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Chapter 2

Gravity and Supergravity

Gravity is a force that is familiar to everyone and it was also the first force that was
described in a quantitatively accurate way by Newton in the end of the seventeenth
century. From the Newton era until the beginning of the twentieth century Newton’s
theory was accepted as the theory that describes gravity.

It was Einstein who came up with a totally new view on space and time, a view that
resulted in a completely new explanation for gravity. According to Einstein’s theory
of General Relativity space-time is a dynamical object and is curved in presence of
matter. Space-time in turn influences through its curvature the trajectory that matter
follows. Experiments have verified that General Relativity describes gravitational
interactions more accurately than Newton’s theory and nowadays General Relativity
has taken the prominent place of Newton’s theory to be the theory of gravity.

In contrast to gravity supersymmetry is less familiar and has not even been ob-
served by an experiment. But supersymmetry is attractive from a theoretical point of
view; it can solve some problems encountered in the Standard Model. Supersymmetry
has also been an indispensable tool in constructing consistent string theories, which
are viable candidates for the so-called theories of everything but are little supported
by experiments1. In combining supersymmetry and General Relativity one obtains
supergravity. It turns out that the supergravity theories are classical field theories
that describe the low-energy limit of string theory.

In section 2.1 some elementary differential geometry and General Relativity are
discussed. This section is more a kind of summary of concepts and formulas that are
used later than a textbook-like introduction. In section 2.2 we discuss the concept of
supersymmetry. In section 2.3 the chapter is concluded with a discussion on super-

1Some readers might prefer to say that there is no experimental evidence for string theory, but
the author shares the opinion of E. Witten, who remarked that string theory is the first theory to
predict the existence of gravity [1], which has been confirmed to exist experimentally.



6 Gravity and Supergravity

gravities and their properties. The reader who is not familiar with basic elements of
General Relativity or elementary concepts of differential geometry is referred to [2–9]
for good introductions, reviews and complete lists of references.

2.1 Gravity

2.1.1 Structures on Manifolds

One of the starting points of General Relativity is the equivalence principle, stating
that [4]: ”There is no local experiment that can distinguish between a nonrotating
free fall in a gravitational field and a uniform motion in space in the absence of
gravity”. It follows that physics can locally be described in a frame that is not
influenced by gravity. Since the trajectory of matter is influenced by gravity through
the curving of space-time, the absence of gravity means that space-time is not curved.
The equivalence principle can thus be translated to the statement that locally space-
time is flat, that is, it has no curvature. To describe curvature we will introduce the
Riemann tensor in equation 2.1.9. The Riemann tensor is one of the main ingredients
for the Einstein equation 2.1.13, which describes the interaction between space-time
and matter. The Einstein equation and the action from which the Einstein equation
can be derived are of major importance for both gravity and supergravity.

At every point p on an n-dimensional manifold2 M there is a vector space, called
the tangent space at p and denoted TMp. The tangent space at p describes the
tangent vectors to all curves through p. All tangent spaces together are called the
tangent bundle TM. An element of TM assigns to each p ∈ M an element of TMp

and is called a vector field.
At every point p ∈ M there exist basis vectors e1µ, . . . , e

n
µ, where n = dimM, that

span the tangent space TMp at p. If the basis vectors ei
µ are smoothly varying, one

speaks of a frame bundle3; locally the tangent bundle TM looks like IRn×IRn ∼= IR2n.
In a patch U ⊂ M we can use local coordinates xµ and for vector fields the standard
basis ∂µ. The set {∂1|p, . . . , ∂n|p} is called a coordinate frame at p ∈ M. With TMp

we associate the dual vector space TM∗
p.

When space-time is curved, the metric g, seen as a map g : TM → TM∗, is
in general not diagonal, that is, in general we have g(∂µ, ∂ν) 6= ηµν , where ηµν is
the Minkowski metric (see Appendix A). However, locally there exist vector fields
ta = tµa(x)∂µ satisfying g(ta, tb) = ηab and the set of vectors ta is called a (local)
orthonormal frame. Since both {ta} and {∂µ} are frames we have tµa(x) ∈ GL(n; IR)
for all x.

We introduce the dual of the orthonormal frame {ta}, consisting of 1-forms σa =
σa

µ(x)dxµ satisfying σa(tb) = δa
b . Now we define a covariant derivative, or connection,

2We assume the manifold admits a metric with Lorentzian signature -++. . . +.
3In this context a frame means a set of basis vectors attached to a point p on M.
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∇, which maps a vector field v = va(x)ta(x) ∈ TM to a vector-valued one-form -
that is, an element of TM⊗ TM∗ - in such a way that ∇ satisfies the Leibniz rule
and that ∇ is linear: if f is a function on M and v, w ∈ TM then

∇(fv) = df ⊗ v + f∇v , ∇(v + w) = ∇v + ∇w . (2.1.1)

Hence ∇ is fully determined by its action on the basis vectors ta. We define the
connection coefficients ωa

c
b by

∇ta = ωb
c
atc ⊗ σb ⇒ ∇ta(tb) = ωb

c
atc , (2.1.2)

where the Einstein convention for repeated indices is used (see appendix A). For
convenience one defines the connection 1-forms by ωa

b = ωc
a

bσ
c; the 1-forms ωa

b are
called spin connections. Similarly the Christoffel connections4 Γ λ

µν are defined by

∇(∂µ) = Γ λ
µν∂λ ⊗ dxν . (2.1.3)

The Lie bracket [X,Y ] of two vector fields X,Y is defined by

[X,Y ] = Z = Zµ∂µ, Zµ = Xν∂νY
µ − Y ν∂νX

µ . (2.1.4)

Combining the equations 2.1.2- 2.1.4 gives

∇tb(ta) −∇ta(tb) = [ta, tb] + tµb t
ν
a(Γ ρ

µν − Γ ρ
νµ)∂ρ , (2.1.5)

where the last term gives rise to the torsion tensor τ ;

τ(∂µ, ∂ν) = (Γ ρ
µν − Γ ρ

νµ)∂ρ , (2.1.6)

which is an example of a (2, 1)-tensor (see appendix A). By using the product rule
for differentiation one can show that

dσa(tb, tc) = −σa([tb, tc]) ⇒ dσa = −ωb
a

cσ
b ∧ σc + τa , (2.1.7)

where τa is a component of the torsion tensor with respect to the vector basis {ta}.
The extension of the spin connection to vector valued forms α = ta ⊗ αa (see

appendix A) is given by
∇α = ∇ta⊗̂αa + ta ⊗ dαa , (2.1.8)

where the symbol ⊗̂ is defined as follows: for a vector valued p-form β = βa ⊗ ωa,
where ωa is a p-form, and a q-form γ we define β⊗̂γ = βa ⊗ (ωa ∧ γ). From this one
can show that ∇∇ is a tensor:

∇∇(ta) = tcR
c
a, Rc

a = dωc
a + ωc

b ∧ ωb
a , (2.1.9)

4One can argue whether the name Christoffel connections is appropriate here; we take a pragmatic
approach and simply take this as the definition of the Christoffel connections and use it throughout.
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and the tensor Ra
b is called the Riemann tensor.

One can show that there exists just one spin connection that is torsionless and
metric compatible5. Metric compatibility means that the equation

dηab(tc) = g(∇ta, tb)(tc) + g(ta,∇tb)(tc) = 0 , (2.1.10)

is satisfied. The requirement 2.1.10 results in ωab = −ωba where ωab = ηacω
c
b. The

connection 1-forms are thus elements of the Lie algebra so(1, n−1). But two different
frames at a point p ∈ M are related by an so(1, n − 1) transformation, i.e. a local
Lorentz transformation, and so the result might not be totally unexpected.

In General Relativity one uses the word vielbeins for the dual 1-forms: ea
µdxµ = σa.

Since both the set {∂µ} and {ta} are frames, the map between the two is invertible and
hence the vielbein ea

µ is a nonsingular ‘matrix’ with inverse Eµ
a , satisfying Eµ

a e
b
µ = δb

a

and Eµ
a e

a
ν = δν

µ. One sees that the inverse vielbeins Eµ
a are the components of the

vectors ta.

For most applications in General Relativity one sets the torsion to zero, which is
consistent with local Lorentz symmetry - no local Lorentz transformation can be used
to map τ = 0 to a nonzero τ ′. Hence we obtain

dea = −ωa
be

b , (2.1.11)

which can be solved by introducing the objects of anholonomicity Ωa
bc through dea =

1
2Ωa

bce
b ∧ ec. One obtains

ωabc = 1
2 (−Ωabc + Ωcab + Ωbca) , (2.1.12)

where the objects with indices down are obtained by contracting with ηab. From the
spin connections the Riemann tensor can be calculated with the use of equation 2.1.9.

The Riemann tensor is the input for the Einstein equations that govern the inter-
action between space-time and matter. The Einstein equations are given by

Rµν − 1
2gµνR = κTµν , (2.1.13)

where Rµν = Raµ
a

ν is the Ricci tensor, R = gµνRµν is the Ricci scalar, κ is the
gravitational coupling constant and Tµν is the energy-momentum tensor of the matter
interacting with gravity. The left-hand side of equation 2.1.13 is purely determined
by the geometry of space-time and the right-hand side is determined by the matter
distribution. The Einstein equations thus tell us that the way matter is distributed
in space-time determines the structure of space-time.

5We show this below by giving an expression for a torsionless and metric compatible spin con-
nection.
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2.1.2 Gravity as a Gauge Theory

There is another sometimes more convenient point of view on the role of the connection
1-forms ωa

b and the Christoffel connections Γ ρ
µν ; one can view gravity as a kind of

gauge theory. The symmetry that is uplifted to a local symmetry is Lorentz symmetry.
In 1961 Kibble [10] presented a nice derivation of the Einstein equations starting from
local Lorentz invariance.

In the gauge theory language the spin connection is the gauge field and the Rie-
mann tensor is the field strength. The similarity between gauge theories and General
Relativity ceases to hold if equations of motion come into play; the Einstein equations
2.1.13 are not of the form ∂µF

µν = jν for some field strength Fµν and some current
jν .

Fields in physics are tensors and spinors. The tensors have components with
respect to the coordinate frame ∂µ and the orthonormal frame ta, and their duals
dxµ, σa respectively. The components with respect to the orthonormal frame are
inert under a change of coordinate frame, i.e. a general coordinate transformation,
but rotated into each other by local Lorentz transformations. The converse holds for
the components with respect to the coordinate frame.

Both general coordinate transformations and local Lorentz transformations are
groups, denoted GCT (M) and SO(1, n − 1) respectively. The vielbeins and the
inverse vielbeins are the transformation between a representation of the one group
into a representation of the other.

For a field φ in a representation ρ of the Lorentz group, an infinitesimal6 local
Lorentz transformation acts on φ as

δφ(x) = 1
2ǫ

ab(x)ρ(Σab)φ(x) , (2.1.14)

where Σab = −Σba are a basis of the Lie algebra so(1, d− 1) and satisfy

[Σab,Σcd] = ηbcΣad + ηadΣbc − ηacΣbd − ηbdΣac . (2.1.15)

For the spin 1/2 representation we can take the usual 2[n/2]-dimensional represen-
tation of the Clifford algebra generated by the Γa, 1 ≤ a ≤ n, with the relation

{Γa,Γb} = 2ηab . (2.1.16)

Then the spin 1/2 representation of the Lie algebra so(1, n− 1) is given by

ρ(Σab) = 1
2Γab ≡ 1

2Γ[aΓb] = 1
4 (ΓaΓb − ΓbΓa) . (2.1.17)

For the spin 1 representation one checks that the map

ρ(1) : Σcd 7→ ρ(Σcd)a
b = (δa

c ηdb − δa
dηbc) (2.1.18)

6We immediately leave the group and study the Lie algebra.
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indeed defines a representation. The matrices Γa are Lorentz-invariant, since a Γ-
matrix is both an endomorphism in the spin 1/2 representation and an element of a
spin 1 representation (see appendix C).

A covariant derivative transforms as the fields on which it acts, hence without
derivatives on the parameters of the transformation. We take the spin connection as
the gauge field for the Lorentz group. A covariant derivative of a field in a represen-
tation ρ of the Lorentz group is defined as

Dµ(ω)φ =
(
∂µ + 1

2ωµ
abρ(Σab)

)
φ . (2.1.19)

Note that in this definition the spin connection is already antisymmetric; ωµ
ab =

−ωµ
ba and thus metric compatibility and the requirement that Dµ(ω) is an so(1, n−1)-

covariant derivative are the same. The transformation of the spin connection is

δωµ
ab = −Dµ(ω)ǫab . (2.1.20)

The spin connection is not covariant as is to be expected from a connection, but the
difference of two connections is covariant.

The scalar ϕ, the vector Xµ and the co-vector Yµ are representations of GCT (M)
of which all other representations can be built by taking tensor products. For spinors
one needs to take a little care; we take ϕ, Xµ and Yµ to be nonspinorial. A spinor
of spin 1/2 behaves under general coordinate transformations as a scalar. Any other
spinor can be obtained by taking tensor products between nonspinorial representations
and a spin 1/2 representation. The map from so(1, n−1) representations toGCT (M)7

representations is thus 2 : 1 in a sense. The infinitesimal action of an infinitesimal
general coordinate transformation δxµ = ξµ(x) on ϕ, Xµ and Yµ is given by

δϕ = −ξν∂νϕ , (2.1.21a)

δXµ = ∂νξ
µXν − ξν∂νX

µ , (2.1.21b)

δYµ = −∂µξ
νYν − ξν∂νYµ . (2.1.21c)

The equations 2.1.21a-2.1.21c describe a Lie algebra representation, but the Lie alge-
bra is not finite-dimensional. From 2.1.21a-2.1.21c we see

[δξ1
, δξ2

] = δξ3
, ξµ

3 = ξλ
2 ∂λξ

µ
1 − ξλ

1 ∂λξ
µ
2 = Lξ1

(ξ2) , (2.1.22)

and hence the Lie algebra structure is given by the Lie derivative.
If we now pursue the approach taken and define an independent connection for

the group GCT (M) we do not obtain gravity. What does give gravity is identifying
the two connections and define the covariant derivative ∇µ with respect to general

7For the general coordinate transformations, both the group and the algebra are denoted
GCT (M).
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coordinate transformations by using the Lorentz transformation covariant derivative.
This can be done as follows (see also [3]): (1) the field, which is in some GCT (M)-
representation, is transformed to a Lorentz representation by contracting with viel-
beins (and/or inverses), (2) the covariant derivative Dµ(ω) acts on that field and (3)
the result is transformed back using vielbeins and inverse vielbeins. One obtains

∇µϕ = ∂µϕ , (2.1.23a)

∇µXν = ∂µXν − Γ ρ
µνXρ , (2.1.23b)

∇µY
ν = ∂µY

ν + Γ ν
µρY

ρ , (2.1.23c)

Γ ρ
µν = −ea

νDµ(ω)Eρ
a = Eρ

aDµ(ω)ea
ν , (2.1.23d)

where the Γ ν
µν are identified with the Christoffel connection. For a spin 1/2 spinor λ we

get ∇µλ = Dµ(ω)λ, since ∂µλ is covariant under general coordinate transformations
but not covariant under local Lorentz transformations.

One can see that equation 2.1.23d implies that

Dµ(ω)ea
ν = Γ ρ

µνe
a
ρ, Dµ(ω)Eρ

a = −Γ ρ
µνE

ν
a , (2.1.24)

which is equivalent to the vielbein postulate. The vielbein postulate states that the
vielbein is covariantly constant:

∇λe
a
µ = Dλ(ω)ea

µ − Γρ
λµe

a
ρ = ∂λe

a
µ + ωλ

a
be

b
µ − Γρ

λµe
a
ρ = 0 . (2.1.25)

For a field φ in a representation ρ of the Lorentz Lie algebra we have

[Dµ(ω),Dν(ω)]φ = (∂[µων]
ab + ω[µ

a
|c|ων]

cb)ρ(Σab)φ ≡ 1
2Rµν

ab(ω)ρ(Σab)φ , (2.1.26a)

[Da(ω),Db(ω)]φ = 1
2Rab

cd(ω)ρ(Σcd)φ− τab
cDc(ω)φ , (2.1.26b)

with

Rab
cd(ω) = Eµ

aE
ν
bRµν

cd(ω) , (2.1.27a)

τab
c(P ) = Eµ

aE
ν
b (Dµ (ω)eν

c − Dν(ω)eµ
c) = 2Eµ

aE
ν
b Γ ρ

[µν]e
c
ρ . (2.1.27b)

We see that the Riemann tensor Rµν
ab = Rνµ

ba plays the role of a field strength.
Since the torsion is the antisymmetric part of the Christoffel connection, we can

write

Γ ρ
µν =

{
ρ
µν

}

+ 1
2τµν

ρ , (2.1.28)

where

{
ρ
µν

}

denotes the symmetric part of the Christoffel connection. We have

∇µgνρ = 0 ⇒
{
ρ
µν

}

= 1
2g

ρσ (∂µgνσ + ∂νgµσ − ∂σgµν) . (2.1.29)
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For the antisymmetric part we can write

1
2τbc

aeb ∧ ec = ((de)cb + ωc
a

b) e
c ∧ eb . (2.1.30)

The easiest way to solve for the spin connections is to write ω = ω0 +ω1, where ω0 is
a solution of dea +ωa

0 b ∧ eb = 0 and ω1 is a solution of ωa
1 b ∧ eb = 1

2τ
a ≡ 1

2τbc
aeb ∧ ec.

The solution for ω0 is given by 2.1.12. For ω1 we have similarly

τbc
aeb ∧ ec = ω1b

a
ce

b ∧ ec ⇒
ω1abc = 1

2 (τbca + τacb − τabc) .
(2.1.31)

Though general relativity with torsion is not really understood - we could ask
ourselves what space-time with nonzero torsion would look like -, for supergravity
we will see it is inevitable to take torsion into account. If the torsion is zero, the
connection is determined uniquely by metric compatibility; when torsion is introduced
the uniqueness is lost.

2.1.3 An Action for Gravity

The Einstein equation 2.1.13 can be deduced from the action

S[ea
µ,Φ] = 1

2κ2

∫

M
dnx eR(ea

µ, ω) +

∫

M
dnx eL(Φ, ∂Φ, ea

µ) , (2.1.32)

where Φ stands for some fields collectively and R(e, ω) = Eµ
aE

ν
bRµν

ab(ω) is the Ricci
scalar and e = detea

µ. From the action 2.1.32 one sees that the similarity between
gauge theories and General Relativity ceases to hold when the Einstein equations
2.1.13 are introduced; the action 2.1.32 is not the action for a gauge theory with field
strength Rµν

ab.
In a general situation there might be torsion but we have yet no way to find

the torsion. To find the torsion we treat the vielbein and the spin connection as
independent; this formalism is called the first-order formalism [10–12]. The action of
uncoupled gravity

S =

∫

M
dnxLEH = 1

2κ2

∫

M
dnx eR(ea

µ, ω) , (2.1.33)

is called the Einstein–Hilbert action. Variation with respect to the spin connection and
inverse vielbein independently gives (see appendix A for some convenient formulas)

δLEH = − 1
κ2 Dµ (eEµ

aE
ν
b ) δων

ab + 1
κ2

(
eEν

bRµν
ab(ω) − 1

2eRe
a
µ

)
δEµ

a . (2.1.34)

The equation of motion for the spin connection puts the torsion to zero, while the
equation of motion of the vielbein gives the Einstein equation in vacuum:

Gµν ≡ Rµν − 1
2gµνR = 0 , (2.1.35)

which equals 2.1.13 for Tµν = 0.
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2.2 Supersymmetry

In the early days of quantum field theories the study of quantum field theories de-
scribing particles and their interactions seems to be governed by regularization and
renormalization. The calculations within these theories were plagued with so-called
infinities. The infinities are generated by loop-diagrams and it turns out that the
contributions from a fermionic loop-diagram and a bosonic loop-diagram have oppo-
site signs. Therefore one can suggest that invoking a symmetry between bosons and
fermions can help in cancelling infinities, and in a few cases it turns out to be so. The
symmetry between fermions and bosons is called supersymmetry.

Another motivation for studying supersymmetry is found in reference [13] and the
argument goes as follows: gravity is always attractive and therefore gravity should
be mediated by even integer spin quanta8, whereas the well-known weak and elec-
tromagnetic forces are mediated by spin 1 quanta. Some no-go theorems (such as
that of [14]) forbid symmetry transformations between fields of different integer spin.
Hence if we want to unify gravity with the other forces we are faced with a problem,
which can be circumvented by introducing symmetry transformations between fields
differing half integer in spin. Hence supersymmetry is a necessary ingredient of any
theory unifying gravity with the other forces into a single quantum field theory.

Supersymmetry is also of major importance in the development of superstring
theory; without supersymmetry superstring theory is inconsistent [15–17].

2.2.1 Super Lie Algebras

A symmetry between fermions and bosons in a field theory in d dimensions means that
the particle states form representations of an algebra that contains (1) the algebra
Md of translations and Lorentz transformations called the Poincaré algebra of d-
dimensional space-time and (2) generators Qα that map a bosonic state |boson〉 to a
fermionic state |fermion′〉 and vice versa;

Qα

(
|boson〉

|fermion〉

)

∼
(
|fermion′〉
|boson′〉

)

. (2.2.1)

So we seek a way to uplift the Poincaré algebra with these necessarily fermionic
generators Qα to a ‘super Poincaré algebra’. The way to do this is by using super Lie
algebras.

A super Lie algebra S consists of a set theoretical disjoint sum of two vector spaces
B and F with a Z2-grading. This means that there is a map |.| : S → {0, 1}, with
|B| = 0,∀B ∈ B and |F | = 1,∀F ∈ F. To get a well defined operation |.| the elements
of S are either linear combinations of elements of F, or linear combinations of elements

8An assumption made is that a quantum field theory of gravity does not deviate too much from
the standard quantum field theories.
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of B but not a combination of both; this is what is meant by a set theoretical disjoint
sum9.

As a Lie algebra S is also equipped with a bilinear product [., .] : S × S → S,
which has the following graded symmetry and gradation property:

[A,B] = −(−1)|AB|[B,A] , |[A,B]| = (|A| + |B|)(mod2) . (2.2.2)

We define the adjoint action of an element A on an element B by adA(B) = [A,B].
For fixed A ∈ S the map adA is a linear map from S to S. The map ad can be seen
as a map from S to the set of linear maps from S to S. In order to promote S to a
super Lie algebra we impose the so-called graded Jacobi identities:

adF1 ◦ adF2 + adF2 ◦ adF1 = ad[F1, F2] , (2.2.3a)

adB1 ◦ adF2 − adF2 ◦ adB1 = ad[B1, F2] , (2.2.3b)

adB1 ◦ adB2 − adB2 ◦ adB1 = ad[B1, B2] , (2.2.3c)

where the Fi, Bi denote generic elements of F resp. B. Any S = F ∪ B with the
properties described above is a super Lie algebra [13,18].

A representation of a Lie super algebra is a linear map ρ and a vector space V
such that ρ : S → End(V ) and

ρ ([A,B]) = ρ(A)ρ(B) − (−1)|AB|ρ(B)ρ(A) . (2.2.4)

The adjoint action adA : B 7→ [A,B] defines a representation by virtue of the graded
Jacobi identities 2.2.3a-2.2.3c.

We sometimes write [F1, F2] = {F1, F2}. From the Jacobi identities equations
2.2.3a-2.2.3c follows that B is an ordinary Lie algebra and that the fermionic gener-
ators fit into a representation of the bosonic Lie algebra B.

To get a super Poincaré algebra, we take for B a direct sum of some Lie alge-
bra U (which corresponds to an internal symmetry) and the Poincaré algebra Md,
under which all fermionic generators transform in the spin 1/2 representation; fermi-
onic generators of spin higher than 1/2 are excluded [19]. The Poincaré algebra Md

is spanned by the d(d − 1)/2 spin generators Σµν (as defined in section 2.1) and
the d momentum operators Pµ, which form a commutative subalgebra and have the
following commutation relation with the spin generators Σµν :

[Σµν , Pλ] = −ηµλPν + ηνλPµ . (2.2.5)

The total number of fermionic generators is an integer multiple of the number
of components of the irreducible spinor in d dimensions. This integer we denote N

9Sometimes it is convenient to extend the definition to include linear combination of both B and
F. This alteration does not influence the following discussion.
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and in high-energy physics literature a super Poincaré algebra is often denoted by
the numbers N and d. One should keep in mind that this notation does not fix the
bosonic Lie algebra U. Therefore one also writes a super Poincaré algebra as a triple
(d,N ,U) to prevent confusion.

To illustrate the idea we work out an important example; the d = 4 and N = 4
super Poincaré algebra. For the bosonic part of the super Lie algebra we take B =
su(4)⊕Md. We take a basis {tm} of su(4) such that the structure constants are given
by: [tm, tn] = fmn

ptp.
As mentioned before a supersymmetry generator Q ∈ F has spin 1

2 , hence we add
spin 1

2 generators, which belong to a su(4) representation, say the vector represen-
tation 4 together with the complex conjugate in the 4̄ representation of su(4). So,
we have left-handed four-component spinors Qi and right-handed Qi = (Qi)∗. For
the Clifford algebra representation we will take the charge conjugation matrix C to
be antisymmetric and the Γ-matrices are real10. By working out the graded Jacobi
identities one finds:

[tm, Pµ] = [tm,Σµν ] = [Pµ, Q
i] = [Pµ, Qi] = 0

[Pµ, Pν ] = {Qi, Qj} = {Qi, Qj} = 0 ,

{Qi, Qj} = δi
j(1+ Γ5)ΓµC−1Pµ , [Σµν , Q

i] = 1
2ΓµνQ

i , [Σµν , Qi] = 1
2ΓµνQi ,

[tm, tn] = fmn
ptp , [tm, Q

i] = (tm)i
jQ

j , [tm, Qi] = (tm)i
jQj , (2.2.6)

[Σµν ,Σλρ] = ηνλΣµρ − ηµλΣνρ − ηνρΣµλ + ηµρΣνλ ,

[Σµν , Pλ] = −ηµλPν + ηνλPµ ,

where we denote (tm)i
j =

(
(tm)i

j
)∗

. Since the 4-representation consists of anti-
Hermitian matrices leaving the norm (v, w) =

∑

i(vi)
∗wi invariant we have the con-

straint

(tm)i
j + (tm)j

i = (tm + t†m)i
j = 0 , (2.2.7)

which is a necessary condition for the graded Jacobi identities to hold.
Because the commutator of two supersymmetry charges is a translation, making

supersymmetry local in a theory means that there is a local translation symmetry,
which is diffeomorphism invariance. Hence local supersymmetry implies gravity and
leads to supergravity. Supergravity is actually nothing more than a field theory with
local supersymmetry. But before we introduce supergravity, we discuss some other
important general features of the super Poincaré algebras.

The first feature is the possibility of introducing central charges. The anticom-
mutator between two Q’s can be modified to include an element of the center of the
super Lie algebra (thus by definition commuting with the whole algebra) on the right

10For conventions and technical details on spinor representations and Clifford algebras see appendix
C.
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hand side. In the example 2.2.6 we can try to put:

{Qi, Qj} = (1− Γ5)CZij . (2.2.8)

According to the Haag– Lopuszanski–Sohnius theorem [19] the right hand side of 2.2.8
should be Lorentz invariant, which singles out (1− Γ5)C.

The matrix C can be symmetric or antisymmetric, which forces Zij , the so-called
central charge, to be either a symmetric or an antisymmetric two-tensor of the Lie
algebra U. But since Zij commutes with everything, it has to be an invariant tensor,
which restricts the Lie algebra U since it should admit invariant (anti-)symmetric
two-tensors. If C = −CT then depending on whether the Qi are Majorana or Weyl
spinors, one is forced to take U ⊂ sp([N/2] , IR) or U ⊂ sp([N/2] ,C) respectively11.
For the above example of a super Lie algebra 2.2.6 it is not possible to include central
charges Zij since su(4) does not admit an antisymmetric two-tensor.

There is the possibility to neglect the Lorentz invariance and include a whole set
of central charges [20];

{Qi, Qj} = 2
∑

p

Γµ1...µpCZµ1...µp;ij . (2.2.9)

The central charges Zµ1...µp;ij are associated with charges of p-extended objects of
string theory or solitons of a supersymmetric field theory (see e.g. [21–24] for a more
complete discussion and more details). The presence of these objects breaks Lorentz
symmetry.

The second feature to discuss is R-symmetry. As often in high-energy physics
the concept is lacking a unique widespread definition. What we mean with R-
symmetry can also be found in references [13, 25]. A super Lie algebra admits auto-
morphisms like ordinary Lie algebras. Thus one can find a grading preserving map
ψ : S → S satisfying ψ([A,B]) = [ψ(A), ψ(B)], ∀A,B ∈ S. The automorphisms
of a super Lie algebra S form a group Aut(S) with Lie algebra Der(S). An ele-
ment D ∈ Der(S) is called a derivation and D is a grading preserving map satisfying
D([A,B]) = [D(A), B] + [A,D(B)], ∀A,B ∈ S. The adjoint action of elements of B

define a subalgebra of Der(S). Hence exponentiation of the adjoint action of B de-
fines a nontrivial subgroup of Aut(S) thereby proving that super Lie algebras admit
automorphisms. The R-symmetry group HR is by definition the group of automor-
phisms Aut(S) that act trivially on the Poincaré subalgebra; the restriction of HR to
Md gives the identity on Md.

The central charges restrict the R-symmetry group as we have seen, but from 2.2.6
we see that the anticommutator between Qi and Qj also restricts the R-symmetry
group. For the N = 4 d = 4 super Lie algebra we see that HR ⊂ Aut(S) ⊂ U(4).

11For our convention on the notation of the groups and algebras, see appendix A. For conventions
and notation of spinors, see appendix C.
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A third and final subject concerns representations. There exist so-called state
representations, which are finite-dimensional, and there exist field representations,
which are infinite-dimensional. Since this thesis mainly deals with field representations
we only sketch how to obtain a state representation.

For a state representation one chooses a rest-frame and fixes the momentum Pµ;
one therefore should decide whether one wishes to work out a massive or a massless
multiplet. Then the anticommutation relation

{
Qi, Q

j
}

= δj
i (1+Γ5)ΓµC−1Pµ can be

written as a set of anticommutation relations of creation and annihilation operators,

i.e. one obtains a set of equations of the form
{

biα, b
†
jβ

}

= δαβδij , where 1 ≤ i, j ≤ N .

Then one chooses a vacuum state |Pµ, 0〉 and acts on it with the creation operators

b†jβ to obtain all states in the multiplet. For a nice discussion on N = 1 multiplets in
any dimensions see [25].

An important feature of field representations is that the momentum is not some-
thing chosen but is represented by the operator ∂µ. The following section 2.2.2 is
about supersymmetric field theories, which are built with field representations.

2.2.2 Supersymmetric Field Theories

To incorporate the ideas of section 2.2.1 into a field theory we take a set of fields that
form a representation of a super Lie algebra. The fermionic generators Q ∈ F change
a boson into a fermion and vice versa. Also, acting twice with a supersymmetry
generator we find a translation. Hence it is necessary that the number of fermions
Nf equals the number of bosons Nb. But at this point there is a choice: either we
impose the equality Nb = Nf before imposing the equations of motion or after. Since
the number of degrees of freedom on-shell and off-shell are different, this does make a
difference. One therefore speaks of off-shell supersymmetry multiplets and of on-shell
supersymmetry multiplets. In this thesis we mostly work with on-shell multiplets; for
examples on off-shell multiplets and more details, see [13,26].

For on-shell multiplets in theories with supersymmetry it is a general feature that
the algebra closes, i.e. the transformation rules of the fields do define a representation,
only on-shell, hence up to equations of motion and symmetries of the latter.

To find an on-shell multiplet one starts with a state multiplet. From the state mul-
tiplet one finds the Lorentz representations present in the multiplet and the number
of on-shell degrees of freedom in each Lorentz representation. Then for each Lorentz
representation one finds the correct number of fields with the appropriate spin such
that the number of degrees of freedom match.

Therefore it is necessary to know the degrees of freedom of some particles. In d
dimensions the graviton, the gravitino, the massless vector, the massless fermion and
the massless scalar contain the degrees of freedom (denoted d.o.f.) as denoted in table
2.2.1 (see also [27]). The values of the function c(d) are given in appendix C.
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particle d.o.f.

graviton 1
2 (d− 1)(d− 2) − 1

gravitino c(d)(d− 3)
vector d− 2
fermion c(d)
scalar 1

Table 2.2.1: Degrees of freedom. c(d) denotes the degrees of freedom of a spin 1/2 particle

in d dimensions, which is explained in appendix C.

Having found such a multiplet of fields one constructs a Lagrangian and transfor-
mation rules and it is always possible to find a free theory, i.e. without interactions.
It is more difficult to find the transformation rules and the Lagrangian for a theory
with interactions. Below we present some techniques to find a Lagrangian and su-
persymmetry transformation rules for a theory with interactions, but we try by no
means to be complete12.

The conceptually simplest strategy is to take a multiplet of fields with equal
bosonic and fermionic degrees of freedom and to write down the most general Ansatz
with unknown coefficients for the supersymmetry transformations and for the La-
grangian. Then one tries to fit the coefficients by demanding that the algebra closes
on-shell. The strategy of trial and error works in many cases but can be cumbersome
and does not provide much insight.

There exists a procedure to start with the free theory and to incorporate inter-
actions order by order in a coupling constant g. One adjusts the Lagrangian and
transformation rules order by order in g. This procedure is called the Noether proce-
dure and involves no highbrow mathematics or insightful physics, but it is powerful.
See [11,29–33] for more explanation on this procedure and examples.

A more sophisticated and evenly powerful method is developed by Salam and
Strathdee [34] and uses superspace; one enlarges space-time to a manifold with fermi-
onic degrees of freedom. In this thesis we do not use the methods of superspace.
Therefore we do not go into more detail but refer to the vast amount of literature on
this subject, see e.g. [12] and references therein.

For local supersymmetry there exists a nice insightful method developed by West
and Chamseddine [35] and the idea is as follows. With every generator Tα of the super
Poincaré algebra we associate a gauge field V α

µ and a gauge parameter ǫα. We build
a compound gauge field Vµ = V α

µ Tα and a compound gauge parameter Λα = Tαǫ
α.

12There exists a vast amount of literature on how to construct supersymmetric Lagrangians. We
refer the reader to the literature on the subject for a more complete discussion; see e.g. [12, 13, 28]
and references therein.



2.3 Simple Supergravities 19

Since a gauge field always transforms as a covariant derivative of the gauge parameter,
we have:

δVµ = DµΛ = ∂µΛ + [Vµ,Λ] = δV α
µ Tα , (2.2.10)

from which we read off the coefficients in front of each generator. This method thus
boils down to gauging the super Poincaré algebra. In finding an invariant action one
has to be careful not to simply take L ∼ TrF 2 - where Fα is calculated from the
commutator of two covariant derivatives Dµ - since the Einstein–Hilbert Lagrangian
is linear in the Ricci scalar. For more explanation on this method, see e.g. [12,35,36].

There is a clear distinction between theories with global supersymmetry and local
supersymmetry. Those with local supersymmetry necessarily include gravity, i.e. the
supersymmetry multiplet contains a symmetric rank two tensor gµν , the graviton.
Since the graviton has spin two, supersymmetry dictates us that there should be a spin
5/2 or spin 3/2 particle. There is a problem however in coupling spin 5/2 particles
consistently to other particles [37], and hence a theory with local supersymmetry
is constructed with a metric tensor of spin 2 and a gravitino of spin 3/2, see e.g.
[11,29,38,39] and many more.

2.3 Simple Supergravities

Having a way of obtaining supersymmetric field theories, we can incorporate gravity
into these theories and try to build an invariant Lagrangian for a supermultiplet
containing the graviton gµν . An N = 1 supermultiplet that contains the metric is
an N = 1 supergravity multiplet and the corresponding field theory describing the
dynamics is called an N = 1 supergravity, or a simple supergravity. The Lie algebra
U is irrelevant since the fields make up a one-dimensional representation.

2.3.1 N = 1 Supergravity in d = 4

From table 2.2.1 and appendix C we conclude that in four dimensions a gravitino
contains 2 on-shell degrees of freedom. Since the graviton in four dimensions also has
2 degrees of freedom, a supersymmetry multiplet consisting of a gravitino ψµ and a
graviton gµν might exist in d = 4. And indeed one finds that the variations

δea
µ = κ

2 ǭΓ
aψµ , δψµ = 1

κDµ(ω)ǫ , (2.3.1)

with ǫ a spin 1/2 Majorana spinor, leave the following action invariant,

Ld=4,N=1 = 1
2κ2 eR(e, ω) − 1

2eψ̄µΓµνρ
(
∂ν + 1

4ων
abΓab

)
ψρ , (2.3.2)

and define a supersymmetry algebra [11,38]. The variation of the action with respect
to the spin connection gives the torsion

τµν
a = κ2

2 ψ̄µΓaψν . (2.3.3)
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The spin connection is determined from the torsion equation 2.1.27b;

Dµ(ω)ea
ν − Dν(ω)ea

µ = τµν
a . (2.3.4)

Choosing the spin connection to satisfy its equation of motion is useful in checking
the supersymmetry invariance of the action; the coefficient in front of δω vanishes
on-shell. Performing the supersymmetry variations is still nontrivial and details can
be found in [3].

A few general remarks can be made by looking at the above example. The first
concerns the variation of the gravitino; a general gravitino variation looks like

δψµ = 1
κ∂µǫ+ . . . , (2.3.5)

and hence the gravitino behaves like a gauge field of supersymmetry.
The second remark is about the ‘covariant derivative’ of the gravitino, which one

often defines as

D̂µ(ω)ψν =
(
∂µ + 1

4ωµ
abΓab

)
ψν , (2.3.6)

which is clearly not covariant, since there is no Christoffel connection. Therefore the
coupling of the gravitino to gravity is called nonminimal [29, 38]. However, it is not
the covariant derivative that enters the Lagrangian, but the ‘covariant field strength’
D̂µ(ω)ψν − D̂ν(ω)ψµ ≡ ψµν , which is covariant under both GCT (M) and so(1, 3).

The final remark is on the calculations involved; already the simple supergravity
examples as the one above give rise to tedious calculations and as a sign of that we
remark that for the first papers on supergravity and even for the one where the above
example was constructed [29], a computer was used to complete the calculations.

The action 2.3.2 is finite at one loop [40], which was already hinted at in the begin-
ning of section 2.2. A similar supergravity theory, where an N = 1 vector multiplet
is added to the supergravity multiplet, also renders finite one-loop corrections as was
shown in the same paper. The four-dimensional Einstein–Hilbert action 2.1.33 is also
finite at one-loop but the coupling of gravity to other fields without supersymmetry
destroys the one-loop finiteness [41]. These observations made supergravity theories
interesting from a quantum gravity point of view. However, it is generally believed
that higher-loop calculations will show that supergravity theories are not finite to all
orders.

2.3.2 N = 1 Supergravity in d = 11

An important development in supergravity theory was the construction of eleven-
dimensional supergravity [42]. Eleven is the highest dimension where a supersym-
metry multiplet exists that does not contain a spin 5/2 particle; necessarily it is an
N = 1 multiplet.
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The metric contains 44 degrees of freedom, whereas the gravitino contains 128
degrees of freedom, a mismatch that can be resolved by adding a three-form Aµνρ

gauge field to the multiplet.
Two different spin connections are used; one that is on-shell and another that is

‘supercovariant’. The latter is denoted ω̂µ
ab and satisfies the torsion-like equation

Dµ(ω̂)ea
ν − Dν(ω̂)ea

µ = Kµν
a ≡ κ2

2 ψ̄µΓaψν . (2.3.7)

The tensor Kµν
a is not the torsion but differs from the torsion by a term proportional

to ψ̄αΓµν
aαβψβ ; this term vanishes in four dimensions but enters in the equation

of motion for the spin connection in eleven dimensions. The supercovariant spin-
connection transforms without derivatives of the supersymmetry parameter ǫ, hence
the name. The supercovariant spin connection does not satisfy the equation of motion
of the spin connection, but the on-shell spin connection ω̄µ

ab does:

ω̄µab = ω̂µab +
κ2

8
ψ̄νΓµ

νρ
abψρ . (2.3.8)

The reason to introduce two different connections is to simplify some of the tedious
calculations.

For the three-form one defines a supercovariant field strength:

F̂µνλρ = 4∂[µAνλρ] + 3κ√
2
ψ̄[µΓνλψρ] . (2.3.9)

The supercovariance of F̂ and ω̂ is easily checked for the following supersymmetry
variations:

δea
µ = κ√

2
ǭΓaψµ , (2.3.10a)

δψµ =
√

2
κ Dµ(ω̂)ǫ+ 1

144

(
Γµ

ν1ν2ν3ν4 − δν1
µ Γν2ν3ν4

)
F̂ν1ν2ν3ν4

ǫ , (2.3.10b)

δAµνλ = − 3
2 ǭΓ[µνψλ] . (2.3.10c)

To find the correct transformation rules for the fields it is important to note
that δψµ is supercovariant. The gravitino is identified with the connection for local
supersymmetry and hence is not covariant, but the difference of two connections is
covariant. Hence if one varies δψµ with respect to a second supersymmetry parameter
ǫ̃, the result should contain no derivatives of ǫ̃, hence δψµ ∼ 1

κDµ(ω̂)ǫ+ . . . where the

ellipsis contains the supercovariant field strength F̂ .
The invariant action is:

L = e
2κ2R(e, ω̄) − e

48FµνλρF
µνλρ − e

2 ψ̄µΓµνρDν( ω̄+ω̂
2 )ψρ

− 1
192

√
2
eκ
(

ψ̄σΓστµνλρψτ + 12ψ̄[µΓνλψρ]
)(

Fµνλρ + F̂µνλρ

)

−
√

2κ
(144)2 ε

µ1...µ11Fµ1...µ4
Fµ5...µ8

Aµ9µ10µ11
,
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where some four fermion terms are captured in Dµ( ω̄+ω̂
2 ).

An important feature of eleven-dimensional supergravity is that many lower-
dimensional supergravity theories can be deduced from it by dimensional reduction.
This simplifies the construction of supergravity theories, since the methods for con-
structing supergravity theories such as the Noether method, can be quite elaborate,
whereas dimensional reductions are in many cases easier. Hence eleven-dimensional
supergravity is an (almost) all encompassing supergravity from which other lower-
dimensional supergravities can be obtained by a relatively straightforward procedure.

Eleven-dimensional supergravity was constructed before the first string theory
revolution, which was in 1984. Since superstring theory lives in ten dimensions eleven-
dimensional supergravity was kicked off its pedestal. But due to the second string
revolution in 1996, when an eleven-dimensional M-theory was conjectured [43], it was
quickly rehabilitated.

In the rest of the thesis we mainly work with the bosonic sector of supergravity
theories and for eleven-dimensional supergravity the bosonic action reads13:

Sd=11 =

∫

1
2κ2 ⋆ 1R− 1

2 ⋆ F(4) ∧ F(4) +
√

2κ
6 F(4) ∧ F(4) ∧A(3) , (2.3.11)

where F(4) = dA(3).

2.3.3 N = 1 Supergravities in d = 10

Of special interest to us are the simple ten-dimensional supergravities since upon
dimensional reduction these give four-dimensional N = 4 supergravities when no
supersymmetry is broken by the dimensional reduction.

In ten dimensions the irreducible spin 1/2 representation of the Lorentz group is
16-dimensional and on-shell a spinor thus has 8 degrees of freedom, which equals the
degrees of freedom of a massless vector. Thus a Yang–Mills vector Aµ and a spinor
ψ can build up a supermultiplet; this multiplet is called the N = 1 Super Yang–
Mills multiplet. The supersymmetry transformations and the (flat space-time) action
are given in section 4.2.1, where the N = 1 Super Yang–Mills theory is treated in
more detail. The Super Yang–Mills multiplet can be a nonabelian Super Yang–Mills
multiplet where Aµ and ψ take values in a faithful representation of a Lie algebra.

The N = 1 Super Yang–Mills multiplet can be coupled to the ten-dimensional
N = 1 supergravity multiplet consisting of a vielbein ea

µ, a two-form Bµν , a dilaton φ,
a Majorana–Weyl gravitino ψµ and a Majorana–Weyl spin 1/2 spinor λ of opposite
chirality, sometimes called dilatino. It turns out that there are two different anomaly-
free N = 1 supergravity theories in ten dimensions, namely the Type I, corresponding
to the low-energy effective action of Type I string theory and the Heterotic super-

13For conventions on forms and Hodge duals, see appendix A.
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gravity, corresponding in turn to the low-energy effective action of Heterotic string
theory. The field contents are the same, but the actions are different.

The bosonic Lagrangian of heterotic supergravity is14

LHet = e−2φ
(
⋆1R+ 4 ⋆ dφ ∧ dφ− 1

2 ⋆ H ∧H − 1
2Tr ⋆ F ∧ F

)
,

H = dB − 1
2Tr(A ∧ F + 2

3g
2A ∧A ∧A) ,

F = dA+ gA ∧A ,
(2.3.12)

where g is the Yang–Mills coupling constant and the gauge group has to be SO(32) or
E8×E8 to cancel the anomalies. Some terms that are needed to cancel the anomalies
are not presented in 2.3.12, for the full result see e.g. [16,17].

The bosonic Lagrangian of type I supergravity is

LI = e−2φ (⋆1R+ 4 ⋆ dφ ∧ dφ) − 1
2 ⋆ H ∧H − 1

2e−φTr ⋆ F ∧ F , (2.3.13)

with identical definitions for H and F and with the same omissions as in 2.3.12 but
for type I the gauge group has to be SO(32).

The Lagrangians 2.3.13 and 2.3.12 are mapped to each other by a Weyl rescaling
gµν 7→ eφgµν of the metric together with the mapping φ 7→ −φ.

Besides the two15 simple supergravities, there are two extended supergravities
living in ten dimensions, called type IIA and type IIB.

2.4 Extended Supergravities

In the preceding sections we looked at N = 1 supergravities where the representations
of the Lie algebra U are trivial. Taking the supersymmetry generatorsQ in a nontrivial
N -dimensional representation of the Lie algebra U gives rise to extended supergravity.
To not get spin 5/2 particles, the total supersymmetry generator components N c(d)
should not exceed 32.

Extended supergravities have some features that are not found in simple gravi-
ties. The most important is that all fields are in a representation of the Lie algebra
U. In most applications the supersymmetry generators Q are assembled in a vector
representation and hence one often writes Qi where the index i is a U vector index.
If there is one metric gµν , the gravitino ψµ is in the vector representation and hence
one writes ψi

µ for the U-vector components of ψµ.
If the number of supersymmetry generators in a supergravity theory is the maximal

number such that spin 5/2 or higher-spin fields are not present, one speaks of maximal

14The gravitational has been chosen such that the Einstein–Hilbert term has coefficient 1. For
similar presentations of the supergravities in ten dimensions see [44,45].

15One often speaks of five different ten-dimensional supergravities; one then counts Heterotic
SO(32) and Heterotic E8 × E8 as two different theories. Since the gauge group in our case is not
important we count them as one.
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supergravity; eleven-dimensional N = 1 supergravity is the only simple maximal
supergravity.

Below we give some examples of extended supergravities. We postpone a more
complete discussion of N = 4 supergravity in four dimensions to chapter 4. The
examples are examples of “ungauged” supergravities; no global symmetry has been
gauged. The gauging of global symmetries is discussed in section 2.4.4.

2.4.1 Type IIA and IIB Supergravity

In ten dimensions it is possible to formulate N = 2 supergravity, where the super-
symmetry algebra contains two fermionic supersymmetry generators Qi, i = 1, 2 both
with 8 components. Since the irreducible spinor in ten dimensions is Majorana–Weyl,
there are two possibilities; either the supersymmetry generators of the supergravity
theory have opposite chirality, say Γ11Q1 = +Q1 and Γ11Q2 = −Q2, or they have the
same chirality, say Γ11Qi = Qi. The first possibility is called type IIA supergravity
and the second possibility type IIB supergravity.

The bosonic action of type IIA is

LIIA =e−2φ
(
⋆1R+ 4 ⋆ dφ ∧ dφ− 1

2 ⋆ H(3) ∧H(3)

)
− 1

2 ⋆ G(2) ∧G(2)

− 1
2 ⋆ G(4) ∧G(4) − 1

2B(2) ∧ dC(3) ∧ dC(3) ,
(2.4.1)

where the index between parenthesis indicates the rank of the form and H(3) = dB(2),
G(2) = dC(1) and G(4) = dC(3) −H(3) ∧ C(1).

There is a common sector with both type I and Heterotic supergravities and this
sector is called the NS-NS sector (for an excellent explanation on the nomenclature
see [15,16,45]) and contains the metric gµν , the Kalb–Ramond two-form B(2) and the
dilaton φ, also called NS-NS fields.

The sector different from type I and Heterotic supergravity contains the so-called
type IIA R-R fields C(1) and C(3). Type IIB supergravity has the same NS-NS sector
but the R-R sector is different from that of type IIA; the type IIB R-R fields are the
gauge fields C(0), called the axion, C(2) and C(4).

The action of type IIB is

LIIB =e−2φ
(
⋆1R+ 4 ⋆ dφ ∧ dφ− 1

2 ⋆ H(3) ∧H(3)

)
− 1

2 ⋆ G(1) ∧G(1)

− 1
2 ⋆ G(5) ∧G(5) + 1

2C(4) ∧ dC(2) ∧H(3) ,
(2.4.2)

where H(3) = dB(2), G(1) = dC(0), G(3) = dC(2) −H(3) ∧ C(0) and:

G(5) = dC(4) − 1
2C(2) ∧H(3) + 1

2B(2) ∧ dC(2) . (2.4.3)

The field strength G(5) is self-dual; G(5) = ⋆G(5). The self-duality condition should
be imposed at the level of the equations of motion [46]; this condition does not follow
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from the action and imposing it in the action 2.4.2 makes the term ⋆G(5) ∧ G(5)

vanish. There exists a Lorentz invariant action that does not require the self-duality
condition, but its construction needs the introduction of auxiliary fields [47].

There is another type IIA supergravity called the Romans massive type IIA super-
gravity [48](for a particular nice and introductory discussion see reference [49]). This
theory contains a mass parameter that deforms the theory and in the limit where the
mass parameter goes to zero one obtains the ordinary massless type IIA supergrav-
ity. The massive theory does not admit a Minkowski vacuum and has been of great
importance in the theory of D8-branes [50–52]. The massless type IIA supergravity
theory can be obtained from eleven-dimensional supergravity by dimensional reduc-
tion, whereas for the massive type IIA and the type IIB no higher-dimensional origin
is known.

2.4.2 N = 4 Supergravity in d = 4

There are two main ingredients for four-dimensional N = 4 supergravity; the N = 4
Super Yang–Mills multiplet and the N = 4 supergravity multiplet. In this section we
briefly comment on these ingredients. In chapter 4 we treat N = 4 supergravity and
the coupling to the N = 4 Super Yang–Mills multiplet in more detail.

The N = 4 Super Yang–Mills multiplet contains a vector Aµ, four Weyl fermions
λi, which are in the vector representation of su(4), and six scalars φij = −φji in the
6− of su(4) 16. All fields are in a representation of a Lie algebra gY M , which commutes
with the super Poincaré algebra. The action and supersymmetry transformation rules
are given in section 4.2.1.

The N = 4 Super Yang–Mills theory in flat space is not only renormalizable, but it
is even finite; all contributions in perturbation theory that could give rise to infinities
precisely cancel [53–57]. This makes N = 4 Super Yang–Mills interesting from a
purely theoretical point of view, but the spectrum does not agree with observations.
There are for example no chiral fermions in the theory.

To obtain some concordance with observed nature one might hope to have a dy-
namical way of breaking supersymmetry at some high energy Eh. To solve the hi-
erarchy problem there should be an intermediate energy Em < Eh where not all
supersymmetry is broken and still N = 1 supersymmetry exists. To get chiral fermi-
ons there should be a lower energy El < Em where the N = 1 supersymmetry is
broken and no supersymmetry is left. From a phenomenological point of view it is
thus desirable to break supersymmetry in steps. However, this does not seem to be
possible, unless we include gravity (see e.g. [13]).

The N = 4 supergravity multiplet contains a vielbein ea
µ, four gravitini ψi

µ, six

vectors Ar
µ, four fermions χi and two scalars φα. The scalars φα parameterize an

SU(1, 1)/U(1) coset; we discuss this and other cosets in section 2.4.5 and in chapter

16For explanation on SU(4) representations see appendix B.
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3. The action and transformation rules of the fields of the ungauged theory was
constructed using different formalisms around 1977 [58,59].

The coupling of N = 4 Super Yang–Mills multiplets to the N = 4 supergravity
theory resulted in the so-called matter coupled N = 4 supergravity and was done
in the beginning of the 80’s by De Roo [60]. The action is invariant under global
SO(6, n)-rotations, where n is the number of added Super Yang–Mills multiplets. The
6n scalars from the Super Yang–Mills multiplets parameterize an SO(6, n)/SO(6) ×
SO(n) coset. The N = 4 supergravity theory thus has a global symmetry group
G = SO(6, n) × SU(1, 1) and the scalar parameterize the coset G/K where K =
SO(6) × SO(n) × U(1), which is the maximal compact subgroup of G.

In reference [61] the ten-dimensional type I supergravity with the SO(32)-vector
fields truncated away was dimensionally reduced. The result is matter coupled N = 4
supergravity where the number n of added Super Yang–Mills multiplets is six17.

The group SU(1, 1) is a global symmetry of the equations of motion but not a
symmetry of the action; it rotates the Bianchi identities and the equations of motion
and thus the electric and magnetic field strengths into each other. There exist two
formulations of d = 4 N = 4 supergravity where the SU(1, 1)-transformations leave
the action invariant, but either one has to give up that SO(6, 6) is a symmetry of the
action [62] or one has to give up general coordinate invariance [63].

2.4.3 Dualities

The highest dimension where a supergravity can be formulated is eleven. The lowest
dimension is three; in two dimensions gravity is trivial since then the Ricci scalar is
a topological number. Hence for 3 ≤ d ≤ 11 one can formulate supergravity theories.

All maximal supergravities in d ≤ 9 are unique18 and dimensional reduction over
a torus of eleven-dimensional supergravity gives rise to a maximal supergravity; hence
all maximal supergravities are related to eleven-dimensional supergravity by a dimen-
sional reduction over a torus.

In d dimensions the Lorentz group is SO(1, d− 1) and on-shell massless fields are
representations of the little group SO(d − 2). Hence the field content of maximal
supergravities can be found by decomposing the SO(9) representations of the eleven-
dimensional fields

{
ea
µ, φµ, Aµνρ

}
into SO(d − 2) representations. Thus dimensional

reduction is one way to relate different supergravity theories. But there is another
more intriguing way to relate supergravity theories; there exist dualities between some
theories.

17The value six is rather special; the global symmetry group is then maximally noncompact and
later we will see that this has important consequences.

18It should be understood that this holds for ungauged maximal supergravities.
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S-Duality

S-duality is a generalization of the electromagnetic duality in four dimensions; it
relates a theory at strong coupling constant to a theory at weak coupling constant.

The string coupling constant in ten dimensions gs is related to the expectation
value of the dilaton: gs ∼ e<φ>. Hence in ten dimensions S-duality relates Heterotic
SO(32) supergravity to Type I supergravity.

Type IIB is S self-dual since the theory has a global SL(2; IR)-symmetry and the S-
duality transformation is contained in the SL(2; IR)-transformations. This can be seen
by transforming the action 2.4.2 to the Einstein frame, where the Ricci scalar does not
have a dilatonic prefactor. The scalars φ and C(0) parameterize an SL(2; IR)/SO(2)

coset and can be combined in a complex scalar τ = C(0) + ie−φ. The SL(2; IR)
symmetry acts on the complex scalar τ as

τ 7→ aτ + b

cτ + d
, a, b, c, d ∈ IR , ad− bc = 1 . (2.4.4)

The other fields are in linear representations of SL(2; IR) (see e.g. [16, 49, 64, 65] for
more details).

The SL(2; IR) transformations contain the transformation τ 7→ −1/τ acting on
the imaginary part as e−φ 7→ eφ if C(0) = 0, i.e. in a vanishing axion background.
Hence S-duality transformations form a discrete subgroup of SL(2; IR) and type IIB
supergravity is S self-dual.

The situation for four-dimensional N = 4 supergravity theory is similar to the
IIB-case. The scalars φα, as mentioned in section 2.4.2, parameterize the coset
SU(1, 1)/U(1) and the group SU(1, 1) ∼= SL(2; IR) is a global symmetry rotating
electric and magnetic field strengths into each other. Hence d = 4 N = 4 supergrav-
ity is S self-dual.

T-Duality

T-duality is a string theory inspired duality; if d-dimensional bosonic string theory
is put on a geometry S1 × Md−1, where Md−1 is (d − 1)-dimensional Minkowski
and S1 is a one-dimensional compact dimension with length 2πR, the spectrum is
determined by two quantum numbers, called winding numbers (n) and momentum
numbers (m) [66,67]. The spectrum is invariant under interchanging n and m together
with inverting the radius of S1: R ↔ α′/R. For superstrings the story is even
nicer; the spectra of type IIA and type IIB superstring theory are interchanged under
R↔ α′R and n↔ m. This kind of duality is called T-duality.

T-duality manifests itself also in the supergravity theories; if the IIA and IIB
theories are dimensionally reduced to d = 9 the actions can be mapped to each
other19.

19This is not trivial; one has to be careful how the treat the self-dual five-form field strength.
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The two Heterotic string theories are also T-dual to each other [68]. From the
supergravity point of view this might come as a little surprise since the gauge groups
are different. But the gauge groups break down to their maximal abelian subalgebras
as explained in reference [69, 70]. Hence upon reduction both Heterotic supergravity
theories have a U(1)16 Yang–Mills sector and they are trivially the same. Hence a di-
mensional reduction of any ten-dimensional supergravity theory with 16 supercharges
gives the same result; changing the sign of the dilaton is in a supergravity theory
nothing more than a field redefinition.

When a supergravity theory is reduced over an n-torus, there are more radii to
invert and thus T-duality becomes a group of symmetries. Though this group of
symmetries is discrete, in the supergravity it is a continuous group. Since type IIA
and type IIB supergravity are T-dual, for d ≤ 9 T-duality manifests itself as a global
symmetry of a maximal supergravity (it does not follow from this discussion that it
cannot be local, but at least it s a global symmetry). Similarly, since all half-maximal
supergravities with 16 supercharges get mapped to the same supergravity theory by
a dimensional reduction over a torus, T-duality manifests itself as a global symmetry
group in supergravity theories with a total of 16 supercharges.

2.4.4 Gauged Supergravity

In sections 2.4.3 and 2.4.2 we came across the concept of a global symmetry group,
which is a symmetry of the equations of motion. Below ten dimensions S- and T-
duality manifest themselves as a global symmetry, and the combination of these gives
rise to a so-called U-duality group. But also R-symmetry gives rise to a global symme-
try group. We writeG for the total global symmetry group containing the R-symmetry
and T- and S-dualities. For example, d = 4 N = 4 matter coupled supergravity has
G = SO(6, n) × SU(1, 1).

Except for four-dimensional N = 1, 2 and five-dimensional N = 2 supergravity,
all supergravities share the property that the scalars parameterize a coset G/K where
K is the maximal compact subgroup of G [71, 72]. The subgroup K must be a local
symmetry since the scalars form a coset G/K (see section 2.4.5). The R-symmetry
group HR has a maximal compact subgroup denoted KR and some authors prefer
to reserve the name ‘R-symmetry group’ for the compact group KR. For maximal
supergravities it turns out that K = HR = KR.

Only a subgroup G′ of G is a global symmetry of the action; in the example of
d = 4 N = 4 matter coupled supergravity we have G′ = SO(6, n). The vector fields
present in the theory transform in a linear representation of G′, but the field strengths
and their duals make up a representation of G. Elements of G that are not in G′ thus
rotate electric and magnetic field strengths into each other. In d = 4 N = 4 matter
coupled supergravity the elements in G that are not in G′ form the group SU(1, 1)
and as mentioned before this is not a symmetry of the action but rotates the electric
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G/K

copies of K

Figure 2.4.1: A graphical representation of the group G as the manifold G/K with at every

point p ∈ G/K a copy of K attached.

and magnetic field strengths into each other.

Suppose there are m vector fields transforming in a linear representation of G′,
then we can try to gauge a subgroup F ⊂ G′ of dimension m. The gauging can be
done by introducing minimal couplings with a coupling constant g and where the
gauge fields are in the adjoint of F . To retain supersymmetry the fermion super-
symmetry transformation rules must include extra terms linear in g and the action
obtains a potential proportional to g2. The resulting supergravity is called a gauged
supergravity and the symmetry group is now the product of F and K and this is a
local symmetry.

If G is compact, the whole construction becomes almost trivial since the scalars
then parameterize the trivial coset 1, i.e. there are no scalars and no scalar potential
can arise.

2.4.5 Coset Scalars

As mentioned before, the scalars in supergravity theories often parameterize cosets.
In this section we give some details about cosets and the nonlinear sigma models,
i.e. models where the scalars parameterize a coset. Most of the material can also be
found in reviews and textbooks, such as [25,73,74].

Suppose G is a group and K is a subgroup of K. We can define an equivalence
relation in G by calling two elements g and g′ of G equivalent if there is an element
k ∈ K such that g = g′k. The equivalence classes [g] form a coset. Since every element
of G belongs to an equivalence class one can define a projection π : G → G/K; the
projection π is called the canonical projection. If [g] = [g′], then g = g′k for some
k ∈ K, and π(g) = π(g′) and hence π(K) = e with e the identity element of G. The
inverse map π−1[g] = {gk|k ∈ K} defines a copy of K at g. This gives an intuitive
picture of cosets; the group G can be seen as the coset G/K where at each point of
G/K is a copy of K attached.
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For every equivalence class one can choose a representative g, which defines a map
from G/K to G. If G is thought of as G/K with at every point of G/K a copy
of K attached, then the representative can be thought of as a slice through G that
intersects every copy of K precisely once.

If G is a Lie group and K is any Lie subgroup of G, the (left) coset G/K is a
manifold and can thus be described locally by coordinates yi. Since any two points p
and p′ on G/K can by construction be connected by an action of G, the manifold is
a homogeneous space.

Suppose the Lie algebras of G and K are g and k respectively. Then the Lie
algebra can be decomposed as g = k ⊕ p, where p is the complement of k in g. If the
decomposition can be done such that the commutation relations are schematically as

[k, k] ⊂ k , [k, p] ⊂ p , [p, p] ⊂ k , (2.4.5)

then the homogeneous space is called symmetric. As an example we mention the
n-sphere Sn: Sn ∼= SO(n+ 1)/SO(n).

If ρ is a faithful representation of g then by exponentiating ρ(p) we obtain a
parametrization of G/K. More explicitly, if pi is a basis for p the manifold G/K can
be parameterized by exp yiρ(pi). Another and equivalent parametrization of G/K is
obtained by right-multiplying this parametrization by an (y-dependent) element of K.
The parametrization of G/K by exp yiρ(pi) is in most cases not useful for practical
calculations.

A representative L(y) of G/K is an element of G such that if y 6= y′ there is no
element k of K such that L(y)k = L(y′). Left-multiplication by an element of g ∈ G
takes one coset into another, hence we have

ρ(g)L(y) = L(y′)k , k ∈ K , (2.4.6)

where the element k ∈ K depends on both y and g. Right-multiplication by an
element of K leaves the point fixed, but gives another representative; in terms of the
picture 2.4.1, every representative is shifted along the ‘fibre’ K.

The parametrization of G/K by exponentiating ρ(p) is thus an example of con-
structing representatives of G/K in an explicit representation ρ of G. For a repre-
sentative in general we write L(y) but if the coordinate is of no importance we just
write L. It is convenient to think of L(y) as being in an explicit representation of G.

The form L(y)−1dL(y) is a one-form on G/K that takes values in the Lie algebra
g and can be decomposed as follows

L−1dL = ω + e , ω ∈ k , e ∈ p . (2.4.7)

We call e the G/K-vielbein and ω the G/K-connection. The notation and nomencla-
ture is on purpose suggestive; ω can be thought of as a kind of spin connection and
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e as a kind of vielbein. In fact, space-time can be thought of as a coset G/K where
G = GCT (Md) and K = SO(1, d− 1).

Suppose we act on L from the left by a y-independent element U of G, then L−1dL
is invariant. If we however act from the right with a local (i.e. y-dependent) element
O of K we have

ω 7→ O−1ωO +O−1dO, e 7→ O−1eO . (2.4.8)

Thus ω transforms as a connection while e is covariant. Since d2 = 0 we obtain

d(L−1dL) = −L−1dL ∧ L−1dL = −(ω + e) ∧ (ω + e) , (2.4.9)

which can again be decomposed in a k-part and a p-part. Thus we have

F(ω) ≡ dω + ω ∧ ω = −e ∧ e ,
T ≡ de+ ω ∧ e+ e ∧ ω = 0 ,

(2.4.10)

where F can be compared with the Riemann tensor and T with the torsion. The
torsion T vanishes since G/K is a symmetric space.

A nonlinear sigma model describes scalars that parameterize a coset. The scalars
can be seen as a map from the space-time manifold Md to the coset G/K. Hence we
can use the pull-back to obtain one-forms on Md: dφi = ∂µφ

idxµ.
Suppose V(φi) defines a representative of G/K and takes values in a representation

ρ of G, we define V(x) ≡ V(φi(x)) and

Ωµdxµ ≡ V−1dV = Qµdxµ + Pµdxµ , (2.4.11)

where Qµ is the projection of Ωµ onto k and Pµ is the projection of Ωµ onto p.
Under a local K transformation V 7→ Vk we have

Qµ 7→ k−1Qµk + k−1∂µk , Pµ 7→ k−1Pµk , (2.4.12)

and hence a K-covariant derivative is given by

DµV = ∂µV − VQµ = VPµ . (2.4.13)

A Lagrangian that is invariant under both global G-transformation and local K-
transformations is given by

L = 1
2Trρ

(
DµV−1DµV

)
= − 1

2Trρ (PµPµ) . (2.4.14)

We introduce the projection operator Π : g 7→ p that projects g onto the subspace
p. Using 2.4.5 we find

Trad (adxad(Πy)) = 0, ∀x ∈ k , ∀y ∈ g . (2.4.15)
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For semisimple Lie algebras the trace in any representation can be chosen to be
proportional to the trace in the adjoint representation (see appendix B). Therefore if
G is semisimple the Lagrangian 2.4.14 can be written as:

L = − 1
2Trρ

(
V−1∂µVΠ(V−1∂µV)

)
. (2.4.16)

There is another approach to nonlinear sigma models [75]. We start with the
representative V of G/K in an explicit representation ρ and construct a Lagrangian
with global G invariance and local K invariance as follows. We introduce a connection
Aµ taking values in k, construct a K-covariant derivative Dµ(A)V = ∂µV − VAµ and
demand that Aµ transforms as a connection under local K-transformations and is
invariant under global G-transformation. For this to work we need that if V is in
the representation ρ of G, then Aµ is in the derived representation dρ of k ⊂ g (see
Appendix B).

A Lagrangian that is invariant under local K-transformations and global G-trans-
formations is given by

L′ = − 1
2Trρ

(
V−1Dµ(A)VV−1Dµ(A)V

)
. (2.4.17)

The connection Aµ appears only algebraically and thus we can solve its equation of
motion. Varying the Lagrangian L′ with respect to Aµ we obtain

Trρ

(
Dµ(A)VV−1δAµ

)
= 0 , (2.4.18)

and hence we see that Dµ(A)VV−1 must be perpendicular to k since δAµ is an arbitrary
element of k. For semisimple G this means Dµ(A)VV−1 ∈ p, i.e. the gauge field Aµ

projects out the k-part of Dµ(A)VV−1. Thus if we use the equation of motion of Aµ

we obtain the Lagrangian for semisimple G:

L′ = − 1
2Trρ

(
Dµ(A)VV−1Π(Dµ(A)V)

)
. (2.4.19)

The Lagrangian 2.4.19 is identical to the Lagrangian 2.4.16. Therefore we can con-
clude that the two methods to arrive at a nonlinear sigma model are equivalent.

The action 2.4.19 still contains local K-symmetry. Therefore we can use K-
symmetry to bring V into a ‘nice form’, which has a physical interpretation as choosing
a gauge. If the subgroup K is the maximal compact subgroup of G the ’nice form’
can be made more explicit. According to the Iwasawa decomposition the Lie algebra
g can be decomposed as g = k⊕ s where k is the maximal compact subalgebra, which
is the Lie algebra of K, and s is a solvable Lie algebra. The decomposition g = k ⊕ s

is orthogonal with respect to the Cartan–Killing form. It is a theorem of Lie (see
e.g. [76]) that the matrices representing the solvable subalgebra s can be brought into
upper-triangular form. The upper-triangular form is what is meant by a ‘nice form’;
the coset G/K can be parameterized by exp s and hence we can use a gauge such that
V = exp ρ(S) for some S ∈ s.
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If K is the maximal compact subgroup of G, the matrix V has an interpretation
of a vielbein [75]. The associated ‘metric’ is given by:

M = VV# , (2.4.20)

where # stands for generalized transpose (see appendix B). The metric M is invariant
under local K-transformations. The nonlinear sigma model 2.4.16, or equivalently
2.4.19, can be written compactly as:

L = 1
8Tr

(
∂µM−1∂µM

)
. (2.4.21)

The ‘vielbein’ V should not be confused with the object e of equation 2.4.7, which
can also be defined as a vielbein, but then as a vielbein on G/K. The ‘vielbein’
interpretation V is only restricted to equation 2.4.20.

2.4.6 Relation with String Theory

Supergravity is a low-energy approximation of string theory. In this section we explain
briefly what is meant by this.

String theory starts with the assumption that the fundamental building blocks
of nature are one-dimensional objects, called strings. A string sweeps out a two-
dimensional surface in space-time. This surface is called the worldsheet. The dynam-
ics of a free string can be determined by a field theory living on the two-dimensional
worldsheet. Interactions are described by attaching so-called vertex operators to the
surface; the vertex operators describe the merging or splitting of strings and are linear
in the string coupling constant. By means of the vertex operators one can calculate
scattering amplitudes in any order of the string coupling constant. Hence string the-
ory is intrinsically perturbative and therefore one often speaks of string perturbation
theory instead of string theory in the hope that we will once find a nonperturbative
description.

In ordinary quantum field theory the interactions are described by interaction
terms in the Lagrangian. However for string theory there is yet not a (classical)
action known that describes the dynamics and interaction of strings. This has serious
consequences for obtaining a low-energy approximation of string theory.

The spectrum of string theory consists of a finite number of massless fields, which
we collectively denote by φ0, and an infinite tower of massive fields, which we collec-
tively denote by φH . All masses are integer multiples of ms ∼ 1019 GeV in order that
the graviton, which is one of the massless fields, interacts with such a strength that
Newtonian gravity is reproduced. The massive states are so massive that they cannot
be seen by any experiment and thus it is not necessary to take them into account
for low-energy physics, i.e. physics at an energy lower than 1019 GeV. It is therefore
desirable to have a low-energy approximation to string theory.



34 Gravity and Supergravity

In ordinary quantum field theory a low-energy approximation is obtained by in-
tegrating out the massive modes. In this way an effective low-energy action can be
obtained. Suppose string theory were described by an action S(φ0, φH), then the
effective low-energy action Seff (φ0) would be given by

eiSeff (φ0) ∼
∫

DφHeiS(φ0,φH) . (2.4.22)

The path integral includes loops of massive fields. Therefore the effective action
Seff (φ0) can be seen as a power series expansion in the Planck constant h.

However, there is no action for interacting strings and hence the procedure of
integrating out the massive modes is not at our disposal. One can proceed by studying
scattering amplitudes and trying to construct a classical action that reproduces these
amplitudes. The leading terms (h0) in the effective action are the classical limits
of the low-energy approximations. Since string theory contains both gravity and
supersymmetry, this classical limit of the low-energy action describes a supergravity
theory.

Though string theory was thought of as a candidate of a unifying theory, there are
five different consistent string theories. All five string theories live in ten-dimensional
space-time. Hence we expect at least five ten-dimensional supergravities serving as
classical low-energy approximations to the five string theories. It is quite special that
the five supergravities exhaust all possible ten-dimensional massless supergravities.
In ten dimensions there is a one-to-one correspondence between string theories and
supergravity theories.

One might then wonder what the role is of eleven-dimensional supergravity. In a
seminal paper [43] Witten showed that the dynamics of strongly coupled Type IIA
strings can at low energies be described by an eleven-dimensional supergravity. This
result might at first look weird but an elegant intuitive picture to keep in mind is that
the eleventh dimension is already present in ten-dimensional Type IIA string the-
ory but has size zero [77]. By increasing the string coupling constant the size of the
eleventh dimension grows and at the same time the strings grow in this dimension and
become two-dimensional objects, membranes. And indeed, eleven-dimensional super-
gravity contains a three-form Aµνρ that can couple naturally to a three-dimensional
world volume and thus the three-form couples to membranes.

The theory describing the full dynamics, also including massive fields, of the
eleven-dimensional theory is not known yet but already a name is given: M-theory
[43,78,79]. It is conjectured that taking limits of different parameters in M-theory one
ends up with a superstring/supergravity theory; for example, if we take a classical
low-energy limit we obtain eleven-dimensional supergravity. The dualities between
different string theories nicely fit into this picture. The dualities correspond to going
from one limit to another.

Since string theory is only known in the regime where the string coupling constant
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is small, the features of the nonperturbative M-theory lie outside the scope of string
theory. The nonperturbative regime can however be explored by supergravity theories
by means of so-called BPS-configurations. Therefore supergravity is an important tool
to get some grip of the until now mysterious M-theory.

Even from another totally different point of view supergravities are interesting.
A supergravity theory is a classical field theory and this makes supergravities more
accessible for explicit calculations. It is a drawback of superstring theory that its
calculations are seldom simple.






