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Chapter 1

Introduction

To describe the world around us at a fundamental level it is necessary to know the
constituents of nature and the rules of the game the constituents play. The length
scales at which nowadays experiments can be performed are around 10−18 meters,
which requires energies around 1 tera electron Volt (TeV), corresponding to the mass
of about 1000 protons. The discipline within physics that tries to describe phenomena,
both the constituents and the rules of the game, at these length scales at a fundamental
level is therefore called high-energy physics.

One of the main achievements of high-energy physics is the Standard Model, which
was developed by Salam, Glashow and Weinberg between 1970 and 1973, for which
they were rewarded with a Noble prize. The Standard Model describes the elementary
particles and the three forces they can exert on each other; the weak force, the elec-
tromagnetic force and the strong force. An elementary particle feels the force from a
second elementary particle by the interchange of a third particle; the forces are carried
by the ‘force mediators’. The agreement of the predictions of the Standard Model
with experiments has encouraged the physics community to think that the Standard
Model is a major step in the right direction towards a theory of everything. However,
there are fundamental objections to the standard model.

As one of the important objections, we mention that the most familiar force is
absent in the Standard Model; the force that keeps us with both feet on the Earth,
gravity, is not incorporated in the Standard Model. It has been thought for a long
time that gravity can be incorporated in the Standard Model, but that we just do not
know how. Nowadays a large number of physicists has the opinion that new ideas are
needed and that a theory that incorporates both the physics of the Standard Model
and gravity does not resemble the Standard Model at all.

One such a new idea is superstring theory (the word ‘new’ is not quite correct
since the birth of superstring theory dates back to the 1970’s), which states that the
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constituents of nature can be described by one-dimensional objects, called strings.
One can debate whether superstring theory is a step in the right direction towards
a theory of everything but this debate we will avoid. In the opinion of the author,
superstring theory already taught us about many interesting aspects of theories in
general and if in the end string theory is wrong, we are at least a lot wiser.

Superstring theory only admits a consistent quantum mechanical formulation in
ten space-time dimensions and it turns out that five different consistent formulations
exist. All five superstring theories predict a whole tower of states, where the lowest
mass states correspond to massless particles and the first states of nonzero mass
have masses around the Planck mass ∼ 1019GeV ∼ 20µg. Due to the huge mass of
the massive states, the massive states are certainly beyond the reach of present-day
accelerators and thus one is mainly interested in the physics of the massless states.
The massless states can be described at a classical level by a supergravity theory.

A supergravity theory is a classical field theory that has a symmetry called su-
persymmetry and incorporates gravity. Supersymmetry is a symmetry that relates
the bosonic degrees of freedom to the fermionic degrees of freedom. Supersymmetric
theories have certain appealing properties and are used in various places. A disadvan-
tage of supersymmetric theories is that nature does not seem to be supersymmetric.
However, a theory can still be supersymmetric, although the solutions do not seem
to be supersymmetric.

Supergravity theories can be formulated in dimensions less than or equal to eleven.
Many supergravities that live in space-time dimensions less than ten can be obtained
from a ten-dimensional supergravity by writing ten-dimensional space-time as a direct-
product space X ×Y where X is four-dimensional and Y is six-dimensional, compact
and of small size1. The procedure to obtain lower-dimensional theories from higher-
dimensional theories is called dimensional reduction. If string theory is to describe the
world around us, a thorough understanding of dimensional reductions is indispensable,
since the observable world surely is not ten-dimensional.

Supergravity theories are often given a number N , as in the title of this thesis.
The number N denotes the amount of supersymmetry and it is a nonnegative integer.
In four space-time dimensions N can take values from 1 to 8 and in ten space-time
dimensions it is 1 or 2. This thesis is about four-dimensional N = 4 supergravities,
of which some can be obtained from a dimensional reduction of a ten-dimensional
N = 1 supergravity. However, not all N = 4 supergravities can be obtained from a
dimensional reduction; in the construction in four dimensions of N = 4 supergravity
it is possible to include so-called SU(1, 1)-angles. A higher-dimensional origin of these
SU(1, 1)-angles has up to now not been given.

There is no clear motivation why one should study N = 4 supergravities in par-
ticular. This thesis one should see more as a small piece of a huge jigsaw puzzle than

1Since experiments have not seen the extra dimensions, their size needs to be smaller than 10−18

meters. String theory predicts even sizes of around 10−35 meters.
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as a work on one puzzle on its own. Either string theory is wrong or it is right, but
we cannot choose between wrong and right if we have not studied the properties of
string theory in great detail. The investigation of supergravities is just one part of
finding the solution of the puzzle and within that part the N = 4 supergravities are
a small piece. However, this small piece is an interesting piece. The N = 8 super-
gravities do not allow for much freedom and the theory is so to say fixed; there is
no multiplet of fields that can be coupled to the fields of N = 8 supergravity. In
N = 1, 2 supergravities there is on the contrary much freedom in coupling various
fields to the supergravity fields and the most general version of the theory involves a
lot of unknown functions. The N = 4 supergravity can be coupled to sets of other
fields, but there exists only one such set and the way different copies of this set can be
coupled to the supergravity fields is restricted. Hence N = 4 supergravity contains
some freedom, which a theoretical physicist can play with, but not too much freedom,
in which a theoretical physicist would drown.

To investigate a theory one can try to solve the equations of motion and investigate
the solutions. This programme is not feasible in most cases. Hence we have to resort
to other methods, some of which use the concept of symmetry. One can gather much
information about the solutions of a theory by investigating the symmetries of the
equations of motion and of the Lagrangian. Supersymmetric field theories have a
large group of symmetries; not only are there the symmetries that relate fermions
and bosons, but also symmetries rotating the fermions into fermions and bosons into
bosons.

But not only in supergravities symmetry is an important tool; already in ele-
mentary physics lectures symmetry arguments are used to simplify solving problems.
More importantly, the interactions between particles in the Standard Model are man-
ifestations of symmetries2. A wave function of an electron can be given an arbitrary
global phase and hence a quantum theory of electrons has a global U(1)-symmetry.
Promoting the symmetry to a local symmetry requires the the incorporation of a
massless vector field to which the electron couples and electromagnetic interactions
are born.

Promoting a global symmetry to a local symmetry is called gauging and gauged
supergravities play an important role in understanding supergravities and string the-
ory. In the process of gauging a supergravity supersymmetry is broken; to restore
supersymmetry one has to modify the Lagrangian and the supersymmetry transfor-
mation rules for the fields. The modified Lagrangian contains a scalar potential in
general. The gauging of N = 4 supergravities is not trivial; the symmetry groups
that can be gauged are not known explicitly and the scalar potential that arises due
to the gauging is complicated and finding stationary points is a difficult task.

One of the main ideas of this thesis is that many aspects of N = 4 supergravity
can be understood from symmetry principles. Therefore the discussion is presented

2In this thesis we mean by a symmetry always a continuous symmetry, unless otherwise stated.
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with an emphasis on symmetries and the use of the mathematics of symmetries called
Lie group theory. For the reader not familiar with Lie groups and Lie algebras this
thesis contains a detailed appendix on Lie groups and Lie algebras, which - we hope
- contains all definitions and theorems that are needed to understand the text.

A part of the philosophy behind this thesis is to present the details and the precise
formulas, or to refer to the literature in which the precise details can be found. This
makes the discussion sometimes lengthy and boring for the reader who wants a fancy
story. But the author experienced that fancy stories bring little details, which are so
crucial for starting Ph.D.-students. This motivated to write a text in which precise
definitions and formulas are given and that can be a guide for starting Ph.D.-students.
Therefore we apologize in advance for referring in a few cases to overview- and review-
papers instead of to the original literature.

Before we finish the introduction and present the plan of the thesis, we want to
pose a few questions, which we hope to answer at the end of the thesis. The questions
are not the research questions but serve as ‘things to keep in mind’ while reading.

-1- What is the role played by the SU(1, 1)-angles and is there a higher-dimensional
origin?

-2- What symmetry groups can be gauged in N = 4 supergravity?

-3- Why do the scalars in supergravity theories often parameterize a coset G/K
with K the maximal compact subgroup of G?

-4- What is the relation between the isometries of the compact manifold over which
a higher-dimensional supergravity is reduced and the symmetries of the lower-
dimensional supergravity?

-5- What is the fate of string theories and supergravities?

In the last chapter we come back to these questions and try to formulate an answer.
The plan of the thesis is as follows. In chapter 2 we introduce indispensable tools

to understand gravity, supersymmetry and supergravity at a level that is used in
the thesis. In chapter 3 we develop the general theory of Kaluza–Klein reductions.
Kaluza–Klein reductions are a particular kind of dimensional reductions and are useful
in understanding the relation between ten-dimensional N = 1 and four-dimensional
N = 4 supergravities. In chapter 4 we present the N = 4 supergravity theory and
discuss the role of the SU(1, 1)-angles and the potential of the gauged theory. In
chapter 5 we conclude and try to answer the five questions posed above. In appendix
A we explain our conventions and give a few useful formulas, in appendix B we present
a detailed account on Lie group and Lie algebra theory and in appendix C we explain
the concept of spinors and fermions and present our conventions on spinors. The work
of the author is mainly discussed in chapters 3 and 4. In appendix D we give the
published papers.




