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Appendix A

Conventions

A.1 General Notation

[p] : the greatest integer smaller than p.
µ, ν, . . . : curved space-time indices; indices w.r.t. a coordinate basis.
α, β, . . . : curved indices for internal space, as used in dimensional reductions.
a, b, . . . : flat space-time indices; indices w.r.t. an orthonormal frame.
m,n, . . . : flat indices for internal space, as used in dimensional reductions.

X̂ : a higher-dimensional X, where X can be anything; fields, coordinates, indices.
X[abcd...] : antisymmetrization with weight one; X[a1...ap] = 1

p! (Xa1...ap
± other permutations).

δ
a1...ap

b1...bp
: antisymmetric Kronecker symbol; δ

a1...ap

b1...bp
= δa1

b1
· · · δap

bp
± other permutations

LX : the Lie derivative along the vector field X.

Einstein Convention

The Einstein convention is used throughout the text; any index that appears twice
in a expression is summed over if it appears once as upper index and once as a lower
index. Occasionally additional summation signs are used. An index that appears
twice as upper index or twice as lower index is not summed over unless otherwise
stated.

A.2 Differential Geometry Conventions

A manifold is generically denoted by M, its tangent space by TM and the dual
of a vector space V is denoted by V ∗. A (p, q)-tensor is a multilinear map from
TM× · · · × TM
︸ ︷︷ ︸

q times

to TM× · · · × TM
︸ ︷︷ ︸

p times

. Multilinearity means that if f1, . . . , fq are



118 Conventions

functions and X1, . . . ,Xq are vector fields and T is a (p, q)-tensor, then

T (f1X1, . . . , fqXq) = f1 . . . fqT (X1, . . . ,Xq) . (A.2.1)

Therefore the covariant derivative ∇ is not a tensor, but ∇∧∇ is.

A.2.1 Forms

For clearness we have tried to write down all ∧-symbols where this was possible
without making an unreadable format. The exterior derivative is written as d. If ω
is a p-form we sometimes make this explicit by writing ω(p). We use the following
conventions for forms:

dxµ ∧ dxν = dxµ ⊗ dxν − dxν ⊗ dxµ , (A.2.2a)

ω(p) = 1
p!ωµ1...µp

dxµ1 ∧ . . . dxµp , (A.2.2b)

dω(p) = 1
p!∂νωµ1...µp

dxν ∧ dxµ1 ∧ . . . dxµp , (A.2.2c)

ω(p) ∧ χ(q) = υ(p+q) ⇒ υµ1...µp+q
= (p+q)!

p!q! ω[µ1...µp
χµp+1...µp+q ] . (A.2.2d)

We define a vector-valued p-form on M as an element of the tensor product of the
space of p-forms and a vector space V . Thus any vector-valued form Ω can be written
as Ω = va ⊗ ωa where ωa are forms on M and va are vectors in a vector space V .

A.2.2 Metric, Levi–Civitá and Hodge dual

The Minkowski metric ηab has signature (− + + + . . .). The Levi–Civitá object
is written ǫ̃µ1...µp

and takes values 0,±1. It is totally antisymmetric and we have
ǫ0123... = +1. The Levi–Civitá tensor is written ǫµ1...µp

and is defined using the
vielbeins ea

µ;

ǫµ1...µp
= ea1

µ1
· · · eap

µp
ǫ̃a1...ap

= det(ea
µ)ǫ̃µ1...µp

, (A.2.3)

and hence takes values 0,±det(ea
µ). The Levi–Civitá tensor transforms as a tensor

under general coordinate transformations and indices can be raised and lowered using
the metric gµν = ea

µe
b
νηab. When there is no relation with a space-time (for example

with groups) and no confusion is possible, the notation ǫabcd... is also used for the
Levi–Civitá symbol, which also goes under the name of completely antisymmetric
alternating symbol.

The Hodge dual of a p-form ω(p) on an n-dimensional space-time is an (n−p)-form
υ(n−p) defined by

υµ1...µn−p
= 1

p!ǫµ1...µn−p

ν1...νpων1...νp
, (A.2.4)

and denoted by ⋆ω(p).
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A.2.3 Convenient Formulae

δRµν
ab(ω) = Dµδων

ab − Dνδωµ
ab , (A.2.5a)

Dµ (eEµ
a ) = −eEµ

dE
ν
aτµν

d , (A.2.5b)

Dµ

(

eEµ
[aE

ν
b]

)

= −e
(

Eµ
dE

λ
[aE

ν
b] + 1

2E
ν
dE

µ
[aE

λ
b]

)

τµλ
d , (A.2.5c)

Dµ

(

eEµ
[aE

ν
bE

λ
c]

)

= −e
(

Eµ
dE

σ
[aE

ν
bE

λ
c] + 1

2E
ν
dE

µ
[aE

σ
b E

λ
c]

+ 1
2E

λ
dE

µ
[aE

ν
bE

σ
c]

)

τµσ
d , (A.2.5d)

⋆ω(p) ∧ ζ(p) = 1
p!

√−gωµ1...µp
ζµ1...µp , (A.2.5e)

1√−g
∂µ

(√−g V µ
)

= ∇µV
µ = ∂µV

µ + Γ µ
µνV

ν , (A.2.5f)

ǫµ1...µpλ1...λd−p
ǫµ1...µpν1...νd−p = − p!δ

ν1...νd−p

λ1...λd−p
, (A.2.5g)

LX(Y µ∂µ) = [X,Y ] = (Xν∂νY
µ − Y ν∂νX

µ)∂µ , (A.2.5h)

LX(ωµdxµ) = (Xν∂νωµX
ν∂µων)dxµ , (A.2.5i)

(LXg)µν = Xρ∂ρgµν +Xρ∂µgρν +Xρ∂νgµρ . (A.2.5j)

Weyl Rescalings

Weyl rescalings are rescalings of the metric. Under a rescaling of the metric gµν 7→
g′µν = e2αφgµν , where α is a number and φ is a space-time function, the Ricci scalar
transforms as R[g] 7→ R′[g′], where in d dimensions we have

R′[g′] = e−2αφ
(
R[g] − α2(d− 1)(d− 2)∂µφ∂

µφ− 2α(d− 1)�φ
)
. (A.2.6)

Note that
√−g′ = eαdφ.

A.3 Group Theoretical Conventions

In our conventions an inner product is always positive definite and nondegenerate,
whereas a metric is symmetric and nondegenerate and need not be positive definite.

If A : V → V is a linear transformation in a vector space V and 〈, 〉 denotes an
inner product, then the Hermitian conjugate of A, denoted A† is defined as 〈u,Av〉 =
〈A†u, v〉 for all u, v ∈ V . If we equip V with an orthonormal basis {ei}n

i=1 with
respect to which A has the components Aij , we have (A†)ij = A∗

ji. With respect to
the orthonormal basis we define the transpose of A, being the linear transformation
AT defined by (AT )ij = Aji. It is important to note that the Hermitian conjugate is
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defined with respect to an inner product whereas the transpose is defined with respect
to a basis.

Groups are denoted by Roman letters starting with a capital. The associated
Lie algebra uses the same letters but small and in Gothic style. We mention a few
important groups and their Lie algebras:

(1) GL(n; IR): The Lie group of all invertible real n× n-matrices. The Lie algebra
is denoted for gl(n; IR) and contains all n × n matrices. Similar for GL(n;C)
and gl(n;C).

(2) SL(n; IR): The subgroup of GL(n; IR) in which all n × n-matrices have unit
determinant. The Lie algebra is denoted sl(n; IR) and consists of all real traceless
n× n-matrices. Similar for SL(n;C) and sl(n,C).

(3) SO(p, q): The subgroup of GL(p+q; IR) where the matrices O satisfy OT ηp,qO =
ηp,q and detO = 1, where ηp,q is defined by:

(1p×p 0
0 −1q×q

)

. (A.3.1)

The Lie algebra is denoted by so(p, q) and consist of all real (p + q) × (p + q)-
matrices X satisfying XT ηp,q + ηp,qX = 0.

(4) U(n): The subgroup of GL(n;C) of which the elements preserve the standard
inner product on Cn: U ∈ U(n) ⇔ 〈Uv,Uw〉 = 〈v, w〉, ∀v, w ∈ Cn. This
implies U†U = UU† = 1. The Lie algebra of U(n) is denoted u(n) and consists
of the anti-Hermitian complex n× n matrices.

(5) The group SU(n) is a subgroup of U(n) where the matrices have unit deter-
minant. The Lie algebra is denoted su(n) and consists of the traceless anti-
Hermitian complex n× n matrices.

(6) The group Sp(n, IR) (Sp(n,C)) is the subgroup of GL(2n, IR) (GL(2n,C) re-
spectively) leaving the matrix Jn invariant, where:

Jn ≡
(

0 1n×n

−1n×n 0

)

. (A.3.2)

The group Sp(p, q) is the defined as

Sp(p, q) =
{
X ∈ Sp(p+ q,C)|X†Qp,qX = Qp,q

}
,

where Qp,q =

(
ηp,q 0
0 ηp,q

)

,
(A.3.3)

and can thus be seen as the cross section of Sp(p+ q,C) with U(2p, 2q).
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A.3.1 Pauli Matrices

The three standard Pauli matrices are denoted σi, i = 1, 2, 3 and are given by

σ1 =

(
0 1
1 0

)

, σ2 =

(
0 −i
i 0

)

, σ3 =

(
1 0
0 −1

)

. (A.3.4)

They satisfy the fundamental relations

σiσj = δij1+ iǫijkσk , {σi, σj} = 2δij ,

[σi, σj ] = 2iǫijkσk , σ†
i = σi ,

Trσi = 0 , Trσiσj = 2δij .

(A.3.5)

A.3.2 Representations of su(4) and SU(4)

The Lie algebra su(4) is 15-dimensional, simple and corresponds in the Dynkin clas-
sification to A3. It is isomorphic to so(6), which corresponds to D3 in the Dynkin
classification.

The vector representation is carried by C4, the space of all four-dimensional com-
plex vectors. We equip C4 with the standard inner product 〈v, w〉 =

∑

i(v
i)∗wi. The

matrices A = (Ai
j) representing elements of su(4) satisfy

〈Av,w〉 + 〈v,Aw〉 = 0 ⇔ A† +A = 0 , TrA = 0 . (A.3.6)

The vector representation is the defining representation of su(4).
We use the following notation for complex vectors; the vector vi with index down

is obtained from vi by complex conjugation vi = (vi)∗. Note that from the point of
view of the vector representation, the vectors vi are co-vectors and are in the dual
space (C4)∗. For general su(4)-tensors we state that all upper indices go down and
all lower indices go up with complex conjugation; (Ai

j)∗ = Ai
j . The inner product

〈, 〉 can then be rewritten as 〈v, w〉 = viw
i and the requirement that a matrix A is

anti-Hermitian can be written as Ai
j = −Aj

i.
The vector representation, denoted 4, can be conjugated, i.e. one can view the

complex vectors vi as carriers of the representation. The conjugated representation
is denoted 4̄ and a matrix A = (Ai

j) in the 4 representation acts in the conjugated
representation as Ā : vi 7→ Ai

jvj . The representations 4 and 4̄ are not equivalent,
that is, there is no matrix U such that Ā = UAU−1.

By taking tensor products of the 4 and 4̄ representation and decomposing these
products into irreducible representations, one obtains all irreducible representations
of su(4). A way to do this is to use Young tableaus (see e.g. [186] for an introduction
to Young tableaus).

The vector representation 4 is in terms of Young tableaus represented by a single
box, whereas the 4̄ representation is represented by a column of 3 boxes. The tensor
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product of 4 and 4 can be shown to give: 4⊗4 = 6⊕10. The product of the vector and
co-vector representation should contain the adjoint, since the matrices A = (Ai

j) are
contained in this product, and indeed 4⊗ 4̄ = 1⊕15, and the 15 representation is the
adjoint representation. The singlet representation 1 in the decomposition corresponds
to the trace.

The 6 is a real representation, which means that it is equivalent to the conjugated
representation, 6̄ = 6. The vectors in this representation are antisymmetric rank two
tensors T ij = −T ji. If Ai

j denotes an anti-Hermitian traceless 4×4-matrix, then T ij

transforms as

T ij 7→ Ai
kT

kj +Aj
kT

ik = (Ai
kδ

j
l + δi

kA
j
l)T

kl . (A.3.7)

The representations of the group SU(4) can be obtained by exponentiating the
representations of the algebra su(4). The notation for the representations is the same,
which causes no misunderstandings since every representation of the Lie algebra can
be exponentiated to a representation of the Lie group and by going to the derived
representation one goes from any group representation to a Lie algebra representation.

The 6− representation of SU(4)

The fields φij as introduced in section 2.4.2 are in the 6− representation of SU(4).
We now explain what this means.

The matrices in the vector representation of SU(4) satisfy UU† = U†U = 1 and
have unit determinant. With our conventions on complex four vectors this can be
translated to

U i
jUk

j = δi
k , ǫijklU

i
aU

j
bU

k
cU

l
d = ǫabcd , (A.3.8)

where ǫabcd is the completely antisymmetric alternating symbol; ǫabcd = +(−)1 if abcd
is an even (respectively odd) permutation of 1234 and otherwise it is zero.

The transformation of an antisymmetric two tensor T ij in the 6 representation of
SU(4) reads:

T ij 7→ U i
kU

j
lT

kl , (A.3.9)

which is the exponentiated version of A.3.7 and in which U is a 4 × 4 SU(4) matrix.
The clue is that the representation 6 is a representation over the complex numbers;

one is allowed to build complex linear combinations of antisymmetric two-tensors. But
since the 6 representation is real, one can restrict to a real subspace by imposing a
suitable reality constraint, which is preserved under the SU(4) transformations. The
suitable constraint turns out to be self-duality or equivalently, anti-self-duality.

An antisymmetric two-tensor is called self-dual if

1
2ǫijklT

kl = Tij = (T ij)∗ , (A.3.10)
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and anti-self-dual if
1
2ǫijklT

kl = −Tij = −(T ij)∗ . (A.3.11)

The unimodularity (having unit determinant) of the 4×4 SU(4)-matrices ensure that
(anti-) self-duality is maintained under SU(4) transformations.

Since we have

T ij = 1
2

(
T ij + 1

2ǫ
ijklTkl

)
+ 1

2

(
T ij − 1

2ǫ
ijklTkl

)
, (A.3.12)

every antisymmetric two tensor can be written uniquely as the sum of an anti-self-dual
and a self-dual part.

The (anti-) self-dual two-tensors form a real vector space; taking real linear combi-
nations preserves the constraints A.3.11 and A.3.10. But if T ij is self-dual, then iT ij

is anti-self-dual, hence taking complex combinations destroys the duality properties.
With 6+ (6−) we denote the real vector space of all antisymmetric self-dual (anti-

self-dual) two-tensors contained in the 6 representation of SU(4). We can write:

6 = 6+ ⊕IR 6− , (A.3.13)

where the subscript IR reminds us of the fact that we are dealing with two real vector
spaces; we have written a complex vector space as a direct sum of two real vector
spaces.

Looking at A.3.13 one might feel suspicious since 6 + 6 = 12 6= 6, however this
is wrong counting. The representation 6 comprises a complex six-dimensional vector
space, which has real dimension 12, and both the representations 6± comprise a
six-dimensional real vector space.

For the representation 6− one can find a convenient basis in terms of ’t Hooft
symbols (Ga)ij = (Ga)ij∗. Since they are rank two tensors we can represent them by
matrices (but they are not!) and a convenient basis is:

(G1)ij =







0 1 0 0
−1 0 0 0

0 0 0 −1
0 0 1 0







ij

, (G2)ij =







0 0 1 0
0 0 0 1

−1 0 0 0
0 −1 0 0







ij

,

(G3)ij =







0 0 0 1
0 0 −1 0
0 1 0 0

−1 0 0 0







ij

, (G4)ij =







0 i 0 0
−i 0 0 0

0 0 0 i
0 0 −i 0







ij

,

(G5)ij =







0 0 i 0
0 0 0 −i

−i 0 0 0
0 i 0 0







ij

, (G6)ij =







0 0 0 i
0 0 i 0
0 −i 0 0

−i 0 0 0







ij

.

(A.3.14)
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The ’t Hooft symbols satisfy

(Ga)ij(Gb)
ij = 4δab , (A.3.15a)

(Ga)ik(Gb)
kj + (Gb)ik(Ga)kj = −2δj

i δab , (A.3.15b)

(Ga)im1
(Gb)

m1m2(Gc)m2m3
(Gd)m3m4(Ge)m4m5

(Gf )m5j = iδj
i ǫabcdef . (A.3.15c)

Since the ’t Hooft symbols form a complete basis, any element φij of 6− can uniquely
be written as φij =

∑

a Za(Ga)ij , with φij(Ga)ij = φij(Ga)ij = 4Za ∈ IR. Hence we
have the relations:

1
2

6∑

a=1

(Ga)ij(Ga)kl = δk
i δ

l
j − δk

j δ
l
i

1
2

6∑

a=1

(Ga)ij(Ga)kl = −ǫijkl.

(A.3.16)

If we write φij =
∑

a Za(Ga)ij then under a SU(4) transformation, the Za form
the components of a vector in the vector representation of SO(6) ∼= SU(4)/Z2.

Taking a look at equation A.3.15b one can already guess that there must be
a relation between the ’t Hooft symbols and the spinor representation of SO(6).
Introducing the matrices

Γa =

(
0 i(Ga)ij

i(Ga)ij 0

)

, (A.3.17)

which are seen to satisfy ΓaΓb + ΓbΓa = 2δab18×8, one concludes that the ’t Hooft
symbols provide us with an explicit representation of the spinor representation of
SO(6). In appendix C we mention more on the spinor representation of SO(6).



Appendix B

Some Lie Group and Lie

Algebra Theory

In this appendix we review some group theoretical aspects that are used throughout
the thesis. Since we cannot cover the whole subject of Lie groups and Lie algebras
in every detail we refer the reader to the existing vast amount of literature on finite-
group theory, Lie groups and Lie algebras. Though finite groups are little used in this
thesis, they are conceptually easier and more important, they share many properties
with Lie groups. For introductions in finite-group theory we refer to [186, 187]. For
introductions into Lie groups and Lie algebras we refer to [73, 188–190] and to the
appendices of many books on particle physics. Books on Lie groups and Lie algebras
that go a little beyond an introduction are for example [76,93,94,113,191,192].

B.1 Basic Definitions and Properties

A Lie group G is a smooth manifold that has a group structure; there is a product · :
G×G→ G, satisfying: (1) there is an identity element e ∈ G such that a ·e = e ·a = a
∀a ∈ G, (2) for every a ∈ G there is an element a−1 ∈ G such that a·a−1 = a−1 ·a = e,
(3) a · (b ·c) = (a ·b) ·c, ∀a, b, c ∈ G, (4) the product and the map a 7→ a−1 are smooth.
It is an easy exercise to deduce that the identity element is unique. The product
symbol · is often omitted.

A (Lie) subgroup H of G is a submanifold of G that is a group. Thus for all
a, b ∈ H ⊂ G we have ab ∈ H and a−1 ∈ H. In particular, every subgroup contains
the identity element.

A Lie group is abelian if ab = ba, ∀a, b ∈ G. Every abelian Lie group of dimension
n is diffeomorphic to IRp × Tn−p.
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A Lie group is compact if it is compact as a manifold. Compact groups are
special since one can integrate over them.

The tangent space of a group G at the identity element e can be identified with
the Lie algebra g of G but the Lie algebra also admits a more algebraic definition.
We use the algebraic approach to define Lie algebras. For the relation of a group to
its Lie algebra we refer to the literature mentioned in the beginning of this appendix.

Although a Lie algebra need not be finite-dimensional, we restrict to the finite-
dimensional Lie algebras. For an introduction into infinite-dimensional Lie algebras
see e.g. [193]. A finite-dimensional Lie algebra g is a finite-dimensional vector space
over a field IK (we only consider IK = Q, IR or C) with a bilinear product [, ] : g×g →
g satisfying: (1) [a, a] = 0, ∀a ∈ g, (2) [a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0. From (1)
follows [a, b] = −[b, a]. Note that the product [, ] is non-associative due to the identity
(2), which is called the Jacobi identity. If for the field IK we take IK = IR (IK = C)
the Lie algebra is called a real (complex) Lie algebra. An example of a real Lie algebra
is gl(N, IR), the set of all N ×N matrices with real entries equipped with the product
[a, b] = ab− ba, where ab denotes the ordinary matrix product of a and b. The reader
not familiar with Lie algebras is encouraged to check the following statements for the
Lie algebra gl(N, IR).

A (Lie) subalgebra h of g is a vector subspace of g that is a Lie algebra; we have
[h, h] ⊂ h. For example, the real upper triangular N ×N -matrices form a subalgebra
gl(N, IR)+ of gl(N, IR).

An ideal i of g is a subalgebra of g satisfying [i, g] ⊂ i. If i is an ideal in g we can
form the coset Lie algebra g/i and every element in g/i is of the form a + i where
a ∈ g. The coset Lie algebra g/i is indeed a Lie algebra;

[x+ i, y + i] = [x, y] + i , ∀x, y ∈ g . (B.1.1)

If x′ = x+ i1, y
′ = y + i2 with i1, i2 ∈ i we have [x′ + i, y′ + i] = [x′, y′] + i = [x, y] + i

so that the product is well defined.
The derived subalgebra g′ of a Lie algebra g is the subalgebra g′ = [g, g]. It is

easy to check that g′ is a subalgebra and an ideal.
The center of a Lie algebra g is the subalgebra of all elements that commute

with every other element and is denoted Z(g). If k and h are subalgebras of g, the
centralizer of k in h consists of those elements of h that commute with every element
of k and is denoted Zh(k).

A Lie group is reductive if the Lie algebra g is such that for every ideal a there
exists another ideal b such that g = a ⊕ b. This implies that for a reductive group
the Lie algebra is of the form g = [g, g] ⊕ Z(g) [94]. It is proved in section 3.4.2 that
every compact group is reductive.

A Lie algebra g is abelian if the derived subalgebra vanishes; [g, g] = 0. The
Lie algebra of an abelian Lie group is an abelian Lie algebra and vice versa. An
abelian subalgebra is called a torus and the largest abelian subalgebra is called a
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maximal torus. This definition is sensible since the Lie algebra is assumed to be
finite-dimensional and since one can prove that two different maximal tori are related
by an isomorphism.

As remarked before, the tangent space of a group at the identity can be identified
with the Lie algebra. For matrix Lie groups, the Lie algebra is obtained by differenti-
ating the Lie group elements with respect to the coordinates on the Lie group. From
the Lie algebra one obtains the Lie group elements in a neighborhood of the origin, i.e.
the identity, by exponentiation, which is a well-defined operation for matrices (when
one restricts to a neighborhood sufficiently close to the identity). If we choose an
element x ∈ g, then the abelian subgroup X of G given by X = {exp(tx)|t ∈ I ⊂ IR},
where I is that interval on which exp(tx) is well defined, is clearly connected. It
follows that exponentiating the Lie algebra elements defines a map from the Lie al-
gebra to the component of G that is connected to the identity, called the identity

component and denoted G0.

Let g0 = g and for k > 0 put gk+1 = [gk, gk]. The series
{
g0, g1, . . .

}
is a series of

ideals. If for finite n the series terminates, that is gn = 0, then the Lie algebra g is
solvable. For example, the Lie algebra gl(N, IR)+ is solvable.

We define the following series of ideals of a Lie algebra g: {g0, g1, . . .} by g0 = g

and if k > 0, gk+1 = [g, gk]. The reader is warned that we now use lower indices
instead of the upper indices used to define solvable Lie algebras; gk 6= gk in general.
If the series {gk}k≥0 terminates for a finite n the Lie algebra g is said to be nilpotent.

A Lie algebra g is called simple if it is nonabelian and the only ideals are g and
the trivial subalgebra {0}. Since g′ is an ideal we have g′ = g if g is simple.

A Lie algebra is semisimple if it contains no solvable ideals. Every semisimple Lie
algebra g is the direct sum of simple subalgebras: g = g1 ⊕ . . .⊕ gk and [gi, gj ] = 0 if
i 6= j and g′j = gj , hence g′ = g. In particular, every simple Lie algebra is semisimple.

A derivation on a Lie algebra is a linear map D : g → g satisfying D([a, b]) =
[D(a), b] + [a,D(b)] ∀a, b ∈ g. The set of all derivations on g can be made into a Lie
algebra by defining [D1,D2] = D1 ◦ D2 − D2 ◦ D1 and this Lie algebra is denoted
Der(g). For any a ∈ g we can define a derivation called the adjoint of a by defining
ada : b 7→ [a, b]. The adjoint maps form a Lie algebra, ada◦adb−adb◦ada = ad([a, b]).
All derivations that can be written as the adjoint map of an element of g are called
inner derivations. For semisimple Lie algebras all derivations are inner derivations. A
derivation that is not inner is called outer.

The Cartan–Killing form B : g×g → C is defined as B(x, y) = trad(adx◦ady).
It is a theorem due to Cartan that the Cartan–Killing form is nondegenerate if and
only if the Lie algebra is semisimple. Note that a bilinear form B is nondegenerate if
and only if from B(u, x) = 0, ∀x ∈ g, it follows that u = 0. The Cartan–Killing form
is an invariant bilinear form on g; B([a, b], c) +B(b, [a, c]) = 0.

If the Cartan–Killing form is (strictly) negative definite a Lie algebra is called
compact. Thus only semisimple Lie algebras can be compact. The Lie group gener-
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ated by a compact Lie algebra is compact, but not vice versa.
A Lie algebra homomorphism, or just short homomorphism, from a Lie algebra

g to a Lie algebra k is a linear map φ : g → k such that φ([a, b]) = [φ(a), φ(b)], ∀a, b ∈ g.
If i is an ideal in g then the projection π : g → g/i, which maps a ∈ g to a + i, is a
homomorphism. If a homomorphism is one-to-one it is called an isomorphism. If an
isomorphism maps g to g itself it is called an automorphism.

It is often useful to think of a Lie algebra as a set of matrices satisfying some
commutation relations. The rigorous justification is due to Ado’s Theorem, which
states that every finite-dimensional Lie algebra is isomorphic to a Lie algebra of
matrices. In other words, every finite-dimensional Lie algebra over the field IK is a
subalgebra of gl(N, IK) for some N .

The Lie group G has a natural action on its Lie algebra g, called the Adjoint

action (written with capital A). For g ∈ G we write Adg : x 7→ Adg(x) x ∈ g and the
linear map Adg is an automorphism. For matrix groups A ∈ G acts on the matrix
b ∈ g as AdA : b 7→ AbA−1, i.e. by conjugation. Due to Ado’s theorem we can
always denote the Adjoint action of the group on its Lie algebra by a conjugation:
Adg(x) = U(g)xU(g)−1 for a matrix U(g) associated with the Adjoint action of g ∈ G.
Hence the map Adg is a Lie algebra homomorphism for every g ∈ G.

B.2 Representations

A representation of a Lie algebra g is a pair (ρ, V ) consisting of a vector space
V , often called the module or g-module, and a homomorphism ρ : g → End(V),
where End(V) denotes the Lie algebra of all linear maps from V to V with product
[a, b] = a ◦ b − b ◦ a, a, b ∈ End(V). A similar definition holds for a representation
of a Lie group, but then End(V) has to be replaced by GL(V ), the Lie group of
all nonsingular matrices acting on V . In the remainder we are most concerned with
Lie algebra representations but most results and definitions have a straightforward
analogue for Lie group representations.

A representation is called faithful if the homomorphism ρ : g → End(V) has
a trivial kernel; ρ(x) = 0 ⇔ x = 0. Ado’s Theorem equivalently states that every
finite-dimensional Lie algebra admits a finite-dimensional faithful representation.

A representation (ρ, V ) is reducible if there is a nontrivial proper subspace W ⊂
V such that ρ(g)W ⊂W ; W is called an invariant subspace. A representation (ρ, V )
is fully reducible if for any invariant subspace W there is an invariant subspace
W ′ such that V = W ⊕W ′. A representation (ρ, V ) is irreducible if there is no
proper nontrivial invariant subspace. Hence if (ρ, V ) is an irreducible representation
and x ∈ V is a nonzero vector, then x + ρ(g)x = V as vector spaces, i.e. the whole
module can be obtained from one single vector. For semisimple Lie algebras every
finite-dimensional representation is fully reducible. If ρ is a representation of g then
Kerρ is an ideal, and hence for simple g either the representation is trivial or faithful.
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Irreducible representations are often not denoted as a pair, but just with either ρ
or with V . In mathematical literature one often denotes an irreducible representation
with the homomorphism ρ, whereas in physics literature one uses the vector space V .

Important examples of representations are given by ad : g → Endg and Ad :
G → GL(g), where the first is a Lie algebra representation and the second is a
representation of the Lie group G associated with the Lie algebra g. If g is simple,
these representations are irreducible and faithful.

If ρ is a representation of a connected Lie group G with Lie algebra g we define
the derived representation dρ of g as follows:

g ∈ G, g = expX ⇒ ρ(g) = exp dρ(X) . (B.2.1)

The dimensions of the modules associated with ρ and dρ are the same. The derived
representation can thus be obtained by ‘differentiating’ the representation ρ.

Two representations (ρ, V ) and (ρ′, V ′) of a Lie algebra g are equivalent if there
is a nonsingular map S : V → V ′ such that ρ′(x) = Sρ(x)S−1 for all x ∈ g. Schur’s

Lemma consists of two parts; the first part states that if for two irreducible represen-
tations (ρ, V ) and (ρ′, V ′) there exists a map T : V → V ′ such that T ◦ρ(x) = ρ′(x)◦T
for all x ∈ g, then either T ≡ 0 or T is nonsingular and the representations are equiv-
alent. The second part states that if for an irreducible representation (ρ, V ) there
exist a matrix C that commutes with all representing matrices ρ(x), x ∈ g, then C is
a multiple of the identity.

If (ρ, V ) and (ρ′, V ′) are two representations of the Lie algebra g, then the tensor

product (ρ⊗ρ′, V ⊗V ′) of the two representations is defined by the following action
of a Lie algebra element x ∈ g on an element v ⊗ w of V ⊗ V ′:

(ρ⊗ ρ′)(x)(v⊗w) = ρ(x)v⊗w+ v⊗ ρ′(x)w = (ρ(x)⊗1+1⊗ ρ′(x))(v⊗w) (B.2.2)

One checks that B.2.2 indeed defines a representation.
If (ρ,V ) is a representation of g then the trace in V is an invariant form on g by

the cyclic property of the trace. We now prove the claim made in section 4.5.1 that
up to multiplicative constant, there is only one invariant metric on a complex simple
Lie algebra.

Suppose ρ is an irreducible complex representation of g with module V . Then we
define the representation ρ̃ of g in the dual space V ∗ of V by

∀x ∈ g, ω ∈ V ∗, v ∈ V : (ρ̃(x)ω)(v) = −ω(ρ(x)v) . (B.2.3)

This defines a representation and furthermore, ρ̃ is an irreducible representation.
Suppose that B is any bilinear form on V . The bilinear form induces a map

from V to V ∗, denoted β by: if v, w ∈ V then βv(w) = B(v, w). B is invariant if
B(ρ(x)v, w) = −B(v, ρ(x)w) for all v, w ∈ V and x ∈ g. If B is invariant, we have
the identity

(β ◦ ρ(x))(v) = (ρ(x) ◦ β)(v) . (B.2.4)
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Hence any invariant bilinear form B induces an intertwining map from V to V ∗. By
Schurs’ lemma either B ≡ 0 or there exists a basis of elements e1, e2, . . . in V such
that B(ei, ej) = δij .

When we consider the adjoint representation it follows that for simple complex
Lie algebras there is up to a multiplicative constant just one single invariant metric
that can be put into diagonal form with eigenvalues +1. (QED)

From the claim one can prove that for a semisimple complex Lie algebra g consist-
ing of n simple ideals, the space of invariant forms on g is n-dimensional; the trace in
any representation is completely fixed by giving n proportionality factors.

B.3 Classification of Complex Simple Lie Algebras

To understand the classification of real simple Lie algebras in section B.4 it is useful
to understand the classification of complex simple Lie algebras. We therefore briefly
review the classification of complex simple Lie algebras.

Let B be a subalgebra of the complex Lie algebra g. The normalizer of B,
denoted N(B) is the subalgebra of g containing all elements x ∈ g satisfying [x,B] ⊂
B. A subalgebra h is called a Cartan subalgebra of g if (1) h is nilpotent and (2) h is
self-normalizing; N(h) = h. Up to isomorphism there is just one Cartan subalgebra.

If g is semisimple the Cartan subalgebra h coincides with the maximal torus in g.
The Cartan–Killing form is nondegenerate on h× h. The dimension of h is called the
rank of the Lie algebra and we generically denote it by r.

Since the elements of h commute, it is possible to simultaneously diagonalize the
elements of adh and to decompose the Lie algebra into the eigenspaces. Reading off an
eigenvalue corresponding to a particular eigenvector gives rise to a linear functional
on h. We now formalize the idea; a nonzero linear functional α on h is a root if the
subspace gα defined by

gα = {x ∈ g|[h, x] = α(h)x} (B.3.1)

is nonzero. The roots form a subset ∆ of the dual h∗ of the Cartan subalgebra. The
eigenspace decomposition reads:

g = h ⊕
⊕

α∈∆

gα . (B.3.2)

The decomposition B.3.2 is called a root-decomposition.
The set ∆ is called a root system and it has the following properties

(1) The roots in ∆ span the whole of h∗.

(2) If α ∈ ∆ then −α ∈ ∆.

(3) The root system ∆ is reduced; if α ∈ ∆ the only multiples of α in ∆ are 0 and
±α
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(4) α ≡ 0 ⇔ gα = h.

(5) If α, β and α+ β are roots, then [gα, gβ ] ⊂ gα+β . If α, β are roots but α+ β is
no root, then [gα, gβ ] = 0.

(6) The eigenspaces gα for α 6= 0 are one-dimensional.

(7) If α, β ∈ ∆ and α+ β 6= 0, then the Cartan–Killing form vanishes on gα × gβ .

Since the roots span the space h∗ and the Cartan–Killing form is nondegenerate
on h there is for every α ∈ ∆ a unique element hα ∈ h such that for all k ∈ h

α(k) = B(k, hα) . (B.3.3)

Thus there is a one-to-one relation with the roots and the elements of the Cartan
subalgebra, which we use to give ∆ a symmetric bilinear form 〈, 〉:

α, β ∈ ∆ : 〈α, β〉 = B(hα, hβ) . (B.3.4)

Since 〈, 〉 is not positive definite, it does not define an inner product. Later we will
make it into an inner product on a real subspace of h.

Using a fixed basis {h1, . . . , hr} in h we can introduce an ordering in ∆. We call
a root α positive if the first nonzero number in the series α(h1), . . . , α(hr) is greater
than zero. The set of positive roots is called ∆+. A root is either positive or negative.
A root is called simple if it is positive and it is not the sum of two other positive roots.
The set of simple roots is called Π. The number of simple roots equals the rank of
the Lie algebra. We denote the simple roots by αi for i = 1, . . . , r; Π = {α1, . . . , αr}.
For the set of simple roots one can prove

(1) The simple roots αi are linearly independent and span h∗.

(2) For αi, αj ∈ Π: 〈αi, αj〉 ≤ 0.

(3) If αi and αj are simple roots, then αi − αj is no root.

(4) Every positive root is a sum of simple roots with nonnegative integer coefficients:
α ∈ ∆+; α =

∑

i niαi with ni nonnegative integers.

(5) We define the real subspace h∗
0 by h∗

0 = ⊕r
i=1IRαi, i.e. h∗

0 is the real vector
space spanned by the simple root vectors. The bilinear symmetric form 〈, 〉 on
∆ restricts to a positive definite real symmetric bilinear form on h∗

0 and hence
defines an inner product on h∗

0. Thus the simple root vectors span a real vector
space with the Euclidean inner product 〈, 〉.
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Let us now fix a nonzero root α ∈ ∆. Then there exist eα ∈ gα, fα ∈ g−α and
hα ∈ h such that

[eα, fα] = hα , [hα, eα] = 2eα , [hα, fα] = −2fα . (B.3.5)

The Lie algebra spanned by the elements eα, fα, hα is isomorphic to sl(2,C) ∼= su(2)C
for which all representations are known and treated in most quantum mechanics
textbooks. Now let us fix a second root β and consider the string of roots Sαβ ≡
{β + kα|k = 0,±1,±2, . . . ;β + kα ∈ ∆}. Since we assumed g to be finite, the string
is finite and the root space {gγ |γ ∈ Sαβ} associated with the string Sαβ forms a repre-
sentation of sl(2,C). Analyzing these strings for the simple roots and the associated
sl(2,C)-representations gives the structure of the simple complex Lie algebras.

The Cartan matrix Aij is defined as follows:

Aij = 2
〈αi, αj〉
〈αj , αj〉

. (B.3.6)

One can deduce the following properties of the Cartan matrix1:

(1) Aii = 2 and if i 6= j Aij ≤ 0.

(2) Aij is an integer, and if i 6= j then Aij = 0,−1,−2,−3.

(3) The determinant of Aij is positive; detAij > 0.

(4) We can introduce Lie algebra elements ei, fi and hi for every simple root αi

such that:

[hi, hj ] = 0 , [hi, ej ] = Ajiej , no sum,

[ei, fj ] = δijhi , [hi, fj ] = −Ajifj , no sum.
(B.3.7)

(5) From the Cartan matrix one can deduce all commutation relations and from the
elements [ei1 [. . . [eip−1

, eip
] . . .]] for p ≥ 1 one obtains all positive root generators

of the Lie algebra g. Similarly every negative root generator can be written as
a linear sum of the elements [fi1 [. . . [fip−1

, fip
] . . .]] for p ≥ 1.

The classification of complex simple Lie algebras is thus complete if one can classify
all Cartan matrices or equivalently all simple root systems Π. An elegant way of doing
this and presenting the result is by using Dynkin diagrams. A Dynkin diagram is
constructed by using for every simple root a ‘blob’ that is connected by a number of
lines. The number of lines between blob i and j equals AijAji and thus the number

1It is here that one uses the properties of the sl(2,C)-representations
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of lines is minimally 0 if 〈αi, αj〉 = 0 and maximally 3. If AijAji > 1 the simple roots
αi and αj have different lengths;

〈αi, αi〉
〈αj , αj〉

=
Aji

Aij
, (B.3.8)

and in these cases an arrow is drawn on the lines connecting blob i and j pointing in
the direction of the longer root.

From the properties of the Cartan matrix one deduces rules for a Dynkin diagram
to be a valid Dynkin diagram. Using these rules one can pictorially classify all complex
simple Lie algebras by classifying all valid Dynkin diagrams. We do not give the rules
but display the result in table B.3.1.

There are four infinite series of Lie algebras; (1) the An-series, which consists of
the sl(n− 1,C)-algebras, (2) the Bn-series consisting of the so(2n+ 1)C-algebras, (3)
the Cn-series comprising the sp(n,C)-algebras and the (4) Dn-series, which consists
of the so(2n)C-algebras. But besides the four ‘classical Lie algebras’ there are five
exceptional algebras; g2, f4, e6, e7, e8. This finishes our discussion on the classification
of complex simple Lie algebras.

Table B.3.1: Dynkin Diagrams of the Complex Simple Lie Algebras

Dynkin Diagram Name

α1 α2 αr−1 αr
Ar: sl(r − 1,C) ∼= su(r − 1,C)

α1 α2 αr−1 αr
Br: so(2r + 1)C

α1 α2 αr−1 αr
Cr: sp(r,C)

α1 αl−2

αl−1

αl

Dr: so(2r)C
Continued on next page
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Table B.3.1: continued

Dynkin Diagram Name

e6

e7

e8

f4

g2

B.4 Classification of Real Simple Lie Algebras

We now discuss the classification of real simple Lie algebras. The classification of real
simple Lie algebras is used in chapter 3. We do not prove the statements and refer
to [94,113] for the proofs.

A real form of a complex semisimple Lie algebra gc is a real semisimple Lie
algebra g such that gc

∼= (gc)IR ≡ g ⊕IR ig, where the subscript IR on the ⊕-sign
indicates that the direct sum is a direct sum of real vector spaces and hence only real
combinations of the two summands can be taken. A nice way to think of a real form
of a complex Lie algebra is by comparing it with a real line in C; every line through
the origin in C defines a real vector subspace and there are an infinite number of such
subspaces all related by rotation. For Lie algebras there are an infinite number of
real forms, but if we count two real forms that are isomorphic as one, there are only
a finite number of real forms for every complex semisimple Lie algebra.
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If g is a real simple Lie algebra, then for the complexification gc there are two
options: (1) gc = s ⊕ s where s is a simple complex Lie algebra, (2) gc is simple
as a complex Lie algebra. An example of the first option is provided by so(1, 3);
so(1, 3)C = so(3)C⊕so(3)C. On the other hand, if gc is a complex simple Lie algebra,
then every real form is a simple real Lie algebra. Therefore classifying all real forms
of simple complex Lie algebras gives a classification of all simple real Lie algebras.

Having written gc as a real Lie algebra gr = (gc)IR we see that gr admits an involu-
tive (i.e. squaring to one) automorphism that in gc acts as complex conjugation. This
motivates the introduction of a more general and abstract involutive automorphism
called the Cartan involution. A Cartan involution of a real semisimple Lie algebra
g is an involutive automorphism θ : g → g such that the bilinear form Bθ defined by
Bθ(x, y) ≡ −B(x, θy), is positive definite, where B(, ) is the Cartan–Killing form.

The bilinear form Bθ is symmetric and that the adjoint of adX with respect to
Bθ is given by −adθX;

Bθ(adX(Y ), Z) = Bθ(Y, (adX)†(Z)) ⇔ (adX)† = −adθX . (B.4.1)

Since θ is involutive, the Lie algebra splits into a positive eigenspace k, and a
negative eigenspace p, such that θ|k = +1, θp = −1 and g = k ⊕ p. Since θ is a
homomorphism, θ introduces a Z2-grading in g:

[k, k] ⊂ k, [k, p] ⊂ p, [p, p] ⊂ k. (B.4.2)

The eigenspace k is thus a Lie subalgebra on which the Cartan–Killing form is negative
definite. From equations B.4.2 it follows that the Cartan–Killing form vanishes on
k × p and hence is nondegenerate when restricted to either p or k.

With every real form g we can associate a coset G/K by taking G to be the simply
connected group G with Lie algebra g and K to be the maximal compact subgroup
of G with Lie algebra k. The coset G/K is a symmetric space and the tangent space
at any point is isomorphic to p. The inner product Bθ gives G/K a Riemannian
structure.

The action of the Cartan involution can be extended to the group G. Let g ∈ G,
then g = expX for some (unique) X ∈ g and write X = log g. Then the generalized

transpose of g is denoted g# and defined by

g# = exp(−θ log g) . (B.4.3)

When restricted to the subgroup K, the action of # is the same as inverting; if k ∈ K
then k#k = kk# = e. The push-forward of # is −θ.

The elements of adp are Hermitian linear operators with respect to Bθ. Hence g

admits an eigenspace decomposition with respect to a maximal torus a in p similar
to the root space decomposition of a complex Lie algebra with respect to its Cartan
subalgebra. The elements of a are called the noncompact Cartan generators. For µ in
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a∗ we define the subspace gµ = {x ∈ g|[A, x] = µ(A)x,∀A ∈ a} and a nonzero element
µ of a∗ for which gµ is nonzero is called a restricted root. The set of restricted roots
is denoted Σ. The eigenspace decomposition of g with respect to a reads:

g = g0 ⊕
⊕

λ∈Σ

gλ , g0 = a ⊕ Zk(a) , (B.4.4)

where Zk(a) denotes the centralizer of a in k, i.e. the set of all elements k that commute
with a.

The restricted roots have some properties that are similar to those of the roots of
the complex simple Lie algebras:

(1) The restricted roots in Σ span a subspace of h∗.

(2) µ ∈ Σ ⇔ −µ ∈ Σ.

(3) If µ, ν and µ+ ν are restricted roots, then [gµ, gν ] ⊂ gµ+ν . If µ, ν are restricted
roots but µ+ ν is no restricted root, then [gµ, gν ] = 0.

(4) If µ is a restricted root then the only multiples of µ that can also be restricted
roots are ±2µ, ±1µ and ± 1

2µ, but if 2µ is a restricted root, then 1
2µ is not a

restricted root and vice versa.

(5) If µ, ν ∈ ∆ and µ− ν 6= 0, then the inner product Bθ vanishes on gµ × gν .

(6) The inner product Bθ vanishes on a × Zk(a) and is nondegenerate on a.

(7) The dimension of the root space gµ, called the multiplicity of µ, can exceed 1;
m(µ) ≡ dim gµ ≥ 1.

Although the properties are similar, important differences occur; especially properties
(4) and (7) are important differences.

Since Bθ and B are nondegenerate on a there exists for every µ ∈ Σ a unique
nonzero Aµ ∈ a such that B(Aµ, A) = µ(A) for all A ∈ a. Hence we can define an
inner product on Σ through 〈µ, ν〉 = B(Aµ, Aν).

The set of restricted roots can be given an ordering > in a similar way as the roots
of a complex simple Lie algebra. The set of positive restricted roots with respect to
this ordering is denoted Σ+. A restricted root is simple if it is positive and it is not
the sum of two other positive restricted roots. We denote the set of simple restricted
roots by Σ0. If we denote l = dim a then there are l simple restricted roots λi that
span a∗. For the simple restricted roots one can define the integer-valued Cartan

matrix Aij = 2
〈λi,λj〉
〈λj ,λj〉 and draw a Dynkin diagram in an analogous way as for the

simple roots of a simple complex Lie algebra.
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We define n =
⊕

µ∈Σ+ gµ. The subalgebra n is nilpotent and the subalgebra a⊕ n

is solvable. The Iwasawa decomposition of a real simple Lie algebra reads:

g = k ⊕ a ⊕ n. (B.4.5)

The Iwasawa decomposition provides us with a parametrization of the coset G/K
through G/K ∼= exp a exp n. Due to this parametrization the dilatonic coupling vec-
tors of section 3.3.2 are identified with the positive restricted roots.

The simple real Lie algebras can be classified using the above concepts plus some
other material, which is not needed to understand the text in this thesis and which
is therefore omitted in this appendix. To characterize a real form uniquely we need
to specify the Dynkin diagram for Σ0 (or equivalently the Cartan matrix) and the
multiplicities m(λi) and m(2λi) for all simple restricted roots λi ∈ Σ0. In table B.4.1
we present the Dynkin diagrams of the set of simple restricted roots for all possible
simple real algebras g that are not of the form g̃ ⊕IR ig̃ and give the associated
maximally noncompact coset G/K, where G is the simply connected real Lie group
with Lie algebra g and K is the maximal compact subgroup of G with Lie algebra k.
Table B.4.1 is of use for recognizing the coset structure of the scalars in dimensionally
reduced supergravity theories as explained in section 3.3.2.

The multiplicities m(λi) and m(2λi) for the simple restricted roots are presented
in table B.4.2 for the simple real Lie algebras. The labelling of the simple restricted
roots as in table B.4.1 is also used in table B.4.2. The number r is the rank of the
complexified Lie algebra.

Table B.4.1: Restricted root diagrams and associated cosets G/K.

Restricted Root Diagram Type

λ1 λ2 λr−1 λr
AI :SL(n; IR)/SO(n)

l = r = n − 1

λ2 λ4 λ2l−2 λ2l
AII :SU∗(2n)/Sp(n)

l = 2r − l = n − 1

λ1 λ2 λr−1 λr

AIII :SU(p, q)/S(Up × Uq)

l = min(p, q), r = p + q − 1

If 2 ≤ l ≤ r/2

Continued on next page
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Table B.4.1: continued

Restricted Root Diagram Type

λ1 λ2 λr−1 λr
If r = 2l − 1

λ1
AIV :SU(n, 1)/SU(n)

l = r + 1 = n

λ1 λl
BI : SO(p,q)

SO(p)×SO(q)
; p + q odd

2 ≤ l = min(p, q) ≤ r

λ1
BII :SO(2p, 1)/SO(2p)

l = 1, r = p

λ1 λ2 λr−1 λr
CI :Sp(n, IR)/U(n)

l = r = n

λ2 λ4 λ2l

CII : Sp(p,q)
Sp(p)×Sp(q)

l = min(p, q)

If 1 ≤ l ≤ 1
2
(r − l)

λ2 λ4 λ2l If 2 ≤ l = r/2

λ1 λ2 λr−1 λr

DI : SO(p,q)
SO(p)×SO(q)

, p + q even

l = min(p, q);

If 2 ≤ l ≤ r − 2

Continued on next page
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Table B.4.1: continued

Restricted Root Diagram Type

λ1 λ2 λr−1 λr
If r = l + 1.

λ1 λl−2

λl−1

λl

If r = l.

λ1
DII :SO(2r−1,1)

SO(2r−1)
, r 6= 3

l = 1

λ2 λ4 λ2l

DIII :SO∗(2n)
U(n)

l = [n/2]

If r = 2l

λ2 λ4 λ2l If r = 2l + 1

EI :E6(6)/Sp(4).

l = r = 6

λ2 λ4 λ3 λ1
EII :

E6(2)

SU(6)×SU(2)
.

l = 4

λ2 λ1
EIII :

E6(−14)

SO(10)×U(1)
.

l = 2

Continued on next page
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Table B.4.1: continued

Restricted Root Diagram Type

λ1 λ6
EIV :

E6(−24)

F4
.

l = 2

EV :E7(7)/SU(8).

l = r = 7

λ1 λ3 λ4 λ6
EVI :

E7(−5)

SO(12)×SU(2)
.

l = 4

λ1 λ6 λ7
EVII :

E7(−25)

E6×U(1)
.

l = 3

EVIII :E8(8)/SO(16).

l = r = 8

λ8 λ7 λ6 λ1
EIX :

E8(−24)

E7×SU(2)
.

l = 4

FI :
F4(4)

Sp(3)×SU(2)
.

r = l = 4

λ1
FII :F4(−20)/SO(9).

l = 1

Continued on next page
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Table B.4.1: continued

Restricted Root Diagram Type

G:
G2(2)

SU(2)×SU(2)
.

l = r = 2

Table B.4.2: Multiplicities of the restricted simple roots

Type mλi
m2λi

AI ∀i 1 0
AII ∀i 4 0
AIII ; 2 ≤ l ≤ r

2 i < l 2 0
i = l 2(r − 2l + 1) 1

AIII ; r = 2l − 1 i < l 2 0
i = l 1 0

AIV 2(r − 1) 1
BI i < l 1 0

i = l 2(r − l) + 1 0
BII ∀i 2r − 1 0
CI ∀i 1 0
CII ; 1 ≤ l ≤ 1

2 (r − 1) i < 2l 4 0
i = 2l 4(r − 2l) 3

CII ; 2 ≤ l = 1
2r i < 2l 4 0

i = 2l 3 0
DI ; 2 ≤ l ≤ r − 2 i < l 1 0

i = l 2(r − l) 0
DI ; l = r − 1 i < l 1 0

i = l 2 0
DI ; l = r ∀i 1 0
DII ∀i 1 0
DIII ; r = 2l i < 2l 4 0

i = 2l 1 0
DIII ; r = 2l + 1 i < 2l 4 1
EI ∀i 1 0
EII i = 2, 4 1 0

i = 1, 3 2 0
EIII i = 1 8 1

i = 2 6 0
Continued on next page
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Table B.4.2: continued

Type mλ m2λ

EIV ∀i 8 0
EV ∀i 1 0
EVI i = 1, 3 1 0

i = 2, 4 4 0
EVII i = 1, 6 8 0

i = 7 1 0
EVIII ∀i 1 0
EIX i = 1, 6 8 0

i = 7, 8 1 0
FI ∀i 1 0
FII ∀i 8 7
GI ∀i 1 0

B.5 Elements of Geometry on Compact Lie Groups

In this section we briefly review some differential geometry on semisimple compact
Lie groups that is used in section 3.4. Some concepts are already explained in the
thesis and hence are not repeated here or only briefly. We prove little and the reader
interested in the proofs is referred to the literature [5,6,8,113,118]. In the end of this
section when we discuss cohomological properties of compact Lie groups, we give a few
easy and (hopefully) insightful examples for the reader not familiar with cohomology
on compact Lie groups.

A group acts on itself in two ways; by left multiplication La : g 7→ ag for
a, g ∈ G and right multiplication Ra : g 7→ ga for a, g ∈ G. A vector field X is
left-invariant if (La∗X)ag = Xag and right-invariant if (Ra∗X)ag = Xag, where
La∗ (Ra∗) is the push-forward of La (Ra) and Xp denotes the vector field X at p.

The tangent space of the identity TGe is isomorphic to the Lie algebra of G, which
we denote by g. Let us fix a basis of vectors t1, . . . , tn for TGe. We define for each ta
a vector field τa by putting (τa)x = Lx∗ta for any x ∈ G. The vector fields τa are left-
invariant. On the other hand, a left-invariant vector field is completely determined
by its value at the identity. Hence the left-invariant vector fields are in one-to-one
correspondence with the Lie algebra.

The Lie bracket between two left-invariant forms is again left-invariant, which
implies that there should be constants Cab

c such that

[τa, τb] = Cab
cτc . (B.5.1)

A left-invariant p-form ω(p) satisfies L∗
gω

(p)
ga = ω

(p)
a where L∗

g is the pull-back of
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Lg. Suppose we define a basis {s1, . . . , sn} of g∗ such that si(tj) = δi
j . But TG∗

e
∼= g∗

and hence we can identify with every sa a one-form at the identity (σa)0. For any
other g ∈ G we define (σa)g = Lg−1∗(σa)0 and hence the σa are globally defined left-
invariant one-forms dual to the left-invariant vector fields τb satisfying σa(τb) = δa

b .
They satisfy the Maurer–Cartan equation

dσa + 1
2Cbc

aσb ∧ σc = 0 . (B.5.2)

The algebra of left-invariant forms is finite-dimensional and generated by the left-
invariant one-forms over IR; every left-invariant p-form ω(p) can be written as ω(p) =

ω
(p)
a1...apσ

a1 ∧ . . . ∧ σap where the ω
(p)
a1...ap are real constants.

A left-invariant metric g on G satisfies g(Lh∗X,Lh∗Y )|ha = g(X,Y )|a for all
vector fields X,Y and all h, a ∈ G. If we take any positive-definite metric η on
g ∼= TGe, the metric η can be extended to a left-invariant metric g on G by putting:

g = ηabσ
a ⊗ σb, ηab = η(ta, tb) . (B.5.3)

A similar discussion holds for a right-invariant metric and if G is simple, the only
left-invariant metric that is also right-invariant is the one where the metric η is pro-
portional to the Cartan–Killing metric of g.

A left-invariant (right-invariant) vector-field translates right-translations (left-trans-
lations). Under an infinitesimal left-translation a field Φ varies as δΦ = LXΦ, where
LX denotes the Lie derivative along X and X = ǫaXa is a right-invariant vector field.
Hence an alternative way of stating left-invariance is that the Lie derivative along a
right-invariant vector field vanishes. Since left-multiplication and right-multiplication
commute, the commutator of a left-invariant vector field with a right-invariant vector
field vanishes. This is consistent with the invariance of the vector fields, since the
variation under an infinitesimal left-translation of a left-invariant vector field XL is
given by 0 = δXL = LYR

(XL) = [YR,XL] for a right-invariant vector field YR.
On a compact Lie group there is up to multiplicative constant a unique bi-invariant

integration measure µ:
∫

G

dµ(x)f(ax) =

∫

G

dµ(x)f(xa) =

∫

G

dµ(x)f(x) . (B.5.4)

The measure µ is called the Haar measure. Since µ′ = σ1∧. . .∧σn, where n = dimG,
is a left-invariant form of maximal rank we can take µ′ to be the integration measure.
If we define µ = µ′/

∫

G
σ1 ∧ . . . ∧ σn then the volume of G is normalized to 1 with

respect to the measure µ.
If the Lie group G is equipped with the bi-invariant metric we have for any p-form

on G:
Lg∗ ⋆ ω

(p) = ⋆Lg∗ω
(p) . (B.5.5)

Hence if ω is left-invariant then also ⋆ω.
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A form ω is closed if dω = 0 and exact if there is a form λ such that ω = dλ.
Any exact form is also closed.

We call Λp the space of all p-forms on G and Λ = ⊕n
p=0Λp the exterior algebra

with product ∧. Every Λp is a vector space. Within each Λp we define two subspaces:
Ωp is the subspace of all closed p-forms and Zp is the space of all exact p-forms. We
have Zp ⊂ Ωp since d2 = 0.

We define an equivalence relation ∼ in Ωp by ω ∼ η if ω − η = dλ with λ ∈ Λp−1;
i.e. two closed p-forms are equivalent if they differ an exact p-form. The vector space
obtained by dividing out this equivalence relation is called the pth cohomology

class and denoted Hp;

Hp ≡ Ωp

Zp
. (B.5.6)

We define the cohomology algebra H by H = ⊕n
p=0H

p and equip H with the
product ∧.

The pth Betti number is the dimension of the real vector space Hp and is
denoted bp; bp = dimIRH

p. The Betti numbers are so-called topological invariants2.
If one changes the manifold M in a smooth way - that is, no cutting and pasting
allowed - then the Betti numbers stay the same. As an example, a tea cup has the
same Betti numbers as a donut, since one can deform a tea cup in a continuous way
to a donut. But a solid sphere cannot be deformed in a continuous way into a donut,
since to get the ear of the cup we need to pinch a hole in the solid sphere.

From the Betti numbers one calculates the Euler characteristic:

χ =

n∑

r=0

(−1)rbr . (B.5.7)

The Euler characteristic is also a topological invariant.
Due to a theorem of Hopf and Poincaré the Euler characteristic of a compact

manifold vanishes if there exists a nowhere vanishing vector field. Since a compact
Lie group admits a set of nowhere vanishing vector fields by means of the left-invariant
vector fields τa (they are nowhere vanishing because the duals σb exist) it has vanishing
Euler characteristic.

On a compact n-dimensional manifold the rth and (n − r)th Betti numbers are
related by Poincaré duality: br = bn−r. Thus odd-dimensional compact manifolds
always have vanishing Euler characteristic.

If a compact Lie group G is connected we have b0 = bn = 1. A zero-form with van-
ishing exterior derivative is given by a constant, but if the manifold is not connected,
then on every connected piece the constant may take different values.

The theorem of Chevalley and Eilenberg states that in calculating the Betti
numbers on a compact Lie group one can restrict to the left-invariant forms. That is,

2Note that we are using a broad definition of geometry; geometry in our sense also includes
topological aspects.
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the cohomology algebra of Λ(G), which is infinite-dimensional, gives the same Betti
numbers as the cohomology algebra generated by the left-invariant forms, which is
finite-dimensional.

As an example, we calculate the Betti numbers of SU(2). We choose a basis
{t1, t2, t3} of su(2) such that the structure constants are given by [ta, tb] = ǫabctc.
Since SU(2) is connected we have b0 = b3 = 1. To obtain b1 we take a left-invariant
one-form ω = ωaσ

a with constant ωa. Demanding that it is closed gives: ωaǫabc = 0,
from which it follows that ωa = 0 and hence Ω1 = 0 and thus b2 = b1 = 0.

As another example we extend this result and show that on any compact semi-
simple Lie group the first Betti number always vanishes. Suppose ω = ωaσ

a is closed,
then ωaCbc

a = 0 for all b, c. It follows that ω, seen as a linear functional on the Lie
algebra g, vanishes on the derived algebra [g, g]. But for semisimple Lie groups the
derived algebra coincides with the Lie algebra: g = [g, g] and hence ωa = 0 and hence
Ω1 = 0. Hence b1 = bn−1 = 0.

To calculate the Betti numbers of the Cartesian product of two compact manifolds
M and N one uses the Künneth formula:

bk(M ×N) =
∑

p+q=k

bp(M)bq(N) . (B.5.8)

As an example, we calculate the Betti numbers of an n-torus Tn, which is the
Cartesian product of n circles. The Betti numbers of a circle are easily found using
Poincaré duality and connectedness of S1: b0 = b1 = 1. Hence we find

bk(Tn) =
∑

m1+...+mn=k;mi=0,1

1 =

(
n

k

)

. (B.5.9)

Every compact group is reductive (a proof is given in section 3.4.2) and hence the
Lie algebra is of the form: g = [g, g] ⊕ Z(g) where Z(g) is the center. The center
corresponds precisely to the toroidal directions of G; exp g ∼= U(1)dim Z(g)×exp([g, g]).
Using this it is not too hard to prove that for a compact group G we have b1 =
dimZ(g).

From the Künneth formula it follows that the Euler characteristic of the product
of two compact manifolds is simply the product of the Betti numbers:

∑

k=0

(−1)kbk(M ×N) =
∑

k

∑

p+q=k

(−1)p+qbp(M)bq(N) = χ(M)χ(N) . (B.5.10)

Since the Euler characteristic of a circle vanishes (b0 − b1 = 1 − 1 = 0), the Euler
characteristic of an n-torus vanishes. This is in agreement with the fact that an n-
torus is isomorphic to the compact Lie group U(1)n, which admits n nowhere vanishing
left-invariant vector fields.





Appendix C

Spinors and Clifford Algebras

In this appendix we give a short summary on general spinor representations and give
a few specific properties of spinors of SO(1, 9), SO(1, 3) and SO(6) together with the
conventions we used for spinors and Γ-matrices. This appendix is based on [33, 45].
Some finite-group theory is used; the reader not familiar with the theory of finite
groups is referred to the literature, e.g. [186,187].

C.1 General Spinor Representations

In essence, spinors are nothing more than the vectors in specific representations of the
Lie algebras so(p, q) or, equivalently, of the Lie groups SO(p, q). These representations
are called spinor representations and they cannot be obtained from tensor products
of the fundamental representation. The fields that are described by spinors are called
fermions. To obtain spinor representations we first construct representations of the
Clifford algebra, from which we can extract the spinor representations.

C.1.1 Clifford Algebra Representations

In a flat space-time1 with signature (t, s), where s ( t ) denotes the number of positive
(negative) eigenvalues of the metric ηab, the Clifford algebra is an algebra generated
by d = s+ t objects Γa, called generators, with the multiplication rule:

ΓaΓb + ΓbΓa = 2ηab . (C.1.1)

We restrict ourselves first to space-times with signature (0, s+ t), since multiplying t
generators Γa’s by i we obtain a Clifford algebra for signature (t, s).

1We first develop the theory for flat space-times and later make the link with curved space-times.
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A (complex) representation of the Clifford algebra is provided once we have a
(complex) matrix representation for every generator Γa such that C.1.1 is satisfied.
By multiplying these matrices the whole representation is generated.

In a first step we build a finite group from the generators, since then we can
apply the well-known representation theory of finite groups. To this end, we first
introduce some notation: Γa1...ap

is zero unless the ai are all different and in then
Γa1...ap

= Γa1
· · ·Γap

2. The generators Γa generate the finite group Cd with elements:

Cd = {±1,±Γµ,±Γµ1µ2
, . . . ,±Γµ1...µd

} . (C.1.2)

The product between two elements of Cd is again in Cd and is completely determined
by the relation C.1.1. The number of elements in Cd, called the order of Cd and
denoted #Cd, is given by

#Cd = 2

d∑

p=0

(
d

p

)

= 2d+1 . (C.1.3)

Before we go into more detail we need to choose whether d is even or odd.

d Even

The number of inequivalent irreducible representations of a finite group equals the
number of conjugacy classes. For even d the conjugacy classes of Cd are found to be

[+1], [−1], [Γa], [Γa1a2
], . . . , [Γa1...ad

] , (C.1.4)

giving 2d + 1 inequivalent irreducible representations of Cd.

Now we prove the following lemma (it is little proved in the literature, hence we
provide a simple proof).

Lemma C.1.1. The number of inequivalent irreducible one-dimensional representa-
tions of a finite groupG is given by the orderG divided by the order of the commutator
subgroup Com(G), which is by definition generated by the elements aba−1b−1, for all
a, b ∈ G.

Proof. Since gaba−1b−1g−1 = gag−1gbg−1(gag−1)−1(gbg−1)−1 the commutator sub-
group is a self-conjugate subgroup: gCom(G)g−1 = Com(G), ∀g ∈ G. Hence
G/Com(G) is a group. The elements of G/Com(G) are the equivalence classes defined
in G by g ∼ h if and only if there is a ∈ Com(G) such that g = ah.

2It is sometimes convenient to think of Γaa...ap as the antisymmetrized product, but then we
need to sum products, which is not defined in a group.
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Take two elements x, y ∈ G/Com(G): xy ∼ xyy−1x−1yx ∼ yx and henceG/Com(G)
is an abelian group. Hence all irreducible representations are one-dimensional3. Since
G/Com(G) is abelian, the number of conjugacy classes in G/Com(G) equals the order
ofG/Com(G). Therefore there are #(G/Com(G)) = #G/#Com(G) one-dimensional
inequivalent irreducible representations of G/Com(G). The lemma is thus proved if
we have proved that there is a one-to-one correspondence between the irreducible
representations of G/Com(G) and the one-dimensional irreducible representations of
G.

Let ρ be an irreducible representation of G/Com(G). Then it is one-dimensional
and we can extend it to an irreducible one-dimensional representation of G (it is
irreducible since it is one-dimensional) if we put ρ = 1 on Com(G). But if we
have a one-dimensional irreducible representation σ of G then automatically we have
σ(aba−1b−1) = 1. Thus σ = 1 on Com(G) and σ is an irreducible representation of
G/Com(G).

For Cd we have Com(Cd) = {−1,+1} and thus there is precisely one irreducible
representation of Cd that is not one-dimensional and we denote it ρs(Cd). For spinor
representations we do not need the one-dimensional representations and hence we
discard them.

To get the dimension n of ρs(Cd) we use that for a finite group G we have #G =
∑

ρ(nρ)2, where nρ is the dimension of the representation ρ and the sum is over all
inequivalent irreducible representations. For Cd we have

2d+1 = 2d · 12 + n2 ⇒ n = 2(d/2) . (C.1.5)

As an aside, for d = 2 one finds n = 2 and the representation is generated by two
out of the three Pauli matrices. The reader is motivated to check the statements of
section C.1.2 for this Clifford algebra.

d Odd

The conjugacy classes are now given by:

[+1], [−1], [Γa], . . . , [Γa1...ad−1
], [Γa1...ad

], [−Γa1...ad
] . (C.1.6)

Hence there are 2d + 2 irreducible inequivalent representations. We have Com(Cd) =
{−1,+1} and hence there are 2 inequivalent irreducible representations of dimension
greater than one. The element Γ12···d commutes with every other element and accord-
ing to Schur’s lemma is diagonal, so we write Γ12···d = c1 and we have Γ12···d−1 = cΓd,

3The reader is warned that this statement follows from Schurs’ Lemma, which only holds for
complex representations.
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which can be squared to give:

(Γ12···d−1)2 = (−1)
d(d−1)

2 = (−1)
d−1
2 = c2 . (C.1.7)

The second equality follows since d is odd. Hence if d = 1(mod4) we have c = ±1 and
if d = 3(mod4) we have c = ±i. The two choices correspond to the two inequivalent
irreducible representations of dimension greater than one. So, in odd dimensions, the
last matrix Γd is given by a multiple of the product of the others, which form a Clifford
algebra for d′ = d − 1, which is even. Hence the Clifford algebra representations are
obtained from the unique Clifford algebra in one dimension lower and hence the

dimension of the representation is n = 2
d−1
2 . So for any dimension (odd or even) we

have n = 2[
d
2 ].

C.1.2 Properties of Clifford Algebra Representations

We now briefly turn to some special properties of the Clifford algebra representations
while focussing on the case d even, since the case d odd is quickly recovered from the
Clifford algebra representation of one dimension lower. We focus on zero (t = 0) and
one (t = 1) time-like directions, i.e. on space-time signatures (0, d) and (1, d − 1),
since these are of special interest to us. For t = 1 the direction a = 1 correspond to
the time-like direction, hence (Γ1)2 = −1.

For a finite group every representation is equivalent to a unitary representation
and hence we may assume the Γ-matrices to be unitary. From relation C.1.1 we have:

Γ†
a = Γa , t = 0 ,

Γ†
a = Γ1ΓaΓ1 , t = 1 .

(C.1.8)

The matrices4 ΓT
a and −ΓT

a also represent the Clifford algebra and hence by
uniqueness of the representation ρs(Cd) there should be matrices C± such that

ΓT
a = C+ΓaC

−1
+ , −ΓT

a = C−ΓaC
−1
− . (C.1.9)

The matrices C± are called charge conjugation matrices5.
The matrices C± have symmetry and unitarity properties that are independent of

a choice of basis and using a particular basis one can show (see e.g. [45]):

CT
± = (−1)

d(d∓2)
8 C± , C†

±C± = 1 . (C.1.10)

Using equation C.1.10 one can obtain the symmetry properties of CΓa1...ap

6.

4The matrix representing Γa are also denoted Γa to avoid clumsy notation.
5The choice of name is not very satisfactory. See also [45].
6The Γ-matrices itself have no definite symmetry properties.
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The matrices ±Γ∗
a also represent the Clifford algebra and hence by uniqueness of

the representation ρs(Cd) there should be matrices B± such that

Γ∗
a = B+ΓaB

−1
+ , −Γ∗

a = B−ΓaB
−1
− . (C.1.11)

Since Γ∗
a = (Γ†)T we have:

ΓaC
−1
± B± = C−1

± B±Γa , t = 0 ,

B−1
∓ (C±Γ1)

T
Γa = ΓaB

−1
∓ (C±Γ1)

T
, t = 1 .

(C.1.12)

Using Schur’s lemma we see that C−1
± B± and B−1

∓ (C±Γ1)
T

must be diagonal for
t = 0 respectively t = 1. Since B± is defined up to a phase, we can choose:

B± = C± , t = 0 ,

BT
± = C∓Γ1 , t = 1 .

(C.1.13)

Since C± and Γ1 are unitary, so are B±. From the unitarity of B± and the above
equations one concludes:

B±B
∗
± = (−1)

d(d∓2)
8 1 , t = 0 ,

B±B
∗
± = ∓(−1)

d(d±2)
8 1 , t = 1 .

(C.1.14)

The chirality matrix is important for the discussion on spinor representations. In
d dimensions the chirality matrix is denoted Γd+1 and defined by:

Γd+1 = (−i)
d
2 Γ1 · · ·Γd , t = 0 ,

Γd+1 = (−i)
d+2
2 Γ1 · · ·Γd , t = 1 .

(C.1.15)

In odd dimensions Γd+1 is proportional to the identity. But in even dimensions it
has the important properties that it (1) is Hermitian Γ†

d+1 = Γd+1, (2) squares to
one (Γd+1)2 = 1 - so it is also unitary - (3) anticommutes with all generators of the
Clifford algebra; ΓµΓd+1 = −Γd+1Γµ.

We conclude this section on the properties of the Clifford algebra by discussing
the Clifford algebra in curved space-times. The Γ-matrices Γµ for a curved space-
time are obtained from the Minkowskian Γ-matrices Γa by contracting with vielbeins:
Γµ = ea

µΓa. The curved index µ on Γµ can be raised with the inverse metric gµν . The
matrices Γµ1...µp

thus transform as tensors under general coordinate transformations.
The Minkowskian Γ-matrices Γa transform under local Lorentz transformations, but
how we discuss in the next section.
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C.1.3 Introducing the Spinors

Given a representation of the Clifford algebra in d dimensions, we can form the 1
2d(d−

1) elements Σab = 1
2Γab, which satisfy

[Σab,Σcd] = ΣabΣcd − ΣcdΣab = ηbcΣad + ηadΣbc − ηacΣbd − ηbdΣac . (C.1.16)

Hence the elements Σab form a representation of the Lie algebra so(d) if t = 0 or
so(1, d − 1) if t = 1. This representation might be reducible so we investigate how
reducible this representation is and split this representation into irreducibles. The
‘vectors’ in these (irreducible) representations are called (irreducible) spinors and one
can prove that no tensor product of any number of vector representations of so(d) or
so(1, d) gives a spinor representation. Even more, one can prove that by taking tensor
products of the vector and spinor representations, one obtains all representations of
the Lie algebra so(d) or so(1, d− 1) (see e.g. [76]).

There are two conditions to be imposed on a spinor to render irreducibility. The
first condition is a chirality condition while the second condition is a reality condition.

We first discuss how to obtain the irreducible spinors by applying the above men-
tioned conditions and then discuss some properties of spinors and their bilinears.
Again it is assumed that d is even and we only make a few statements about odd d.

Chiral Fermions

The matrix Γd+1 commutes with all generators Σµν and hence the spinors can be
decomposed into eigenspinors of Γd+1. Since Γd+1 squares to one its eigenvalues
are ±1 and we can form the projection operators P± = 1

2 (1 ± Γd+1). The spinor
space V splits into two subspaces V± of equal dimension and with zero intersection;
V = V+ ⊕ V− and Γd+1|V±

= ±1.
If a fermion satisfies Γd+1ψ = ψ we call it a fermion of positive chirality and if

Γd+1ψ = −ψ we call it a fermion of negative chirality.
In odd dimensions the matrix Γd+1 is a multiple of the identity and thus every

spinor has the same chirality.
A chiral fermion - i.e. a fermion of definite chirality - has to be massless. This

can be seen as follows. The Dirac equation for a spin 1/2 spinor ψ with mass m is

(Γµg
µν∂ν −m1)ψ = 0 . (C.1.17)

Acting on equation C.1.17 with Γd+1 and using {Γµ,Γd+1} = 0 gives

(Γµg
µν∂ν +m1)ψ = 0 , (C.1.18)

and hence mψ = 0, which can only be satisfied for a nontrivial fermion if m = 0.
Chiral fermions (spinors) are also called Weyl fermions (spinors).
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Majorana Fermions

The spinor representations are by construction complex (since we used Schurs’ Lemma
to obtain the representations of the group Cd). Let us investigate the possibility to
obtain real representations. We look for a condition of the form ψ∗ = Lψ for some
matrix L. We now prove that L should be a multiple of B±.

The condition ψ∗ = Lψ should be invariant under the transformations ψ 7→ Γµνψ,
which implies that B−1

± L commutes with all the Γµν . However, the Γµν do not
generate the whole group Cd (for even d) and we cannot use Schurs’ Lemma directly.
But the Γµν generate the Lie subalgebra so(1, d − 1) for t = 1 and so(d) for t = 0.
Hence we can use Schurs’ Lemma applied to the spinor representation and acting on
irreducible spinors the matrix B−1

± L should render scalar multiplication: B−1
± Lψ =

αψ for a complex number α. This proves the claim and so we put

ψ∗ = αB±ψ . (C.1.19)

Demanding ψ∗∗ = ψ gives |α|2B±B∗
± = 1 and hence using C.1.14 we have |α| = 1

and B±B∗
± = 1. This thus puts restrictions on the choice of B± and even on space-

time dimensions and signatures. For example, if d = 4 and t = 0 we have B±B∗
± = −1

and no reality condition can be imposed on the spinors.

If it is possible to impose C.1.19 the spinor space V splits into two real subspaces.
A spinor satisfying ψ∗ = αB+ψ is called a Majorana spinor and the field it describes
is a Majorana fermion and likewise, the spinors satisfying ψ∗ = αB−ψ are called
pseudo-Majorana spinors and they describe pseudo-Majorana fermions.

A pseudo-Majorana fermion is necessarily massless since taking the complex con-
jugate of C.1.17 we obtain:

0 =
(
−B−Γµ∂

µB−1
− −m1)B−ψ = −B− (Γµ∂

µ +m1)ψ . (C.1.20)

Hence mψ = 0 and for nontrivial ψ this implies m = 0.

Now let us comment on the complex number α. Its value can be fixed using
physical arguments; one can fix α by demanding that the action is Hermitian or that
the supersymmetry algebra gives rise to a positive definite Hamiltonian. In this thesis
we mainly deal with Minkowskian signatures and α can be fixed to be +i following
the discussion in Appendix A of [45].

In odd dimensions one uses the representation of the Clifford algebra of one di-
mension less. The last Γ-matrix is given by Γd = cΓ012...d−1, where c is determined
up to a sign by (Γd)2 = 1 and thus depends on t and d. But we have either c = ±i or
c = ±1. Using Γ∗

d = c∗B±Γ012...d−1B
−1
± one sees that in odd dimension we can either

work with B+ if c = ±1 or with B− if c = ±i.
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Majorana–Weyl Spinors

Sometimes it is possible to impose both a reality condition and a chirality condition.
Hence we require ψ = P±ψ and ψ∗ = αB±ψ. Consistency requires B±P± = (P±)∗B±.
Using C.1.15 and the fact that we are working with d even, we obtain

Γ∗
d+1 = (−1)

d
2B±Γd+1B

−1
± , t = 0 ,

Γ∗
d+1 = (−1)

d+2
2 B±Γd+1B

−1
± , t = 1 .

(C.1.21)

We see that the chirality condition and the reality condition can only imposed simul-
taneously if d/2 is even for t = 0 and if d+2

2 for t = 1, but the reality constraint
(B±B∗

± = 1) and chirality constraint (d even) still have to be satisfied too. A spinor
that is both (pseudo-) Majorana and Weyl, is called a Majorana–Weyl spinor.

When Majorana–Weyl spinors exist, both B+ and B− can be used to impose the
reality condition C.1.19. One can show that the choice of B± can be traded for the
choice of B∓ by simply redefining α (see e.g. [45]).

Dirac and Majorana Conjugates

In space-times with signature t = 1, the most interesting for our purposes, one defines
the Dirac conjugate ψ̄D of a spinor ψ by

ψ̄D ≡ ψ†Γ1α
−1 . (C.1.22)

The Majorana conjugate ψ̄M is defined as

ψ̄M = ψTC± . (C.1.23)

Hence the reality condition C.1.19 can be rephrased as ψ̄M = ψ̄D.

Counting Degrees of Freedom

We now show briefly how the count on-shell degrees of freedom for fermions in space-
times with signature t = 1. As usual, to count degrees of freedom we ignore any
interactions and consider a freely moving particle.

Suppose ψ describes a spin 1/2 fermion and ψ satisfies the massless Dirac equa-
tion: Γµ∂

µψ = 0. We choose a frame in which the particle has momentum kµ =
(E,E, 0, . . . , 0), which is a null-vector; k2 = 0. In momentum-space the Dirac equa-
tion reads −EΓ1(1− Γ1Γ2)ψ = 0. But 1

2 (1− Γ1Γ2) is a projection operator and we
have 1 = 1

2 (1−Γ1Γ2) + 1
2 (1+ Γ1Γ2) so that the equation of motion projects out half

of the off-shell degrees of freedom for a massless fermion.
Now consider a massive spin 1/2 fermion λ satisfying (Γµ∂

µ − m1)λ = 0. We
can go to the rest frame in which the momentum reads kµ = (m, 0, . . . , 0). The
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Dimension c(d) pM,M,W,MW
2 0 MW
4 2 M or W
6 4 W
8 8 pM or W
10 8 MW
12 32 M or W

Table C.1.1: Properties of spin 1/2 fermions in even space-times with signature t = 1. The

on-shell degrees of freedom are called c(d) and pM , M , W and MW mean pseudo-Majorana,

Majorana, Weyl and Majorana–Weyl respectively.

Dirac equation in momentum-space reads (imΓ1 −m1)λ = 0. Again we recognize in
1
2 (1− iΓ1) a projection operator that precisely splits the spinor space in two parts of
equal size since 1 = 1

2 (1− iΓ1) + 1
2 (1+ iΓ1). Hence also the massive Dirac equation

projects out half of the off-shell degrees of freedom.
Now we need to know the off-shell degrees of freedom for a spin 1/2 fermion.

But this is just the number of independent real components of a spinor. Since the
representation ρs(Cd) of the Clifford algebra for even d is of complex dimension 2d/2,
an unconstrained spinor has 2 ·2d/2 real components. A Weyl fermion and a (pseudo-
)Majorana fermion thus have 2d/2 real components for even d. A Majorana–Weyl
fermion thus has 1

22d/2 real components. For even d we present the on-shell degrees
of freedom, denoted c(d), in table C.1.3.

Local Lorentz Transformations

The local Lorentz transformations are already described briefly in section 2.1.2. We
now provide some extra details.

We fix t = 1, take a = 1 to be the time-like direction and we take for the space-like
directions the indices i, j, k, . . . to run from 2 to d. For the collective of tangent space
indices we take the indices a, b, . . . running from 1 to d. The Σ1i are Hermitian while
the Σij are anti-Hermitian.

A fermion ψ transforms under infinitesimal local Lorentz transformation as

δψ = ωabΣabψ , (C.1.24)

where ωab = −ωba parameterize the local Lorentz transformations and can depend
on the space-time coordinates.

The Dirac conjugate transforms as

δψ̄D = −ψ̄Dω
abΣab . (C.1.25)
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Hence ψ̄Dχ is Lorentz-invariant.
The Γ-matrices are linear transformations in the spinor space and hence if we ro-

tate the spinors ψ 7→ Uψ the Γ-matrices should transform as matrices: Γa 7→ UΓaU
−1.

But the Γ-matrices Γa are not just matrices; they also transform as co-vectors under
local Lorentz transformations. Hence under an infinitesimal local Lorentz transfor-
mation with parameters ωab the Γ-matrices should transform both as a matrix and
as a co-vector, that is, as follows

δΓa = ωcd (Jcd)
a

bΓ
b + ωcdΣcdΓa − Γaω

cdΣcd , (C.1.26)

where the Jcd are the matrices in the vector representation of so(1, d−1) as defined in
section 2.1.2: (Σcd)a

b = δa
c ηdb − δa

dηbc. Using this explicit expression and the identity
ΓabΓc = Γabc − ηbcΓa + ηacΓb the above expression for the variation of the matrix Γa

vanishes; δΓa = 0.
From the transformation rules of the spinors and the Γ-matrices under local

Lorentz transformations we see that the bilinear ψ̄DΓa1...ap
b1...bq

χ transforms as a
(p, q)-tensor under local Lorentz transformations.

The group generated by the Σab is not the group SO(1, d − 1) but its double
cover, which is called Spin(1, d − 1). More generally, for space-time signatures (t, s)
the generators Σab generate the double cover of SO(t, s), which is called Spin(t, s).

Grassmann Numbers

Fermions are fields that describe particles with half-integer spin. Fermions should
obey Pauli statistics and this implies that the components of a fermion should be
Grassmann numbers, i.e. anticommuting numbers. Writing spinorial indices down,
we thus have ψαχβ = −χβψα.

Taking Hermitian conjugates of products of Grassmann numbers a and b is defined
by (ab)† = b†a†, whereas complex conjugation is defined by (ab)∗ = a∗b∗.

For Majorana fermions one writes ψ̄ = ψ̄D and we have:

ψ̄Γµ1...µp
χ =

∑

α,β

ψα

(
C±Γµ1...µp

)

αβ
χβ . (C.1.27)

Using C.1.10 we obtain

(
C±Γµ1...µp

)T
= (±1)p(−1)

p(p−1)
2 (−1)

d(d∓2)
8 C±Γµ1...µp

, (C.1.28)

from which it follows that

ψC±Γµ1...µp
χ = −(±1)p(−1)

p(p−1)
2 (−1)

d(d∓2)
8 χC±Γµ1...µp

ψ . (C.1.29)

The extra minus sign is due to the Grassmanian nature of the spinors. Equation
C.1.29 implies that, in a given dimension and for a fixed choice of C±, for some values
of p the bilinears ψ̄Γµ1...µp

ψ vanish when using Majorana fermions.
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Fierz Rearrangements

Given the nontrivial representation ρs(Cd) of the Clifford algebra, the set of matrices

{1,Γµ,Γµ1µ2
, . . . ,Γµ1...µd

} (C.1.30)

form a set of 2d matrices that are linearly independent and form a basis for the set
of complex 2d/2 × 2d/2-matrices. Let us prove this claim.

First we observe that TrΓµ = −TrC−ΓC−1
− = −TrΓ and thus TrΓµ = 0. Using

the cyclic property of the trace we see that TrΓµ1...µp
vanishes for even p ≥ 2;

TrΓµ1...µp
= TrΓµ2...µpµ1

= (−1)p−1TrΓµ1...µp
. (C.1.31)

Now take p odd and use TrX = TrXT for any matrix X to obtain:

TrΓµ1...µp
= (−1)pTrC−Γµp...µp

C−1
− = −TrΓµp...µ1

, (C.1.32a)

TrΓµ1...µp
= TrC+Γµp...µ1

C−1
+ = TrΓµp...µp

. (C.1.32b)

But we should have C.1.32a=C.1.32b and thus TrΓµ1...µp
= 0 for all p > 0. Hence we

have the identity

TrΓµ1...µp
Γν1...νq = (−1)[

p
2 ]δp,qδ

ν1...νq
µ1...µp

Tr1 . (C.1.33)

Where we used (−1)
p(p−1)

2 = (−1)[
p
2 ]. The identity C.1.33 implies that all Γµ1...µp

are linearly independent; if
∑
cµ1...µp

Γµ1...µp
has to vanish then by taking trace with

Γν1...νq
the coefficient cν1...ν1

has to vanish and hence all coefficients cµ1...µp
vanish.

Since there are 2d of the matrices Γµ1...µp
they form a complete basis for the 2d/2×2d/2-

matrices.

The bilinear ψχ̄ is a linear transformation mapping a spinor λ to the spinor (χ̄λ)ψ
and hence is a matrix and can thus be expanded in terms of the Γµ1...µp

where the
coefficients are found by taking appropriate traces. If we write

ψχ̄ =
∑

cµ1...µpΓµ1...µp
, (C.1.34)

we have

cµ1...µp =
1

2d/2

(−1)[p/2]

p!
Tr(ψχ̄Γµ1...µp) = − 1

2d/2

(−1)[p/2]

p!
χ̄Γµ1...µpψ . (C.1.35)

An equation of this kind is called a Fierz rearrangement or a Fierz identity.
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C.2 Spinor Representation of so(1, 3)

In Minkowski space-times it is often conventional to let the space-time indices run
from 0 to d− 1 and to take µ = 0 to be the time-like direction.

From the previous section we obtain: B±B∗
± = ±1CT

± = −C± and no Majorana–
Weyl fermions exist. One can choose which charge conjugation matrix to work with.
When discussing four-dimensional supergravities we have chosen to work with C−
and with B+ = (−C−Γ0)T = −C−Γ0. Often the suffixes + and − have then been
dropped.

The matrices CΓµ1...µp
are symmetric for p = 1, 2 and antisymmetric for p = 0, 3, 4.

Hence for Majorana fermions ψ, χ we have the following swop identities:

ψ̄Γµ1...µp
χ = (−1)

[
p+1
2

]

χ̄Γµ1...µp
ψ . (C.2.1)

The chirality matrix Γ5 = iΓ0123 satisfies: ΓT
5 = CΓ5C

−1 and Γ∗
5 = CΓ5C

−1.
Hence Γ5 is indeed Hermitian.

An explicit representation is found by putting:

Γ0 = iσ1 ⊗ 1 , Γ1 = σ2 ⊗ 1 ,
Γ3 = σ3 ⊗ σ1 , Γ4 = σ3 ⊗ σ2 ,

(C.2.2)

where the σi are the standard Pauli matrices and 1 is the 2 × 2 unit matrix. In this
representation we have Γ5 = σ3 ⊗ σ3, which is given explicitly by

Γ5 =







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1






. (C.2.3)

Since Γ5 is diagonal, this basis is sometimes called a chiral representation.
There exists a real representation given by:

Γ0 = iσ2 ⊗ 1 , Γ1 = σ3 ⊗ 1 ,
Γ3 = σ1 ⊗ σ1 , Γ4 = σ1 ⊗ σ3 .

(C.2.4)

C.3 Spinor Representation of so(6)

In d-dimensional space-times with Euclidean signature t = 0 it is conventional to let
the space-time indices run from 1 to d.

From section C.1 one finds that for the spinor representation of so(6) we have:
CT

± = ∓C±, B±B∗
± = ∓1 and no Majorana–Weyl fermions exist.
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A nice representation can be given explicitly in terms of the ’t Hooft symbols
introduced in section A.3.2:

Γa =

(
0 i(Ga)ij

i(Ga)ij 0

)

. (C.3.1)

The Γ-matrices defined in this way satisfy Γ∗
a = ΓT

a and the symmetric charge conju-
gation matrix C− is found to be given by:

C− = B− =

(
0 δij

δij 0

)

. (C.3.2)

The chirality matrix is found to be

Γ7 = iΓ123456 =

(
δi

j 0
0 −δij

)

, (C.3.3)

which satisfies ΓT
7 = −C±Γ7C

−1
± .

C.4 Spinor Representation of so(1, 9)

From section C.1 one finds that for the spinor representation of so(1, 9) we have:
CT

± = ±C±, B±B∗
± = 1 and Majorana–Weyl fermions exist.

We have the following symmetry properties:

(C−Γµ1...µp
)T = −(−1)

p(p+1)
2 C−Γµ1...µp

,

(C+Γµ1...µp
)T = (−1)

p(p−1)
2 C+Γµ1...µp

.

(C.4.1)

We have chosen to work with C− for spinors in ten dimensions and the Majorana
conjugate is defined by ψ̄ = ψTC−.

Since PT
± = C−P∓C

−1
− the bilinear ψ̄Γµ1·µp

χ vanishes when (1) ψ and χ have the
same chirality and p is even or when (2) ψ and χ have different chirality and p is odd.

Since the fermions are Majorana–Weyl, an appropriate basis of matrices for per-
forming Fierz transformations is given by

{P±,ΓµP±,ΓµνP±,ΓµνρP±,ΓµνλρP±,ΓµνλρσP±} . (C.4.2)

We have TrP± = 16. For example, if ψ and χ both have positive chirality we have

χψ̄ = − 1
16 ψ̄ΓµχΓµP− − 1

64 ψ̄ΓµνλχΓµνλP− − 1
1920 ψ̄ΓµνλρσχΓµνλρσP− . (C.4.3)
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Some useful identities are

TrΓµ1···µpΓν1·νp
= 16δ

µ···µp

ν···νp
,

ΓµΓρΓµ = −8Γρ ,

ΓµνΓρΓν = 7ΓρΓµ − 16δρ
µ ,

ΓµΓν1···ν5
Γµ = 0 .

(C.4.4)

Using the Γ-matrices of so(1, 3) and so(6) the Γ-matrices of so(1, 9) can be con-
structed by taking direct products. To this purpose we write the so(1, 3) Γ-matrices
with small γ and we write the so(6) Γ-matrices with Greek capital Γ, while writing
capital hatted Γ’s for the so(1, 9) Γ matrices. The matrices Γ̂ can be represented by

Γ̂µ = γµ ⊗ 1 , µ = 0, 1, 2, 3

Γ̂µ = γ5 ⊗ Γµ , µ = 4, . . . , 9 .
(C.4.5)

The charge conjugation matrix C = C
(10)
− of so(1, 9) can be taken to be given in

terms of the so(1, 3) and so(6) charge conjugation matrices C
(4)
− and C

(6)
− respectively

through:

C = C
(4)
− ⊗ C

(6)
− . (C.4.6)

One checks that C is antisymmetric and that we have

(γµ ⊗ 1)
T

= −C(4)
− ⊗ C

(6)
− · γµ ⊗ 1 · (C

(4)
− ⊗ C

(6)
− )−1 = γT

µ ⊗ 1 ,
(γ5 ⊗ Γµ)

T
= −C(4)

− ⊗ C
(6)
− · γ5 ⊗ Γµ · (C

(4)
− ⊗ C

(6)
− )−1 = γT

5 ⊗ ΓT
µ ,

(C.4.7)

where we used γT
5 = C

(4)
− γ5C

(4)−1
− .

Similarly for the so(1, 9) B+-matrix, denoted B, one finds

B = −CΓ̂0 = C
(4)
− ⊗ C

(6)
− · γ0 ⊗ 1 = B

(4)
+ ⊗B

(6)
− , (C.4.8)

from which it follows that

BB∗ = 1 , BT = B , BC∗B = C . (C.4.9)

We finish this discussion on so(1, 9) spinors by mentioning a few on the spinors of
so(1, 10) since they are of interest for eleven-dimensional supergravity.

In eleven dimensions there are clearly no Weyl fermions, but there are Majo-
rana fermions. The swopping properties are the same as in ten dimensions. This
is due to the fact that the eleven-dimensional spinor representations are similar to
ten-dimensional spinor representation, and hence one can use the same charge conju-
gation matrix. The eleventh Γ-matrix is given by plus or minus the ten-dimensional
chirality matrix. The choice for plus or minus corresponds to the two inequivalent
representations of the Clifford algebra in eleven dimensions.
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