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Chapter 2

Preliminaries

This chapter provides the preliminaries for the remainder of this thesis on stability
of time-invariant systems, graph theory, port-Hamiltonian systems, and non-smooth
analysis. The fundamental Lyapunov stability theorems for time-invariant systems
without inputs (Section 2.1) are used to assess the stability for networks of fully
actuated point masses (Chapter 3), nonholonomic wheeled robots (Chapter 4), and
satellites (Chapter 5).

Throughout this thesis graph theory (Section 2.2) is used to model the inter-
connection topology of the network under consideration. The nodes of the graph
correspond to the agents, while the edges of the graph correspond to the virtual
couplings interconnecting the agents.

All systems are modeled within the port-Hamiltonian framework, which is
introduced in Section 2.3. Fully actuated systems (Chapter 3) and satellites (Chap-
ter 5) are modeled as (mechanical) input-state-output port-Hamiltonian systems,
while nonholonomic wheeled robots (Chapter 4) are modeled as mechanical port-
Hamiltonian systems with constraints. Generalized canonical transformations are
used to derive error dynamics in Chapters 4 and 5. The recently introduced the-
ory of port-Hamiltonian systems on graphs (Section 2.3.4) provides tools for the
modeling and analysis of networks.

Finally, Section 2.4 recalls some essential tools from non-smooth analysis, which
are used in the analysis of the discontinuous systems considered in Chapter 3.
Concluding remarks of the chapter are given in Section 2.5.

2.1 Stability of time-invariant systems

This section presents a brief recall of Lyapunov stability theory for time-invariant
systems (see [64] for more details). Let x ∈ Rn denote the state of the system of
interest and consider the time-invariant system

ẋ = f(x), (2.1)

where f : D → Rn is a locally Lipschitz map from a domain D ⊂ Rn into Rn.
Suppose that x∗ is an equilibrium point of (2.1), i.e., f(x∗) = 0. Without loss of
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generality, assume that x∗ = 0. The stability of the origin x∗ = 0 is defined as
follows.

Definition 2.1 (Stability [64]). The equilibrium point x∗ = 0 of (2.1) is

• stable if, for each ε > 0 there exists a δ1 = δ1(ε) > 0 such that

‖x(0)‖ < δ1 ⇒ ‖x(t)‖ < ε, ∀t > 0.

• unstable if it is not stable.

• asymptotically stable if it is stable and additionally δ2 can be chosen such
that

‖x(0)‖ < δ2 ⇒ lim
t→∞

x(t) = 0.

Stability of system (2.1) in the sense of Definition 2.1 can be assessed using
Lyapunov’s well-known stability theorem, which is stated next.

Theorem 2.2 (Lyapunov’s direct method [64]). Let x = 0 be an equilibrium point
for (2.1) and D ⊂ Rn be an open subset containing x = 0. Let V : D → R be a
continuously differentiable function such that

V (0) = 0 and V (x) > 0 in D − {0}, (2.2)

V̇ (x) 6 0 in D. (2.3)

Then, x = 0 is stable. Moreover, if

V̇ (x) < 0 in D − {0}, (2.4)

then x = 0 is asymptotically stable.

A continuously differentiable function V (x) satisfying (2.2) and (2.3) is called a
Lyapunov function. Many (physical) systems fail to meet condition (2.4), because V̇
is only negative semi-definite (V̇ 6 0) in D − {0}. In this case, LaSalle’s invariance
principle can be invoked to assess the stability of (2.1). In order to state LaSalle’s
invariance principle, first the definition of a positively invariant set is needed.

Definition 2.3 (Positively invariant set [64]). A set M is said to be a positively
invariant set if

x(0) ∈M⇒ x(t) ∈M, ∀t > 0.

Using Definition 2.3 LaSalle’s invariance principle is now stated as follows.

Theorem 2.4 (LaSalle’s invariance principle [64]). Let Ω ⊂ D be a compact set
that is positively invariant with respect to (2.1). Let V : D → R be a C1 function
satisfying (2.3). Let F be the set of all points in D where V̇ (x) = 0. LetM be the
largest invariant set in F . Then every solution starting in Ω approachesM as t→∞.
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2.2 Graph theory

This section provides some essentials from the field of graph theory. Graphs
are (mathematical) structures to model the pairwise interaction between objects.
They are used to model many types of systems in physical, biological, social,
and information systems. Examples are atomic structures, spreading of diseases
amongst animal populations, rumor spreading, and the structure of websites. Graph
theory provide powerful tools for the modeling, analysis, and design of complex
networks.

In this thesis, graphs are used to model the interaction amongst a group of
agents. The nodes of the graph corresponds to the agents, while the edges corre-
sponds to the fact whether or not two agents interact. Dynamics are assigned to
the edges in the form of virtual couplings, which consist of springs and dampers in
parallel. Therefore, the graph can be interpreted as the physical interconnection
structure of the agents and virtual couplings. The definitions below are distilled
from [11, 50, 78].

A graph is a pair G = (V, E) consisting of a node set V and an edge set E ⊆
V × V. The node set V = {n1, . . . , nN} has N = |V| elements, while the edge set
E = {e1, . . . , eE} has E = |E| elements. As said before, the nodes of the graph
correspond to agents, while the edges correspond to virtual couplings.

There exists an edge (ni, nj) ∈ E if and only if agent i can interact with agent
j. Since the graph models the physical interconnection structure, only undirected
graphs are considered throughout this thesis. For undirected graphs the edge
set is an unordered pair of nodes (i.e., (ni, nj) ∈ E if and only if (nj , ni) ∈ E).
Furthermore, self-loops are not considered (i.e., (ni, ni) /∈ E). For an undirected
graph, one can arbitrarily assign an orientation to each edge [78], by assigning a
positive sign to one end (the head) and a negative sign to the other end (the tail).

For graph G, there exists an undirected path from node ni to node nj if there
exists a sequence of distinct edges e1, . . . , eK such that ek ∈ E for k = 1, . . . ,K and
e1 = (ni, ∗), eK = (∗, nj). A graph is connected if there exists a path from every
node to every other node. A cycle is a path that starts and ends with the same node.

Graphs admit a straightforward representation in terms of matrices. For an
undirected graph G, let d(ni) denote the degree of node ni, which equals the number
of nodes which are adjacent to ni in G. The degree matrix ∆ ∈ RN×N is defined
as ∆ = diag(d(n1), . . . , d(nN )). The adjacency matrix A ∈ RN×N encodes the
adjacency relationships in G [78], and is defined as

aij =

{
1 if (ni, nj) ∈ E ,
0 if (ni, nj) /∈ E .

The adjacency matrix A is symmetric, since G is undirected, and aii = 0 since self



20 2. Preliminaries

1

2

3

4

Figure 2.1: Graph for Example 2.1.

loops are not considered here. The incidence matrix B ∈ RN×E associated to G is
defined as

bik =


+1 if node ni is the head of edge ek,

−1 if node ni is the tail edge ek,

0 otherwise.

In contrast with the adjacency matrix A, the incidence matrix B not only models
the adjacency relationships, but also the orientation of the graph. The N rows of
B correspond to the nodes of G, while the E columns correspond the the edges
of G. The last matrix considered here is the Laplacian matrix L ∈ RN×N , which is
defined as

`ij =

{∑N
j=1 aij if i = j,

−aij if i 6= j.

The Laplacian matrix L can also be expressed as L = BBT or L = ∆−A [78].

Chapters 3 and 4 deal with a specific subclass of graphs, the so-called tree graphs.
A graph T (V, E) is called a tree graph if T is an undirected graph in which any two
nodes are connected by exactly one unique path. This definition is equivalent to T
being connected and acyclic [50]. For any tree graph T the nodes of degree 1 (i.e.,
{n ∈ V|d(n) = 1}) are called terminal nodes. In other words, a terminal node is a
node with exactly one edge incident to it. Furthermore, we define terminal edges as
those edges which are incident to terminal nodes.

Consider a tree graph T . Since it is acyclic and connected, T has at least two
terminal nodes. Hence, the incidence matrix B associated to T has at least two
rows with exactly one nonzero entry. Removing a terminal node from T results in
a new tree graph T ′, since T ′ remains connected and acyclic.

Example 2.1. Consider the undirected graph G(V, E) shown in Figure 2.1. The
node set is given by V = {n1, n2, n3, n4} and the edge set is given by E =

{(n1, n2), (n1, n3), (n2, n3), (n2, n4)}. Since there is a path from every node to
every other node the graph is connected. However, since the graph has a cycle with
corresponding path (n1, n2, n3, n1), graph G is not a tree graph. The degree matrix
∆, adjacency matrix A, incidence matrix B, and Laplacian matrix L associated to G
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are given by

∆ =


2 0 0 0

0 3 0 0

0 0 2 0

0 0 0 1

 , A =


0 1 1 0

1 0 1 1

1 1 0 0

0 1 0 0

 ,

B =


−1 −1 0 0

1 0 1 −1

0 1 −1 0

0 0 0 1

 , L =


2 −1 −1 0

−1 3 −1 −1

−1 −1 2 0

0 −1 0 1

 .

2.3 Port-Hamiltonian systems

The port-Hamiltonian framework was introduced in [73] as an energy-based frame-
work for modeling (nonlinear) systems in different domains (mechanical, electrical,
etc.). The name comes from two key ingredients of the framework: power ports to
interconnect (sub)systems and the Hamiltonian, which is the total energy stored in
the system.

Power ports provide an interface for the sub-models within the model to interact
with each other. In physical systems, these interactions are related to the exchange
(or flow) of energy (i.e., power) [39]. Each power port has two power-conjugate
variables called flow and effort. The flow vector f belongs to the flow space F ,
while the effort vector e belongs to the effort space E which is the dual of the flow
space E := F∗. The total space of flows and effort F × F∗ is called the space of
port-variables. On the total space of port-variables power is defined as P = 〈e | f〉,
where 〈e | f〉 denotes the duality product (i.e., the product of flows and efforts has
the dimension of power). In the remainder F = Rn and f and e are written as
column vectors, which implies that P = 〈e | f〉 = eT f .

Central to the port-Hamiltonian framework is the Dirac structure D, which
interconnects sub-systems in a power conserving manner (see Figure 2.2). A formal
definition of a Dirac structure is given in the following definition.

Definition 2.5 (Dirac structure [99]). Consider a finite-dimensional linear space
F with E = F∗. A subspace D ⊂ F × E is a Dirac structure if

1. 〈e|f〉 = 0 for all (f, e) ∈ D,

2. dimD = dimF .

Property (1) of Definition 2.5 corresponds to power-conservation and expresses
the fact that the total power entering (or leaving) a Dirac structure is zero. Another
crucial property of the Dirac structure, is that the interconnection of two Dirac
structures results in another Dirac structure. As shown in Figure 2.2, there are three
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S (storage)

R (resistive)

C (control)D

Figure 2.2: Port-Hamiltonian system with Dirac structure D.

ports entering the Dirac structure. Port S corresponds to internal energy-storage,
port R corresponds to the internal energy-dissipation, and port C corresponds
to an external control port. A fourth port corresponding to interaction with the
environment is omitted here for simplicity.

This section continues with the description of three representation of port-
Hamiltonian systems: input-state-output port-Hamiltonian systems, mechanical
port-Hamiltonian systems with constraints, and port-Hamiltonian systems on
graphs.

2.3.1 Input-state-output port-Hamiltonian systems

This section is based on Chapter 4 in [99]. Let x ∈ X denote the state of the system
to be modeled, where X denotes the state space (often X = Rn, with n = 1, 2, . . .).
Under certain assumptions on the Dirac structure and the resistive relation the
port-Hamiltonian system can be written into the following form:

ẋ = (J(x)−R(x))
∂H

∂x
(x) + g(x)u,

y = gT (x)
∂H

∂x
(x),

(2.5)

with skew-symmetric interconnection matrix J(x) = −JT (x), positive semi-definite
dissipation matrix R(x) = RT (x) > 0, input matrix g(x), and Hamiltonian H(x).
A port-Hamiltonian system of the form (2.5) is called an input-state-out port-
Hamiltonian system. Port-variables (u, y) correspond to the control port C in
Figure 2.2. The dissipation matrix R(x) may be replaced by adding an additional
resistive port with port-variables (fR, eR) (see Section 3.4 where such a resistive port
is used to model discontinuous friction). Since the product of two port variables
has the dimension of power, for the resistive port (fR, eR) it immediately follows
that eTRfR 6 0 (i.e., resistive elements dissipate energy).

It is easily verified that (2.5) is always passive [98] with respect to port-variables
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Figure 2.3: Mass-spring-damper system of Example 2.2.

(u, y) with storage function H(x) since

Ḣ =
∂TH

∂x
ẋ

=
∂TH

∂x
(J(x)−R(x))

∂H

∂x
(x) +

∂TH

∂x
g(x)u

= −∂
TH

∂x
R(x)

∂H

∂x
(x) + yTu

6 yTu.

(2.6)

The interpretation of (2.6) is that the increase in stored energy Ḣ is always smaller
than or equal to the power yTu supplied through the control port C. Passivity is
often used to prove the stability of the closed-loop system.

A feed-through term may be added to (2.5) (see Section 4.2 in [99]). Port-
Hamiltonian systems with feed-through terms show up when the virtual couplings
include dampers (Chapters 3, 4, and 5).

Example 2.2 (Mass-spring-damper system). Consider a simple mass-spring-damper
system, where all components are assumed to be linear (see Figure 2.3). Let q
denote the position of the mass and p = mq̇ the corresponding momentum. The
mass m is assumed to be at rest and is subject to a damping force Fd = dq̇, a spring
force Fs = kq and an input force F . The port-Hamiltonian dynamics of such a
system can be written as(

q̇

ṗ

)
=

(
0 1

−1 −d

)( ∂H
∂q (q, p)
∂H
∂p (q, p)

)
+

(
0

1

)
F, (2.7)

with Hamiltonian
H(q, p) =

1

2m
p2 +

1

2
kq2.

The first term of the Hamiltonian is the kinetic energy stored in the mass, while the
second term is the potential energy stored in the spring. Note for this example that
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the corresponding output ∂H∂p = p/m is simply the velocity q̇ of the mass. The time
derivative of the Hamiltonian is given by

Ḣ =
∂H

∂q
q̇ +

∂H

∂p
ṗ = −d

( p
m

)2

6 0,

which verifies that the mass-spring-damper system is a passive system.

2.3.2 Mechanical port-Hamiltonian systems with constraints

All models considered in this thesis are defined in the mechanical domain. In the
mechanical domain (2.5) often takes a special form, called a standard mechanical
port-Hamiltonian system. Let q ∈ Rn denote the position and p = M(q)q̇ ∈ Rn the
corresponding momentum. The input u ∈ Rm is a force, while the corresponding
output y ∈ Rm is a velocity. The dynamics for such a system are given by(

q̇

ṗ

)
=

(
0 I

−I −D(q, p)

)( ∂H
∂q (q, p)
∂H
∂p (q, p)

)
+

(
0

B(q)

)
u,

y = BT (q)
∂H

∂p
(q, p),

(2.8)

with dissipation matrix D(q, p) and input matrix B(q). The Hamiltonian is given
by H(q, p) = 1

2p
TM(q)−1p+ V (q), where 1

2p
TM(q)−1p denotes the kinetic energy

and V (q) the potential energy.

Example 2.2 (continued). The mass-spring-damper system (2.7) of Example 2.2
can be rewritten in the form (2.8), by taking D(q, p) = d,M(q) = m,V (q) =
1
2k q

2, B(q) = 1.

Chapter 4 deals with the modeling and control of nonholonomic wheeled robots.
These robots are of the form (2.8) with an additional algebraic constraint. Set
D(q, p) = 0 for simplicity, then the dynamics of such a constrained system are given
by [99](

q̇

ṗ

)
=

(
0 I

−I 0

)( ∂H
∂q (q, p)
∂H
∂p (q, p)

)
+

(
0

A(q)

)
λ+

(
0

B(q)

)
u,

y = BT
∂H

∂p
(q, p),

0 = AT
∂H

∂p
(q, p),

(2.9)

with Lagrange multiplier λ. Here A(q)λ corresponds to the constraint forces. In
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general the algebraic constraint AT (x)∂H∂p (q, p) = 0 in (2.9) constrains the state
variables q, p. Under the assumption that A(q) has full column-rank, there exist a
matrix S(q) such that p̃1 = ST (q)p, p̃2 = AT (q)p defines a coordinate transforma-
tion (see Section 8.4 in [99] for more details). Using the coordinate transformation
(q, p) → (q, p̃1, p̃2) the constrained dynamics are completely determined by the
dynamics of q and p̃1. The dynamics on the constrained state space are then given
by(

q̇
˙̃p1

)
=

(
0 S(q)

−ST (q)
(
−pT [Si, Sj ](q)

)
i,j

)(
∂Hc

∂q (q, p̃1)
∂Hc

∂p̃1 (q, p̃1)

)
+

(
0

Bc(q)

)
u,

y = BTc
∂H

∂p̃1
(q, p̃1)

(2.10)
where Bc(q) = ST (q)B(q) and p is expressed as a function of q, p̃1. Here Si denotes
the i-th column of S(q) and [Si, Sj ] is the Lie-bracket of Si and Sj defined as

[Si, Sj ](q) =
∂Sj
∂q

(q)Si(q)−
∂Si
∂q

(q)Sj(q).

2.3.3 Generalized canonical transformations

Canonical transformations are widely used for the analysis of the dynamics of
mechanical systems in classical mechanics [1]. In [44] the authors introduced
generalized canonical transformations for port-Hamiltonian systems. The key idea
behind generalized canonical transformations is to preserve the port-Hamiltonian
structure under time-varying coordinate and feedback transformations.

Generalized canonical transformations can be used for stabilization of port-
Hamiltonian systems with respect to a (possibly time-varying) trajectory [45]. In
Chapter 4 these ideas are used in the analysis of a group of nonholonomic wheeled
robots tracking of a reference velocity, while in Chapter 5 they are used in the
analysis of a satellite constellation tracking of a circular target orbit. A generalized
canonical transformation is formally defined in the following definition.

Definition 2.6 (Generalized canonical transformation). A generalized canonical
transformation is defined as a set of transformations

x̄ = Φ(x, t),

H̄ = H(x, t) + U(x, t),

ȳ = y + α(x, t),

ū = u+ β(x, t),

(2.11)

which preserves the port-Hamiltonian structure from (2.5). I.e., a generalized
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canonical transformation provides the error dynamics for a specific choice of Φ as

˙̄x =
(
J̄(x̄, t)− R̄(x̄, t)

) ∂H̄
∂x

(x̄, t) + ḡ(x̄, t)ū,

ȳ = ḡT (x̄, t)
∂H̄

∂x
(x̄, t),

(2.12)

with x̄, J̄ , R̄, H̄, ḡ, ū, ȳ respectively the new state, structure matrix, dissipation
matrix, Hamiltonian, input matrix, input, and output.

Generalized canonical transformations provide a framework for constructing
error systems, which describes the dynamics of the tracking error, in the port-
Hamiltonian framework. The key idea is to embed the desired trajectory into the
Hamiltonian function of the original system. Stabilizing the error system using
passivity based approaches then achieves the trajectory tracking objective [45].
The two most important results from [45] are now presented in Theorems 2.7 and
2.8 below.

Theorem 2.7 (Generalized canonical transformation [45]). Consider system (2.5).
For any functions U(x, t) ∈ R and β(x, t) ∈ Rm, there exists a pair of functions
Φ(x, t) ∈ Rn and α(x, t) ∈ Rm such that set (2.11) yields a generalized canonical
transformation. The quadruple (Φ, U, α, β) is a generalized canonical transformation
if and only if Φ, U, α = gT ∂U∂x , β satisfy the partial differential equation

∂Φ

∂(x, t)

(
(J −R)∂U∂x + (K − S)∂(H+U)

∂x + gβ

−1

)
= 0, (2.13)

for a skew-symmetric matrix K(x, t) ∈ Rn×n and a symmetric matrix S(x, t) ∈ Rn×n

satisfying R+ S > 0. The new system matrices J̄ , R̄ and ḡ in (2.12) are given by

ḡ =
∂TΦ

∂x
g,

J̄ =
∂TΦ

∂x
(J +K)

∂Φ

∂x
,

R̄ =
∂TΦ

∂x
(R+ S)

∂Φ

∂x
.

(2.14)

The following theorem provides another partial differential equation to check
whether (2.12) is passive with respect to the new port-variables (ū, ȳ) with the new
Hamiltonian H̄ as storage function.

Theorem 2.8 (Passivity and asymptotic stability [45]). Consider the system (2.5)
transformed by the generalized canonical transformation with u, β and S such that
H + U > 0, then the new input-output mapping ū 7→ ȳ is passive with the storage
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function H̄ if and only if

∂(H + U)

∂(x, t)

(
(J −R)∂U∂x − S

∂H+U
∂x + gβ

−1

)
> 0. (2.15)

Suppose moreover that (2.15) holds, thatH+U is positive definite, and that the system
is zero-state detectable (see Definition 2.9 below). Then the feedback ū = C(x̄, t)ȳ

with C(x, t) > εI > 0 ∈ Rm×m renders the system asymptotically stable.

Definition 2.9 (Zero-state detectability [98]). System (2.5) is zero-state detectable
if u(t) = 0, y(t) = 0 for all t > 0, implies limt→∞ x(t) = 0.

2.3.4 Port-Hamiltonian systems on graphs

The theory of port-Hamiltonian systems on graphs was recently introduced in [100]
to model complex systems composed of many subsystems using graphs. Port-
Hamiltonian dynamics are assigned to both the nodes and the edges of the graph.
Let V and E denote respectively the node-set and edge-set defined of a graph G
(see Section 2.2) and define the node space Λ0 as all functions V → R, with dual
space Λ0. Furthermore define the edge space Λ1 as all function E → R, with dual
space Λ1. The incidence operator B̂ is defined as B̂ : Λ1 → Λ0, with corresponding
coincidence operator B̂∗ : Λ0 → Λ1. If R = Rn, with n = 1, 2, . . ., the incidence and
coincidence operator simplify to the linear map B̂ = B ⊗ In and B̂∗ = BT ⊗ In
respectively.

Each node of the graph has a corresponding flow f0 ∈ Λ0 and effort e0 ∈ Λ0,
while each edge has a flow f1 ∈ Λ1 and effort e1 ∈ Λ1. Some of the nodes are open
to interconnection with an external system. These so-called boundary nodes are
obtained by identifying a subset Vb ⊂ V with Nb boundary nodes. The remaining
Ni = N − Nb nodes in the subset Vi := V − Vb are called the internal nodes of
the graph. The splitting of the nodes into internal and boundary nodes induces a
splitting of the node space Λ0 and its dual Λ0, given by

Λ0 = Λ0i ⊕ Λ0b,

Λ0 = Λ0i ⊕ Λ0b,

where Λ0b (Λ0i) is the node space corresponding to the boundary (internal) nodes.
Consequently the incidence matrix B splits into

B = Bi ⊕Bb,

where Bi : Λ1 → Λ0i and Bb : Λ1 → Λ0b (i.e., Bi describes which edges are incident
to internal nodes, while Bb describes which edges are incident to boundary nodes).
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For R = Rn, with n = 1, 2, . . ., the splitting of the incidence matrix simplifies to

B =

(
Bi
Bb

)
.

Finally, define the boundary space Λb and dual space Λb corresponding to the
external port of the boundary nodes.

There is a distinction between two types of port-Hamiltonian systems on graphs:
so-called effort-continuous graphs and flow-continuous graphs. The corresponding
Dirac structures (see Definition 2.5) are defined below.

Definition 2.10 (Effort- and flow-continuous Dirac structures [100]). Consider an
open graph G with node, edge, and boundary spaces, incidence matrix B, which
splits into B = Bi ⊕ Bb. The effort-continuous graph Dirac structure De(G) is
defined as

De(G) :=
{

(f1, e
1, f0, e

0, fb, e
b)

∈ Λ1 × Λ1 × Λ0 × Λ0 × Λb × Λb
∣∣ (Bi ⊗ In)f1 = f0i,

(Bb ⊗ In)f1 = f0b + fb, e
1 = −(BT ⊗ In)e0, eb = e0b

}
.

(2.16)

The flow-continuous graph Dirac structure Df (G) is defined as

Df (G) :=
{

(f1, e
1, f0i, e

0i, fb, e
b)

∈ Λ1 × Λ1 × Λ0i × Λ0i × Λb × Λb
∣∣ (Bi ⊗ In)f1 = f0i,

(Bi ⊗ In)f1 = f0i, f1 = f0i, (Bb ⊗ In)f1 = f0i, f1 = fb,

e1 = −(BTi ⊗ In)e0i − (BTb ⊗ In)eb
}
.

(2.17)

For mechanical systems an effort-continuous graph considers to the case where
boundary nodes correspond to boundary masses, while for flow-continuous graphs,
boundary nodes are massless.

Example 2.3 (Four masses connected by three springs). Consider a mass-spring
system with four masses interconnected by three springs (see Figure 2.4). The
corresponding path graph has four nodes and three edges. The nodes correspond to
the masses, while the edges correspond to the springs. The two outer massesm1,m4

are affected by external forces F1, F4 and are therefore considered as boundary
nodes, while mass m2 and m3 are internal nodes. The corresponding incidence
matrix B is given by

B =

(
Bi
Bb

)
=


1 −1 0

0 1 −1

−1 0 0

0 0 1

 .
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m1 m2 m3 m4
k1 k2 k3F1 F4

Figure 2.4: Four masses connected by three springs system of Example 2.3.

In this example, the boundary nodes are boundary masses and therefore the
corresponding Dirac structure is effort continuous. The flows in this example are
the spring forces f1, resulting forces on the internal masses f0i, resulting forces
on the boundary masses f0b, and external forces fb. Correspondingly, the efforts
are the elongation velocities of the springs e1, velocities of the internal masses e0i,
velocities of the boundary masses e0b, and boundary velocities eb.

Assume for simplicity that n = 1, then the force and velocity balance follow
directly from (2.16) and are given by

(
1 −1 0

0 1 −1

) F s1
F s2
F s3

 =

(
Fm2
Fm3

)
,

(
−1 0 0

0 0 1

) F s1
F s2
F s3

 =

(
Fm1
Fm4

)
+

(
F1

F4

)
,

 1 0 −1 0

−1 1 0 0

0 −1 0 1

 vs1
vs2
vs3

 =


vm1
vm2
vm3
vm4

 ,

(
v1

v4

)
=

(
vm1
vm4

)
,

where Fmi , F si denote respectively the resulting force on mass mi and the spring
force of spring ki and vmi , vsi denote the corresponding velocities.

2.4 Non-smooth analysis

This section presents several tools from non-smooth analysis, which are used
in Chapter 3 for analyzing systems with discontinuities. Consider the following
(possibly discontinuous) differential equation

ẋ = f(t, x). (2.18)

To analyze (2.18) there are several notions of solutions available. In Chapter 3
the Krasovskii notion of solution is adopted. Another notion of solution common in
literature is the Filippov solution [6]. Every Filippov solution is also a Krasovskii
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solution, implying that all results in Chapter 3 also apply to Filippov solutions [42].

Definition 2.11 (Krasovskii solution [42]). Given f : R+ × Rn → Rn, we say that
x : T → Rn is a solution to (2.18) in the Krasovskii sense if x(·) is absolutely con-
tinuous and for almost every time t in the interval T ⊂ R+ satisfies the differential
inclusion ẋ(t) ∈ Kf(x(t)), where

Kf(t, x) =
⋂
δ>0

cof(t, B(x, δ)),

with co denoting the convex closure and B(x, δ) the disc with radius δ centered at
x.

Here and elsewhere in this thesis, “almost every” means “except for a set of
zero Lebesgue measure” [42]. In the remainder the Krasovskii operator K is only
applied to time-invariant systems of the form ẋ = f(x).

Now that a notion of solution is defined, one would like to asses whether the
non-smooth system is stable. Consider the following differential inclusion

ẋ ∈ F (x), (2.19)

where F (x) is a set-valued map. The stability of (2.19) can be assessed using a
non-smooth version of LaSalle’s invariance principle (Theorem 2.4). But first the
notion of a set-valued derivative and the generalized Clarke gradient are required.
The set-valued derivative of the locally Lipschitz function V (x) : Rn → R with
respect to differential inclusion (2.19) is given by [6]

V̇ (x) = {a ∈ R | ∃v ∈ F (x) such that p · v = a for all p ∈ ∂V (x)} , (2.20)

where ∂V (x) denotes the generalized Clarke gradient. This non-smooth notion of
a gradient is defined as [6]

∂V (x) = co

{
lim

i→+∞
∇V (xi)

∣∣∣ xi → x, xi /∈ S, xi /∈ N
}
, (2.21)

where N is the set of measure zero where the gradient of V does not exist, S is
any set of zero measure in Rn, and co{·} denotes the convex hull. Before stating a
non-smooth version of LaSalle’s invariance principle Theorem 2.4, the notion of a
weakly invariant set and a regular function are defined below.

Definition 2.12 (Weakly invariant set [24]). A setM is weakly invariant for (2.18)
if for each x0 ∈M,M contains a maximal solution of (2.18). A maximal solution
is a Krasovskii solution (see (2.11)) whose domain of existence is maximal, i.e.,
cannot be extended any further.
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Definition 2.13 (Regular function [75]). A function V is called regular if and only
if it is differentiable at every point and single-valued throughout a region R.

Now a non-smooth version of LaSalle’s invariance principle is given as follows.

Theorem 2.14 (Non-smooth LaSalle’s invariance principle [24]). Let V : Rn → R
be a locally Lipschitz and regular function. Let x0 ∈ S ⊂ Rn, with S compact and
strongly invariant for (2.18). Assume that either max V̇ (x) 6 0 or V̇ (x) = ∅ for all
x ∈ S. Let Zf,V = {x ∈ Rn | 0 ∈ V̇ (x)}. Then, any solution x : [t0,+∞) → Rn of
(2.18) starting from x0 at t0 converges to the largest weakly invariant set M (see
Definition 2.12) contained in Zf,V

⋂
S. Moreover, if the setM is a finite collection of

points, then the limit of all solutions starting at x0 exists and equals one of them.

2.5 Concluding remarks

This chapter presents the preliminaries on stability of time-invariant systems, graph
theory, port-Hamiltonian systems and non-smooth analysis. LaSalle’s invariance
principle is invoked throughout the subsequent chapters to prove converge to
desired formations (Sections 3.5, 4.3, 4.4, 4.5, and 5.3), while for the discontinuous
systems in Section 3.4 a non-smooth version of LaSalle’s invariance principle
applies.

Graph theory is used to model the interconnection topology of the networks in-
vestigated. The nodes of the graphs correspond to the systems of interest (i.e., fully
actuated agents (Chapter 3), wheeled robots (Chapter 4), or satellites (Chapter 5)),
while the edges correspond to virtual couplings which are designed to achieve
the formation control objectives. The matrices associated to graphs are used to
characterize the invariant sets when invoking LaSalle’s invariance principle.

All systems in this thesis are modeled as input-state-output port-Hamiltonian
systems in the mechanical domain. The theory of mechanical port-Hamiltonian
systems with constraints is used to derive dynamics on constrained state spaces
for the problem of deployment (Section 3.5) and the dynamical modeling of the
wheeled robot (Section 4.2). Generalized canonical transformations are used to
derive the error dynamics with respect to reference velocities (Section 4.4) and
circular target orbits (Section 5.2).

The subsequent three chapters present a port-Hamiltonian approach to forma-
tion control and related control problems for three types of mechanical systems.
Chapter 3 deals with fully actuated systems and considers the problems of formation
control, formation control in the presence of Coulomb friction, and deployment.
Chapter 4 continues with the problems of formation control, velocity tracking, and
matched input disturbance rejection for nonholonomic wheeled robots. Finally,
Chapter 5 studies the problem of orbital phasing of satellites on circular orbits.




