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Chapter 1

Introduction

With more than half of the world’s population having access to the internet1

and the advent of social media platforms, the way information spreads and
is consumed has shifted drastically in the last decades. As many as 42% of
news consumers in countries like Chile, Brazil and Malaysia prefer to get
informed via social media, whereas in countries such as the US, Canada
and Australia this figure is about 25%.2 While this new way of sharing
information might have some advantages, it also facilitates the spread of
misinformation. When asked whether they are worried about what is “real
or fake” on the internet, a majority of people in Brazil (85%), the UK
(70%) and the US (67%) answered positively, whereas in other countries
the figure is lower but still significant: for example, 38% for Germany and
31% for the Netherlands.3

Amidst such a deluge of information of variable quality, perhaps one
of the most important skills to have in the twenty-first century is to bear
proper “epistemic machinery”: to know how to fetch, filter and aggregate
information, separate reliable from unreliable sources, combine the pieces
of evidence appropriately and draw sensible conclusions from it.4 And all
this has to be done with a limited amount of time and cognitive resources.

1 Data from the UN agency for ICT (ITU). Accessed via: https://news.itu.int/

itu-statistics-leaving-no-one-offline/
2 Digital News Report 2019, Reuters Institute. Accessed via: https:

//ora.ox.ac.uk/objects/uuid:18c8f2eb-f616-481a-9dff-2a479b2801d0/

download_file?file_format=pdf&safe_filename=reuters_institute_digital_

news_report_2019.pdf&type_of_work=Report
3Ibid.
4 For a special issue of Synthese on evidence amalgamation in the sciences, see

Fletcher, Landes, and Poellinger (2018).
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Even for those who are aware of these hurdles, this is not an easy task, as
information can be manipulated on purpose by bad actors (Weatherall,
O’Connor, and Bruner, 2018) or distorted by the arrangement of the agents
within social network structures (Stewart, Mosleh, Diakonova, Arechar,
Rand, and Plotkin, 2019). The consequences of holding false beliefs go
far beyond being punished on the individual level for being gullible and
clueless. As members of society, our false beliefs often result in bad
decisions – individual and collective – which in turn can cause all kinds
of large-scale damage: from the election of corrupt leaders to ecological
disaster. Ultimately, apparently inoffensive false beliefs, such as that the
Earth is flat or that species are not subject to natural selection, reveal
an inadequate underlying epistemic machinery, which will result in more
severe consequences when employed for the judgement of more serious
matters.

This thesis, however, does not try to give practical advice on how to
form reliable beliefs. The issues mentioned above serve as the underlying
motivation for our work, but we explore them from a logical and multi-agent
systems perspective, occasionally drawing from sources in the epistemology
literature. Our models focus especially on the issue of choosing a belief
attitude (or doxastic attitude) towards atomic propositions, by considering
the existence of evidence for and against such propositions, and the evidence
or beliefs possessed by peers. This endeavor, therefore, has significant
intersections with areas of study such as social choice theory (Arrow, 1951;
Gibbard, 1973) and opinion aggregation (Baltag, Christoff, Rendsvig, and
Smets, 2016b; Endriss and Grandi, 2017; Dietrich and List, 2016). The way
evidence is depicted in the next chapters is quite simple, but we will see
that even in those scenarios there are rationality constraints that should
be respected.

1.1 Historical Remarks

Despite plenty of evidence showing that we humans have difficulties in
performing certain logical reasoning tasks,5 logic – in the broad sense of the
word – is rooted in human intuition and in the way the human mind works.
Besides Greece, some forms of logical studies have appeared already in
ancient times in India (Matilal, 1999) and China (see Zhang and Liu (2007)).
Even before the birth of logic as a discipline, the Socratic method, seen in

5 For example, see the famous card selection task of Wason (1968), but also a
response in Stenning and van Lambalgen (2001).
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the writings of Socrates’ pupil Plato, already shows how logic has been
extensively (but implicitly) used since the beginning of philosophy. Logic
is an integral part of philosophy, science and sound reasoning in general.
Even some grammatical constructs found in natural language reflect basic
logical concepts, as shown in Zhang and Liu (2007) and evidenced by the
numerous attempts at formalising natural language. However, it is only in
the 4th century BC with Plato’s student and Alexander’s tutor, Aristotle,
that logic is officially inaugurated as a field of study in itself, in a collection
of six works later called the Organon by his successors. The word organon
means tool, instrument. Logic is a tool used for separating valid from
invalid inferences.

Thousands of years later, Boole, De Morgan, Cantor (1878), Frege
(1893), Whitehead and Russell (1910), Gödel (1930), Hilbert and Bernays
(1934) laid the groundwork in set theory and the foundations of mathe-
matics that led to modern symbolic/mathematical logic. Logic developed
fast during the twentieth century. Lewis and Langford (1932) introduced
the famous S1-S5 systems of modal logic. Saul Kripke began his work
on the semantics of modal logic while still in high school. Starting in
1959, as a 19-year-old undergraduate student, he published a series of
papers (Kripke, 1959, 1963a,b) introducing his possible worlds semantics
(also known as Kripke semantics), which is widely used for modal logic
nowadays – including this thesis. Von Wright (1951) brought important
contributions to philosophical and modal logic, and his student Hintikka
(1962) is considered one of the founders of formal epistemic/doxastic logics,
the logics of knowledge and belief, respectively. These are the types of
logic in which we are mostly interested here. Hintikka and Beth (1955)
independently developed semantic tableaux, the type of proof system for
modal (and first-order) logic used in this thesis.

Epistemic and doxastic logics have been quite successful, especially
within computer science applications such as model checking, cryptography
and security (Bieber, 1990; Syverson and van Oorschot, 1994; Dechesne
and Wang, 2007; Boureanu, Cohen, and Lomuscio, 2009; Balliu, Dam, and
Le Guernic, 2011), but they have also been widely studied by philosophers
(Chisholm, 1963; Stalnaker, 1984; Williamson, 2002). Epistemic logic as a
tool helps us find out what agents can (or could, in theory) know about
the world, about their own knowledge, and about the knowledge of others.
That is why it is very useful for cyber security applications, where the
mere knowability of something might represent a potential threat.
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1.2 Logical Omniscience

The knowledge/knowability distinction mentioned above is connected to
a well-known problem (or feature) of epistemic logic, the so-called logical
omniscience (Hintikka, 1979). Epistemic logic has a built-in assumption
that agents know all the logical consequences of what they know, which
includes all logical truths. Formally, if |= ϕ → ψ, then |= Kiϕ → Kiψ,
where Kiχ denotes that agent i knows χ. With this idealisation, epistemic
logic shows to be more a logic of knowability than of knowledge. But the
question of what are the appropriate underlying logics of knowledge and
belief – if any – remains under debate. This is known as the problem of
normativity of logic (see MacFarlane (2004)).

A brief explanation of why logical omniscience holds is the following.
An agent i is said to know ϕ (Kiϕ) if and only if ϕ holds in all worlds
that i considers possible – denote this set of possible worlds by X. But,
according to possible worlds semantics, what holds in any given world
is closed under logical consequence: if ψ and ψ → χ hold in a world w,
then χ also holds there. So, if Kiϕ, then ϕ holds in all worlds that i
considers possible (i.e. all worlds in X), and since all worlds are closed
under deduction, if ϕ → ψ holds in all w ∈ X, then ψ will also hold in
all w ∈ X, and therefore Kiψ will hold as well. So it is clear that logical
omniscience stems from Kripke’s possible world semantics.

The problem of logical omniscience has been thoroughly studied, and
various formalisms have been proposed to solve or circumvent it (Levesque,
1984; Fagin and Halpern, 1987; Baltag, Renne, and Smets, 2014; Alechina
and Logan, 2002; Ågotnes and Alechina, 2007; Solaki, 2017). In fact, in the
beginning the goal of this PhD project was to deal with logical omniscience
directly. As those proposed solutions show, however, there seems to be
an inescapable trade-off between omniscience and logical power operating
in epistemic logics, in the sense that the less “omniscient” the agents are,
the more trivial their doxastic states become. In view of this obstacle,
we decided to slightly change the direction of our research from directly
solving logical omniscience to studying logics of evidence and belief, such
as van Benthem and Pacuit (2011b); Baltag, Bezhanishvili, Özgün, and
Smets (2016a); Shi, Smets, and Velázquez-Quesada (2018b).
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1.3 Many-valued Logics and Evidence

Our departure point, however, was not the articles just mentioned, but
Belnap’s four-valued logic (Belnap, 1977). In that logic, propositions can
assume four values: true, false, both true and false or neither. Belnap
explains that these values need not be viewed as entailing propositions that
are true and false at the same time or having no truth-value, but instead
they can be seen as regarding information. Then, value both is understood
as there being information both for and against a proposition, and value
neither as the absence of any information. From this base, we could model
agents that are exposed to incomplete and inconsistent information, and
investigate how those agents would form beliefs in the most rational way
possible.

A logic for which ex falsum quodlibet ({ϕ,¬ϕ} |= ψ, for all ϕ and ψ)
does not hold is called a paraconsistent logic (Jaśkowski, 1948; Asenjo,
1966; Smiley, 1959; da Costa, 1974; Anderson and Belnap, 1975; Dunn,
1976). In other words, in that type of logic, contradictions do not lead to
trivialisation. All the logics developed in this thesis are paraconsistent.

A first technical obstacle faced in this project was to completely adapt
and formalise Belnap’s logic in a multi-agent modal setting. As a bonus,
our first contribution is actually to give new insights on the intuitions and
applicability of many-valued modal logics, showing that those logics can
be more useful than it was previously thought.6

Given that initial setting, we come back to our opening topic about
having the right “epistemic machinery” and tackle one of the main issues
discussed in this thesis: the problem of consolidation. The latter is the
name we give to operations that go from evidence states to belief states, in
other words, the process of forming evidence-based beliefs. By studying this
problem, we also make steps in the realm of resource-bounded (epistemic)
agents, which is usually one of the common ways of preventing logical
omniscience.

1.4 Overview

In this section we summarise the content of each chapter of this thesis.
Notice that, as all chapters are based on papers, they can be understood

6 As remarked in the conclusion of Fitting (1991), very little has been said about
intuitions underlying many-valued modal logics, a situation which, to the best of my
knowledge, still persists.
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even if read separately.

Chapter 2. A Multi-Agent Four-Valued Dynamic Epistemic
Logic In this opening chapter we introduce the four-valued epistemic
logic (FVEL), the main logic studied in this thesis. With FVEL one can
represent multiple agents, the public evidence that exists (or is available)
and the knowledge the agents have about the status of this evidence. All
the later chapters will build on the formal aparatus developed in this
chapter.

The syntax and semantics of FVEL are specified, some of its fragments
are identified and some important properties are proven. A tableau proof
system is offered, which is proven to be sound and complete. Finally,
public announcements are added to the framework.

Chapter 3. Consolidations: Turning Evidence into Belief In the
previous chapter, FVEL is introduced. That logic model agents and their
evidence, but does not model any beliefs. In this chapter we introduce the
concept of consolidations, the operations which turn evidence into beliefs.

First, preliminary aspects of evidence and the rationale for consol-
idations are discussed. Next, formal consolidation operations are de-
fined, in the form of model transformations from evidence models to
epistemic/doxastic models, and some of their properties are proven. Then
this new formalism is placed in context with the literature, by compar-
ing FVEL consolidations with consolidations defined by van Benthem and
Pacuit (2011b).

Chapter 4. Social Consolidations: Evidence and Peerhood In
Chapters 2 and 3, FVEL and consolidations are introduced, but those
consolidations are quite self-centered: the agents do not take their peers’
beliefs into account. In this chapter we draw on the literature from
social epistemology on “peer disagreement” and reinterpret FVEL to model
situations where the agents look to their peers in order to form more
reliable beliefs – after all, the beliefs of others are also evidence, and it is
always recommended that we form our beliefs based on the total evidence.

Some postulates inspired by Social Choice Theory are discussed and
formalised for our setting. A dynamic operator is added, which enables us
to formulate some additional but essential postulates, and serves as a basis
for future developments on consolidations that take amounts of evidence
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into account. The main technical result is a characterisation of a class of
consolidations satisfying most of the rationality postulates.

Chapter 5. Iterative Social Consolidations: Private Evidence
In this final chapter, we build on the previous one by changing one of its
assumptions: that the evidence of others is public. Here, the agents have
private evidence, and consolidate their beliefs based on their own evidence
plus their peers’ beliefs – which in turn are based on their own evidence
and their peers’ beliefs, and so on. This leads to an iterative process of
consolidation, and hence one of the main problems studied concerns the
stabilisation of such processes.

Chapter 6. Conclusions In this chapter we wrap up by discussing the
main achievements of the project and some of the desiderata left for future
work.

1.5 Prerequisite Knowledge

To facilitate the reading of this thesis, the reader will benefit from knowing
a few things in advance (that will not be covered here). The first rec-
ommendation is to have a basic understanding of propositional logic (a
basic textbook is Barwise and Etchemendy (2000)). The second essential
topic is modal logic. The latter is thoroughly explained in the textbook
by Blackburn, de Rijke, and Venema (2002), but the basics of logic can
also be found there (in the Appendix). It might also be useful to have a
basic understanding of epistemic logic and public announcement logic. For
those topics, some well-known options are the books by van Ditmarsch,
van der Hoek, and Kooi (2007) and Meyer and van der Hoek (1995). In
this thesis we will also build upon many-valued (modal) logics. The reader
might want to take a look at Belnap (1977) and (Priest, 2008, Chapters
7-9 and 11a), but it should be possible to follow the present work without
any previous knowledge on many-valued logics.

All these topics are widely studied, so the readers have plenty of other
options at their disposal.

1.6 Publications

All the chapters have been based on papers submitted to international
logic-related conferences and/or journals. Chapter 2 is based on Santos
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(2018, 2020a):

Y. D. Santos. A dynamic informational-epistemic logic. In: A. Madeira
and M. Benevides, editors, Dynamic Logic. New Trends and Applica-
tions (DaĹı Workshop). Volume 10669 of Lecture Notes in Computer
Science, pages 64-81. Springer, 2018.

Y. D. Santos. A four-valued dynamic epistemic logic. Journal of Logic,
Language and Information, 2020.

Chapter 3 is based on Santos (2019):

Y. D. Santos. Consolidation of belief in two logics of evidence. In: P.
Blackburn, E. Lorini and M. Guo, editors, International Conference
on Logic, Rationality and Interaction (LORI), 2019. Volume 11813 of
Lecture Notes in Computer Science, pages 57-70. Springer, 2019.

Chapter 4 is based on Santos (2020c):

Y. D. Santos. Social consolidations: Rational belief in a many-valued
logic of evidence and peerhood. In A. Herzig and J. Kontinen, editors,
Foundations of Information and Knowledge Systems, pages 58–78,
2020.

Chapter 5 is based on Santos (2020b):

Y. D. Santos. Iterative Social Consolidations: Forming Beliefs from
Many-Valued Evidence and Peers’ Opinions. In: G. Primiero, M.
Slavkovik, S. Smets, chairs, ECAI2020 Workshop NETREASON -
Reasoning About Social Networks.

Although not part of this thesis, the following papers (Santos, Matos,
Ribeiro, and Wassermann, 2018; Matos, Guimarães, Santos, and Wasser-
mann, 2019) have also been published during this PhD project, and are
slightly related to this project in the sense that they also deal with belief
dynamics with a resource-bounded perspective in mind.

Y. D. Santos, V. B. Matos, M. M. Ribeiro, and R. Wassermann. Par-
tial meet pseudo-contractions. International Journal of Approximate
Reasoning, 103: 11 – 27, 2018.

V. B. Matos, R. Guimarães, Y. D. Santos, and R. Wassermann. Pseudo-
contractions as gentle repairs. In Description Logic, Theory Combina-
tion, and All That. Essays Dedicated to Franz Baader on the Occasion
of His 60th Birthday, pages 385–403. Springer, 2019. 103: 11 – 27,
2018.
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