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Chapter 3

Formation control of fully actuated systems

This chapter deals with three formation control (related) problems for a network of
agents which are fully actuated. Fully actuated agents are agents, for which the num-
ber of inputs equals the degrees of freedom. The chapter starts with a background
on the three problems considered here, respectively formation control, formation
control in the presence of Coulomb friction, and deployment (Section 3.1).

Section 3.2 continues with the agents dynamics, followed by a new interpreta-
tion of [100] in the context of formation control in Section 3.3. Section 3.4 extends
the results in Section 3.3 for a network of agents subject to Coulomb friction,
which render the agent dynamics non-smooth. Another extension is presented
in Section 3.5, which deals with the deployment problem. The highlights and
concluding remarks of the chapter are given in Section 3.6.

The results in this chapter are published in [58, 59, 110]. The results in
Section 3.4 are based on a collaboration with Matin Jafarian and Claudio De Persis.

3.1 Introduction

Formation control aims to achieve a prescribed geometrical shape for a network
of agents using only local feedback controllers [3], as was already stated in Sec-
tion 1.1.2. The controllers in this chapter are all based on assigning virtual couplings
between the agents and they provide a new interpretation of the theory of port-
Hamiltonian systems on graphs [100]. Each virtual coupling consists of a virtual
spring with an optional virtual damper in parallel. The springs shape the energy
of the network to achieve formation control, while the dampers inject damping to
guarantee stability. The virtual couplings correspond to the external feedback of
the passivity-based approach for group coordination in [3, 9].

The agent dynamics play an important role in the problem of formation control.
In this regard, different classes of dynamic agents have been considered e.g. [9,
81, 93, 100]. For dynamic agents, the dissipation due to friction forces plays an
important role in stability analysis of the whole network e.g. [9, 57, 110]. To the
author’s best knowledge, only continuous friction forces have been considered in
the context of formation control. A physical phenomenon as Coulomb friction is
therefore neglected, due to its discontinuous nature.
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Figure 3.1: Illustration of the difference between formation control and deployment:
Formation control only considers the inter-agent displacements (top), while deployment
considers inter-agent displacements with respect to reference points (bottom).

Coulomb friction is a quantification of the friction force that exists between
two (dry) surfaces in contact with each other. The set-valued Coulomb friction
model considered in this chapter is a simplification of reality in the sense that each
friction surface is considered to be either in a sticking phase or in a slipping phase.
Transitions between the two phases are modeled to be instantaneous. The concept
of stiction is properly modeled, since the friction force is allowed to be non-zero at
zero relative velocity [118].

Since Coulomb friction is a discontinuous friction law it renders the networked
system non-smooth. The analysis of such non-smooth systems requires tools from
non-smooth systems theory (Section 2.4). Non-smooth stability theory has been
considered in formation keeping control before, e.g. in finite-time consensus algo-
rithms [24], and in quantized coordination [18, 28, 57]. However, none of the non-
smooth tools applied in Section 3.4 have been considered in the port-Hamiltonian
framework before. The only effort considering non-smooth Hamiltonians for the
control of nonholonomic systems [46] does not use any of these tools.

Another problem which is closely related to formation control, is the problem of
deployment. The difference between the two is illustrated in Figure 3.1. Formation
control only considers the relative displacements between the agents (Figure 3.1
(top)), while deployment also considers the relative displacements with respect to
prescribed reference points (Figure 3.1 (bottom)).

Deployment is a crucial problem in the context of robotic sensor networks
[15, 25, 77]. Robotic sensor networks use a large number of relatively simple robots
to obtain high quality measurements over a (possibly) large area. Deployment aims
to spatially distribute the robotic sensors in some optimal sense in the environment
of interest [15]. The problem of deployment is thereby closely related to the
coverage problem, where a network of sensors needs to cover an environment of
interest [25, 82].

The interconnection topology in this chapter (i.e., the way in which virtual
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couplings are assigned between the agents) is modeled by a graph. Here, all
graphs are assumed to be tree graphs (i.e., graphs which are undirected, connected
and acyclic), except for Section 3.5. The way in which the couplings are defined
complies with the position-based formation control setting described in [3, 9].

The contribution of this chapter is summarized as follows. Section 3.3 provides
a new interpretation of [100] in the context of formation control and provides new
simulation and experimental results to illustrate the effectiveness of the approach.
Section 3.4 extends the result of Section 3.3 by providing rigorous stability analyses
using tools from non-smooth systems theory for network of agents subject to
Coulomb friction. The use of these non-smooth tools is completely new in the port-
Hamiltonian framework. It is shown that standard continuous virtual springs can
not achieve exact formations, while their discontinuous counterparts can under a
natural condition on their controller gain. Finally, Section 3.5 extends the formation
control algorithms in Section 3.3 to the deployment problem by introducing the
concept of virtual walls. The port-Hamiltonian framework provides a clear physical
interpretation of the models and algorithms. Furthermore, applying virtual springs
and dampers as control systems fits naturally into this energy-based framework.

Utilization within the ROSE project

The legged robotic sensor for dike inspection developed by the ROSE project
(Section 1.2.2) is able to freely move along all directions (i.e., forward, backward,
sideward). Therefore, fully actuated systems provide a appropriate representation
of the legged robot on a high abstraction level. Often locomotion along some
directions (forward/backward) is more energy-efficient than others (sideway).
This could be incorporated into the models by adjusting the friction coefficients
accordingly. Another way is to impose a constraint on the sideway motion, which
is considered in the next Chapter 4. The fully actuated model is used to develop
formation control algorithms to position the robots relative to each other, while
internal control systems (e.g. locomotion control) are omitted in the model.

The next section provides the dynamical modeling of fully actuated systems in
the port-Hamiltonian framework.

3.2 Dynamical model

The systems considered in this chapter are fully actuated, which means that the
number of inputs equals the degrees of freedom of the system. The system of
interest is a group (or network) of N agents, where each agent i is modeled as a
single point mass mi moving in Rn. Since each agent is modeled as a point mass,
the heading is omitted here. In Chapter 4, where agents are modeled as rigid
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bodies, the heading is taken into account. The position of agents i is denoted by
qi ∈ Rn and the corresponding momentum is defined as pi = miq̇i ∈ Rn. Each
agent has a control port (ui, yi) with input ui ∈ Rn and output yi =∈ Rn, and
resistive port (uri , y

r
i ) with input uri ∈ Rn and output yri ∈ Rn. The dynamics are of

the form (2.8) and are given by(
q̇i
ṗi

)
=

(
0 In
−In −Da

i (qi, pi)

)( ∂Ha
i

∂qi
(qi, pi)

∂Ha
i

∂pi
(qi, pi)

)
+

(
0

In

)
ui +

(
0

In

)
uri ,

yi = yri =
∂Ha

i

∂pi
(pi),

(3.1)
with positive semi-definite dissipation matrix Da

i (qi, pi) ∈ Rn×n and Hamiltonian
Ha
i (qi, pi). The Hamiltonian equals the kinetic energy associated to the movement

of the mass and is given by

Ha
i (pi) =

1

2
pTi M

−1
i pi,

where Mi = miIn. The dissipation matrix Da
i (qi, pi) enables the modeling of differ-

ent types of friction like linear (viscous) friction (Da
i (qi, pi) = Da

i ) and nonlinear
approximated Coulomb friction [51].

Due to discontinuity, ideal Coulomb friction can not be modeled using the
dissipation matrix Da

i and therefore instead a resistive port (uri , y
r
i ) terminated by

the ideal Coulomb friction characteristic added (see Section 3.4 for more details).
Recall from Section 2.3 that the product of the port variables equals the power
supplied to the system. Hence, for the resistive port it holds that (yri )

Turi 6 0 since
resistive elements dissipate energy.

Now consider a group of N agents of the form (3.1). To compactly denote the
agent dynamics denote the collocated vectors q = (q1, . . . , qN )T , p = (p1, . . . , pN )T ,
u = (u1, . . . , uN )T , ur = (ur1, . . . , u

r
N )T , y = (y1, . . . , yN )T , yr = (yr1, . . . , y

r
N )T and

system matrices M = block.diag(M1, . . . ,MN ), Da(q, p) = block.diag(Da
1(q1, p1),

. . . , Da
N (qN , pN )). Then the dynamics for N agents of the form (3.1) can be written

as (
q̇

ṗ

)
=

(
0 INn
−INn −Da(q, p)

)( ∂Ha

∂q (p)
∂Ha

∂p (p)

)
+

(
0

INn

)
u+

(
0

INn

)
ur,

y = yr =
∂Ha

∂p
(p),

(3.2)
with Hamiltonian Ha(p) =

∑N
i=1H

a
i (qi, pi) = 1

2p
TM−1p.

The subsequent sections continue with the controller design and analysis for
formation control (Section 3.3), formation control in the presence of Coulomb
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friction (Section 3.4) and deployment (Section 3.5).

3.3 Formation control

This section provides a new interpretation of [100] in the context of formation
control of a network of fully actuated systems. The setup described here closely
resembles the mass-spring-damper systems considered in Section 3.2 in [100]. The
masses correspond to the fully actuated agents, while the springs and dampers
correspond to the virtual couplings. The way in which the virtual couplings are
defined fits within the position-based formation control design in [3, 9]. Based on
the ideas in this section, Section 3.4 and 3.5 elaborate on the formation control
problem in the presence of Coulomb friction and the problem of deployment
respectively.

Consider a network of N agents of the form (3.2), where the resistive port
(ur, yr) is omitted for simplicity here. Formation control is achieved by assigning
virtual couplings in between the agents and the interconnection topology amongst
agents via virtual couplings is modeled by a tree graph (see Section 2.2). The N
nodes of the graph correspond to the agents, while the E edges correspond to the
virtual couplings.

For each agent let qi ∈ Rn denote its position and pi ∈ Rn the correspond-
ing momentum. Let zj ∈ Rn denote the relative displacement for two agents
interconnected by virtual coupling j and let z∗j ∈ Rn denote the desired rela-
tive displacement. For N agents and E virtual couplings let q = (q1, . . . , qN )T ,
p = (p1, . . . , pN )T , z = (z1, . . . , zE)T , z∗ = (z∗1 , . . . , z

∗
E)T , then the formation

control objective can be formally stated as{
p→ 0,

z → z∗,
as t→∞. (3.3)

The second objective is the formation control objective which ensures that all
relative displacements z converge to the desired relative displacements z∗. The
first objective ensures that all agents come to a hold and thereby provides stability
for the network as a whole (i.e., the network does not drift). Note that achieving
the first objective is not necessary to achieve the second one in (3.3).

The first objective also corresponds to setting v(t) = 0 in the internal feedback
in [3]. In contrast, Sections 4.4 and 5.3 provide control designs to track a nonzero
reference velocity (see objectives (4.20) and (5.10)).
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3.3.1 Formation control using virtual couplings

Formation control objectives (3.3) are achieved by assigning virtual couplings in
between the agents according to a tree graph. Each virtual coupling consists of
a virtual spring and damper in parallel, with spring elongation zj ∈ Rn, input
velocity wj ∈ Rn and corresponding output force τj ∈ Rn. The dynamics of such a
spring-damper system are well-known [39, 99] and are given by

żj = wj ,

τj =
∂Hc

j

∂zj
+Dc

jwj ,
(3.4)

with positive semi-definite dissipation matrix Dc
j ∈ Rn×n and Hamiltonian Hc

j (zj).
For each virtual coupling j, the Hamiltonian Hc

j equals the potential energy in the
spring j and is given by

Hc
j (zj) =

1

2
(zj − z∗j )TKc

j (zj − z∗j ),

with rest length z∗j and diagonal positive definite spring constant matrixKc
j ∈ Rn×n.

Now consider E virtual couplings of the form (3.4). To compactly denote the
dynamics, denote the collocated vectors z = (z1, . . . , zE)T , z∗ = (z∗1 , . . . , z

∗
E)T ,

w = (w1, . . . , wE)T , τ = (τ1, . . . , τE)T and system matrices Dc = block.diag(Dc
1,

. . . , Dc
E), Kc = block.diag(Kc

1, . . . ,K
c
E). Then the dynamics of E virtual couplings

are summarized as
ż = w,

τ =
∂Hc

∂z
+Dcw,

(3.5)

with Hamiltonian Hc(z) =
∑E
j=1H

c
j (zj) = 1

2 (z − z∗)TKc(z − z∗). As said, the
interconnection topology is modeled by a tree graph G. Let B denote the incidence
matrix associated to G, then the coupling of agents on the nodes and virtual
couplings at the edges is given by [3, 100]

u = −(B ⊗ In)τ,

w = (BT ⊗ In)y.
(3.6)

Remark 3.1 (External control port). Coupling (3.6) results in an autonomous
closed-loop system (see next section). An external control port may be added by
labeling some of the nodes as boundary nodes (see Section 2.3.4). For simplicity
this external port is omitted here. The interested reader is referred to [100, 110]
for more details.

The closed-loop dynamics follow directly from (3.2),(3.5), (3.6). The closed-
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loop dynamics are decoupled along the dimensions of the state space. Therefore
the remainder continues with n = 1 without loss of generality and the closed-loop
dynamics are given by(

ṗ

ż

)
=

(
−
(
Da(p) +BDcBT

)
−B

BT 0

)( ∂H
∂p
∂H
∂z

)
, (3.7)

with Hamiltonian H(z, p) =
∑N
i=0H

a
i (pi) +

∑E
j=1H

c
j (z) = 1

2p
TM−1p + 1

2 (z −
z∗)TKc(z − z∗). The following proposition shows that interconnecting the agents
(3.2) using virtual couplings (3.5) via coupling (3.6) achieves the formation control
objectives (3.3).

Proposition 3.2. Interconnect agents (3.2) with virtual couplings (3.5) via inter-
connection constraint (3.6) using a tree graph topology. Then, the solutions of the
closed-loop system (3.7) converge to p = 0, z = z∗, thereby achieving the formation
control objectives (3.3).

Proof. Take H(z, p) as Lyapunov function candidate. It is easily verified that H > 0

and the time derivative is given by

Ḣ = −∂
TH

∂p

(
Da(p) +BDcBT

) ∂H
∂p

6 0.

Invoking LaSalle gives that the solutions to (3.7) converge to the largest invariant
set where p = 0. Substituting p = 0, ṗ = 0 into (3.7) gives −B ∂H

∂z = −BKc(z −
z∗) = 0. Since B is the incidence matrix associated to an acyclic graph, kerB = 0

and hence z = z∗, thereby completing the proof.

Remark 3.3 (Control input formation control). The control input for the agents u
follows directly from (3.6) and is given by

u = − (B ⊗ In)Kc(z − z∗)︸ ︷︷ ︸
virtual spring force

− (B ⊗ In)Dc (BT ⊗ In)M−1p︸ ︷︷ ︸
virtual damping force

.
(3.8)

Control law (3.8) has a clear physical interpretation. The virtual spring force
ensures that the formation control objectives (3.3) are achieved, while the virtual
damping force can be used to shape the transient response.

Furthermore, note that (3.8) is a distributed control law: Each agent only
requires measurements on the relative displacement z and relative velocity ż with
respect to its two neighbors. Note that all agents do require knowledge of a global
coordinate frame, which can be embedded by a simple compass.

To illustrate Proposition 3.2, new simulation and experimental results are
presented in the subsequent section.
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Figure 3.2: Time evolution of the position during formation control of the e-puck wheeled
robots for the simulation (dashed) and experiment (solid).

3.3.2 Simulation and experimental results

Consider a network with N = 3 agents (3.2) moving in R. Each agent i has a
mass mi = 0.167 kg and a friction coefficient Da

i = 2 kg/s for i = 1, 2, 3. The
agents are interconnected using E = 2 homogenous virtual couplings (3.5), with
spring constant Kc

j = 0.5 kg/s2, nominal spring length z∗j = 0.475m and damping
coefficient Dc

j = 0. The nominal spring constant corresponds to the same value as
the equilibrium position for the deployment controller presented in Section 3.5.

The simulations are run using MATLAB and Simulink. The experimental setup
consist of three e-puck wheeled robots, which can only move forward and backward
in accordance with the movement in R. By constraining the movement of the e-
pucks, they act as fully actuated agents along the forward/backward direction since
the constraint on the wheel axle is not interfering. More details on the e-puck robot
and the experimental setup are given in respectively Sections C.1 and C.2. Both
the simulation and the experiment are run for t = 30 s and the initial conditions
are set at q(0) = (1.07, 1.18, 1.28)m, p(0) = (0, 0, 0) kgm/s. The results are shown
in Figures 3.2, 3.3, and 3.4.

Figure 3.2 show the position of the agents during the simulation and the
experiment. The (small) differences are due to localization errors of the vision
algorithm, model parameter uncertainty, and a difference in the actuators of the
model and the e-puck (the robot dynamics (3.1) do not consider the differential
drive of the e-puck). To clarify that the formation control objectives (3.3) are
indeed achieved, Figures 3.3 and 3.4 show the time evolution of the velocity v and
relative displacement z respectively. Both figures show a similar trend and illustrate
that v → 0, z → z∗ as t→∞.

The next section considers agents of the form (3.2) that are subject to a discon-
tinuous Coulomb friction force, which requires a discontinuous counterpart to the
virtual couplings presented in this section.
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Figure 3.3: Time evolution of the velocity v and relative displacement z during formation
control (simulation). The dotted lines show the reference values.
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Figure 3.4: Time evolution of the velocity v and relative displacement z during formation
control (experiment). The dotted lines show the reference values.
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3.4 Formation control in the presence of Coulomb
friction

The previous Section 3.3 considered formation control of a network of fully actuated
agents in Rn. This section considers a similar problem setting, but now each agent
is subject to (ideal) Coulomb friction. The control objectives remain the same as in
(3.3), i.e., {

p→ 0,

z → z∗,
as t→∞, (3.9)

with agent momentum p, relative displacement z and desired relative displacement
z∗. Due to the discontinuity of the friction force, continuous virtual springs like
(3.4) are no longer able to achieve exact formations as shown in Section 3.4.2
below. Section 3.4.3 presents a discontinuous counterpart to (3.4), which is able to
achieve the formation control objectives (3.9) in the presence of Coulomb friction.

The results of this section are published in [58, 59] and are based on a collabo-
ration with Matin Jafarian and Claudio De Persis. But first, a motivating example
provides some intuition on the differences between continuous and discontinuous
virtual springs.

Example 3.1 (Motivation). Consider a single mass mi moving in R with position
qi ∈ R (see Figure 3.5). The mass is subject to a Coulomb friction force Fdi =

−ci sign (q̇i) [119], with friction coefficient ci and velocity q̇i ∈ R. Assume that
the control objective is to move mi to a prescribed position q∗i . We achieve this by
assigning a virtual spring to mi with corresponding spring force Fsi. We consider
two types of springs: a continuous spring where Fsi(qi) = ki qi and a discontinuous
spring where Fsi(qi) = ki sign (qi).
In order to get mi moving, the virtual spring needs to overcome a friction threshold
of ±ci. Intuitively, as long as qi−q∗i > ci

ki
the continuous spring gets mi moving, but

once qi − q∗i 6 ci
ki

mass mi comes to a hold. Hence the control objective might not
be achieved. On the other hand, the discontinuous spring provides a spring force
of ±ki as long as qi − q∗i 6= 0. Hence, if ki > ci the control objective is achieved.

The example above provides some intuition why the continuous virtual springs
might not achieve (3.9), while the discontinuous counterpart achieves the de-
sired objectives. Before presenting the two formation controller designs, first the
agents dynamics subject to Coulomb friction are derived in the port-Hamiltonian
framework.

3.4.1 Model of ideal Coulomb friction

Consider a point mass mi and let qi ∈ R denote its 1-dimensional position. Assume
that the mass is subject to a Coulomb friction force Fi(vi), with vi = q̇i the velocity
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Fdi = −ci sign q̇i

Fsi

qi q∗i

mi

Figure 3.5: System of Example 3.1: mass mi is subject to a Coulomb friction force Fdi and
is controlled by a virtual spring force Fsi.

of the mass. The Coulomb friction force for mass mi moving in R [59, 118, 119] is
given by

Fi(vi) :=

{
{ci sign (vi)} if vi 6= 0,

[−ci, ci] if vi = 0,
(3.10)

where the function sign : R→ {−1,+1} is defined as sign (vi) = +1 if vi > 0 and
sign (vi) = −1 if vi < 0.

Now consider the same mass mi moving in R2. The model of Coulomb friction
in R2 is more involved. Instead of having two decoupled friction forces along the x
and y direction, consider a more natural model for the friction force that is defined
along the direction of motion (see Figure 3.6). The Coulomb friction force acting
on the mass mi is modeled as a set-valued map Fi : R2 7→ R2, where Fi(vi) is given
by

Fi(vi) :=

{
ci

vi
‖vi‖ if vi 6= 0,

B(0, ci) if vi = 0,
(3.11)

with ci ∈ R+ the friction coefficient and B(0, ci) a disc with radius ci centered
at the origin (see Figure 3.6). Both (3.10) and (3.11) are set-valued maps and
their definitions are in the accordance with the definition of the Krasovskii map for
sign (v) in R and R2 respectively (see Section 2.4).

Remark 3.4 (Physical interpretation B(0, ci)). The disc B(0, ci) has a clear physical
interpretation. When agent i stands still, the controller needs to overcome a
threshold of ±ci before the agent starts moving. The disc B(0, ci) represents the
physical fact that there is a friction force even though the agent might not be
moving (e.g. imagine gently pushing a (heavy) mass which is not moving).

Including Coulomb friction force (3.11) into the agent dynamics (3.1) is straight-
forward. Let qi = (qxi, qyi)

T and pi = (pxi, pyi)
T denote the position and momen-

tum along the x and y direction. Furthermore, let ui = (uxi, uyi)
T , yi = (yxi, yyi)

T

and uri = (urxi, u
r
yi)

T , yri = (yrxi, y
r
yi)

T denote the port-variables of the control port
and the resistive port respectively. Then the dynamics of agent i subject to Coulomb
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B(0, ci)

x

y

vi

Fi

v′i

F ′i

Figure 3.6: Illustration of the Coulomb friction force (3.11) in R2. The solid lines represent
the velocities, while the dashed lines represent the corresponding Coulomb friction forces.

friction are obtained by taking Da = 0 and defining the resistive port relation
uri = −Fi(yri ), with Fi defined in (3.11).

From (3.11) it immediately follows that{
yri
Turi = −ci ‖y

r
i ‖

2

‖yri ‖
< 0 for yri 6= 0,

yri
Turi = 0 for yri = 0,

(3.12)

which implies that yri
Turi 6 0 (i.e., the resistive element dissipates energy). Hence,

it follows that each agent i is output passive with respect to its velocity.
The dynamics for a network of N agents of the form subject to Coulomb friction

is straightforwardly put into the form (3.2) straightforwardly by setting Da = 0,
Hamiltonian Ha(p) =

∑N
i=1H

a
i (pi) = 1

2p
TM−1p and resistive port relation ur =

−F (yr) where uri = −Fi(yri ) (see (3.11)).

Control design and analysis

Two types of controllers to achieve the formation control objectives (3.9) for agents
of the form (3.2) are presented here. Each of the controllers acts like a virtual
spring which is assigned between the agents. The prescribed relative position z∗` for
` ∈ {1, . . . , E} corresponds to the desired relative position amongst the two agents
which are interconnected by spring `. The two types of controller are continuous and
discontinuous virtual springs [59] to achieve the so-called position-based formation
control in terms of [3, 9].

Before the design and analysis of the continuous (Section 3.4.2) and discon-
tinuous virtual springs (Section 3.4.3) the formal analysis of the motivational
Example 3.1 is given to illustrate the non-smooth tools used in the remainder.

Example 3.2 (Formal analysis of Example 3.1). Example 3.1 considers a mass mi

subject to a Coulomb friction force Fdi, which is controlled by a virtual spring force
Fsi (see Figure 3.5). For simplicity assume that the control objective is to reach a
zero displacement from the wall (i.e., q∗i = 0).



3.4. Formation control in the presence of Coulomb friction 45

The port-Hamiltonian dynamics are obtained from (3.1) by taking Ha = 1
2mp

2

and are given by
q̇ =

p

m
,

ṗ = u+ ur,

y = yr =
p

m
,

(3.13)

where u is the control law (the spring force) and ur is the Coulomb friction force
defined in (3.10). Hence, ur = F ( pm ) is

F (
p

m
) =

{
c{sign

(
p
m

)
} if p

m 6= 0,

[−c, c] if p
m = 0.

Considering the above set-valued map, the dynamics (3.13) can be rewritten as the
differential inclusion

q̇ =
p

m
,

ṗ ∈ −F
( p
m

)
+ u,

y = yr =
p

m
.

(3.14)

Sections 3.4.2 and 3.4.3 adopt a Krasovskii notion of solution (see Section 2.4) to
analyze the solutions of the above differential inclusion.

To control (3.14), first consider a continuous virtual spring of the form

u = −∂H
c

∂q
= −kq,

with corresponding potential spring energy Hc = 1
2kq

2 and closed-loop Hamilto-
nian H(p, q) = Ha(p) + Hc(q). To analyze the stability and convergence of the
solutions of (3.14), take H(p, q) as candidate Lyapunov function and calculate its
set-valued derivative as ˙̄H ∈ − p

mF ( pm ) ⊆ (−∞, 0]. Now, invoking the non-smooth
LaSalle’s invariance principle (Theorem 2.14), the system converges to the largest
weakly invariant set where 0 ∈ ˙̄H. The latter implies that on the invariant set
p = 0.

Substituting p = 0 in (3.14) gives that q̇ = 0 and therefore q = qeq where qeq is a
constant. Moreover, it follows that 0 ∈ [−c, c]−kqeq (i.e., −c−k qeq 6 0 6 c−k qeq)
which implies that qeq ∈ [− c

k ,
c
k ]. In other words, the position q converges to a

value in an interval containing the origin. Therefore, convergence of the position to
zero cannot be guaranteed and hence the control objective might not be achieved.

Second, consider a discontinuous spring where the potential spring energy is
Hd = k|q|. The control law u is equal to the Clarke generalized gradient (see
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(2.21)) of Hd, that is

u =

{
−k{sign (q)} if q 6= 0,

[−k, k] if q = 0.

The closed-loop Hamiltonian is H(p, q) = Ha(p) +Hd(q), which is locally Lipschitz
and regular [6]. Same as the previous case, take H(p, q) as the candidate Lyapunov
function and calculate the time derivative ˙̄H ∈ − p

mF ( pm ) ⊆ (−∞, 0]. Now, invoking
the non-smooth LaSalle’s invariance principle (Theorem 2.14) once more, the
system converges to the largest weakly invariant set where p = 0. Substituting
p = 0 in (3.14), it follows that q̇ = 0 and therefore q = qeq where qeq is a constant. If
qeq > 0, it follows that 0 ∈ [−c, c]−k, while if qeq < 0, it follows that 0 ∈ [−c, c]+k.

Now, assume that k > c (note that k is a design parameter). Therefore, for
qeq > 0 both the lower and upper bounds of the interval [−(c + k), c − k] are
negative, while for qeq < 0 both bounds of [−c+ k, c+ k] are positive. Since zero
cannot belong to these intervals it follows by contradiction that qeq is necessarily
equal to zero for k > c, thereby achieving the control objective.

The formal analysis of Example 3.1 above, provides the motivation for the
design and analysis of continuous and discontinuous virtual springs to achieve
formation control in the presence of Coulomb friction. First continuous virtual
springs are discussed, followed by their discontinuous counterpart.

3.4.2 Formation control using continuous virtual springs

Position-based formation keeping control aims at achieving a desired shape and
a orientation for the network of agents [9]. For both types of virtual springs, one
spring is assigned along the x direction and one spring is assigned along the y
direction. For spring ` consider the relative position z` = (zx`, zy`)

T , desired relative
position z∗` = (z∗x`, z

∗
y`)

T , spring constants Kc
` = diag(kcx`, k

c
y`). Here the relative

position of the spring z` corresponds to the relative position between two agents in
the network. The input to virtual spring ` is a relative velocity w` = (wx`, wy`)

T ,
while the output is the corresponding spring force τ` = (τx`, τy`)

T .
The continuous spring dynamics are obtained from (3.4) by setting Dc

j = 0. For
E virtual springs let z = (z1, . . . , zE)T , z∗ = (z∗1 , . . . , z

∗
E)T , w = (w1, . . . , wE)T , τ =

(τ1, . . . , τE)T and Kc = block.diag(Kc
1, . . . ,K

c
E). The dynamics of the continuous

virtual springs are given by [39, 110]

ż = w,

τ =
∂Hc

∂z
,

(3.15)

with Hamiltonian Hc(z) = 1
2 (z − z∗)TKc(z − z∗). Note that the corresponding
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partial derivatives along the x and y direction are given by ∂Hc

∂zx`
= kcx`(zx` − z∗x`),

∂Hc

∂zy`
= ky`(zy` − z∗y`). The coupling law to assign the virtual springs between the

agents [59] is given by (3.6).

The closed-loop dynamics follows (3.2), (3.6), (3.15) and is given by

ṗ = −(B ⊗ I2)
∂H

∂z
+ ur,

ż = (BT ⊗ I2)
∂H

∂p
.

(3.16)

where H(p, z) is the closed-loop Hamiltonian given by

H(p, z) = Ha(p) +Hc(z)

=
1

2
pTM−1p+

1

2
(z − z∗)TKc(z − z∗).

(3.17)

Since all agents in the network are subject to Coulomb friction, the term ur in
(3.16) represents the friction and is equal to a set-valued map ur = −F (M−1p),
where uri = −Fi(M−1

i pi) from (3.11). Hence, the closed loop dynamics of the
network is a differential inclusion given by

ṗ ∈ −(B ⊗ I2)
∂H

∂z
− F (M−1p),

ż = (BT ⊗ I2)
∂H

∂p
.

(3.18)

Hence, the closed-loop dynamics can be written in a compact form (ṗ, ż) ∈ K1(p, z)

with

K1(p, z) =

(
−(B ⊗ I2)Kc(z − z∗)− F (M−1p)

(BT ⊗ I2)M−1p

)
,

where F (M−1p) =×N
i=1 Fi(M

−1
i pi). The map Fi(M−1

i pi) is given by (3.11), i.e.,

Fi(M
−1
i pi) =

ci
M−1

i pi

‖M−1
i pi‖

if pi 6= 0,

B(0, ci) if pi = 0.
(3.19)

Note that M−1
i pi (Mi > 0) is equal to the velocity of agent i. Before presenting the

analysis of the closed-loop system controlled with continuous springs, first consider
the following definition on the terminal node and edge sets of the graph. The steps
correspond to the steps in the proof later on.

Definition 3.5 (Terminal node and edge set). Let Vs denote the set of nodes for
step s (s > 1), which is defined as Vs = V −

⋃s−1
r=0 V̄r. Here, V̄r denotes the set of
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terminal nodes, which is defined as

V̄r := {vi ∈ Vr|deg vi = 1} ,

with V̄0 = ∅. In a similar way, let Es denote the set of edges for step s, which is
defined as Es = E −

⋃s−1
r=0 Ēr. Here, Ēr denotes the set of terminal edges, which is

defined as
Ēr :=

{
ek ∈ Er

∣∣ ek = (vi, vj), vi ∈ V̄r or vj ∈ V̄r
}
,

with Ē0 = ∅.

The result for formation control in the presence of Coulomb friction using
continuous springs is given in the following Theorem.

Theorem 3.6 (Continuous virtual springs). Interconnect agents (3.2) with virtual
springs (3.15) via coupling (3.6) using a tree graph topology. Then, the solutions of
the closed-loop dynamics (3.18) converge to the largest weakly invariant set where
p = 0 and (z`−z∗` ) ∈ B(0, α`) for all ` ∈ E , where α` is a positive constant depending
on the spring constants Kc

1, . . . ,K
c
E and Coulomb friction coefficients c1, . . . , cN .

Proof. Take the Hamiltonian H(p, z) in (3.17) as the Lyapunov function candidate.
Since H(p, z) is continuously differentiable, the set-valued derivative ˙̄H(p, z) along
(3.18) is

˙̄H(p, z) = {∇H(p, z).w, w ∈ K1(p, z)}.

By definition of F (M−1p) in (3.19), for any w ∈ K1(p, z) there exists wp ∈
F (M−1p), wp = (wp1 , . . . , w

p
N )T , such that

w =

(
−(B ⊗ I2)Kc(z − z∗)− wp

(BT ⊗ I2)M−1p

)
.

Hence, ˙̄H(p, z) = {a ∈ R : a = −pTM−Twp} ⊂ (−∞, 0]. Therefore, applying
the non-smooth LaSalle’s invariance principle (Theorem 2.14), the solutions of
the closed-loop system converge to the largest weakly invariant set of points (p, z)

where p = 0 and{
(0, z)

∣∣∣∣0 =

(
−wp − (B ⊗ I2)Kc(z − z∗)

0

)}
. (3.20)

Consider the graph G(V, E) and define the terminal node-set V̄1 and edge-set Ē1

accordingly. From (3.20), for all vi ∈ V̄1 we have

0 = −wpi +
∑
`∈Ē1

bi`K
c
` (z` − z∗` ),
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where wpi ∈ Fi(M
−1
i pi). Note that, similar to z`, w

p
i belongs to R2 and it has a

vector representation as wpi = (wpxi, w
p
yi)

T . Since vi is a terminal node, the above
equation simplifies to

0 = −wpi + bi`K
c
` (z` − z∗` ). (3.21)

Since there is only one bi` 6= 0 for each vi ∈ V̄1. From (3.21) it immediately follows
that

(z` − z∗` ) = bi`K
c
`
−1 wpi , (3.22)

for all k ∈ Ē1. Since wpi ∈ B(0, ci), the equality (3.22) results in

(z` − z∗` ) ∈
{
e
∣∣ e = bi`K

c
`
−1wpi , w

p
i ∈ B(0, ci)

}
.

Thus a bound on the size (2-norm) of (z` − z∗` ) is given by

‖z` − z∗` ‖ ∈
[
0, ci

√
traceKc

`
−1 (Kc

`
−1)T

]
.

Recall that Kc
` = diag(kcx`, k

c
y`) an therefore the above equation implies

‖z` − z∗` ‖ ∈

[
0,

ci
kcx`k

c
y`

√
kcx`

2 + kcy`
2

]
.

In this a bound is obtained for all springs corresponding to an edge in the terminal
edge set Ē1.

Now consider the node set V2 and edge set E2 (see Definition 3.5) and the
corresponding terminal sets V̄2 and Ē2. Similar to the previous step, for all vi ∈ V̄2

it follows that
0 = −wpi +

∑
`∈E

bi`K
c
` (z` − z∗` ). (3.23)

Rewrite (3.23) as

0 = −wpi +
∑
k∈Ē1

bikK
c
k(zk − z∗k) +

∑
`∈Ē2

bi`K
c
` (z` − z∗` ). (3.24)

Similar to the first step, there is exactly one bi` 6= 0 for all vi ∈ V̄2, e` ∈ Ē2. In
addition, for each (zk − z∗k) ∈ Ē1 equation (3.22) still holds. Therefore,

bi`K
c
` (z` − z∗` ) ∈

e ∣∣ e = wpi −
∑
j∈V̄1

wpj , w
p
j ∈ B(0, cj), w

p
i ∈ B(0, ci)

 .

Thereby obtaining a bound for all springs corresponding to an edge in the terminal
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edge set Ē2. Repeating the steps above until
⋃
i Ē i = E , a bound is obtained for all

springs in the graph. Each bound depends on the friction coefficients c1, . . . , cN
and spring constants Kc

1, . . . ,K
c
E , which completes the proof.

Remark 3.7 (Convergence to desired formation). Theorem 3.6 only guarantees that
relative displacement error z` − z∗` converges to the disc B(0, α`). It does not guar-
antee that relative displacement z` converges to the desired relative displacement
z∗` and therefore objectives (3.9) might not be achieved.

3.4.3 Formation control using discontinuous virtual springs

The previous section showed that continuous virtual springs can not allways achieve
the formation objectives (3.9) exactly. Motivated by Example 3.1 in this section the
continuous virtual springs are replaced by their discontinuous counterparts. Using
the same notation as in (3.15), the dynamics of E discontinuous springs are given
by

ż = w,

τ = ∂Hd,
(3.25)

with ∂Hd the generalized Clarke gradient of the locally Lipschitz Hamiltonian
Hd(z) = ‖Kc(z − z∗)‖1, where ‖Kc(z − z∗)‖1 denotes the one-norm. That is

‖Kc(z − z∗)‖1 =
∑E
`=1

(
kcx`|zx` − z∗x`|+ kcy`|zy`z∗y`|

)
. Since Hd is not differen-

tiable every where, the standard partial derivative is replaced by the Clarke
generalized gradient (see (2.21)) ∂Hd = KcK sign (z − z∗) where K sign (z̃) =

×E
`=1K sign (z` − z∗` ) with

K sign (z` − z∗` ) =



{ zx`−z∗x`

|zx`−z∗x`|
} × { zy`−z∗y`

|zy`−z∗y`|
} if (zx` − z∗x`) 6= 0, (zy` − z∗y`) 6= 0,

[−1,+1]× { zy`−z∗y`

|zy`−z∗y`|
} if (zx` − z∗x`) = 0, (zy` − z∗y`) 6= 0,

{ zx`−z∗x`

|zx`−z∗x`|
} × [−1,+1] if (zx` − z∗x`) 6= 0, (zy` − z∗y`) = 0,

[−1,+1]× [−1,+1] if (zx` − z∗x`) = 0, (zy` − z∗y`) = 0.

(3.26)

Using the same coupling (3.6) as for the continuous springs, the closed-loop
dynamics for the discontinuous springs follows directly from (3.2), (3.6), (3.25)
and is given by

ṗ ∈ −(B ⊗ I2)∂zH − F (M−1p),

ż = (BT ⊗ I2)
∂H

∂p
,

(3.27)
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where ∂zH(z) = ∂Hd(z) and H(p, z) is the closed-loop Hamiltonian given by

H(p, z) = Ha(p) +Hd(z)

=
1

2
pTM−1p+ ‖Kc(z − z∗)‖1.

(3.28)

Note that (3.27) is a differential inclusion due to the set-valued model of Coulomb
friction and the discontinuous spring force ∂Hd.

Remark 3.8 (Design choice for discontinuous springs). Discontinuous spring forces
(3.26) consider springs along x and y separately in accordance with the continuous
springs (3.15). This is a design choice that complies with the position-based control
design as stated in Section 3.4.2. Instead these “square” discontinuous springs
could be replaced by “round” springs similar to (3.11) and similar results can be
derived.

Now, write the closed-loop dynamics in a compact form (ṗ, ż) ∈ K2(p, z̃) with

K2(p, z) =

(
−(B ⊗ I2)KcK sign (z − z∗)− F (M−1p)

(BT ⊗ I2)M−1p

)
, (3.29)

where F (M−1p) is defined in (3.19). The main result on formation control in the
presence of Coulomb friction using discontinuous virtual springs is stated in the
following theorem.

Theorem 3.9 (Discontinuous springs). Interconnect agents (3.2) with virtual springs
(3.25) via coupling (3.6) using a tree graph topology. Assume that min{kx`, ky`} >
max{ci, cj} for e` = (ni, nj) ∈ E . Then the solutions of the closed-loop dynamics
(3.27) converge to p = 0, z = z∗, thereby achieving the control objectives (3.9).

Proof. Take the Hamiltonian in (3.28) as candidate Lyapunov function which is a
regular and locally Lipschitz function. Since the Hamiltonian is not differentiable
everywhere, first calculate its corresponding Clarke generalized gradients ∂H(p, z)

(see (2.21)) as

∂H(p, z) =

{
v
∣∣ v =

(
M−1p

Kcvz

)
such that vzk ∈ K sign (zk − z∗k)

}
. (3.30)

Calculating the set-valued derivative ˙̄H(p, z) along (3.27) gives

˙̄H(p, z) =
{
a ∈ R

∣∣∃w ∈ K2(p, z) such that a = 〈w, v〉 for all v ∈ ∂H(p, z)
}
.

By definition of K2(p, z) in (3.26)-(3.29), for any w ∈ K2(p, z) there exists wp ∈
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F (M−1p) and wz ∈ K sign (z − z∗) such that

w =

(
−(B ⊗ I2)Kcwz − wp

(BT ⊗ I2)M−1p

)
.

For each v ∈ ∂H(p, z), choose wz = vz. Hence, one obtains ˙̄H(p, z) = {a ∈ R :

a = −pTM−Twp} ⊂ (−∞, 0]. Assume that ˙̄H 6= ∅. Therefore, applying the non-
smooth version of LaSalle’s invariance principle (Theorem 2.14), the solutions of
the closed-loop system converge to the largest weakly invariant set of points (p, z)

such that p = 0 and{
(0, z)

∣∣∣∣0 =

(
−wp − (B ⊗ I2)Kcwz

0

)}
, (3.31)

where wp ∈ R2 and wz ∈ R2. Now, consider the tree graph G(V, E) and define
the terminal node-set V̄1 and edge-set Ē1 accordingly. Based on (3.31), all nodes
vi ∈ V̄1 obey

0 = wpi +
∑
`∈Ē

bi`K
c
`w

z
` .

Noting that vi is a terminal node, the above equation simplifies to

0 = wpi + bi`K
c
`w

z
` , (3.32)

where wpi = (wpxi, w
p
yi)

T , wpi ∈ B(0, ci) and wz` = (wzx`, w
z
y`)

T . Writing (3.32) for
each of the components of wpi gives

0 = wpxi + bi`k
c
x`w

z
x`, (3.33)

0 = wpyi + bi`k
c
y`w

z
y`. (3.34)

The remainder of the proof is completed by contradiction. Consider (3.33) and
assume that z̃x` 6= 0, then wzx` is equal to either +1 or −1. Moreover, since
wpi ∈ B(0, ci), it follows that wpxi ∈ [−ci, ci]. Take wzx` = +1, then from (3.33) it
follows that

wpxi + bi`k
c
x`w

z
x` ∈ [−ci + kcx`, ci + kcx`].

By assumption kx` > ci and hence the upper and lower bounds of the above interval
are positive. Hence zero cannot belong to this interval. Similarly, if wzx` = −1, the
bounds of the interval [−ci− kx`, ci− kx`] are both negative. This result contradicts
(3.33). As a result, (zx` − z∗x`) is necessarily zero. A similar argument holds for
y-direction (3.34) which results in (zy` − z∗y`) = 0. In this way, for all springs
corresponding to an edge in the terminal edge set Ē1, the error position (z` − z∗` ) is
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equal to zero on the invariant set (3.31).
Now consider the node set V2 and edge set E2 and the corresponding terminal

sets V̄2 and Ē2. Using similar arguments as above, it is easily shown that the
relative error position is equal to zero for all springs corresponding to an edge in
the terminal edge set Ē2. Repeating the steps above until

⋃
i Ē i = E , it follows that

for each edge in the graph the corresponding relative position error converges zero,
thereby completing the proof.

Note that in contrast with Theorem 3.6, Theorem 3.9 does guarantee that
relative displacement z` converges to the desired relative displacement z∗` and
therefore objectives (3.9) are achieved.

3.4.4 Simulation results

Consider a network of N = 5 robots of the form (3.1) subject to Coulomb friction
force (3.11), with model parameters mi = 1 kg and ci = 2 kg/s for i = 1, . . . , 5.
The robots are interconnected using the incidence matrix

B =


−1 0 0 0

+1 −1 0 0

0 +1 −1 0

0 0 +1 −1

0 0 0 +1

 ,

which is associated to a path graph. The virtual coupling parameters are set at
kx` = ky` = 3 and z∗x` = z∗y` = 2 for ` = 1, . . . , 4 (i.e., the condition min{kx`, ky`} >
max{ci, cj} in Theorem 3.9 is satisfied).

The simulations are performed using MATLAB and Simulink and were run for
t = 5 s starting from the initial conditions qx(0) = (0.3902, 1.1140, 2.1875, 3.8300,

3.8596)m, qy(0) = (0.1273, 0.1847, 0.3885, 1.1077, 2.8242)m, px(0) = py(0) = 0

kgm/s. The results are shown in Figures 3.7 and 3.8.
Figure 3.7 and Figure 3.8 show the time evolution of the momentum px, dis-

placement zx, and control input ux along the x direction for the continuous springs
(Theorem 3.6) and the discontinuous springs (Theorem 3.9) respectively. The time
evolution of the momentum py, relative displacement zy and control input uy along
the y direction follow a similar trend and are given in Appendix D.

The top plots in Figure 3.7 and Figure 3.8 show that px converges to zero
for both types of springs. Looking at the middle plot in Figure 3.7 shows that
the relative displacement zx does not converge to the desired one, z∗x = 2, using
continuous springs. Using discontinuous springs the relative displacement zx
does converge to the desired prescribed relative displacement z∗x (see Figure 3.8,
middle).
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Figure 3.7: Time evolution of the momentum px, relative displacement zx, and control
input ux using continuous springs. The dotted lines show the reference values.

Comparing the control action ux in (Figure 3.7, bottom) and (Figure 3.8, bot-
tom), the control action related to the discontinuous spring shows a fast switching
behavior while zx converges to z∗x. This switching behavior is a known undesired
phenomenon due to the use of a sign-based controller [56, 57].

3.5 Deployment

The deployment problem was already briefly introduced in Section 3.1. The
objective is to spatially distribute the agents in some optimal sense, usually to
cover a certain environment [15]. In this section the objective is to (equally)
spatially distribute the agents on a line between two reference points. The approach
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Figure 3.8: Time evolution of the momentum px, relative displacement zx, and control
input ux using discontinuous springs. The dotted lines show the reference values.

presented here assigns two virtual walls at these reference points and deploys the
agents (3.2) between these two walls by assigning virtual couplings between the
agents and the virtual walls. The virtual couplings are the same as the ones
considered in Sections 3.3 and 3.4.2 and consists of a virtual spring and a virtual
damper.

The interconnection topology (i.e., which agents are interconnected by a virtual
coupling) is modeled by a path graph (chain graph), which is a special type of tree
graph. The outer two nodes of the graph correspond the two virtual walls, while
the other N nodes correspond to the agents. The E = N + 1 edges correspond to
the virtual couplings. In a path graph each node is connected to two neighbors,
thereby being a natural choice for the deployment on a line problem.
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To formally define the deployment objective, let zj ∈ Rn denote the relative
displacement between two agents. The displacement between the two virtual walls
is denoted by ` ∈ Rn and hence

∑N+1
j=1 zj = `. Let p denote the vector of momenta

of the agents and let z = (z1, . . . , zN+1)T , then the deployment objective is formally
defined as {

p→ 0,

z → c,
as t→∞, (3.35)

with c ∈ RN+1 some arbitrary constant vector with
∑N+1
j=1 cj = `.

In many cases, the objective is to equally deploy the N agents on `. In that case
(3.35) boils down to the equal deployment objective, which is defined as{

p→ 0,

z → `
N+1 .

as t→∞. (3.36)

The results presented here to achieve (3.35) and (3.36) are published in [110].
In the remainder the resistive port in (3.1) is omitted for simplicity.

3.5.1 Deployment using virtual couplings and virtual walls

To position the N agents, introduce two virtual walls positioned at fixed reference
points. These two virtual walls are modeled as two additional agents, labeled 0 and
N + 1, with position q0 and qN+1. Let ` ∈ Rn denote the displacement between the
two walls, which is defined as ` = qN+1 − q0.

The outline of this section is as follows. First, the two virtual walls are included
into the agent dynamics (3.2). Then, the agents and virtual walls are interconnected
using virtual springs. Finally, a kinematic constraint is imposed on the virtual walls
which is then eliminated to obtain the dynamics on the constrained state space.

Define the extended state and input vectors as q̄ = (q0, q1, . . . , qN , qN+1)T , p̄ =

(p0, p1, . . . , pN , pN+1)T , ū = (u0, u1, . . . , uN , uN+1)T , ȳ = (y0, y1, . . . , yN , yN+1)T ,
and the extended mass and dissipation matrix as M̄ = block.diag(M0,M1, . . . ,MN ,

MN+1), Da(q, p) = block.diag(Da
0 , D

a
1(q1, p1), . . . , Da

N (qN , pN ), Da
N+1), where M0,

MN+1, D
a
0 , D

a
N+1 are arbitrary constant diagonal matrices. The agents dynamics

including the two virtual walls follow directly from (3.2) and are given by(
˙̄q
˙̄p

)
=

(
0 I(N+2)n

−I(N+2)n −D̄a(q, p)

)( ∂H̄a

∂q̄ (p̄)
∂H̄a

∂p̄ (p̄)

)
+

(
0

I(N+2)n

)
ū,

ȳ =
∂H̄a

∂p̄
(p̄),

(3.37)

with Hamiltonian H̄a(p̄) = 1
2 p̄
T M̄−1p̄.
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The N agents and two virtual walls (3.37) are interconnected using E = N + 1

virtual couplings (3.5) according to a path graph topology. Let B denote the
incidence matrix associated to the graph, then the coupling of agents and virtual
walls on the nodes and virtual couplings at the edges is given by [3, 100]

ū = −(B ⊗ In)τ,

w = (BT ⊗ In)ȳ.
(3.38)

Since the closed-loop dynamics are decoupled, the remainder continues with
n = 1 without loss of generality. The closed-loop dynamics follow directly from
(3.5), (3.37), (3.38) and are given by(

˙̄p

ż

)
=

(
−
(
D̄a(p) +BDcBT

)
−B

BT 0

)( ∂H̄
∂p (z, p̄)
∂H̄
∂z (z, p̄)

)
, (3.39)

with closed-loop Hamiltonian

H̄(z, p̄) =

N+1∑
i=0

H̄a
i (p̄i) +

N+1∑
j=1

Hc
j (z) =

1

2
p̄T M̄−1p̄+

1

2
zTKz.

Note that the dynamics (3.39) include the virtual walls. However, these virtual
walls are fixed (i.e., q0(t) = q0(0), qN+1(t) = qN+1(0)) which is modeled by the
following kinematic constraint(

q̇0

q̇N+1

)
=

(
1 01×N 0

0 01×N 1

)
︸ ︷︷ ︸

AT

∂H̄

∂p̄
(z, p̄) = 0. (3.40)

Since (3.40) is of the form (2.9) one can solve for (3.40) to obtain the dynamics
on the constraint state space (see Section 2.3.2). To do so, define matrix S as

S =

 0

IN
0

 ,

such that AT S = 0 and rankA + rankS = 2 + N . Then, define the coordinate
transformation p = ST p̄ and pw = AT p̄, where pw corresponds to the momentum
of the two walls (i.e., pw(t) = 0 for all t). Using this coordinate transformation the
pw coordinate can be eliminated to obtain the port-Hamiltonian dynamics on the
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constrained state space given by(
ṗ

ż

)
=

(
−ST

(
Da(p) +BDcBT

)
S −ST B

BT S 0

)( ∂H
∂p (z, p)
∂H
∂z (z, p)

)
, (3.41)

with Hamiltonian

H(z, p) =

N∑
i=1

Ha
i (pi) +

N+1∑
j=1

Hc
j (zj) =

1

2
pTM−1p+

1

2
zTKcz.

The main result for deployment is stated in the following proposition.

Proposition 3.10. Interconnect agents and virtual walls (3.37) with virtual couplings
(3.5) via coupling (3.6) using a tree graph topology, where the two virtual walls are
subject to constraint (3.40). The solutions of the closed-loop system (3.41) converge
to p = 0, z = c, where c ∈ RN+1 is a positive constant vector which depends on the
inter-wall displacement ` and the springs constants k1, . . . , kN+1. Thereby achieving
deployment objectives (3.35).

Proof. Take H(z, p) as a candidate Lyapunov function and calculate its time deriva-
tive

Ḣ(z, p) = −pTM−T ST
(
Da(p) +BDcBT

)
SM−1p 6 0.

By invoking LaSalle’s invariance principle (Theorem 2.4) it follows that system
(3.41) converges to the largest invariant set where p = 0. On this set

ST BKcz = 0. (3.42)

Writing out STB gives that

ST B =


1 −1 · · · 0 0

0
. . .

. . . 0 0
...

...
. . .

. . .
...

0 0 · · · 1 −1

 ,

which equals the transpose of the incidence matrix Bp ∈ RN+1×N associated to a
path graph with N + 1 nodes and N edges. Since the path graph is a connected
graph, it follows that kerSTB = kerBTp = α1N+1, for some arbitrary constant
α ∈ R. Hence from (3.42) it follows that

z = α(Kc)−11N+1. (3.43)

From the problem it also follows that
∑N+1
j=1 zj = 1TN+1z = `, with ` the dis-
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placement between the two virtual walls (i.e., the spring lengths sum up to the
displacement between the walls). Multiplying (3.43) from the left by 1TN+1 and
equating the two terms gives

1TN+1z = α1TN+1(Kc)−11N+1 = `,

which implies that α = `/
∑N+1
j=1

1
kcj

. Substituting α into (3.43) results in

zi =
`

kci
∑N+1
j=1

1
kcj

for i = 1, . . . , N + 1, (3.44)

thereby completing the proof.

Proposition 3.10 provides a result for the general deployment objectives (3.35).
For the equal deployment objectives (3.36) consider the following corollary.

Corollary 3.11 (Equal deployment). Interconnect agents and virtual walls (3.37)
with virtual couplings (3.5) via coupling (3.6) using a tree graph topology, where the
two virtual walls are subject to constraint (3.40). Set kc1 = . . . = kcN+1 = kc. Then,
the solutions of the closed-loop system (3.41) converge to p = 0, z = `

N+1 , thereby
achieving the equal deployment objectives (3.36).

Proof. Setting kc1 = . . . = kcN+1 = kc and substituting into (3.44) yields

zi =
`

kc
∑N+1
j=1

1
kc

=
`

N + 1
for i = 1, . . . , N + 1.

Remark 3.12 (Control input deployment). The control input for the agents u follows
directly from (3.38) and is given by

u = −ST (B ⊗ In)Kcz︸ ︷︷ ︸
virtual spring force

−ST (B ⊗ In)Dc (BT ⊗ In)SM−1p︸ ︷︷ ︸
virtual damping force

. (3.45)

Similar to the control law for formation control (3.8), control law (3.45) has a
clear physical interpretation and is a distributed control law.

Proposition 3.10 is illustrated using simulation and experimental results in the
next section.

3.5.2 Simulation and experimental results

Consider a network with N = 3 agents of the form (3.2) moving in R. Each
agent i has a mass mi = 0.167 kg and a friction coefficient Da

i = 2 kg/s for
i = 1, 2, 3. The two virtual walls are positioned at q0 = 0.1m, q4 = 2.0m such that
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Figure 3.9: Time evolution of the position during deployment of the e-puck wheeled robots
for the simulations (dashed) and experiments (solid). The black dotted lines represent the
two virtual walls.

` = q4−q1 = 1.9m. The agents are interconnected using E = 4 homogenous virtual
couplings (3.5), with spring constant Kc

j = 0.5 kg/s2 and damping coefficient
Dc
j = 0 for j = 1, 2, 3, 4. Setting all springs constants to the same value corresponds

to equal deployment.

The simulations are run using MATLAB and Simulink. The experimental setup
consist of three e-puck wheeled robots, which can only move forward and backward
in accordance with the movement in R. By constraining the movement of the e-
pucks, they act as fully actuated agents along the forward/backward direction since
the constraint on the wheel axle is not interfering. More details on the e-puck robot
and the experimental setup are given in respectively Sections C.1 and C.2. Both
the simulation and the experiment are run for t = 30 s and the initial conditions
are set at q(0) = (1.66, 1.77, 1.99)m, p(0) = (0, 0, 0) kgm/s. The results are shown
in Figures 3.9, 3.10, and 3.11.

Figure 3.9 show the position of the agents during the simulation and the
experiment. The (small) differences are due to localization errors of the vision
algorithm, model parameter uncertainty, and a difference in the actuators of the
model and the e-puck (the robot dynamics (3.1) do not consider the differential
drive of the e-puck). To clarify that the formation control objectives (3.36) are
indeed achieved, Figures 3.10 and 3.11 show the time evolution of the velocity
v and relative displacement z respectively. Both figures show a similar trend and
illustrate that v → 0, z → `

4 = as t→∞.

Note that the relative displacement z (Figure 3.10-3.11 (bottom)) converges
to the same value as for the formation control simulation and experiment in
Section 3.3 (Figure 3.3-3.4 (bottom)). However, due to the two virtual walls, the
agents position quite differently during the deployment (Figure 3.9) and formation
simulation and experiment (Figure 3.2). This observation nicely aligns with the
schematic representation in Figure 3.1.
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Figure 3.10: Time evolution of the velocity v and relative displacement z during deployment
(simulation). The dotted lines show the reference values.
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Figure 3.11: Time evolution of the velocity v and relative displacement z during deployment
(experiment). The dotted lines show the reference values.
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Preliminary results on tuning of the controller gains in an experimental setting
may be found in [92]. The performance indicators considered in [92] are the
energy consumption, absolute formation error, and percentage of time out of
formation.

3.6 Concluding remarks

This chapter considers the problems of formation control in the presence of ideal
Coulomb friction and deployment for a network of fully actuated systems. First, a
brief recall on formation control using virtual couplings in the port-Hamiltonian
framework is given, providing a starting point for the two problems considered.

Coulomb friction renders the agent dynamics non-smooth, which prevents
standard continuous springs to achieve exact formations. A bound on the formation
error is presented, when using continuous virtual springs. This bound depends on
the friction coefficients of the agents and the spring constants of the virtual springs.
The discontinuous counterpart of the virtual spring does achieve exact formations,
under a natural condition on its control gain.

For the deployment problem the concept of a virtual wall is introduced. By
interconnecting agents in the network and virtual walls using virtual couplings
the deployment objective is achieved. Simulation and experimental results are
provided to illustrate the effectiveness of the approach.


