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Chapter 3

Consolidations: Turning
Evidence into Belief

3.1 Introduction

Since its earliest formulations (Hintikka, 1962; von Wright, 1951), epistemic
logic has been dealing with two out of the three components of the Platonic
definition of knowledge (true justified belief),1 namely truth and belief.
With the advent of justification logic,2 the missing element entered the
picture. Justification logic enabled talking about reasons for believing,
instead of only whether something is believed or not. We can see this idea
of justifications and reasons as representing evidence: the agent believes ϕ
if she has evidence for ϕ.

From the applied point of view, epistemic and doxastic logics have been
used for decades to model the knowledge and beliefs of agents (see, for
example, Fagin, Halpern, Moses, and Vardi (1995); Meyer and van der Hoek
(1995); van Ditmarsch, van der Hoek, and Kooi (2007)). For intelligent
agents, especially in real-world settings, however, that “missing element”
is essential. These agents will often build up their beliefs from inputs that
might be incomplete or even inconsistent. We can think of these inputs as
evidence, broadening the concept of justification featured in justification
logics. Real agents normally have access to raw, imperfect data, which

1 This view, found in Plato’s dialogue Theaetetus, has been dominant in philosophy
for centuries, but has been increasingly challenged since the publication of Gettier (1963).

2 Justification logic goes back to Gödel’s work, but has in Artemov (1994, 1995,
2001) some of its earliest modern formulations. Its semantics has its origins in Mkrtychev
(1997); Fitting (2005).
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they process into a (preferably consistent) set of beliefs, which only then
can be used to make sensible decisions and to act.

Like van Benthem and Pacuit (2011b,a); van Benthem, Fernández-
Duque, Pacuit, et al. (2012); van Benthem, Fernandez-Duque, and Pacuit
(2014); Fitting (2017); Carnielli and Rodrigues (2019); Özgün (2017), we
presented in Chapter 2 a logic to model evidence (FVEL). But differently
from those, FVEL does not feature a belief modality. Our initial goal here
is to add beliefs to our framework. It is of little use to model evidence and
not derive any beliefs from it. In the spirit of van Benthem et al. (2014),
we assume that rational belief can be determined from evidence.3 However,
we do not do that by extending FVEL models, similarly to the strategy in
van Benthem et al. (2014). Instead, we extract a doxastic Kripke model
representing the agents’ beliefs from the FVEL model, which represents
their evidence. With that, we not only accomplish the first goal of adding
beliefs to the FVEL framework, but also introduce a dynamic perspective on
forming beliefs from evidence. This new perspective, compared to the static
one in van Benthem and Pacuit (2011b), where evidence and belief coexist,
is akin to public announcement logic (Plaza, 2007, 1989; van Ditmarsch,
van der Hoek, and Kooi, 2007) compared to epistemic logic: it adds a
model-changing aspect. Rational beliefs, although pre-encoded in evidence,
are not obtained for free, but require “computation”. This process of
forming beliefs from evidence, which we call consolidation, is represented
by transformations from evidence models to Kripke models. This idea
generalises the static approach, because we can represent the “consolidation”
of models where belief and evidence coexist as an automorphism from
these models to themselves.

This chapter is structured as follows. In Section 3.2, we have a dis-
cussion about aspects of evidence and some rationality principles for
consolidations. In Section 3.3, we present the main idea of this chapter,
the so-called cautious consolidation, a transformation from FVEL evidence
models to doxastic Kripke models. We also discuss some of its properties.
The remainder of the chapter is concerned with comparing our work with
another approach in the literature: the work started by van Benthem and
Pacuit (2011b) and extended in van Benthem et al. (2012, 2014). Baltag
et al. (2016a) also built upon those logics, offering more general topological
semantics, but for the purpose of this chapter the models of van Benthem

3 Some philosophers, however, disagree with that. Joyce (2011), for example, writes:
“(...) some Bayesians reject the idea that believers with the same objective evidence
should end up in the same epistemic state”.
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and Pacuit (2011b) will suffice. We cannot compare our consolidations
with the ones from van Benthem et al. if we cannot compare those evidence
models in the first place, so that is what is done in Section 3.4. Then in
Section 3.5 we finally compare the consolidations per se. We lay out our
conclusions and ideas left for future work in Section 3.6.

3.2 Preliminaries

We are going to work with FVEL as defined in the previous chapter (Defini-
tions 2.1, 2.3 and 2.4). We will refer to the language of FVEL as specified
in Definition 2.1 as L n

�˜
(where the exponent n stands for n agents).

FVEL expresses two types of facts: whether there is evidence for and/or
against propositions (in a public sense); and first and higher-order knowl-
edge of agents about these evidential facts. Our first goal is to add beliefs to
this framework, and that will be done via operations called consolidations.

Before formally defining consolidations, a discussion of some preliminary
concepts is in order.

3.2.1 Aspects of Evidence

Many different aspects of evidence are representable in formal systems. In
what follows, we identify some of these aspects.

� Existence: the existence of evidence about a proposition. This is
an aspect represented in FVEL and van Benthem and Pacuit (2011b).

� Polarity: indicates whether the evidence is for or against a certain
proposition. This is another aspect of evidence modelled by FVEL.

� Labelling: pieces of evidence are named and distinguished. This is
found, e.g., in justification logic, where such formulas as t : ϕ indicate
that t is a piece of evidence for ϕ. Notice that this, in principle,
enables multiplicity of evidence for one and the same proposition, by
the use of different names.

� Source: the specification of the sources of each piece of information.

� Quantity: the amount of evidence available about a certain proposi-
tion. This aspect could also be relative to sources (how many sources
provide evidence about a proposition).
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� Reliability: the degree of trust assigned to evidence (can be relative
to sources as well).

� Internal Structure: the components that comprise the evidence.
For example, if the evidence is a mathematical proof, this aspect
would be represented by the structure of this proof, i.e., the lines
that comprise it in a certain order. This aspect is also found in
justification logic.4

� External Structure: the relationships between pieces of evidence,
such as which pieces of evidence undermine which. These rela-
tionships are present in any logical representation of evidence (for
example, p will usually undermine ¬p), but they can also be of
extra-logical origin, in formalisms such as abstract argumentation
frameworks (Dung, 1995).

� Access: the access each agent has to certain pieces of evidence. This
is represented in FVEL as first and higher-order knowledge about
evidence. It is also present in justification logic.

At first, we will do our analysis on FVEL, and as such we will limit
ourselves to the aspects of evidence with which this logic is concerned,
namely existence, polarity, external structure and access. In FVEL, the
existence of evidence for or against propositions and what the agents know
about it is represented, but there is no individuality of pieces of evidence,
they are not named, they do not have internal structure, we cannot track
the amount of evidence for a certain proposition, nor its reliability or
sources. As a logical framework, FVEL inevitably brings some external
structure to evidence: if there is evidence for both ϕ and ψ, then there is
also evidence for ϕ ∧ ψ. This is a very simplistic picture of evidence, but
more complexity would require richer languages.

Intuitively, we define consolidation simply as the process of forming
evidence-based beliefs. More formally, given a certain evidential landscape (a
setting describing certain aspects of evidence about a set of propositions),
we want to be able to say what the agents (should) believe about the
factual propositions. This process could be represented as a function from
an evidential model to a set of belief sets (one for each agent). However,
since we have higher-order knowledge about evidence, it will make sense
to include beliefs about other agents’ beliefs as well. Assuming that these

4 The term internal structure was used by Fitting (2009), with the same meaning.
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sets of beliefs are deductively closed, our idea of consolidation formally
boils down to a morphism from evidential models (FVEL models, at first)
to epistemic models.5 This formalisation is opportune, for it enables us
to exploit the mathematical richness of Kripke structures, instead of only
working with unstructured sets of formulas.

Given the simplistic picture of evidence given by FVEL, one could
criticise our enterprise by saying that if all we know is that there is some
soft6 evidence for or against certain propositions, consolidating beliefs is
very much an exercise in arbitrariness: we can believe anything and still
be consistent with the evidential landscape. While this is true, there are
many possible ways of implementing these consolidation functions between
evidential and epistemic models, and some certainly seem more rational
than others. For example, let us say that there is only evidence in favor of
ϕ (and no evidence against it). How would we react if, despite knowing
this, a certain person chooses to believe ¬ϕ? Undoubtedly, she would
be vulnerable to criticism on grounds of irrationality. So, even in simple
evidential landscapes, there are certain standards of rationality expected
to be met when consolidating beliefs.

3.2.2 Principles of Rationality

In the previous section we listed some of the aspects of evidence that can
be modelled. In this section we will discuss some principles of rationality
based on models featuring only two aspects: existence and polarity. The
goal is to make use of this simple setting to provide foundations for the
analysis of rationality of more complex consolidations. The results of this
section, albeit simple, will have a major import for this and the following
chapters.

So, basically, we can have existence/absence of positive/negative evi-
dence about a certain proposition, which gives us four possible evidential
situations corresponding to the four truth values presented in Definition 2.3:
true (only positive evidence), false (only negative), none and both (positive
and negative). Consolidation, in this limited scenario, is simply a function

5 By epistemic models we mean Kripke models, specially KD45 and S5 models (see,
for example, van Ditmarsch, van der Hoek, and Kooi (2007, Chapter 2) or Blackburn,
de Rijke, and Venema (2002, Chapter 1)).

6 Soft evidence is defeasible evidence (Baltag, Renne, and Smets, 2012). Since it
allows contradictory evidence, FVEL has only soft evidence. Whether the evidence is
soft or hard can be seen as the reliability aspect. Hard evidence has maximum reliability,
whereas soft evidence has less than that. FVEL does not represent this aspect: we cannot
know how reliable a piece of evidence is.
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from this set of truth values (let us call it 4 = {t, f, n, b}) to the set
3 = {−1, 0, 1}, where 1 represents belief in the formula in question (Bϕ),
0 represents belief in its negation (B¬ϕ), and −1 represents absence of
belief (¬Bϕ ∧ ¬B¬ϕ). Since belief in both the formula and its negation
trivialises the belief state in traditional epistemic logics, we will ignore
this possibility (one could say it is always irrational).7 Given this simple
formalisation, the spectrum of all consolidations is the set of functions of
signature h : 4→ 3, which amounts to 34 = 81 functions, most of which
will show to be unreasonable.

Now we will discuss some rationality principles. When formulating these
principles, we are judging the adequacy of using these 4→ 3 functions as
universal belief-forming processes. In other words, the principles should tell
whether it would be rational to apply one such function as a belief-forming
process regardless of context and propositions in question, only looking
at the four-valued status of evidence.8 Of course this is not completely
realistic, since we could apply different functions in different contexts. An
alternative analysis would be to find which of those functions could be
rational in some context. For instance, it seems that a function h with
h(n) = 1 is somewhat inadequate to be taken as a universal belief-forming
process (for it would entail trivialisation of the agent’s doxastic state), but
in a context where the agent is a person in a dangerous jungle and the
proposition to be evaluated is there is a predator nearby, deciding for 1 even
in the absence of evidence might be rational.9 Ultimately, entertaining
true beliefs is not necessarily a direct goal of a rational agent, but more of
a side effect of the attempt at maximising one’s “utility”. Anyhow, in this
section we will take these functions as universal belief-forming processes.

A first principle was mentioned previously (in the end of Section 3.2.1):
the agents’ beliefs should not be flagrantly contradictory with evidence. If
it is known that there is only positive (negative) evidence for ϕ, then it does

7 Although some authors (e.g. Priest and Routley (1989a,b)) support dialetheism,
which states that there are sentences ϕ such that ϕ and ¬ϕ are both true. On the other
hand, Harman (1986) maintains that it might be rational to keep contradictory beliefs,
once these beliefs are already present. The normative role of logic for beliefs (if any) is
a hot (and fascinating) topic of debate (see, e.g., MacFarlane (2004)).

8 For advocates of reliabilism (in epistemology), a rational belief does not necessarily
hinge on a justification, but is instead produced by a reliable process (see Goldman
(1979); Armstrong (1973); Schmitt (1984); Feldman (1985); Ramsey (1931); Goldman
(1975)).

9 This case, however, seems more in line with the concept of acceptance than with
that of belief. See van Fraassen (1980), Stalnaker (1984, Chapter 5) or Harman (1986,
Chapter 5) for some discussions on acceptance.
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not make sense to believe in ¬ϕ (ϕ). Let us call this requirement respect for
evidence (RE). Another principle that seems to be a reasonable requirement
for rationality of consolidations is that, if only positive (negative) evidence
for ϕ is not enough to induce belief in ϕ (¬ϕ), then other combinations
of evidence are not so either. This principle will be named unanimity
dominance (UD).

Principles RE and UD stem only from the simple assumptions listed
previously. The next ones, however, depend on an additional underlying
assumption: FVEL is the logic governing the propositions. In fact, any
logic with the relevant properties of FVEL mentioned below is sufficient to
justify the next principles.

The observation that ϕn ≡ ¬ϕn and ϕb ≡ ¬ϕb in FVEL leaves us with
two possible courses of action in this analysis. The first is to recognise
that any function h : 4 → 3 with h(n) 6= −1 or h(b) 6= −1 is irrational,
for it would imply contradictory beliefs for propositions with those non-
classical values. The second possibility is to understand those functions
as applicable only to atomic propositions, then solving the contradictory
belief problem. To avoid making further assumptions (such as that atomic
propositions are special in some way), we will follow the former approach.
Let us call this last principle disregard for ambiguity (DA).

Similarly, the fact that ϕt ≡ ¬ϕf and ϕf ≡ ¬ϕt in FVEL also has
some implications. First, it shows that the polarity aspect is somewhat
superfluous from FVEL’s perspective, for evidence against ϕ is really just
evidence for ¬ϕ (note, however, that this is a peculiarity of FVEL, and
not a general truth). Second, it prompts us to derive another postulate,
for it implies that, if there is only positive (negative) evidence for some
proposition ϕ, then there is only negative (positive) evidence for its nega-
tion. Therefore, an agent who decides to believe ϕ (¬ϕ) based on this
evidence will believe the negation of ¬ϕ (ϕ), assuming that double negation
elimination is present, which is the case for for FVEL. From this we devise
another postulate, dependence of opposites (DO). This postulate is not so
much a rationality requirement, but more of an inevitability (in FVEL).

These principles can be formalised via rationality postulates.10 A
function h : 4→ 3 is a rational consolidation iff:

(RE+) h(t) 6= 0 (RE−) h(f) 6= 1

(UD+) h(t) 6= 1⇒ ∀v ∈ 4(h(v) 6= 1) (UD−) h(f) 6= 0⇒ ∀v ∈ 4(h(v) 6= 0)

10 Our methodology here is partially inspired by AGM theory of belief revision
(Alchourrón, Gärdenfors, and Makinson, 1985).
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(DA+) h(b) = −1 (DA−) h(n) = −1

(DO) h(t) = 1⇔ h(f) = 0

In the presence of postulates RE±, DA± imply UD±, but they are listed
anyway since they are independently justified (and one may still prefer the
approach without DA±). Figure 3.1 has three examples of consolidations.

t
f
n
b

1
0
−1

h0 t
f
n
b

1
0
−1

h1
t
f
n
b

1
0
−1

h2

Figure 3.1: Consolidations h0 and h1 respect all postulates; h2 only respects
DO.

Excluding DO, these postulates leave us with only 4 rational consoli-
dations (18 without DA±) out of the 81 possible ones: h0, h1, h3 and h4
(h3(n) = h4(n) = h3(b) = h4(b) = −1, h3(f) = 0, h3(t) = −1, h4(t) = 1,
h4(f) = −1). With DO, however, only h1 and the absolutely sceptical
function h0 remain. Since h0 shows an unfruitful scepticism (despite being
rational), h1 stands out as the one interesting rational function.11 In other
words, if there is a 4 → 3 function that can be used as a useful and
universal consolidation process, this function is h1. This does not mean,
however, that other functions could not be rationally applied in specific
cases. Therefore, for the following study of FVEL consolidations, we do not
have a cogent argument forcing h1 to be always respected. Nevertheless, it
can and will be used as a sensible starting point and baseline.

3.3 A Consolidation Operation

Now that our preliminary concepts are in place, we want to be able to
extract a Kripke model from an FVEL model, representing the beliefs ob-
tained from the evidence in the latter, constituting a so-called consolidation
operation.

3.3.1 Definitions

To define this operation we will need some essential notions:

11 It turns out that our requirements for “respecting the evidence” are not as strict
as elsewhere in the literature. For Feldman (2005), for instance, an agent respects her
evidence when her beliefs correspond to what her evidence indicates (similarly to what
h1 does).
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Definition 3.1 (Selection Function and Accepted Valuations) Let
Val = {v : At→ {0, 1}} be the set of all binary valuations. Given an FVEL
model M = (S,R,V ) and the set of agents A = {1, 2, ..., n}, we define
V = (V1,V2, ...,Vn), where Vi(s) ⊆ Val and Vi(s) 6= ∅, for all i ∈ A and
s ∈ S. V is called a (valuation) selection function for M , and Vi(s) is the
set of binary valuations that agent i accepts at s. Us =

⋃
i∈A Vi(s) is the

set of valuations accepted by some agent at s.

Intuitively, the selection function V gives the set of valuations that each
agent finds plausible at each state. The idea is that these plausible
valuations will bear a strong connection to the evidence possessed, by
means of constraints imposed on V . In principle, however, V can be any
function conforming to Definition 3.1.

We use sv to denote the pair (s, v), where s ∈ S and v ∈ Val . Now we
define cluster consolidations (Definition 3.2). Ideally, the consolidation
would generate one state for each state in M , with the same valuation. If
FVEL were two-valued, that would be possible, but since it is four-valued,
we generate a cluster of states for each state s, with one state sv for each
valuation v accepted at s according to V .

Definition 3.2 (Cluster Consolidation) Let M = (S,R,V ) be an FVEL
model, V be a selection function for M . The cluster consolidation of M
(based on V) is the Kripke model M ! = (S′, R′, V ), where:

i. S′ = {sv | s ∈ S, v ∈ Us};12

ii. if sv, tu ∈ S′ then: svR
′
itu iff sRit and u ∈ Vi(t); and

iii. V (p, sv) = v(p).

Definition 3.2 hopefully covers most reasonable consolidations, modulo
some notion of equivalence. It covers a lot of unreasonable ones too. It does
not reflect, however, any specific “consolidating policy”: it only defines a
technically convenient class of consolidations, due to their modular nature
(each state generating a cluster of states) and the way they link accepted
valuations and evidence.

Now we define a type of cluster consolidation reflecting an actual
policy: cautious consolidation. It is based on the following consolidating
principle: If there is only positive evidence for a proposition, then the agent
believes it; if there is only negative evidence, then the agent believes its

12 Since the number of states in M ! can be exponential in the number of elements of
At, if At is countably infinite, S′ may be uncountable (by Cantor’s Theorem).
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negation; otherwise, the agent has no opinion about it. This principle can
be codified in function h1, as discussed above. Consider the set of functions
H = {h : 3→ 4}, mapping status of evidence to doxastic attitudes.

Definition 3.3 (Compatibility) 13 Let h ∈ H and Valhs = {v ∈ Val |
for all p ∈ At, if h(V (p, s)) 6= −1 then v(p) = h(V (p, s))} be the set of
binary valuations h-compatible with V at s.

Definition 3.4 (Implementation) If Vi(s) = Valhs for all s ∈ S and
some i ∈ A, we say that V implements h for agent i.

Definition 3.5 (h-consolidation) Let h ∈ H. M ! is called an h-consolidation
of M for agent i iff M ! is the cluster consolidation of M based on V , and
V implements h for agent i.

Let cautious consolidation be synonymous with h1-consolidation. A consol-
idation is characterised in Definition 3.5 relative to an agent. This allows
consolidations to implement different belief formation policies for each
agent.

Example 3.6 Figure 3.2 (left) shows a simple cautious consolidation, with
one agent and one proposition with value true. The selection function
is cautious, so the set of valuations accepted by the agent has to be h1-
compatible with V at s1. This is the case for a valuation v only if v(p) = 1.
Then, according to Definition 3.2, there is only one state in the consolidated
model (s′1), which conforms to v (that is, p holds) and has a reflexive arrow,
because the original state s1 has one as well.

p:t s1 =⇒ s′1p p:b s1 =⇒ s′1 s′′1
p ¬p

Figure 3.2: Cautious consolidations on positive (left) and conflicting evidence
(right).

In Figure 3.2 (right), the value both for p admits two h1-compatible
valuations: one in which p holds, and one in which p does not hold. Then,
by Definition 3.2, two states must exist in the consolidation, and they
should contain all possible arrows, because the original state has a reflexive
arrow. The consolidation would be identical if p had value none: cautious
consolidations do not distinguish between none and both (due to h1).

13 For this and coming definitions, keep in mind that whenever V , S or V are
mentioned, they are always relative to an underlying FVEL model M = (S,R,V ).
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Example 3.7 Figure 3.3 illustrates cautious consolidation applied to Ex-
ample 2.7.

p:t

p:f

p:bs3s2

s1

j

j
j

j,kj,k

j,k

=⇒
s′3s′2

s′1

s′′3j

j
j j

j,k

j

j,kj,k j,k

j,k

p

¬p

p
¬p

Figure 3.3: Cautious consolidation of Example 2.7.

The original model has three states and two agents. Each one of states
s1 and s2 will have one corresponding state in the consolidated model
(s′1 and s′2, respectively), due to their valuations of p being false and
true, respectively. On the other hand, s3 will generate two states, since p
has value both there, and accordingly has two h1-compatible valuations.
Regarding accessibility, all states will have reflexive arrows, due to the
original model being reflexive (this preservation property is shown later
by Proposition 3.17). Connections between states of different clusters (for
example, s′1 and s′3, which were generated by s1 and s3, respectively) will
respect the connections between their matching states in the original model.
Finally, s′3 and s′′3 will be connected for both agents because both of them
come from s3, and the FVEL model is reflexive.

3.3.2 Other Cluster Consolidations

Let us explore other forms of cluster consolidation. As can be anticipated by
the name cautious consolidation, less cautious operations can be devised, in
the sense that they might create more false beliefs.14 These strategies may
be realised in two ways. One is to use a selection function Vi implementing
a function h′ : 4 → 3 other than h1. For instance, if h′ is like h1 except
that h′(b) = 1, then h′ is a strategy that, in the face of conflicting evidence,
always trusts positive evidence. We will not pursue this strategy because,
as seen in Section 3.2.2, one can dismiss these functions as irrational. The
other way is to use a Vi that do not implement any 4 → 3 function.
Then, differently from the previous one which just implements a general

14 Strictly speaking, even cautious consolidation already risks false beliefs. Despite
all evidence pointing to the truth of a certain proposition, it can still be false (and vice
versa). This evokes the whole internalism versus externalism debate in epistemology
(Goldman, 2009).
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strategy, additional decision making will be needed: agents with conflicting
or missing evidence about a certain proposition p will be able to decide
whether they believe p or ¬p.

This decision process for propositions with value both presupposes that
the agents have some additional information besides the aspects of evidence
represented by FVEL, for otherwise deciding between p or ¬p would be
completely arbitrary. For the value none, however, any decision would be
arbitrary, since p having truth value none means that there is no evidence
about p whatsoever.

One type of operation including these decision processes is evaluative
consolidation. It is based on the principle that, if an agent has both positive
and negative evidence about a proposition, she can ponder in which one
she believes. In practice, this might reduce the number of states in the
consolidated model. Let v−p be the valuation identical to v ∈ Val except
that v−p(p) = |v(p)− 1|.

Definition 3.8 (Evaluative Consolidation) For all s ∈ S and some i ∈ A,
let Vi(s) ∈ Es, where Es = {X ⊆ Valh1s | X 6= ∅ and ∀p ∈ P,∀v ∈ X:
V (p, s) = ∅ ⇒ ∃u ∈ X(u = v−p)}. We say V is an evaluative selection
function for agent i (or Vi is an evaluative selection function). Evaluative
consolidation is defined in the obvious way (analogously to Definition 3.5).

Notice that Vi carries within it not only the additional information men-
tioned earlier, but also some subjective judgement made by agent i, which
could be different for another agent j, even in the same state.

Example 3.9 Figure 3.4 shows again Example 2.7, but this time agents
k and j are performing (different) evaluative consolidations.

p:t

p:f

p:bs3s2

s1

j

j
j

j,kj,k

j,k

=⇒
s′3s′2

s′1

s′′3j

j
j j
j

k

j

kj,k j

j,k

p

¬p

p ¬p

Figure 3.4: Evaluative consolidations applied to Example 2.7 (compare to
Figure 3.3).

While agent k has a selection function such that there is no v ∈ Vk(s3)
such that v(p) = 0, for agent j there is no v ∈ Vj(s3) such that v(p) = 1,
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that is, in state s3, Kate would favour evidence for p while John would
favour evidence against p. Notice how there are no k-arrows going to s′′3,
and no j-arrows going to s′3. Notice also that if both agents had opted for
p, state s′′3 would not exist in the consolidated model.

We can also define an operation which is dual to the last one, opinionated
consolidation. This one is based on the principle that, in the absence
of evidence, the agents may just come up with a truth value for a given
proposition. Despite the mathematical similarity, opinionated consolidation
cannot be considered rational, for it is based on arbitrary choices: if a
proposition has value none then there is no evidence about it, therefore
the judgement made by the agent is not grounded in evidence, but purely
on subjective preferences.15

Definition 3.10 (Opinionated Consolidation) For all s ∈ S and some
i ∈ A, let Vi(s) ∈ Os, where Os = {X ⊆ Valh1s | ∀p ∈ P,∀v ∈ X:
V (p, s) = {0, 1} ⇒ ∃u ∈ X(u = v−p)}. We say V is an opinionated
selection function for agent i. Opinionated consolidation is defined in the
obvious way.

This consolidation has more of a descriptive appeal than a normative
one; although it does not look rational, it can at least be considered
“natural”. A mixture of evaluative and opinionated consolidations can also
be devised. In the case where all propositions with values both or none
are disambiguated by the agent, the consolidation yields the maximum
amount of beliefs.

Definition 3.11 (Mixed Consolidation) For all s ∈ S and some i ∈ A,
Vi(s) ⊆ Valh1s . We say V is a mixed selection function for agent i. Mixed
consolidation is defined in the obvious way.

It is not difficult to see that every cautious consolidation is an evaluative,
opinionated and mixed consolidation as well, but a very minimal one at
that. This idea of minimality refers to the number of decisions made by
the agent: an evaluative (or opinionated, or mixed) consolidation is also
cautious if the agent does not make any decision that she could possibly
do, or, alternatively, accepts all possible valuations. In the same vein,

15 Despite our not clearly defining what is considered evidence, defining what falls
within this category would have great import for the valuation V . Propositions valued
none under certain definitions, for example, could have other values under others.
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consolidations can be maximal if all decisions are made, that is, only a
minimal number of valuations are accepted. Minimal consolidations in
any of these classes (cautious, evaluative, opinionated and mixed) are
also instances of consolidations of all the other classes. Maximal mixed
consolidations have selection functions that map every state to a singleton
set (a set with one valuation). Cautious consolidations are unique, so they
are always maximal and minimal at the same time.

Although the context is different, it is worth noticing the parallel
between cautious consolidations and maximal mixed consolidations on
the one hand, and full meet and maxichoice operations in belief revision
(Alchourrón, Gärdenfors, and Makinson, 1985) on the other. The former is
the most cautious type of revision, making an intersection of all acceptable
outcomes, whereas the latter is the most reckless, picking only one element
of the set of acceptable outcomes. As with belief revision, here we are left
with a dilemma between maximising the epistemic state and minimising
the risk of incurring into false beliefs.

3.3.3 Properties

In this section we explore formal properties of consolidations. Proposi-
tion 3.12 represents a desideratum for cluster consolidations: that they
“respect” the function h upon which they are based. In a cautious consoli-
dation, for example, we want that if an agent a knows that the status of
evidence for p is t in state s, that is, M , s |= �apt, then in the correspond-
ing state of M ! a will believe p. Now if �apf holds, a will believe ¬p, and
otherwise a will believe neither p nor ¬p. Proposition 3.12 generalises this
result for any function h ∈ H, for any number of “stacked boxes”, and
for disjunctions of truth values of p. For example, with h1, if �a(pb ∨ pn)
holds, then the agent will not form beliefs about p. Let h−1(y) be the
preimage of y by h: h−1(y) = {x ∈P({0, 1}) | h(x) = y}.

Proposition 3.12 Given any FVEL model M = (S,R,V ) and a function
h ∈ H, consider an h-consolidation M ! = (S′, R′, V ) of M for agent
i0. For any such consolidation, for all p ∈ At and s ∈ S: M , s |=
�in ...�i0(px1 ∨ ... ∨ pxm)⇒

M !, f(s) |= Bin ...Bi0p if {x1, ..., xm} ⊆ h−1(1)

M !, f(s) |= Bin ...Bi0¬p if {x1, ..., xm} ⊆ h−1(0)

M !, f(s) 6|= Bin ...Bi0p if {x1, ..., xm} ∩ h−1(1) = ∅
M !, f(s) 6|= Bin ...Bi0¬p if {x1, ..., xm} ∩ h−1(0) = ∅
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where for all s ∈ S, f(s) = sv for some sv ∈ S′, and Ba is the belief
modality associated with R′a.

Before proving this proposition, we need the following lemma:

Lemma 3.13 Let M = (S,R,V ) be an FVEL model, s ∈ S, and M ! be a
cluster consolidation of M implementing h ∈ H for agent i. If u, v ∈ Us,
then M !, sv |= Biϕ iff M !, su |= Biϕ, for any formula ϕ.

Proof We have svR
′
itw iff (sRit and w ∈ Vi(t)) iff suR

′
itw. So {s′ ∈ S′ |

svR
′
is
′} = {s′ ∈ S′ | suR′is′}, and as such M !, sv |= Biϕ iff M !, su |= Biϕ.

�

Proof of Proposition 3.12 The proof will be by induction on n, but
we will first prove separately the case when n = 0.

We want to show that if M , s |= �i(px1 ∨ ... ∨ pxm) and:

i. {x1, ..., xm} ⊆ h−1(1), then V (p, tu) = 1 in all states tu such that
f(s)R′itu;

ii. {x1, ..., xm} ∩ h−1(1) = ∅, then ∃tu ∈ S′ s.t. f(s)R′itu, where
V (p, tu) = 0;

iii. {x1, ..., xm} ⊆ h−1(0), then V (p, tu) = 0 in all states tu such that
f(s)R′itu;

iv. {x1, ..., xm} ∩ h−1(0) = ∅, then ∃tu ∈ S′ s.t. f(s)R′itu, where
V (p, tu) = 1.

This entails the proposition. We will analyse each case:
{x1, ..., xm} ⊆ h−1(1): Let tu ∈ S′ be such that f(s)R′itu. Since

M , s |= �i(px1 ∨ ... ∨ pxm), we have that M , t |= px1 ∨ ... ∨ pxm for all t
such that sRit. But this is true for t iff M, t |= px1 or ... or M , t |= pxm .
Since f(s)R′itu, it holds that sRit and u ∈ Vi(t). So u is h-compatible
(with V at t), and since h(x1) = ... = h(xm) = 1, we have V (p, tu) = 1.
The case for {x1, ..., xm} ⊆ h−1(0) is analogous.
{x1, ..., xm} ∩ h−1(1) = ∅: Similar to the previous case, but now we

have that h(x1) 6= 1, ..., h(xm) 6= 1, so since Vi(t) is the set of h-compatible
valuations (with V at t), for any u ∈ Vi(t) either u(p) = 0 or u−p ∈ Vi(t).
In either case (ii) is satisfied. Case (iv) is analogous.

We now show that the proposition hold for the base case, where n = 1,
and then we extend the result to all n ≥ 1 by induction.

Assume n = 1 and M , s |= �i1�i0(px1 ∨ ... ∨ pxm). Let us prove by
cases.
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{x1, ..., xm} ⊆ h−1(1): By M , s |= �i1�i0(px1∨...∨pxm) and the seman-
tics of FVEL we conclude that (1) for all t, r such that sRi1tRi0r we have
M , s |= px1 ∨ ... ∨ pxm . From Definition 3.2 we have that f(s)R′i1tuR

′
i0
rv

iff sRi1tRi0r and u ∈ Vi1(t) and v ∈ Vi0(r). Fact (1) implies M , r |= px1

or ... or M , r |= pxm . Formulas of type ϕy are satisfied in a state s iff
V (ϕ, s) = y. This means that (1) implies V (p, r) ∈ {x1, ..., xm}. But since
{x1, ..., xm} ⊆ h−1(1) and Vi0 is h-compatible with V at r, we have that
M !, rv |= p for all tu and rv such that f(s)R′i1tuR

′
i0
rv. This concludes this

case. The case for {x1, ..., xm} ⊆ h−1(0) is analogous.
{x1, ..., xm} ∩ h−1(1) = ∅: Similar to the previous case but now Vi0

being h-compatible with V at r implies that for all tu there is some rv s.t.
f(s)R′i1tuR

′
i0
rv with M !, rv |= ¬p. This concludes this case. The case for

{x1, ..., xm} ∩ h−1(0) = ∅ is analogous.
Now we can use induction to finish the proof. As Induction Hypothesis

(I.H.) we assume the proposition is valid for n = k − 1, and from this we
prove that it is valid for n = k. Suppose that M , s |= �ik ...�i0(px1 ∨ ... ∨
pxm). Again, let us go by cases.
{x1, ..., xm} ⊆ h−1(1): we have to show that M !, f(s) |= Bik ...Bi0p.

By the semantics of FVEL we have that for all t s.t. sRikt we have
M , t |= �ik−1

...�i0(px1 ∨ ... ∨ pxm), but the I.H. this implies M !, f(t) |=
Bik−1

...Bi0p But by Definition 3.2 we have that svR
′
ik
tu iff sRikt and

u ∈ Vik(t). Using Lemma 3.13 we have that for any such tu it holds that
M !, tu |= Bik−1

...Bi0p. This, of course, implies M !, f(s) |= Bik ...Bi0p,
which concludes this case. The other cases are identical, since the case
condition is only relevant for the application of the I.H. �

Function h is respected in a weak way, namely, only for atoms. Now
consider the following translation function for formulas.

Definition 3.14 (Translation Function) Let t : L n
�˜
→ L n

B be a func-

tion that translates FVEL formulas into a standard multimodal language
with modal operators Ba for each a ∈ A such that ˜ is replaced by ¬, �a
is replaced by Ba, and the rest remains the same.

The following result, as Proposition 3.12, establishes a correspondence
between formulas in an FVEL model and in its consolidation. The result is
limited to formulas with “classically-valued” atoms, but encompasses all
formulas instead of only atoms.

Proposition 3.15 Let M = (S,R,V ) be an FVEL model and M ! =
(S′, R′, V ) its cautious consolidation, and let ϕ be an FVEL formula such
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that for all atoms p occurring in ϕ, V (p, s) ∈ {{0}, {1}} for all s ∈ S.
Then, for all s ∈ S, M , s |= ϕ iff M !, sv |= t(ϕ), for any sv ∈ S′.

Proof This proposition can be proven by a simple induction on the
structure of ϕ. The base case is the case for atoms, and the Induction
Hypothesis is that the proposition holds for proper subformulas of ϕ. �

Now let us check the preservation of frame properties under consolida-
tions. Seriality, transitivity and Euclideanicity are preserved in general.
Reflexivity and symmetry, however, are only preserved if there is a certain
similarity among the selection functions Vi. Notice that for all R′i to be
reflexive, all functions Vi have to be equal. The following propositions are
all relative to an FVEL model M = (S,R,V ) and a cluster consolidation
M ! = (S′, R′, V ) of M , where R = (R1, ..., Rn) and R′ = (R′1, ..., R

′
n).

Proposition 3.16 If Ri is serial (transitive, Euclidean), then R′i is serial
(transitive, Euclidean).

Proposition 3.17 If Ri is reflexive, then R′i is reflexive iff for all j ∈ A
and all s ∈ S it holds that Vj(s) ⊆ Vi(s).

Proposition 3.18 If Ri is symmetric, then R′i is symmetric iff for all
s, t ∈ S such that sRitRis it holds that Vj(s) ⊆ Vi(s) for all j ∈ A.

In the case where all the agents consolidate in the same manner (for
example, through cautious consolidation), reflexivity, symmetry, transi-
tivity, seriality and Euclideanicity are all preserved. Since we want the
consolidated model to be a doxastic model, it is desirable that its relation
be Euclidean, serial and transitive (KD45 models). These results provide
sufficient conditions for that.

3.3.4 A Unified Language for Evidence and Beliefs

A detailed study of an extension of the language and logic of FVEL with
beliefs is beyond the scope of this thesis, but we will suggest here how this
can be done.

First, we have to recall that propositional formulas in FVEL are not
about facts, but about evidence. For this reason, it is better to define belief
over formulas of LB, the doxastic language of the consolidated model. We
can define belief in FVEL model as follows:

M , s |= Bat(ϕ) iff M !, sv |= Bat(ϕ)
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where M ! = (S′, R′, V ) is the cautious consolidation of M , and sv ∈ S′.
In this language it is now possible to talk about formulas such as

�apt↔̃Bap or �apf↔̃Ba¬p, i.e., only positive (negative) evidence equals

belief (disbelief), where ϕ↔̃ψ def
= ˜(ϕ ∧ ˜ψ) ∧ ˜(ψ ∧ ˜ϕ). These formulas

are valid, but if we employ another type of consolidation in the semantic
definition above, they may not be.

Notice also that if M ! is a KD45 model, for example, the behaviour of
this new Ba operator in FVEL will be governed by that logic. But since
the consolidation is completely determined by the original FVEL model, it
should be possible to define semantics for Ba in FVEL without mentioning
M !.

3.4 Equivalence Between Evidence Models

Now we recall van Benthem and Pacuit (2011b)’s models (hereafter, B&P
models). The goal is to compare, later, consolidations in B&P and FVEL
models.

Definition 3.19 (van Benthem and Pacuit, 2011b) A B&P model is a
tuple M = (S,E, V ) with S 6= ∅ a set of states, E ⊆ S×P(S) an evidence
relation, and V : At→P(S) a valuation function. We write E(w) for the
set {X | wEX}. We impose two constraints on E: for all w ∈ S, ∅ /∈ E(w)
and S ∈ E(w).

In B&P models, propositional formulas are about facts (not evidence), as
usual.

Definition 3.20 (van Benthem, Fernandez-Duque, and Pacuit, 2014) A
w-scenario is a maximal X ⊆ E(w) such that for any finite X ′ ⊆ X ,⋂
X ′ 6= ∅. Let SceE(w) be the collection of w-scenarios of E.

Definition 3.21 (van Benthem and Pacuit, 2011b) A standard bimodal
language L�B (with � for evidence and B for belief) is interpreted over a
B&P model M = (S,E, V ) in a standard way, except for B and �:

M,w |= �ϕ iff ∃X with wEX and ∀v ∈ X : M,v |= ϕ

M,w |= Bϕ iff ∀X ∈ SceE(w) and ∀v ∈
⋂
X ,M, v |= ϕ
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Formulas such as �ϕ mean that the agent has evidence for ϕ. Notice that
an agent can have evidence for ϕ and ¬ϕ at the same time, or have no
evidence about ϕ whatsoever. This makes the status of evidence (in any
given state) four-valued, just as in FVEL. Note also that the conditions for
the satisfaction of Bϕ tell us how the consolidation in B&P logic is done:
One believes what is supported by all pieces of evidence in all maximal
consistent subsets of one’s evidence (w-scenarios).

Now we want to be able to compare consolidations of B&P models to
consolidations of FVEL models. For this, first, we need a way of establishing
that an FVEL model and a B&P model are “equivalent” with respect to
how evidence is represented. It only makes sense to compare consolidations
if they depart from (roughly) the same evidential situation.

The “logics of evidence” in B&P logic and FVEL differ, the former
being non-normal (so, for example, �ϕ ∧ �ψ does not imply �(ϕ ∧ ψ)
in B&P logic, while in FVEL it does), and the latter being First Degree
Entailment (FDE) (Dunn, 1976; Priest, 2008).16 Note, however, that this
difference is more about how evidence is manipulated in these logics, than
about how it is represented. For this reason, our equivalence in evidence is,
fittingly, limited to literals.

Definition 3.22 (ev-equivalence) Let M = (S,E, V ) be a B&P model
and let M = (S′, R,V ) be an FVEL model. A relation $⊆ S × S′ is an
ev-equivalence between M and M iff:

1. $ is a bijection;

2. If s $ s′, where s ∈ S and s′ ∈ S′, then, for all p ∈ At: M, s |= �p
iff M , s′ |= �p; and M, s |= �¬p iff M , s′ |= �¬p.

We write M $M if there exists an ev-equivalence between M and M .
M $M ′, M $M and M $M ′ are defined analogously.

Now our job is to find, for each B&P or FVEL model, a model of the
other type which is ev-equivalent to it, that is, that represents the same
evidence.17 Since B&P models are single-agent, we assume from now

16 In other words: if there is evidence for Σ and Σ `FDE ϕ, then there is evidence for
ϕ.

17 I opted for Definition 3.22 instead of an equivalence between �p in B&P and p in
FVEL models, because even though we do restrict FVEL models to the single-agent case,
these models are still multi-agent in nature. So, while M , s |= p indicates that there
is evidence for p (at s), it is only when M , s |= �ap holds that we should think that
an agent a has (knowledge of) this evidence. On the other hand, in single-agent B&P
models there is no semantic difference between there is evidence for p and the agent has
evidence for p.
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on that all models are single-agent. Much of the conversions between
models that follow will be about removing aspects of evidence that are not
represented in the other type of model.

3.4.1 From B&P to FVEL models

Consider the following conversion from B&P to FVEL models:

Definition 3.23 Let M = (S,E, V ) be a B&P model. Define the FVEL
model FV(M) = (S,R,V ), where R = {(s, s) | s ∈ S} and for all p ∈ At
and states s ∈ S: 1 ∈ V (p, s) iff M, s |= �p; and 0 ∈ V (p, s) iff M, s |=
�¬p.

We cannot expect a complete correspondence between M and FV(M) in
terms of satisfaction of formulas (in the vein of Proposition 3.37), for while
propositional formulas in B&P models represent facts and � formulas
represent the agent’s evidence, in FVEL propositional formulas represent
generally available evidence, while � formulas represent agents’ knowledge
of such evidence. This public/personal distinction for evidence in FVEL
would be superfluous in B&P models, since they are not multi-agent.
Nevertheless, we have the following correspondence:

Proposition 3.24 For any B&P model M = (S,E, V ) and its FVEL
counterpart FV(M), for all states s ∈ S and all literals l ∈ {p,¬p}, with
p ∈ At, we have:

M, s |= �l iff FV(M), s |= l iff FV(M), s |= �l

Proof By the construction of FV(M) we know that FV(M), s |= p iff
M, s |= �p and the same for ¬p. But since R consists exactly of all reflexive
arrows, FV(M), s |= �p iff FV(M), s |= p (again, the same for ¬p). �

Corollary 3.25 For any B&P model M , M $ FV(M).

3.4.2 From FVEL to B&P models

This direction is less straightforward than the conversion discussed above.
Again we run into the problem of representing a four-valued model as a
two-valued one.
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Definition 3.26 Let M = (S,R,V ) be an FVEL model. We build a B&P
model BP(M ) = (S′, E, V ) where S′ = {sv | s ∈ S and v ∈ Valh1s } and
sv ∈ V (p) iff v(p) = 1. Let C(s) = {tv ∈ S′ | sRt}. E is defined as follows:

E(sv) = {S′} ∪
{Xp ⊆ C(s) | Xp 6= ∅, p ∈ At; tu ∈ Xp iff M , s |= �p and tu ∈ V (p)} ∪
{X¬p ⊆ C(s) | X¬p 6= ∅, p ∈ At; tu ∈ X¬p iff M , s |= �¬p and tu /∈ V (p)}

Definition 3.26 creates clusters of states for each original state in M
(similarly to the technique for cluster consolidations). Then, all clusters
accessible from a state sv are grouped together and “filtered” to form
the “pieces of evidence” in E(sv), one for each literal that is known to be
evidence in the corresponding state of the FVEL model. For example, if in
a state s only evidence for the literal ¬p is known (that is, M , s |= �¬p),
then E(sv) will be {S′, X¬p}, where X¬p is a piece of evidence made up of
all states accessible from sv where ¬p holds. See Figure 3.5.

p:f,q:t
�¬p,�q

p:t,q:b
�p,�¬q

p:t,q:f
�p,�¬q

s3s2

s1
=⇒

s′1

s′2 s′′2

s′3¬p, q

p, q p,¬q

p,¬q

E(s′1) = {S, {s′1}}
E(s′2) = E(s′′2) =

E(s′3) = {S, {s′2, s′′2 , s′3}, {s′′2 , s′3}}

Figure 3.5: An example of BP being applied to an FVEL model.

Proposition 3.27 Let M = (S,R,V ) be a serial FVEL model with BP(M ) =
(S′, E, V ). Then, for all s ∈ S, all v such that sv ∈ S′ and all l ∈ {p,¬p},
with p ∈ At: M , s |= �l iff BP(M ), sv |= �l

Proof Let us first show that M |= �p entails BP(M ), sv |= �p. Let us
assume M |= �p. We need to show that (i) ∃X ∈ E(sv) such that ∀t ∈ X
it holds that BP(M ), t |= p.

S′ is not necessarily a piece of evidence matching the X of condition (i),
so we have to check whether there is some Xp according to Definition 3.26
respecting those conditions. But Xp can only fail the condition if ∃tu ∈ Xp

s.t. BP(M ), tu |= ¬p, which means that tu /∈ V (p) and thus u(p) = 0. If
Xp is built according to Definition 3.26 this is not possible. So, if we can
prove that a non-empty Xp according to Definition 3.26 exists, we are
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done. C(s) is empty iff 6 ∃t s.t. sRt, but since the model is serial this is
not possible. So C(s) is non-empty and M , s |= �p is assumed, so we just
need to guarantee that there is one tu ∈ C(s) s.t. u(p) = 1. But since
M , s |= �p, for all t s.t. sRt we have M , t |= p, which by the definition of
S′, V and C(s) will guarantee that for all such t there is at least one u s.t.
tu ∈ C(s) and u(p) = 1. This concludes this direction.

For the other direction, we will prove that M 6|= �p entails BP(M ), sv 6|=
�p, which gives us the desired result by modus tollens. We assume the
former, which entails ∃t s.t. sRt and M , t 6|= p. Now for BP(M ), sv 6|= �p
we just have to show that 6 ∃X ∈ E(sv) s.t. ∀tu ∈ X, BP(M ), tu |= p. We
will show that this condition is indeed not satisfied by any X ∈ E(sv), for
each case of Definition 3.26.

X = S′. If ∀tu ∈ S′ it holds that BP(M ), tu |= p, then there is no
tu ∈ S′ s.t. u(p) = 0. By the definition of S′, this means that in all states
w, V (p, w) = t. But this contradicts our assumption that ∃t s.t. sRt and
M , t 6|= p.

X = Xp, where Xp ⊆ C(s) and tu ∈ Xp iff M , s |= �p and u(p) = 1.
Since we are assuming M , s 6|= �p, there is no non-empty Xp satisfying
these conditions.

X = Xq, where q 6= p, Xq ⊆ C(s) and tu ∈ Xq iff M , s |= �q and
u(q) = 1. Since ∃t s.t. sRt and M , t 6|= p, then by the definitions of
S′, V and C(s) there is a tu ∈ C(s) s.t. u(p) = 0. Moreover, for any
u ∈ Valh1t s.t. u(q) = 1 (as required by any tu ∈ Xq) there is a u′ ∈ Valh1t
s.t. u′(r) = u(r) for all r 6= p and u′(p) = 0 – by the combinatorial nature
of Valh1t . So ∃tu ∈ Xq s.t. BP(M ), tu 6|= p.

X = X¬p, where X¬p ⊆ C(s) and tu ∈ X¬p iff M , s |= �¬p and u(p) =
0. If X¬p is non-empty, then by definition ∀tu ∈ X¬p has BP(M ), tu 6|= p.

X = X¬q, where q 6= p, X¬q ⊆ C(s) and tu ∈ X¬q iff M , s |= �¬q and
u(q) = 0. The argument is identical to the X = Xq case.

The cases for ¬p are completely analogous. �

Corollary 3.28 For all serial FVEL models M , BP(M ) $M .

3.4.3 Evaluating the conversions

Our conversions are satisfactory enough to produce ev-equivalent models,
but unfortunately the following proposition can be easily verified:

Proposition 3.29 Let M be a B&P model and M be an FVEL model.
Then, neither BP(FV(M)) ∼= M nor FV(BP(M )) ∼= M are guaranteed to
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hold; where M ∼= M ′ denote that M is isomorphic to M ′, and similarly
for M ∼= M ′.

One reason why BP(FV(M)) ∼= M and FV(BP(M )) ∼= M do not hold in
general is simple: BP(M ) has more states than M if the latter has any
state where some atom has value b or n.

Definition 3.30 Let M = (S,E, V ) be a B&P model. We define the
following conditions on M :

� Consistent Evidence (CONS) ∀s ∈ S∀X,Y ∈ E(s): if ∀x ∈
X,M, x |= l then ∃y ∈ Y,M, y |= l, for all literals l ∈ {p,¬p},
p ∈ At;

� Complete Evidence (COMP) ∀s ∈ S∀p ∈ At∃X ∈ E(s) s.t.
∀x ∈ X,M, x |= p or ∀x ∈ X,M, x |= ¬p;

� Good Evidence (GOOD) s ∈ V (p) iff ∃X ∈ E(s) s.t. ∀x ∈
X,M, x |= p

� Simple Evidence (SIMP) ∀s ∈ S,E(s) = {{s}, S}.

Proposition 3.31 SIMP entails CONS, COMP and GOOD. CONS and
COMP are sufficient and necessary for the preservation of S. CONS,
COMP and GOOD are sufficient (but GOOD is not necessary) for preser-
vation of V . SIMP is sufficient and necessary for preservation of E.

Proof SIMP ⇒ GOOD: easily verifiable.
SIMP ⇒ COMP: easily verifiable (take {s} as X).
SIMP ⇒ CONS: easily verifiable (if all states in S support p, then s

supports p; if s supports p, then there is a state in S which supports p: s
itself).

For the following proofs we assume a B&P model M = (S,E, V ),
FV(M) = (S,R,V ) and BP(FV(M)) = (S′, E′, V ′). Preservation of S,
more precisely, means |S| = |S′|. Preservation of V means that there is a
bijection f from S to S′ such that for all s ∈ S and all p ∈ At: s ∈ V (p)
iff f(s) ∈ V ′(p). Preservation of E means that there is a bijection f from
S to S′ such that ∀X ⊆ S: X ∈ E(s) iff {f(w) | w ∈ X} ∈ E′(f(s)).

Preservation of S: First, let us show that CONS and COMP imply
|S| = |S′|, then the converse. By the definition of FV (Definition 3.23), we
know that a proposition p in some state s of FV(M) cannot have value
both unless M, s |= �p and M, s |= �¬p. CONS prevents this. For none,
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M, s 6|= �p and M, s 6|= �¬p are needed. COMP prevents this. So CONS
and COMP together imply that FV(M) does not have any atom in any
state with value b or n. So by the definitions of S′ (in Definition 3.26) and
of Valh1s we know that each state will have only one accepted valuation,
and therefore |S| = |S′|.

Now let us show that |S| = |S′| implies CONS and COMP. If CONS
is violated, then for some p, s we have M, s |= �p and M, s |= �¬p. If
COMP is violated, then for some p, s we have M, s 6|= �p and M, s 6|= �¬p.
In either case, FV(M) will have some proposition with value b or n, which
again by Definition 3.26 will imply that |S′| > |S|.

Preservation of V : First, let us show that CONS, COMP and GOOD
imply that V is preserved. We just showed that CONS and COMP imply
|S| = |S′|. For all s ∈ S, let f(s) = sv, where sv ∈ S′. We have to show
that for all s, p: s ∈ V (p)⇒ sv ∈ V ′(p) and sv ∈ V ′(p)⇒ s ∈ V (p).

By GOOD, s ∈ V (p) implies that M, s |= �p. This implies that
1 ∈ V (p, s). CONS implies M, s 6|= �¬p, which makes V (p, s) = t. Now
there is only one v s.t. sv ∈ S′, and by the definition of S′ we have that
v(p) = 1, and therefore sv ∈ V ′(p).

For the other direction, we assume sv ∈ V ′(p). This implies v(p) = 1,
but by CONS and COMP we know this v is unique, which means that
V (p, s) = t, which is only the case if M, s |= �p and M, s 6|= �¬p. By
GOOD, we derive that s ∈ V (p).

Now we give a counterexample for why preservation of V does not
imply GOOD. Let S = {s, t}, with s ∈ V (p) and t /∈ V (p), E(s) = {{t}, S}
and E(t) = {{s}, S} (notice that this violates GOOD). Now, BP(FV(M))
will have S′ = {sv, tu} for some v, u. If we make f(s) = tu and f(t) = sv,
V is preserved, but GOOD does not hold.

Preservation of E: First, let us show that SIMP implies the preser-
vation of E. Since SIMP entails the other conditions, we know that it also
preserves S and V . Let f(s) = sv, where sv ∈ S′ (this bijection was just
shown to preserve V ). Given this and E(s) = {{s}, S} for all s (SIMP), we
just need to show that E′(sv) = {{sv}, S′}. By CONS and COMP and the
definition of S′ we have that there is only one valuation compatible with
each s ∈ S, and therefore (by the definition of C(s)) E′(sv) ⊆ {{sv}, S′}.
Now S′ ∈ E′(s, v), so we only have to show that {sv} ∈ E′(sv). First, note
that if v(p) = 1 then M , s |= �p (and if v(p) = 0 then M , s |= �¬p), by
the definition of Valh1s and R. So {sv} will be added either as Xp or X¬p
(definition of E′(sv) in Definition 3.26).

Now we show that the preservation of E entails SIMP. The preservation
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of E entails the existence of a bijection between S and S′, which in turn
entails CONS and COMP. The exact same reasoning as in the previous
proof can be used to show that E′(sv) = {{(sv)}, S′}. Now assume
f(t) = (sv), for some t (this t has to exist as f is a bijection). Then
E′(f(t)) = {{f(t)}, S′}. But since E is preserved, E(t) = {{t}, S}, and
since t is arbitrary, this just proves SIMP. �

Corollary 3.32 BP(FV(M)) ∼= M iff SIMP holds.

Proof Proposition 3.31 just showed that SIMP implies CONS, COMP and
GOOD, which in turn imply the preservation of V and S. So SIMP implies
the preservation of S, V and E. Moreover, in the proof of Proposition 3.31
we saw that there is a bijection that preserves simultaneously V and E.
This guarantees that M ∼= BP(FV(M)). If M ∼= BP(FV(M)) holds, then
obviously E is preserved, which in turn implies, by Proposition 3.31, that
SIMP holds. (Notice that the importance of this corollary is not just to
show that the satisfaction of SIMP is equivalent to the preservation of S,
R and V , but to show that this preservation occurs under one and the
same bijection.) �

Definition 3.33 Let M = (S,R,V ) be an FVEL model. We define the
following conditions on M :

� Classicality (CLAS) ∀p ∈ At,∀s ∈ S : V (p, s) ∈ {t, f};

� Knowledge of Evidence (KNOW) M , s |= p iff M , s |= �p;
M , s |= ¬p iff M , s |= �¬p;

� Only-Reflexivity (REFL) R = {(s, s) | s ∈ S}

Proposition 3.34 REFL entails KNOW. CLAS is necessary and suffi-
cient for preservation of S. CLAS and KNOW are sufficient (but KNOW
is not necessary) for preservation of V . CLAS and REFL are the necessary
and sufficient conditions for preservation of R.

Proof Let M = (S,R,V ), BP(M ) = (S′, E, V ) and FV(BP(M )) =
(S′, R′,V ′). That REFL entails KNOW is easy to check.

Preservation of S: If CLAS holds, for each s ∈ S there will be only
one v ∈ Valh1s , so |S| = |S′|. Now for the other direction we will assume
that CLAS does not hold. Then there is some p ∈ At and s ∈ S s.t.
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V (p, s) ∈ {b, n}. In either case, by the definition of S′ (Definition 3.26),
there will be more than one v ∈ Valh1s , and since for any t there is at least
one u ∈ Valh1t , we have |S′| > |S|.

Preservation of V : By this we mean that there is a bijection f from
S to S′ s.t. for all p ∈ At and all s ∈ S: V (p, s) = V ′(p, f(s)).

First we show that CLAS and KNOW imply the preservation of V .
By CLAS we have |S| = |S′|, and by the def. of S′ (Definition 3.26)
there is a unique v ∈ Valh1s , so take f(s) = sv where v is s.t. sv ∈ S′.
By Proposition 3.27 we know that M , s |= �p iff BP(M ), sv |= �p. By
Definition 3.23 we know that 1 ∈ V ′(p, sv) iff BP(M ), sv |= �p. Thus,
1 ∈ V ′(p, sv) iff M , s |= �p and, by KNOW, M , s |= �p iff M , s |= p,
which boils down to 1 ∈ V ′(p, sv) iff 1 ∈ V (p, s). The reasoning for 0 and
¬p is analogous. Since f(s) = sv, V is preserved.

Now we show that the preservation of V implies CLAS, but does not
imply KNOW. If V is preserved then there is a bijection between S and
S′, therefore S is preserved, which implies CLAS (as we shown above).
Now a counterexample of M where V is preserved but KNOW does not
hold. Let S = {s, t}, R = {(s, t), (t, s)} and V (p, s) = t and V (p, t) = f .
Let S′ = {sv, tu}. If we make f(s) = tu and f(t) = sv, V is preserved, but
KNOW does not hold.

Preservation of R: By this we mean that there is a bijection f from
S to S′ s.t. sRt iff f(s)R′f(t), for all s, t ∈ S.

First let us show that CLAS and REFL together imply the preservation
of R. By CLAS we have |S| = |S′|, and by Definition 3.23 we have
R′ = {(sv, sv) | sv ∈ S′}. Since REFL means R = {(s, s) | s ∈ S} for all
s ∈ S, just take f(s) = sv, with v s.t. sv ∈ S′, for all s ∈ S.

The other direction: since R′ = {(s′, s′) | s′ ∈ S′}, and we have a
bijection f between S and S′, we conclude that s′R′t′ iff f−1(s′)Rf−1(t′),
and therefore R = {(s, s) | s ∈ S}. �

Corollary 3.35 FV(BP(M )) ∼= M iff CLAS and REFL hold.

Proof The only thing worth noting here is that CLAS and REFL imply
KNOW, and by CLAS and KNOW we have that V is preserved with the
bijection f(s) = (s, v) for v s.t. (s, v) ∈ S′. The same bijection, as shown
before, under CLAS and REFL, preserves R. Again, this is to guarantee
that these properties not only preserve S, R and V , but also do so under
one and the same bijection. �
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The desired correspondences only hold under fairly strong conditions.
These conditions are not arbitrary restrictions, but idealising conditions.18

This means that B&P and FVEL models have perfectly (ev-)equivalent
counterparts under idealised scenarios, where evidence is factive, always
present, complete and consistent, and where agents have perfect knowledge
of what evidence is available. This correspondence breaks when we deviate
from these assumptions to cover situations of imperfect evidence and
imperfect knowledge. Now we can compare the two consolidations.

3.5 Comparing Consolidations

In van Benthem, Fernandez-Duque, and Pacuit (2014), a method for
obtaining a relation from B&P models is provided:

Definition 3.36 (van Benthem et al., 2014) Given a B&P model M =
(S,E, V ), define BE ⊆ S × S by sBEt if t ∈

⋂
X for some X ∈ SceE(s).

Consider a monomodal language LB with B as its modality.

Proposition 3.37 Let M = (S,E, V ) be a B&P model and M ! = (S,BE , V )
its relational counterpart. Then, for all ϕ ∈ LB and s ∈ S: M, s |= ϕ iff
M !, s |= ϕ.

Proof The proof will be by induction on the structure of ϕ. Base: ϕ
atomic; the proposition holds because V is the same for M and M !. I.H.:
M |= ϕ′ iff M ! |= ϕ′ for ϕ′ subformula of ϕ. Step: M, s |= ¬ϕ iff M ′, s 6|= ϕ
iff (by I.H.) M ′, s 6|= ϕ iff M ′, s |= ¬ϕ. M, s |= ϕ ∧ ψ iff (M, s |= ϕ and
M, s |= ψ) iff (by I.H.) (M ′, s |= ϕ and M ′, s |= ψ) iff M ′, s |= ϕ ∧ ψ.
M, s |= Bϕ iff (for all s-scenarios χ, ∀t ∈

⋂
χ: M, t |= ϕ) iff (by I.H.) (for

all s-scenarios χ, ∀t ∈
⋂
χ: M ′, t |= ϕ) iff (∀t s.t. sBEt: M

′, t |= ϕ) iff
M ′, s |= Bϕ. �

This effectively proves that M ! is the consolidation for M found “implicitly”
in van Benthem et al. (2014). Now given two models M (B&P) and M
(FVEL) such that M $M , how does M ! compare to M ! (M ’s cautious
consolidation)?

18 S is added in SIMP and in the evidence sets generated by BP just to comply with
the last condition of Definition 3.19. If we remove it from both places, Proposition 3.31
still holds.
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Definition 3.38 Given M $M under bijection f , we say that V matches
V iff: for all p ∈ At and all s′ ∈ S′, V (p, s′) ∈ {t, f}; and s ∈ V (p) iff
V (p, f(s)) = t.

Proposition 3.39 Let M $ M under bijection f . M ! ∼= M ! iff: V
matches V , and f(s)Rf(t) iff t ∈

⋂
X for some X ∈ SceE(s).

Proof Let M = (S,E, V ), M = (S′, R,V ), M ! = (S,BE , V ) and M ! =
(S′′, R′, V ′).

⇐: Since V and V match, V is classical (that is, it only assigns values
t and f), which means that there will be a one-to-one correspondence
between states of M and M !. M and M ! already have the same states,
so through M $M we have a correspondence between states of M ! and
M !. They will also have the same valuation, because the valuations of
M and M match, V is the same for M and M !, and by the definition
of cautious consolidation M ! will also have the same valuation as M !.
Now, by assumption, M ! and M have matching valuations, and since V
is classical, by the definition of cautious consolidation we have that R will
be identical to R′ under the bijection specified earlier, and by assumption
R is isomorphic to BE .

⇒: Since M $M , these models have the same number of states. The
same goes for M !, and since M ! ∼= M !, M ! also has the same number
of states. If V were not classical, M ! would have more states than M ,
therefore V is classical.

Since S is the same for M and M !, we can use f to map states of
M ! into M . By the definition of cluster consolidation and the fact that
V is classical we conclude that R and R′ will be isomorphic, but since
M ! ∼= M !, this implies that R is isomorphic to BE (in other words: the
last condition of this proposition holds).

For each state of M there is only one accepted valuation, and this
valuation is compatible with V . Since V is classical, we will have that V ′

will match it. Now V and V ′ are isomorphic by assumption, so V and V
will match. �

So the conditions for consolidations of ev-equivalent B&P and FVEL models
to be isomorphic are rather strong: they must have matching valuations
and M ’s relation has to mirror BE .
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3.6 Conclusion

We introduced consolidation as the process of forming beliefs from a given
evidential state. This process can be formally represented by transfor-
mations from evidential (FVEL and B&P) models into doxastic Kripke
models. We established the grounds for comparison between these different
models, and then found the conditions under which their consolidations are
isomorphic. Future work can use bisimilarity instead of isomorphism, and
extend this methodology to other evidence logics. Would it be possible to
define belief without resorting to two-valued Kripke models? Certainly, as
all information used in the consolidation is already in the initial evidential
models. The rationale here is that, since Kripke models are standard
and widely-accepted formal representations of belief, we should be able to
represent the beliefs that implicitly exist in evidential models using this
tool. We also wanted to highlight the process of transforming evidence
into beliefs.

The dynamic perspective on consolidations allows us to study, for
example, the complexity of these operations, which is important if we are
concerned with real agents forming beliefs from imperfect data. It is clear
that consolidations of FVEL models tend to be much larger than those of
B&P models, but, on the other hand, might be much easier to compute,
given that B&P consolidations rely on the hard-to-compute concept of
maximally consistent sets. FVEL models can also deal with multiple agents,
and accept a function from status of evidence to doxastic attitude as a
parameter (in this case, function h1 ∈ H), allowing for some flexibility in
consolidation policies. It would also be interesting to see if a consolidation
like B&P’s, where maximal consistent evidence sets are taken into account,
would be possible in the context of FVEL. Is the converse possible: to
apply the idea of H functions in B&P models?

A future extension of this work taking computational costs of con-
solidations into account would be in line with other work that tries to
fight logical omniscience or to model realistic resource-bounded agents
(Fagin and Halpern, 1987; Alechina, Logan, and Whitsey, 2004; Balbiani,
Fernández-Duque, and Lorini, 2016; Alechina and Logan, 2002; Ågotnes
and Alechina, 2007). As mentioned in Section 3.2.1, other aspects of evi-
dence can also be considered, such as the amount of evidence for or against
a certain proposition, the reliability of a source or a piece of evidence, etc.

When departing from ev-equivalent FVEL and B&P models, agents
form different beliefs. Part of this is explained by the fact that these logics
do not represent exactly the same class of evidence situations. But clearly
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the consolidation policies also differ. Is one better than the other? At first
glance, both seem to be reasonable, but more investigation could be done
in this direction.

Moreover, how are changes in an FVEL (or other) evidence model re-
flected in its consolidation? Evidence dynamics for B&P logic are explored
in van Benthem and Pacuit (2011b), in line with other dynamic logics
of knowledge update and belief revision (van Ditmarsch, van der Hoek,
and Kooi, 2007; van Benthem, 2011, 2007; Baltag and Smets, 2006; Plaza,
2007; Gerbrandy, 1999; Rott, 2009; Velázquez-Quesada, 2009).

In the next Chapter, we continue on the topic of consolidations, but
within a different interpretation of FVEL.
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