will apply the equations given in section 5.2, leading to coupled
BVPs for diffusion and for elastic deformation. For their solution numerical methods
will be employed that are dedicated to the peculiar boundary conditions of the present
problem. The coupling between the two BVPs is achieved by linking the numerical
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solution methods through the boundary conditions in a staggered manner.

5.3.1 Diffusional BVP

For the film in figure 5.1, the GB is normal to the x1 axis, so that σn(x2) = σ11(0, x2) and
equation (5.4) simplifies to

∆̇(x2, t) = −D
∂2σn(x2, t)

∂x2
2

. (5.7)

The boundary condition at the free surface is governed by continuity with the flux of
atoms js/gb migrating from the free surface into the GB,

j2(h, t) = js/gb. (5.8)

According to Guduru et al. [4] the surface flux is given by

js/gb =
2CsΓΩ5/3

kT
σn(h, t), (5.9)

where Cs is the surface concentration of adatoms on the free surface and Γ is the jump
rate of adatoms into the GB.

At the other end of the GB, material transport has to stop, leading to the boundary
condition

j2(0, t) = 0, (5.10)

which is equivalent to ∂σn/∂x2(0, t) = 0. At the same time, however, the GB cannot
open-up there since the grains are assumed to be perfectly bonded to the substrate.
This gives rise to a second boundary condition at the same point:

∆̇(0, t) = 0. (5.11)

The conditions at the root of the GB are unusual, and therefore render this a non-
standard diffusion problem.

The diffusion equation (5.7) being constructed on the domain [0, h] allows for only
two spatial boundary conditions: one at the interface and one on the free surface. Hav-
ing two boundary conditions at x2 = 0, equations (5.10)–(5.11), makes the BVP ill-
defined from a mathematical point of view, even though they do exist physically. This
difficulty was circumvented by Guduru et al. [4] in their one-dimensional model by
prescribing only a zero stress gradient at the interface, consistent with equation (5.10).
However, in a two-dimensional model, the condition ∆(0, t) = 0 should also be imposed
to ensure compatibility in the elasticity part of the problem.
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We here propose a dedicated numerical scheme to incorporate both boundary con-
ditions equations (5.10)–(5.11), which is illustrated in figure 5.2. The diffusion equa-
tion (5.7) is solved with an explicit finite difference (FD) scheme, where the GB is meshed
in the thickness direction with equidistant points spaced by δx2. The evolution of the
GB wedge width ∆ as a function of time in an FD scheme centered in space and forward
in time is given by the following discretization:

∆(I)(t+ δt)−∆(I)(t)

δt
= −D

σ
(I+1)
n (t)− 2σ

(I)
n (t) + σ

(I−1)
n (t)

δx2
2 , (5.12)

where δt is the time step and superscript (I) refers to grid point I . The boundary con-
dition (equation (5.11)) is implemented simply by prescribing ∆(0, t) to be zero at all
times in equation (5.12), see figure 5.2(a). The simultaneous implementation of the sec-
ond boundary condition is achieved by modifying the finite difference scheme equa-
tion (5.12) at the interface. For the element at the interface a zero stress gradient is
enforced by prescribing the normal stress for the second node to be equal to the normal
stress for the first node at all times i.e. σ(2)

n (t) = σ
(1)
n (t). This is illustrated in figure 5.2(b).

Thus, the FD formula for the second node specializes to

∆(2)(t+ δt)−∆(2)(t)

δt
= −D

σ
(3)
n (t)− σ(2)

n (t)

δx2
2 . (5.13)

(1)∆ (t)=0

I=4

I=1

x

∆/2

2

I=2

I=3

nσj2 (t)=0(1)

I=3

I=4

I=1

I=2

(a) (b)

Figure 5.2: Numerical implementation of (a) the perfect bonding condition equation (5.11) and
(b) the zero-flux boundary condition equation (5.10) at the film/substrate interface x2 = 0.

To implement the flux condition (equation 5.8) at the top of the GB we note that in a
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first-order forward difference scheme, the flux can be approximated as

j2(h, t) ≈ −D
σ

(N+1)
n (t)− σ(N)

n (t)

δx2

, (5.14)

where N is the last grid point inside the film, i.e. x(N)
2 = h, and N + 1 is an extra point at

x
(N+1)
2 = h + δx2. This extra point is introduced solely to prescribe j2(h, t). Combining

equations (5.8), (5.9) and (5.14), together with identifying σn(h, t) = σ
(N)
n (t), we find that

the normal stress at the extra node for that time instant can be written as

σ(N+1)
n (t) = σ(N)

n (t)[1− δx2/l], l :=
DkT

2CsΓΩ5/3
, (5.15)

Here, l is a length scale that follows naturally from the analysis and which controls
the surface kinetics relative to that of GB diffusion. Its value is determined by ma-
terial parameters and processing conditions. The results presented subsequently are
for l = 6nm so that js/gb has the same value as considered in our previous discrete
dislocation study (4) [1]. When the diffusion coefficient is adapted from [4] as δD =

15 × 102 exp(−10013/T ) µm3s−1 and the temperature is chosen to be 400K, the value
l = 6nm corresponds toCsΓ ≈ 3.31×105s−1. For these values, surface diffusion proceeds
much faster than its GB counterpart and therefore the normal stress at the uppermost
part of the GB decays rapidly from σ0 towards 0. Hence it is this boundary condition
that induces the initial stress gradient between the top most part and the rest of the GB
and thus initiates the diffusion process.

5.3.2 Linear Elastic BVP

For plane strain conditions as considered here, the thermoelastic constitutive relation
equation (5.5) becomes

εij =
1 + ν

E
(σij − νδijσkk) + (1 + ν)α∆Tδij, i, j, k ∈ {1, 2} (5.16)

where E is Young’s modulus, ν is Poisson’s ratio and δij is the Kronecker delta. Peri-
odic boundary conditions (denoted by ∞ in figure 5.1) at the sides of the cell ensure
displacement and traction continuity as follows,

ui(0, x2) = ui(w, x2)

σi1(0, x2) = σi1(w, x2).
(5.17)

The bottom surface of the substrate is fully clamped while the film surface is traction
free, i.e.

ui(x1, 0) = 0

σi2(x1, h) = 0.
(5.18)
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diffusion wedge
∆(x2)

Figure 5.3: The problem under consideration (a) is solved by the staggered solution of the diffu-
sion equation under a given normal stress distribution (b) and the elasticity problem of a wedge
being inserted along the GB between two elastic grains (c).

The boundary conditions along the two surfaces of GB is the key to the coupling
between diffusion and elasticity, as illustrated in figure 5.3(a). Due to GB diffusion,
originally neighboring grain faces move apart from each other, while the gap between
them is filled by the GB wedge with width ∆(x2). In our model, the GB is situated
right in the center of the computational cell, hence also on the axis of symmetry (see
figure 5.1 and 5.3). As a consequence, ∆(x2) is equally partitioned between two neigh-
boring grains and the shear stress along the GB vanishes by virtue of symmetry. Hence,
the boundary conditions on the + and − side of the GB read

u1(0+, x2) = ∆(x2)/2

u1(0−, x2) = −∆(x2)/2

σ21(0, x2) = 0. (5.19)

Through this coupling, the solution of the diffusion problem at any time instant deter-
mines the elastic stress field inside the grains. Conversely, the corresponding GB normal
stress drives the instantaneous diffusion process, cf. equations (5.7) and (5.12).

The solution of the above linear elastic BVP is obtained with a standard finite ele-
ment (FE) method. The FE mesh overlaps with the FD mesh on the GB and consists of
quadrilateral elements that are close to being square. The film average stress 〈σ11〉f is
calculated by numerically integrating σ11 over the film elements.
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5.3.3 Time Integration

Since the aim of this study is to investigate the time evolution of the system, an incre-
mental procedure is formulated in a staggered manner. The core computational task
consists of two steps for every time increment, which is schematically shown in fig-
ure 5.3(b) and (c). In the first step, from the known stress state we solve equations (5.7)–
(5.11) for the diffusional BVP, and ∆(x2) along the GB is updated for the chosen value
of the time step δt. Since accommodation of the GB wedge requires displacement across
the GB, the second step consists of solving the linear elastic BVP, equations (5.16)–(5.19),
where the field quantities ui, εij and σij are found for that particular time instant. Subse-
quently time is updated and the above mentioned procedure is repeated until a steady
state is established.

5.4 Results & Discussion

Since the accuracy of the solution is intimately tied to the FD and FE mesh size, a con-
vergence check on the element size is performed first. Figure 5.4 shows the relaxation of
the film average stress with time for different mesh sizes. For h = 1µm and d = 0.25µm
a fairly good convergence in view of the desired accuracy is attained when using 40 ele-
ments across the thickness of the film; along the x1 direction using 20 elements renders a
square FE mesh. The number of elements have been kept constant for different h values
whereas the mesh size is kept constant along the x1 direction for varying d values.

Given the chosen mesh size, the FD scheme can become unstable if δt is too large.
For each film thickness, the time step is chosen to be the largest possible for a stable
solution by trial and error.

The results of the simulations are reported in the subsequent three subsections. In
the first subsection the focus is on the identification of the parameters that control the
steady state in the films, i.e. the final stress value shown in figure 5.4. Next, we inves-
tigate the kinetics of the process, which is related with the total time required for the
curves in figure 5.4 to reach the steady state. Finally we will explore these features for
films that are not well adhered to the substrate.

5.4.1 Steady State Properties

We start by looking at the relaxation of stress in time for different grain sizes d (in the
range of 0.25 µm to 2 µm) and film thicknesses h (in the range of 0.25 µm to 1 µm). The
characteristic feature of all results in figure 5.5 is that all films finally reach a steady
state, but at a different rate and to different stress levels.
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Figure 5.4: Relaxation of film average stress with time in a film with grain size d = 0.25 µm for
different mesh sizes. δx2 is the thickness of an element and h is the thickness of the film. The
final, relaxed stresses for different mesh sizes are plotted in the inset.

When the figures 5.5(a), 5.5(b) and 5.5(c) are considered individually, the effect of
grain size d for a constant film thickness h can be explored. It is clearly seen that as
the grains become smaller the initial stress σ0 is relaxed more efficiently, i.e. down to a
lower residual stress level. For all the data presented in figure 5.5 initial stress value was
chosen to be σ0 = 500MPa, but this value does not have any effect on the graphs since
the film average stress is normalized by σ0. In figure 5.5, results for films with identical
grain aspect ratio h/d are drawn with the same color. It is therefore easily recognized
that films with the same aspect ratio attain the same final stress levels.

The observations above suggest there is a simple relationship between the four phys-
ical variables 〈σ11〉f , σ0, h and d. Since these four variables are expressed in terms of two
basic physical dimensions (force and length), Buckingham’s π theorem tells that the
system is fully characterized by two linearly independent, dimensionless parameters:

{〈σ11〉f
σ0

,
h

d

}
.

Thus, the normalized residual stress depends only on the aspect ratio of the grains.
In figure 5.6, the values of 〈σ11〉f/σ0 for simulations with varying h and d values are

compiled into a single graph. Indeed a single master curve emerges, which confirms
that neither h nor d, but their ratio, controls the effectivity of relaxation by GB diffusion.
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Figure 5.5: Relaxation behavior from σ0 = 500MPa for different grain geometries. Thickness
h = 1 µm in (a), h = 0.5 µm in (b) and h = 0.25 µm in (c). Results for microstructures with the
same aspect ratio h/d have the same color coding.

We have confirmed that the curves for different initial stress values also collapse on
this master curve. Moreover, it is possible to determine the scaling law between the
grain aspect ratio and the normalized residual stress by fitting the data points shown in
figure 5.6 to

〈σ11〉f
σ0

= c

(
h

d

)α
. (5.20)

The corresponding value of the coefficient is c = 0.11 and the exponent is found to be
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α = −0.77.
Why does the effectiveness of relaxation increase with the slenderness of the grains?

In our previous work [1] (see Chapter 4) using discrete dislocations to model the same
problem, it was found that as the grains become slender, the GB wedge attains a more
rectangular shape. The same trend is observed here in the continuum solution, as seen
in figure 5.7 showing the GB shape parameter ξ,

ξ =
1

h∆(h)

∫ h

0

∆(x2)dx2, (5.21)

versus grain aspect ratio. The value of ξ reaches 1 for a perfect U–shaped opening,
whereas for a perfect V–shaped opening ξ = 0.5. This parameter is observed to also
depend solely on the grain aspect ratio, with the value of ξ increasing from ≈ 0.7 for
wide grains to 1 as the grains become more slender. Among the microstructures studied
here, the film with h = 1 µm and d = 0.25 µm features the most uniformly shaped GB
wedge (see inset of figure 5.7), while the film with h = 0.25 µm and d = 2 µm shows a
GB opening closest to a triangular profile.

Figure 5.8 displays the final residual stress distributions for three different h/d. We
observe large regions in between GBs where a significant amount of the initial tensile
stress is still present for the widest grains (h/d = 0.125). Effective relaxation has only
taken place near the GBs. However, as the aspect ratio increases, the relatively unre-
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laxed area rapidly shrinks down to a thin region in the proximity of the film/substrate
interface. In figure 5.9 the distribution of other stress components at steady state is
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Figure 5.9: Distribution of σ12 (a) and σ22 (b) within the periodic cell at steady state.

shown for the case h = d = 0.5µm but this time only for one periodic cell. Although σ11

has been relaxed to a great extend as have been shown in figure 5.8 the development of
diffusion wedge builds up σ12 and σ22. Both of these quantities are initially zero.

In addition to ξ, the effectiveness of relaxation depends on the thickness of the dif-
fusion wedge at the top of the film. When ∆(h) is normalized with d, it gives the strain
imposed as a result of diffusion at the top. The dependence of this parameter on grain
aspect ratio is given in figure 5.10(a). Initially, as the aspect ratio increases the GB wedge
becomes wider, but then it decreases and levels off. The h/d parameter window in
which the decrease is observed coincides with the range where the ξ value increases
most drastically in figure 5.7. Contrary to ξ, the GB wedge width does depend on the
value of σ0 as depicted in figure 5.10(a), as well as on the plane strain elastic modulus
E∗ := E/(1 − ν2). Yet figure 5.10(b) demonstrates that a master curve emerges when
∆(h)/d is multiplied with E∗/σ0. Thus, eventually, it is these two parameters —ξ and
∆(h)E∗/σ0/d— that control the residual stress level as a monotonically decreasing func-
tion of aspect ratio (as in figure 5.6) in accordance with equation (5.20).

The relevance of ∆(h)E∗/σ0/d in this regard can be understood by noting that if
the GB wedge were perfectly U–shaped (ξ = 1), an opening ∆(h) can be thought of as
inducing an overall strain ∆(h)/d in the x1–direction that would counteract the initial
elastic strain σ0/E

∗. When ξ 6= 1, we have to work with the total amount of diffused
material, as defined by

Λ =

∫ h

0

∆(x2)dx2. (5.22)

This can be rewritten as Λ = ξh∆(h), leading to a diffusion-induced strain Λ/(hd) =

ξ∆(h)/d. Based on these ideas, we postulate that the film average stress after diffusion
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Figure 5.10: GB wedge width normalized by d as a function of h/d (a). Dimensionless GB width
multiplied by dimensionless elastic modulus versus h/d (b).
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of an amount of material Λ can be expressed as

〈σ11〉f = σ0 − E∗ Λ

hd
. (5.23)
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Figure 5.12: Relaxation of average normal stress on the GB with time for h = 0.5 µm (a), relax-
ation data for different h and d values where normalized stress is given on a logarithmic scale
(b). Gray scales denote the grain size, different line types are used for different values of h.

The accuracy of this relationship is confirmed in figure 5.11 which shows the correlation
between the values of Λ/(hd) and the fraction of the stress that is relaxed.

When the predictions of the continuum model above are compared with those of
the discrete dislocation (DD) model [1], two notable distinctions emerge. Firstly, in
the continuum model relaxation will take place irrespective of the magnitude of σ0,
whereas in the DD model the initial stress should exceed a ‘diffusional yield strength’
for the initiation of diffusion. The origin of this yield strength is the attraction of a
dislocation to a nearby free surface. For a dislocation on the verge of nucleation from
free surface, the attractive force may overcome the force due to tensile thermal stress
and hence hinder the diffusional deformation all together.

Secondly, while the residual stress decreases monotonically with increasing h/d in
the continuum model, it levels off after a critical h/d in the DD calculations as de-
picted in figure 5.13. The critical h/d depends on the initial stress and diffusional yield
strength. The origin of this barrier is the presence of a material length scale in the DD
model of diffusion, namely the magnitude of the Burgers vector. This length scale con-
stitutes the minimal admissible displacement in the GB wedge: diffusion halts when the
GB cannot accommodate another extra half plane of atoms. In the continuum model,
there is no such limitation: complete stress relaxation is possible by developing a GB
wedge width ∆ that can be infinitesimally small. When σ0 is high and the grains are
sufficiently coarse, there is perfect agreement between the two models.



5.4. Results & Discussion 97

h/d

<
σ 11

>
f /σ

0

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

σ0=500 MPa

σ0=375 MPa

Figure 5.13: The film average stress at steady state is given for the continuum prediction from
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5.4.2 Kinetics

Although the amount of relaxation is the same for films comprised of grains with iden-
tical aspect ratios, the kinetics of relaxation can be very different. For instance, when
the curves for h/d = 0.5 in figure 5.5(a), (b) and (c) are examined, the time until com-
pletion of diffusion seems to decrease substantially as the film thickness decreases. This
is expected since mass transport occurs over the length of the GBs: hence, the thinner
the film, the shorter the distance the atoms have to travel, and thus the faster relaxation.
Furthermore, the pace of relaxation for a constant h (see for example figure 5.5(a)) is
seen to depend on d. As the grains become thinner, relaxation speeds up since diffu-
sion takes place across more GBs per unit film area. However, the dependence of the
diffusion rate on d seems to be weaker compared to that on h. In the remainder of this
section, we want to get insight in the combined effect of h and d.

Atomistic [2] as well as continuum dislocation [3] models for GB diffusion have sug-
gested that the GB normal stress averaged over the film thickness, 〈σn〉gb, decays expo-
nentially with time,

〈σn(t)〉gb = σ0 exp(−t/τc), (5.24)

with a characteristic time τc that scales as τc ∝ hη. The value of η was found to be 3.0

with the continuum dislocation model [3], whereas η ≈ 2.7 according to the atomistic
study [2]. The time decay of the average GB normal stress 〈σn(t)〉gb in our computations
(obtained by numerical integration of σ11 over the GB) is presented in figure 5.12(a).
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Note that, contrary to film average stress (cf. figure 5.5), the average GB normal stress
does relax to zero. The difference arises from the presence of residual stresses inside
the grains, as seen in figure 5.8. The relaxation curves in figure 5.12(a) fit perfectly to
exponential time decay. This is confirmed by plotting the data on a logarithmic scale,
figure 5.12(b), which renders all relaxation curves as straight lines passing through the
origin and having a slope

ln(〈σn〉gb/σ0)/t = −1/τc. (5.25)

Our aim now is to find the relation between τc and film thickness h according to the
present model. For this, we first note that dimensional considerations of the governing
parameters —D in equation (5.7), E in equation (5.16) and the various variables with
dimension length— dictate that only the ratio of length to the power 3 divided by ED

has the proper dimension of time. Hence, τc scales with a length scale to the power 3.
A model with only h as a length scale necessarily leads to η ∝ h3 as given in [3], but the
present model also involves the grain width d and the material length scale l, defined
in equation (5.15). Observing that the grain width has entered the results so far only
through the grain aspect ratio h/d, we postulate the following functional dependence:

τc = hηl(3−η)f(h/d)/(ED), (5.26)

with f a function to be established. By considering relaxation curves for the same aspect
ratio but different thickness, (for example the curves for h/d = 1 are identified by arrows
in figure 5.12) we found that a scaling exponent η = 2.97 gives a best fit to the data.
Notice that this leaves a very weak dependence on l, the value of which is almost two
orders of magnitude smaller than the smallest film thickness considered in this study.
What is left is to identify the unknown function of h/d in equation (5.26). For that
purpose, we adopt the equality (5.25) combined with equation (5.26), and taking the
slopes from figure 5.12(b), we finally find f(h/d) as shown in figure 5.14.

5.4.3 No adhesion at the Interface

Until now the thin films were considered to be perfectly attached to the substrate. In
real systems, bonding is never perfect but depends on the film and substrate materials,
processing conditions, likelihood of forming oxide layers, etc. In order to avoid the
complexity associated with the interface properties, we will investigate the opposite
extreme case, namely where there is no adhesion between film and substrate.

In the absence of adhesion, the boundary conditions of the diffusional and mechan-
ical BVPs change, as depicted in figure 5.15(a). For diffusion, first of all, the constraint
on the GB opening ∆(0, t) disappears since the substrate no longer restricts the sliding
of the film over the substrate. The no-flux condition j2(0, t) = 0, however, still holds
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Figure 5.14: The function f of grain aspect ratio in the expression (5.26) for the relaxation time.

since the GB terminates at x2 = 0. As for the elasticity of the film, the substrate is no
longer relevant. Instead, the tangential tractions along the film’s bottom surface should
vanish, i.e. t1(x1, 0) = 0, while u2(x1, 0) = 0 ensures that the film does not lift off.

Before trying to solve this problem, it is noted that these boundary conditions are
identical to symmetry conditions for both BVPs about x2 = 0. Thus, the problem be-
comes equivalent to that of GB diffusion in a free-standing film with a thickness of 2h,
as illustrated in figure 5.15(b). This interpretation reinforces that the system cannot be
loaded with thermal stresses since the thermal expansion of film and substrate can no
longer communicate. Therefore we stretch the film in the x2 direction by superimposing
a uniform displacement U0 at the sides of the cell. The value of U0 for different grain
sizes is chosen such that the corresponding overall initial strain 2U0/d takes the same
value as σ0 in the previous subsections, i.e. σ0 = 2E∗U0/d.

The steady state solution of the problem is trivial. Since the constraint on the GB
opening at x2 = 0 is absent, diffusion will continue to eliminate any stress gradient until
there is a rectangular GB wedge (ξ = 1). The final width is equal to the total initial
stretch 2U0 and the initial applied stress is fully relaxed. In figure 5.16 the relaxation
curves for two grain sizes are shown, together with the relaxation curves for perfectly
bonded films, for which relaxation is in general not complete. Complete relaxation in
the absence of adhesion can be considered as the lower bound for the relaxation, while
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Figure 5.15: Schematic of GB diffusion in a periodic cell with thickness h on a substrate in the
absence of adhesion (a), and for a free-standing film with thickness 2h.

the perfect-bonding case discussed earlier becomes the upper bound. In reality, since
interfaces have a finite strength film delamination may arise due to development of
σ12 and σ22 (see figure 5.9) during diffusion. Thus, the relaxation curves will fall in
between these two bounds: close to the lower bound for very weak interfaces where
film delamination may be induced during diffusion and close to the upper bound for
strong interfaces that do not lead to delamination.

When the kinetics of relaxation in these free-standing films is studied in detail, the
same scaling between the characteristic time and film thickness is found as before:
τc ∝ h2.97l0.03. However from figure 5.16 it can be observed that these films reach the
steady state slightly later than the perfectly bonded counterparts, meaning that f(h/d)

in equation (5.26) is larger than in figure 5.14.
It bears emphasis here that a small change in boundary conditions can give an en-

tirely different problem with different steady state properties and kinetics. For instance,
the model of Guduru et al. [4] addresses solely the no-flux condition, so that their so-
lution is for a free-standing film or for a film that is not bonded to the substrate. In-
corporating both boundary conditions equation (5.10)–(5.11) for bonded films requires
a dedicated treatment of the boundary conditions.

5.5 Conclusions

The main conclusions of the two-dimensional modeling of GB diffusion in thin films
presented in this work can be summarized as follows:
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• GB diffusion is more effective in relaxing the stress in films with slender grains; its
effectiveness is characterized by a power law scaling between residual stress and
the aspect ratio of grains h/d.

• The effectiveness of relaxation is manifested by the GB wedge shape ξ, and the
width of the GB wedge at the top surface, ∆(h).

• The continuum model predicts relaxation of stress with any magnitude without
any threshold and also predicts complete relaxation in the limit of infinite h/d

since there is no build in length scale. Because of this limitation continuum model
cannot detect the size effects of this phenomena reported in [1].

• The normal stress averaged along the GB decays exponentially with time and be-
comes zero at the steady state. The characteristic time τc scales with film thickness
h with an exponent that is very close to 3, and additionally depends on h/d.

• In the absence of adhesion between film and substrate, stress relaxes completely
but at a slightly lower pace.

The framework presented here is for stationary films, but can be extended to grow-
ing films during deposition. During the growth of metallic films, intrinsic stresses arise
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as a consequence of competition between diffusion and coalescence of grains. Very
recently, Tello and Bower [5] have presented a detailed model in which coalescence
stresses are incorporated with a cohesive law along the GB and have investigated this
competition in terms of stress development during the Volmer-Weber type growth of
polycrystalline films.
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Chapter 6

Development of Intrinsic Stress
with Simultaneous Growth and Grain Boundary
Diffusion

Intrinsic stress development in thin film/substrate systems during deposition is in-
vestigated by discrete dislocation and continuum modelling of grain boundary (GB)

diffusion. The transport of material from the free surface into the GBs first relaxes the
initially present tensile coalescence stress and subsequently forms a film average com-
pressive stress due to the supersaturation of adatoms on the advancing front of the film.
The calculations revealed that if the growth rate is high and/or the columnar grains are
wide the magnitude of compressive film average stress is low. The comparison of the
continuum predictions are in good agreement with the existing models from the litera-
ture when the growth rate is low. However for the high growth rates the agreement is
less. The comparisons of DD predictions with the continuum model in [7] gives a quali-
tative agreement. However the effect of growth rate and grain size is more pronounced
in DD calculations. Moreover, the build–in size scale Burgers vector, which is absent
in continuum formulations, restricts the minimum admissible width of diffusional dis-
placements along the GB.

0Based on Development of Intrinsic Stress with Simultaneous Growth and Grain Boundary Diffusion, Can Ayas
and E. van der Giessen, in preparation.
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6.1 Introduction

One of the important aspects of thin film technology used extensively in small electronic
devices is mechanical reliability. Upon manufacturing of a thin film on a substrate, in-
trinsic stresses arise due to the non-equilibrium nature of the deposition process. The
final state of stress depends on the material properties, deposition conditions and the ef-
ficacy of relaxation mechanisms present at the length scale of (sub-)micrometers. Beside
dislocation plasticity, diffusion of adatoms from the surface into the GBs is a relaxation
mechanism that potentially plays a crucial role in the development of intrinsic stress [3].

In Chapter 3, we have analyzed the dislocation–glide mediated relaxation of com-
pressive intrinsic stress that was represented by an array of edge dislocations on the GB.
In Chapter 4 the discrete dislocation framework for GB diffusion was developed. The
modelling of simultaneous film growth and GB diffusion is the topic of this chapter.
The role of the film growth rate and the width of the columnar grains in intrinsic stress
development are investigated. Moreover the continuum model presented in Chapter 5
is extended for growing films and its predictions are compared with the existing con-
tinuum models in the literature [7, 2].

Volmer-Weber growth of polycrystalline thin films starts with the formation of in-
dependent islands on the substrate, which subsequently grow with time. When the
distance between islands becomes smaller than a critical value, it is energetically favor-
able for two neighboring island surfaces to transform into one GB. Upon formation of
the GB, islands deform elastically and induce a tensile coalescence stress on the film
[8, 5]. As deposition proceeds, a supersaturated adatom population on the top surface
creates a compressive stress that pushes adatoms into GBs where the atomic packing is
relatively sparse [3]. For most cases the relaxation of tensile coalescence stress is thus
followed by the development of a compressive stress. Simultaneously the film grows
at a constant growth rate where the free surface moves away from the film–substrate
interface.

6.2 Discrete Dislocation Framework

Matter that diffuses into a GB is modelled in terms of discrete dislocations having a
Burgers vector perpendicular to the GB. The transport of matter from the surface into
the boundaries is represented by the nucleation of dislocations from the free surface,
while diffusion along the boundaries is modelled as ’climb-like’ motion of the disloca-
tions thus inserted. The reader is referred to Chapter 4 for the governing equations.
They are formulated by using Fick’s law of diffusion in conjunction with the dissipation
of a moving dislocation in terms of the Peach-Koehler force. The driving force for diffu-
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sion in this discrete dislocation framework is the component of the Peach-Koehler force
normal to the boundary, while the dislocation mobility is determined by the diffusion
coefficient.

6.3 Problem Description

x2

x1d

GBh0

x2

x1d

h

(a) (b)

Figure 6.1: Illustration of the coupled growth–diffusion problem. Configuration at the initial
stage (a), and at the final stage (b). The source from which the GB dislocations are nucleated are
indicated by open circles.

Simultaneous film growth and diffusion is studied in terms of a two-dimensional
plane strain problem of an infinitely wide thin film deposited on a very thick elastic sub-
strate, as shown in figure 6.1. The elastic properties (determined by the elastic modulus
E and Poisson’s ratio ν) of the film and substrate are taken to be identical. Columnar
grains of width d are assumed to be growing perpendicular to the film/substrate inter-
face. A computational cell containing a single grain of the film is considered and the
infinite film is represented by implementing periodic boundary conditions. The thick-
ness of the film initially is h0, which increases with time in accordance with a prescribed
deposition rate ḣ.

At the start of growth, a tensile coalescence stress σ0 is present which evolves due to
the competition between growth and relaxation by GB diffusion. Because of the ongoing
deposition process, there is a supersaturated adatom concentration at the free surface,
which enforces a compressive value for the steady state GB normal stress at the top of
the film, σs. Since diffusion is driven by the gradients in chemical potential µ, the flux
of atoms from the surface to into the GBs,

js/gb ∝ (µs − µ(h)),
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where µ = −σnΩ (with Ω the volume of an atom, see also Chapter 5). µs = −σsΩ denote
the chemical potential on the free surface in the presence of the deposition flux. Thus
adatoms will continue to flow into GB as long as the σn(h) > σs.

It bears emphasis that we analyze the stress development during the deposition only.
Once the deposition is finished the chemical potential at the free surface will no longer
enforce a compressive GB normal stress; instead for a flat surface, µs = 0 and hence
σs = 0. Therefore the built-in compressive stress would be subjected to relaxation via
reverse diffusion of material from the GBs to the free surface. Simultaneously when the
film/substrate system is taken out of the deposition chamber to ambient temperature,
thermal stresses are likely to develop. Stress relaxation calculations for stationary films
were presented in Chapter 4 and Chapter 5. However the current framework is impor-
tant since the stress developed during the growth may also trigger dislocation glide in
slip planes which would complicate the overall mechanism. The reader is referred to
Chapter 7 for a first attempt to couple all processes involved: GB diffusion, film growth
and dislocation glide.

6.4 Discrete Dislocation Predictions

In this section we study the film stress during the deposition only. For that purpose we
have investigated films with various grain sizes subjected to different growth rates. As
an example, the development of the film average stress for the central case of a grain size
of d = 0.5 µm is reported in figure 6.2. The development of intrinsic stress as a function
of normalized thickness for other cases will be discussed later in section 6.4 and also in
section 6.6. Initially the film is under a homogeneous tensile stress of σ0 = 250MPa and
has thickness h0 = 0.02 µm while σs = −250MPa. During deposition, the film thickness
increases according to ḣ. The non–dimensional growth rate measure,

Ḣ =
4πh2

0ḣ

DE∗
(6.1)

introduced in [7], is used to quantify growth rates relative to the rate of diffusion. The
plane strain elastic modulus is denoted by E∗ = E/1 − ν2 and D is the effective diffu-
sion coefficient defined in Chapter 4. Along with deposition, diffusion takes place with
dislocations nucleation from the free surface and ‘climbing’ towards the film–substrate
interface.

Closed-form expressions for the dislocation stress fields σ̃ij in a periodic half–infinite
space [4] are used, so that no extra image forces due to the free surface need to be
accounted for. The film average 11–stress, 〈σ11〉f , is calculated by integrating the total
stress, i.e. σ0 + σ̃11, over a grid of rectangles with a size of 50nm × 80nm. Since the film
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is growing with time, the uppermost layer of the rectangles are elongated until their
thickness becomes twice the original thickness; when this critical thickness is reached
the top most rectangles are divided into two in order to carry out integration in an
accurate manner.
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Figure 6.2: Film average stress normalized with initial stress in film/substrate system during
deposition (black line). Number of dislocations during the deposition of the film (gray line)
d = 0.50 and Ḣ = 5.4.

In figure 6.2 the collective ‘climb’ motion of dislocations in the GB first relaxes the
initially present stress. It is followed however, by a build–up of compressive stress
dictated by the equilibrium value of normal stress at the GB free surface junction, σs =

−250MPa, and Ḣ . However as we have shown in Chapter 4, even a non–growing film
does not attain a uniform stress of σs at the steady state. Instead the final state of stress
depends on the number and distribution of dislocations present. In order to monitor
dislocation nucleation events, the evolution of the total number of dislocations, hdρdisl

is superimposed in figure 6.2.
The nucleation of a dislocation takes place when the normal stress on the source,

which is located hnuc below the free surface, is larger than σs and at the same time the
‘climb’ velocity calculated for a dislocation at the source position is towards the sub-
strate. Our model also takes into account the attraction of dislocations to a nearby free
surface through implementation of image stress fields as a function of distance between
the dislocation of interest and the free surface (see Chapter 4). The value of hnuc is taken
as 24b which gives rise to an image stress of approximately −135MPa to a dislocation
sitting at the source.
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The 11–stress component at the source position, σ(nuc)
11 , is plotted against time in fig-

ure 6.3. Initially σ(nuc)
11 = σ0, but rapid stress drops to compressive values are evidence

of dislocation nucleation. After each nucleation event, the stress increases gradually
as the dislocation moves away from the source position. As mentioned above, nucle-
ation takes place only when σ(nuc)

11 > σs. However this is a necessary yet not a sufficient
condition, since some nucleation events take place only after the 11–stress exceeds σs
significantly (see figure 6.3).
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Figure 6.3: 11-stress on the source position for d = 0.50 and Ḣ = 5.4.

The distribution of σ11 in the film is shown in figure 6.4 at three stages of growth:
h = 0.125 µm, 0.25 µm and 0.5 µm. The average stress values at these thicknesses are
identified in figure 6.2 with the labels A, B and C respectively. For all the films in the
close proximity of film/substrate interface, stress levels are closer to σ0 which marks
an unrelaxed region. For the thinnest film, when h = 0.125 µm, moving away from
interface stress levels decrease and at the top close to the GB a region with compressive
stress levels exists. As film growth proceeds together with simultaneous diffusion more
dislocations nucleate and they propagate towards the film/substrate interface and the
average stress follows the trend given in figure 6.2. When h = 0.5 µm the stress distri-
bution is dominated by compressive regions with levels around σs with the exception
of relatively unrelaxed regions near the substrate.

In figure 6.2 it has been shown that the total number of dislocations becomes con-
stant after a certain thickness and yet the 〈σ11〉f continues to decrease and from fig-
ure 6.4(b) and 6.4(c) one can observe that the strip of film that is being deposited in-
stantly attains a compressive stress value by feeling the compressive stress field of the
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dislocations in the system. This is physically justified by the atomistic picture in which
film atoms landing on the film surface replicate the surface crystallography and hence
inherit the existing stress. Because of this, dislocation nucleation can be suspended
for a certain span of time. However, as growth continues the distance between the free
surface and the dislocations will increase and hence σn(h) will increase which will even-
tually lead to dislocation nucleation again.
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Figure 6.4: Stress distribution during three instances of the growth, d = 0.50 and Ḣ = 5.4. The
labels A, B and C in figure 6.2 denote the film average stress values corresponding to the stress
distributions shown here. Note that σ0 = −σs.

The relaxation and subsequent build up of compressive stress is due to the incorpo-
ration of material from the free surface. The extra material creates a GB wedge which is
represented by the displacement discontinuity of the GB edge dislocation array. In fig-
ure 6.5, by plotting the deformations on the integration grid points, the shape of the GB
wedge is illustrated. It reveals that during the initial stages of growth, the free surface
of the film is rough (see figure 6.5(a)), which gradually smoothens with further growth
(see figure 6.5(b) and (c)). The origin of this surface roughness is the displacement field
of dislocations in x2 direction, ũ2. When the dislocations are far away from the free sur-
face, as in figure 6.5(c) (see figure 6.4(c) for dislocation configuration at h = 0.5µm), they
do not induce a noticeable roughness.

For a growing film, the grain aspect ratio h/d is a function of time. From the results
presented in Chapter 4 and Chapter 5 we know that grains with high aspect ratio are
susceptible to more diffusional relaxation; therefore films with small d are expected to
have an average compressive stress that is higher in absolute value. Moreover the di-
mensionless growth rate Ḣ specifies the competition between the growth and diffusion.
The higher the growth rate, the less time is available for diffusional relaxation. Thus:
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Figure 6.5: Deformed integration grid for thin film with d = 0.50 at three instances of growth
at Ḣ = 5.4. The labels A,B and C denotes the thickness values that are shown in figure 6.2.
Deformations are amplified ten times to improve visibility.

the lower Ḣ , the lower 〈σ11〉f/σ0 will be.
The scaling of average stress with aspect ratio when the films reach a thickness of

h = 0.5 µm at different growth rates is given in figure 6.6. When the deposition rate is
low the initial tensile stress rapidly relaxes and subsequently a compressive stress builds
up as a consequence of diffusion. When growth is fast, diffusion becomes less effective
thus giving rise to a weaker compressive stress. For the deposition rates Ḣ = 54 and
Ḣ = 5.4, some average tensile stress persists for d = 2 µm when the film has reached a
thickness of h = 0.5 µm (h/d = 0.25).

6.5 Continuum Models

A number of continuum models have been proposed in the literature for intrinsic stress
development via GB diffusion. The different features of the existing continuum models
related with this problem are summarized in table 6.1. The simplest one is the ‘linear
spring’ (LS) model presented in [7]. In this model the diffusion of material to the GB
is represented by the opening between neighboring grains, ∆(x2), which is accommo-
dated by elastic strain in the grains. The compatibility condition then leads to

σn(x2) = −∆(x2)

E∗d
, (6.2)

which is used to conceptually replace elastic grains with linear springs. The stress in
the film develops according to Fick’s law. The boundary conditions considered are flux
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Figure 6.6: Overall normalized intrinsic stress at the end of deposition (h = 0.5 µm) against
grain aspect ratio h/d for different grain size and deposition rates.

continuity at the free surface and zero flux at the film/substrate interface. Although the
film is bonded to a substrate the boundary condition that enforces the GB opening to be
zero at the film/substrate interface has been omitted in [7] for the sake of the simplicity.
Since the model is one dimensional, the film average stress is not well defined; in [7] it
is found from the stress averaged over the GB, 〈σ11〉gb, with the term f(h/d) as

〈σ11〉f = σ0 +
4h

d
tanh

(
4h

d

)

︸ ︷︷ ︸
f(h/d)

(
〈σ11〉gb − σ0

)
. (6.3)

The function f(h/d) is based on the energy release rate at each crack tip for steady state
channeling of infinite array of parallel mode I film cracks in the direction normal to the
plane of deformation [9]. Unfortunately the connection between the energy release rate
and stress decay away from the GB in x2 direction has not been explained in detail.

The second framework is the continuum dislocation (CD) model developed for sta-
tionary films in [6] and extended for film growth in [7, 2]. The evolution of dislocation
distribution is governed by the diffusion law and describe the volumetric flux along the
GB in the same spirit as in the DD model. Although the physical boundary conditions
are fully taken into account, this model is also one dimensional and hence the stress av-
eraging over the film is carried out in the same way as in the LS model by multiplying
〈σ11〉gb with f(h/d) as in equation (6.3) [7, 2].



114 6. Development of Intrinsic Stress with Simultaneous Growth and GB Diffusion

BCs grain model stress averaging GB Wedge

LS [7] j2(0) = 0 σ11 =
−E∗∆(x2)

d
〈σ11〉f = σ0 +

f(h/d)
h

∫ h

0

(σn − σ0) dx2 0 < ∆(x2)

CD [7, 2]
j2(0) = 0

∆(0) = 0
σij = Lijklεkl 〈σ11〉f = σ0 +

f(h/d)
h

∫ h

0

(σn − σ0) dx2 0 < ∆(x2)

SC [1]
j2(0) = 0

∆(0) = 0
σij = Lijklεkl 〈σ11〉f =

1
dh

∫ d

0

∫ h

0

σ11 dx2dx1 0 < ∆(x2)

DD
j2(0) = 0

∆(0) = 0
σij = Lijklεkl 〈σ11〉f =

1
dh

∫ d

0

∫ h

0

σ11 dx2dx1 b < ∆(x2)

Table 6.1: Basic features of models for intrinsic stress development in the literature. First column
gives the boundary conditions (BCs) at the film/substrate interface, second column describes the
constitutive model for the grains, third column tabulates the way stress averaging is carried out
and the forth column gives the lower limit for ∆(x2) values.

In Chapter 5 we have proposed a staggered continuum (SC) model which takes into
account all the physically important boundary conditions and constructed in a fully
two dimensional way. The coupling between elasticity and diffusion is dealt within a
staggered numerical solution of diffusional and linear elastic boundary value problems.
For GB diffusion a finite difference scheme is used while the elasticity problem is solved
by the finite element method. Stress averaging is carried out by numerically integrat-
ing the stress over the film. This model can also be extended for growing films where
simultaneous diffusion and film growth can be studied. For this purpose the film thick-
ness is increased at every time step in accordance with ḣ and the GB is re–meshed with
the same number of finite difference nodes having a uniform separation. The values of
∆(x2) at new nodal positions are found by linear interpolation from the former posi-
tions. For the linear elastic BVP the film domain is also re-meshed at every time step so
that the finite element nodes overlap with the moving finite difference grid on the GB.
A disadvantage of this scheme is its computational expense associated with assembling
the finite element stiffness matrix at every time step during the calculation. Therefore
the growth of the film can be simulated for small changes in film thickness whereas for
instance the LS model is computationally very efficient since it is solely based on a Eu-
lerian finite difference diffusion discretization [7]. Adaptation of the numerical scheme
to improve the computational efficiency are certainly possible but are not pursued here.

The predictions of the staggered continuum (SC) model with the parameters re-
ported in [7] are plotted with solid curves in figure 6.7. In order to facilitate the compar-
isons, the predictions of the LS model are reproduced from [7] and drawn with dashed
lines. In accordance with that reference, figure 6.7(a) depicts a normalized stress mul-
tiplied by thickness (i.e., film force per unit depth) against the normalized thickness,
h/h0. The normalized stress measure is based on the GB normal stress measure save,
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Figure 6.7: Comparison of the predictions by the Staggered Continuum (SC) and the Linear
Spring (LS) model. Normalized stress × thickness evolution as a function of normalized film
thickness h/h0 (a). The development of film average stress normalized with the initial stress
(b).The initial film thickness and grain size are taken to be h0 = d = 0.125 µm.

defined by

save =

∫ h

0

σn(x2)− σs
σ0 − σs dx2. (6.4)

Except for the highest growth rate, the normalized film force decreases with h, since GB
diffusion has been effective in stress relaxation. For the highest growth rate Ḣ = 100,
diffusion has been much more limited for either of the two models. As a consequence,
the product save × h/h0 shows an increasing trend during growth since the reduction in
average normalized stress save is overruled by the increase of film thickness.

The comparison in figure 6.7(a) reveals that the SC model leads to films having
slightly more extra material and therefore lower compressive stress for slow and mod-
erate growths. There is a larger disagreement between the models for high growth rates.
For the highest growth rate Ḣ = 100, the ordering of the solid and dashed curves actu-
ally has changed, denoting less stress relaxation for SC model compared to LS model.
We have checked that this is not due to spatial or temporal resolution of the numerical
techniques involved. The prediction of our SC model seems to be also in perfect agree-
ment with the CD model at the lowest growth rate considered, cf. figure 6 in [7]. Again
at high growth rates the agreement become less good. The origin of this difference at
high Ḣ values is unknown.

In figure 6.7(b) stress averaging for the SC model is carried out by proper numer-
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ical integration whereas for the LS model 〈σ11〉gb is converted to film average stress
through equation (6.3). It is important to note that the previous comparison based on
figure 6.7(a) does not take into account the different stress averaging schemes of the
SC and the LS models. We observe that the two averaging schemes give quite signif-
icant differences such that, for instance, nearly overlapping solid and dashed lines in
figure 6.7(a) for Ḣ = 1 are separated apart in figure 6.7(b). Comparing the solid and
dashed curves in figure 6.7(b) we see that the LS model overestimates stress relaxation
at all growth rates considered.

6.6 Discrete Dislocation vs. Linear Spring Model

The common feature of all the continuum models is the absence of an innate length
scale which designates the minimum admissible ∆(x2). Therefore the GB wedge width
can be infinitely small. In contrast, the DD model has a built-in length scale b which
constrains ∆(x2) to be only integer multiples of b (see table 6.1).

In figure 6.8(a) the film average stress development is calculated with the DD model
while in figure 6.8(b) the predictions of the LS model are given. There is a qualitative
agreement between the models in the sense that higher Ḣ values give rise to lower com-
pressive stress, and that for a given Ḣ the magnitude of the compressive stress increases
when the grain size d decreases (higher h/d). Given the fact that the assumptions and
the construction of the two models are different in various aspects (see table 6.1), it is
difficult to point out where the quantitative discrepancies arise from. At any rate, one
notable difference is that the effects of Ḣ and d are more pronounced in the DD model
leading to more distinct differences in the final stress values.

Another difference that deserves attention is the stress development in narrow grains
(d = 0.25 µm). Except at the highest growth rate considered (Ḣ = 54), the DD model
predicts that 〈σ11〉f can become slightly smaller than σs in the late stages of growth (see
figure 6.8(a)). In the LS model, the final stress is never smaller than σs even when the
growth rate is lower than the one shown in figure 6.8. This difference is connected to the
built-in size scale of the DD model. Since in a continuum framework, the GB can accom-
modate any displacement, the mass flux at the advancing front of the film is adjusted
to inject the necessary amount of material according to the corresponding normal stress
gradient. However, in DD, the material flux from the surface into the GB is quantized
by dislocation nucleation. Therefore when all dislocations in the film are in equilibrium
positions and yet the nucleation criterion is still satisfied, an extra dislocation will be
put into the system and the average stress value can exceed σs in magnitude. In the LS
framework, diffusion in such a state can be far less.
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Figure 6.8: DD predictions (a) compared with (b) the linear spring (LS) model from Guduru et
al. [7]. The film average stress values at h = 0.5µm are labeled with different symbols according
to Ḣ in (a) which were previously shown in figure 6.6. The value of the kinetic parameter A
defined in [7] is taken as A = 3.3.
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Chapter 7

Summary & Outlook

The aim of this study was to investigate inelastic deformation mechanisms in thin film–
substrate systems in order to contribute to the understanding of size effects induced
by the size of columnar grains. In this chapter the main conclusions from the previous
chapters are summarized and an outlook for complete coupling between film growth,
grain boundary diffusion and dislocation glide is given.
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7.1 Summary

In Chapter 3 we have investigated the relaxation of intrinsic stresses by dislocation glide
only. The intrinsic stress was represented by an array of grain boundary (GB) disloca-
tions. The displacement discontinuity along the GBs is adjusted through the Burgers
vector distribution to account for the realistic distribution of extra material that has
been diffused into the GBs. Moreover, discrete dislocation (DD) simulations for film–
substrate systems in the absence of intrinsic stress but instead loaded with uniform
thermal stress were carried out. Interpretation of the results from these two types of
calculations allowed to isolate the effects of initial stress distribution and magnitude
on intrinsic stress relaxation. For relaxation of intrinsic stress, two effects of the grain
size on the amount of relaxation were found to be counteracting. As the grain size de-
creases, plastic hardening in the film increases due to the confinement of dislocation
motion in between impenetrable grain boundaries (GB): films with a finer microstruc-
ture are harder. In contrast, the initial intrinsic stress distribution becomes more ho-
mogeneous as the grain size decreases, thus promoting relaxation, as diffused material
can be distributed among closely spaced GBs. Thus in terms of relaxation of intrin-
sic stresses induced by the presence of extra material along the GBs, smaller may be
softer. The cross-over between these two size-dependence trends lies somewhere be-
tween d = 0.5 µm and d = 0.25 µm for the cases considered in Chapter 3.

In Chapter 4 we have studied GB diffusion itself with the motivation of develop-
ing a tool for a future unified diffusion–glide modelling. Therefore we have chosen
to describe the diffusion process in terms of the ‘climb’ motion of discrete dislocations
along the GBs. The governing equations were derived and a DD scheme was devel-
oped, followed by its application to the relaxation of thermal stress in stationary thin
film–substrate system problems. Since this framework was two–dimensional, we were
able to calculate, for the first time, the stress distribution inside the film during any
instant of relaxation as well, rather than just the stress distribution along the GB. The
main finding of Chapter 4 is that even when the steady state is attained for GB diffusion,
a residual (unrelaxed) stress remains inside the film. This stress level depends on the
aspect ratio of the grains (film thickness over grain width) and on the magnitude of the
initial thermal stress. More specifically, our results revealed that the amount of relax-
ation was connected to the shape and width of the GB wedge. This shape resembles a
U–like profile for fine grains and becomes a V–like profile for wide ones.

The DD model for GB diffusion highlighted the importance of the physical bound-
ary conditions at the film–substrate interface. While existing diffusion models in the
literature have incorporated the no-flux condition at the border, the condition that the
GB wedge needs to vanish there has been ignored. Therefore, in Chapter 5 a two–
dimensional continuum model was developed that does take all boundary conditions
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into account. The surplus of boundary conditions in the classical sense has been cir-
cumvented by means of a staggered numerical solution of diffusional and linear elastic
boundary value problems, using a mix of finite difference and finite element proce-
dures. This continuum framework is then adopted for the problem described in Chap-
ter 4 where the thermal stress in a film–substrate system is relaxed by the transport
of material from the free surface into the GBs. The calculations revealed a power law
scaling between the efficiency of relaxation and the grain size, irrespective of the ini-
tial stress level. In contrast the amount of initial stress was found to be important in
Chapter 4 when the DD framework was used. The comparison of DD and continuum
predictions substantiated the diffusional size effects present in thin films, captured by
the DD method only. The underlying reason is that while the GB wedge can take any
value in the continuum model, in the DD model it is quantized by the Burgers vector (as
a representation of the atomic size). Accordingly in the DD framework, the effectiveness
of relaxation saturates at a grain aspect ratio when the GB wedge width is comparable
with the the Burgers vector.

In Chapter 6 we have revisited the intrinsic stresses concept, this time by looking
into the development of the compressive intrinsic stress as a consequence of the super-
saturation of surface adatoms during deposition. The DD and continuum models were
extended for growing films with the aim of studying parameters that govern the film
stress as a function of the growing film thickness. Two key process/material parameters
have been identified. In accordance with our previous findings, the smaller the colum-
nar grains, the more effective is GB diffusion; therefore the initial tensile coalescence
stress is rapidly relaxed and subsequently the compressive deposition stress dominates.
The second important controlling parameter is the growth rate of the film. When the
growth rate is low or the temperature is high (the effective diffusion coefficient is ex-
ponentially dependent on temperature), diffusion is more effective. By contrast, in case
of fast growth or low temperature, GB diffusion enforces a compressive stress lower in
magnitude. For the extreme cases where both film growth is fast and film grains are
wide, a fraction of the initial tensile coalescence stress persists.

7.2 Outlook

The coupling of GB diffusion and dislocation glide for a growing film can be achieved
by incorporation of some ingredients from Chapter 3 to the model presented in Chap-
ter 6. The first step is to introduce slip planes as described in Chapter 3. Frank–Read
sources placed randomly on these slip planes generate dislocation dipoles that glide ac-
cording to the Peach–Koehler force and drag controlled mobility. The mobility of glide
dislocations is generally much higher than that of the GB dislocations representing GB
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diffusion at the temperature of interest. Therefore the timescales of the two relaxation
mechanisms are uncoupled. This timescale separation can be exploited in the model
by calculating the dislocation evolution by solely considering glide dislocations until
all of them are either stopped at the impenetrable boundaries or got entangled with
dislocations on other slip planes or exit from the free surface. Once this happens the
GB diffusion simulation is re-activated. However, if any of the Frank–Read sources
gets triggered during this simulation due to the changing stress state, the procedure is
switched back to the short-time dislocation glide scheme. Simultaneously film is grow-
ing with a constant deposition rate. In Chapter 6 it has been shown that the time scale
for growth relative to GB diffusion can be addressed by the normalized growth rate Ḣ .
For the Ḣ values considered in Chapter 6 the time scale for film growth is also much
greater than the characteristic time scale for dislocation glide. Hence film growth is also
deactivated during any short-time dislocation glide scheme.

The initial film thickness h0 is so small that plasticity cannot be mediated by dislo-
cation glide. Hence in the model initially no Frank–Read sources are present. In fact,
Frank–Read sources are considered to exist only once the film has reached a critical
thickness hcr large enough that the average nucleation distance Lnuc (see Chapter 2) can
be accommodated on slip planes. Until this thickness is achieved, dislocation glide is
disabled and inelastic deformation is due to GB diffusion only, just like in Chapter 6.

For simplicity we assume that the film has a constant density of sources, ρnuc, ran-
domly sprinkled over slip planes that have an orientation φ relative to the film–substrate
interface. When the film thickness exceeds hcr, Frank–Read sources are added in order
to maintain the constant ρnuc in accordance with the total area of film material. When a
source is to be added, a random slip plane is selected and subsequently the source is po-
sitioned at a random location on that slip plane (yet at a safe distance of Lnuc away from
GBs or the film–substrate interface). Nucleation of dislocation dipoles from sources is
governed by the criterion described in Chapter 3: that is, if the resolved shear stress on
the source position exceeds the source strength τnuc for a sufficiently long timespan tnuc,
a dislocation dipole with separation Lnuc is introduced. During growth slip planes are
extended together with film thickness.

For an initial trial we have considered an infinitely wide film with a grain size of
d = 0.25µm having two slip systems with orientations φ = 60◦and φ = 120◦. Potentially
active slip planes in the film are taken to be separated at 200b. The initial film thickness
is h0 = 0.02 µm and it increases according to a normalized growth rate Ḣ = 54. At this
initial stage a uniform tensile coalescence stress σ0 = 250MPa is assumed to exist in the
film and the value of the compressive stress enforced by the adatom supersaturation
at the free surface is σs = −250MPa. The critical thickness hcr = 0.1 µm is decided on
the basis of the nucleation distance Lnuc whose average value Lnuc = 0.0625 µm follows
from the mean nucleation strength |τnuc| = 25MPa. Until h = hcr dislocation glide is
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Figure 7.1: Film average stress evolution for a growing film, taking into account GB diffusion
and dislocation glide.

disabled, and only GB diffusion takes place by way of the nucleation and climb of GB
dislocations.

Experimental investigations of in-situ stress evolution during Volmer–Weber type
growth of thin films on a substrate have revealed the typical graph shown in figure 3.1
of the film average stress vs. film thickness (see Chapter 3). The essence of that graph is
that the peak tensile stress is reached once full coalescence is attained, and that further
growth leads to relaxation and the development of compressive stress. The simulated
development of the film average stress given in figure 7.1 exhibits these features. For
h < hcr, diffusional relaxation has just relaxed the coalescence stress and a small amount
of compressive stress in film average sense has emerged, just like in Chapter 6. When
the critical thickness is reached, Frank-Read sources are started to be added to the film.
The number of sources is calculated from the dislocation density which is chosen to be
ρdisl = 60µm−2. However, the activation of sources depends on the resolved shear stress
at the source positions and in this example the first glide dislocations were generated at
a thickness of around h = 0.17 µm (marked by an arrow in figure 7.1). At the moment,
stress relaxation by dislocation glide commences. Since this happens on a timescale that
is much shorter than that of growth, the stress development due to glide emerges as a
stress jump in figure 7.1. Once these initial dislocations get halted at the GB or leave the
crystal through the free surface, diffusion and film growth continue. Up to a thickness of
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Figure 7.2: Stress distribution and dislocation positions when h = 0.5 µm

h = 0.5 µm, four major bursts of dislocation nucleation and glide occur in this example,
yet interspersed with numerous short periods of plasticity.

The stress distribution together with the dislocations in the final state, given in fig-
ure 7.2, suggests that glide dislocations that got pinned at the GB may inhibit further dif-
fusion. Depending on the orientation of the slip planes, the stress field of pinned glide
dislocations may have a compressive 11-component that would repel the GB disloca-
tions traveling towards that point from the free surface. Evidently, the result presented
above is just an example for a specific set of parameters. In order to disclose the pre-
disposition of growing film–substrate systems to relaxation a systematic study should
be performed to asses role of the variables ρnuc, τnuc, d, Ḣ independently. Also multiple
realizations will be needed to average over different dislocation source structures.



Samenvatting

In hoofdstuk 3 hebben we onderzocht hoe intrinsieke spanningen relaxeren als gevolg
van dislocatie-plasticiteit. De intrinsieke spanning was hierbij in rekening gebracht door
middel van een kolom van korrelgrens dislocaties. De verdeling van hun Burgers vector
langs de korrelgrens bepaalt dan de feitelijke separatie tussen de korrels als gevolg van
eerder opgetreden diffusieprocessen langs de korrelgrenzen. Simultaan hieraan zijn
discrete dislocatie (DD) simulaties uitgevoerd aan film/substraatsystemen zonder in-
trinsieke spanning maar die zijn onderworpen aan therrmische spanning. Omdat beide
soorten berekeningen zijn uitgevoerd kunnen we onderscheid maken tussen de invloed
van de spanningsverdeling en de invloed van de grootte van de intrinsieke spanningen
op hun relaxatie. Het blijkt dan dat er twee tegenstrijdige effecten van lengteschaal
optreden. Enerzijds neemt de versteviging van het materiaal toe met afnemende kor-
relgrootte omdat dislocatiebeweging gehinderd wordt door de korrelgrenzen (’kleiner
is harder’). Anderzijds echter, wordt de spanningsverdeling uniformer als de korrels
kleiner zijn zodat spanningsrelaxatie effectiever is, omdat er meer materiaal kan diffun-
deren naarmate de afstand tussen korrelgrenzen kleiner is. Als gevolg van dit laatste
kan ’kleiner zachter’ zijn. De overgang tussen deze schaalafhankelijkheden blijkt in
hoofdstuk 3 te liggen tussen korrelgroottes van d = 0.25 µm en d = 0.5 µm.

Het onderzoek aan korrelgrensdiffusie zelf is in hoofdstuk 4 uitgevoerd met een
aanpak die het mogelijk maakt om het gekoppelde proces, diffusie plus dislocatie-
plasticiteit, binnen één DD raamwerk te modelleren. Daartoe wordt diffusie beschreven
in termen van het ’klimmen’ van discrete dislocaties langs de korrelgrens. Na de aflei-
ding van de vergelijkingen die diffusie op deze manier beschreven, is de numerieke
methode toegepast voor de relaxatie van thermische spanningen in dunne lagen. Het is
daarmee voor het eerst mogelijk gebleken om de twee-dimensionale spanningsverdeling
in de polykristallijne film te berekenen en niet slechts de spanningsverdeling langs de
korrelgrens. Een belangrijk resultaat van hoofdstuk 4 is dat zelfs wanneer het dif-
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fusieproces gestopt is er nog spanningen overblijven in de film. De grootte van deze
restspanning hangt af van de grootte van de initie̋le spanning maar ook van de slankheid
van de korrels. Deze vormafhankelijkheid van de effectiviteit van relaxatie hangt direct
samen met de vorm en breedte van de wig van materiaal die door diffusie langs de
korrelgrens wordt aangebracht. Voor slanke korrels heeft deze wig de vorm van een U,
maar wordt meer V-vormig met toenemende breedte van de korrel.

Een bijproduct van het DD model voor diffusie uit hoofdstuk 4 is dat dit het be-
lang onderstreept heeft van fysisch correcte randvoorwaarden op de interface tussen
film en substraat. Diffusiemodellen in de literatuur brengen wel in rekening dat aan
dat einde van een korrelgrens er geen materiaal getransporteerd kan worden, maar niet
dat de wig van gediffundeerd materiaal geen dikte kan hebben als de film goed hecht
aan het substraat. Om deze reden is in hoofdstuk 5 een volledig twee-dimensionaal
model ontwikkeld dat voortbouwt op bestaande beschrijvingen en alle randvoorwaar-
den in rekening brengt. Dit leidt tot een overdaat een randvoorwaarden in de klassieke
wiskundig zin, maar deze kan omzeild worden door een stapsgewijze numerieke oplos-
methode voor de diffusie- en voor het elasticiteitsprobleem op basis van gemengde
eindige differenties en eindige elementen. Ter vergelijking, is dit model is toegepast
op hetzelfde film/substraatprobleem onder initie̋le thermische spanning als behandeld
in hoofdstuk 4. Als uitbreiding op de bevindingen in het vorige hoofdstuk wordt
een schalingsrelatie vastgesteld tussen de efficiency van relaxatie en de korrelgrootte.
Deze schaling blijkt onafhankelijk te zijn van de initie̋le spanning, in tegenstelling tot
wat was gevonden met het DD model. Verder voorspelt het continuum model geen
schaalgrootte-effecten, die wel door het DD model worden beschreven. De dieper-
liggende reden hiervoor is dat de dikte van de diffusiewig in het continuum model
willekeurig klein zijn, terwijl deze in het DD model begrenst is door de grootte van de
Burgers vector (die bepaald wordt door de grootte van een atoom). Het is deze intrin-
sieke lengteschaal die het relaxerend vermogen volgens het DD model begrenst bij zeer
slanke korrels.

Daar waar in de voorgaande hoofdstukken de intrinsieke spanning op een kunst-
matige manier was aangebracht, is hoofdstuk 6 juist gewijd aan de opbouw van deze
spanningen, als gevolg van een oververzadiging van ad-atomen tijdens depositie van
de film. Hiertoe zijn zowel het DD als het continuum model voor korrelgrensdiffusie
uitgebreid met de mogelijkheid van aangroei van de film. Daarmee is vervolgens on-
derzocht hoe de ontwikkeling van intrinsieke spanning afhangt van materiaalparame-
ters en procescondities. De eerste belangrijke parameter is de korrelgrootte, omdat we
al gezien hadden dat diffusie effectiever is bij slanke korrels. De trekspanning die in
de vroege stadia van filmgroei ontstaan als gevolg van de coalescentie van eilandjes
kan door diffusie snel worden gerelaxeerd; daarna neemt een compressieve depositie-
spanning het over. De tweede belangrijke factor is de groeisnelheid. Als de groeisnel-
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heid laag is, of de temperatuur hoog, is diffusie effectiever. Echter, bij snelle groei of
lage temperatuur ontwikkeld zich een compressieve spanning. In het geval van snelle
filmgroei met grote korrels bij hoge temperatuur kan een significante fractie van de
coalescentie-spanning aanwezig blijven.

Tenslotte geeft dit proefschrift aan hoe spanningsrelaxatie als gevolg van diffusie en
dislocatieplasticiteit kan worden gemodelleerd, rekening houdend met de verschillende
intrinsieke tijschalen van diffusie en dislocatiebeweging. De eerste summiere resultaten
laten het grote belang zien van de nucleatie van dislocaties.
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scattered into the different spots in the Netherlands. Your friendship has always been
priceless to me. Cem, your continuous support especially during the lonely last couple
of months in the office meant a lot to me. Your sense of humour is a life saver. Ahmet,
you are perpetually astonishing me with your endless curiosity on almost everything
but seeing your strength during and after the troubled times has been truly inspiring.

My mother Bilge Ayas and my sister Ceren Ayas constantly supported me by shar-
ing my mood, feelings, and even the tiny details of my life through phone. It was an
unforgettable week of happiness when you came over while rambling on the streets of
Groningen, admiring paintings of Van Gogh in Amsterdam and having family laughter
in our living room in Gent.

Finally my last words comes for my dearest Özlem. You were the one who per-
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