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Chapter 2

Model and Algorithms

Abstract

In this chapter we shortly present the learning model and general notations to be used

throughout the thesis. A key ingredient of the model involves very high dimensional in-

put data to allow analysis in the so-called thermodynamic limit. The input densities to be

considered can be extended to a mixture of an arbitrary number of isotropic homogenous

clusters. The relevance of this model with regard to practical situations is discussed.

We investigate two types of problems in this thesis: unsupervised learning and

supervised learning. For a supervised problem, we are given a data set ID consisting

of P pairs of data points

ID = {ξµ, yµ}Pµ=1 with ξµ ∈ IRN , yµ = {1, 2, . . . , Y } , (2.1)

where ξµ is the input data vector in N -dimensional space and yµ is the single class

label of a particular example with index µ. Y represents the number of unique

classes of the data set. For an unsupervised problem, yµ is not present or ignored.

A nearest prototype classifier consists of a set of K labeled prototype vectors

W = {wS , cS}KS=1 with wS ∈ IRN , cS = {1, 2, . . . , Y }, (2.2)

where wS is the prototype vector in the same N -dimensional space and carries the

label cS . Each class in the data set is represented by one or more prototypes. In

unsupervised VQ, the class labels cS are ignored.

2.1 Algorithms

We shortly review LVQ algorithms while referring to the actual algorithms in de-

tail in the following chapters. In on-line learning schemes, examples are presented
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Figure 2.1: Visualization of a nearest prototype classification scheme using Euclidean dis-

tances, producing piecewise linear decision boundaries. Here three classes are present

(△,�, ◦), each class represented with two prototypes.

sequentially to the system and the prototypes are adapted by the following update

step

wµ
S = wµ−1

S +
η

N
fS [dµ1 , . . . , d

µ
K , y

µ, . . .]
(
ξµ − wµ−1

S

)
, (2.3)

where wµ
S denotes the prototype after presentation of µ examples and the learning

rate η is rescaled with N . We use the shorthand fS for the modulation function

which controls, along with the learning rate η, the magnitude of the update of wS

towards or away from the current example. For example, in LVQ 1 we define fS =

+1(fS = −1) if wS is the closest prototype and has the same (different) label as the

example, σµ. We will discuss the actual training algorithms in detail in the following

chapters.

Classification is implemented through a nearest prototype scheme: novel data

will be assigned to the class of the closest prototype according to a dissimilarity

measure. An example is displayed in Fig. 2.1. Typically, the number of prototypes is

larger than the number of classes, such that every classification boundary is deter-

mined by more than one prototype. A popular choice for the dissimilarity measure

is the squared Euclidean distance

dµS = (ξµ − wS)
2 . (2.4)

Obviously, the selection of an appropriate dissimilarity measure is critical to suc-

cessful learning. Otherwise, the presence of noise from irrelevant dimensions can
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interfere with the relevant dimensions for classification. The adaptation of the dis-

similarity measure using automatic weighting factors to overcome this problem has

been the subject of various studies and several algorithms have been proposed,

such as Distinction Selective LVQ (Pregenzer et al. 1996), Relevance LVQ (Bojer

et al. 2001) and Generalized Relevance LVQ (Hammer and Villmann 2002, Ham-

mer et al. 2003, Strickert et al. 2006). Furthermore, combinations of features can be

examined together by employing matrix based relevance learning, similar to Ma-

halanobis distances (Schneider et al. 2009). However, in this thesis, we restrict the

dissimilarity measure to the squared Euclidean distance which allows for important

simplifications to the following analyses.

2.2 Model

Throughout the thesis, we study LVQ algorithms in a model situation: high dimen-

sional data are generated from a mixture of Gaussian clusters and presented to a

system of two or three prototypes. We restrict to isotropic and homogeneous clus-

ters, i.e. each cluster labeled σ = {1, . . . ,M} generates only data with one class label

yσ = {1, 2, . . . , Y }. For various analyses in this thesis with only two clusters, we

use σ = yσ = ±1 for simplification. Examples ξ ∈ IRN are drawn independently

according to the probability density function

P (ξ) =

M∑

σ=1

pσP (ξ|σ) with P (ξ|σ) = 1

(2πvσ)N/2
exp

[
− 1

2vσ
(ξ − ℓσBσ)

2

]
, (2.5)

where pσ are the prior probabilities and
∑M

σ=1 pσ = 1. The components of vectors ξµ

from cluster σ are random numbers according to a Gaussian distribution with mean

vectors ℓσBσ and variance υσ. The parameter ℓσ controls the separation between the

mean vectors. In most cases encountered in the thesis, Bσ are orthonormal, i.e. Bσ ·
Bρ = 1 if σ = ρ; 0 else. This model can be extended for mixtures of many Gaussian

clusters with M < N by choosing a coordinate system where the orthonormality

conditions Bσ ·Bρ = δσρ are fulfilled. Similar densities have been extensively studied

in, e.g. (Barkai et al. 1993, Biehl 1994, Biehl and Mietzner 1994, Biehl et al. 2007, Engel

and van den Broeck 2001, Meir 1995, Herschkowitz and Opper 2001).

We denote averages over the probability density P (ξ) as 〈· · · 〉 and the condi-

tional averages over P (ξ) as 〈· · · 〉σ . The average length of data vectors (ξ)2 are

calculated to be

〈ξ2〉 =
M∑

σ=1

pσ〈ξ2〉σ with 〈ξ2〉σ =

N∑

j=1

〈(ξ)2j 〉 =
N∑

j=1

(
vσ + 〈(ξ)j〉2

)
= vσN + ℓ2σ. (2.6)
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Figure 2.2: Sample data generated by the model, here with two clusters M = 2, yσ = {1, 2},

N = 100, p1 = 0.5, ℓ1 = ℓ2 = 3, v1 = v2 = 1, as projected on two-dimensional subspaces. The

clusters separate in the projection to the plane spanned by cluster center vectors B1,B2 (left

panel), but completely overlap in the projection to a plane composed of two arbitrary unit

vectors {v1,v2}(right panel).

In this framework we formally exploit the thermodynamic limit N → ∞ corre-

sponding to very high dimensional data. This has simplifying consequences which

will be present throughout the paper, for instance to neglect the ℓ2σ-terms in Eq.

(2.6). Note that data from different classes have a strong overlap and the anisotropy

is very weak in high dimensions: while the mean of cluster σ, given by ℓσBσ , is

a vector of length O(1), the average length of the data vectors (ξ)2 is in the order

O(N). The clusters become apparent only on a M -dimensional space spanned by

Bσ, σ = {1, . . . ,M} while they completely overlap on other subspaces. The non-

trivial goal is to identify this subspace from the N -dimensional data. Our model

provides a base for further analysis, e.g. it can easily be extended to M -isotropic

Gaussian clusters and multi-class problems.

2.3 Relevance for practical learning

Obviously, this model is greatly simplified from practical situations. However it

represents an ideal scenario to analyse the considered learning algorithms. The use

of only few prototypes and few clusters is perfectly appropriate for such scenario,

thus the problem of model selection is avoided.

While more complex behaviors are expected in practical applications, the non-

trivial effects already observed in this model will clearly influence the outcome un-

der more general circumstances. Our motivation is to understand in highly ideal-
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ized scenarios. If it fails in such idealized scenarios, then one can expect even worse

results in practical situations. In this analysis, we do not cover all possible learning

behavior in practical situations. Instead, we show that some non-trivial effects are

already present even in highly idealized situations. These effects are not restricted

to the simplified model but will persist or remain unavoidable at even more com-

plex scenarios. Therefore even though the model assumes strong simplifications, the

findings should remain highly relevant in practice. We can expect that algorithms

which do not perform well on this idealized scenario will also be inappropriate for

more complex, real life scenarios.

Several restrictions can be justified to practical problems as follows. While the

analysis so far is restricted to Gaussian data, this represents an ideal situation for

Gaussian modeling of feature vectors, which is a common technique in many prac-

tical scenarios. Also, although formally we use infinite dimensionality, this analysis

is already highly accurate at finite dimensions as low as N = 200, which is well

within the domain of many practical problems.

In many real world applications of LVQ systems, a surprisingly small number

of prototypes can already produce good performance, given other considerations,

e.g. (Neural Networks Research Centre, Helsinki 2002, Hammer and Villmann 2002,

Schneider et al. 2009). Therefore the two and three prototype analysis here already

approaches practical learning behavior and already underlines important aspects of

multi-prototype problems: the non-trivial competition between prototypes defining

the decision boundary.






