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1
Overview

This first chapter is dedicated to introducing the concept of multi-agent
network games and it discusses its role in various applications that

will become more and more relevant with the predicted increasing com-
plexity of engineering, social, and economic systems. Then, we discuss the
main research objectives on which we concentrate in the works proposed
in this thesis. In the end, the structure of the dissertation is discussed and
we provide an introduction to all the remaining chapters.

1



2 Chapter 1. Overview

1.1 Introduction to multi-agent network games

In modern society, every part of daily life is highly connected. Most of the actions
performed require some sort of interactions among humans and/or machines that
can reciprocally influence. An illustrative example can be the discussion among
individuals, in which everyone involved affects the opinion of everyone else. The
advent of social networks drastically changed these interactions, not only by mak-
ing the number of people involved gargantuan but also by moderating them via an
algorithm that may foster some opinions over others [4, 59]. Another example of
this growing complexity can be spotted in competitions among companies. Mar-
kets are highly interconnected and influence each other directly and indirectly, a
lot of effort was put into studying their interdependence, e.g., [50, 102] , and even
more flourishing is the field of designing possible policies to moderate them [165].
The recurring trends among these examples are the increment in the number of
“agents” involved, their interdependence, and the possible presence of an external
policymaker (e.g. the service provider). Arguably one of the most complex prob-
lems that present all these features is smart mobility in highly populated cities.
It is characterized by a highly unpredictable environment, in which many services
have to act in synergy to offer diverse transportation methods and fulfill different
necessities of the end-users [64, 135]. Smart mobility is one of the key aspects that
make up the foundations of a “smart city”, which is probably a climax of complex
and interconnected systems [23].

Noncooperative game theory is a key branch in the science of strategic decision
making. Originally invented in 1944 by John von Neumann and Oskar Morgenstern
[170], it found during the years a plethora of applications in diverse research fields,
spanning from economics [2, 113] to psychology [51]. It became a useful tool to
model complex systems, in which a set of rational agents interact selfishly with one
another [152]. A missing feature in classical game theory was the ability to model
the interaction of one agent with only a specific subset of other individuals. In many
cases, the decision of an individual (or player) is influenced only by a small subset
of all participants. This gap was bridged by the introductions of network games,
namely games in which the interactions are described via a network structure, and
the payoff of a player is defined solely by the actions of its neighbors, i.e., those
directly connected with it. The classical literature on this topic is broad and many
significant results have been achieved during the years. In [127], the framework of
potential games was exploited to analyze several applications like congestion games.
In more recent works [86, 97, 90, 107], the authors considered more involved, yet
specific, games of which they carried out a complete characterization. Almost all
these classical results, rely on the assumption that the players’ actions can be
represented by a scalar and that no complex coupling constraints among players
are present. To address these limitations, several recent papers proposed the use of
variational inequalities [166, 124, 128, 142] and operator theory [19, 99, 146, 177].
In fact, these powerful mathematical tools allow studying elegantly and compactly
constrained network games in which the agent’s actions can be modeled via multi-
dimensional variables. In particular, this approach is suitable if one is interested in
analyzing the convergence properties of the game at hand, rather than completely
characterize its equilibria. To the interested reader, we refer to [143] and reference
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there in for a discussion on the differences of the two approaches. The work in this
thesis belongs to the second framework since the applications mentioned above
are complex and the constraints are a key feature that is necessary to describe
them. Network games are successful in modeling individuals that naturally aim
at maximizing their local interests, rather than seeking social welfare. It is of
particular interest because it allows us to design the local interactions between
the players, while providing us the necessary mathematical tools to analyze the
emerging behavior. In many real-world problems, an unregulated approach, as
the one described so far, may emphasize the disparity among players, and the
final result might even be detrimental for everyone involved. For this reason, a
relevant research topic is the policy-making problem [37]. An external policymaker
may be interested in influencing the actions of the players to promote a certain
collective behavior, for example, to make cooperation profitable. These policies
are usually easy to enforce since they are based on the selfishness of the player and
do not require any sort of collaboration, which is intrinsically lacking in many of
the problems aforementioned.

The emphasis of this thesis is on both aspects of multi-agents network games, i.e.,
the evolution analysis of the strategies in the game, and the design of policies to
enforce some desired collective behavior. In particular, as an application, we focus
on the smart mobility of Plug-in Electric Vehicle (PEV), also called e-mobility.
This is a thriving topic and we design policies nudging the users to adopt a vir-
tuous behavior. A game-theoretic perspective allows us to rigorously model and
estimate the future effects of the proposed interventions, rather than analyzing
them a posteriori. Throughout the dissertation, we also investigate and design the
dynamics that define the future strategy selected by the players. Asynchronous
update rules are one of the pivotal themes of the works presented. Multi-agent
network games arise also in the context of parallel computation, where the effi-
ciency and robustness of an algorithm are crucial aspects. As highlighted in [25],
there are many advantages in the design of asynchronous dynamics to solve these
problems, rather than relying on synchronous ones; next, we list the two that are
the most important.

(i) Reduction of the synchronization penalty. If an algorithm adopts a syn-
chronous update without assuming the presence of a common global clock,
then a synchronization protocol must be carried out by the players. This
usually translates into more communications, worsening the performances.

(ii) Reduction of the effects of bottlenecks. An asynchronous algorithm allows
agents with different computational capabilities to update at different rates.
This leads to a low idle time. In comparison, the presence of a single slow
agent taking part in a synchronous update may cripple the overall perfor-
mance.

In real-world phenomena, the evolution of complex systems is often asynchronous,
since there are few cases in which synchronicity is inherited in the problem. There-
fore, asynchronous dynamics may also have greater modeling power than their
synchronous counterparts.
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Research objectives

The discussion above framed the context in which our research is positioned. The
main research objectives of this thesis can be concisely summarized by the following
two statements.

� Exploit multi-agent network games to model and analyze complex large-scale
and highly connected complex system.

� Design algorithms or policies that lead towards players’ coordination and
achieve a desirable equilibrium point.

PART I

PART II

Ch. 2
Network games 
with
Prox dynamics

Ch. 3
Constrained
network games 
with
Prox dynamics

Ch. 4
Distributed 
constrained 
MON games

Ch. 6
Smart 
Charging
of PEV

Ch. 5
Relative 
Best Response 
Dynamics

Ch. 7
Smart
Charging for
Traffic control

Figure 1.1: Link between the chapters in the thesis based on topics (represented
via the same color scheme as in Table 1.1).
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1.2 Structure of the thesis

Throughout the whole thesis, there are several connections among the chapters
based on the different topics considered, a schematic representation of which can
be seen in Figure 1.1 and Table 1.1. The most recurring theme is the analysis of
asynchronous dynamics; it is interesting to notice their different derivations in the
problems in Part I and Part II. In the former, we start from synchronous dynamics
and consequently generalize it to address an asynchronous update. In Part II in-
stead, the chosen framework of potential games drives us to develop asynchronous
dynamics, since they well describe the problem at hand, and the theoretical re-
sults better support this kind of dynamics. In the following chapters, we are going
to present several (semi-)decentralized algorithms. A semi-decentralized structure
suits the best in those cases in which the agents connect with a third party to
gather information, or the presence of a policy-maker is required. On the other
hand, a fully decentralized algorithm describes better those problems in which
the sole interactions occurring are among the decision makers, e.g., in the con-
text of competition over a free and unregulated market. In Appendices A, B and
C, we review the mathematical background that are used in both Part I and II
of the thesis. Specifically, in Appendix A we collect some of the most important
results on operator theory, heavily employed in Part I. We focus on the proper-
ties of nonexpansiveness and monotonicity of an operator, and then we propose a
selection of the most popular fixed points iterations and zero-finding algorithms.
Appendix B presents some classical results and definitions of graph theory that are
useful throughout the whole thesis. Lastly, Appendix C introduces the different
types of potential games, the concept of finite improvement path and some con-
vergence results for mixed integer potential games. These concepts embody the
theoretical cornerstone on which Part II is founded. We conclude the thesis by
discussing the future development and interesting research challenges associated
with the topics debated in the dissertation.

Table 1.1: Connection between the chapters based on topics.

Part I Part II
Ch. 2 Ch. 3 Ch. 4 Ch. 5 Ch. 6 Ch. 7

Network/Aggregative game − − − −

Asynchronous dynamics + + + + +

Time/State-varying ? ? ?

Constrained dynamics × × × ×

Semi decentralized � � �
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1.2.1 Part I: Multi-agent network games via operator theory

In this first part of the dissertation, we analyze different instances of multi-agent
network games subject to various types of dynamics, constraints, and network
topologies. The first two chapters focus on games that adopt proximal type dy-
namics subject to local and coupling constraints, respectively. Chapter 4 instead
assumes a more general setup in which the cost function in the game is not required
to satisfy any particular structure, but is subject to some regularity assumptions.
In this case, we focus on the efficiency and scalability of the asynchronous iterative
algorithm developed to seek the equilibrium of the game.

– Chapter 2 – − + ?

In this chapter, we introduce network games subject to proximal dynamics
and local constraints. The communication network is described by a directed
graph, and we prove that the players’ strategies converge to a NE of the
game under myopic Best Response (BR). Moreover, we generalize this setup
to allow for an asynchronous update of the player and possible delays in
the communication. We analytically characterize the maximum delay under
which we can ensure the convergence of the strategies to a NE. Furthermore,
we consider a time-varying communication network and discuss under which
conditions the modified dynamics converge. We conclude by simulating the
evolution of two classical models of opinion dynamics, i.e., the DeGroot and
the Friedkin-Johnsen models; in fact, they can be seen as particular examples
of network games.

This chapter is based on the following publications:

C. Cenedese, Y. Kawano, S. Grammatico, and M. Cao, “Towards Time-
Varying Proximal Dynamics in Multi-Agent Network Games,” 2018 IEEE
57th Conference on Decision and Control Miami (CDC), pages 4378–
4383, doi:10.1109/CDC.2018.8619670

C. Cenedese, G. Belgioioso, Y. Kawano, S. Grammatico and M. Cao,
“Asynchronous and time-varying proximal type dynamics multi-agent
network games,” 2020 IEEE Transaction on Automatic Control (TAC),
doi:10.1109/TAC.2020.3011916

– Chapter 3 – + ? × �

This can be seen as the direct follow-up of the results developed in Chap-
ter 2. We consider the generalized Nash equilibrium problem for network
games adopting proximal dynamics and subject to both static and time-
varying communication network. The key difference is the presence of (pos-
sibly time-varying) affine coupling constraints among the players. For the
case with a static communication network, we take inspiration from the clas-
sical results in Appendix A to develop a preconditioned and modified version
of the PPA, called Prox-GNWE. This iterative equilibrium-seeking algorithm
ensures global convergence to a Generalized Network Equilibrium (GNWE) of
the constrained game. In the more general case of time-varying constraints
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and communication networks, the existence of an equilibrium is not guar-
anteed. Therefore, we discuss the possible assumptions that are required
to ensure the feasibility of the problem. Then, the time-varying version of
Prox-GNWE is developed, i.e., TV-Prox-GNWE. Finally, we validate both
algorithms applying them to the problems of constrained consensus and dis-
tributed model fitting.

This chapter is based on the following publications:

C. Cenedese, G. Belgioioso, Y. Kawano, S. Grammatico and M. Cao,
“Asynchronous and time-varying proximal type dynamics multi-agent
network games,” 2020 IEEE Transaction on Automatic Control (TAC),
doi: 10.1109/TAC.2020.3011916.

C. Cenedese, G. Belgioioso, S. Grammatico and M. Cao, “Time-varying
constrained proximal type dynamics in multi-agent network games,”
2020 19th European Control Conference Saint Petersburg (ECC), pp.
148–153, doi: 10.23919/ECC51009.2020.9143683.

– Chapter 4 – + ×
The algorithms developed in Chapter 3 are based on a semi-decentralized
structure, in which a central coordinator collects information from the play-
ers and broadcasts some global variable to drive them to coordinate. In this
chapter, we develop a fully decentralized asynchronous algorithm for strongly
monotone games in which the cost functions are assumed to be differentiable.
The final algorithm, called AD-GENO, is obtained as a result of a precon-
ditioned FB splitting. The novelty of this work lies in the preconditioning,
which allows achieving an algorithm that is not only faster than the others
available in the literature but also more scalable since it requires the number
of auxiliary variables to increase linearly with the number of players. We
conclude the analysis with a comparison of the performances of the discussed
algorithms applied to a constrained Cournot game.

This chapter is based on the following publications:

C. Cenedese, G. Belgioioso, S. Grammatico and M. Cao, “An asyn-
chronous, forward-backward, distributed generalized Nash equilibrium
seeking algorithm,” 2019 18th European Control Conference Naples
(ECC), pp. 3508–3513, doi: 10.23919/ECC.2019.8795952.

C. Cenedese, G. Belgioioso, S. Grammatico and M. Cao, “An asyn-
chronous distributed and scalable generalized Nash equilibrium seek-
ing algorithm for strongly monotone games,” 2020 European Journal of
Control, doi: 10.1016/j.ejcon.2020.08.006.

1.2.2 Part II: Decision making processes via potential game
theory

In the second part of the thesis, we mostly focus on modeling decision making
processes in which there is a human in the loop. We first propose novel dynamics

http://dx.doi.org/10.1109/TAC
http://dx.doi.org/10.23919/ECC51009.2020.9143683
http://dx.doi.org/10.23919/ECC.2019.8795952
http://dx.doi.org/10.1016/j.ejcon.2020.08.006
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to describe the partial rationality of the decision makers and then we model two
problems related to the smart mobility of PEVs. In these applications, the game-
theoretic approach allows us to design an optimal policy that can achieve global
benefits, even when the players act selfishly. From a technical point of view, all
these results are achieved employing results derived from the field of potential game
theory, see Appendix C.

– Chapter 5 – + ?

Two well-known dynamics for noncooperative games are the myopic BR and
the imitation dynamics. The former models perfectly rational agents, while in
the latter players simply copy the strategy of whoever performs the best. In
Chapter 5, we propose novel dynamics that aspire to model partial rationality
of the agents, we called it h-Relative Best Response (h-RBR). The players
limit their possible actions to those chosen by the h best performers in their
neighborhood. Among these, they select the one they are going to adopt
based on their interest. We prove the convergence of multi-agent network
games subject to h-RBR dynamics to a GNE. Specifically, the convergence is
guaranteed for generalized ordinal potential games in the case of finite games,
and for weighted potential games in the case of convex games. Interestingly,
if one considers a network with a mixture of best responders and relative best
responders, then our convergence results still hold. Furthermore, we show via
simulations that these dynamics may model different degrees of rationality
by varying the value of the parameter h.

This chapter is based on the following publications:

A. Govaert, C. Cenedese, S. Grammatico and M. Cao, “Relative Best
Response Dynamics in finite and convex Network Games,”2019 IEEE
58th Conference on Decision and Control Nice (CDC), pp. 3134–3139,
doi: 10.1109/CDC40024.2019.9029821.

C. Cenedese, A. Govaert, S. Grammatico and M. Cao, “Rationality and
social influence in network games,” (in preparation).

– Chapter 6 – − + × �

The rising number of PEVs in the market creates an increment of the energy
demand throughout the days, and, in particular, this leads to a growth of
high energy demand peaks, that compromise an optimal energy supply. For
this reason, we propose in this chapter an energy price policy that aims
at incentivizing the PEV owners to charge during the hours in which the
demand is lower. The price dynamically changes in accordance with the total
demand that the grid has to satisfy at that particular moment. This creates
a coupling between the PEV. Consequently, the PEVs have to solve a mixed
integer aggregative noncooperative game to compute the optimal charging
schedule. We take advantage of the integer variables to model various complex
constraints that model and limit the charging behavior of the players. As
done in Chapter 3, we consider a semi-decentralized structure in which the
PEVs communicate with the grid to receive the energy price. We show that

http://dx.doi.org/10.1109/CDC40024.2019.9029821
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this game is an exact potential game and thus the sequential better response
dynamics lead the agent to an ε-Mixed-Integer Nash Equilibrium (MINE) of
the game.

This chapter is based on the following publications:

C. Cenedese, F. Fabiani, M. Cucuzzella, J. M. A. Scherpen, M. Cao and
S. Grammatico, “Charging plug-in electric vehicles as a mixed-integer
aggregative game,” 2019 IEEE 58th Conference on Decision and Control
Nice (CDC), pp. 4904–4909, doi: 10.1109/CDC40024.2019.9030152.

– Chapter 7 – − + × �

In this final technical chapter of the dissertation, we start from an idea that
recalls the one introduced in Chapter 6, but, in this case, we create a policy
for the charging of PEVs that acts as an Active Traffic Demand Management
(ATDM) for a highway stretch. Specifically, we consider the problem of al-
leviating the traffic congestion by incentivizing the PEV owners to stop at a
Charging Station (CS) during the moments of high congestion. The incentive
consists of a discount of the energy price that changes proportionally to the
congestion level. The decision making process of the drivers is carefully mod-
eled as a mixed integer potential game and the traffic evolution is estimated
via the CTM. This approach allows us to craft a policy, which makes the
charging schedule that creates a congestion alleviation the most profitable
for the PEVs on the highways. This work is the first that links the energy
market to the transportation facilities and provides rigorous analysis of the
produced effects. For this reason, we introduce the novel concepts of “road-
to-station” and “station-to-road” flows, and consider mixed integer variables
to describe a wide collection of interactions among drivers. The theoretical
framework is then tested using real-world data obtained from the Nationale
Databank Wegverkeersgegevens (NDW). We show via simulations that this
policy manages to align the global interest with the local one of the single
drivers. In fact, it is capable of reducing the congestion peaks and reduce the
overall travel time for all the drivers on the highways, on top of providing an
advantageous service to the PEV owners. Finally, we discuss what is the best
policy that can be implemented for the current situation and how it might
change in the future, due to the trends observed in the market.

This chapter is based on the following publications:

C. Cenedese, M. Cucuzzella, J. M. A. Scherpen, S. Grammatico and M.
Cao, “Highway Traffic Control via Smart e-Mobility – Part I: Theory,”
2021 IEEE Transaction on Intelligent Transportation Systems (under
review).

C. Cenedese, M. Cucuzzella, J. M. A. Scherpen, S. Grammatico and
M. Cao, “Highway Traffic Control via Smart e-Mobility – Part II: Case
Study,” 2021 IEEE Transaction on Intelligent Transportation Systems
(under review).

http://dx.doi.org/10.1109/CDC40024.2019.9030152
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2
Asynchronous and time-varying proximal

dynamics in network games

I
n this chapter, we study proximal type dynamics in the context of multi-
agent network games. These dynamics arise in different applications,

since they describe distributed decision making in multi-agent networks,
e.g., in opinion dynamics, distributed model fitting and network infor-
mation fusion, where the goal of each agent is to seek an equilibrium
using local information only. We analyze several conjugations of this
class of games, providing convergence results. Specifically, we look into
synchronous/asynchronous dynamics with a time-invariant communication
network and synchronous dynamics with time-varying communication net-
works. Finally, we validate the theoretical results via numerical simulations
on opinion dynamics.

13
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2.1 Introduction

2.1.1 Multi-agent decision making over networks

Multi-agent decision making over networks is currently a vibrant research area in
the systems-and-control community, with applications in several domains, such as
smart grids [65, 99], traffic and information networks [108], social networks [93, 72],
consensus and flocking groups [38], robotics [47] and sensor networks [121], [159].
The main benefit that each decision maker, in short, agent, achieves from the use
of a distributed computation and communication, is to keep its own data private
and to exchange information with selected agents only. Essentially, in networked
multi-agent systems, the states (or decisions) of some agents evolve as a result of
local decision making, e.g. local constrained optimization, and distributed commu-
nication with some neighboring agents, via a communication network. Usually, the
agents aim to reach a collective equilibrium state, where no one can benefit from
changing its state at that equilibrium.

Multi-agent dynamics over networks embody the natural extension of distributed
optimization and equilibrium seeking problems in network games. In the past
decade, this field has thrived and a wide range of results were developed. Some
examples of constrained convex optimization problems, subject to homogeneous
constraint sets, are studied in [137], where uniformly bounded subgradients and
complete communication graphs with uniform weights are considered; while in
[114], the cost functions are assumed to be differentiable with Lipschitz continu-
ous and uniformly bounded gradients; and, more generally, in [82], convergence is
proven via vanishing step sizes.

Solutions for nooncoperative games over networks subject to local convex con-
straints have been developed, e.g., in [141], under strongly convex quadratic costs
and time-invariant communication graphs; in [110] [155], with differentiable cost
functions with Lipschitz continuous gradients, strictly convex cost functions, and
undirected, possibly time-varying, communication graphs; and in [47], where the
communication is ruled by a possibly time-varying digraph and the cost functions
are assumed to be convex. In some recent works, researchers have developed algo-
rithms to solve games over networks subject to asynchronous updates of the agents:
among others, in [177, 40], the game is subject to affine coupling constraints, and
the cost functions are differentiable, while the communication graph is assumed to
be undirected.

To the best of the our knowledge, the main works that extensively focus on multi-
agent network games with proximal dynamics are [99, 47], where the authors con-
sider local convex costs and quadratic proximal terms, time-invariant and time-
varying communication graphs, but subject to some technical restrictions.

2.1.2 Contribution

Next, we highlight the novelties and main contribution presented in this chapter
with respect to the literature referenced above:
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� We prove that a row-stochastic adjacency matrix describing a strongly con-
nected graph with self-loops is an averaged operator in the Hilbert space
weighted by its left Perron-Frobenius (PF) eigenvector (Lemma 2.2). This
result is significant itself and fundamental to generalize the work in [141].

� We prove global convergence of synchronous proximal dynamics in network
games under time-invariant directed communication graph (hence described
by a row-stochastic adjacency matrix). This extends the results in [99, 47].

� We establish global convergence for asynchronous proximal dynamics and
synchronous proximal dynamics over time-varying networks. The former
setup is considered here for the first time. The latter is studied in [99] for undi-
rected communication graph (hence doubly-stochastic adjacency matrix), and
in [47] via a dwell-time restriction.

2.2 Mathematical setup and problem formulation

We consider a set of N agents (or players), where the state (or strategy) of each
agent i ∈ N := {1, . . . , N} is denoted by xi ∈ Rn. The set Ωi ⊂ Rn represents all
the feasible states of agent i, hence it is used to model its local constraints, i.e.,
xi ∈ Ωi. Throughout the chapter, we assume compactness and convexity of the
local constraint set Ωi.

Standing Assumption 2.1 (Convexity). For each i ∈ N , the set Ωi ⊂ Rn is
non-empty, compact and convex. �

We consider rational (or myopic) agents, namely, each agent i aims at minimizing
a local cost function gi that we assume convex and with the following structure.

Standing Assumption 2.2 (Proximal cost functions). For each i ∈ N , the func-
tion gi : Rn × Rn → R is defined by

Ji(xi, zi) := fi(xi) + ιΩi
(xi) + 1

2‖xi − zi‖
2, (2.1)

where f̄i := fi + ιΩi
: Rn → R is a lower semi-continuous, proximal friendly and

convex function. �

We emphasize that Standing Assumption 2.2 requires neither the differentiability
of the local cost function, nor the Lipschitz continuity and boundedness of its
gradient. The proximal-friendly structure of f̄i ensures that agent i can efficiently
minimize (2.1), see [54, Table 10.2] for some examples of this class of functions.
In (2.1), the function f̄i is local to agent i and models the local objective that
the player would pursue if no coupling between agents is present. The quadratic
term 1

2‖xi − zi‖
2 penalizes the distance between the state of agent i and a given

zi, precisely defined later. This term is referred in the literature as regularization
(see [14, Ch. 27]), since it makes Ji(·, zi) strictly convex, even though f̄i is only
lower semi-continuous, see [14, Th. 27.23].
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We assume that the agents can communicate through a network structure, de-
scribed by a weighted digraph G = (N , A), see Appendix B. The communica-
tion links between the agents are represented by the weighted adjacency matrix
A ∈ RN×N defined as [A]ij := ai,j . For all i, j ∈ N , ai,j ∈ [0, 1] denotes the weight
that agent i assigns to the state of agent j. If ai,j = 0, then the state of agent i
is independent from that of agent j. The set of agents with whom agent i com-
municates is called neighborhood and denoted by Ni. The following assumption
formalizes the communication network via a digraph and the associated adjacency
matrix.

Standing Assumption 2.3 (Row stochasticity and self-loops). The communi-
cation graph is strongly connected. The matrix A = [ai,j ] is row stochastic, i.e.,

ai,j ≥ 0 for all i, j ∈ N , and
∑N
j=1 ai,j = 1, for all i ∈ N . Moreover, A has

strictly-positive diagonal elements, i.e., mini∈N ai,i =: a > 0. �

In our setup, the variable zi in (2.1) represents the average state among the neigh-

bors of agent i, weighted through the adjacency matrix, i.e., zi :=
∑N
j=1 ai,jxj .

Therefore, the cost function of agent i is Ji
(
xi, ai,ixi +

∑N
j 6=i ai,jxj

)
. Note that a

coupling between the agents emerges in the local cost function, since the second
argument of the Ji’s depends on the strategy of (some of) the other agents.

We consider a population of rational agents that update their
states/strategies, at each time instant k, according to the following myopic dy-
namics:

xi(k + 1) = argminy∈Rn Ji

(
y,
∑N
j=1 ai,jxj(k)

)
. (2.2)

These dynamics are relatively simple, yet arise in diverse research areas. Next, we
recall some popular problems in the literature where the emergent dynamics are a
special case of (2.2).

1. Opinion dynamics: In [144], the authors study the Friedkin-Johnsen model,
that is an extension of the DeGroot’s model [62]. The update rule in [144,
Eq. 1] is effectively the best response of a game with cost functions equal to

Ji(xi, z) := 1−µi

µi
‖xi − xi(0)‖2 + ι[0,1]n(xi) + ‖xi − z‖2 (2.3)

where µi ∈ [0, 1] represents the stubbornness of the player. Thus, [144, Eq. 1]
is a special case of (2.2).

2. Distributed model fitting: One of the most common tasks in machine learning
is model fitting and in fact several algorithms are proposed in literature, e.g.
[183, 164]. The idea is to identify the parameters x of a linear model Bx = b,
where B and b are obtained via experimental data. If there is a large number
of data, i.e., B is a tall matrix, then the distributed counterpart of these
algorithms are presented in [31, Sec. 8.2]. In particular, [31, Eq. 8.3] can be
rewritten as a constrained version of (2.2). The cost function is defined by

g(xi, z) := `i(Bixi − bi) + r(z) ,
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where Ai and bi represent the i-th block of available data,and xi is the local
estimation of the parameters of the model. Here, `i is a loss function and r
is the regularization function r(z) := 1

2‖xi − z‖. Finally, the arising game is
subject to the constraint that at the equilibrium xi = xj for all i ∈ N .

3. Constrained consensus: if the cost function of the game in (2.2) is chosen with
fi = 0 for all i ∈ N , then we retrive the projected consensus algorithm studied
in [137, Eq. 3] to solve the problem of constrained consensus. To achieve the
convergence to the consensus, it is required the additional assumption that
int(∩i∈NΩi) 6= ∅, see [137, Ass. 1].

In this chapter, we focus on games under local constraints only, an apply our
convergence results to classical opinion dynamics models. In Chapter 3, we study
the more general case of games under both local and coupling constraints and show
the effectiveness of the algorithms developed to solve the problems of constrained
consensus and distributed model fitting.

Next, we introduce the concept of equilibrium of interest for this class of games.
The collective strategy profiles that are stationary points of the dynamics in (2.2)
are called network equilibria, and are formalized next.

Definition 2.1 (Network equilibrium [99, Def. 1]). The collective vector
x̄ = col(x̄1, . . . , x̄N ) is a Network Equilibrium (NWE) if, for all i ∈ N ,

xi = argminy∈Rn Ji

(
y,
∑N
j=1 ai,jxj

)
. (2.4)

�

We remark that the set of NWE directly depends on both the communication
topology and on the specific weights ai,j of the adjacency matrix. Moreover, if
there are no self loops, i.e., ai,i = 0 for all i, then (2.2) are best-response dynamics
and NWE correspond to Nash equilibria [99, Rem. 1].

2.3 Proximal dynamics

In this section, we study three different types of proximal dynamics, namely syn-
chronous, asynchronous and time-varying. While for the former two, we can study
and prove convergence to an NWE, the last one does not ensure convergence.
Thus, we propose a modified version of the dynamics with the same equilibria of
the original game.

2.3.1 Synchronous proximal dynamics

As a first step, we exploit the structure of the cost function Ji in (2.1) to rephrase
the dynamics in (2.2) by means of the proximity operator [14, Ch. 12.4] as

xi(k + 1) = proxf̄i
(∑N

j=1 ai,j xj(k)
)
, ∀k ∈ N. (2.5)
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In compact form, they read as

x(k + 1) = proxf (Ax(k)) , (2.6)

where the matrix A := A ⊗ In represents the interactions among agents, and the
operator proxf is defined as

proxf (y) := col(proxf̄1(y1), . . . ,proxf̄N (yN )).

Remark 2.1. Definition 2.1 can be equivalently cast in terms of fixed points of the
operator on the left-hand side of (2.6). In fact, a collective vector x is an NWE if
and only if x ∈ fix(proxf ◦A). Under Assumptions 2.1 and 2.2, fix

(
proxf ◦A

)
is

non-empty [160, Th. 4.1.5], i.e., there always exists an NWE, thus the convergence
problem is well posed. �

The following lemma shows that a row-stochastic matrix A is an AVG operator in
HQ, where Q := diag(q̄) and q̄ is the left PF eigenvector of A, see Appendix B. We
always consider the normalized PF eigenvector, i.e., q = q̄/‖q̄‖.

Lemma 2.2 (Averagedness and left PF eigenvector). Let Assumption 3 hold
true, i.e, A be row stochastic, a > 0 be its smallest diagonal element and q =
col(q1, . . . , qN ) its left PF eigenvector. Then, the following hold:

(i) A is η-AVG in HQ, with Q := diag(q1, . . . , qN ) and η ∈ (0, 1− a);

(ii) The operator proxf ◦A is 1
2−η–AVG in HQ.

If A is doubly-stochastic, (i) and (ii) hold with Q = I. �

Now, we are ready to present the first result, the global convergence of the proximal
dynamics in (2.6) to an NWE.

Theorem 2.3 (Convergence of proximal dynamics). For any x(0) ∈ Ω, the se-
quence (x(k))k∈N generated by the proximal dynamics in (2.6) converges to an
NWE. �

Remark 2.2. Theorem 2.3 extends [99, Th. 1], where the matrix A is assumed to
be doubly stochastic [99, Ass. 1, Prop. 2]. In that case, 1N is the left PF eigenvector
of A and the matrix Q is set as the identity matrix, see Lemma 2.2. �

Remark 2.3. In [99, Sec. VIII-A] the authors study, via simulations, an applica-
tion of (2.2) to opinion dynamics. In particular, they conjecture the convergence
of the dynamics in the case of a row-stochastic weighted adjacency matrix. Theo-
rem 2.3 theoretically supports the convergence of this class of dynamics. �
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The presence of self-loops in the communication (Assumption 2.3) is critical for the
convergence of the dynamics in (2.6). In fact, we present next a simple example
of a two player game, in which the dynamics fail to converge due to the lack of
self-loops.

Example 2.4. Consider the two player game, in which the state of each agent is
scalar and f̄i := ιΩ, for i = 1, 2. The set Ω is an arbitrarily big compact subset of R,
in which the dynamics of the agents are invariant. The communication network is
described by the doubly-stochastic adjacency matrix A = [ 0 1

1 0 ], defining a strongly
connected graph without self-loops. In this example, the dynamics in (2.6) reduce
to x(k + 1) = Ax(k). Hence, convergence does not take place for all x(0) ∈ Ω. �

If a = 0, i.e., the self-loop requirement in Standing Assumption 2.3 is not met, the
convergence may be restored by relaxing the dynamics in (2.2) via the so-called
Krasnosel’skii-Mann iteration [14, Sec. 5.2],

x(k + 1) = (1− α)x(k) + αproxf (Ax(k)) , (2.7)

where α ∈ (0, 1). These new dynamics share the same fixed points of (2.6), namely,
the set of NWE (Remark 2.1).

Corollary 2.4. For any x(0) ∈ Ω and for mini∈N ai,i ≥ 0, the sequence (x(k))k∈N
generated by the dynamics in (2.7) converges to an NWE. �

2.3.2 Asynchronous proximal dynamics

The dynamics introduced in (2.6) assume that all the agents update synchronously.
Here, we study a more realistic case in which they behave asynchronously. To
model the asynchronous updates we adopt the same mathematical framework as
in [177, 130, 30]. Specifically, we assume that each agent i has a local Poisson clock
with the rate τi and updates independently from the rest every time the clock ticks.
It is convenient for the analysis to consider a virtual Poisson clock that ticks every
time one of the agents updates, so it has rate τ =

∑
i∈N τi. We denote by Zk the

k-th tick of the global clock, and by k the time interval [Zk−1, Zk). We assume
that only one agent updates during each time slot. Then, we denote by ik ∈ N the
agent starting its update during the time slot k. According to this setup, at each
time instant k, only one agent ik ∈ N updates its state according to (2.5), while
the remainders keep their state unchanged, i.e.,

xi(k + 1) =

{
proxf̄i

(∑N
j=1 ai,jxj(k)

)
, if i = ik,

xi(k), otherwise.
(2.8)

Next, we derive a compact form for the dynamics above. Define Hi as the matrix
of all zeros except for [Hi]ii = 1, and also Hi := Hi ⊗ In. Then, we define the set
H := {Hi}i∈N as the collection of these N matrices. We denote by ζk an i.i.d.
random variable that takes values in H, with P[ζk = Hi] = τi/τ , for all i ∈ N . If
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ζk = Hi, it means that agent i is updating at time k, while the others maintain
their strategies unchanged. With this notation in mind, the dynamics in (2.6) are
modified to model asynchronous updates,

x(k + 1) = x(k) + ζk
(
proxf (Ax(k))− x(k)

)
. (2.9)

We remark that (2.9) represents the natural asynchronous counterpart of the dy-
namics in (2.6). In fact, the update above is equivalent to (2.5) for the active agent
at time k ∈ N.

Each agent i ∈ N has a public and private memory. If the player is not performing
an update, the strategies stored in the two memories coincide. During an update,
instead, the public memory stores the strategy of the agent before the update has
started, while in the private one there is the value that is modified during the
computations. When the update is completed, the value in the public memory is
overwritten by that in the private memory. This assumption ensures that all the
reads of agent i’s public memory, performed by its neighbours j ∈ Ni, are always
consistent, see [147, Sec. 1.2] for technical details.

We consider the case in which the computation time for the update is not negligible,
therefore the strategies that agent i reads from each neighbor j ∈ Ni may be
outdated of ϕj(k) ∈ N time intervals. The maximum delay is assumed uniformly
upper bounded.

Assumption 2.4 (Bounded maximum delay). The delays are uniformly upper
bounded, i.e., supk∈N maxi∈N ϕi(k) ≤ ϕ <∞, for some ϕ ∈ N. �

The dynamics describing the asynchronous update with delays are cast in a more
compact form as

x(k + 1) = x(k) + ζk
(
proxf (Ax̂(k))− x̂(k)

)
, (2.10)

where x̂ = col(x̂1, . . . , x̂N ) is the vector of possibly delayed strategies. Notice that
each agent i has always access to the most up to date value of its own strategy, i.e.,
x̂i = xi. We stress that the dynamics in (2.10) coincide with (2.9) when no delay
is present, i.e., if ϕ = 0.

The following theorem claims the global convergence (in probability) of (2.10) to
an NWE when the maximum delay ϕ is small enough.

Theorem 2.5 (Convergence of asynchronous dynamics). Let Assumption 2.4 hold
true, pmin := mini∈N τi/τ and

ϕ <
N
√
pmin

2(1−a) −
1

2
√
pmin

. (2.11)

Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (2.10) converges
almost surely to some x̄ ∈ fix(proxf ◦A), namely, an NWE. �
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Remark 2.5. If ϕ̄ = 0, then the convergence can be established also in the more
general case in which multiple agents update at the exact same time instant, by
relying on random block-coordinate updates for fixed-point iterations, as introduced
in [53]. Specifically, one can define 2N different operators Tj, j ∈ {1, . . . , 2N}, each
triggering the update of a different combination of agents. The dynamics become
a particular case of [53, Eq. 3.17] and the convergence follows from [53, Cor. 3.8].

�

If the maximum delay does not satisfy (2.11), the convergence of the dynamics in
(2.10) is not guaranteed. Nevertheless, it can be restored by introducing a time-
varying scaling factor ψk ∈ (0, 1) in the dynamics:

x(k + 1) = x(k) + ψkζk
(
proxf (Ax̂(k))− x̂(k)

)
. (2.12)

The next theorem proves that the modified dynamics converges, if the scaling factor
is chosen small enough.

Theorem 2.6. Let Assumption 2.4 hold true and set

0 < ψk <
Npmin

(2ϕ
√
pmin+1)(1−a) , ∀k ∈ N. (2.13)

Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (2.12) converges
almost surely to some x̄ ∈ fix(proxf ◦A), namely, an NWE. �

Now, if the value of a is not globally known by all the agents, one may consider a
more conservative bound,

0 < ψk <
Npmin

(2ϕ
√
pmin+1) , ∀k ∈ N , (2.14)

which is independent of a. Furthermore, since at each time instant k only one agent
updates its state, the agents do not need to coordinate with each other to agree on
the relaxation sequence (ψk)k∈N. Thus, the dynamics in (2.12) remain distributed.

Remark 2.6. An interesting particular case arises when all the agents have the
same update rate, i.e., pmin = 1/N . In this case, the bound on the maximum

delay becomes ϕ̄ < a
√
N

2(1−a) , that grows when a or the population size N increases.

In (2.14), the scaling coefficient can be chosen as ψk <
√
N

(2ϕ̄+
√
N)

. It follows that ϕ̄

is the only global parameter that the agents must know a priori to compute ψk. �

2.3.3 Time-varying proximal dynamics

A challenging problem related to the (synchronous) dynamics in (2.6) is studying
their convergence when the communication network varies over time, i.e., the as-
sociated adjacency matrix A is time dependent. In particular, we assume that,
at each time instant k ∈ N, the communications between the players is described
by a strongly connected digraph, Gk = (N , A(k)), where A(k) is the adjacency
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matrix at time k. The set of all the neighbors of agent i at time k is denoted by
Ni(k) := {j | ai,j(k) > 0}.

The update rules in (2.6) reflect this new setup and become

x(k + 1) = proxf (A(k)x(k)) , (2.15)

where A(k) = A(k)⊗ In, and A(k) is the adjacency matrix at time instant k.

As in [99, Ass. 4,5], we assume persistent stochasticity of the sequence (A(k))k∈N,
that can be seen as the time-varying counterpart of Standing Assumption 2.3.

Assumption 2.5 (Persistent row stochasticity and self-loops). For all k ∈ N, the
adjacency matrix A(k) is row stochastic and describes a strongly connected graph.
Furthermore, there exists k ∈ N such that, for all k > k, the matrix A(k) satisfies
infk>k mini∈N [A(k)]ii =: a > 0. �

The concept of NWE in Definition 2.1 is bound to the particular communication
network considered. In the case of a time-varying communication topology, we
focus on a different class of equilibria, namely, those invariant with respect to
changes in the communication topology.

Definition 2.7 (Persistent NWE [99, Ass. 3] ). A collective vector x̄ is a persistent
Network Equilibrium (p-NWE) of (2.15) if there exists some positive constant
k > 0, such that

x̄ ∈ E := ∩k>k fix
(
proxf (A(k)x(k))

)
. (2.16)

�

Next, we assume the existence of a p-NWE.

Assumption 2.6 (Existence of a p-NWE). The set of p-NWE of (2.15) is non-
empty, i.e., E 6= ∅. �

We note that when the mappings proxf̄i ’s have a common fixed point1, i.e.,
∩i∈N fix(proxf̄i) 6= ∅, then our convergence problem boils down to the setup stud-
ied in [89]. In this case, [89, Th. 2] can be applied to the dynamics in (2.15) to
prove convergence to a p-NWE, x̄ = 1 ⊗ x, where x̄ is a common fixed point of
the proximal operators proxf̄i ’s. For example, this additional condition holds true

when f̄i = ιΩi
, for all i ∈ N , and ∩i∈N Ωi 6= ∅, namely, the constrained consen-

sus framework considered in [137], and in the classical consensus setup [28], i.e.,
Ωi = Rn, for all i ∈ N .

However, if this additional assumption is not met, then convergence is not guar-
anteed. In fact, a priori there is no common space in which proxf ◦A(k) posses
the AVG propriety for every k ∈ N, thus we cannot infer the convergence of the
dynamics in (2.15) under arbitrary switching topologies. In some special cases, a

1Equivalently, when the cost functions f̄i’s have a common minimizer.
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common space can be found, e.g. if all the adjacency matrices are doubly stochastic
as in [99, Th. 3].

Next, we propose modified dynamics with convergence guarantees to a p-NWE, for
every switching sequence, i.e.,

x(k + 1) = proxf
(
[I +Q(k)(A(k)− I)]x(k)

)
. (2.17)

These new dynamics are obtained by replacingA(k) in (2.15) with I+Q(k)(A(k)−
I), where Q(k) is chosen as in Theorem 2.3. Remarkably, this key modifica-
tion makes the resulting operators

(
proxf ◦

(
I +Q(k)(A(k)− I)

))
k∈N AVG in

the same space, i.e., HI , for all A(k) satisfying Assumption 2.3, as explained in
Appendix 2.6.3. Moreover, the change of dynamics does not lead to extra commu-
nications between the agents, since the matrix Q(k) is block diagonal and it does
not modify the fixed points of the mapping.

The following theorem shows that the modified dynamics in (2.17), subject to
arbitrary switching of communication topology, converge to a p-NWE, for any
initial condition.

Theorem 2.8 (Convergence of time-varying dynamics). Let Assumptions 2.5, 2.6
hold true. Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (2.17)
converges to some x̄ ∈ E, with E as in (2.16), namely, a p-NWE of (2.15). �

We clarify that in general, the computation of Q(k) associated to each A(k) re-
quires global information on the communication network. Therefore, this solution
is suitable for the case of switching between a finite set of adjacency matrices, for
which the associated matrices Q(k) can be computed offline.

Nevertheless, for some network structures the left PF eigenvector is known or
it can be explicitly computed locally. If the matrix A(k) is symmetric, hence
doubly-stochastic, or if each agent i knows the weight that its neighbours assign
to the information it communicates, the i-th component of q(k) can be computed
as limt→∞[A(k)>]tix = qi(k), for any x ∈ RN [35, Prop. 1.68]. Moreover, if each
agent i has the same out and in degree, denoted by di(k), and the weights in the
adjacency matrix are chosen as [A(k)]ij = 1

di(k) , then the left PF eigenvector is

q(k) := col((di(k)/
∑N
j=1 dj(k))i∈N ). In other words, in this case each agent must

only know its out-degree to compute its component of q(k).

2.4 Numerical simulations

2.4.1 Synchronous/asynchronous Friedkin and Johnsen model

As mentioned in Section 2.2, the problem studied in this chapter arises often in the
field of opinion dynamics. Next, we consider the standard Friedkin and Johnsen
model, introduced in [87]. The state xi(k) of each player represents its opinion on
n independent topics at time k. An opinion is represented with a value between
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Figure 2.1: Comparison between the convergence of the Friedkin and Johnsen
model subject to synchronous and asynchronous update. In the latter case the
different type of updates (A1), (A2), (A3) and (A4) are considered. For a fair
comparison we have assumed that the synchronous dynamics update once every N
time instants.

0 and 1, hence Ωi := [0, 1]n. The opinion [xi]j = 1 if agent i completely agrees
on topic j, and 0 if it disagrees. Each agent is stubborn with respect to its initial
opinion xi(0) and µi ∈ (0, 1] defines how much its opinion is bound to it. Namely,
µi = 0 represents a fully stubborn player, while µi = 1 a follower. In the following,
we present the evolution of the synchronous and asynchronous dynamics (2.6) and
(2.10), respectively, where the cost function is as in (2.3).

We considered N = 10 agents discussing on n = 3 topics. The communication
network and the weights that each agent assigns to the neighbours are randomly
drawn, with the only constraint of satisfying Assumption 2.3. The initial condition
is also a random vector x(0) ∈ [0, 1]nN . Half of the players are somehow stubborn
µ = 0.1 and the remaining are more incline to follow the opinion of the others, i.e.,
µ = 0.5. For the asynchronous dynamics, we consider three scenarios.

(A1) There is no delay in the information and the probability of update is uniform
between the players, hence ϕ = 0 and pmin = 1/N = 0.1.

(A2) There is no delayed information and the agents update with different rates,
so ϕ = 0 and pmin = 0.0191 6= 1/N . In particular, we consider the case of a
sensible difference between the rates to highlight the contrast with (A1) and
(A3).

(A3) We consider an uniform probability of update and a maximum delay of two
time instants, i.e., pmin = 1/N = 0.1 and ϕ = 2. The values of the maximum
delay is chosen in order to fulfil condition (2.11).
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Figure 2.2: The three different communication networks between which the agents
switch.

(A4) We consider the same setup as in (A3) but in this case with ϕ = 50. No-
tice that our theoretical results do not guarantee the convergence of these
dynamics.

In Figure 2.1, it can be seen how the convergence of the synchronous dynamics
(A1) and the asynchronous ones (A3) are similar. The delay affects the convergence
speed if it exceeds the theoretical upper bound in (2.11), as in (A4). It is worthy
to notice that, even a big delay does not seem to lead to instability, while it can
produce a sequence that does not converge monotonically to the equilibrium, see
the zoom in Figure 2.1. The slowest convergence is obtained in case of a non
uniform rate of update, i.e., (A2). From the simulation it seems that the uniform
update probability produces always the fastest convergence.

2.4.2 Time-varying DeGroot model with bounded confidence

In this section, we consider a modified time varying version of the DeGroot model
[62], where each agent is willing to change its opinion up to a certain extent. This
model can describe the presence of extremists in a discussion. In the DeGroot
model, the cost function f̄i in (2.1), reduces to f̄i = ιΩi

for all i ∈ N . We consider
N = 8 agents discussing on one topic, hence the state xi is a scalar.

The agents belong to three different categories, that we call: positive extremists,
negative extremists and neutralists. This classification is based on the local feasible
decision set.

� Positive (negative) extremists: the agents agree (disagree) with the topic and
are not open to drastically change their opinion, i.e., Ωi = [0.75, 1] (Ωi =
[0, 0.25]).

� Neutralists: the agents do not have a strong opinion on the topic, so their
opinions vary from 0 to 1, i.e., Ωi = [0, 1].

Our setup is composed of two negative extremists (agent 1 and 2), four neutralists
(agents 3-6) and two positive extremists (agents 7 and 8). We assume that, at each
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Figure 2.3: The evolution of the opinion xi(k) of each agent i ∈ N . The light blue
top and bottom regions represents the local feasible sets of positive and negative
extremists, respectively.

time instant, the agents can switch between three different communication network
topologies, depicted in Figure 2.2.

The dynamics in (2.17) can be rewritten, for a single agent i ∈ N , as

xi(k + 1) = projΩi

(
(1− qi(k))xi(k) + qi(k)[A(k)]ix(k)

)
.

From this formulation, it is clear how the modification of the original dynamics
(2.15) results into an inertia of the players to change their opinion.

We have proven numerically that Assumption 2.6 is satisfied and that the unique
p-NWE of the game is

x̄ =
[
0.25, 0.25, 0.44, 0.58, 0.49, 0.41, 0.75, 0.75

]>
.

In Figure 2.3 the evolution of the players’ opinion are reported, as expected, the
dynamics converge to the unique p-NWE x̄.

2.5 Conclusion and outlook

For the class of multi-agent network games, proximal type dynamics converge,
provided that the communication network is strongly connected. We proved that
their asynchronous counterparts also converge, and that they are robust to bounded
delayed information. If each agent has the possibility to arbitrarily choose the
communications weights with its neighbours, then proximal dynamics converge



27

even if the communication network varies over time. When the problem at hand
can be recast as a proximal type dynamics, the results achieved directly provide
the solution of the game, as shown in the numerical examples proposed.
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2.6 Appendix

2.6.1 Proof of Theorem 2.3

Firstly, we introduce the following auxiliary lemma.

Lemma 2.9. Let P ∈ RN×N , [P ]ij := pij be a non negative matrix that satisfies

P1N = 1N , ⇐⇒
∑
j∈N pij = 1 (2.18)

q>P ≤ q> ⇐⇒
∑
i∈N qipij ≤ qj , (2.19)

where q ∈ RN>0. Then P is NEX in HQ, with Q = diag(q). �

Proof. To ease the notation we adopt
∑
j(·) :=

∑
j∈N (·) and

∑
j

∑
k<j(·) :=∑

j∈N
∑
k∈(1,...,j−1)(·) in the following.

Next, we exploit (2.19) to compute

x>P>QPx− x>Qx =
∑
iqi

(∑
jpijxj

)2

−
∑
jqjx

2
j

≤
∑
iqi

((∑
jpijxj

)2

−
∑
jpijx

2
j

)
. (2.20)

Notice that for all i ∈ N it holds
∑
jpijx

2
j =

∑
jpij(

∑
kpik)x2

j , furthermore this
implies that (∑

jpijxj

)2

−
∑
jpijx

2
j = −

∑
j

∑
k<jpijpik(xj − xk)2 (2.21)

Since the matrix P is supposed non negative and from (2.20) and (2.21), it follows
that

x>P>QPx− x>Qx ≤ −
∑
j

∑
k<jpijpik(xj − xk)2 ≤ 0 .

Therefore, P is NEX in HQ from [16, Lemma 3 (ii)]. �

Proof of Lemma 2.2

(i) From Standing Assumption 2.3, A is marginally stable, with no eigenvalues on
the boundary of the unit disk but semi-simple eigenvalues at 1. A can be rewrite as
A = (1−η)Id+ηB with η ∈ (1−a, 1), hence B ≥ 0 and is row stochastic. The graph
associated to B has the same edges of that to A, so it is strongly connected and B
irreducible. The PF theorem for irreducible matrix, see Appendix B, ensures the
existence of a vector q satisfying (2.19) for B. Therefore, Lemma 2.9 can be applied
to B, implying that B is NEX in HQ where Q = diag(q) � 0. By construction,
this implies that the linear operator A is η–AVG in the same space [14, Def. 4.33].
This directly implies that A = A⊗ In is η–AVG in HQ, with Q = Q⊗ In.
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(ii) From point (i), we know that A is η–AVG in HQ. For all i ∈ N , define
qi := [Q]ii and recall that proxf̄i is FNE in HIn since f̄i is convex from Assumption
2.2. Hence, from [14, Prop. 4.4. (iv)] for all x, y ∈ Rn, it holds that

‖proxf̄i(x)− proxf̄i(y)‖2 ≤ 〈x− y, proxf̄i(x)− proxf̄i(y)〉. (2.22)

The following inequality shows that proxf is FNE inHQ. For all x = col({xi}Ni=1), y =

col({yi}Ni=1) ∈ RnN ,

‖proxf(x)− proxf(y)‖2Q =
N∑
i=1

qi‖proxf̄i(xi)− proxf̄i(yi)‖
2

≤
∑N
i=1 qi〈xi − yi, proxf̄i(xi)− proxf̄i(yi)〉

= 〈x− y, proxf(x)− proxf(y)〉Q,

The second step follows from (2.22). It follows from [14, Prop. 4.44] that the com-
position proxf ◦ A is AVG in HQ with constant 1

2−η , since proxf and A are,

respectively, 1
2 - and η-AVG in HQ.

If the matrix A is doubly stochastic, then its left PF eigenvector is 1, see Ap-
pendix B. By applying the result just attained in (ii), we conclude that proxf ◦A
is 1

2−η -AVG in HI . �

Proof of Theorem 2.3

From Lemma 2.2(ii), we know that the operator proxf ◦ A is AVG in HQ with

constant 1
2−η and η > 1 − a. Therefore the convergence of the iteration in (2.6)

follows by [14, Prop. 5.16]. �

Proof of Corollary 2.4

The convergence follows directly from [14, Th. 5.15] and the fact that the considered
A is NEX in the space HQ, by Lemma 2.9. �

2.6.2 Proof of Section 2.3.2

Since the dynamics in (2.12) are a special case of (2.10), we first prove Theorem 2.6
and successively derive the proof of Theorem 2.5 exploiting a similar reasoning.

Proof of Theorem 2.6

From Theorem 2.3, we know that the operator T := proxf ◦A is η-AVG in the
space HQ with η ∈ (1 − a, 1). Therefore, it can be written as T = (1 − η)Id +
ηT where T is a suitable NEX operator in HQ. Notice that fix(T ) = fix(T ).
Substituting this formulation of T in (2.12) leads to

x(k + 1) = x(k) + ψkηζk
(
T − Id

)
x̂(k) . (2.23)
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Since T is NEX in HQ, [147, Lemma 13 and 14] can be applied to the dynamics in

(2.23). Therefore, if we choose ψk ∈
(
0, Npmin

(2ϕ
√
pmin+1)(1−a)

)
, the sequence generated

by the dynamics in (2.23) are bounded and converge almost surely to a point
x ∈ fix(T ) = fix(proxf ◦A). The proof is completed recalling that the set of fixed
points of proxf ◦A coincides with the set of NWE, by Remark 2.1. �

Proof of Theorem 2.5

The dynamics (2.10) coincide with (2.12), when ψk = 1 for all k ∈ N, therefore if
Npmin

(2ϕ
√
pmin+1)(1−a) > 1, then the convergence is guaranteed from Theorem 2.6. From

easy computation it can be seen that this condition is equivalent to (2.11), and this
conclude the proof. �

2.6.3 Proofs of Section 2.3.3

First, we propose two preliminary lemmas

Lemma 2.10. Let P := p ∈ RN×N and [P ]ij = pij be a non negative, row-
stochastic matrix. If there exists a vector w ∈ RN≥0 such that w>P = w>, then the
matrix

P := I + µ diag(w)(P − I), (2.24)

where 0 ≤ µ ≤ 1
maxi∈N (1−pii)wi

, is non negative and doubly stochastic. If µ <
1

maxi∈N (1−pii)wi
, then the diagonal elements of P are positive. �

Proof. Since w is a left eigenvector of P it holds that w>P = w>. To prove the
first part of the lemma we have to show that P1 = 1 and 1>P = 1>, hence

P1 = 1− µw + µdiag(w)P1 = 1 . (2.25)

Analogously, 1>P = 1> − µw> + µw>P = 1> , where the last equality is achieved
using the properties of w. So, from the relations above we conclude that P is
doubly stochastic.

Now we prove that all the element of A are non negative if 0 ≤ µ ≤ w. The
diagonal elements of P are pii := 1−µwi+µwipii the off diagonal ones are instead
pij := µwipij , ∀i, j ∈ N . From simple calculations, it follows that if 0 ≤ µ ≤

1
maxi∈N (1−pii)wi

then P is a non negative matrix.

If µ < 1
maxi∈N (1−pii)wi

then pii > 0 for all i ∈ N , hence P is doubly stochastic,

with positive diagonal elements. �

In the next corollary we consider the case of a matrix A satisfying Standing As-
sumption 2.3. It shows that the transformation (2.24) does not change the set of
fixed points of A. Furthermore, it also provides the coefficient of averagedness of A.
We show that if A satisfies Standing Assumption 2.3, then (2.24) does not change
the fixed points of A.
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Lemma 2.11. Let the matrix A satisfies Standing Assumption 2.3 and Q as in
Theorem 2.3. Then the matrix

A := I +Q(A− I) (2.26)

is doubly stochastic with self-loops and the following statements hold:

(i) fix(A·) = fix(A·);

(ii) A satisfies Standing Assumption 2.3;

(iii) A is χ-AVG in H with χ ∈ (maxi∈N (1− ai,i)qi, 1).�

Proof. (i) The definition in (2.26) is equivalent to A = (I − Q) + QA. Therefore
fix(A) = fix(A), since Q � 0.

(ii) The matrix A is in the form of (2.24) with µ = 1 and, since

1 <
1

maxi∈N (1− ai,i(k))
≤ 1

maxi∈N (1− ai,i(k))qi
.

It satisfies the assumption of Lemma 2.10, thus A is doubly stochastic with self-
loops. Finally, since A satisfies Standing Assumption 2.3, the graph defined by A
is also strongly connected, therefore also A satisfies Standing Assumption 2.3.

(iii) To prove that A is χ-AVG with χ ∈ (maxi∈N (1− ai,i)qi, 1), we can also apply
[99, Lem. 9] or use the same argument as in the proof of Lemma 2.2. �

Proof of Theorem 2.8

From Corollary 2.11, each matrix A := I + µQ(k)(A(k) − I) is
(µ(k) maxi∈N (1− ai,i(k))qi(k))-AVG in HI . Since proxf is FNE in HI , the op-

erator proxf ◦ A(k) is 1
2−η̂(k) where η̂(k) := µ(k) maxi∈N (1− ai,i(k))qi(k), [14,

Prop. 4.44]. All the operators used in the dynamics are AVG in the same space HI ,
therefore the global convergence follows from [14, Cor. 5.19], since all the cluster
point of (x(k))k∈N lay in E . �



32 Chapter 2. Asynch. and time-varying proximal network games



3
Equilibrium seeking design in proximal

network games

I
n this chapter, we carry out the analysis on constrained multi-agent
network games. We first focus on games subject to affine coupling con-

straints, and then we generalize them to the case of time-varying con-
straints and communication networks. For the former problem, we propose
an iterative equilibrium seeking algorithm (Prox-GNWE), using only local
information, that converges to a generalized Nash equilibrium of the game.
In the second case, the concept of persistent equilibrium is introduced and
the assumptions considered to solve the problem are discussed and mo-
tivated. Then, we present a modified version of the previous algorithm
(TV-Prox-GNWE) that converges to a special class of game equilibria.
Its derivation is motivated by several examples, showing that the original
game dynamics fail to converge. To validate the theoretical results, we
present two possible applications for the introduced algorithms, namely a
distributed model fitting and a constrained consensus problem.

33
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3.1 Introduction

In Section 2.1, we discussed the importance of multi-agent network games in many
different applications. There are several problems in which the action of a player is
restricted by those of the others. These restrictions are called coupling constraints
and arise in many problems, e.g., in the context of smart grids it is common to limit
the total energy that the prosumers can purchase [65]. These constraints transform
the problem into a GNEP and consequently require a different analysis.

In this chapter, we study, not only games subject to static constraints, but also
multi-agent network games in which the communication network and the con-
straints between the agents are both time-varying. Multi-agent network games
arise from the well established field of distributed optimization and equilibrium
seeking over networks. In the past years, several results were proposed for op-
timization problems subject to a time-varying communication network: in [131]
the subgradients of the cost functions are bounded and the communication is de-
scribed by a sequence of strongly connected directed graphs, while in [132] the
cost functions are assumed to be continuously differentiable and a linearly con-
vergent algorithm is designed under the assumption of a time-varying undirected
communication network. Another approach, explored in [117], is to construct a
game, whose emerging behavior solves the optimization problems. In this case, the
cost functions are differentiable and the communication is ruled by an undirected
time-varying graph connected over time.

The problem of noncooperative multi-agent games, subject to coupling constrains,
was firstly studied in [79], under the assumptions of continuously differentiable cost
functions and no network structure between the agents. In the past years, several
researchers focused on this class of problems providing a range of results for games
over networks, e.g., in [176, 20, 40] where the communication network is always
assumed to be undirected, while the cost functions are chosen either differentiable or
continuously differentiable. Moreover, some researchers also focused on the class of
noncooperative games over time-varying communication networks, in particular on
the unconstrained case. For example, in [110] differentiable and strictly convex cost
functions with Lipschitz continuous gradient were considered, where the sequence of
time-varying communication networks was assumed repeatedly strongly connected,
and the associated adjacency matrices are doubly stochastic.

3.1.1 Main contribution

A complete formulation of multi-agent network games, subject to proximal type
dynamics, can be found in [99] where the unconstrained case is studied for a time-
varying strongly connected communication network, described by a doubly stochas-
tic adjacency matrix. In [47] and Chapter 2, the condition on the double stochastic-
ity of the adjacency matrix was relaxed, in the first case by means of a dwell time.
Notice that these types of games can also be rephrased as paracontracions; in this
framework, the work in [89] provided convergence for repeatedly jointly connected
digraphs. Iterative equilibrium seeking algorithms were developed for constrained
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multi-agent network games in [99] under the assumption of a static communication
network.

The contribution of this chapter is twofold. In the first part we tackle the problem
of multi-agent network games subject to coupling constraints by formalizing the
problem using operator theory and then, we derive an iterative equilibrium seeking
algorithm (Prox-GNWE) that is proven to converge globally to an equilibrium of
the game. In the second part, we generalize the problem by considering constrained
multi-agent network games subject to time-varying communication networks. We
first discuss the convergence of the game and motivate the technical assumptions
needed to ensure the existence of an equilibrium. Moreover, we develop a gen-
eralization of teh previous algorithm called TV-Prox-GNWE that achieves global
convergence for the game at hand. Finally, we conclude the chapter by showing
two applications of the algorithms developed for the problems of distributed model
fitting and constrained consensus, introduced in Section 2.2.

3.2 Proximal dynamics under coupling constraints

3.2.1 Problem formulation

In the remainder of the chapter, we assume the same standing assumptions intro-
duced in Chapter 2 for the case of games subject only to local constraints. Starting
from the setup described in Section 2.2, we generalize it to address M affine sepa-
rable coupling constraints between the agents. The set of all the strategies profiles
that satisfy both the local and coupling constraints is called the collective feasible
decision set, and it is defined as

X := Ω ∩ {x ∈ RnN |Cx ≤ c} (3.1)

where C ∈ RM×nN and c ∈ RM . For every agent i ∈ N , the set of local strategies
satisfying the coupling constraints reads as

Xi(x−i) :=

y ∈ Rn |Ciy +

N∑
j=1
j 6=i

Cjxj ≤ c

 . (3.2)

Standing Assumption 3.1. For all i ∈ N , the local feasible decision set Ωi ∩
Xi(x−i) satisfies Slater’s condition. �

The original game formulation, described by the dynamics in (2.5), changes to
consider also the coupling constraints, i.e.,

∀i ∈ N :

argminy∈Rn f̄i(y) + 1
2

∥∥∥y −∑N
j=1 ai,jxj

∥∥∥2

s.t. y ∈ Xi(x−i).
(3.3)
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Hence, the correspondent myopic dynamics read as

xi(k + 1) = argminy∈Xi(x−i(k)) Ji

(
y,
∑N
j=1 ai,jxj(k)

)
. (3.4)

For the game in (3.4), the concept of equilibrium point is non trivial. A popular
equilibrium notion for constrained game is the, so called, GNWE. Loosely speaking,
a profile strategy x̄ is a GNWE of the game, if no player i can change its strategy
to another feasible one while decreasing its local cost Ji.

Definition 3.1 (Generalized Network Equilibrium). A collective vector x is a
GNWE for the game in (3.3) if, for all i ∈ N ,

xi = argminy∈Xi(x−i) Ji

(
y,
∑N
j=1 ai,jxj

)
. �

Notice that, if A does not have self-loops, the definition of GNWE coincides with
that of GNE, see [79].

The following example shows that the dynamics in (3.1) fail to converge even for
simple coupling constraints.

Example 3.1 (Non-convergence). Consider a 2-player game, defined as in (3.3),
where, for i ∈ {1, 2}, xi ∈ R and the local feasible decision set is defined as
Xi(u) := {v ∈ R |u+v = 0} = {−u}. The game is jointly convex since the collective
feasible decision set is described by the convex set X := {x ∈ R2 |x1 + x2 = 0}.
The parallel myopic best response dynamics are described in closed form as the
discrete-time linear system:[

x1(k + 1)
x2(k + 1)

]
=

[
0 −1
−1 0

] [
x1(k)
x2(k)

]
, (3.5)

which is not globally convergent, e.g., consider x1(0) = x2(0) = 1. �

The myopic dynamics of the agents fail to converge, and thus we rephrase them
into some analogues pseudo-collaborative ones. The players aim to minimize their
local cost functions, while at the same time coordinate with the other agents to
satisfy the coupling constraints. Toward this end, we first dualize the problem
and transform it into an auxiliary (extended) network game [56, Ch. 3]. Finally,
we design a semi-decentralized iterative algorithm that ensures the convergence of
these dynamics to a GNWE.

Let us now introduce the dual variable λi ∈ RM≥0 for each player i ∈ N , and
define the concept of Extended Network Equilibrium (ENWE) arising from this
new problem structure.

Definition 3.2 (Extended Network Equilibrium). The pair (x,λ), is an ENWE
for the game in (3.3) if, for every i ∈ N , it satisfies

xi = argminy∈Rn Ji

(
y,
∑N
j=1 ai,jxj

)
+ λ
>
i Ciy, (3.6a)

λi = argminξ∈RM
≥0
−ξ>(Cx− c) . (3.6b)

�
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To find an GNWE of the game in (3.3), we assume the presence of a central
coordinator. It broadcasts to all agents an auxiliary variable σ that each agent i
uses to compute its local dual variable λi. Namely, every agent i applies a scaling
factor αi ∈ [0, 1] to σ to attain its dual variable, i.e. λi = αi σ. The values
of the scaling factor represent a split of the burden that the agents experience
to satisfy the constraints, hence

∑N
i=1 αi = 1. These game equilibrium problems

were studied for the first time in the seminal work of Rosen [152], where the author
introduces the notion of normalized equilibrium. We specialize this equilibrium idea
for the problem at hand, introducing the notion of normalized Extended Network
Equilibrium (n–ENWE).

Definition 3.3 (normalized-ENWE). The pair (x, σ), is an n–ENWE for the game
in (3.3), if for all i ∈ N it satisfies

xi = argminy∈Rn Ji

(
y,
∑N
j=1 ai,jxj

)
+ αi σ

>Ciy, (3.7a)

σ = argminς∈RM
≥0
−ς>(Cx− c), (3.7b)

where αi > 0. �

From (3.7a) - (3.7b), one can see that the class of n–ENWE is a particular instance
of GNWE and, at the same time, a generalization of the case in which all the agents
adopt the same dual variable, hence αi = 1/M , for all i ∈ N . This latter case is
widely studied in the literature, since it implies an equal split between the agents
of the burden to satisfy the constraints [176, 18].

Next, we recast the n–ENWE described by the two inclusions (3.7a) – (3.7b) as a
fixed point of a suitable mappings. In fact, (3.7a) can be equivalently rewritten as

x = proxf (Ax−ΛC>σ) ,

where Λ = diag((αi)i∈N )⊗In, while (3.7b) holds true if and only if σ = projRM (σ+
Cx− c).

To combine in a single operator (3.7a) and (3.7b), we first introduce two mappings,
i.e.,

R := diag(proxf , projRM
≥0

) (3.8)

and the affine mapping G : RnN+M → RnN+M defined as

G(·) := G ·+
[
0
c

]
:=

[
A −ΛC>

C I

]
· −
[
0
c

]
. (3.9)

The composition of these two operators provides a compact definition of the n–
ENWE for the game in (3.3). In fact, a point (x, σ) is an n–ENWE if and only if
col(x, σ) ∈ fix(R ◦ G); indeed the explicit computation of R ◦ G retrieves exactly
(3.7a) and (3.7b).

The following lemmas show that an n–ENWE is also a GNWE by proving that a
fixed point of R ◦ G is a GNWE.
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Lemma 3.4 (GNWE as fixed point). Let Assumption 3.1 hold true. Then, the
following statements are equivalent:

(i) x is a GNWE for the game in (3.3);

(ii) ∃σ ∈ RM such that col(x, σ) ∈ fix(R ◦ G). �

Lemma 3.5 (Existence of a GNWE). Let Assumption 3.1 hold true. There always
exists a GNWE for the game in (3.3). �

The two lemmas above are direct consequences of [99, Lem. 2, Prop. 2] respectively,
so the proofs are omitted.

3.2.2 Algorithm derivation (Prox-GNWE)

In this section, we describe the iterative algorithm seeking GNWE (Prox-GNWE)
for the game in (3.3). The set of fixed points of the operatorR◦G can be expressed
as the set of zeros of other suitable operators, as formalized next.

Lemma 3.6 ([14, Prop. 26.1 (iv)]). Let B := F × NRM
≥0

, with F :=
∏N
i=1 ∂f̄i.

Then, fix (R ◦ G) = zer (B + Id− G). �

Several algorithms are available in the literature to find a zero of the sum of two
monotone operators, the most common being presented in [14, Ch. 26]. We opted
for a variant of the preconditioned PPP that allows for non-self-adjoint precon-
ditioning [32, Eq. 4.18]. It results in a proximal type update with inertia that
resembles the original myopic dynamics studied. The resulting algorithm is here
called Prox-GNWE and it is described in (3.10a) – (3.10d) where, for all the vari-
ables introduced, we adopted the notation x+ := x(k + 1) and x = x(k), for the
sake of compactness. The complete derivation of the algorithm is reported in Ap-
pendix 3.6.1. Prox-GNWE is composed of three main steps:

1. a local gradient descend (3.10a), done by each agent,

2. a gradient ascend (3.10b), performed by the coordinator,

3. and finally an inertia step (3.10c) – (3.10d).

The parameters in Prox-GNWE are selected such that the following inequalities
are satisfied:

ri − ai,i < δ−1
i ≤ γ−1 − ri − ai,i, ∀i ∈ N , (3.11)

pj < β ≤ γ−1 − pj ,
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∀i ∈ N : x̃i = prox δi
δi+1 f̄i

(
δi
δi+1

(
1
δi
xi +

∑N
j=1ai,jxj − αiC>i σ

))
(3.10a)

σ̃ = projRM
≥0

(
σ + 1

β (Cx− c)
)

(3.10b)

∀i ∈ N : x+
i = xi + γ

[
δi(x̃i − xi) +

∑N
j=1 ai,j(x̃j − xj)− αiC>i (σ̃ − σ)

]
(3.10c)

σ+ = σ + γ [β(σ̃ − σ) + C(x̃− x)] (3.10d)

where

ri := 1
2

∑N
j=1
j 6=i

(ai,j + aji) + (1 + αi)‖C>i ‖∞,

pj :=(1 + αi) max
j∈{1,...,N}

‖C>j ‖∞ .
(3.12)

We note that, if γ is chosen small enough, then the right inequalities in (3.11)
always hold. On the other hand, γ is the step size of the algorithm, thus a smaller
value can affect the convergence speed. The formal derivation of these bounds is
reported in Appendix 3.6.1.

We also remark that (3.10a) – (3.10d) require two rounds of communications be-
tween an agent i and its neighbours: one to obtain the value of xj(k) in (3.10a) and
the second to gather x̃j(k) for all j ∈ Ni in (3.10c). Finally, we conclude the section
by establishing global convergence of the sequence generated by Prox-GNWE to a
GNWE of the game in (3.3).

Theorem 3.7 (Convergence Prox-GNWE). Set αi = qi, for all i ∈ N , with
qi being the i-th element of the left PF eigenvector of A, and choose δi, β, γ
satisfying (3.11). Then, for any initial condition, the sequence (x(k))k∈N generated
by (3.10a) – (3.10d), converges to a GNWE of the game in (3.3). �

3.3 Proximal dynamics under time-varying cou-
pling constraints

3.3.1 Mathematical formulation

In this second part of the chapter, we tackle the more general problem of multi-
agent network games subject to M time-varying affine and separable coupling con-
straints, and a time-varying network topology.

For an agent i ∈ N , at time instant k ∈ N, the time-varying set of strategies
satisfying the coupling constraints, given the other agents’ strategies x−i, defined
in (3.2) becomes a time-varying set and it reads as
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Xi(x−i, k) :=

y ∈ Rn |Ci(k)y +

N∑
j=1
j 6=i

Cj(k)xj(k) ≤ c(k)


where Cj(k) ∈ RM×n and c(k) ∈ RM are the time-varying counterparts of the

matrices in (3.2).

Similarly, also the set of collective feasible decisions in 3.1 becomes time-varying
due to the constraints, hence

X (k) := Ω ∩
{
x ∈ RNn|C(k)x ≤ c(k)

}
(3.13)

where C(k) := [C1(k), . . . , CN (k)] ∈ RM×Nn and Ω :=
∏N
i=1 Ωi.

Next, Standing Assumption 3.1 is restated in a more general form to address the
time-dependency of X (k).

Standing Assumption 3.2. For all i ∈ N and k ∈ N, the collective feasible
decision set X (k) satisfies Slater’s condition. �

Notice that in the case of static constraints, Standing Assumption 3.2 coincides
with Standing Assumption 3.1.

The cost function minimized by the agents does not change in this new setup,
therefore Standing Assumption 2.2 remains unchanged. As done in Section 2.3.3,
the time-varying communication network is described by a weighted row-stochastic
adjacency matrix A(k), and it is assumed to satisfy Assumption 2.5. Therefore, for
every k ∈ N, the resulting weighted digraph is strongly connected with self-loops.

The myopic best response dynamics describing the decision process of the agents
for all k ∈ N and i ∈ N read as

xi(k + 1) = argminy∈Xi(x−i,k) Ji

(
y,
∑N
j=1 ai,j(k)xj(k)

)
. (3.14)

The interaction of the N players, using dynamics (3.14), defines the following
noncooperative network game, for all k ∈ N, as

∀i ∈ N :

argminy∈Rn fi(y) + 1
2

∥∥∥y −∑N
j=1 ai,j(k)xj(k)

∥∥∥2

s.t. y ∈ Ωi ∩ Xi(x−i, k) .
(3.15)

3.3.2 Equilibrium concept and convergence

The idea of equilibrium introduced in Section 3.2, i.e., the GNWE, cannot be
directly applied to (3.15). In fact, every variation in the communication network
generates a different game, with its own set of GNWE. Therefore, the equilibria in
which we are interested in are those invariant to the changes in the communication;
they take the name of persistent Generalized Network Equilibrium (p-GNWE).
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Definition 3.8 (persistent GNWE). A collective vector x̄ = col((x̄i)i∈N ) is a p-
GNWE for the game (3.15), if there exists some k > 0, such that for all i ∈ N ,

x̄i =
⋂
k≥k̄

argminy∈X (x̄−i,k) Ji

(
y,
∑N
j=1 ai,j(k)x̄j

)
. (3.16)

�

We have defined both the game and the set of equilibria we are interested in. Let
us now elaborate on the convergence properties of the game in (3.15), focusing
three examples highlighting different aspects of these dynamics. In Example 3.1
we have shown that the dynamics in (3.14) can fail to converge to an equilibrium
point, even in the case of a static communication network, where the existence of
a GNWE is guaranteed by [99, Prop. 4]. Next, we show first a case in which the
existence of a p-GNWE is not guaranteed and then an example showing that the
game in (3.15) converges.

Example 3.2 (Equilibirum existence). Consider a 2-player game without local
or coupling constraints and scalar strategies. The communication network can
vary between the two graphs described respectively by the adjacency matrices

A1 =
[

1/2 1/2
1/2 1/2

]
and A2 =

[
1/3 2/3
1/3 2/3

]
. The cost functions of the agents are in the

form of (2.1), where the local part is chosen as f̄i(xi) = 1
2‖xi − i‖

2, for i ∈ {1, 2}.
For each communication network, there exists only one equilibrium point of the
game, i.e., xA1

= [5/4 , 7/4]> and xA2
= [4/3 , 11/6]>, when respectively A1 or A2 is

adopted. So, the set of p-GNWE of the game is empty, leading the dynamics to
oscillate between xA1

and xA2
. �

Example 3.3 (Convergence). Once again, consider the 2-player game, where for a
player i ∈ {1, 2} the local feasible set is Ωi = [−1, 1] and fi(xi) = 0. The collective
feasible decision set is defined as

X (k) := {x ∈ [−1, 1]2 |m(k) ≤ x1 + x2}

where m(k) ∈ [−1,−0.25]. We choose A(k) satisfying Standing Assumption 2.3
and it is doubly stochastic, for every time instant k ∈ N. If the strategy profile
belongs to the consensus subspace C, both agents achieve the minimum of their cost
functions, and therefore all those points are equilibria of the unconstrained game.
Furthermore, for the set Ĉ = {u ∈ R2 |u = α1>, α ∈ [−0.25, 1]}, it always holds
that Ĉ ⊆ C ∩X , and hence they are p-GNWE of the game. Assume that at k̄ > 0,
m(k̄) = −0.25, then, for all k > k̄, the dynamics reduce to x(k + 1) = A(k)x(k),
therefore the profile strategy will converge to a point in Ĉ, i.e., to a p-GNWE of
the game. �

3.3.3 Primal-dual characterization

In order to establish convergence for the dynamics in (3.14), we recast them as
pseudo-collaborative ones introducing the dual variable λi ∈ RM≥0, for each player
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i ∈ N . The equilibrium concept is also adapted to address this change, so we
introduce the persistent Extended Network Equilibrium (p-ENWE).

Definition 3.9 (persistent ENWE). The pair (x,λ), is a p-ENWE for the game
in (3.15) if there exists k̄ > 0 such that, for every i ∈ N ,

xi =
⋂
k≥k̄

argminy∈Rn Ji

(
y,
∑N
j=1 ai,j(k)xj

)
+ λ
>
i Ci(k)y,

λi =
⋂
k≥k̄

argminξ∈RM
≥0
−ξ>(C(k)x− c(k)) . (3.17)

�

In order to develop an iterative algorithm seeking p-ENWE of the game, we pro-
pose the same semi-decentralized structure introduced in Section 3.2. The cen-
tral coordinator broadcasts an auxiliary variable σ ∈ RM to each agent i, that
uses this information to compute its local dual variable as λi := αi(k)σ(k), where
αi(k) ∈ [0, 1] is a possibly time-varying factor.

This idea leads to the definition of the persistent normalized Extended Network
Equilibrium (pn-ENWE).

Definition 3.10 (persistent normalized-ENWE). The pair (x, σ), is a pn-ENWE
for the game in (3.15), if it exists k̄ > 0, such that for all i ∈ N it satisfies

xi =
⋂
k≥k̄

argminy∈Rn Ji

(
y,
∑N
j=1 ai,j(k)xj

)
+ αi(k)σ>Ci(k)y,

σ =
⋂
k≥k̄

argminς∈RM
≥0
−ς>(C(k)x− c(k)), (3.18)

with αi(k) > 0. �

The following lemma shows that a pn-ENWE is also a p-GNWE, and vice versa.

Lemma 3.11 (p-GNWE as fixed point). The following statements are equivalent:

(i) x is a p-GNWE for the game in (3.15);

(ii) ∃σ ∈ RM and k̄ > 0 such that col(x, σ) ∈ E, where E is the set of all the
pn-GNWE of the game (3.15). �

We omit the demonstration of the lemma, since it follows the same steps as that
in [99, Lem. 2].
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3.3.4 On the existence of persistent equilibria

Next,we elaborate on the problem of the existence of a p-GNWE for the game in
(3.15). In general, there is no guarantee that such an equilibrium exists, as shown
in Example 3.2. The literature dealing with similar problems is split on how to
handle this problem. Namely, two possible solutions are considered to proceed with
the analysis. The first one supposes a priori the existence of at least one p-GNWE
in the game. This assumption does not restrict the original problem, since the
convergence can be established only for the cases in which this assumption holds.
However, it can be difficult to check if it is satisfied in practice. This approach is
the one chosen in this work and it is usually adopted when the focus is more on
theoretical results, see [14, Cor. 5.19], [55, Prop. 3.1], [99, Ass. 3] and [43, Ass. 6].

Standing Assumption 3.3 (Existence of a pn-ENWE). The set of pn-ENWE of
(3.15) is non-empty, hence E 6= ∅ . �

On the other hand, an alternative assumption considers only those games in which
the N local cost functions share at least one common fixed point. This implies
that at least one point in the consensus subspace is an equilibrium invariant to
the change of the communication network. If, at the same time, this point is also
feasible, then it is a p-GNWE of the game. This assumption is clearly stronger
than the previous one. Nevertheless, it is easier to check in practice, since it only
requires the analysis of the cost functions of the agents, as shown in Example 3.3.
Mainly for this reason, it is widely spread throughout the literature, where it is
either implicitly verified, as in [137], or explicitly required [89, Ass in Th. 2] .

3.3.5 TV-Prox-GNWE and convergence result

We finally present the main result of this chapter, namely an iterative and de-
centralized algorithm converging to a pn-ENWE of the game in (3.15). We call
it TV-Prox-GNWE and it is described by (3.19a)–(3.19d), while its derivation is
proposed in the Appendix 3.6.3.

∀i ∈ N : x̃i = prox δi(k)
δi(k)+1 f̄i

(
δi(k)
δi(k)+1

(
1

δi(k)xi +
∑N
j=1ai,j(k)xj − αi(k)C>i (k)σ

))
(3.19a)

σ̃ = projRM
≥0

(
σ + 1

β(k) (C(k)x− c(k))
)

(3.19b)

∀i ∈ N : x+
i = xi + γ(k)qi(k)

[
δi(k)(x̃i − xi) +

∑N
j=1ai,j(k)(x̃j − xj) (3.19c)

−αi(k)C>i (k) (σ̃ − σ)
]

σ+ = σ + γ(k)
[
β(k)(σ̃ − σ) + C(k)(x̃− x)

]
(3.19d)
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In the algorithm several parameters are involved. In the following, we provide the
bounds that must be respected during the choice of their values to ensure conver-
gence. Towards this end, let us redefine the matrix A(k) via a diagonal matrix, an
upper and a lower triangular matrix, i.e., A(k) = Aut(k) +Ad(k) +Alt(k), where
Aut and Alt always have zeros diagonal elements. For each time instant k ∈ N,
the parameters in TV-Prox-GNWE are selected such that the following inequalities
hold:

min
i∈N

(δ−1
i + ai,i) ≥ ‖A−Ad‖+ ‖C> −ΛC>‖ (3.20a)

max
i∈N

(2qi(δ
−1
i + ai,i)) < R+ γ−1 (3.20b)

R := 2‖QAut +AltQ‖+ ‖Q(C> −ΛC>)‖
β ≥ 1

2‖C −CΛ‖ (3.20c)

β < 1
2

(
γ−1 − ‖C −CΛ‖

)
(3.20d)

where Λ(k) := diag((αi(k))i∈N ) ⊗ In and Q(k) := diag((qi(k))i∈N ) ⊗ In, with qi
being the i-th element of the left PF eigenvector of A(k). Also in this case, we
omitted the time dependency of the matrices to ease the notation. The bounds in
(3.20c) – (3.20d) implicitly lead to a condition on the maximum value of the step
size γ, namely γ ≤ 1

2‖C −CΛ‖−1.

Similarly to Prox-GNWE, also TV-Prox-GNWE in (3.19), is composed of three
main steps: a proximal gradient descend, performed by every agent (3.19a), a dual
ascend done by the central coordinator (3.19b) and a correction step, in (3.19c) –
(3.19d), that balances the asymmetricity of the weights in the directed network,
i.e., ai,j 6= aj,i.

The main technical result of the chapter is the following theorem, where we es-
tablish global convergence of the sequence generated by the TV-Prox-GNWE to a
p-GNWE of the game in (3.15).

Theorem 3.12. For all i ∈ N and k ∈ N, set αi(k) = qi(k), with qi(k) the i-th
element of the left PF eigenvector of A(k), and choose δi(k), β(k) and γ satisfying
(3.20). Then, for any initial condition, the sequence (x(k))k∈N generated by (3.19)
converges to a p-GNWE of the game in (3.15). �

3.4 Simulations

3.4.1 Distributed model fitting

The following simulation applies Prox-GNWE to solve a problem of distributed
model fitting. Namely, we develop a distributed implementation of the LASSO
algorithm, previously presented in Section 2.2.

First, we introduce the problem by describing the classical centralized formulation,
for a complete description refer to [164]. Consider a large number of data ỹ ∈ Rd,
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Figure 3.1: Trajectory of ‖x̂(k+1)−x̂(k)‖
‖x̂(k+1)‖ generated via Prox-GNWE. The different

maximum noise variances σM adopted identify the different curves.

where d = 500, affected by an additive normal Gaussian noise; the true model that
generates them is assumed to be linear and in the form Bx = y, where B ∈ Rd×n
is the covariate matrix; x ∈ Rn the real parameters of the model, with n = 6; and
y the model outputs not affected by the noise. Hereafter, the matrix B is assumed
to be known. The LASSO algorithm computes the parameters’ estimation x̂ ∈ Rn
that minimizes the cost

f(x̂) := ‖Bx̂− ỹ‖22 + ‖x̂‖1 .

We focus now on the distributed counterpart of the LASSO, already analized in the
literature, see [123]. In our setup, we assume N = 5 agents, each one measuring a
subset ỹi ∈ R200 of ỹ, and communicating via a network described by the adjacency
matrix A, satisfying Standing Assumption 2.3. Accordingly, each agent i knows
the local covariate matrix Bi ∈ R200×6 associated to the measurements ỹi ∈ R200.
The noise affecting the data set of each agent i, is assumed Gaussian with zero
mean and variance σi. It models the different precision of each agent in measuring
the data. The variance σi is randomly drawn between [0, σM ]. In the following, we
propose simulations for four different values of σM , namely 0.5%, 1.25%, 2.5% and
5% of the maximum value of y, i.e., the values of σM := {1.13, 2.8, 5.6, 11.3}.
The problem ca be rephrased as an instance of the game in (3.3), where, for all
agent i ∈ N , the local cost function is fi(x̂i) := ‖Bix̂i− ỹi‖22 +‖x̂i‖1, where x̂i is the
local estimation of the model parameters. On the other hand, let x̂ = col((x̂i)i∈N ),
then the aggregative term ‖x̂i −Ax̂‖2 leads to a better fit of the model, when the
weights in the matrix A are chosen inversely proportional to the noise variance
of each agent. To enforce the consensus between all the local estimations x̂i, i.e.,
x̂∗ := x̂i(∞) for all i ∈ N , we impose the constraint Lx̂ = 0, where L := L⊗In and
L is the Laplacian matrix associated to the communication network. The resulting
game can be solved via Prox-GNWE, that provides a distributed version of the
LASSO algorithm. In particular, it generates a sequence (x̂(k))k∈N converging
asymptotically to a solution of the model fitting problem.
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Figure 3.2: Constraint violation ‖Lx̂(k)‖ of the collective vector x̂(k) for each
iteration k. The different maximum noise variances σM adopted identify the dif-
ferent curves.

In Figure 3.1, it is shown the trajectory of ‖x̂(k+1)−x̂(k)‖
‖x̂(k+1)‖ where x̂(k) is the collective

vectors of the parameters estimations obtained via Prox-GNWE at iteration k; this
quantity describes the relative variation of the estimations between two iterations
of the algorithms. Notice that the sequence converges asymptotically, but, as
expected, a greater noise variance σM leads to a slower rate of convergence.

The constraint violation, i.e., ‖Lx̂(k)‖, at every iteration k of the algorithm are
reported in Figure 3.2; the constraints fulfilment is achieved asymptotically. Also
in this case, the use of more noisy measurements ỹ leads to a slower asymptotic
convergence of the local estimations x̂i to consensus. Finally, for every iteration

Figure 3.3: Trajectory of the normalized average MSE of the estimated model
with respect to the real one, for every iteration k ∈ N. The different maximum
noise variances σM adopted identify the different curves.
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k, consider the output of the estimated model ŷi(k) = Bx̂i(k), for all i ∈ N ; the
average of the mean squared values (MSE) of all the local estimations is computed
as MSE := 1

N

∑
i∈N ‖ŷi(k) − y‖2. This value can be used as an index of the

quality of the estimation. In Figure 3.3, we report the normalized MSE for different
values of σM . The increment of σM causes a slower reduction of the MSE, i.e., a
higher number of iterations to achieve a good parameters estimations. On the
other hand, if a small noise affects the data, already after 1000 iterations the
parameters obtained perform almost as good as the final ones. The study of this
curves emphasizes the trade-off between a good parameters’ estimation and a fast
converging algorithm.

3.4.2 Constrained consensus

Next, we apply TV-Prox-GNWE to solve a constrained consensus problem. We
consider a game with N = 15 agents, where the strategy of every agent i is xi ∈ R5,
and its local feasible decision set is Ωi ∈ [mi, Mi], with mi and Mi randomly
drawn respectively from [−100,−5] and [5, 100]. The local cost function is equal to
fi(xi) = ιΩi(xi). The adjacency matrices, descibing the communication network
at every time instant k, are randomly generated and define digraphs of the type
small-word, satisfying Standing Assumption 2.3. The coupling constraints are used
to force the strategies towards the consensus subspace and are in the form |xi(k)−
xj(k)| ≤ s(k)1, for every i, j ∈ N , where s(k) > 0 and it is decreasing over time.
Notice that in this case the multiplier graph is complete, see [176]. Finally, the
parameters of the algorithm are chosen such that they always satisfy (3.20).

Figure 3.4: Convergence of the strategy profile x(k) to the consensus subspace.
The matrix L is the Laplacian matrix associated to the multiplier graph.

The trajectory of the profile strategy generated by TV-Prox-GNWE converges to
the consensus subspace, this is shown in Fig. 3.4, by means of the Laplacian matrix
L of the multiplier graph. The initial strategy profile x(0) is randomly chosen in
Ω. As expected from the result in Theorem 3.12, the constraints are satisfied
asymptotically, see Fig. 3.5.
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Figure 3.5: Asymptotic satisfaction of the time-varying affine coupling constraints
Cx(k) ≤ c(k).

3.5 Conclusion and outlook

In multi-agent network games, subject to time-varying coupling constraints and
time-varying communication networks, described by strongly connected digraphs,
agents can fail to converge when they adopt proximal type dynamics. We developed
two iterative equilibrium seeking algorithms that ensure the global convergence of
the agents’ strategies to a normalized (persistent) equilibrium of the game, when
it exists. In particular, we discussed the assumptions that are required in or-
der to ensure the existence of an equilibrium point of the game. For the case of
static coupling constraints we propose Prox-GNWE, while for the more general
case of time-varying constraints and communication networks we designed TV-
Prox-GNWE, we apply these algorithms to solve the problem of distributed model
fitting and the problem of constraint consensus.
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3.6 Appendix

3.6.1 Derivation of Prox-GNWE

Here, we propose the complete derivation of Prox-GNWE. To ease the notation, we
define A := B + Id− G, $ := col(x(k), σ(k)) and $+ := col(x(k + 1), σ(k + 1)).
Consider the following non-symmetric preconditioning matrix

Φ :=

[
δ−1 +A −ΛC>

C βIM

]
(3.21)

where δ := diag((δi)i∈N )⊗ In, δi ∈ R>0 and β ∈ R>0.

The update rule of the modified PPP algorithm [32, Eq. 4.18], reads as

$̃ = JΦ−1A$ (3.22a)

$+ = $ + γΦ($̃ −$) (3.22b)

where JΦ−1A := JU−1(A+S)(Id + U−1S) and γ ∈> 0.

Let us define its self-adjoint and skew symmetric components as U := (Φ + Φ>)/2
and S := (Φ− Φ>)/2.
We choose the parameters δ and β to ensure that U � 0 and ‖U‖ ≤ γ−1, where γ
will be the step-size of the algorithm. This can be done through the Gerschgorin
Circle Theorem [84, Th. 2]. The resulting bounds are reported in (3.11).

Remark 3.4. The set of fixed points of the mapping defining the whole update in
(3.22a)–(3.22b), coincides with zer(A), [32, Proof of Th. 4.2] . �

Next, we proceed to compute the explicit formulation of the algorithm. First, we
focus on (3.22a) , so

$̃ = JU−1(A+S)(Id + U−1S)$ (3.23a)

$̃ + U−1(A+ S)$̃ 3$ + U−1S$ (3.23b)

0 ∈ U($̃ −$) +A$̃ + S($̃ −$) (3.23c)

0 ∈ Φ($̃ −$) +A$̃ (3.23d)

Solving the first row block of (3.23d), i.e. 0 ∈ (δ−1 +A)(x̃− x)−ΛC>(σ̃ − σ) +
F (x̃) + x̃−Ax̃+ ΛC>σ̃ , leads to

0nN ∈ δ−1(x̃− x)−Ax+ ΛC>σ + F (x̃) + x̃

0nN ∈ (δ−1 + I)x̃+ F (x̃)− δ−1x−Ax+ ΛC>σ

with a slight abuse of notation let us define 1
δ−1+1

:= diag
((

1
δ−1
i +1

)
i∈N

)
⊗ In then

we obtain

0nN ∈ x̃+ 1
δ−1+1

F (x̃) + 1
δ−1+1

[
ΛC>σ − δ−1x−Ax

]
x̃ = J 1

δ−1+1
F

(
1

δ−1+1

[
δ−1x+Ax−ΛC>σ

])
(3.24)
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The second row block instead reads as 0 ∈ C(x̃−x)+β(σ̃−σ)+NRM
≥0

(σ̃)+σ̃−Cx̃+c,

and leads to

0M ∈ −Cx+ β(σ̃ − σ) +NRM
≥0

(σ̃) + c (3.25a)

σ̃ = JNRM≥0

(
σ + 1

β (Cx− c)
)

(3.25b)

The final formulation of Prox-GNWE, presented in (3.10a) – (3.10d), is obtained
combining (3.24) and (3.25b) with (3.22b).

3.6.2 Convergence proof of Prox-GNWE

Before proving the global convergence of Prox-GNWE, we first propose an auxiliary
lemma.

Lemma 3.13. Let Λ = Q with Q is chosen in accordance with Theorem 2.3.
Then the mapping Id − G from (3.9) is maximally monotone in HQ where Q =
diag(Q, IM ). �

Proof. The mapping Id−G is monotone if and only if 2Q− (G>Q+QG) � 0 (by
[100, Lemma 3]).

2Q− (G>Q+QG) � 0

2Q−
([
A>Q QC>

−CQ I

]
+

[
QA −QC>
QC I

])
� 0[

2Q−
(
A>Q+QA

)
0

0 0

]
� 0

(3.26)

The last inequality in (3.26) holds if and only if Id −A is monotone in HQ. The
matrix Q is chosen as in Theorem 2.3, thus A is η-AVG in HQ with η ∈ (0, 1− a).
From [14, Example 20.7] we conclude that Id−A is monotone. Therefore, also Id−G
is monotone. Finally, since we considered a bounded linear operator we conclude
the maximally monotonicity of Id− G in HQ invoking [14, Example 20.34]. �

Proof of Theorem 3.7

By Lemma 3.13, we know that Id− G is maximally monotone. Using a reasoning
similar to the one in the proof if Theorem 2.3, we conclude that R is firmly non-
expansive in HQ. The domain of the operator R is the entire space, thus applying
[15, Prop. 23.8(iii)] we deduce that B is maximally monotone.
The mapping B+ Id−G is the sum of two maximally monotone operators, so [14,
Corollary 25.5(i)] ensures the maximal monotonicity of the sum. The step sizes δ
and β are chosen as in (3.11), hence U is positive definite.

Applying [32, Th. 4.2] ensures the convergence of the sequence generated by the
update rule (3.22a) – (3.22b) to a point in zer(B+ Id−G). The proof is concluded
invoking Lemma 3.4 and 3.6. �
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3.6.3 Derivation of TV-Prox-GNWE

Here, we propose the main steps to derive the iterative algorithm TV-Prox-GNWE.
The omitted calculations resemble the ones used to attain Prox-GNWE.

Equilibria reformulation

The set of pn-ENWE, defined by the two equalities in (3.18), can be equivalently
rephrased as the set of fixed points of a suitable mappings. Similarly to what we
have done for the case of a static network, we exploit in the following two operators,
namely R, defined in (3.8), and the affine one Gk : RnN+M → RnN+M defined as

Gk(·) := G ·+
[

0
c(k)

]
:=

[
A(k) −Λ(k)C>(k)
C(k) I

]
· −
[

0
c(k)

]
.

(3.27)

In (3.18), the first equality is equivalent to

x =
⋂
k>k̄

proxf (A(k)x−Λ(k)C>(k)σ) ,

where A(k) := A(k)⊗ In and Λ(k) = diag((αi(k))i∈N )⊗ In. The second equality
holds true if and only if σ = projRM (σ +C(k)x− c(k)).

As a result, the dynamics of the game can be cast as[
x(k + 1)
σ(k + 1)

]
=R ◦ Gk

([
x(k)
σ(k)

])
. (3.28)

Once again, we exploit this new compact form to describe the set of pn-ENWE
via the fixed points of R ◦ Gk. In particular, by Definiton 3.10, a pair (x̄, σ̄) is
a pn-ENWE of the game in (3.15) if and only if col((x̄, σ̄)) ∈ ∩k>k̄fix(R ◦ Gk).
Furthermore, from Lemma 3.11, we also know that a pn-ENWE is a p-GNWE of
the original game. So, we focus on the design of an algorithm converging to the
subset E for which we can take advantage of this new formulation. First we notice
that also in this case the fixed point problem is equivalent to a zero finding one for
a suitable operator.

Lemma 3.14 ([14, Prop. 26.1 (iv)]). Let B := F × NRM
≥0

, with F :=
∏N
i=1 ∂f̄i.

Then,

fix (R ◦ Gk) = zer (Ak) ,

where Ak := B + Id− Gk. �
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Modified proximal point algorithm

Next, we describe the main steps used to develop the iterative algorithm solving
the zero finding problem associated to the operator Ak, and, as a consequence, the
original one of finding pn-ENWE of (3.15). The update rule is a preconditioned
version of the proximal point algorithm proposed in [32, Eq. 4.18], after defining
$ := col(x(k), σ(k)) and $+ := col(x(k + 1), σ(k + 1)), it can be rewritten as

$̃ = JΦ−1(k)Ak
$ (3.29a)

$+ = $ + γ(k)Q̄(k)Φ(k)($̃ −$) (3.29b)

where and γ(k) > 0 is the step-size of the algorithm and Q̄(k) := diag(Q(k), I),

and Q(k) := diag((qi(k))i∈N ) ⊗ In, with qi being the i-th element of the left PF
eigenvector of A(k).

The preconditioning matrix is chosen as

Φ(k) :=

[
δ−1(k) +A(k) −Λ(k)C(k)>

C(k) β(k)IM

]
(3.30)

where β(k) ∈ R>0 and δ(k) := diag((δi(k))i∈N ) ⊗ In. The self-adjoint and skew

symmetric components are defined as U(k) := (Φ(k) + Φ>(k))/2 and S(k) :=
(Φ(k)−Φ>(k))/2. Due to the non symmetric preconditioning the resolvent operator
takes the form

JΦ−1(k)Ak
:= JU−1(k)(Ak+S(k))(Id + U−1(k)S(k)) .

The parameters δ(k) and β(k) in the preconditioning have to be chosen such that
U(k) � 0 and ‖Q̄(k)U(k)‖ ≤ γ−1(k). The resulting bounds are reported in (3.20).

Using a reasoning akin to the one in [32, Proof of Th. 4.2], one can show that, at
every time instant k, the set of fixed points of the mapping describing the update
in (3.29a)-(3.29b) coincides with zer(Ak).

Finally, we are ready for the complete derivation of the algorithm by explicitly
compute the local update rules of the agents and of the central coordinator. We
omit the time dependency in the following formulas.

First, we focus on (3.29a) , so

$̃ = JU−1(A+S)(Id + U−1S)$ (3.31a)

0 ∈ Φ($̃ −$) +A$̃ (3.31b)

By solving the first row block of (3.31b), i.e. 0 ∈ (δ−1 +A)(x̃ − x) − ΛC>(σ̃ −
σ) + F (x̃) + x̃−Ax̃+ ΛC>σ̃ , we obtain

0nN ∈ δ−1(x̃− x)−Ax+ ΛC>σ + F (x̃) + x̃

0nN ∈ (δ−1 + I)x̃+ F (x̃)− δ−1x−Ax+ ΛC>σ .
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Let us define, with a small abuse of notation, the matrix 1
δ−1+1

:= diag
((

1
δ−1
i +1

)
i∈N

)
⊗

In, then we attain

0nN ∈ x̃+ 1
δ−1+1

F (x̃) + 1
δ−1+1

[
ΛC>σ − δ−1x−Ax

]
x̃ = J 1

δ−1+1
F

(
1

δ−1+1

[
δ−1x+Ax−ΛC>σ

])
. (3.32)

The second row block instead reads as 0 ∈ C(x̃−x)+β(σ̃−σ)+NRM
≥0

(σ̃)+σ̃−Cx̃+c,

and leads to

0M ∈ −Cx+ β(σ̃ − σ) +NRM
≥0

(σ̃) + c (3.33a)

σ̃ = JNRM≥0

(
σ + 1

β (Cx− c)
)

(3.33b)

Combining (3.32) and (3.33b) together with (3.29b), leads to the final formulation
for the TV-Prox-GNWE, its dynamics are shown in (3.19a) – (3.19d).

3.6.4 Convergence proof of TV-Prox-GNWE

In order to simplify the proofs proposed in the following, let us introduce some
useful definition that will be adopted thorough the whole section. We define the two
scalars Lk and mk, where the former is the Lipschitz constant of S(k) and the latter
is such that mk‖x‖2 < 〈U(k)x, x〉, this also implies that ‖U−1(k)‖ ≤ m−1

k . Next,
we define the time-varying matrix K(k) := QkU(k) and the scalars ρ := m−1

k Lk,
qm := mini[Qk]ii and Mk ≥ ‖U(k)‖. Notice that, without loss of generality, we can
always choose the normalized version of the left PF eigenvector q(k) of the matrix
A(k), so maxi[Qk]ii ≤ 1.

In the following, we also omit the time dependency of the operators when this
does not create to ambiguities. The proofs follow similar steps to the ones in [32,
Prop.2.1 and 4.2], where the case of a static communication network is considered.

Lemma 3.15. For all k ∈ N, consider the time-varying operator

TΦ := JΦ−1A + U−1S(JΦ−1A − Id) , (3.34)

then the following hold:

(i) TΦis quasi-nonexpansive in the space HK ,

(ii) if Lk ≤ mk, then fix(TΦ) = zer(A) . �

Proof. (i) From the proof of Lemma 3.13, the operator A := B + Id − Gk is
maximally monotone in HQ for all k ∈ N. The operator S is also maximally
monotone, since it is a skew-symmetric matrix, [14, Ex. 20.30]. Next, we define
the two auxiliary operators M = U−1(A + S) and D = −U−1S. It is easy to
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see that A is monotone and D is monotone and ρ-Lipschitz, , in HK . From [32,
Prop. 2.1 (3)], we obtain that for $∗ ∈ fix(TΦ) it holds for some γ̄ > 0

‖TΦ$ −$∗‖2K ≤ ‖$ −$∗‖K − (1 + ρ2)‖$ − x‖2K (3.35)

where x := JM($ − D$). Hence, we conclude that TΦ is quasi-nonexpansive in
HK .

(ii) If Lk ≤ mk, then the result follows directly from [32, Prop. 2.1 (1)], where we
considered A :=M, B1 = 0 and B2 := D. �

Proof of Theorem 3.12

Consider TΦ, as in (3.34), then the following relation always holds

QU(Id− TΦ)(x) = QΦ(x− JΦ−1A) . (3.36)

From Lemma 3.15 we know that TΦ is quasi-nonexpansive in HK , hence S :=
(Id + TΦ)/2 belongs to the class I in HK , [52, Prop. 2.2(v)]. From [32, Prop. 4.1]
and (3.36), we define the operator

WΦ := Id− ‖K‖−1K(Id− S)

= Id− 1

2
‖K‖−1K(Id− TΦ) , (3.37)

belonging to I in H and fix(WΦ) = fix(TΦ) = zer(A), where the last equality comes
from Lemma 3.15. The update rule in (3.22) can be rewritten as

$+ = $ + 2γ‖K‖(WΦ$ −$) , (3.38)

where γ‖K‖ < 1 for all k, due to the choice of δi and β. Thus, from [52,
Th. 4.2(ii) and 4.3], we have that (‖$ −WΦ$‖2)k∈N is summable and converges
in H to an element $ ∈ Ec, hence to a pn-ENWE, if and only if every sequential
cluster point of sequence belong to Ec.

Toward this aim, we define x$ := JΦ−1A($) then we prove that $ − x$ → 0 and
x$ → x$ ∈ zer(A), concluding the proof.

First, notice that, due to the choice of the coefficients δ and β in Φ(k), it holds

‖$ − TΦ$‖2K ≤ ‖K−1‖‖$ − TΦ$‖2

≤ 4m−1
k M2

k‖$ −WΦ$‖2 → 0 .
(3.39)

Let us define x$ := Jγ̄A($ − γ̄U−1S$), Moreover, from (3.35), it follows

(1− ρ2)‖$ − x$‖K ≤ ‖$ −$∗‖K − ‖TΦ$ −$‖K
= −‖TΦ$ −$‖K − 2〈TΦ$ −$,$ −$∗〉K
≤ −‖TΦ$ −$‖K − 2Mk‖TΦ$ −$‖K‖$ −$∗‖
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The above inequality leads to

(1− ρ2)mkqm‖$ − x$‖ ≤ −‖TΦ$ −$‖K − 2Mk‖TΦ$ −$‖K‖$ −$∗‖ (3.40)

The sequence (‖$(k)−$∗‖)k∈N is bounded and from (3.39) and (3.40), we deduce
that $ − x$ → 0. Notice also that

‖QΦ($ − x$)‖ ≤ (Mk + L)‖$ − x$‖ → 0 .

From the definition of x$, it follows

uk := QΦ($ − x$) ∈ Axω .

Thus, since uk → 0, we conclude that x$ → x$ ∈ zer(A). �
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4
Asynchronous networked generalized Nash

equilibrium seeking

I
n this chapter, we present three distributed algorithms to solve a class of
GNE seeking problems in strongly monotone games. The first one (SD-

GENO) is based on synchronous updates of the agents, while the second
and the third (AD-GEED and AD-GENO) represent asynchronous solu-
tions that are robust to communication delays. AD-GENO can be seen as
a refinement of AD-GEED, since it only requires node auxiliary variables,
enhancing the scalability of the algorithm. Our main contribution is to
prove convergence to a variational generalized Nash equilibrium (v-GNE)
of the game via an operator-theoretic approach. Finally, we apply the al-
gorithms to a network Cournot game and show how different activation
sequences and delays affect convergence. We also compare the proposed
algorithms to a state-of-the-art algorithm solving a similar problem, and
observe that AD-GENO outperforms it.

57
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4.1 Introduction

In modern society, multi-agent network systems arise in several areas, leading to
increasing research activities. When self-interested agents interact with each other,
one of the best mathematical tools to study the emerging collective behavior is
noncooperative game theory over networks. Networked games emerges in several
application domains, such as smart grids [65, 46], social networks [99, 43, 95], and
distributed robotics [47]. In a game setup, the players (or agents) aim at minimizing
a local and private cost function that represents their individual interest, and, at
the same time, satisfy local and global constraints, limiting the possible decisions
(or strategies/actions). The cost function and constraints of a single player are
influenced by the behavior of a fraction of the others, called “neighbors”. Thus,
each decision is influenced by some local information, which is typically exchanged
with the neighbors. One popular notion of solution for these games is the GNE,
where no player benefits from unilaterally changing its strategy, see [79].

In [99, 178, 18], e.g., in the algorithms presented in Chapter 3, the authors focused
on developing synchronous and distributed equilibrium seeking algorithms for non-
cooperative games, namely, the case in which all the agents update their strategies
at the same time. Even though this assumption is quite common, it may lead to se-
vere limitations in the case of agents with heterogeneous computational capabilities
in the game. For example, consider an allocation game between several processors,
as in [177], and assume that they are of two types: high and low performances. A
synchronous update scheme implies that all the players must complete their current
update, before a new one can start. Thus, the low-performance processors create
a bottleneck in the overall performance. To overcome this problem, we focus on
developing asynchronous update rules. It is known that asynchronicity can speed
up the convergence, facilitate the insertion of new agents in the network, and even
increase robustness w.r.t. communication faults, see [25] and references therein.

Among the very first works on asynchronous distributed optimization, the one of
Bertsekas and Tsitsiklis in [24] stands out. From there onward, several authors
elaborated on these ideas and produced novel results for convex optimization [149,
53, 130]. In [177], Yi and Pavel developed an asynchronous algorithm to solve
noncooperative generalized games subject to equality coupling constraints. This
result was enabled by the framework (ARock), recently introduced by Peng et al.
in [147], that provides a wide range of asynchronous variations of the classical fixed
point iterative algorithms.

4.1.1 Contributions

In this chapter, we develop an asynchronous algorithm robust to delayed infor-
mation to solve noncooperative games subject to affine coupling constraints. This
work generalizes and extends the current literature on the topic in the following
ways.

� We tackle the case of a game subject to inequality coupling constraint (rather
than only equality constraint). This drastically broadens the type of problems
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that can be solved by the proposed approach. For example, in signal pro-
cessing [157] and smart grids [65] inequality constraints arise naturally. This
generalization would be difficult to achieve extending the results currently
available, due to the different control structure considered.

� The algorithms that we develop rely on node variables only, rather than edge
variables as in [177]. This, apparently subtle, difference leads to a solution
that adopts (almost always) a lower number of variables. So, it is lighter from
a computational point of view, requires less memory and involves lighter com-
munication between agents. All these features make the proposed solution
achieve overall better performances than [177].

We conclude the chapter comparing the proposed algorithms to that in [177], for the
case of a Cournot game, showing that our algorithms achieve faster convergence.
All the proofs are reported at the end of the chapter in Appendix 4.8.

4.2 Problem formulation

4.2.1 Mathematical formulation

As a first step, we introduce formally the class of games on which our analysis
focuses. As done in Chapters 2 and 3, we consider a noncooperative game Γ
between N agents (or players) subject to affine coupling constraints. We define the
game as the triplet Γ := (X , {fi}i∈{1...N},G), where its elements are respectively:
the collective feasible decision set, the players’ local cost functions and the graph
describing the communication network. In the following subsections, each one of
them is introduced.

Feasible strategy set

Every agent i ∈ N := {1, . . . , N} has a local decision variable (or strategy) xi
belonging to its private decision set Ωi ⊂ Rni , namely the set of all those strate-
gies that satisfy the local constraints of player i. The collective vector of all the
strategies, or strategy profile of the game, is denoted as x := col(x1, . . . , xN ) ∈ Rn,
where n :=

∑
i∈N ni. Then, all the decision variables of all the players other than

i are represented via the compact notation x−i := col(x1, . . . , xi−1, xi+1, . . . , xN ).
We assume that the agents are subject to m affine coupling constraints described
by the affine function x 7→ Ax + b, where A ∈ Rm×n and b ∈ Rm. Thus, the
collective feasible decision set can be written as

X := Ω ∩ {x ∈ Rn |Ax ≤ b} , (4.1)

where Ω =
∏
i∈N Ωi ⊂ Rn, is the Cartesian product of the local constraints sets

Ωi’s. Accordingly, the set of all the feasible strategies of each agent i ∈ N reads as

Xi(x−i) :=
{
y ∈ Ωi | Aiy − bi ≤

∑
j∈N\{i} (bj −Ajxj)

}
,
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where A = [A1, . . . , AN ], Ai ∈ Rm×ni and
∑N
j=1 bj = b. The choice of affine

coupling constraints is widely spread in the literature of noncooperative games, see
e.g., [178, 138, 43]. Moreover, in [99, Remark 3], it is highlighted that separable
and convex coupling constraints can always be rewritten in an affine form. Finally,
we introduce some blanket assumptions on this set of feasible strategy, standard in
the literature [43, 79, 178, 177, 42].

Standing Assumption 4.1 (Convex constraint sets). For each player i ∈ N , the
set Ωi is convex, nonempty and compact. The collective feasible set X satisfies
Slater’s constraint qualification. �

Cost functions

Each player i ∈ N has a local cost function fi(xi,x−i) : Ωi × Ω−i → R, where
Ω−i :=

∏
j∈N\{i} Ωj . The coupling between the players appears not only in the

constraints but also in the cost function, due to the dependency on both xi and
x−i. Next, we assume some properties for these functions that are extensively used
in the literature [79, 178].

Standing Assumption 4.2 (Convex and differentiable cost functions). For all
i ∈ N , the cost function fi(xi,x−i) is continuously differentiable and convex in xi.

�

Communication network

The communication between agents is described by an undirected and connected
graph G = (N , E) where E ⊆ N×N is the set of edges, as described in Appendix B,
as well as the sets Eout

i and E in
i for every i ∈ N . The number of edges in the graph is

denoted by E := |E| and the the incidence matrix V ∈ RE×N is as in Definition B.8.
The matrix L is the Laplacian matrix of G and, from [94, Lem. 8.3.2], it holds that
L := V >V .

4.2.2 Generalized Nash equilibrium

In summary, the considered generalized game is described by the following set of
inter-dependent optimization problems:

∀i ∈ N :

{
argminy∈Rni fi(y,x−i)

s.t. y ∈ Xi(x−i) .
(4.2)

The most popular equilibrium concept considered for noncooperative games with
coupling constraints is the GNE, thus the configuration in which all the relations
in (4.2) simultaneously hold.
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Definition 4.1 (Generalized Nash Equilibrium). A collective strategy x∗ ∈ X is
a GNE if, for each player i, it holds

fi(x
∗
i ,x
∗
−i) ≤ inf

{
fi(y,x

∗
−i) | y ∈ Xi(x∗−i)

}
.

�

In this work, we focus on a subset of GNE, the so called variational GNE (v-
GNE), a class of equilibria that is considered in many other works throughout the
literature – see [79, 18, 111, 112]. The name of these equilibria derives from the
fact that they can be formulated as the solutions to a variational inequality (VI).
An important property of these equilibria is that each agent faces the same penalty
to fulfill the coupling constraints, which is particularly useful to represent a “fair”
competition between agents [79]. Variational GNE can be seen as a particular case
of the concept of normalized equilibrium points, already introduced in Chapter 3.

To properly characterize this set, we define the pseudo-gradient mapping (or game
mapping) of (4.2), as

F (x) = col ((∇xi
fi(xi,x−i))i∈N ) . (4.3)

The pseudo-gradient gathers in a collective vector form the gradients of the cost
functions each w.r.t. the local decision variable. Next, recalling the concepts
introduced in Definion A.5, we introduce some standard technical assumptions,
e.g., [67, 17].

Standing Assumption 4.3. The mapping F in (4.3) is α-strongly monotone and
`-Lipschitz continuous, for some α, ` > 0. �

When Standing assumption 4.2 holds true, the mapping F is single valued and the
set of v-GNE of the game in (4.2) corresponds to the solution of VI(F,X ), namely
the problem of finding a vector x∗ ∈ X such that

〈F (x∗),x− x∗〉 ≥ 0 , ∀x ∈ X . (4.4)

The continuity of F (Assumption 4.2) and compactness of X (Assumption 4.1)
imply the existence of a solution to VI(F,X ), while the strong monotonicity (As-
sumption 4.3) entails uniqueness, see [80, Th. 2.3.3]. The properties of the cost
function assumed above constitute the main differences w.r.t. the setup introduced
in Chpater 3.

Next, let us define the KKT conditions associated to the game in (4.2). The strong
duality of the problem (Assumptions 4.1, 4.2) implies that, if x∗ is a GNE of (4.2),
then there exist N dual variables λ∗i ∈ Rm≥0, for all i ∈ N , such that the following
inclusions are satisfied:

∀i ∈ N :

{
0 ∈ ∇xi

fi(x
∗
i , x
∗
−i) +A>i λ

∗
i +NΩi

(x∗i ) ,

0 ∈ b−Ax∗ +NRm
≥0

(λ∗i ) .
(4.5)

Instead of looking for the solution of the general case where λ∗1, . . . , λ
∗
N may be

different, we examine the special case when λ∗ := λ∗1 = · · · = λ∗N , namely
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∀i ∈ N :

{
0 ∈ ∇xifi(x

∗
i , x
∗
−i) +A>i λ

∗ +NΩi(x
∗
i ) ,

0 ∈ b−Ax∗ +NRm
≥0

(λ∗) .
(4.6)

It follows from [78, Th. 3.1(ii)], that the KKT inclusions in (4.6) correspond to the
solution set to VI(F,X ). Thus, every solution x∗ to VI(F,X ) is also a GNE of the
game in (4.2), [78, Th. 3.1(i)]. Since the solution set to VI(F,X ) is a singleton, we
conclude that there exists a unique v-GNE of the game (4.2).

4.3 Synchronous distributed GNE seeking algo-
rithm

We first introduce the synchronous counterpart of AD-GENO, i.e., the Synchronous
Distributed GNE Seeking Algorithm with Node variables (SD-GENO). The deriva-
tion of the algorithm is based on an operator splitting approach to solve the KKT
system in (4.6). A similar approach was also adopted in [178, 18] in the contest of
GNE finding problems.

4.3.1 Algorithm design

The KKT conditions of each agent i in (4.5) are satisfied by a couple (xi, λi),
where the dual variables λi may be different among the players. If we enforce the
consensus among the dual variables, then the unique solution of the inclusions is the
v-GNE of the game. This is achieved by exploiting the fact that ker(V ) = span(1)
and introducing the auxiliary variables σl, l ∈ {1, . . . , E}, one for every edge in
the graph. Using the notations λ := col((λi)i∈N ) ∈ RmN , Λ := diag((Ai)i∈N ) ∈
RmN×n, b̄ := col((bi)i∈N ) ∈ RmN , σ := col((σl)l∈{1...E}) ∈ RmE , V := V ⊗ Im ∈
RmE×mN and L := L ⊗ Im ∈ RmE×mN , we cast the augmented version of the
inclusions in (4.5) by

0 ∈ F (x) + Λ>λ+NΩ(x)

0 ∈ b̄− Λx+NRmN
≥0

(λ) +Lλ+ ρV >σ

0 = −ρV λ ,

(4.7)

where ρ ∈ R>0. In (4.7), the term Lλ accelerates the convergence of the dual
variables to consensus.

A solution $ = col(x∗,σ∗,λ∗) of the above inclusions can be equivalently recast
as a zero of the sum of two mappings A and B defined as

A : $ 7→

 0 0 Λ>

0 0 −ρV
−Λ ρV > 0

$ +

 NΩ(x)
0

NRmN
≥0

(λ)


B : $ 7→

 F (x)
0

b̄+Lλ

 .
(4.8)
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In fact, $∗ ∈ zer(A+ B) if and only if $∗ satisfies (4.7).

Next, we show that the zeros of A+B characterize the v-GNE of the original game.

Proposition 4.2. Let A and B be as in (4.8). Then, the following holds:

(i) zer(A+ B) 6= ∅ ,

(ii) if col(x∗,σ∗,λ∗) ∈ zer(A + B) then (x∗,λ∗) satisfies the KKT conditions
in (4.5), with λ∗1 = · · · = λ∗N , hence x∗ is the unique v-GNE of the game
in (4.2). �

The proof is attained by exploiting the property that ker(V ) = ker(L), for the
graph described in Section 4.2.1. The steps are similar to those in [178, Th. 2].

Several researchers have analyzed the problem of finding a zero of the sum of two
monotone operators. In Appendix A we introduce the so called splitting methods
that are one of the most popular approaches to derive an iterative algorithm solving
this class of problem – see [69], [14, Ch. 26].

Lemma 4.3. The mappings A and B in (4.8) are maximally monotone. Moreover,
B is χ-cocoercive, where χ := min

{
α
`2 , λmax(L)−1

}
. �

The properties of the operators proved above drive us to select the pFB to de-
rive a distributed and iterative algorithm seeking zer(A + B). This approach was
previously adopted by other researchers, e.g., [178].

The FB splitting operator reads as

T := JΦ−1A ◦ (Id− Φ−1B) . (4.9)

The so-called preconditioning matrix Φ is defined by

Φ :=

τ−1 0 −Λ>

0 δ−1ImM ρV

−Λ ρV > ε−1

 (4.10)

where δ ∈ R>0, ε = diag((εi)i∈N )⊗ Im with εi > 0, for all i ∈ N and τ is defined
in a similar way.

The update rule of the algorithm is obtained by including a relaxation step, i.e.,

$̃(k) = T$(k)

$(k + 1) = $(k) + η($̃(k)−$(k)) .
(4.11)

It comes from (4.9) that fix(T ) = zer(A+B), in fact $ ∈ fix(T )⇔ $ ∈ T$ ⇔ 0 ∈
Φ−1(A+ B)$ ⇔ $ ∈ zer(A+ B), see [14, Th. 26.14].

In the remainder of this section, we provide the complete derivation of SD-GENO,
obtained directly from (4.11). In the following, we denote $ := $(k), $+ :=
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$(k + 1) and $̃ := $̃(k) to simplify the notation. Consider $̃ = T$. From (4.9)
it holds that $̃ = JΦ−1A ◦ (Id− Φ−1B)$ ⇔ Φ($ − $̃) ∈ A$̃ + B$, thus

0 ∈ A$̃ + B$ + Φ($̃ −$) . (4.12)

The update rule of each components of $ is attained by analyzing the row blocks
of (4.12). The first reads as 0 ∈ F (x) + NΩ(x̃) + τ−1(x̃ − x) + Λ>λ. By solving
this inclusion by x̃, we attain the update rule for the primal variables:

x̃ = JNΩ
◦
(
x− τ (F (x) + Λ>λ)

)
. (4.13)

Similarly, from the second row block of (4.12), we attain the update for σ̃, i.e.,

σ̃ = σ + δρV λ . (4.14)

Finally, the third row block of (4.12) is 0 ∈ b̄ + Lλ + NRmN
≥0

(λ̃) + Λ(2x̃ − x) +

ρV >(2σ̃ − σ) + ε−1(λ̃− λ), from which we obtain

λ̃ = JNRmN
≥0

◦
(
λ+ ε(Λ(2x̃− x)− b̄− ρV >(2σ̃ − σ)−Lλ)

)
(4.14)

= projRmN
≥0

(
λ+ ε(Λ(2x̃− x)− b̄

− ρV >σ − (2δρ2 + 1)Lλ)
)
.

(4.15)

Note that, the update of λ̃ depends only on the aggregate information V >σ. We
can exploit this feature to replace the edge auxiliary variables σl’s, with a single
variable for each agent i defined by zi :=

(
[V >]i ⊗ Im

)
σ ∈ RmN . Recalling that

V >V = L ⊗ Im =: L, we compute the update rule of these new variables and
replace (4.14) by

z̃ = V >σ + δρV >V λ = z + δρLλ . (4.16)

Consequently, (4.15) is modified accordingly as

λ̃ = projRmN
≥0

(
λ+ ε(Λ(2x̃− x)− b̄

− ρz − (2δρ2 + 1)Lλ)
)
. (4.17)

To ensure that this change of variables does not affect the equilibrium of the game,
we introduce the following result proving that an equilibrium point of the new set
of equations is indeed a v-GNE of (4.2).

Theorem 4.4. If col(x∗, z∗,λ∗) is a solution to the equations (4.13), (4.16),
(4.17), with 1>z∗ = 0, then x∗ is a v-GNE of the game in (4.2). �

Remark 4.1. In [177], the algorithm SYDNEY achieves convergence to the v-
GNE of the game (4.2), when this is subject to equality coupling constraints only.
This solution relies on edge auxiliary variables to enforce the consensus of the λi’s.
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Algorithm 4.1: SD-GENO

Input: k = 0, for all i ∈ N , xi(0) ∈ Rni , λi(0) ∈ Rm, zi(0) = 0m.
Choose δ, εi, τi satisfying (4.19), while η ∈ (0, 1) and ρ ∈ (0, 1].

Iteration k until convergence

// communication with neighbors
each i ∈ N gathers λj(k) from the neighbors and updates the disagreement
vector di(k) :=

∑
j∈Ni

(λi − λj)
// local update
for i ∈ N do

x̃i = projΩi

(
xi − τi(∇ifi(xi,x−i) +A>i λi)

)
z̃i = zi + ρ δ di(k)

λ̃i = projRm
≥0

(
λi + εi

(
Ai(2x̃i − xi)− bi − ρzi − (2δρ2 + 1)di(k)

) )
x+
i = xi + η(x̃i − xi)
z+
i = zi + η(z̃i − zi)
λ+
i = λi + η(λ̃i − λi)

k ← k + 1

Therefore, the number of variables that each agent must store is O(N).
The change of “variables”, from σ to z, is convenient when the edges outnumber
the nodes, which is almost always the case. A lower number of variables leads to an
overall increment in the algorithmic efficiency and to a fixed memory requirement
for each player that does not increase with N . Furthermore, if SYDNEY in [177]
is modified to address inequality constraints, it would require an additional round
of communication between the agents, making it more demanding and slower than
SD-GENO. �

4.3.2 Synchronous, distributed algorithm with node vari-
ables (SD-GENO)

The complete formulation of the algorithm is obtained by gathering together all
the update rules introduced in the previous section, i.e., (4.13), (4.16), (4.17) and
adding a relaxation step. The algorithm in compact form is expressed as

x̃ = projΩ
(
x− τ (F (x) + Λ>λ)

)
z̃ = z + ρδLλ

λ̃ = projRmN
≥0

(
λ+ ε(Λ(2x̃− x)− b̄

−ρz − (2δρ2 + 1)Lλ)
)

x+ = x+ η(x̃− x)

z+ = z + η(z̃ − z)

λ+ = λ+ η(λ̃− λ) ,

(4.18)
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while the local updates and the initial condition of SD-GENO are provided in
Algorithm 4.1, where we used the fact that JS = projS , as shown in Appendix A.

The final formulation of SD-GENO is obtained from (4.18) specifying the local
update rule for each player of the game. It is composed of two main phases:
the communication with the neighbors and the local update. First, each agent
gathers the information about the strategies and the dual variables of the neighbors.
Next, the local update is performed, based on a gradient descent and dual ascend
structure. It is worth noticing that only one round of communication is required
at each iteration of SD-GENO.

The convergence of SD-GENO to the v-GNE of the game in (4.2) is proven in the
following theorem.

Theorem 4.5. Set the step sizes εi, δ, τi, for all i ∈ N , and ϑ ∈ R such that

τi ≤ (‖Ai‖+ ϑ)−1 (4.19a)

δ ≤ (2ρ+ ϑ)−1 (4.19b)

εi ≤ (ρ|Ni|+ ‖Ai‖+ ϑ)−1 , (4.19c)

ϑ >
1

2χ
(4.19d)

with χ as in Lemma 4.3 and η ∈
(
0, 4χϑ−1

2χϑ

)
. Then, the sequence (x(k))k∈N gener-

ated by SD-GENO (Algorithm 4.1) converges to the v-GNE of the game in (4.2).
�

4.4 Asynchronous, distributed algorithm with edge
variables (AD-GEED)

In the case of heterogeneous agents with diverse update rates, SD-GENO can con-
verge slowly, due to its synchronous structure. To overcome this limitation, we
introduce here the Asynchronous Distributed GNE Seeking Algorithm with Edge
variables (AD-GEED). It uses edge auxiliary variables {σl}l∈{1...E} and an asyn-
chronous update to compute the v-GNE of the game in (4.2). As discussed in the
previous section, the use of edge-based auxiliary variables may lead to a limited
scalability of the final algorithm. In Section 4.5, we use AD-GEED as a starting
point to develop an algorithm relying on node variables only. From a technical point
of view, the asynchronicity is achieved by exploiting an asynchronous framework
for fixed-point iterations, the so called “ARock” framework, developed in [147].
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4.4.1 Algorithm design

The update rule in the asynchronous case, is similar to that in (4.11), with the
main difference that, at each iteration, only one agent i ∈ N updates its strategy
xi, dual variable λi and local auxiliary variables {σl}l∈Eouti

. To mathematically
formulate this concept, we introduce N diagonal matrices Hi, where [Hi]jj is 1
if the j-th element of col(x, σ, λ) is an element of col(xi, {σl}l∈Eouti

, λi) and 0
otherwise. The matrix Hi triggers the update of those elements in $ that are
associated to agent i. We assume that the choice of which agent performs the
update during the iteration k is ruled by an i.i.d. random variable ζ(k), taking
values in H := {Hi}i∈N . Given a discrete probability distribution (p1, . . . , pN ),
let P[ζ(k) = Hi] = pi, for all i ∈ N . Therefore, the update rule in the asynchronous
case is cast as

$(k + 1) = $(k) + ηζ(k)(T$(k)−$(k)) . (4.20)

An illustrative example is now provided to clarify how to construct the set H.

Example 4.2. Consider a game with N = 3, E = 2, m = 1, ni = 1, i = 1, 2, 3
and $ is the collective vector of all the strategies and auxiliary variables in the
game. The communication network is described by the undirected graph G, where
the arrows describe the convention adopted for the edges.

In this case, H is a set of three 8× 8 matrices, namely

H1 := diag((1, 0, 0, 1, 0, 1, 0, 0))

H2 := diag((0, 1, 0, 0, 1, 0, 1, 0))

H3 := diag((0, 0, 1, 0, 0, 0, 0, 1)) .

If during iteration k agent 2 is updating, (4.20) turns into

$(k + 1) = $(k) + ηH2(T$(k)−$(k)) . (4.21)

So, the only elements of $ that change are (x2, σ2, λ2), precisely the variables
associated to agent 2. �

We assume that each agent i is equipped with public and private memory, the for-
mer is used by the neighbors to write their strategies (and dual/auxiliary variables)
when they complete an update. The latter instead is used by i to store a copy of the



68 Chapter 4. Asynchronous networked GNE seeking

public memory, when it is performing a local update. This memory is not accessi-
ble to the neighbors, so it ensures the consistency of the local updates, refer also
to [147]. If an agent j ∈ Ni concludes its update during iteration k while agent i is
still computing its future strategy, then the value of the strategy of j, which agent
i is using, becomes outdated. We denote the vector of (possibly) outdated strategy
used for the update during the iteration k by $̂(k). All the variables updated by
an agent i, i.e., xi, λi and {σl}l∈Eout

i
, share the same delay ϕi(k) ∈ N, since they

are written at the same moment in the neighbors’ public memories. Technically,
the components of $̂(k) associated to agent j 6= i used during the k-th iteration by
agent i for the update are col(xj(k−ϕj(k)), {σ`(k−ϕj(k))}`∈Eoutj

, λj(k−ϕj(k))),

hence $̂j(k) = $j(k − ϕj(k)).

According to this, the final formulation of the update rule (4.20) becomes

$(k + 1) = $(k) + ηζ(k)(T − Id)$̂(k) . (4.22)

The only assumption that we impose over the delay, is boundedness, as formalized
next.

Assumption 4.4 (Bounded maximum delay). The delays are uniformly upper
bounded, i.e. there exists ϕ̄ > 0 such that supk∈N≥0

maxi∈N {ϕi(k)} ≤ ϕ̄ < +∞. �

The local update rules of AD-GEED are presented in Algorithm 4.2 and they are
achieved via steps similar to those introduced in Sec. 4.3.1 for SD-GENO. To ease
the notation, for each agent j ∈ N , we define x̂j := xj(k + ϕj(k)), λ̂j := λj(k −
ϕj(k)) and σ̂l := σl(k−ϕj(k)), for all l ∈ Eout

j , and furthermore x̂ := col((x̂j)j∈N ),

λ̂ := col((λ̂j)j∈N ), σ̂ := col((σ̂j)j∈N ). Notice that each agent has always access to
the most recent value of its variables, i.e., ϕi(k) = 0 for every agent i ∈ N .

The following convergence theorem is achived by exploiting the results in [147] for
a Krasnosel’skĭi asynchronous iteration.

Theorem 4.6. For every i ∈ N , choose εi, δ, τi as in (4.19), and let η ∈(
0, cNpmin

2ϕ̄
√
pmin+1

(
2− 1

2χϑ

)]
and c ∈ (0, 1). Then, the sequence (x(k))k∈N gener-

ated by AD-GEED (Algorithm 4.2) converges to the v-GNE of the game in (4.2)
almost surely. �

Remark 4.3. If the probability distribution is uniform, i.e., pmin = 1
N , and we

choose ϑ = 1
χ , then the bounds on the relaxation step simplify as η ∈

(
0, 3

2
c
√
N

2ϕ̄+
√
N

]
.

Moreover, if there is no delay, i.e., ϕ̄ = 0, or the number of agents is very
high, then the bounds may be chosen independently from the number of players,
e.g., as η ∈ (0, 1]. �

The structure of AD-GEED is similar to that of ADAGNES in [177, Alg. 1], where
edge auxiliary variables are used to achieve consensus over the dual variables. How-
ever, unlike ADAGNES, our algorithm can handle inequality coupling constraints.
Moreover, it has better performances, in terms of convergence time, according to
our numerical experience, see Figure 4.5.
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Algorithm 4.2: AD-GEED

Input: k = 0, x0 ∈ Rn, λ0 ∈ RmN , σ0 = 0mM , chose δ, εi, τi satisfying (4.19)
and η ∈ (0, 1).

Iteration k until convergence

// agent selection

select the agent ik with probability P[ζ(k) = Hik ] = pik
// reading memory

agent ik copies in its private memory the current values of the public memory,
i.e. x̂j , λ̂j , ∀j ∈ Nik and σ̂l, ∀l ∈ E in

ik
and l ∈ Eout

j .

// local update of i

x̃ik = projΩik

(
xik − τik(∇ikfik(xik , x̂−ik) +A>ikλik

)
σ̃l = σl + δρ([V ]l ⊗ Im)λ̂ , ∀l ∈ Eout

ik

λ̃ik = projRm
≥0

(
λik + εik

(
Aik(2x̃ik − xik)− bik − ρ([V >]ik ⊗ Im)σ̂

−(2δρ2 + 1)
∑
j∈Nik

(λi − λ̂j)
))

x+
ik

= xik + η(x̃ik − xik)

σ+
l = σl + η(σ̃l − σl) , ∀l ∈ Eout

ik

λ+
i = λik + η(λ̃ik − λik)

// write in the public memories of all j ∈ Nik
(xik , λik)← (x+

ik
, λ+
ik

)

{σl}l∈Eout
ik
← {σ+

l }l∈Eout
ik

k ← k + 1

4.5 Asynchronous, distributed algorithm with node
variables (AD-GENO)

This section presents the main result of the chapter, namely, we use AD-GEED as a
backbone to design an algorithm converging in the same number of iterations, but
relying on node auxiliary variables only, and therefore it is intrinsically lighter from
a computational point of view. We name it Asynchronous Distributed GNE Seeking
Algorithm with Node variables (AD-GENO). It is based on an idea akin to the one
used to develop SD-GENO. In fact, the local update of λi in AD-GEED requires
only the aggregate quantity ([V >]i⊗Im)σ. We introduce a variable zi to capture the
variation of this aggregate quantity and show that it does not affect the dynamics
of the pair (xi, λi), thus preserving the convergence proved in Theorem 4.6. Unlike
the synchronous case, we cannot directly define z = V >σ, due to the different
update frequencies of {σl}l∈Ei and zi that would affect the dynamics of λ. This
mismatch is clarified via the following example.
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Example 4.4. Consider the communication network in Example 4.2 and assume
that in the first three time instances, agent 2 updates twice and then 3 updates
once, i.e., i0 = i1 = 2 and i2 = 3. For k = 1, according to Algorithm 4.2 it holds

σ2(2) = σ2(1) + ηρδ(λ2(1)− λ3(0))

λ2(2) ∝ ρ(σ2(1)− σ1(0)) ,
(4.23)

where ∝ is used to describe dependency. Next, for k = 2 only λ3 is updated, then

λ3(3) ∝ −ρσ2(2) . (4.24)

If we substitute the edge variables σ1, σ2 with zi = [V >]iσ for i = 1, 2, 3, and apply
the same activation sequence, it leads to

z3(3) = z3(0) + ηρδ(λ3(0)− λ2(2))

λ3(3) ∝ ρz3(0) .
(4.25)

From the comparison of (4.24) and (4.25), it is clear that the value of λ3(3) would
be different in the two cases. This is explained by the fact that σ2 is updated twice,
while z3 only once. �

To bridge the gap between σ and z, we introduce an extra variable µi ∈ Rm for
each node i. The role of µi is to store the changes of the neighbors dual variable
λj , during the time between the last update of i and the next one.

In Algorithm 4.3, we present the local update rules of AD-GENO.The convergence
of AD-GENO is proven by the following theorem. Essentially, we show that intro-
ducing z and µ does not affect the dynamics of (x,λ).

Theorem 4.7. For every i ∈ N choose εi, δ, τi as in (4.19). Let

η ∈
(

0,
cNpmin

2ϕ̄
√
pmin + 1

(
2− 1

2χϑ

)]
with pmin := min{pi}i∈N and c ∈ (0, 1). Then, the sequence (x(k))k∈N generated
by AD-GENO (Algorithm 4.3) converges to the v-GNE of the game in (4.2) almost
surely. �

Remark 4.5. Only one extra scalar variable µi is used for every agent i ∈ N ,
and hence the benefits of adopting only node variables, discussed in Remark 4.1,
hold also in this asynchronous counterpart. Furthermore, the number of required
communication rounds between agents does not increase, since the variable µi is
updated by the neighbors of agent i during their writing phase. �

4.6 Simulations

We conclude by proposing two sets of simulations to validate the theoretical results
in the previous sections. First, we apply AD-GENO on a network Cournot game
and study how delays and different activation sequences affect the convergence.
Then, we compare the total computation time required by AD-GENO, AD-GEED
and ADAGNES (in [177, Alg. 1]), over different communication graphs.
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Algorithm 4.3: AD-GENO

Input: k = 0, x(0) ∈ Rn, λ(0) ∈ RmN , z(0) = 0mN . For every i ∈ N , choose
δ, εi, τi satisfying (4.19), η ∈ (0, 1) and set µi = 0m.

Iteration k until convergence

// agent selection

select the agent ik with probability P[ζ(k) = Hik ] = pik
// reading memory

agent ik copies its public memory in the private one, i.e., the values x̂j , λ̂j ,
∀j ∈ Nik , and µik .

reset the public values of µik to 0m.

// local update

x̃ik = projΩik

(
xik − τik(∇ikfik(xik , x̂−ik) +A>ikλik)

)
z̃ik = zik + δηµik

λ̃ik = projRm
≥0

(λik + εik(Aik(2x̃ik − xik) − bik
−ρz̃ik +(2δρ2 − 1)

∑
j∈Nik

\{ik}(λik − λ̂j)
)

x+
ik

= xik + η(x̃ik − xik)

z+
ik

= z̃ik + ηδρ
∑
l∈Eout

ik

([V ]l ⊗ Im)λ̂

λ+
ik

= λik + η(λ̃ik − λik)

// write in the public memory of all j ∈ Nik
(xik , λik)← (x+

ik
, λ+
ik

)

µj ← µj + λ̂j − λik
k ← k + 1

4.6.1 AD-GENO convergence

In a network Cournot game, N firms compete over m markets and the coupling con-
straints model the maximum markets capacities. We propose a smilar formulation
to that proposed in [178]. Here, we considered N = 8 firms, with the possibility
to act over m = 3 markets, i.e., xi ∈ R3, for all i ∈ N . The local production is
bounded, i.e., 0 ≤ xi ≤ xi, where each component of xi ∈ R3 is randomly drawn
from [10, 45]. In Figure 4.1a, the interaction of each firm with the markets is shown;
an edge is drawn between a firm and a market if one of former’s strategies is ap-
plied to the latter. Two firms are neighbors if they compete over the same market,
therefore the communication network between the firms is the one in Figure 4.1b.
The coupling constraints are defined by Ax ≤ b, where A := [A1, . . . , AN ] ∈ R3×24

while b ∈ R3. The element [Ai]jk is nonzero, if [xi]k > 0 and it is applied to market
j. Each nonzero element in A is randomly chosen from [0.6, 1], this value can be
seen as the efficiency of a strategy on a market. The components of b ∈ R3 are the
capacities of the markets, randomly drawn from [20, 100]. The local cost function
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Figure 4.1: (a) Action of players {1, . . . , 8} over the three markets A, B, C, D,
(b) Communication network arising from the competition over the markets.

is defined as fi(xi,x−i) := ci(x) − P (Ax)>Aixi; ci(x) and it describes the cost
of opting for a certain strategy, while P (Ax) is the reward attained. The price is
assumed linear in its argument P (z) = P̄ − Dz, where P̄ ∈ R3 and D ∈ R3×3 is
a diagonal matrix, their non zero components are randomly chosen from [250, 500]
and [1, 5] respectively. The function ci(x) = x>i Qixi + q>i xi is quadratic, where
Qi ∈ R4×4 is diagonal and qi ∈ R4. Their values are randomly chosen from [1, 8]
and [1, 4], respectively.
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Figure 4.2: Normalized distance from the v-GNE.

Figure 4.3: Norm of the disagreement between the dual variables.

Figure 4.4: Constraints violation.
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In order to explore different setups we simulate three different cases:

(A) The communication is delay free, i.e., ϕ̄ = 0, and the activation sequence is
alphabetic, and hence P [ζ(k) = Hi] = 1

N , for every i ∈ N .

(B) The activation sequence is still alphabetic, but the communication may be
delayed of 3 time instants at most, i.e., ϕ̄ = 3.

(C) The communication has no delay, but the probability of update is different
between agents, half of them have pi = 1

6 , while the rest pi = 1
12 .

The outcomes of these scenarios are now analyzed. More precisely, in Figure 4.2 we
show the convergence of the collective strategy x(k) to the v-GNE of the game. It
is interesting to notice that the delayed information does not affect the convergence
drastically, while a more skewed probability update makes it significantly slower.
The same effect can be recognized in the evolution of the consensual disagreement
(Figure 4.3). Finally, the coupling constraints are satisfied in all three cases after
16000 iterations (Figure 4.4). From simulations, we noticed that the convergence
of the dual variables is often the bottleneck to high convergence performances. In
all our algorithms, we mitigated this effect by an appropriate tuning of ρ.

4.6.2 Comparison between algorithms

Next, we compare the performance of AD-GENO with respect to AD-GEED and
ADAGNES, from a computational time point of view. For the comparison with
ADAGNES, we consider a modified version of the Nash-Cournot game presented
in Section 4.6.1 with coupling equality constraints, i.e., only Ax = b. Here, we
consider N = 40 firms, each with at most ni = 2 products. To provide an extensive
comparison, we considered many instances of this game varying the communication
network, from a complete to a sparse graph. The other quantities in the games are
chosen as in the previous section. We compared the algorithms over 160 different
graphs. The computational time required to obtain convergence is compared in the
three cases.1

The results of the simulations are presented in Figure 4.5. As expected AD-GENO
always outperforms AD-GEED, since it achieves the same dynamics of (x,λ) with
fewer auxiliary variables. As expected, the gap between the two algorithms shrinks
for a sparse graph while it increases for a dense one, from ∼ 3% to ∼ 20%. A
similar behavior arises when AD-GENO is compared to ADAGNES, due to the
increment of auxiliary variables for highly connected graphs. In particular, the
advantage in using AD-GENO starts from ∼ 20% when the graph has an average
degree of 3 and becomes ∼ 60% when the graph is complete.

1The computation is performed on a single computer, thus the considered time is due to the
local updates only and not the communications between the agents.
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Figure 4.5: Comparison of the computation time of ADAGNES vs AD-GENO
(orange diamond) and AD-GEED vs AD-GENO (blue dots), w.r.t. the variation
of the communication network connectivity. If a value is lower then 100%, then
AD-GENO is faster than the compared algorithm. The smaller the average node
degree the more sparse the graph.

4.7 Conclusion

The AD-GENO algorithm developed in this chapter solves GNE seeking problems
in strongly monotone games via a fully asynchronous update scheme. It adopts
node variables only, and ensures resilience to delayed information. These features
allow to increase the scalability of the algorithm and increase the performances.
In our numerical experience, AD-GENO outperforms the available solutions in
the literature, both in terms of computational time and the number of variables
required.
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4.8 Appendix

4.8.1 Proofs of Section 4.3

Proof of Lemma 4.3

The operator A is the sum of two operators A1 + A2, the first is a real skew
symmetric matrix, hence maximally monotone by [14, Ex. 20.35]. A2 is NΩ × 0×
NRmN
≥0

, thus maximally monotone from [14, Ex. 20.26]. By [14, Cor. 25.5(i)], we

conclude that A is maximally monotone, since dom(A1) = Rn+(E+N)m.

Notice that the cocoercity of an operator also implies its maximally monotoniticy,
see [14, Ex. 20.31].

Next, we prove the cocoercivity of B. For all $1, $2 ∈ dom(B) , it holds

〈B($1)− B($2)|x− y〉 =<

[
F (x1)−F (x2)

0
L(λ1−λ2)

]
|$1 −$2 >

=< F (x1)− F (x2)|x1 − x2 > +(λ1 − λ2)>L(λ1 − λ2)

≥ α
`2 ‖F (x1)− F (x2)‖2 + λmax(L)−1‖L(λ1 − λ2)‖2

≥ min
{
α
`2 , λmax(L)−1

}
‖B($1)− B($2)‖2

= χ ‖B($1)− B($2)‖2 ,

where the first inequality is attained by the α-strong monotonicity and ` Lips-
chitzianity of F and by recalling that for every symmetric real matrix M � 0 it
holds y>My ≥ λmax(M)−1‖My‖2, with λmax(M) ∈ R>0. �

Proof of Theorem 4.4

Consider the equilibrium point col(x∗,λ∗, z∗) with z∗ = V >σ
∗
. Then, (4.16)

at the equilibrium reduces to 0 = −ρLλ∗, and thus λ∗ = λ∗ ⊗ 1. Moreover,
manipulating (4.17) and evaluating it in the equilibrium lead to

0 ∈ NRmN
≥0

(λ∗) + b̄− Λx∗ + ρz∗ + (2ρδ + 1)Lλ∗ . (4.26)

Recalling that Lλ∗ = 0 and multiplying both sides of (4.26) by (1>⊗ Im) leads to

0 ∈ (1> ⊗ Im)(NRmN
≥0

(λ∗) + b̄− Λx∗ + ρz∗) . (4.27)

Using the fact that
∑
i∈N NRm

≥0
(λ∗) = N∩i∈NRm

≥0
(λ∗) = NRm

≥0
(λ∗) and the assump-

tion 1>z∗ = 0, (4.27) becomes

0 ∈ NRm
≥0

(λ∗) + b̄−Ax∗ . (4.28)

Finally, (4.15) evaluated in the equilibrium is

0 ∈ F (x∗) +NΩ(x∗) + Λ>λ∗ , (4.29)
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or equivalently

0 ∈ ∇fi(x∗i ,x∗−i) +NΩi
(x∗i ) +A>i λ

∗ , ∀i ∈ N . (4.30)

Inclusions (4.30) and (4.28) are the KKT conditions in (4.6), and hence from [78,
Th. 3.1] we conclude that col(x∗,λ∗, z∗) is a v-GNE of the game. �

Proof of Theorem 4.5

From [84, Th. 2], the choice of ϑ, εi, δ and τi in (4.19) implies that Φ−ϑI � 0. Then,
from [177, Lem. 2], Φ−1B and Φ−1A are respectively χϑ-cocoercive and maximally
monotone in the Φ induced norm. Furthermore, it also shows that (Id− Φ−1B) is

1
2χϑ -AVG and JΦ−1A := (Id+Φ−1A) is FNE. Applying [14, Prop. 4.44], we conclude

that T is 2χϑ
4χϑ−1 -AVG. So, the iteration in (4.11) converges to $∗ ∈ fix(T ) if η ∈(

0, 4χϑ−1
2χϑ

)
, [14, Th. 5.14]. The above argument establishes that limk→+∞ σ

k =

σ∗, and hence limk→+∞ V
>σk = V >σ∗ =: z∗. So, z converges and consequently

we conclude that Algorithm 4.1 converges to col(x∗,λ∗, z∗). The choice of z0 = 0,
implies that 1>zk = 0, for all k ∈ N since its values will be in the range of L.
Finally, applying Theorem 4.4 we prove that the equilibrium is the v-GNE of the
original game. �

4.8.2 Proof of Theorem 4.6

Since T is 2χϑ
4χϑ−1 -AVG, then it can be rewritten as

T =

(
1− 2χϑ

4χϑ− 1

)
Id +

2χϑ

4χϑ− 1
P ,

where P is nonexpansive, [14, Prop. 4.35]. By substituting it into (4.22), we obtain

$k+1 = $k +
2ηχϑ

4χϑ− 1
ζk(P − Id)$̂k . (4.31)

For (4.31), we apply [147, Lem. 13 and Lem. 14], to conclude that ($k)k∈N is
bounded and that it converges almost surely to $∗ ∈ fix(P ) = fix(T ), for 2ηχϑ

4χϑ−1 ∈(
0, cNpmin

2ϕ̄
√
pmin+1

]
, thus if η ∈

(
0, cNpmin

2ϕ̄
√
pmin+1

(
2− 1

2χϑ

)]
. Since fix(T ) = zer(A + B),

we conclude from Proposition 4.2 that {xk}k∈N≥0
converges to the v-GNE of (4.2)

almost surely. �

4.8.3 Proof of Theorem 4.7

If we show that the modified update of λ, with z instead of σ, is equivalent to the
one in Algorithm 4.2, we can infer the convergence from Theorem 4.6.
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We prove by induction that, given an agent i, the update of λi at time k in Algo-
rithm 4.2 and 4.3 are equivalent. Note that the two update rules are equivalent if
it holds that

z̃i(k) = ([V >]i ⊗ Im)σ̂(k) , (4.32)

for every k > 0 and i ∈ N .

Base case: Iteration k is the first in which agent i updates its variables. If k = 0,
then in AD-GENO µi = 0m for every i and σ̂(0) = 0mM in AD-GEED, hence
(4.32) is trivially verified.

If instead k > 0, it holds that zi(k) = zi(0) = 0m, while σ̂(k) 6= 0mM , since the
neighbors of i can update more than once before the first update of i (as shown in
Example 4.4). We define for each j ∈ Ni the set Sj(k), a t ∈ N where t < k belongs
to Sj(k) if, at the iteration t, the agent j completes an update. The maximum time
in Sj(k) is denoted as mj(k) := max{Sj(k)} and Šj(k) := Sj(k)\mj(k). From this
definitions, we obtain that

([V >]i ⊗ Im)σ̂(k) =
∑
l∈Eout

i

σl(0)−
∑
d∈Eini

σd(mj(k)) , (4.33)

where j is the element of ed different from i. Furthermore, from the update rule of
σd in Algorithm 4.2, we derive

σd(mj(k)) = σd
(
max{Šj(k)}

)
+ ηδρ

(
λj
(
max{Šj(k)}

)
− λi(0)

)
= ηδρ

∑
h∈Šj(k)

(λj(h)− λi(0))
(4.34)

Substituting (4.34) into (4.33) leads to

([V >]i ⊗ Im)σ̂(k) = ρηδ

 ∑
j∈Ni\{i}

∣∣Šj(k)
∣∣λi(0)−

∑
j∈Ni\{i}

∑
h∈Šj(k)

λj(h)

 . (4.35)

From the definition given in Algorithm 4.3 of µi, we attain that ([V >]i⊗Im)σ̂(k) =
ηδµi = z̃i(k), therefore (4.32) hold.

Induction step: Suppose that (4.32) holds for some k̄ > 0 that corresponds to the

latest iteration in which agent i performed the update, i.e. zi(k̄) 6= 0.

Consider the next iteration k in which agent i updates, k > k̄. Here, Sj(k) is
defined as above, but for time indexes (k̄, k]. Following similar reasoning in the
previous case, we obtain

([V >]i ⊗ Im)σ̂(k) = ([V >]i ⊗ Im)σ̂(k̄) + ηδρ
∑
l∈Eouti

([V ]l ⊗ Im)λ̂(k̄)

+ ηδρ

 ∑
j∈Ni\{i}

∣∣Šj(k)
∣∣λi(0)−

∑
j∈Ni\{i}

∑
h∈Šj(k)

λj(h)

 (4.36)
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where we used the fact that l ∈ Eout
i is updated at the same time of i. Furthermore,

from the induction assumption,

([V >]i ⊗ Im)σ̂(k) = zi(k̄) + ηδρ

 ∑
j∈Ni\{i}

∣∣Šj(k)
∣∣λi(0)−

∑
j∈Ni\{i}

∑
h∈Šj(k)

λj(h)


= zi(k̄) + ηδρµi = z̃i(k) ,

(4.37)

where the last step holds because in the reading phase of Algorithm 4.3, we reset
to zero the values of µi, every time that i starts an update. Therefore, (4.32) holds
for k.

Finally, the convergence of (x(k))k∈N to the v-GNE of the game (4.2) follows from
Theorem 4.6. �
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Part II

Decision making via
potential game theory

81





5
Relative Best Response dynamics

The role of human decision making is becoming increasingly important for
complex engineering systems. More often than not, the social behavior of
large groups of humans is modeled on the basis of rationality. However, be-
havioral and experimental economics suggest that humans are not always
rational and our decisions are likely to be influenced by a form of social
learning in which new behaviors result from imitation. We propose novel
evolutionary dynamics for games over networks, called h-RBR dynamics,
that result from an intuitive mixture of rational BR and social learning
by imitation. Under such a class of dynamics, the players optimize their
payoffs over the set of actions employed by relatively successful neighbors.
As such, the h-RBR dynamics share the defining non-innovative charac-
teristic of imitation-based dynamics and may lead to equilibria that differ
from classic NE. We study the asymptotic behavior of the h-RBR dynam-
ics for both finite and convex games in which the action spaces are finite
discrete and infinite compact sets, respectively, and provide preliminary
sufficient conditions for finite-time convergence to a (approximate) GNE.
We then couple our results to those obtained for classic BR dynamics and
show how a mixture of rational best responding individuals and h-relative
best responders can affect the equilibria.

83
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5.1 Introduction

Game theoretic scenarios in which players interact exclusively with a fixed group
of neighbors trace back to the early 1990s when economists and biologists started
to explore the effect of simple spatial structures in (probabilistic) decision-making
processes driven by rational best response processes and more biologically inspired
imitation processes [29, 70, 136]. Later, the simple spatial structures were extended
to arbitrary topologies defined by graphs [181, 118, 162]. The long-run collective
behavior of non-cooperative games over networks have been extensively studied
for myopic best response dynamics in which the players, given the last plays of
their neighbors, select an action that maximizes their own payoff. These extended
research efforts resulted in the identification of several classes of games that con-
verge to a pure Nash equilibrium under a variety of such best response processes
[127, 68, 171, 180] and brought forth a number of algorithms that ensure conver-
gence to an equilibrium [99, 145, 178]. Best response dynamics are “innovative” in
the sense that, in order to optimize their payoffs, players are always able to select
new actions that are not played in the current action profile. They are in line with
classic economic theories that support the idea that absolute optimization (or ratio-
nal behavior) is a natural result of evolutionary forces [88]. Recently, the systems
and control community has been interested in the analysis of dynamical systems
driven by imitation [182, 57, 10, 11, 96]. Such dynamics are “non–innovative”:
players can only select actions that already exist in the networked population.
Therefore, non–innovative dynamics can lead to equilibrium concepts that differ
from traditional Nash equilibria. In [115, 169], the authors studied an evolutionary
process where the players, most of the time, choose a best response from the set of
actions that exist in the entire population. In [169], this process was simply referred
to as imitation. Perhaps a more suitable name was proposed in [115], where such a
revision process was called a Relative Best Response (RBR). In fact, RBR combines
the non–innovative nature of pure imitation with the rationality of best response.
Such dynamics match classic economic studies in which rather than absolute per-
formance, the players opt for relative performance, that prove decisive in the long
run [6]. Experimental evidences of such behaviour are documented in [60, 168].
Another motivation for studying such dynamics is that they can take into account
the effect of word-of-mouth communication and social learning in decision-making
processes [71]. For example, when considering alternative technologies an individ-
ual may ask friends or family about their current choice and benefits. This local
spread of information in turn is likely to affect the individual’s decision, and may
very well lead to a complete disregard of technology that is not used by her peers.
Traditional best response dynamics do not capture such a process of information
exchange and social learning, rather they reflect situations in which an individual
adopts some technology solely on the basis of her own expectation, regardless of
how others have perceived it. In many real-world decision-making processes it is
likely that both types of learning processes occur [126], but from a theoretical point
of view the effects of social learning is often overlooked.

In this chapter, we propose novel social learning dynamics for finite and convex
games over networks that result from an intuitive combination of rational behavior
and imitation. We start on the basis of a spatial version of RBR dynamics under
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which the players choose a best response from (a convex combination of) the current
set of actions in their neighborhood. In this case, the players interact and relate
their success exclusively with a fixed group of neighbours. Even though this process
contains an element of social learning, namely that the players conform themselves
to observed actions, it does not take into account the relative performance of these
actions. To this end, we generalize RBR dynamics to the h-RBR, where players
relate their future strategy to the h-top performing neighbors. This process relies
on local information exchange of both decisions and benefits, that are fundamental
to social learning and imitation. Even though under h-RBR dynamics the feasible
action sets of the players are state dependent and the overall problem is non-jointly
convex, we show that for a general class of games such dynamics converge to a
(approximate) generalized Nash equilibrium in finite time. We relate our results
to classes of games for which best response dynamics converge to a (approximate)
Nash equilibrium. Our results suggest that for these general classes of games, that
cover many real-world applications, having both best responses and h-relative best
responses in the population does not compromise finite-time convergence. Hence,
our proposed dynamics can be used to study the effects of social learning on the
equilibria of many models in the literature of games over networks.

5.1.1 Games over networks

Let us introduce the three main ingredients that we use to define a non-cooperative
game Γ over a network.

1. The network structure: the interdependence between the players is described
by an undirected graph G = (I, E), see Appendix B denotes a graph whose
node set I = {1, . . . , N} represents the players (or agents) involved in the
game, and E ⊆ I × I the set of edges, i.e., the interactions between players.
For each i ∈ I, the set of its neighbors is defined as Ni := {j ∈ I : (i, j) ∈
E} \ {i}.

2. The action space: the set of local actions (or strategies) that a player i ∈ I
can implement is denoted by Si. Thus, the action space of the game is
S =

∏
i∈I Si. An action profile (or collective strategy) s is an element of this

set, hence s := col((si)i∈I) ∈ S.

3. The combined payoff function: πi : S → R denotes the local payoff function
of player i ∈ I. The combined payoff function π : S → RN maps each action
profile s ∈ S to a payoff vector π(s) := col({πi(s)}i∈I) who’s elements corre-
spond to the payoffs that the players receive for adopting the corresponding
action. Here, the spatial structure is incorporated into the payoff function π.

The network structure determined by the graph G, the action space S, and com-
bined payoff function π completely describe a game over the network as the triplet
Γ := (G,S, π).

Throughout the chapter, we consider the following assumption on the action sets,
that naturally allows players to imitate each other and is in fact common in
imitation–like dynamics [11, 182, 136].
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Standing Assumption 5.1 (Identical action sets). All players have the same
action set S, i.e., Si = S for all i ∈ I. �

The dynamics we propose in this chapter aspire at bridge the gap between imitation
dynamics and BR dynamics. For this reason, the above assumption is necessary in
order to allow the players in the game to “imitate” the action of the others.

5.1.2 Finite and convex games over networks

We say that a game Γ is finite if the action set of each player is a finite set that can
be represented by a subset of the integer numbers, that is, S ⊂ Z and therefore a
profile action belongs to S ⊂ ZN . We denote a generic finite game as Γf . On the
other hand, we say that Γ is a convex game, and we denote it by Γc, if the action
set of each player is described by a non-empty, convex subset of Rn, i.e., S ⊂ Rn
and S ⊂ RNn. The convexity assumption over the action set for convex games
is common in the literature of monotone games, as highlighted in the previous
chapters. Hereafter, we use the superscripts “f” and “c” if the variable or result
introduced is referred to finite or convex games respectively. If the introduced
quantity has the same definition for both class of games no superscript is used.

5.2 h-Relative Best Response dynamics

Before defining the h-RBR dynamics, for the purpose of comparison, we give the
definition of the best response mapping.

Definition 5.1 (Best response mapping). The best response mapping of player
i ∈ I is defined as

BRi(s−i) := argmax
y∈S

πi(y, s−i). (5.1)

where BRi(s−i) ⊆ S might be a set. �

The defining distinction of a relative best response is that, instead of optimizing
over a fixed action set S, each player i ∈ I optimizes her payoff over some feasible
subset of S that depends on the actions of the neighbors of i and si itself. For a
game Γ and an action profile s ∈ S, we denote the feasible action set for player
i ∈ I by Fi(s) ⊆ S. For a finite game Γf, the feasible action set of player i ∈ I is
simply determined as the local set of actions, i.e.,

F f
i(s) := {sj ∈ s | j ∈ Ni ∪ {i}} ⊆ S f, (5.2)

where S f is the action set of game Γf. Instead, for a convex game Γc, the action
sets are convex and compact subsets of Rn, hence the feasible action set for player
i ∈ I is determined as

Fc
i (s) = conv ({sj ∈ s | j ∈ Ni ∪ {i}}) ⊆ Sc , (5.3)

where Sc is the action set of game Γc.

We are now ready to formalize the idea of RBR for both finite and convex games.
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Definition 5.2 (Relative Best Response mappings). Given a game Γ, the relative
best response mapping for every player i ∈ I is defined as

RBRi(s−i) := argmax
y∈Fi(s)

πi(y, s−i), (5.4)

where RBRi(s−i) ⊆ S might be a set. �

The definition above can be specialized for convex and finite games using the fea-
sible action sets F f

i(s) in (5.2) and Fc
i (s) in (5.3), respectively.

Imitation dynamics are often associated with social learning, in which new behav-
iors are acquired by observing and mimicking others [8]. In the context of a game,
in order to choose which neighbor’s action to imitate, the players must thus have
information about the actions and the current payoffs of their neighbors. It is this
local exchange of information — absent in BR dynamics — that can lead to sur-
prising “non-rational” behaviors. As BR, the RBR dynamics are based only on the
neighbors actions, and thus do not to take into account the payoffs of others. An
interesting and natural generalization of RBR is a decision process in which the
feasible action set of player i ∈ I depends on a subset of the neighbors that receive
the hi highest payoffs. Rouglhy speaking, only those actions that are taken by
succesfull neighbors are considered in the action update. In this case, the relative
success of the neighbors of i will have an influence on the future action of player
i, and hi ∈ N is a measure for how restricting this relative success is for player i′s
feasible action set.

We dedicate the remainder of this section to formalize this novel decision process
and illustrate some applications with examples that are likely to be affected by
relative performance considerations and social influence. Before formally defining
the decision-making process, it is necessary to introduce some additional auxiliary
sets, that will prove themselves useful in the proceeding of the analysis. For some
action profile s ∈ S, let us define the set of distinct payoffs obtained by the
neighbors of i as Ri(s) := {πj(s) | j ∈ Ni}, and define the set of neighbors that
receive at least the hi highest payoff as

Hi(s−i, hi) := {j ∈ Ni | πj(s) ≥ max hi(Ri(s))} .

Note that it always holds true that |Ni| ≥ |Hi(s−i, hi)| ≥ hi. Then, the set of
actions of these successful players is given by

Mi(s−i, hi) := {sj ∈ s | j ∈ Hi(s−i, hi)}. (5.5)

For a finite game Γf, the feasible set of actions is determined by

∀i ∈ I : F f
i(s, hi) := {Mi(s−i, hi)} ∪ {si} ⊆ S, (5.6)

while for a convex game Γc, it is

∀i ∈ I : Fc
i (s, hi) := conv

(
{Mi(s−i, hi)} ∪ {si}

)
. (5.7)

An illustrative example of how these sets are defined for a convex game among 5
agents is depicted Figure 5.1.

Let h = col((hi)i∈I) ∈ NN . An h-RBR can now be formalized as follows.
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v1

v2
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v4

v5

(a)

s1

s3

s4

s5

s2

Fc
1(s, h1)

S

C(s)

(b)

Figure 5.1: Suppose G as in (a), so n = 5. Thus, M1(s, |N1|) = {s3, s4, s5}.
Moreover, if π4(s) > π3(s) > π2(s) > π5(s) and h1 = 2, then, M1(s−i, 2) =
{s4, s5}, Fc

1(s, 2) = conv({s4, s5, s1}), i.e., the shaded area with the dashed border
in (b), while C(s) := conv(s) is indicated by the region enclosed by the red solid
border.

Definition 5.3 (h-Relative Best Response mappings). Given a game Γ, the h–
relative best response mappings is defined, for all players i ∈ I, as

RBRi(s−i, hi) := argmax
y∈Fi(s,hi)

πi(y, s−i). (5.8)

�

It is worth mentioning that, if hi = |Ni| for every i ∈ I, then the h-RBR mappings
in Definition 5.3 boils down to RBR mappings. In contrast, for finite games, when
hi = 1, player i can only choose between their own action and the action of their
most successful neighbors. Therefore, if for all i ∈ I, hi = 1 the feasible actions
of the h-RBR dynamics for finite games are exactly the feasible set of actions in
an unconditional imitation process. This relation between the three dynamics is
summed up in the following scheme

Smaller action set−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
BR RBR h-RBR 1–RBR Imitation

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Increment in rationality

5.2.1 Examples of h-RBR applications

Example 5.1 (Adoption of competing products). Let us elaborate on the role
of hi in the context of the technology adoption that can be described as a finite
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game. Suppose an individual i is considering to purchase a new product and
that she can choose between models X, Y and Z, to replace her current product
C, i.e., S f = {X,Y, Z,C}. She values her current product with a 3 on a scale
from 0 to 5, hence πi(C) = 3. To perform a decision about which product to
adopt, she gathers information from three peers, labeled as Ni = {a, b, c}, who
she believes value the product in a similar manner as herself. Suppose model X
is used by peer a that values the model with a full score 5 out of five. In this
case, sa = X and πa(X) = 5. Model Y is used by peer b who values it with
2 (i.e., sb = Y , πb(Y ) = 2) and model Z is used by peer c who values it with
4 (i.e., sc = Z, πc(Z) = 4). The distinct payoffs obtained by the neighbors are
organized in the set Ri(s) = {5, 2, 4}. If hi = 1, then i considers to keep her
current phone or buy model X, because she believes models Y and Z are worse
than X. In our notation, the set of action chosen by her most successful peer
are Mf

i(s, 1) = {sa} = {X}, and the set of feasible actions is F f
i(s, 1) = {C,X}.

However, if hi = 2, she would also consider buying model Z that may be an
overall better choice for her. In this case, Mf

i(s, 2) = {sa, sc} = {X,Z} and
F f
i(s, 2) = {C,Z,X}. In this example, hi influences how the information from

peers reflect her own valuation of a product. If hi = 3, then she would take into
account every product because she could be uncertain if the low score of model Y
reflects her own preferences accurately. �

Example 5.2 (Adoption of renewable energy). Suppose that a household faces the
possibility to determine the source of the energy used, either fossil fuel of renew-
able. In particular it is allowed to select the fraction of the total energy obtained
from renewable sources, so Sc = [0, 1]. This problem can be modeled as a convex
game Γc. To obtain an idea on how costly and sustainable the usage of renewable
energy is compared to fossil fuel, they gather information from neighboring house-
holds with similar energy demands. If none of the neighbors are using renewable
energy sources, then the household may be inclined to refrain from using renew-
able energy, due to a lack of incentive to deviate from the overall status quo, in
this case Fc

i (s, hi) = {0}. However, if neighboring households are already using
renewable energy and have informed the household that they are satisfied with the
supply and costs, an appealing option is to choose some fraction of sustainable
energy based on the fraction chosen by the neighbors. This decision is plausible
because of two reasons: first, the information gathered from similar households
suggest that renewable energy is a good alternative source of energy and second,
conformity forces that result peer pressures may lead the household to decide to
try renewable energy sources [122].

In some contexts it makes sense to apply a transformation to the action profile and
payoffs before applying an h-relative best response.

Example 5.3 (Opinion dynamics). Consider an opinion dynamics model in which
si ∈ [0, 1] represents an opinion on a topic, where 1 (0) means complete agreement
(disagreement). In these settings, it is well-established that social learning plays a
crucial role in the evolution of opinions as individuals tend to adjust their opinion
to a local weighted average [62, 87]. Such a process can be represented via a game
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over network subject to BR dynamics. Now, let us define a simple auxiliary “payoff
function” that player i observes from neighbor j as

εij(s) := 1− |si − sj |,

and let εi(s) ∈ R|Ni|+1 be the vector of these opinion errors. Now suppose the
player applies the principle of selecting the hi highest valued neighbors. Then the
opinion dynamics would result in a bounded-confidence like model in which the
player only takes into account those neighbors that have an opinion similar to the
player’s own opinion. �

Now that we have defined the h-RBR mappings, let us introduce the asynchronous,
or sequential, game dynamics that are associated with the h-RBR mapping. Specif-
ically, at each time step t ∈ N for which s(t+1) 6= s(t), there exists a unique player
it ∈ I such that the collective dynamics satisfy

s(t+ 1) = (sit(t+ 1)), s−it(t+ 1)) ∈ (RBRit(s−it(t), hit), s−i(t)). (5.9)

For the asynchronous dynamics in (5.9), we assume that the activation sequence
ensures that, each player updates over a sufficiently long period of time.

Standing Assumption 5.2 (Persistent activation sequence). Every sequence of
activated players (it)t∈N driving the asynchronous dynamics (5.9) is persistent, i.e.,
for all player j ∈ I and time t ∈ N, there exists t̄ ≥ t such that it̄ = j. �

5.2.2 Equilibrium concept

We are interested to characterize the conditions under which the dynamics in (5.9)
converge to an equilibrium action profile, i.e., when all players cannot increase their
payoff by unilaterraly deviate from the current selected strategy. For the h-RBR
dynamics, the local feasible action set for each player is constrained by the actions
of the other players and hence the equilibrium of these dynamics correspond to
a GNE, [61].

Definition 5.4 (Generalized Nash Equilibrium). The action profile s∗ ∈ S is a
GNE for Γ, if for all i ∈ I

s∗i ∈ RBRi(s∗−i, hi), (5.10)

where the feasible action set Fi(s∗, hi) of a finite game and convex game are given
by (5.6) and (5.7), respectively. �

It is worth mentioniong that, in the convex game case, our GNEP is not jointly
convex [79], differently from the problems presented in the previous chapters. In
Sections 5.3 and 5.4, we will study the convergence properties of (5.9) for finite
and convex games under the assumption that players switch to another action if
they have an incentive to deviate from their current strategy.
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Standing Assumption 5.3 (Incentive to deviate). If in a game Γ, player i up-
dates at time t ∈ N, then si(t + 1) 6= si(t) only if there exists y ∈ Fi(s, hi) such
that

πi(y, s−i(t))− πi(si(t), s−i(t)) > 0.

�

5.3 Convergence for finite games

In this section, we study the convergence of the asynchronous h-RBR dynamics
(5.9) when all players choose h-relative best responses and they can have a finite
set of actions that they can choose from. First, we define two sets that will prove
useful in the analysis of the h-RBR dynamics in finite and convex games. For an
initial action profile s(0), let us denote the set that contains all actions that are
employed by at least one player in the initial action profile by S0 := ∪i∈I{si(0)},
and let S0 := SN0 . The set S0 is called the support of s(0) in [115]. The key property
of S0 is that it is positively invariant with respect to the h-RBR dynamics (5.9),
due to their non–innovative nature. To study the convergence properties of finite
games under the asynchronous h-RBR dynamics we use the theory of potential
games [127]. Next, we elaborate on Definition C.2 of potential function, and define
a potential like function useful for games subject to RBR.

Definition 5.5 (Generalized S0–potential function). A function P : S → R is a
S0-potential function for Γf and some s(0) ∈ S, if for every i ∈ I, si, s

′
i ∈ S0 and

s−i ∈ SN−1
0 , it holds

πi(s
′
i, s−i)− πi(si, s−i) > 0, P (s′i, s−i)− P (si, s−i) > 0. (5.11)

�

If a such S0-potential function exists, then we call Γf a generalized relative potential
game with respect to S0 .

Remark 5.4. When the initial action profile s(0) ∈ S is such that S0 ≡ S,
then Definition 5.5 is equivalent to the definition of generalized ordinal potential
function and of a generalized ordinal potential game, see Appendix C. In its classic
definition, the implication in (5.11) needs to be satisfied on the entire action space
S to ensure convergence of the innovative BR dynamics to a pure NE. �

We are now ready to present the main result for finite games that relies on the
existence of a S0-potential function.

Theorem 5.6. Suppose that Γf is a generalized relative potential game with respect
to S0. Then, for all s(0) ∈ S0, the asynchronous h-RBR dynamics defined in (5.9)
converge to a GNE in finite time. �
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Proof. Let us consider a generic initial condition s(0) ∈ S0. Because the h-RBR
dynamics are non–innovative, it follows that ∀t ≥ 0 : s(t) ∈ S0. Γf is a relative
potential game with respect to S0, hence there exists a function P : S → R such
that for every i ∈ I, for every si, s

′
i ∈ S0 ∩ Si and every s−i ∈

∏
j∈I\{i}

S0, the

following implication holds:

πi(s
′
i, s−i)− πi(si, s−i) > 0⇒ P (s′i, s−i)− P (si, s−i) > 0. (5.12)

By Definition 5.3, equation (5.6), and dynamics in (5.9), it follows that after a
player switches, its payoff is at least as high as it was before. That is, for all t ≥ 1:

∃ it ∈ I : πit(t) ≥ πit(t− 1). (5.13)

By Standing Assumption 5.3, if a player switches, then inequality (5.13) holds
strictly and hence the trajectory of relative best response dynamics generates an
improvement path γ. Since for all t ≥ 0, we have F f

i(s(t), hi) ⊆ S0. From implica-
tion (5.12), it follows that the S0-potential function P is strictly increasing along
γ. Since the action space is finite, P is a bounded function. This implies that the
h-RBR dynamics converge to a GNE in finite time. �

It may happen that there exist generalized S0-potential functions only for a sub-
set of initial action profiles. To guarantee finite-time convergence from any initial
condition, it is required the existence of a generalized potential function, not nec-
essarily the same, for every initial action profile. This is formalized in the following
definition.

Definition 5.7 (Generalized relative potential game). If for Γf there exist gen-
eralized S0-potential functions for every s(0) ∈ S, then Γf is called a generalized
relative potential game. �

An example of a generalized relative potential game can be found in Example 5.5.
An immediate consequence of Theorem 5.6 is stated in the following corollary.

Corollary 5.8. For every finite generalized relative potential game, the asyn-
chronous h-RBR dynamics converge globally to a GNE in finite time. �

5.3.1 Relation to generalized ordinal potential games

From Definition 5.5 and Definition C.2, it can be easily seen that every generalized
ordinal potential game is a generalized relative potential game. In particular, a
generalized ordinal potential game has a common generalized ordinal potential
function that holds for every initial condition. By means of the following illustrative
counter-example, we show that the converse is not always true.

Example 5.5. Consider the symmetric rock-scissors-paper (RSP) game with pay-
off matrix

M =

a b c
c a b
b c a

 , b > a ≥ c. (5.14)
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Because each improvement path in the RSP game converges to the improvement
cycle: (R,S) → (R,P ) → (P, S) → (S,R) → (P,R) → (P, S) → (R,S), the RSP
game is not a generalized ordinal potential game. However, for every initial action
profile s(0) ∈ S := {R,S, P}2 there exists a generalized S0–potential and thus the
RSP game is a generalized relative potential game. �

Proposition 5.9. Let G,R denote the class of generalized ordinal potential games
and generalized relative potential games, respectively. Then, G ⊂ R. �

Proof. The inclusion G ⊆ R follows from Definition 5.5 and strictness follows from
Example 5.5. �

Corollary 5.10. For every finite generalized ordinal potential game, the asyn-
chronous h-RBR dynamics converge globally to a GNE in finite time. �

5.4 Convergence of convex games

In this section, we use the concepts of bounded games and ε-improvement paths,
introduced in Appendix C, to study the convergence in finite time of convex games
to an approximate GNE.

Definition 5.11 (ε-Generalized Nash equilibrium). The action profile s ∈ S is an
ε Generalized Nash equilibrium (ε-GNE) for Γ, if for all i ∈ I, si ∈ s there exists
ε > 0 such that

πi(si, s−i)− πi(s′i, s−i) > ε, ∀s′i ∈ Fc
i (s−i, hi) . �

Consider the following class of games inspired by the definition of weighted potential
games in [127].

Definition 5.12 (Weighted S0–potential function). A function P : S → R is
a weighted S0-potential function for Γc and some s(0) ∈ S, if for every i ∈ I,
si, s

′
i ∈ S0 and s−i ∈ SN−1

0 , the following implication holds

πi(s
′
i, s−i)− πi(si, s−i) = wi [P (s′i, s−i)− P (si, s−i)] ,

for some wi > 0. �

If such a function satisfying the above definition exists, then we call Γc a weighted
relative potential game with respect to S0. Moreover, if wi = 1 for all i ∈ I, then
Γc is called an exact relative potential game with respect to S0.

The following lemma proves that for every weighted relative potential game one can
design an equivalent exact relative potential game by scaling the payoff functions
of the players.
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Lemma 5.13 (Equivalence of weighted and exact S0–potential function). Γc is
a weighted relative potential game with respect to S0 if and only if Γ′c,with payoff
functions 1

wi
πi, is an exact relative potential game with respect to S0 �

Proof. The sufficient condition is trivial. For the necessary condition, we recall
that from the definition of a weighted potential game Γc we have πi(si, s−i) −
πi(s

′
i, s−i) = wi (P (si, s−i)− P (s′i, s−i)). On the other hand, from the definition

of a potential game Γ′c it holds 1
wi
πi(si, s−i)− 1

wi
πi(s

′
i, s−i) = P (si, s−i)−P (si, s

′
−i)

Clearly these are equivalent. �

We are now ready to prove that convex weighted relative potential games subject
to h-RBR dynamics globally converge to an ε-GNE of the game.

Theorem 5.14. Suppose that Γc is a bounded weighted relative potential game with
respect to S0. Then for every ε > 0, and initial action profile s(0) ∈ S0, every ε−
improvement path generated by (5.9), converges to an ε-GNE in finite time. �

Proof. If we prove that the above statement holds true in the case of an bounded
exact relative potential game, then Lemma 5.13 ensures convergence also in the
case of a bounded weighted relative potential game. Thus, we can consider Γc as
an exact relative potential game with respect to S0. By the definition of Fc

i (s−i, hi)
in (5.7), it follows that the dynamics (5.9) are positively invariant w.r.t S0. That
is,

∀t ≥ 0 : s(t) ∈ S0. (5.15)

Because Γc is a bounded game, it follows from Definition 5.12 that P must be
bounded as well. That is,

∃M > 0 : |P (s)| ≤M, ∀s ∈ S0 . (5.16)

To prove that the game has the Approximate Finite Improvement Property (AFIP),
we use contradiction. Suppose γ is an infinite ε–improvement path. Denote the
unique deviator at time t as it. By definition, if i = it then

πi(t+ 1)− πi(t) > ε, P (si(t+ 1), s−i(t+ 1))− P (si(t), s−i(t)) > ε. (5.17)

This implies that

P (t)− P (0) > tε⇔ P (t) > tε+ P (0) . (5.18)

Then, for every ε > 0
lim
t→∞

P (t) =∞. (5.19)

On the other hand, by assumption P is a bounded function, hence a contradiction
arises. Hence, every ε–improvement path terminates after a finite number of time
steps T , i.e., the game has the AFIP. Hence, it holds that

P (s(T )) ≤M < P (s(T )) + ε⇒ P (s(T )) > M − ε,

which completes the proof. �
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For generalized ordinal potential games, bounded payoff functions do not imply
that the generalized ordinal potential function is bounded, and consequently con-
vergence is not guaranteed. However, if one assumes that the generalized potential
function is bounded for every s ∈ S0, then the result in Theorem 5.14 carries over
to this more general class of convex games.

5.5 Networks of best and h-relative best respon-
ders

We have showed that the dynamics of games over network in which all players adopt
h-RBR converge to a GNE. Due to their non-innovative nature, the h-RBR dynam-
ics converge for a more general class of games than BR dynamics do. Moreover,
any homogeneous action profile, in which all players choose the same strategy, is a
trivial GNE of the game; h-RBR dynamics share this property with imitation dy-
namics. Adding noise in the decision-making process will destabilize most of these
trivial equilibrium profiles; a characterization of the stochastically stable states is
an interesting development for this theory. Instead, we investigate an interesting
scenario in which both best responses and relative best responses occur in the net-
work game. In this case, it is not guaranteed that a homogeneous action profile
is an equilibrium and the behavior may be closer to real-world scenarios in which
decision makers value social information in different ways. For simplicity, we as-
sume that players always best respond or always relative best respond, and thus do
not switch between the two decision rules. Although this is a simplification, it is
reasonable in accordance to the empirical findings in [126] suggesting that humans
tend to consistently apply a decision rule under a variety of contexts. The following
results follow immediately from the proofs of Theorem 5.6 and Theorem 5.14 for
finite and convex games respectively.

Corollary 5.15. Consider a generalized ordinal potential game Γf, in which players
consistently adopts BR or consistently h-RBR dynamics. For all initial condition,
every improvement path generated by (5.9), converges to a ε-GNE in finite time �

Corollary 5.16. Consider a weighted potential game Γc, in which players consis-
tently adopts BR or consistently h-RBR dynamics. For every ε > 0, and initial
condition, every ε–improvement path generated by (5.9), converges to a ε-GNE
in finite time. The same holds for generalized ordinal potential games Γf, with
ε = 0. �

Having a mixture of best responders and h-relative best responders in a game over
network can lead to significantly different behaviors and equilibrium profiles, that
have not yet been studied. As more and more engineering systems take into account
the complex behavior of humans, one may be interested in how different levels of
social learning or different topologies of local information flows, and how they affect
the long run behavior of economic decision-making models. In the remainder of
the chapter, we investigate the various effects that social learning through h-RBR
have in economic models related to technology adoption and energy scheduling.



96 Chapter 5. Relative Best Response dynamics

5.6 Competing products with network effects

Suppose there are two competing substitute products X and Y on a market with
N players using one of the two. Each product has an associated price γ > 0
and λ > 0 and individuals decide which product to use. We are not modeling
how a certain initial product adoption came to be, but we are interested in if, in
the long run, one of the technologies dominates the other or not. However, it is
worth mentioning that the adoption of a new product can be modeled in a very
similar manner. Let si = 1 and si = 0 denote that player i uses product X or Y ,
respectively. Due to network effects [158], the utility that individuals experience
from these products partially depends on the number of individuals that are using
it. Agents may perceive this network effect differently, but, in general, a growing
number of users increases the utility of the product. To this end, let S =

∑
i∈I si

denote the number of players in the network using product X. The network effect
associated to the product X is modeled with an affine function, that is for all i ∈ I

Gi(S) := aS + bi, a > 0, bi ≥ 0.

Because Y and X are substitutes, their network effects have a negative correlation.
Such that, for all i ∈ I

Hi(N − S) := d(N − S) + fi, d > 0, fi ≥ 0 .

The individual network effect parameters bi and fi reflect the incidence on the
decision of player i. If bi is large, the player is eager to use product X even though
the network effect is small. In a simplified model in which di = 0 and the player
simply needs to choose to adopt a new product, the players with high bi represent
“early adopters” and those with low bi “laggards”, see [13]. The utility that player
i ∈ I obtains from using X or Y is given by

Gi(S)− γ, and Hi(N − S)− λ.

Hence, the payoff of a player i is

πi(si, s−i) = [Gi(S)− γ] si + (1− si) [Hi(N − S)− λ] .

The following function is an exact potential function for the competing product
game

P (s) :=

N∑
i=1

(bi + λ− dN − γ − fi)si − d
N∑
i=1

si + (a+ d)

 N∑
i=1

s2
i +

1

2

N∑
i=1

N∑
j 6=i

sisj

 .
In fact, the difference in the payoff of i ∈ I is

πi(0, s−i)− πi(1, s−i) = Hi(N − S)− λ−Gi(S + 1) + γ

= d(N − S) + fi − λ− a(S + 1)− bi + γ

and the difference in the potential is

P (0, s−i)− P (1, s−i) = −(bi + λ− dN − γ − fi) + d− (a+ d)(S + 1),
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which equals the payoff difference.

Because this competing product game is an exact potential game, our results for
finite games apply. In particular, for every mixture of best responders and h-
relative best responders, the fraction of the population using product X and Y will
converge to a GNE in finite time.

Remark 5.6 (Mixed strategy extension). Because the competing products model
is an exact potential game, it follows that its mixed-strategy extension, in which
the players choose the fraction of time to use product X or Y , is also a potential
game [127, Lemma 2.10]. Hence, the convergence results for h-RBR dynamics in
convex games are valid in this game. Such a setting can represent the dynamics
of Example 5.2, in which the network effect of renewable energy may capture an
increasingly cleaner environment. �

The addition of h-RBR players is of particular interest in this model because they
add a social influence to the competing product game that is not captured by
best responses in which decisions of a player are solely based on the aggregate
network effects and the cost and benefit parameters of the player. For relative best
responses, the local information exchanges in the underlying social network of the
players will affect their decisions.

Figure 5.2 shows that, when h = 1, the variation in the fraction of X adopters in
the network is significantly larger than in myopic BR dynamics. These simulation
results were obtained for 100 random initial conditions with ≈ 50% adopters of
product X. The slopes of the network effects are: a = 0.15 and b = 0.12. To
introduce variation in the individual payoffs, the offsets bi and fi were randomly
chosen between 0 and 10. The costs associated with the products are γ = 3
and λ = 2. The large variation in the standard deviation of the X adopters in the
network is also typical for imitation dynamics and can be attributed to the variation
in the initial action profiles, the stochasticity of the activation sequence and the
large variety of GNE in the product adoption game. From the blue line in Figure 5.2
it can also be seen that, on average, the relative performance considerations in the
1-RBR dynamics allow for significantly higher adoption rates of product X that
has a higher cost (γ > λ), but also a larger slope of the network effect (a > b).
Naturally, these social effects are rather sensitive to the payoffs. In particular,
for large networks, the network effect in the payoff can become dominant and
an obvious best choice may arise that dominates under both types of dynamics.
Figure 5.3 shows another simulation on a similar network under the same conditions
as in Figure 5.2. One can observe that the 1-RBR dynamics have very similar
qualitative behavior as imitation dynamics in which players imitate the strategy of
their best performing neighbor.

A peculiar feature of h-RBR dynamics is shown in Figure 5.4. As h increases up
to the point that all players employ RBR, the standard deviation in the fraction
of X adopters tends to decrease. Interestingly, even for random initial conditions,
the network structure causes significant differences in the behavior between BR
and h-RBR dynamics (shown in Figure 5.2). However, these differences decrease
when the connectivity in the network increases. In Figure 5.5, the extreme case
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Figure 5.2: Fraction of players adopting product X in a product adoption game
with a preferential attachment network [9] with 50 players. The solid lines and
shaded areas represent the mean and standard deviation of 100 iterations with
random initial conditions. Comparison between BR (in red) and 1–RBR (in blue)
dynamics.
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Figure 5.3: Fraction of players adopting product X in a product adoption game.
Comparison of BR (in red), imitate-the-best (indicated by IM) and 1-RBR dynam-
ics on a preferential attachment network of size 50.
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Figure 5.4: Fraction of players adopting product X in a product adoption game.
Comparison of 1–RBR (in blue) and RBR (in green).
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Figure 5.5: Fraction of players adopting product X in a product adoption game
over a complete network with 50 players.
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of a well-mixed network is shown and it can be seen that the behavior of the two
types of dynamics are very similar.

5.7 Conclusion and final remarks

The h-RBR dynamics model partial rationality of the players in the game and
are defined for both finite and convex games. These dynamics converge for a
general class of games to a GNE. These novel dynamics are “compatible” with
BR dynamics, since convergence still holds for games in which there is a mixture
of relative and myopic best responders. By varying the coefficient h, different
levels of rationality can be mimicked. We showed via simulations that the game
evolution is close to the one obtained via imitation dynamics, if h = 1, and to the
one achieved via BR dynamics, if h is high. Finally, we simulated the problem of
product adoptions under different configuration to validate our theoretical findings.



6
Charging coordination for plug-in electric

vehicles

I
n this chapter, we consider the charge scheduling coordination of a fleet
of plug-in electric vehicles, developing a hybrid decision-making frame-

work for efficient and profitable usage of the distribution grid. Each vehi-
cle’s charging dynamics are affected by the aggregate behavior of the whole
fleet, and they are modeled as an inter-dependent, mixed-logical-dynamical
system. The coordination problem is formalized as a generalized mixed-
integer aggregative potential game, and solved via semi-decentralized im-
plementation of a sequential best-response algorithm that leads to an ap-
proximated equilibrium of the game.

101
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6.1 Introduction

PEVs represent a promising alternative to the conventional fuel-based transporta-
tion [103]. However, they require a “smart” charge/discharge coordination to pre-
vent undesired electricity demand peaks and congestion in the low-voltage distri-
bution grid [26, 49]. Indeed, a fleet of PEVs can serve as a mobile extension of
the grid, mitigating the intermittent behavior of renewable energy sources by stor-
ing (or providing) energy when the generation is higher (or lower) than the load
demand. These capabilities are known as grid-to-vehicle (g2v) and vehicle-to-grid
(v2g), respectively [161]. In this context, a key role is played by the “fleet manager”
or “aggregator”, which is partially responsible for providing charging services to
the PEVs, coordinating the charge/discharge schedule to fulfill the needs of the
PEVs owners and (desirably) providing ancillary services to the distribution sys-
tem operator [103, 26]. For all these reasons, the charge and discharge scheduling
of a PEV fleet is attracting high research interest [119, 91, 139, 120, 98, 184].

An attracting framework, that suitably condenses both individual interests and
intrinsic limitations related with the shared facilities, is represented by noncooper-
ative game theory. The game’s equilibrium, for instance in [119], allows to design
a scheduling to coordinate the charging of a population of PEVs in a decentralized
fashion with the aim of filling the night-time valley, while each PEV minimizes
its individual charging cost. A similar non-cooperative equilibrium problem is ad-
dressed in [139] using mean field game theory, introducing general, convex, local
charging constraints. In [91], the authors generalize the notion of valley-filling and
study a social welfare optimization problem associated with the charging schedul-
ing, proposing an asynchronous optimization algorithm. The PEV charging coordi-
nation game is further developed in [120] by including the battery degradation cost
within the cost function of each vehicle. More generally, a semi-decentralized coor-
dination algorithm based on fixed-point operator theory is proposed in [98], which
achieves global exponential convergence to an aggregative equilibrium, even for
large population size, while a distributed approach based on the progressive second
price auction mechanism has been recently proposed in [184]. Most of these works
allows each PEV to only purchase energy, preventing the provision for instance of
ancillary services to the distribution system operator.

However, most of the models adopted in the literature do not describe the intrinsic
discrete operations of each PEV, e.g., being plugged-in or plugged-out from one
of the available charging points, in g2v or in v2g mode [179, 173, 151]. The self-
ish nature of each PEV, which pursues an economic, possibly profitable, usage of
the charging station, together with the presence of both continuous (amount of
energy charged/discharged) and discrete decision variables (operating mode) over
a certain prediction horizon, motivates us to model the charge scheduling coordi-
nation of the PEVs as a collection of inter-dependent mixed-integer optimization
problems, where the coupling constraints arise in aggregative form (Section 6.2).
In fact, the common electricity price, as well as the operational limitations of
the charging station, e.g., the number of charging points, directly depend on the
overall behavior of the fleet. We then formulate the coordination problem as a
mixed-integer aggregative game (Section 6.3), proving that it corresponds to a
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Mixed-Integer Generalized Potential Game (MI-GPG) [81]. To the best of authors
knowledge, this is the first work that models the PEV charging/discharging prob-
lem as a mixed-integer aggregative game. Furthermore, we assume the presence of
an aggregator, i.e., the charging station, that provides the aggregate information
to the fleet and allows to compute an (approximated) equilibrium of the game by
means of a semi-decentralized implementation of a sequential best-response algo-
rithm (Section 6.4). Finally, we define the game setup and the solution algorithm
via numerical simulations on an illustrative scenario (Section 6.5).

6.2 PEVs scheduling and charge as a system of
mixed-logical-dynamical systems

We start by modeling the charge scheduling of a PEV over a certain prediction
horizon by first introducing the dynamics of the State of Charge (SoC) and the
related control variables, both discrete and continuous. Then, we define the cost
function that each PEV aims to minimize and, by means of logical implications,
the interactions arising both among the set of PEVs itself and with the charging
station.

6.2.1 Decision variables and the SoC dynamics

Let I := {1, . . . , N} be the set indexing a population of PEVs that share the
charging resources on a single charging station with a finite number of charging
points, over a prediction horizon T := {1, . . . , T}. For each vehicle i ∈ I, the SoC
of its battery at time t ∈ T is denoted by xi(t) ∈ [0, 1], where xi(t) = 1 represents a
fully charged battery, while xi(t) = 0 a completely discharged one. The amount of
energy exchanged between each vehicle and the charging station, during the time
period t, is denoted by ui(t) ∈ U := [u, u], u < 0, u > 0. Specifically, ui(t) takes
positive values if vehicle i absorbs power during the time period t, while negative
values if it gives energy back. For all t ∈ T , we assume the dynamics of the SoC
described by

xi(t+ 1) = xi(t) + biδi(t)ui(t)− (1− δi(t))µi(t), (6.1)

where bi = ηi
Ci

is a positive parameter which depends on the efficiency ηi > 0 of
the i-th battery and the corresponding capacity Ci > 0. In (6.1), δi(t) ∈ B is a
scheduling variable of each vehicle, i.e., δi(t) = 1 if the i-th PEV is connected to
the charging station at time t, 0 otherwise. Within the dynamics (6.1), we consider
that the SoC of the battery decreases when the vehicle is actively driving. In
fact, if δi(t) = 0, the SoC decreases according to µi(t) > 0, which represents the
discharge due to the energy consumed while driving during the time period t ∈ T .
Therefore, µi(t) > 0 (driving vehicle) can only affects the SoC when the PEV is
not connected to the grid, i.e., δi(t) = 0. If the vehicle is not driving during the
time period t, then µi(t) = 0. Thus, over the whole horizon T , each PEV i ∈ I
has decision variables ui := col((ui(t))t∈T ), δi := col((δi(t))t∈T ) and controls the
SoC, xi := col((xi(t))t∈T ).
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6.2.2 Cost function

In the previous section, we introduced both, the model of the SoC and the con-
straints that the PEVs have to satisfies while the interact with the grid. Now, we
proceed to present the last component that defines the game, the local cost function
Ji of each PEV i ∈ I. We assume that when a PEV is connected to the charging
station it can either acquire energy from the charging station, or give it back. In
the first scenario, the value of the required power ui(t) is positive and in the second
negative. If the i-th PEV at time t ∈ T requires power from the charging station,
i.e., ui > 0, then it faces a cost associated to the purchase and to the battery degra-
dation. We model the first term as c(d(t)+

∑
j∈I\{i} u

+
j (t))ui(t), where we assume

a fair electricity market with the cost per energy unit c > 0, the same for all the
PEVs, and u+

j (t) := uj(t) if uj(t) ≥ 0, 0 otherwise. The values (d(t))t∈N represent
the non-PEV loads of the network, which is assumed to be a-priori known, while∑
i∈I\{i} u

+
i (t) =: ai(u(t)) is the aggregate demand of energy associated with the

set of PEVs at time t. Then, we assume that the degradation cost associated to
the charging of the battery is proportional to the variation of the energy exchanged
between the PEV and the charging station, i.e., ρ+

i (ui(t)−ui(t−1))2, with ρ+
i > 0

depending on each single battery. Therefore, for all t ∈ T and for all i ∈ I, the
cost function associated to the charging phase (g2v) is

Jg2v
i (ui(t),u−i(t)) := c(d(t) + ai(u(t)))ui(t) + ρ+

i (ui(t)− ui(t− 1))2.

Similarly, when the PEV gives energy to the charging station, i.e., ui(t) < 0,
the v2g interaction implies a degradation cost due to the battery discharge, i.e.,
ρ−i (ui(t) − ui(t − 1))2, ρ−i > 0. However, this cost is generally compensated by
a reward ri(t)ui(t), for some given values (ri(t))t∈N, that a PEV receives from
the charging station for actively participating in the scheduling. Thus, the cost
function related with the v2g mode reads as

Jv2g
i (ui(t)) := ri(t)ui(t) + ρ−i (ui(t)− ui(t− 1))2,

for all t ∈ T and i ∈ I.

Now, we introduce two binary decision variables, i.e., δc
i , δ

d
i ∈ B, which allow to

model the mutual actions of charging/discharging and guarantee that the local cost
function is equal to 0 when ui = 0. They shall satisfy the next logical implications,
for all t ∈ T and for all i ∈ I:

[δc
i (t) = 1] ⇐⇒ [ui(t) ≥ 0], (6.2)

[δd
i (t) = 1] ⇐⇒ [ui(t) ≤ 0]. (6.3)

Namely, δc
i (t) (or, equivalently, δd

i (t)) is equal to 1 if the PEV is not discharging
(not charging), and 0 otherwise. Finally, for all i ∈ I, the complete cost function
reads as follows

Ji(ui, δ
d
i , δ

c
i ,u−i) :=

∑
t∈T J

g2v
i (ui(t),u−i(t))

(
1− δd

i (t)
)

+ Jv2g
i (ui(t))(1− δc

i (t)),
(6.4)

where δc
i := col((δc

i (t))t∈T ) and δd
i := col((δd

i (t))t∈T ).



105

6.2.3 Local and global constraints

The possible interactions between each PEV and the grid are of two different na-
tures. Local interactions regard each PEV as a single entity, while global inter-
actions consider the overall behavior of the population of PEVs and impose con-
straints, e.g., due the limited capacity of the grid. By considering a generic PEV
i ∈ I, first we assume that, for all t ∈ T , it is desired that the corresponding level
of SoC is at least equal to a reference level xref

i (t) ∈ [0, 1], i.e.,

xref
i (t) ≤ xi(t) . (6.5)

The driving pattern of each PEV, that is usually assumed to be known a priori,
limits the possible values of δi(t). Namely, if µi(t) > 0 then feasible set of δi(t) is
B(t) = 0; otherwise B(t) = B. Thus, the feasible set B(t) of δi(t) becomes time
varying.

If δi(t) is left free, then it may force a vehicle to persistently switch between being
connected and unconnected during consecutive time intervals. This behaviour is
not only unnatural, but could also acceleragte the battery’s degradation [125]. To
exclude this potential source of damage, we impose that, if a PEV is plugged-in
at a certain time t ∈ T , i.e., δi(t − 1) = 0 and δi(t) = 1, then it has to remain
connected to the charging station for at least hi ∈ N consecutive time intervals,
where hi ≤ T . Thus, for all i ∈ I and t ∈ T , this constraint is cast using the
following logical implication

[δi(t− 1) = 0] ∧ [δi(t) = 1]⇒ [δi(t+ h) = 1, ∀h ≤ hi]. (6.6)

Next, to exclude that a PEV charges or discharges when it is plugged-out (i.e.,
δi(t) = 0), we impose that ui(t) ∈ U(t) := [uδi(t), uδi(t)]. Thus, ui(t) = 0 if
δi(t) = 0, otherwise ui takes values in [u, u]. Moreover, to exclude that a vehicle is
plugged-in without being neither charged nor discharged, we impose that δi(t) = 0,
if ui(t) = 0. Thus, the next logical implication needs to be satisfied for all t ∈ T
and i ∈ I:

[ui(t) = 0] ⇐⇒ [δi(t) = 0]. (6.7)

Successively, due to the intrinsic limitations of the grid capacity d > 0, we assume
that the amount of energy required in a single time period by both the PEVs and
non-PEV loads cannot be greater than d. This translates into a constraint on the
PEVs total demand, i.e.,

d(t) +
∑
j∈I uj(t) ∈

[
0, d
]
. (6.8)

Finally, it is natural to assume that the charging station has a finite number of
charging spots, i.e., the number of vehicles that can charge/discharge at the same
time cannot exceed a finite value v ∈ N. Thus, we impose, for all t ∈ T ,∑

j∈I δj(t) ≤ v . (6.9)
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6.2.4 Mixed-integer game formulation

We conclude this section by summarizing a preliminary formulation of the op-
timization problem for the scheduling and charging/discharging of each PEV as
follows:

∀i ∈ I :



min
ui,xi,δi,δdi ,δ

c
i

Ji(ui, δ
d
i , δ

c
i ,u−i)

s.t. (6.1), xi(t) ∈ [0, 1],

ui(t) ∈ U(t), δi(t) ∈ B(t),

δc
i (t), δ

d
i (t) ∈ B,

(6.2), (6.3), (6.5)–(6.9), ∀t ∈ T .

(G)

We emphasize that several constraints in (P), as well as the cost function, are
either expressed as logical implications, or directly depend on the evaluation of a
logical proposition. In the next section, we translate all these logical implications
into mixed-integer-linear inequalities, hence the problem in (P) as a (parametric)
mixed integer quadratic problem.

6.3 Translating the logical implications into mixed-
integer linear constraints

In this section, we show how to translate the logical implications (6.2), (6.6) and
(6.7) in (P) into mixed-integer linear constraints suitable for for a standard formu-
lation of a Mixed-Integer Programming (MIP). Note that also the SoC dynamics
in (6.1) and the cost function in (6.4) contain a binary variable. At the end of
the procedure, such functions will not depend directly from the binary variables
anymore, at the price of satisfying a set of additional linear constraints. Thus, by
referring to the vehicle i, we introduce the constraints to be designed for each time
interval t ∈ T .

6.3.1 Preliminaries

For the sake of clarity, we adopt the same notation used in [76, 77], i.e., we define
several patterns of inequalities that allow to handle all the constraints. Specif-
ically, given a linear function f : R → R, let us define M := maxx∈X f(x),
m := minx∈X f(x) with X being a compact set. Then, with c ∈ R and δ ∈ B, a first
system S≥ of mixed-integer inequalities correspond to [δ = 1] ⇐⇒ [f(x) ≥ c], i.e.,

S≥(δ, f(x), c) :=

{
(c−m)δ ≤ f(x)−m
(M − c+ ε)δ ≥ f(x)− c+ ε,

Here ε > 0 is a small tolerance beyond which the constraint is regarded as violated.
With the same idea, the following set of inequalities corresponds to [δ = 1] ⇐⇒
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[f(x) ≤ c]:

S≤(δ, f(x), c) :=

{
(M − c)δ ≤M − f(x)

(c+ ε−m)δ ≥ ε+ c− f(x).

Successively, we define the next block of inequalities, involving binary variables
only, which allow to solve propositions with logical AND, i.e., [δ = 1] ⇐⇒ [σ =
1] ∧ [γ = 1]:

S∧(δ, σ, γ) :=


−σ + δ ≤ 0

−γ + δ ≤ 0

σ + γ − δ ≤ 1,

Finally, to recast bilinear terms, i.e., products of binary and continuous variables,
into a mixed-integer linear formulation, we introduce the following pattern of in-
equalities.

S⇒(g, f(x), δ) :=


mδ ≤ g ≤Mδ

−M(1− δ) ≤ g − f(x) ≤ −m(1− δ)

The latter is equivalent to: [δ = 0] =⇒ [g = 0], while [δ = 1] =⇒ [g = f(x)].

6.3.2 The mixed-integer-linear constraints

The logical implications in (6.2) and (6.3) translate into:

S≥(δc
i (t), ui(t), 0), (6.10)

S≤(δd
i (t), ui(t), 0). (6.11)

By referring to the SoC dynamics in (6.1), the bilinear term uiδi can be handled by
following the procedure in [21], which allows to rewrite it as mixed-integer-linear
inequalities by means of additional auxiliary variables (both real and binary, [172]).
Specifically, we define the auxiliary variable fi := uiδi ∈ R that shall satisfy the
pattern of inequalities:

S⇒(fi(t), ui(t), δi(t)). (6.12)

Thus, the SoC dynamics at the generic time t ∈ T reads as

xi(t+ 1) = xi(t) + bifi(t)− (1− δi(t))µi(t), (6.13)

The same approach allows to manage the bilinear terms that appear in the cost
function (6.4). Hence, by defining gi(t) := ui(t)(1 − δc

i (t)) ∈ R, si(t) := ui(t −
1)(1− δc

i (t)) ∈ R, `i(t) := ui(t)(1− δd
i (t)) ∈ R and κi(t) := ui(t− 1)(1− δd

i (t)) ∈ R,
subjected to inequalities, for all i ∈ I and t ∈ T ,

S⇒(gi(t), ui(t), 1− δc
i (t)), (6.14)

S⇒(si(t), ui(t− 1), 1− δc
i (t)), (6.15)

S⇒(`i(t), ui(t), 1− δd
i (t)), (6.16)

S⇒(κi(t), ui(t− 1), 1− δd
i (t)), (6.17)



108 Chapter 6. Charging coordination for plug-in electric vehicles

the cost function (6.4) reads as (omitting the dependencies),

Ji = c(d(t) + ai(u(t)))`i(t) + ri(t)gi(t)

+ ρ−i (gi(t)− si(t))2
+ ρ+

i (`i(t)− κi(t))2 . (6.18)

Notice that via these variables we can rewrite also a(u(t)) =
∑
j∈I\{i} `j(t). Let

us consider proposition (6.7), equivalently rewritten as [ui(t) ≤ 0]∧ [ui(t) ≥ 0] =⇒
[(1−δi(t)) = 1]. Since δc

i and δd
i already satisfy the inequalities in (6.10) and (6.11),

for all t ∈ T , the constraint in (6.7) reads as

S∧(1− δi(t), δc
i (t), δ

d
i (t)). (6.19)

Next, by referring to (6.6), we introduce a binary auxiliary variable αi, which is
equal to 1 when both δi(t − 1) = 0 and δi(t) = 1, 0 otherwise. Hence, αi shall
satisfy, for all t ∈ T , [αi(t) = 1] ⇐⇒ [(1 − δi(t − 1)) = 1] ∧ [δi(t) = 1], which
translates into the pattern of integer linear inequalities

S∧(αi(t), 1− δi(t− 1), δi(t)). (6.20)

Thus, (6.6) can be rewritten as a nonlinear equality constraint

αi(t)

(
hi∑
h=1

δi(t+ h)− hi

)
= 0.

Successively, we introduce a set of variables β
(h)
i ∈ B such that, for all t ∈ T ,

[β
(h)
i (t) = 1] ⇐⇒ [αi(t) = 1] ∧ [δi(t+ h) = 1, ∀h ≤ hi], which corresponds to the

following patterns of inequalities

S∧(β
(h)
i (t), αi(t), δi(t+ h)), ∀h ≤ hi. (6.21)

This allows to rewrite the equality constraint in linear form∑hi

h=1β
(h)
i (t)− αi(t)hi = 0. (6.22)

6.3.3 Final mixed-integer-linear model

By rearranging all the inequalities, we obtain the following mixed-integer aggrega-
tive game

∀i ∈ I :



min
ui,xi,...,βi

Ji(ui, gi, si, `i, κi,u−i)

s.t. (6.5), xi(t) ∈ [0, 1],

(6.8)–(6.17), (6.19)–(6.22),

ui(t), fi(t), gi(t), si(t) ∈ U(t),

`i(t), κi(t) ∈ U(t), δi(t) ∈ B(t),

δc
i (t), αi(t), δ

d
i (t) ∈ B, ∀t ∈ T ,

β
(h)
i (t) ∈ B, ∀h ≤ hi,∀t ∈ T .

(6.23)
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The coupling constraints in (6.8)–(6.9), as well as the cost function, depend on
the aggregate behavior of the fleet of PEVs. By defining zi := col(ui, xi, . . . , βi) ∈
Rni and z := col((zi)i∈I) ∈ Rn, n :=

∑
i∈I ni, as the vectors stacking local and

collective mixed-integer variables, respectively, we have, for some suitable matrix
A and vector b,

∀i ∈ I : min
zi

Ji(zi, z−i) s.t. Az ≤ b. (6.24)

6.4 PEVs charge coordination as a generalized mixed-
integer potential game

Our aim is now to design suitable sequences of decisions that guarantee to each
PEV an effective, economic, possibly profitable, usage of the electrical distribution
network, while satisfying both the intrinsic limitations of the charging station itself,
and by the presence of the other vehicles. We propose to achieve such a trade-off
by formalizing the charge coordination of the set of PEVs as a MI-GPG [81], an
instance of the GNEPs [79].

6.4.1 Potential game setup

First, we identify the player set with I, and we define the feasible set of each player,
i.e., Zi(z−i) := {zi ∈ Rni | A(zi, z−i) ≤ b}, and Z := {z ∈ Rn | Az ≤ b}. Next, we
introduce the mixed-integer best response mapping for player i, given the strategies
of the other players z−i:

z?i (z−i) := argmin
zi

Ji(zi, z−i) s.t. (zi, z−i) ∈ Z. (6.25)

Hence, in the proposed game Γ := (I, {Ji}i∈I , {Zi}i∈I), we are interested in the
following notion of equilibrium.

Definition 6.1 (ε-Mixed-Integer Nash equilibrium). Let ε > 0. z∗ ∈ Z is an
MINE of the game Γ in (6.25) if, for all i ∈ I,

Ji(z
∗
i , z
∗
−i) ≤ inf

zi∈Zi(z∗−i)
Ji(zi, z

∗
−i) + ε. �

In the following, we derive an exact potential function for the game at hand, i.e.,
a function that satisfies in Definition C.2(i). Consider the cost function in (6.18)
defined for all t ∈ T . Due to the particular structure of the cost of the acquired
energy, it can be written in compact form as

Ji(zi, z−i) = φi(zi) +
∑
j∈I\{i} ωij(zi, zj), (6.26)

where φi(zi) := z>i Qizi + q>i zi, for some suitable positive semi-definite matrix
Qi ∈ Rni×ni and vector qi ∈ Rni , while

ωij(zi, zj) := z>j

[
0 0 0
0 c I 0
0 0 0

]
zi = c `>j `i. (6.27)
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Algorithm 6.1: Sequential best-response

Initialization: Choose z(0) ∈ Z, set k := 0
while z(k) is not an MINE do

//choice of the agent to update
AG do

Chooses i := i(k) ∈ I
Sets pi(u(k)) as in (6.29), e(δ(k)) as in (6.30)
Sends pi(u(k)), e(δ(k)) to i

end
//computation of the local update
Player i do

Compute z∗i (k) ∈ z?i (k) as in (6.25)
if Ji(zi(k), pi(u(k)))− Ji(z∗i (k), pi(u(k))) ≥ ε

zi(k + 1) := z∗i (k)

else
zi(k + 1) := zi(k)

end
AG collects zi(k + 1)
Set zj(k + 1) := zj(k) ∀j 6= i, k := k + 1

The following theorem proves that the games at hand is a MI-GPG and introduces
the associated potential function, the proof can be found in Appendix 6.7.

Theorem 6.2. The game Γ in (6.25) is an MI-GPG with exact potential function

P (z) :=
∑
i∈I

(
φi(zi) +

∑
j∈I,j<i

ωij(zi, zj)

)
. (6.28)

�

Proof. The proof replicates the one in [75, Prop. 2]. �

To conclude, we recall that the set of ε-approximated minimum over Z of P cor-
responds to a subset of the MINE of the game [154, Th. 2].

6.4.2 Semi-decentralized solution algorithm

To compute a solution of (6.24), each player requires the aggregate information over
the whole horizon T , i.e., the PEVs demand of energy ai(u) := col((ai(u(t)))t∈T ),
or, equivalently, the price associated to such demand

pi(u) := c(d+ ai(u)), (6.29)

with d := col((d(t))t∈T ), and the number of available charging points at the charg-
ing station, i.e.,

e(δ) := v1T −
(
1>N ⊗ IT

)
δ, (6.30)



111

where δ := col((δi)i∈I). Specifically, while the number of available charging points
e(δ) reflects the coupling constraint in (6.9), the price of energy pi(u) affects both
the constraints and the cost function in (6.26), which can be equivalently expressed
as function of zi and pi(u).

In this context, it seems unrealistic or, at least, impractical to assume full commu-
nication among all the potential users of the same charging station, over the same
horizon T . Therefore, to compute an MINE, we propose a semi-decentralized im-
plementation of the sequential best-response method, summarized in Algorithm 6.1,
that includes an aggregator AG, whose role is played by the charging station, within
the communication pattern. According to [103], we assume the driving patterns of
each PEV to be known by the AG. As shown in the scheme in Fig. 6.1, at each
iteration k, the aggregator AG chooses the next agent taking part in the game,
communicating the price of energy and the number of available charging points.
With this information, the selected agent computes a best response and decides to
change strategy only if it leads to an (at least) ε-improvement in terms of mini-
mization of its cost function. Finally, AG collects the decision of such agent, while
the remaining part of players keeps its strategy unchanged.

Corollary 6.3. Choose arbitrarily ε > 0 and assume that, in Algorithm 6.1, there
exists K > 0 such that j ∈ {i(k), i(k + 1), . . . , i(k + K)} for all j ∈ I and k ≥ 0.
Algorithm 6.1 computes an MINE, z∗ ∈ Z, of the game Γ in (6.25) in finite time.
�

Proof. In view of Theorem 6.2, the game Γ in (6.25) is an MI-GPG. Therefore,
by [154, Th. 5], the sequential best-response based Algorithm 6.1 converges to an
MINE in finite time. �

Remark 6.1 (Accuracy of the approximited solution). In Algorithm 6.1, the value
of ε can be chosen arbitrarily small. From [154, Th. 5], it follows that the con-
vergence is achieved in finite time and that the number of iterations is inversely
proportional to ε. Therefore, it is possible to achieve an arbitrarily high level of
accuracy at the cost of losing the convergence in finite time, i.e., only asymptotic

Figure 6.1: Semi-decentralized implementation of Algorithm 6.1, where z+
i :=

zi(k + 1).
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Table 6.1: Values of the parameters used in the numerical simulations.

Name [ ] Description Values

N PEVs number 6
T Time intervals in 24h 48
u [kWh] Energy exchanged per interval [−7.5, 7.5]
η Battery efficiency 0.85
Ci [kWh] Battery capacity [40, 75]
x0 Initial SoC of battery 0.23
xref Ref. battery SoC [0.2, 0.85]
c [e/kWh] Energy cost 1.09× 10−3

r̄ [e/kWh] Constant reward 1.23× 10−3

ρ+ (ρ−) [e/kWh2] Degradation cost 1(0.5)× 10−3

d [kWh] Grid power capacity 45
h Min. consecutive v2g slots 5
v Max. connected PEVs 5

convergence is guaranteed. Moreover, it is possible to rely on the procedure de-
scribed in [154, Th. 6] to compute a 0-MINE at the price of significantly increase
computational burden. It is interesting to notice that this type of equilibria have the
characteristic of being Pareto optimal, see [154, Th. 3]. So, the choice of ε should
reflect the preference of the policy-maker on whether he prefers and accurate or fast
equilibrium. �

6.5 Numerical simulations

In this section, we show numerical results obtained by solving the MI-GPG in (6.25)
with parameter values specified in Tab. 6.1 (see [119, 151]) and reward function
r(t) chosen proportional to the nominal demand and the energy generated by the
vehicles, i.e., r(t) := r(

∑
j∈I\{i} u

−
j (t) + d(t)), where d(t) corresponds to a typical

daily demand curve [151], and u−j (t) defined analogously to u+
j (t).

For a subset of PEVs, we show in Fig. 6.2 that the SoC xi(t), as well as the
scheduling variable δi(t), satisfies the constraints on the required SoC xref

i (t) (6.5)
and on the number hi of plugged-in consecutive intervals (6.6).

In Fig. 6.3, note that the peak value of d(t) exceeds the maximum capacity d at t =
19 h. Consequently, the constraint (6.8) forces some of the vehicles to discharge
during this time period, showing the so-called “valley filling” phenomenon.

Finally, Fig. 6.4 shows the value of the potential function P (z) and the convergence
of the algorithm after approximately 25 iterations.



113

(a) (b)

(c) (d)

(e) (f)

Figure 6.2: For each PEV i ∈ I, the SoC xi(t) (solid red line), the desired lower
bound of the SoC xref

i (t) (dashed black line), the value of the binary sheduling
variable δi(t) (empty and filled blue circles) and µi(t) (dashed green line), over the
horizon T .
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Figure 6.3: Power required by the load in the grid d(t) (green), the one exchanged

with the fleet,
∑N
i=1 ui(t) (blue) and the maximum capacity of the charging station,

d (red dashed).

Figure 6.4: The values of the potential function P (z) associated to the updating
PEV in Algorithm 6.1.
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6.6 Conclusion and outlook

A mixed-integer aggregative game can efficiently solve the charge scheduling co-
ordination of a fleet of PEVs, each one modeled as a system of mixed-logical-
dynamical systems. Discrete decision variables, as well as logical propositions,
allow to describe the different interests of each PEV and the heterogeneous inter-
actions between the set of vehicles and the charging station. By playing the role
of central aggregator, the charging station is key in computing an (approximated)
equilibrium of the associated generalized potential game in a semi-decentralized
fashion. In fact, the specific sequence of activation of the PEVs highly influences
both the outcome of the game and the speed of convergence. The analysis of this
phenomenon is left to future works, as well as the generalization in the case of
multiple charging stations, i.e., possible multiple central aggregators.
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6.7 Appendix

Proof of Theorem 6.2:

Let us consider an arbitrary player i ∈ I, a strategy z−i such that Zi(z−i) 6= ∅
and two feasible strategies zi, yi ∈ Zi(z−i). Then, the cost variation of the i-th
player that results by adopting the two strategies is:

Ji(zi, z−i)− Ji(yi, z−i) = hi(zi)− hi(yi) +
∑
j∈I\{i} wij(zi, zj)−

∑
j∈I\{i} wij(yi, zj).

Successively, let us consider the variation of the potential function in (6.28) due
to the deviation of strategy of the i-th player, while the others keep the same
strategies, i.e.,

P (zi, z−i)− P (yi, z−i) = hi(zi)− hi(yi) +
∑
k∈I

∑
h∈I,h<k

wkh(zk, zh)

−
∑
k∈I

∑
h∈I,h<k

wkh(zk, zh).

Here, the only non-null elements resulting from the difference of the two summa-
tions are those that couple player i, the only one that changes strategy, with all
the other players in I. Specifically, for all k < i,∑

h∈I,h<k
wkh(zk, zh)−

∑
h∈I,h<k

wkh(zk, zh) = 0,

while, for all k > i,∑
h∈I,h<k

wkh(zk, zh)−
∑

h∈I,h<k
wkh(zk, zh) = wki(zk, zi)− wki(zk, yi).

On the other hand, when k = i, we have that the difference of the summations
corresponds to wih(zi, zh)−wkh(yi, zh), for all h < i. Therefore, given the particular
structure of each term in (6.27), characterized by the symmetric block c I that
makes wki(zk, zi) = wik(zi, zk) for all k ∈ I \ {i} and for all zi ∈ Zi(z−i), we have
Ji(zi, z−i)−Ji(yi, z−i) = P (zi, z−i)−P (yi, z−i) and then the function P in (6.28)
is an exact potential function for the game Γ. �



7
Highway congestion control via smart

electric mobility

I
n this chapter, we study how to alleviate highway traffic congestion by
encouraging plug-in hybrid and electric vehicles to stop at a charging

station around peak congestion times. Specifically, we design a pricing
policy to make the charging price dynamic and dependent on the traffic
congestion, predicted via the cell transmission model, and the availability
of charging spots. Furthermore, we develop a novel framework to model
how this policy affects the drivers’ decisions by formulating a mixed-integer
potential game. Technically, we introduce the concept of “road-to-station”
(r2s) and “station-to-road” (s2r) flows, and show that the selfish actions
of the drivers converge to charging schedules that are individually optimal
in the sense of Nash. Then, we propose a case study and simulate the
adoption of a dynamic charging price depending on the traffic congestion.
We use real traffic data of the A13 highway stretch between The Hague and
Rotterdam, in The Netherlands, to identify the Cell Transmission Model.
Then, we show the benefits of our strategy in terms of traffic congestion
alleviation. Finally, we carry out a sensitivity analysis of the proposed
algorithm and discuss how to optimize its performance.

117
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7.1 Introduction

7.1.1 Motivation

I
n the recent years, urban mobility in highly populated cities is becoming a cen-
tral issue in many countries. Some alarming statistics show a pressing need for

change, as the cost of congestion to the EU society is no less than e267 billion per
year [156]. In fact, an inefficient transportation system deteriorates not only the
citizens’ well-being, but also the environment, since traffic jams heavily increase
the emission of CO2 [12]. The classical solution to the Traffic Demand Manage-
ment (TDM) problem is to increase the roads’ capacity or to build alternative
routes. Although this approach produces tangible benefits [92], policymakers and
researchers are exploring alternatives that may be sensibly faster and cheaper to
implement, and provide dynamic solutions that adapt to the traffic evolution.

7.1.2 “Hard” and “soft” policies

In the past years, there has been a growing interest from the research community
in the problem of ATDM, i.e., a dynamic or even real-time solution to the traffic
control problem. The literature on the topic can be divided into the design of
“hard” and “soft” policies to address the problem [36]. The hard type of measures
tries to enforce changes in the drivers’ behavior by imposing some constraints or
penalizing undesired actions. For example, several works studied the use of dynamic
traffic signaling or traffic lights to influence the current traffic flow [134, 101]. In
[148], the authors impose an artificial bottleneck to decrease the flow in strategic
part of the road and achieve an alleviation of the congestion. Another approach is
to increase the transit price of the most congested roads in order to boost the use
of alternative routes [66].

On the other hand, the so-called soft measures are designed to incentivize virtuous
driver behaviors, and have their roots in behavioural economics and psychology.
The word soft refers to the possibility of the drivers to ignore the incentives and
stick to their regular conduct [36]. Usually, these policies do not imply any physical
change of the infrastructure. In fact, they rely on economic incentives or leverage
psychological phenomena to change the drivers’ habits. Most of the solutions based
on this approach lack strong theoretical fundations, and an a posteriori analysis
is performed to study their consequences. In [150], the author explores the ef-
fectiveness of: monetary incentives, gifts and social nudges tapping into altruistic
values. A personalized set of incentives (mostly monetary) is proposed in [104],
where a platform is introduced that enables the commuters to receive incentives if
they change their departure time to off-peak hours or use an alternative. Several
other pilot studies have been performed and they have experimentally validated the
benefits of soft policies, see [22] among others. It is important to stress that these
two classes of measures are not always mutually exclusive but they can be used in
combination to amplify the final effect of congestion alleviation, as we advocate in
this chapter.
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7.1.3 Smart charging of PEVs

The continuous growth of the number of PEVs is also due to the improvements in
the smart charging, allowing the vehicles to charge up to 150 kW. This technology
increases the appeal of short stops for the users, making the PEVs more similar to
fuel vehicles. This motivates several studies on how the PEV drivers may optimize
their charging schedules and how they affect the distribution network. The results
in [119] and Chapter 6, tackle the problem of high peaks in the energy demand by
proposing a dynamic energy price that leads to a change in the charging habits of
the PEV owners, and consequently to the so-called “valley filling” effect [140]. Some
recent works considered smart charging coupled with mobility. In [174], the smart
charging problem is enhanced by considering also the travel habits. However, the
goal is solely to decrease the energy peak demand rather than the traffic congestion
level. Other works focus on optimizing the charging of the PEVs to decrease their
travel time [109, 63]. However, in these works the overall congestion level is not
taken into account in the decision process. For this reason, we cannot consider these
solutions as a form of ATDM. To the best of the authors’ knowledge, it is still an
open, yet appealing, problem to develop ATDM strategies based on smart-charging
of PEVs whose main goal is traffic congestion alleviation.

7.1.4 Main contribution

Inspired by the conventional ramp metering control and motivated by the rising
number of PEVs, we propose for the first time a novel ATDM based on soft mea-
sures (via monetary incentives) that leverages smart fast charging of PEVs in the
road to alleviate traffic congestion during rush hours. Specifically, we propose a
dynamic energy price discounted proportionally to the (predicted) congestion level.
This approach encourages the PEV owners to stop for charging when the conges-
tion level is (going to be) high, thus aligning the goal of the traffic control with the
drivers’ self-interest. In the following, we emphasize our main contributions:

� We use for the first time the electricity price as control input for the ATDM.
While historically, traffic control had suffered from a lack of control means,
this additional control input may prove itself essential to achieve the desired
results by acting in synergy with the classical TDM.

� We enrich the CTM with the introduction of road-to-station (r2s) and station-
to-road (s2r) flows, newly defined to model the entering and leaving of the
PEVs in and out of a CS.

� We carry out a formal analysis of the effects of the presented soft policy
by describing the decision process of the PEV drivers as a generalized exact
potential game.

� We propose a semi-decentralized control scheme ensuring that the PEVs in-
volved in the decision reach an optimal charging schedule that represents
their individual best trade-off between monetary saving and travel time.



120 Chapter 7. Highway congestion control via smart electric mobility

� We validate our theoretical framework by means of real traffic data extracted
in from the A13 highway stretch between The Hague and Rotterdam, in The
Netherlands.

� We show by simulation that a dynamic charging price policy can alleviate
highway traffic congestion and significantly reduce the peak traffic conges-
tions.

� We perform an extensive sensitivity analysis on the system parameters, which
allows us to identify the “best” setup that maximizes the performance of the
proposed strategy

7.1.5 Structure of the chapter

The chapter is divided into two parts, the first formalizes and introduces the the-
oretical framework developed to tackle the problem (Sections 7.2–7.5) and the
second validates the strategy proposed by analyzing a case study (Sections 7.6–
7.10). Specifically, in Section 7.2 we introduce the traffic model considered and in
Section 7.3 we model the decision making carried out by the PEVs owners. Then,
we describe the algorithm solving this problem in Section 7.5. The case study
begins with the identification of the traffic model via real data, in Section 7.6. In
Section 7.8, the parameters are chosen such that they reflect the current market
scenario and the performance of the algorithm are analyzed in detail. Then, a
sensitivity analysis is carried out in Section 7.9 for the most relevant decision pa-
rameters. To conclude, we discuss the policies that emerge from the simulation
results as the most effective in Section 7.10.

7.2 Cell Transmission Model with Charging Sta-
tion

We consider a freeway stretch without ramps and only one CS where PEVs may
stop. In the literature, the most used model for traffic control is the CTM, see [58].

7.2.1 Cell Transmission Model with charging station

Here, we explicitly introduce a revised version of the CTM described in [85, Sec. 3.3.1]
adapted to our problem. We consider the discretized version of the model where
each time interval [kT, (k + 1)T ) of length T is denoted by an integer k ∈ N. The
highway stretch is modeled as a chain of N subsequent cells (Figure 7.1). The
vehicles in each cell ` ∈ N := {1, . . . , N} are a mixture of PEVs and non-PEVs
moving at a constant speed. Two subsequent cells are connected via an interface
that models a certain flow of vehicles, whose value depends on the cells’ demand
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and supply capabilities. Without loss of generality, we assume that the CS is lo-
cated between the first two cells. To formalize the CTM, for every cell ` ∈ N and
interval k ∈ N, we introduce the following set of variables:

� ρ`(k) [veh/km]: traffic density of cell ` during k;

� Φ+
` (k) [veh/h] (resp. Φ−` (k)): total flow entering (exiting) the cell ` during k;

� φ`(k) [veh/h]: flow entering cell ` from cell ` − 1 during k; φ1(k) (resp.
φN+1(k)) is the flow entering (exiting) the highway during the same interval;

We enrich the conventional CTM introducing two flows:

� r2s(k) [veh/h]: flow of PEVs entering the CS during k;

� s2r(k) [veh/h]: flow of PEVs exiting the CS during k.

Then, we associate a set of fixed parameter to each cell `:

� L` [km]: cell length;

� v` [km/h]: free-flow speed;

� w` [km/h]: congestion wave speed;

� qmax
` [veh/h]: maximum cell capacity;

� ρmax
` [veh/km]: maximum jam density.

Each cell can be seen as an input-output system where the inflow is the input and
the outflow the output. The dynamics of the density ρ` of cell ` ∈ N read as

ρ`(k + 1) = ρ`(k) +
T

L`

(
Φ+
` (k)− Φ−` (k)

)
, (7.1)

where the inflow and outflow are defined as

Φ−` (k) :=

{
φ`+1(k) + r2s(k) if ` = 1

φ`+1(k) otherwise
(7.2a)

Φ+
` (k) :=

{
φ`(k) + s2r(k) if ` = 2

φ`(k) otherwise.
(7.2b)

Thus, the flows entering and exiting the CS modify only the definition of the in-flow
of cell 2 and out-flow from cell 1.

Remark 7.1 (r2s and s2r flows). The concepts of r2s and s2r flows are inspired
by the “off-ramp” and “on-ramp” flows [58], respectively, and used to model the
temporary stop of some PEVs at the CS, which leads, differently from the off- and
on-ramp flows, to a mutual dependency between r2s and s2r. We investigate this
further in Sections 7.3 and 7.5. In the literature, only the on-ramp flow can be
controlled, e.g. via a toll, while our control action influences the off-ramp flow as
well. �
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The demand D`−1(k) of cell `− 1 and the supply S`(k) of cell ` directly influence
the admissible flow between the two cells, see Figure 7.2. The former is the flow
that cell ` − 1 can send to cell ` in the time interval k, while S`(k) describes the
flow that cell ` can receive in the same interval:

D`−1(k) := min
{
v`−1ρ`−1(k) , qmax

`−1

}
, (7.3a)

S`(k) := min
{
w`
(
ρmax
` − ρ`(k)

)
, qmax

`

}
. (7.3b)

The relations in (7.3) directly define φ`(k) in (7.2). In fact, if ` ∈ {3, . . . , N}, then
the flow between the cells reads as φ` := min {D`−1(k), S`(k)}. On the other hand,
the flow φ2 between cell 1 and 2 is described by a more complex relation, due to
the presence of the CS:{

φ2 := D1 − r2s ifD1 − r2s ≤ S2 − s2r

φ2 := S2 − s2r otherwise ,
(7.4)

where the time dependency is omitted. The first case in (7.4) reflects the free-flow
scenario, while the second reflects the presence of a congestion, as the supply of
cell 2 is saturated by φ2(k) and s2r(k). Finally, φ1(k) and φN+1(k) are the input
and output flows of the CTM, respectively.

Throughout this section, we have defined the whole CTM except for r2s(k) and
s2r(k). The remainder of this theoretical part of the chapter is devoted to design
the decision process that the PEVs carry out to choose whether or not it is worth
stopping at the CS. In turn, this determines r2s(k) and s2r(k), as we show in
Section 7.5.

7.3 Decision making process

We assume the presence of a Highway Operator (HO) that aims at minimizing the
congestion. It does that by discounting the energy price if the level of congestion
grows (or is expected to grow). In this setup, the HO would have the role of the
so-called choice architect, by designing the price at all time intervals. Our solution
leverages two main aspects: first, if the road is congested, the benefit of keep driving
decreases, due to a longer travel time, and, at the same time, stopping at a CS to
charge becomes more profitable due to an energy price discount. Secondly, we take
advantage of the range anxiety, which is a well-known cognitive bias affecting PEV
drivers making them impatient to stop at a CS even if they do not strictly need
it [133].

We model the multi-agent decision process of the PEVs exiting cell 1, at every
time interval k, by defining a set of interdependent local optimization problems.
Each PEV (or agent/player) aims at minimizing its own local cost function subject
to a set of constraints, where couplings between the agents arise in both the cost
functions and the constraints. From a mathematical point of view, specific in
our problem setup, the collection of all these optimization problems determines a
mixed-integer potential game subject to best-response dynamics. The output of
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(a)

(b)

Figure 7.2: (a) Demand function of the cell `− 1, (b) Supply function of the cell
`.

the decision making process (or game) is the set of all the choices (or strategies)
of the PEVs to stop or not at the CS, which affects the r2s flow. The s2r flow is
instead a consequence of how long the agents decide to linger at the CS.

7.3.1 Cost function

Next, we design the cost function of the PEVs exiting cell 1 that are involved
in the decision making process. We postulate that the interest of each driver is
twofold: he is interested in minimizing the travel time, while he is also willing to
save money for charging his PEV. Between the two, in most cases, the primary
concern will be the travel time, especially in normal traffic conditions, when no
discount is present. Nevertheless, the travel time aspect becomes less relevant if
a heavy congestion arises; in this situation, the relative impact of the travel time
spent at the CS decreases, and at the same time, the discounted energy price may
steer the decision of the agent towards the choice of stopping to charge the PEV.

Number of vehicles

During each time interval k ∈ N, the number of vehicles involved in the decision
process is nEV(k), which may vary due to the traffic conditions. From (7.2), we
show that the total number of vehicles exiting cell 1 during k is Φ−1 (k)T . Between
those, the fraction of PEVs is denoted by pEV ∈ [0, 1]. By relying on (7.2a) and
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(7.4), we attain {
nEV = bpEVD1 T c , ifD1 − r2s ≤ S2 − s2r

nEV = bpEV(S2 − s2r + r2s)T c , otherwise
(7.5)

where the time dependency is omitted and bxc ∈ N denotes the floor of x ∈ R.

To compute nEV(k) via (7.5), the value of r2s(k) is necessary, even though it is the
solution of the decision process that we are defining. Thus, it is not possible to
exactly define nEV(k). At the same time, s2r(k) does not affect the computation of
nEV(k), since it is due to PEVs already at the CS, so not involved in the decision
process arising at time k. To overcome this impasse, we compute the number of
agents n(k) involved in the game under the assumption of maximum congestion,
namely if no agent stops at the charging station (r2s(k) = 0). Then the number of
agents taking part in the decision process is obtained as{

n(k) = bpEV D1(k)T c , ifD1(k) + s2r(k) ≤ S2(k)

n(k) = bpEV(S2(k)− s2r(k))T c , otherwise .

This assumption not only implies that n(k) can be computed for every k, but also
that all the vehicles involved in the game manage to exit cell 1 during the time
interval k, and therefore being able to implement their strategies.

Decision variables and the SoC dynamics

The time-varying set indexing the n(k) PEVs taking part in the game during the
k-th time interval is denoted by I(k) := {1, . . . , n(k)}. The decisions of the agents
are performed over a prediction horizon T (k) of Th time intervals. The length of the
time intervals in the decision making process may be longer than the one used in the
CTM. Specifically, we assume intervals of length lT , with l ∈ N. Thus, the PEVs
should plan their behavior over the set of intervals T (k) := {k, k + 1, . . . , k + Th},
where each index denotes an interval of length lT , e.g., k ∈ T (k) represents here
[kT, kT + lT ) and similarly k + 1 ∈ T (k) denotes [kT + lT, kT + 2lT ).

The SoC of the battery of every PEV i ∈ I(k) at time t ∈ T (k) is denoted by
xi(t) ∈ [0, 1], where xi(t) = 1 represents a fully charged battery, while xi(t) = 0
a completely discharged one. The amount of energy purchased by agent i ∈ I(k)
during the time period t ∈ T (k) is ui(t) ≥ 0. For every interval t ∈ T (k), the SoC
reads as

xi(t+ 1) = xi(t) + biui(t) , (7.6)

where bi = ηi
Ci

> 0 is a coefficient associated to the battery efficiency ηi ∈ (0, 1]
and capacity Ci > 0. Let us introduce the variable δi(t) ∈ B := {0, 1} as a binary
decision variable, which takes value δi(t) = 1 if the vehicle is actively charging at
the CS and δi(t) = 0 otherwise:

[δi(t) = 1] ⇐⇒ [ui(t) > 0], ∀t ∈ T (k), ∀i ∈ I(k). (7.7)

The logical implication above entails that the energy purchased by PEV i is positive
if and only if δi(t) = 1, therefore we define ui(t) ∈ U(t) := [uδi(t), uδi(t)], with u > 0
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(respectively u > 0) being the maximum (minimum) energy that the vehicle can
receive from the CS in a single time interval. We define a first collection of decision
variables associated with each PEV i ∈ I(k), over the whole horizon T (k), as the
collective vectors ui := col((ui(t))t∈T ), δi := col((δi(t))t∈T ) and the evolution of
the SoC, xi := col((xi(t))t∈T ).

Travel time and congestion

An important quantity influencing the PEV decisions is the additional time ξ(t) ≥ 0
that a PEV would experience due to the presence of congestion. Specifically, ξ(t)
denotes the difference between the travel time that a PEV experiences to actually
travel throughout the cells {2, . . . , N} and the one it would spend in conditions of
free flow. It provides insightful information on the traffic evolution, allowing the
PEVs to discern whether or not they prefer to stop at the CS. If agent i ∈ I(k)
decides to stop for charging, the congestion it will experience, when it merges back
in the mainstream during the time interval ti ∈ T (k), depends also on those that
were behind it at the time of the decision k < ti. Among all the vehicles exiting
cell 1 in the time interval (k, ti], the PEVs have the possibility to stop for charging,
deciding via a process akin to the one that agent i is currently carrying out. For
this reason, the exact value of ξ(t) cannot be computed in advance by agent i
for the whole prediction horizon. We work around this difficulty by adopting a
conservative approximation of ξ(t), computed assuming that all the PEVs in I(k)
and the ones following them do not stop at the CS. This leads to a value of ξ(t)
that over-estimates the actual experienced travel time. This approximation allows
the agents to cope with the worst-case scenario, hence being able to meet possible
time constraints. Moreover, it can be computed at every time interval and provides
insightful information on the potential traffic evolution.

For a cell ` ∈ N , the vehicles’ speed is attained as v`(k) = Φ−` (k)/ρ`(k). If an
agent i enters cell ` during the time interval k and it takes t ∈ N intervals to travel
through it, then the velocity at which it will move when it enters the next cell is
v`+1(k+t). This observation motivates the following recursive, but implementable,
definition

ξ(t) := ξN (t) , ∀t ∈ T (k) (7.8)

where ξ1(t) = 0

ξ`(t) = ξ`−1(t) +
L`

v̂`(t+ ξ`−1(t))
− L`
v`
, ∀`{2, . . . , N}.

Here, v̂` denotes the vehicles’ speed computed in the worst-case scenario described
above. The value L`/v` represents the travel time in the case of no congestion in
the cell `. Under the assumption above, ξ`(t) can be always computed by letting
the CTM evolve freely. It is worth noticing that, if the PEVs will experience no
congestion along the whole freeway, i.e., v̂`(t) = v` for all ` ∈ N , then ξ(t) = 0.

Another important quantity related to the congestion is the number of vehicles
that leave the CS at every time instant. In fact, if an agent leaves the CS when



127

many others are also merging back into the mainstream, it may experience high
levels of congestion. To model this phenomenon, we introduce a binary variable
ϑi ∈ B for every i ∈ I(k).

For every PEV i ∈ I(k) entering cell 2 at time ti ∈ T (k), and for every t ∈ T (k),
we define ϑi(t) = 1 if t ∈ {ti − W, . . . , ti + W}, and 0 otherwise. Thus, ϑi is
a rectangular function of width at most 2W + 1 intervals and at least W + 1
(Figure 7.3). This variable is used to capture the influence of the PEVs entering
cell 2 around the same time as agent i. The value of W ∈ N depends on lT . In
fact, if lT is large, then PEV i will not experience the congestion due to the PEVs
that precede or follow him, so W = 0. On the other hand, if lT is small, the value
of W has to be high to model correctly the possible congestion due to those agents
that enter cell 2 around the same time as agent i. We elaborate further on this in
the next section. Also in this case, we denote the collective vector over the whole
T (k) as ϑi := col((ϑi(t))t∈T (k)). Therefore, for every t ∈ T (k) and i ∈ I(k), ξCS

i (t)
approximates the extra time that agent i would experience due to those PEVs
entering cell 2 around time t and it reads as

ξCS
i (t) := γ

∑
k̄<k

∑
j∈I(k̄)

ϑj(t) +
∑

j∈I(k)\{i}

ϑj(t)

 . (7.9)

The first double summation, denoted by ϑold(t) for all t ∈ T (k), represents the
number of PEVs, that already completed the decision process, entering cell 2 during
one of the intervals {max(k, t−W ), . . . , t+W}. The coefficient γ > 0 is proportional
to the average amount of time agent i spends for every PEV entering cell 2 during
the intervals {max(k, t −W ), . . . , t + W}. This coefficient may be estimated via
historical data and engineering understanding or based on the worst-case scenario.

Energy price

In our model the dynamic energy price p(k) is discounted by the HO in conjunction
with a traffic congestion. On the other hand, it is also linked to the local energy
demand required in the distribution network, i.e., d(k)+uPEV(k), where uPEV(k) :=∑
k̄∈N

∑
i∈I(k̄) ui(k) is the total energy purchased by the PEVs and d(k) denotes the

base energy demand of the local network. During the time interval k, we can study
the congestion by looking at how much the travel time increases with respect to the
free-flow case, for each cell ` ∈ N . This quantity is defined by ∆`(k) := L`

v`(k) −
L`

v`
,

and ∆`(k) ≥ 0. Here we assume it is used by the HO to link the price to the
congestion level, namely the higher ∆`(k) the lower the price. Thus, the energy
price that the HO imposes for every unit of energy purchased reads as

p(k) := c1 d(k) + c2u
PEV(k)− c3

N∑
`=2

∆`(k) , (7.10)

where c1, c2, c3 > 0 are scaling parameters tuned by the HO. This is one of the key
parameters analyzed in the sensitivity analysis carried out in Section 7.9.
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Figure 7.3: Feasible choices of δi and ϑi for i ∈ I when l = 1 and W = 1. The
two illustrations show when: (a) the PEV does not stop at the CS; (b) the PEV
decides to stop.

We note that the exact energy price applied in the future time intervals t ∈ T (k)
cannot be computed in advance by the HO, since it depends on the traffic evo-
lution, which is not completely known due to the arbitrary future choices of the
drivers. Nevertheless, to allow the PEVs to perform an informed choice, we let the
HO compute an estimation p̂(t) of the real p(t) for the whole prediction horizon
T (k). Then, this value is broadcast to the PEVs in I(k) and it is used by them
to execute the decision process. If the congestion grows, then the price should
drop, even though, intuitively, the discounted price leads to a larger number of
PEVs stopping, and consequently an increment of uPEV(k). We define ∆̂`(k) as
an approximate value of ∆`(k), which is computed by assuming that no agent ex-
iting cell 1 during the prediction horizon T (k) stops at the CS. This assumption
translates into r2s(t) = 0 for all t ∈ T (k). The density and the flow during the
time interval t ∈ T (k) are attained by letting the CTM evolve freely. Therefore,
the approximation of the additional time spent by the agent, due to the congestion
in the cell `, reads as

∆̂`(t) :=
L`
v̂`(t)

− L`
v`

. (7.11)

The value of ∆̂`(t) overestimates the additional travel time spent due to the conges-
tion level on the road during the interval t. We introduce two time-varying vectors
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of offsets and coefficients, β0(k) := col((β0(t))t∈T (k)) and β1(k) := col((β1(t))t∈T (k))
respectively, and define the estimated price, for every time interval t ∈ T (k), by

p̂(t) := c1 d(t)−

[
β0(t) + β1(t)

N∑
`=2

∆̂`(t)

]
. (7.12)

At every time instant k ∈ N, the HO may use historical data on the traffic flow
to compute the values of β0(k) and β1(k) that are supposed to minimize the error
between the real and estimated price. This may be done with several techniques
(e.g. linear regression or Bayesian estimation).

Remark 7.2. The definition in (7.12) implies that the estimated price is not af-
fected by the strategies of the other agents in the game. Nevertheless, the strategies
implemented by the PEVs involved during k, directly influence the estimated price
used by the PEVs that will play the game during k+1. Therefore, the price dynam-
ically changes over time and is assumed to be fixed only inside the single decision
process. �

Cost function formulation

The goal of each PEV is to find the best trade-off between saving money, and
travel time. These two cost terms are described for every PEV i ∈ I(k) by the

functions Jprice
i and J time

i , respectively. The amount agent i saves by charging at
a discounted price depends on the total energy it purchases:

Jprice
i (ui|k) :=

∑
t∈T (k)

(p̂(t)− p̄i)ui(t) ,

where p̄i > 0 represents the average cost agent i would experience via standard fast
charging, and it might vary between PEVs. Next, we define the cost associated to
the total travel time experienced by vehicle i by

J time
i (ϑi,ϑ−i|k) :=

∑
t∈T (k)

χ(t)
[
(t− k)υ + ξ(t) + ξCS

i (t)
]
ϑi(t) .

The quantity (t− k) weights the time spent at the charging station, while the rest
approximates the additional time spent if the agent enters cell 2 during the time
interval t. The parameter υ > 0 weights the different perception that the agent
has in spending time at the CS or in a congestion. The time-varying factor χ(t)
normalizes the cost function with respect to the width of the rectangular function
ϑi. Note that the presence of ξCS

i (t) creates a coupling between all the decisions of
the PEVs in the game. In J time

i , the presence of ϑi entails that only some elements
of the summation are not zero. Furthermore, its rectangular shape implies that
the decision of agent i depends also on those agents that enter cell 2 during an
interval distant at most 2W intervals from the one in which i will enter cell 2, see
Figure 7.3. As anticipated, this feature models the different speeds of the vehicles
in a cell.
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Each agent may weight differently the two objectives thus we model the final cost
as a convex combination of the two:

Ji(ui, ϑi,ϑ−i|k) := αiJ
price
i + (1− αi)J time

i , (7.13)

for some αi ∈ (0, 1). We study the effects of this parameter on the performance
in Section 7.9. Finally, we highlight that the nature of the approximation of ξCS

i

and the estimation p̂ are intrinsically different. In fact, despite both uncertainties
are due to the presence of the human in the loop, the second is part of the policy
designed by the HO to reduce the congestion, while the first is used to model the
drivers’ local decision. Consequently, the complete policy includes the actual price
applied and its estimation over the prediction horizon, that are broadcast by the
HO to the PEVs and used to influence their decision.

7.3.2 Local and coupling constraints

We model the constraints on the drivers’ possible choices as a collection of logical
implications. First, we impose that the 2W + 1 intervals in which ϑi = 1 are
consecutive. To do so, we require that, for all i ∈ I(k), ϑi changes its value from
0 to 1 and back to 0 only once:∑

p∈T (k)

(1− ϑi(p− 1))ϑi(p) = 1 (7.14a)

∑
p∈T (k)

ϑi(p− 1)(1− ϑi(p)) = 1 , (7.14b)

where ϑi(k − 1) = 0, so the raising edge must precede the falling one. Then, we
force the intervals in which ϑi(k) = 1 to be consecutive, and hence for all i ∈ I(k)
and t ∈ T (k) it must hold that

ϑi(t)(1− ϑi(t+ 1))

( ∑
p∈T (k)

ϑi(p)−P

)
= 0

P := min{t− k +W + 1, 2W + 1} .
(7.15)

Clearly, if a PEV enters cell 2 at time ti, it cannot charge in the remaining time
intervals (Figure 7.3), and thus we obtain the following relation, for all t ∈ T (k)
and i ∈ I(k):

[ϑi(t− 1)(1− ϑi(t)) = 1] =⇒ [δi(r) = 0] ,

∀r ∈ {t−W − 1, . . . , k + Th} .
(7.16)

This condition models also the case in which a PEV is not stopping, so ϑi(k) =
· · · = ϑi(k + W ) = 1 and (7.16) implies that the PEV is never charging, i.e.,
δi(t) = 0 for all t ∈ T (k). Furthermore, (7.14) and (7.15) imply that the PEVs
disconnect at least W + 1 time intervals before the end of the prediction horizon.
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Next, we impose that, when an agent is done with charging, it exits the CS, and
hence, for all t ∈ T (k), agent i ∈ I(k) has to satisfy

[δi(t− 1) = 1] ∧ [δi(t) = 0] =⇒ [ϑi(r) = 1]

∀r ∈ {max(k, t−W ), . . . , t+W} .
(7.17)

We impose that each PEV charges for at least h ∈ N consecutive time intervals. In
fact, the value lT may be small and it is unreasonable to allow a PEV to stop for
charging for only one time interval (e.g. 2 minutes). This translates into

[δi(t− 1) = 0] ∧ [δi(t) = 1]⇒ [δi(t+ h) = 1, ∀h ≤ h] . (7.18)

Similarly, if a PEV decides to stop, then we assume it remains at the CS for at
least 2W + 1 time intervals, and hence∑

t∈T (k)

ϑi(t) > W + 1⇔ ϑi(k) = · · · = ϑi(k +W ) = 0 . (7.19)

For each PEV, the minimum level of SoC necessary to reach the final destination
from cell 2 is denoted by xref

i ∈ (0, 1]. Thus, we assume that a PEV can enter cell
2 if xi(t) > xref

i , otherwise it must stop (or remain) at the CS for charging, so for
all t ∈ T (k),

[xi(t) < xref
i ] =⇒ [ϑi(max(k, t−W )) = 0] , (7.20)

where ϑi(max(k, t−W )) = 0 implies that PEV i cannot leave the charging station
during the time interval t. The next constraint limits the maximum amount of
energy that the CS can supply during each time interval by umax > 0. Thus, for
all t ∈ T (k), we have the following coupling constraint on the connected PEVs:

uold(t) +
∑
i∈I(k)

ui(t) ≤ umax , (7.21)

where uold(t) :=
∑
k̄<k

∑
j∈I(k̄) uj(t) is the total energy that the agents, that al-

ready completed the decision process, planned to purchase during the time interval
t.

Finally, we consider that if several PEVs stop at the CS simultaneously there can
be a scarcity of charging plugs. Let δ̄ denote the total number of plugs at the CS.
Then, we have

δold(t)−
∑
i∈I(k)

δi(t)+ ≤ δ , ∀t ∈ T (k) (7.22)

where δold(t) is defined analogously to uold(t).

The above constraints allow the PEVs to stop at the CS and do not start charging
immediately (for example due to a lack of free plugs), and this may lead to the
formation of a queue. We model the queue as a First-In-First-Out (FIFO), i.e.,
the vehicles already waiting have the priority over the PEVs entering it afterwards.



132 Chapter 7. Highway congestion control via smart electric mobility

This aspect is important to realistically model the PEV behaviors, which would be
hard to formalize without the use of mixed-integer variables.

In Figure 7.3, we qualitatively represent a feasible choice of δi and ϑi for PEV i
and how it is reflected in the driver’s behavior. In Figure 7.3a, agent i does not
stop at the CS. In comparison, in Figure 7.3b, the PEV enters the CS, but, since
all the plugs are busy, it waits for the first two time intervals before connecting to
the CS. Once it finishes the charging phase, i.e., δi(t) = 0, it merges back into the
mainstream, according to (7.17).

We conclude this section by introducing a preliminary formulation of the set of
inter-dependent mixed-integer optimization problems that model the decision pro-
cess performed by the n(k) PEVs during every time interval k ∈ N:

∀i ∈ I(k) :


min

ui,xi,δi,ϑi

Ji(ui, ϑi,ϑ−i| k)

s.t. (7.6), xi(t) ∈ [0, 1], δi(t) ∈ B,
ui(t) ∈ U(t), ϑi(t) ∈ B,
(7.7), (7.14)–(7.22), ∀t ∈ T (k).

(P)

Several constraints in (P) are expressed via logical implications, thus this prob-
lem should be mathematically reformulated to be solved. Specifically, in the Ap-
pendix 7.12 we adopt a process akin to the one used in Chapter 6 and [77] to
transform the logical implications into mixed-integer affine coupling constraints by
additional auxiliary variables.

7.4 Formulation of the mixed-integer game

As a result of translating the logical implications into affine constraints, we recast
(P) as the following mixed-integer aggregative game, subject only to linear mixed-
integer inequalities:

∀i ∈ I(k) :



min
ui,...,νi

Ji(ui, ϑi, ϑi,ϑ−i| k)

s.t. xi(t) ∈ [0, 1], ui(t) ∈ U(t),

δi(t), ϑi(t), ψi(t) ∈ B
σi(t), ωi(t) ∈ B
ϕLH
i (t), ϕHL

i (t), νi ∈ B

µ
(h)
i (t) ∈ B ∀h ≤ h
gi(t), qi(t) ∈ N
(7.21)–(7.44), ∀t ∈ T (k).

(G(k))

The vector of all the decision variables in (G(k)) is defined as

zi := col(ui, xi,δi, ϑi, ψi, σi, $i, ϕ
LH
i ,

ϕHL
i , µ

(1)
i . . . , µ

(h)
i , gi, qi, νi) ∈ Rni ,
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and z := col((zi)i∈I(k)), we obtain a compact form of G(k):

∀i ∈ I(k) : min
zi∈Zi(k)

Ji(zi, z−i|k) s.t.Az ≤ b (7.23)

where Zi(k) is the set of strategy that satisfy the local constraints of i, while A and
b are of suitable dimensions and are used to describe all the coupling constraints
between the agents. We denote the set of all feasible strategies of player i ∈ I(k)
as

Zi(z−i|k) := {y ∈ Zi(k) ⊂ Rni | A(y,z−i) ≤ b} . (7.24)

Then, the set of all the feasible collective strategies is

Z(k) :=
{
z ∈

∏
i∈I(k)Zi(k) ⊂ Rn | Az ≤ b

}
,

where n :=
∑

i∈I(k)ni.

Perhaps, the most popular notion of equilibrium for games like G(k) is the Gener-
alized Nash Equilibrium (GNE), where no agent can reduce its cost by unilaterally
changing its strategy to another feasible one. Here, we are interested in an approx-
imate solution for mixed-integer games, i.e., MINE.

Definition 7.1 (ε-Mixed-Integer Nash equilibrium). A set of strategies z∗ ∈ Z is
an MINE, with ε > 0, of the game G(k) if, for all i ∈ I,

Ji(z
∗
i , z
∗
−i|k) ≤ inf

zi∈Zi(z∗−i|k)
Ji(zi, z

∗
−i|k) + ε.

with Zi as in (7.24). �

7.4.1 Potential game structure

In this subsection, we prove that the game G(k) is an exact potential game with
potential function P , see Appendix C for an introduction on potential games.

To find the potential function P , we first reorganize the local cost function Ji(zi, z−i|k)
as:

Ji(zi, z−i|k) = ζi(zi) +
∑
j∈I(k)\{i}λi,j(zi, zj) , (7.25)

where ζi depends on the local variables only, and λi,j incorporates the cross terms
depending on the other players’ strategy zj . From (7.9), we derive that

λi,j(zi, zj) :=
∑

t∈T (k)

χ(t)γ ϑj(t)ϑi(t). (7.26)

Thus, λi,j(zi, zj) = λj,i(zj , zi) meaning that the agents influence each other in a
symmetric way. In the next statement, we introduce the exact potential function
for the game in G(k).
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Theorem 7.2. For each k ∈ N, the game G(k) is an exact potential game with

P (z|k) :=
∑
i∈I(k)

(
ζi(zi) +

∑
j∈I(k), j<i λi,j(zi, zj)

)
,

as an exact potential function, where λi,j is as in (7.26). �

Proof. The proof is akin to the one in [75]. �

The pivotal result that highlights the importance of the above theorem is that an
ε-approximated minimum of the potential function is also an MINE of the game
G(k), see [154, Th. 2]. Thus, it is sufficient to show that the proposed algorithm
converges to a minimum of the potential function in order to achieve the sought
convergence result.

7.5 CTM traffic control scheme

We can now focus on the connection between the traffic dynamics and the decision
process of the PEVs. Then, we describe in details our proposed algorithm that the
agents can use to seek an equilibrium of the game.

7.5.1 Iterative semi-decentralized algorithm

We propose here a semi-decentralized iterative algorithm (Algorithm 7.1) that the
agents in I(k) can adopt to solve the MI-GPG G(k). The notation zi(τ) denotes
the strategy of agent i at the τ -th iteration of the algorithm.

After the initialization step, where the players receive the information broadcast by
the HO, each PEV decides to update its strategy independently from the others.
If an agent wants to update, it sends a request to the HO. If no other player is
currently updating, then agent i starts its local update given the aggregate quan-
tities

∑
j∈I(k)\{i} ϑj(t),

∑
j∈I(k)\{i} ui(t) and

∑
j∈I(k)\{i} δi(t), used to compute

the cost J time
i and the coupling constraints (7.21), (7.22). On the other hand, if

another agent is performing the update, agent i enters a FIFO queue from which
the HO extracts sequentially the future agents that are allowed to update. At the
moment of the update, agent i computes a best-response strategy z∗i with respect
to the strategies of the others. We define the mixed-integer best-response mapping
for agent i ∈ I(k), as

BRi(z−i) :=

{
argminzi Ji(zi, z−i|k) ,

s.t. (zi, z−i|k) ∈ Z(k)
(7.27)

where BRi may be a set, thus z∗i ∈ BRi(z−i).

Agent i updates its current strategy only if z∗i leads to an (at least) ε-improvement
in terms of minimization of its cost.
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The iteration is completed after the PEV communicates to the HO its (possibly)
new strategy and the HO uses it to revise all the quantities in the game that depend
on zi.

In the following result, we show that Algorithm 7.1 converges to an MINE of the
game G(k), under the assumption that all the players manage to update their
strategies over a sufficiently large number of iterations.

Proposition 7.3. Let ε > 0 and k ∈ N, and assume that for every j ∈ I(k) and
τ ∈ N there exists a τ̄ > τ such that j ∈ {i(τ), . . . , i(τ̄)}. Then, Algorithm 7.1
computes an MINE of the game G(k) in (7.23). �

Proof. From Theorem 7.2, G(k) is an MI-GPG with an exact potential function for
all k ∈ N. Therefore, the result in [154, Th. 4] applies to show that the sequential
best-response based algorithm proposed in Algorithm 7.1 converges to an MINE of
the game. �

Remark 7.3 (Privacy and scalability). In Algorithm 7.1, the HO shares with each
PEV only aggregate information on the choices of the others. This feature allows
to preserve the privacy of the agents in the game, since an agent cannot retrieve
the local decision strategy of another PEV based on the data received from the HO.
Moreover, using aggregate information is also important to preserve the scalability
of Algorithm 7.1. In fact, the amount of data shared between each PEV and the
HO does not grow with n(k). This is crucial to obtain an implementable solution,
due to the (possibly) large number of vehicles involved. �

Algorithm 7.1 shares the update structure with Algorithm 6.1. So, Remark 6.1
on the accuracy and optimality of the attained approximated equilibrium holds
also in this case. Moreover, it is important to stress that Algorithm 7.1 has to
operate in real-time, so ε must be chosen accordingly. Notice that, thanks to the
asynchronous update structure proposed, z(τ) is a collective strategy that satisfies
all the constraints of the game for all τ ∈ N. This differentiate Algorithm 7.1 from
the ones proposed in Chapters 2–4 in which the constraints are satisfied only at the
equilibrium. Furthermore, this feature allows the HO to end the algorithm at any
iteration and still achieve a result that has physical meaning and can be directly
adopted by the PEVs, with the only drawback of a loss in optimality.

7.5.2 Complete CTM control loop

The HO, introduced in Section 7.3, plays a crucial role in collecting and broadcast-
ing information from and to the vehicles on the highway stretch. We propose the
following decision process which takes place at the beginning of every time interval
k ∈ N via the following four steps.

S.1) HO collects information

The HO collects information, from the sensors on the highway (placed at the in-
terfaces between cells), on the cells’ density, i.e., ρ`(k) for all ` ∈ N . The HO
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Algorithm 7.1: Sequential best-response

Initialization: For k ∈ N, HO sends to every i ∈ I(k) the coefficients
h̄, umax, δ̄, γ ∈ R and ξ(t), ϑold(t),uold(t),δold(t), p̂(t), ∀t ∈ T (k).

Update: Choose z(0) ∈ Z(k), set τ := 0
while z(τ) is not an MINE do

HO do
Extracts from the waiting queue i := i(τ) ∈ I(k).
Sends

∑
j∈I(k)\{i} ϑj(t),

∑
j∈I(k)\{i} ui(t) and

∑
j∈I(k)\{i} δi(t) to i.

end
Player i do

Computes z∗i (τ) ∈ BRi(z−i(τ)) as in (7.27)
if Ji(zi(τ), z−i(τ)))− Ji(z∗i (τ), z−i(τ))) ≥ ε

zi(τ + 1) := z∗i (τ)

else
zi(τ + 1) := zi(τ)

Sends zi(τ + 1) to HO
end
Set zj(τ + 1) := zj(τ) ∀j 6= i, τ := τ + 1

computes the following set of variables: ξ(t) via (7.8), ϑold(t), δold(t), uold(t),
∆`(k) , ∆̂`(t) via (7.11), p(k) via (7.10) and p̂(t) via (7.12), by exploiting the CTM
and the strategies of the PEVs that performed the process during the previous time
intervals.

S.2) HO broadcasts information

Those PEVs that have the possibility to stop during the time interval k, i.e., the
ones leaving cell 1, connect with the HO, forming the set I(k) of players involved in
the game. The HO broadcasts to all of them the quantities they need to initialize
the game G(k), i.e., the initialization phase in Algorithm 7.1. Moreover, the HO
applies the price p(k) in (7.10) to the energy purchased by the PEVs currently
charging at the CS.

S.3) Iterative solution of the decision process

After the initialization, the agents update their strategy as shown in Algorithm 7.1,
and described in Section 7.5.1. The PEVs keep updating until they converge to
an MINE of the game G(k), hence a feasible set of strategies z ∈ Z(k), which is
convenient to each of the PEVs. We stress that the iterations τ ∈ N to solve the
game are unrelated to the intervals of the CTM or the intervals in T (k), and in
fact they are all completed within the interval k.
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S.4) Strategy implementation

The agents in I(k) implement their final strategies (i.e., stop at the CS or continue
driving) and the process will start again from (S.1) at the beginning of the interval
k + 1.

The presence of the human in the loop imposes a bi-level implementation of step
(S.4). We envision that every PEV performs the computations in (S.3) via a
dedicated software, then the final strategy is translated into a simple message that
is prompted to the human user advising whether it is convenient or not to stop at
the CS. In the end, the driver implements the suggested behavior.

Finally, we want to elaborate on how to compute, starting from z, the in and out
flow of the CS, i.e., r2s and s2r respectively. From the constrains in Sec. 7.3.2,
agent i ∈ I(k) does not stop at the CS if and only if ϑi(k) = 1, thus the flow
entering the CS is defined by

r2s(k) :=
1

T

n(k)−
∑
i∈I(k)

ϑi(k)

 . (7.28)

The flow exiting the CS is

s2r(k) :=
1

lT

∑
k̄<k

∑
j∈I(k̄)

ϑj(k −W )ϑj(k +W ) , (7.29)

where the double summation selects only those agents exiting the CS during the
time interval k. In fact, for those PEVs that do not stop, we have

∑
t∈N ϑj(t) =

W + 1, thus they never contribute to (7.28). Conversely, if PEV i stops, ϑj(k −
W )ϑj(k + W ) = 1 if i exists the CS during k. The PEVs that contribute to
s2r(k) decide to exit during an interval m long lT time instants that encloses k,
so the contribution to the flow is 1/l. The definitions above represent the actual
connections between the CTM and the decision process, thus we have arrived at
the goal stipulated at the beginning of the chapter.

This concludes the theoretical framework introduced to describe the ATDM strat-
egy developed. The remainder of the chapter is dedicated to the study of this
policy’s effectiveness and performance when it is applied to a case study with real
traffic data.

7.6 CTM identification

Let us introduce the examined case study and identify the parameters of the asso-
ciated CTM, introduced in Section 7.2, starting from real-world data and following
the schematic procedure depicted in Figure 7.5. We consider a stretch of the A13
highway in The Netherlands connecting the cities of The Hague and Rotterdam.
The Dutch government embraces the policy of making traffic data accessible via
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Figure 7.4: Location along the A13 highway of the 8 sensors selected for the
simulations; [129] indicates how to access this info.

the Nationaal Dataportaal Wegverkeer (NDW) [3]. In particular, the NDW-Dexter
portal [129] allows us to access the sensors placed along the highway and extract
the traffic data related to a particular date and time. Here, we select 8 sensors,
denoted in the following by s1, . . . , s8, on the roadway that from The Hague enters
Rotterdam (Figure 7.4). The sensors are placed approximately at 500 m from each
other and measure the number of vehicles and their average speed during a period
of 1 minute. We consider the data of the 15/10/2019 from 07:00 to 20:00, since
there is no traffic congestion during the remaining hours.

Remark 7.4 (Minimum sample frequency). The frequency of the data samples has
to be high enough to allow the CTM to evolve correctly. In fact, if for some ` ∈ N
the inequality

T v̄`
L`

< 1

is not satisfied, then the associated cell’s density ρ` can take negative values. This
is a consequence of the density definition in (7.1) and the lower bound for the
sampling frequency is obtained from the worst-case scenario. One can solve this
issue by considering longer cells or by interpolating the data obtained from the
sensors to decrease the sampling time. For the problem at hand, we show that the
free flow speed is approximately 120 km/h, therefore we interpolated the data to
obtain a sampling time of T = 10s, so T v̄`/L` ' 0.66 < 1. �

We construct a CTM composed of N = 7 cells, in which the flows φ1, . . . , φ8

between cells are obtained directly from the raw data provided by the sensors, i.e.,
for all j ∈ {1, . . . , 8}

φj :=
# veh. from sj

T
.

The the average speed of the vehicles is also measured by each sensor, thus for each
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Figure 7.5: Schematic structure of the procedure adopted to identify the param-
eters of the CTM.

cell ` ∈ {1, . . . , 7} the density is

ρ` :=
φ`

avg. speed from s`
.

The relation between the flow and the density is represented for cell 1 in the
fundamental diagram depicted in Figure 7.6a, where we used a threshold on the
average vehicles’ velocity to distinguish between the data associated with the free
flow and those measured during a traffic congestion. As in [85] and more in details
in [116, Sec. 3.2], we identified the parameters of each cell of the CTM by using
linear regression. For a cell `, the free flow speed v̄` is the slope of the linear
regression applied to the data measured during the free flow (the yellow line in
Figure 7.6a). Similarly, the congestion wave speed w` is the slope of the quantile
regression applied to the leftover data. The result of the regression is illustrated via
the blue line in Figure 7.6a, and the density at which it intersects the horizontal axis
represents the (theoretical) cell’s maximum density ρmax

` . Finally, the intersection
of the two regression lines (i.e., the blue and the yellow) defines the maximum cell
capacity qmax

` . Therefore, by applying these steps, sketched in Figure 7.5 for all the
cells, we identify the parameters that, together with φ1 and φ8, fully describe the
CTM. Their final values are reported in Table 7.1 and the code used is available at
[39].
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(a)

(b)

Figure 7.6: (a) The fundamental diagram of cell 1 obtained from the data of s1.
The data points are green if the cell is in a free-flow condition and red otherwise.
(b) Average vehicles speed in cell 1 during the day (the color legend is as in (a)).
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Table 7.2: The most important variables involved in the charging scheduling
decision problem.

Decision making process of agent i ∈ I
xi – battery SoC of PEV i
ui [kWh] energy purchased by PEV i
δi – binary var. 1 iff PEV i is charging

uPEV [kWh] total energy purchased by PEVs
p [e/kWh] price for 1kWh at CS
p̂ [e/kWh] predicted future price at CS
ti [h] interval in which PEV i enters cell 2
ϑi – rectangular function centered in ti
ξ [h] (over)estimation of the extra travel time

due to congestion
ξCS
i [h] estimation of the extra travel time

due to PEVs exiting the CS

xref
i – min. SoC of PEV i before leaving the CS
pEV – percentage of PEVs in the market
lT [h] length of the time interval
Th – number of intervals composing the horizon
Ci [kWh] battery capacity
ηi [1/kWh] scaling associated to battery efficiency
αi – interest of PEV i in saving money
δ̄ – number of charging spots at the CS

umax [kWh] CS max. energy providable in an interval
u(u) [kWh] upper(lower) bound on purchasable energy
d [kWh] base energy demand in the grid

c1, c2 [e/kWh
2
] price scaling factors

c3 [e/(h · kWh)] price scaling factor
pi [e/kWh] fixed avg. price for 1kWh not at CS
β0 [e/kWh] estimated price scaling factor
β1 [e/(h · kWh)] estimated price scaling factor
W – half width of ϑi
γ [h] scaling used to compute in ξCS

i

χ [h] time-varying scaling of the travel time
υ – weight over the time spent at the CS
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7.7 Decision process’ parameters selection

In this section, we focus on the parameters describing the decision making process
(or game) in which the PEVs are involved during every time interval. A short list
and description of the most important parameters involved in the decision making
process is conveniently proposed in Table 7.2. The chosen values are reported in
Table 7.3 and characterize what we call the base case in the remaining of the paper.
Now, we list the motivations behind the choice of the values of the most significant
parameters in the game.

� pEV: the current market share of PEVs in the Netherlands is around 2%.
However, PEVs are expected to constitute more than 7% of total vehicles in
the market by 2030 [105]. For this reason, we choose pEV = 5%.

� l: it is natural to consider the interval during which each player does not vary
its strategy (namely if/when and for how long to stop at the CS) longer than
T . Then, we choose lT = 100s.

� Th: in [73] a group of commuters traveling via the A12 in the Netherlands
participated in a test, whose results indicate that 60% of the involved com-
muters could start their work within 30 min later than usual. Therefore, we
considered Th = 15, implying that the maximum time PEVs can spend at
the CS (i.e., the length of the prediction horizon) is equal to 25 min.

� δ̄: in The Netherlands, the government is putting a lot of effort in increasing
the number of available charging points, doubling it between 2015 and 2019
[5]. Thus, we choose δ̄ = 100 to model the foreseeable increment in charging
spots.

� Ci: the battery capacity of each PEV is randomly chosen from a pool of
the most common PEV models. Specifically, Ci ∈ [12, 100], where 12 kWh
represents the capacity of a Mitsubishi Outlander and 100 kWh the one of a
Tesla Model S.

� αi: for the realization of this Gaussian variable we choose mean and variance
equal to µα = 0.05 and σα = 0.03, respectively. This choice reflects the
assumption that agents are more keen to save time rather than money. The
small variance mimics an homogeneous interest among the PEVs owners. The
case of a more heterogeneous population is analyzed in Section 7.9.

� ū: the charging spots are able to fast charge the PEVs and the maximum
energy that can be delivered by each spot in an hour is 150 kWh. Thus,
during a single time interval we have ū = 150 · lT = 4.16 kWh.

� umax: the CS is assumed to be able to deliver the maximum power to all the
charging spots simultaneously.

� p̄i: this energy price is chosen equal to 0.205e/kWh and represents the
average between the price for fast charging (see [163, 83]) and the one for
charging at home (see [106]).
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Table 7.3: The values of the parameters in the decision making process for the
base case.

Base case: Game parameters

xref
i – [0.25, 0.35]
pEV – 5%
lT [h] 0.0278
Th – 15
Ci [kWh] {12, · · · , 93.4, 100}
ηi [1/kWh] [0.85, 0.99]
δ̄ – 100
αi – (0, 1)
umax [kWh] 416.6
u(u) [kWh] 4.16
d [MWh] [3.94, 4.16]

c1, c2 [e/kWh
2
] 5.07 · 10−5

c3 [e/(h · kWh)] 0.33
pi [e/kWh] 0.205
β0 [e/kWh] 0
β1 [e/(h · kWh)] 0.3315
W – 3
γ [s] 1.79
χ [h] {0.143, 0.25}
υ – 1

� d: the base demand profile of the grid is obtained from [167] and scaled to
match the average demand of a regional grid in the Netherlands, so d(k) ∈
[3.94, 4.16] MWh.

� c1, c2, c3: these values must be chosen simultaneously to make the average
value of p(t) equal to p̄i and normalize the three components in the price.
Furthermore, c3 is particularly important, since it defines the discount due
to the traffic congestion. We introduce here what we refer to as incentive in
the remainder of the chapter. We say that we apply an incentive of y% if the
term in the price function directly associated to the traffic congestion makes
p decrease of y% during the intervals of peak traffic congestion.

� χ: this normalizing factor takes different values along the prediction horizon.
Specifically, χ(t) = 1/(W + 1) for the first W + 1 time intervals in T (k)
and χ(t) = 1/(2W + 1) for the others. This is due to the definition of and
constraints on ϑi (see [44] for more details).

Finally, let us suppose that the percentage of the PEV users that are traveling with
an insufficient SoC is very low, since we focus on drivers commuting during the
rush hours so that the optimization problem is always feasible. From a theoretical
point of view, one can prevent feasibility problems by increasing the length of the
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prediction horizon Th or by translating the hard constraint on the minimum SoC
into a soft one. In a real scenario, this would not be an issue, since these users will
simply extend their staying at the CS.

7.8 Numerical results

In this section, we present and discuss the simulation results for the base case
introduced in the previous section (see Table 7.3), focusing on the benefit of the
ATDM strategy in terms of the average total travel time for all the drivers.

7.8.1 Performance index

The goal of the proposed policy is to alleviate traffic congestion during the rush
hours for all the drivers on the highway, not only for the PEV owners. To quantify
the benefit (and performance) of the proposed policy, we first define the quantity

∆0 :=
∑N
`=1 ∆0,`, which denotes the sum of the extra travel times ∆0,` of the

drivers in the absence of the CS. Furthermore, we define ∆ :=
∑N
`=1 ∆` as the

extra travel time in the presence of the CS and supposing that PEVs subscribe the
proposed policy. We then introduce the following performance index:

π(∆0,∆) :=

∑
k∈N ∆0(k)−∆(k)∑

k∈N ∆0(k)
· 100. (7.30)

The larger π, the greater the benefit emerging from the behavior of PEV owners.
The index (7.30) is a good yardstick to evaluate the performance of the policy
over the whole day and whether or not its adoption achieves the desired traffic
congestion alleviation.

7.8.2 Simulation base case

We are now ready to discuss the effects of the ATDM strategy proposed in the
first theoretical part of the chapter. Figure 7.7 highlights that there are two time
intervals during which a traffic congestion occurs and they are centered around
08:00 and 18:00, respectively, and reflect the real data in Figure 7.6b, where the
velocity drops exactly in those time intervals. The traffic jam in the morning
lasts fro almost one hour while the one in the afternoon for three hours, with a
particularly high peak (in terms of travel time) at 18:00. Remarkably, despite the
percentage of PEVs on the highway is modest, our algorithm manages to decrease
the afternoon peak of more than 5.4% in terms of ∆. If there is no congestion all
the cells are traveled by a vehicle in 1.62 min. During peak traffic congestion this
time becomes 12.54 min, the proposed ATDM strategy reduces it to 12.06 min. The
overall achievement in terms of travel time is π = 1.05. In Figure 7.8, we highlight
the difference between the travel time with vs without our ATDM strategy. The
ATDM manages to decrease the peaks and redistribute the vehicles in the “valleys”,
i.e., the parts in which the curve takes lower values with respect to the closest peaks.
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Figure 7.7: Comparison of the extra travel time due to the congestion in the
presence (∆) and absence (∆0) of the CS, respectively. The simulations are carried
out for different values of pEV.

This emerging behavior matches the expectation: in fact, it relates to the “valley
filling” phenomenon, well known in the electricity market, where the energy price
depends on the energy demand, see [119] and Chapter 6. The redistribution of the
vehicles creates a global reduction of the travel time. This effect of the ATDM on
the PEVs is confirmed by the flows shown in Figure 7.9, where r2s increases before
the two peaks of ∆, while s2r peaks immediately after the reduction of ∆ after the
rush hours.

The dynamic energy price p designed by the HO is reported in Figure 7.10. It
shows a slow variation due to the base energy demand d and a fast one associ-
ated with the traffic congestion on the highway stretch. Interestingly, these two
quantities act in opposite directions since the major traffic congestions happen
during the rush hours, which are notoriously those during which the demand of
energy is at its highest. The parameters c1, c2 and c3 are chosen such that the
incentive provided is the 25%, i.e., the maximum discount is equal to 0.05e/kWh
with respect to the average price p̄i = 0.205e/kWh. Finally, in Figures 7.11
and 7.12, we illustrate the number of PEVs simultaneously connected to the grid,
i.e.,

∑
k̄<k

∑
i∈I(k̄) δi(k̄), and the amount of energy purchased uPEV. These two

quantities are closely related and for this reason their profiles are almost identical.
In both cases, the strategies implemented satisfy the upper bound constraints. As
expected, during the period of high traffic congestion all the charging spots at the
CS are busy. This highlights a key difference between longer and shorter traffic
congestion; in the latter, there are only brief periods during which no charging spot
is available, i.e.,

∑
k̄<k

∑
i∈I(k̄) δi(k̄) = δ̄. Therefore, if a PEV decides to enter the

CS, then it is almost sure to connect immediately. On the other hand, a traffic
congestion that lasts for a substantial amount of time creates a queue of PEVs
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Figure 7.8: Comparison of the difference ∆0 −∆ computed with different values
of pEV. The two figures show the detail related to the morning and afternoon
congestion, respectively.

at the CS waiting for charging. This idle waiting time creates an extra cost for
the PEVs stopping. Moreover, this phenomenon generates detrimental effects in
the concurrence of high traffic congestion peaks surrounded by an overall elevated
traffic congestion level. In fact, if we consider PEVs exiting cell 1 at 18:10, then it
should be beneficial for them to stop and charge for a short period, waiting for the
traffic congestion to disappear. Unfortunately, all the charging spots are occupied,
so the PEV cannot stop, hence contributing to increase the traffic congestion. In
fact, Figure 7.9 shows that in concurrence with the highest congestion peak, the
r2s flow decreases.

This first example highlighted the overall benefit of adopting a dynamic energy price
to enforce an ATDM. The most important macroscopic effect is the redistribution
of the vehicles that creates a valley filling like phenomenon in the travel time.
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Figure 7.9: The flows entering and exiting the CS, i.e., r2s and s2r respectively.
The shaded area represents the actual flow, while the solid line a moving average
with a window of 10 min.

Figure 7.10: The energy price p adopted by the CS and the base demand d scaled
by the factor c1.
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Figure 7.11: The total energy purchased by the PEVs, uPEV. The red dashed
line denotes umax.

Figure 7.12: The number of busy charging spots at the CS. The red dashed line
is set equal to δ̄ = 100, the capacity of the CS.
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Figure 7.13: Effect of the increment δ̄ on the performance index π in (7.30). The
simulations are carried out for different values of pEV.

7.9 Sensitivity analysis

Next, we investigate the effects that a single parameter has on ∆. They are difficult
to extrapolate directly from the base case due to the complexity of the decision
making process and the multitude of variables involved. In this section, we propose
a sensitivity analysis that focuses on the most compelling features of the proposed
ATDM. Specifically, we start from the parameter configuration in Table 7.3 and
vary one parameter (or at most two) to highlight how it affects the travel time. Note
that the values used for this variation may deviate from what one can reasonably
expect in a real-world scenario, e.g. a CS with δ̄ = 1000, but they are meant to
investigate the performance in extreme configurations or approximations of possible
future configurations, e.g. one CS that approximates the charging capacity of two
or more nearby CSs.

7.9.1 Number of available charging spots

Intuitively, a larger number of charging spots δ̄ mitigates the effects of prolonged
traffic congestion; in fact, the PEVs take more time to saturate the available spots
at the CS, and, as a consequence, the congestion alleviation during the rush hours
can be more effective. The variation of π with respect to the increment of charging
spots is presented in Figure 7.13 for different PEV shares, i.e., pEV. The curve
profile for pEV = 5% shows two plateaus, one for small values of δ̄ and the other for
values greater than 400. The transit between the two happens between δ̄ = 200 and
δ̄ = 300. It represents the setting in which an investment to increase the number of
charging spots is the most profitable in terms of performance. In fact, going from
δ̄ = 100 to δ̄ = 300 triples the value of π, which rises from 1.05 to 3.19.
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Figure 7.14: The performance π as a function of the number of charging spots,
i.e., δ̄, computed for different incentives.

Assuming a higher number of PEVs on the highway does not avoid the initial
plateau, but, surprisingly, it prevents the occurrence of an analogous plateau for
greater values of δ̄. This implies that investing in more charging spots creates a
high return in terms of performance, after a certain “critical” value, i.e., the value
of δ̄ after which the initial plateau ends. Interestingly, even if pEV varies, the
critical value of δ̄ remains between 200 and 300. In Figures 7.7 and 7.8, we note
that the beneficial effect of an increment of the PEVs number. In fact, the more
PEVs subscribe the higher the traffic alleviation is. Figure 7.8, clearly shows the
valley filling effect, namely a higher peak reduction implies a subsequent increment
of travel time during the less-congested period.

7.9.2 Charging spots and incentive

Starting from the parameters in Table 7.3, we analyze the performance obtained
by varying simultaneously the number of available charging spots, i.e., δ̄, and the
incentive on the energy price. Figure 7.14 depicts the different curves resulting
by increasing the number of available charging spots, i.e., δ̄ ∈ [5, 295], when the
incentive ranges between 2.5% and 30%. An increment in the number of plugs
generates, in general, an higher performance increment compared to a greater in-
centive. Surprisingly, the value of δ̄ at which the initial plateau of performance
stops is not affected by the incentive. In fact, the consequent steep increment in π
settles between δ̄ = 255 and 265; this can be considered the critical value for this
configuration. On the other hand, an increment in the incentive creates a smaller
effect on the performance yet it is more predictable especially if the number of
plugs is high. This result suggests that an investment in increasing δ̄ leads to a
high return only if the additional charging spots allow to surpass the critical level.
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Figure 7.15: Performance π as a function of σα, the heterogeneity in drivers
interests.

If this is not possible, then increasing the incentive is a more profitable strategy.

7.9.3 Heterogeneous population of PEVs

In the simulations performed for the base case in Section 7.8.2, we have considered a
fairly homogeneous population of PEV owners, i.e., drivers that value similarly their
interest of saving time or money. The probability distribution, from which all the αi
are drawn, has variance σα = 0.03. Next, we consider a collection of heterogeneous
PEVs, in which some are more interested in maintaining the travel time at its
minimum and others in saving money. In Figure 7.15, we show the performance
increment attained by assuming a population of agents with increasingly diverse
interests (all the other parameters are set as in Table 7.3). Interestingly, the value
of π increases from 0.95, when σα = 0.01, all the way to 1.71, if σα = 0.29.
The trend of the increment is almost linear and does not seem to slow down for
higher values of σα. From [73], it seems reasonable to assume that the commuters
involved in the decision making process form a heterogeneous set; nevertheless, the
fact that we focus only on PEV owners may reduce this variability. The value
of α that describes the best a real-world scenario is for these reasons an open
problem that requires further investigation. The increment in the performance can
be explained by looking at Figure 7.12. In fact, a more heterogeneous population
leads to fewer PEVs stopping at the CS during the long afternoon congestion peak.
This alleviates the problem of overcrowding the CS where all the charging spots
are generally busy during the largest traffic congestion peaks.
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Figure 7.16: The performance π in (7.30) for different combinations of pEV and
percentage of incentive. We explicitly reported the value of π only for the best
performer of each row.

7.9.4 Incentive

Based on our numerical study, we have chosen the incentive used in the base case
heuristically. In this subsection, we study the effect of different incentives if pEV

varies. In Figure 7.16, we report the performance π computed for all the combina-
tions of the incentive [10, 55] and pEV ∈ {5, 10, 15, 20}. If pEV = 5% the value of
π is almost constant with fluctuations of ±0.1. In the other cases, an interesting
trend arises: the optimal incentive that maximizes the performance is not the high-
est one. In fact, if pEV = 10% the optimal incentive is 15% while for pEV = 15%
and pEV = 20% it is 35%. This relates to the phenomena described at the end of
Section 7.8.2. Inflating the incentive makes the number of PEVs willing to stop
grow. This has a beneficial effect on the morning peak, but a detrimental one on
the afternoon rush hour, since it exacerbates the problem of the overly crowded
CS and the lack of available charging spots. To mitigate this issue, we propose
in the next simulation a discount that varies over time and, in particular, takes a
higher value during the morning traffic congestion peak and a lower value during
the afternoon one. Specifically, if we say we apply an incentive of y%, then it means
that we apply a y% incentive from 7:00 to 16:00, and 0.2 y% for the remainder of
the day. Implementing this smarter type of incentive leads to striking results. In
Figure 7.17, for pEV = 5% the travel time significantly decreases with the increment
of the incentive, i.e., π goes from 1.27 (see Figure 7.16) to 1.96. This trend holds
also for higher values of pEV, increasing the overall maximum performance π from
4.3 to 5.09. This suggests that the problem of over incentivizing the PEVs to stop
during the afternoon should be solvable with incentives decreased for the afternoon
peak only. Finally, the fact that the maximum value of π always coincides with the
maximum incentive suggests that there is still room for improving the performance
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Figure 7.17: The performance π in (7.30) for different combinations of pEV and
percentage of incentive. The incentive takes the nominal value during the morning
peak and 1/5 of it during the afternoon peak. We explicitly reported the value of
π only for the best performer of each row.

by increasing the incentive even further. Nevertheless, one should be careful in
implementing a very large incentive, because it might be overly costly for the HO
that has to take care of the economical burden associated with the energy price
discount.

7.10 Policy recommendation

Let us now extrapolate the key messages based on the numerical analysis and
results of the previous sections, and then elaborate on possible policies that can
improve the performance of the ATDM.

As illustrated in the previous section, tuning the parameters involved in the decision
making process translates into infrastructural or sociological actions. The former
are related to tangible features of the infrastructure, e.g., the number of available
charging spots δ̄ or the maximum power that fast charging can deliver ū; the latter
instead are intrinsically linked to the behaviors and decisions of the drivers, e.g., the
interests of each agent αi or the incentive applied to steer the drivers’ behavior.
As expected, the infrastructural improvements create greater outcomes in terms
of performance, as shown in Figure 7.14 where the performance improvement by
increasing the number of available charging spots overcomes that due to a higher
monetary discount. This type of interventions is expensive and produces inelastic
changes with respect to the demand. As an illustrative example, let us focus on δ̄:
increasing it leads to a CS that has a low percentage of charging spots occupied
throughout most of the day, and thus the return of the investment is limited. This
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economic point of view and the existence of a critical value of δ̄ (see Section 7.9.1)
suggest that the HO should carefully decide whether it is convenient to invest
in this direction. Infrastructural actions should be rare and performed when a
substantial leap forward can be achieved, while small incremental improvement
should be avoided.

Enforcing a change in the drivers’ behavior is not as straightforward as chang-
ing some physical features. Nevertheless, our formal analysis and modeling of the
decision making process help us to infer some possible policies to achieve an im-
provement in the traffic congestion alleviation. The energy price discount generates
remarkable performance, if it is designed by the HO based on the severity of the
traffic congestions, see Figures 7.16 and 7.17. This policy does not require massive
investment to be implemented and it is elastic with respect to the current traffic
situation. Thus, from an economic perspective, a dynamic energy price currently
seems the safest and the most remunerative option for the HO. The growing trend
of incentivizing smart working and flexible working hours has a beneficial effect
on the proposed policy for ATDM. In fact, it will increase the variety of interests
among the PEV owners and consequently the performance should also increase,
see Figure 7.15. Moreover, flexible schedules may shift the overall interest of the
drivers towards saving money rather than time. This variation will allow the HO
to attain the same performance even with lower incentives.

To summarize, the theoretical framework developed and the numerical simulations
carried out in this chapter have convinced us that a solid policy to maximize the
efficacy of the ATDM over time should be composed of short term and long term
actions following two broad guidelines:

� Short term: a dynamic energy price should be implemented where the in-
centive varies with respect to the intensity and (estimated) duration of the
traffic congestion.

� Long term: consider a major infrastructural investment to increase the CS
capabilities, e.g., increase the number of charging spots, and consequently
achieve a performance boost. In the A13 case study analyzed here, the long
term actions should be introduced, in addition to the short term ones, when
the HO can increase the charging plugs above 100. This ensures a substantial
improvement in performance that motivates the monetary investment.

7.11 Conclusion

On a highway stretch with one charging station, the adoption of a dynamic energy
price, discounted proportionally to the traffic level, can contribute to alleviate the
traffic congestion. It incentivizes the plug-in electric vehicles’ owners to stop for
charging during, or close to, the rush hours. Under the assumption of a rational self-
interested behavior, a multi-agent game arises between the plug-in electric vehicles
that have to choose whether or not it is convenient to stop at the charging station.
The decision process can be formalized as a mixed-integer generalized potential
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game, and solved via a semi-decentralized iterative scheme, where the highway
operator acts as an aggregator. This control scheme converges to a mixed-integer
Nash equilibrium of the game, i.e., an approximated optimal charging strategy
for the electric vehicles. The ATDM strategy proposed has been validated by
simulation in a highly congested highway stretch, achieving a reduction of the peak
traffic congestion of about 5.4% in terms of travel time. This result is obtained
with the current value of PEV market shares that is around the 5%. This method
creates a redistribution of the vehicles throughout the day, achieving a travel time
that is on average 1% lower for all the vehicles (not only PEVs) traveling on the
highway. The foreseeable increment of the PEVs and the strengthening of the
charging infrastructure, together with the increasing popularity of flexible working
schedules, will enhance the benefits of applying the proposed policy, making it even
more effective over the upcoming years.
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7.12 Appendix

In the following, we adopt the same notation and definitions as in Appendix 6.7 to
describe how to translate basic logical implications to sets of inequalities by means
of auxiliary variables.

The expression in (7.7) can be directly transformed into the set of linear inequalities

S≥(δi(t), ui(t), u) . (7.31)

The two conditions in (7.14) can be recast using the two auxiliary variables
ϕLH
i , ϕHL

i ∈ B denoting the rising and falling edge of ϑi respectively, so, for ev-
ery t ∈ T (k), they have to satisfy

S∧(ϕLH
i (t), (1− ϑi(t− 1)), ϑi(t)) , (7.32a)

S∧(ϕHL
i (t), ϑi(t− 1), (1− ϑi(t))) . (7.32b)

Using the variable introduced above for all t ∈ T (k), the condition in (7.15) be-
comes

ϕHL
i (t+ 1)gi(t) = 0 , (7.33)

gi(t) :=
∑

p∈T (k)

ϑi(p)−min{t− k +W + 1, 2W + 1} .

The nonlinearity in (7.33) can be converted using the auxiliary variable qi(t) for
every t ∈ T (k) as

S⇒(qi(t), gi(t), ϕ
HL
i (t+ 1)) . (7.34)

Finally, (7.33) becomes
qi(t) = 0 . (7.35)

The constraint in (7.16) is equivalent to the linear inequality

t+W+1∑
p=k

ϕHL
i (p) + δi(t) ≤ 1 , ∀t ∈ T (k) . (7.36)

The logical implication (7.17) requires the introduction of an auxiliary binary vari-
able ψi(t) ∈ B defined for every t ∈ T (k) as [ψi(t) = 1] ⇐⇒ [δi(t− 1) = 1] ∧
[δi(t) = 0]. This implication can be transformed to the set of inequalities

S∧(ψi(t), δi(t− 1), (1− δi(t))) . (7.37)

Then, (7.17) translates into [ψi(t) = 1] =⇒ [ϑi(r) = 1] that can be rephrased, for
all t ∈ T (k) and r ∈ {max(k, t−W ), . . . , t+W}, as

ϑi(r)− ψi(t) ≥ 0 . (7.38)
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The constraint in (7.18) requires an additional step. First, we introduce the binary
auxiliary variable [σi(t) = 1] ⇐⇒ [δi(t− 1) = 0] ∧ [δi(t) = 1], for every t ∈ T (k).
By exploiting σi, (7.18) can be equivalently written as

σi(t)

 h∑
h=1

δi(t+ h)− h

 = 0 . (7.39)

Next, to eliminate the nonlinearity in (7.39), we define h auxiliary binary variables

µ
(1)
i (t), . . . , µ

(h)
i (t) ∈ B for every t as

S∧(µ
(h)
i (t), σi(t), δi(t+ h)) , ∀h ∈ {1, . . . , h}. (7.40)

Thus, (7.39) reduces to the linear equation

h∑
h=1

µ
(h)
i (t)− σi(t)h = 0 . (7.41)

We transform (7.19) into the following set of linear constraints by introducing the
auxiliary variable νi ∈ B, and hence for every i ∈ I(k) it must be true that

0 < νi + 1
W+1

W∑
p=0

ϑi(k + p) ≤ 1

S≥(νi,
∑
t∈T (k)ϑi(t),W + 2)

(7.42)

The last logical implication to be transformed into a linear inequality is (7.20).
The variable ωi(t) ∈ B is defined as [xi(t) < xref

i ] ⇐⇒ [ω(t) = 1], so it satisfies
the pattern of inequalities

S≤(ωi(t), xi(t), x
ref
i ) . (7.43)

Finally, (7.20) is equivalent to the linear inequality

ωi(t) + ϑi((max(k, t−W ))) ≤ 1 . (7.44)



8
Conclusion and Outlook

We live in a society that is more and more connected in which the in-
teractions are not anymore only among people but also among intelligent
machines. In this thesis, we studied from both a theoretical and applied
perspective multi-agent network games that model a wide range of decision
making processes in complex highly connected systems. They can be used
to model decisions among machines (as in Chapter 3 with the distributed
model-fitting algorithm), a mixture of machines and humans (as done in
Chapters 6 and 7 with a policy design problem) and humans only ( via
opinion dynamics models, as in Chapter 2). This final chapter is dedicated
to summarizing the main contributions achieved in the previous chapters.
We discuss possible developments and future research directions that may
expand and improve the analysis we carried out. For some problems, we
also discuss some inherent limitations and challenges.

159
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8.1 Part I: Multi-agent network games via opera-
tor theory

8.1.1 Chapter 2

In this chapter, we proved global convergence for multi-agent network games with
proximal type dynamics in which the communication network is described by a
strongly connected weighted digraph. In the case of asynchronous dynamics with
possibly delayed information, we computed a theoretical upper bound on the delay
that ensures convergence. Moreover, we also considered games with a time-varying
communication network. In this case, we established convergence to a persistent
network equilibrium of the game, if the players can select the weight they give to
their self-loops. Finally, we have highlighted the relevance of the achieved results
applying them to classical opinion dynamics models.

Outlook

Although we have analyzed several different setups, this topic still presents chal-
lenging open problems that can be explored in future research.

(i) In the case of a time-varying graph, see Section 2.3.3, we have assumed that
at every time instant the communication networks satisfy Standing Assump-
tion 2.3. It can be interesting to weaken this assumption by considering
repeatedly jointly connected communication networks, as done in [89].

(ii) An interesting extension of this work is to replace the communication network
with a signed graph. This structure arises in several applications, e.g., the
Altafini opinion dynamics model [7].

8.1.2 Chapter 3

Starting from the results developed in Chapter 2, we considered in this chapter the
more general case of multi-agent network games with the proximal type dynam-
ics subject to, not only local constraints but also affine coupling constraints. We
showed that these additional constraints create non-converging dynamics, therefore
we rephrased them as pseudo-collaborative ones. A central coordinator sends to
the agents a global variable used to meet the constraint. For these new dynam-
ics, we developed Prox-GNWE, a semi-decentralized iterative algorithm globally
converging to a generalized network equilibrium of the game. Then, we gener-
alized the setup by allowing the communication network and the constraints to
be time-varying. The assumptions required to ensure the existence of an equi-
librium point were discussed and the previous algorithm was modified, obtaining
TV-Prox-GNWE, to ensure global convergence to a persistent generalized network
equilibrium. We conclude the chapter by applying the developed algorithms to
solve the problems of distributed model fitting and constrained consensus.
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Outlook

Even though the problem of multi-agent network games has been studied exten-
sively, we propose some possible extensions and challenging open problems that
may spark interesting new results.

(i) The existence of an equilibrium point, for the time-varying case, has to be
assumed or implied by restrictive technical assumptions. To weak these as-
sumptions or provide others that are easier to check, would constitute an im-
portant leap forward to improve the theoretical results developed and make
them easier to apply for specific problems.

(ii) The implementation of the asynchronous version of Prox-GNWE presents
several technical issues. In fact, the operator in (3.22), describing the syn-
chronous dynamics, is quasi -NEX. This is a weaker property than NEX, and
thus it does not allow us to extend the approach used in Section 2.3.2 to cre-
ate the asynchronous version of the constrained dynamics, see [147, Th. 1]. In
the literature, there are no asynchronous algorithms providing convergence for
the quasi -NEX operators that lead to an implementable iterative algorithm,
and thus an ad hoc solution has to be developed.

8.1.3 Chapter 4

In this chapter, we have steered our focus towards strongly monotone games over
networks. In particular, we developed two asynchronous GNE seeking algorithms
that are robust to delayed information, i.e., SD-GENO and AD-GENO. The two
differ in the auxiliary variables used. In fact, in SD-GENO one auxiliary vari-
able was imposed for every edge in the network; on the other hand, AD-GENO
uses node variables only. This difference makes AD-GENO faster and more scal-
able, without increasing the number of communication required. We validated
the improvement in performances by comparing AD-GENO with other algorithms
available and showed that, in our simulations, it always outperformed the others
in terms of computational time.

Outlook

The results presented allow for several extensions.

(i) The “ARock” framework does not ensure robustness to lossy communication.
This is currently an open problem that can increase the adaptability of AD-
GENO to real-world scenarios.

(ii) Another interesting topic is the generalization of the algorithm to the case of
time-varying communication networks. The use of node variables only seems
to be suitable to deal with the technical difficulties arising from the varying
network topology.
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(iii) It can be interesting to extend AD-GENO to games in which the agents have
access only to partial information about their neighbors’ strategies and must
estimate the missing parts.

8.2 Part II: Decision making via potential game
theory

8.2.1 Chapter 5

Motivated from theoretical and behavioral economics, we proposed the h-RBR dy-
namics for finite and convex games to model partial rationality among decision
makers. We have shown that for a general class of games these dynamics converge
to a GNE, and that the corresponding decision making process is “compatible” with
BR dynamics. That is, a mix of best responders and h-relative best responders
will eventually reach an equilibrium action profile. These results make it possi-
ble to rigorously study how relative performance considerations of irrational (or
conforming) decision makers affect the behavior and equilibrium profiles of com-
plex socio-technical and socio-economic processes. These dynamics create a new
framework to analyze these problems and can act as a cornerstone for future de-
velopments. As an illustrative example, we simulated the product adoption game,
in which the agents’ decisions are influenced by some network effect.

Outlook

Since this work introduces the h-RBR, the possible extensions and applications are
virtually countless. Nevertheless, we list the ones we think are the most relevant.

(i) A trivial extension is the development of an h-relative better response. Notice
that our convergence results would hold also for these new dynamics.

(ii) The h-RBR dynamics can be enriched by adding coupling constraints between
the agents. This extension is not trivial since these constraints will modify
the feasible set of the agents, thus they may not be able to adopt the strategy
of some of the best performers.

(iii) An open problem is the convergence of h-RBR subject to a synchronous up-
date. The use of a state-dependent feasible decision set creates several tech-
nical challenges in establishing convergence.

(iv) From an application point of view, it is interesting to validate with real ex-
periments the modeling power of these dynamics, and this would corroborate
our theoretical results.
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8.2.2 Chapter 6

Motivated by the increment of PEVs in the market, and the consequent rising in
energy demand, we tackled in this chapter the charging scheduling problem for a
fleet of electric vehicles. The problem was modeled as a mixed-integer aggregative
game in which the mixed-integer affine constraints captured the limitation and
preferences in the scheduling of each PEV. The energy price was linked to the total
energy demand, making it unfavorable for most users to charge during periods of
peaks in demand. The price of the energy is established by an aggregator that
takes the role of the grid operator, and this naturally leads to a semi-decentralized
algorithm in which the PEVs communicate with the operator and not between
each other. Moreover, we have proven that the charging schedule resulting from
the proposed control scheme is an MINE of the game. We completed the chapter
by showing via simulations that this policy reduces the energy demand peaks by
achieving valley filling, i.e., a more homogeneous energy demand throughout the
day.

Outlooks

In this chapter, we studied a specific problem configuration; in future research, sev-
eral modifications or generalizations can be considered to expand and/or generalize
the problem studied here.

(i) The specific sequence of activation, which selects among the PEVs the one
that has to update, highly influences both the outcome of the game and the
speed of convergence. A deep understanding of this phenomenon may lead to
interesting reasoning on how to provide a premium subscription to the service
by giving priority to some of the PEVs.

(ii) In the setup considered, there is only one charging station at which the PEV
may park. Even though this can model a small neighborhood, it is logical to
extend it to the case of multiple charging stations placed in different locations.

(iii) An interesting generalization of this approach is a bi-level optimization prob-
lem in which, on top of the mixed integer game, the grid operator aims at
maximizing its benefit. Therefore, the resulting game would be a mixed-
integer Stackelberg game. The development of an iterative algorithm solving
this class of games would create an important contribution to this problem.

8.2.3 Chapter 7

In this chapter, we designed an ATDM based on smart charging of PEVs. We
considered a highway stretch and propose a control action based on incentivizing
the owners of PEVs to stop at a charging station during the period of high traffic
congestion. We proposed a monetary incentive in which the energy price is inversely
proportional to the level of congestion. This approach was akin to the one proposed
in Chapter 6, indeed at every time instant the problem arising was modeled as a



164 Chapter 8. Conclusion and Outlook

mixed-integer game, in which we exploited the integer variables to describe the
possible actions of the PEVs. Different from the charging schedule problem, in
this case for every time interval a new game arises and has to be solved before the
starting of a new interval. A semi-decentralized control scheme was proposed and
we proved the convergence of the decisions of the agents to an MINE, for every
instance of the game. The final part of the chapter was devoted to an extensive
case study, in which we considered real traffic data from the A13 highway in The
Netherlands that connects The Hague and Rotterdam. We identified the charging
station and used the model to simulate the effect of the proposed policy in a
realistic scenario. Furthermore, we carried out the sensitivity analysis focused on
understanding the role of the parameters in the game of the performance. This
allows us to extrapolate the most efficient short and long-term policies to maximize
traffic alleviation via effective interventions.

Outlook

The novel proposed policy opens many different scenarios that can be studied, we
itemize in the following some future research directions.

(i) One can notice that the traffic model considered is used as an oracle by the
highway operator to obtain certain information on the future traffic evolution.
For this reason, the framework developed in this work can be adapted to
accommodate more complex traffic dynamics.

(ii) Since the emerging game is an exact potential game, the myopic best response
dynamics adopted by the PEVs might be (partially) replaced by the h-RBR
dynamics, introduced in Chapter 6. This would introduce some of the irra-
tional behavior that decision makers usually exhibit in situations like traffic
jams.

(iii) A natural generalization of the problem considered is the extension to the case
of multiple charging stations placed along the highway stretch. This is not
straightforward because every game arising at one charging station influences
the ones carried out by the other charging stations.

(iv) The use of soft policy does not prevent the highway operator to implement
other classical policies to alleviate the traffic jams. To model how soft and
hard policies work in synergy is an important extension to define the most
effective collection of ATDM strategies that might be implemented.

(v) In the literature, other ATDM strategies have been proposed, e.g. [1]. It can
be of great value to carry out a comprehensive study that analyzes if and how
well they work in combination to improve traffic congestion alleviation.



A
Monotone operators and fixed point theory

Developed in the early 1960s, monotone operator theory, convex analysis and fixed
point theory are three mayor research areas in the field of nonlinear analysis, and
their popularity raised constantly thereafter. Nowadays, these methods are used
in a plethora of diverse fields and helped mathematicians and engineers to study
highly nonlinear problems. In the past four decades, the literature on these topics
thrived and sparked many different results. For this reason, we propose in the
following a selection of results that focus mostly on single valued operators on
finite dimensional Hilbert spaces. Notice that many of the following theorems still
hold in infinite dimensional spaces or might be generalized to other topological
spaces.

A.1 Operators

Let the sets X ⊆ H and Y ⊆ H be nonempty and H be a finite dimensional Hilbert
space. An operator (or mapping) T maps every point x ∈ X to a point (or set)
T (x) ⊆ Y. If T (x) may contain more than one element, then we call T a set-valued
operator and denote it by T : X ⇒ Y. Instead, if T (x) is a singleton for all x ∈ X ,
then we call it a single-valued operator and we denote it by T : X → Y. The
domain of an operator is defined as

domT := {x ∈ X |T (x) 6= ∅} .

A special case of single-valued operator f : X → R is a function and its domain
is defined as dom f := {x ∈ X | f(x) < +∞} (this definition slightly differs from
the domain definition introduced above, for this reason some authors refer at it as
effective domain).
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Given an operator T : X → X , all the points in X that are mapped in themselves
are called fixed points of T , and they compose the following set

fix(T ) := {x ∈ X |T (x) = x} . (A.1)

It is easy to understand why this class of points, i.e., those invariant w.r.t. the
transformation applied by T , is of particular interest in many problems.

Given a set valued operator A : X ⇒ X , the set of all its zeros is defined as

zer(A) = A−1 = {x ∈ X | 0 ∈ Ax} .

This set of points plays a crucial role in many different research areas. For examples,
if A characterizes the dynamics of a systems the set of its zeros describes the
stationary points. From the definition above, one can notice that there exists a
tight connection between fixed points and zeros of an operator, namely

x∗ ∈ fix(A) ⇐⇒ x∗ ∈ zer(Id−A) ,

In the remainder of the chapter, we indicate by HΦ a finite dimensional Hilbert
space with 〈·, ·〉Φ and Φ = Φ> � 0, while with H a general finite dimensional
Hilbert space.

A.2 Nonexpansive operators

Useful information on the fixed points of T can be obtained by investigating the
nonexpansiveness property of the operator at hand. Roughly speaking, these prop-
erty measure if two points in X get closer or further apart after the transformation
applied by T . This concept is closely related to the one of Lipschitz continuity.

Definition A.1 (Lipschitz’s continuity, [14, Def. 1.47]). The operator T : X → Y
is Lipschitz continuous with constant ` > 0 if

(∀x, y ∈ X ) , ‖T (x)− T (y)‖ ≤ `‖x− y‖ . �

Next, we list different kinds of nonexpansiveness that will prove themselves useful
in the next chapters.

Definition A.2 ([14, Def. 4.1]). Given D be a nonempty subset of a Hilbert space
HΦ, the operator T : D → HΦ is:

(i) Contractive (CON) in HΦ if it is `-Lipschitz with ` ∈ (0, 1), i.e.,

(∀x, y ∈ D) , ‖T (x)− T (y)‖Φ < `‖x− y‖Φ .

(ii) Firmly nonexpansive (FNE) in HΦ if it is 1
2 -AVG, i.e.,

(∀x, y ∈ D) , ‖T (x)− T (y)‖2Φ ≤ ‖x− y‖2Φ − ‖(Id− T )(x)− (Id− T )(y)‖2Φ.
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(iii) η-Averaged (η-AVG), with η ∈ (0, 1), in HΦ if

(∀x, y ∈ D) , ‖T (x)− T (y)‖2Φ ≤ ‖x− y‖2Φ − 1−α
α ‖(Id− T )(x)− (Id− T )(y)‖2Φ.

(iv) Nonexpansive (NEX) in HΦ if it is 1-Lipschitz, i.e.,

(∀x, y ∈ D) , ‖T (x)− T (y)‖Φ ≤ ‖x− y‖Φ.

(v) Quasi-nonexpansive (Q-NE) in HΦ if it is 1-Lipschitz w.r.t. fix(T ), i.e.,

(∀x ∈ D)(∀y∗ ∈ fix(T )) , ‖T (x)− T (y∗)‖Φ ≤ ‖x− y∗‖Φ. �

It is worth it to highlight that, from the relation above, the following two chains
of implication hold:

FNE =⇒ AVG =⇒ NE =⇒ Q-NE

CON =⇒ AVG =⇒ NE =⇒ Q-NE .

As anticipated, we can retrieve insights on the fixed points of T relying on the
regularity properties above. Specifically, the following theorem provides a sufficient
condition for the existence of at least one fixed point of the operator.

Theorem A.3 (Browder-Göhde-Kirk, [14, Th. 4.29]). Let D be a nonempty bounded
closed convex subset of HΦ and let T : D → D be a NEX operator.
Then, fix(T ) 6= ∅. �

If the operator is a CON, that is a stronger property than NEX, it is possible to
prove that the set of fixed points is a singleton, as done in the following.

Theorem A.4 (Banach–Picard, [14, Th. 1.50]). Let D be a nonempty bounded
closed convex subset of HΦ and let T : D → D be a CON operator. Then, fix(T ) =
{x∗}, i.e., the operator possesses a unique fixed point. �

A.3 Monotone Operators

Similarly to the nonexpansiveness for the fixed points, analyzing the monotonicity
of an operator provides information on the existence and uniqueness of its zeros.
Also in this case, we introduce in the following different types of monotone operators

Definition A.5 ([14, Def. 22.1]). Let D be a nonempty subset of HΦ, then set
valued mapping A : D ⇒ D is:

(i) Monotone (MON) if

((x, u) ∈ gra(A))((y, v) ∈ gra(A)) , 〈x− y, u− v〉Φ ≥ 0.
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(ii) Strictly monotone (sMON) if

((x, u) ∈ gra(A))((y, v) ∈ gra(A)) , 〈x− y, u− v〉Φ > 0.

(iii) Strongly monotone (SMON) with constant β > 0, if

((x, u) ∈ gra(A))((y, v) ∈ gra(A)) , 〈x− y, u− v〉Φ ≥ β‖x− y‖2Φ. �

Moreover, we define the concepts of maximally monotone and cocoercive operators.

Definition A.6 ([14, Def. 20.20]). Consider D be a nonempty subset of HΦ. If
the set valued operator A : D ⇒ D is monotone and for every (x, u) ∈ D × D, it
holds

(x, u) ∈ gra(A) ⇐⇒ (∀(y, v) ∈ gra(A))〈x− y|u− v〉Φ ≥ 0 , (A.2)

then, A is maximally monotone (or maximal monotone). �

Definition A.7 ([14, Def. 4.10]). LetD be a nonempty subset ofHΦ, andA : D ⇒ D,
then T is β-cocoercive with β > 0 if βA is FNE. �

As anticipated, one can exploit the properties described above to prove the exis-
tence and uniqueness of the zero of the operator.

Proposition A.8 ([14, Prop. 23.35]). Let D ⊂ HΦ be nonempty, and A : D ⇒ D
be a sMON operator. Then, the set zer(A) is at most a singleton. �

If the operator is maximally monotone and it satisfied some additional assumption,
then the existence of at least one zero can be established.

Proposition A.9 ([14, Prop. 23.36]). Let D ⊂ HΦ be nonempty, and A : D ⇒ D
be a maximally monotone operator. Assume that at least one of the following holds:

(i) A−1 is locally bounded everywhere

(ii) lim‖x‖→+∞ inf‖Ax‖ = +∞

(iii) dom(A) is bounded

Then, zer(A) 6= ∅. �

Finally, if A is both maximally monotone and SMON, then one can ensure both
the existence and uniqueness of a zero.

Corollary A.10 ([14, Cor. 23.37]). If D ⊂ HΦ is nonempty, and A : D ⇒ D is a
maximally monotone and SMON operator, then zer(A) is a singleton. �
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A.3.1 Monotonicity and firmly nonexpansiveness

The monotonicity properties can be related to the nonexpansiveness one by ex-
ploiting the characteristic of the so called the resolvent operator that is defined
next.

Definition A.11 ([14, Def. 23.1]). Let D is a nonempty subset of HΦ, and
A : D ⇒ D and γ > 0, then the resolvent of A is

JA := (Id +A)−1 (A.3)

�

The resolvent operator is arguably one of the most important concept introduced
by operator theory. In fact, it allows us to establish an equivalence between FNE
and MON.

Proposition A.12 ([14, Prop. 23.10]). Let D be a nonempty subset of HΦ, T : D → D
and set A := T−1 − Id. Then, it holds:

(i) T = JA

(ii) T is FNE if and only if A is MON

(iii) T is FNE with D = HΦ if and only if A is maximally monotone. �

Corollary A.13 ([14, Ex. 20.30]). Let T : HΦ → HΦ be β-AVG with α ∈ (0, 1/2],
then T is maximally monotone. �

Furthermore, the stronger assumption of a SMON operator A translates to the
cocoercivity of the associated resolvent.

Proposition A.14 ([14, Prop. 23.13]). Consider a nonempty set D ⊂ HΦ, A : D ⇒ D
a MON operator and β > 0. Then, A is β-SMON if and only if JA is (β − 1)-
cocoercive, hence JA is 1/(β + 1)-Lipschitz continuous. �

A.4 Nonexpansiveness and monotonicity of rele-
vant operators

Next, we describe some examples of very well known operators that posses some
of the properties aforementioned.

A.4.1 Linear operators

This is the most common class of operators, they have the interesting characteristic
that the regularity properties described above can be completely characterized by
the spectrum of the operator. In fact, a linear operator T : Rn → Rn is NEX if
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and only if all its eigenvalues lay inside the unitary disc and those on the boundary
are semi-simple, see [16, Lem. 3]. Furthermore, T is η-AVG with η ∈ (0, 1) if and
only if all its eigenvalues lay in the disc centered in η and radius (1 − η), also in
this case, those on the disc boundary have to be semi-simple, see [16, Lem. 4].

Concerning the monotonicity, a matrix T � 0 is ‖T‖−1-cocoercive, as shown in [14,
Cor. 18.18]. Moreover, if matrix T is monotone, then it is also maximally monotone,
as shown in [14, Ex. 20.34].

A.4.2 Subdifferential

The subdifferential of a function f is a fundamental tool to analyze nondifferen-
tiable convex functions and it finds many interesting applications in the context of
optimization.

Definition A.15 ([14, Def. 16.1]). Let f : H →] − ∞,+∞] be proper. The
subdifferential of f is the set-valued operator

∂f : H⇒ H : x 7→ {u ∈ H | (∀y ∈ H) 〈y − x|u〉+ f(x) ≤ f(y)} . (A.4)

The function f is said to be subdifferentiable at x ∈ H if ∂f(x) 6= ∅; and a vector
z ∈ ∂f(x) is called a subgradient of f at x. �

The most important property of this operator was discovered by Fermat back in
1637 and takes the name of Fermat rule. The global minimizers of a proper function
f are characterized by the zeros of the subdifferential operator ∂f .

Theorem A.16 (Fermat’s rule, [14, Th. 16.3]). If f : H →] −∞,+∞] is proper,
then it holds

argmin f = zer(∂f) = {x ∈ H | 0 ∈ ∂f(x)} . (A.5)

�

Moreover, one can show that the subdifferential of a proper function f is monotone
operator, as done in [14, Ex 20.3]. If the funciton is proper and lower semicontinous,
i.e. f ∈ Γ0, the subdifferential results maximally monotone.

Theorem A.17 (Moreau, [14, Th. 20.25]). If f ∈ Γ0(H), then ∂f is maximally
monotone. �

A.4.3 Projection

Given a nonempty convex set Ω ⊂ H, the subdifferential of the indicator funciton
ιΩ is equal to the normal cone of Ω, i.e., NΩ = ∂ιΩ, see [14, Ex 16.13]. Interestingly,
from [14, Ex 23.4], the projection over the set Ω corresponds to the resolvent of
NΩ = ∂ιΩ, thus

projΩ = (Id +NΩ)−1 = JΩ (A.6)

Invoking Theorem A.17 one can notice that, NΩ is maximally monotone. So, the
projection is the resolvent of a maximally monotone operator and, from Proposi-
tion A.12, it is an FNE operator.
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A.4.4 Proximal operator

A useful generalization of the projection operator is the proximal operator that is
defined as for a function f ∈ Γ0 as

proxf : H → H : x 7→ argminy∈H
(
f(y) + 1

2‖x− y‖
2
)
. (A.7)

From [14, Prop. 16.44], the proximal operator can be equivalently rewritten as the
resolvent of ∂f , hence

proxf = (Id + ∂f)−1 = J∂f . (A.8)

It is clear from (A.6) that if one chooses f = ιΩ then the projection operator is
retrieved.

Invoking Proposition A.12 and Theorem A.17, it follows that proxf is an FNE
operator.

For a lower semicontinuous function f ∈ Γ0 the proximal operator creates a link
between zeros and fixed points.

Proposition A.18 ([14, Prop. 27.1]). Let f ∈ Γ0. Then, the following chain of
equivalences holds true

zer(∂f) = argmin f = fix(proxf ) = fix(J∂f ) . (A.9)

�

Therefore, in order to find the minimizers of a lower semicontinous function, one
can equivalently study the zeros of the function’s subdifferential or the fixed points
of the associated proximal operator.

These operators and the property described above represent the cornerstone to
develop iterative algorithm converging to a zero or a fixed point of an operator.

A.5 Fixed point iterations

In this section, we review the Banch–Picard and the Krasnosel’skii–Mann itera-
tions. For an operator T , that possesses some suitable property from Definiton A.2,
these iterations generate a sequence that converges to a point in fix(T ). In most of
the cases, the set of fixed points cannot be characterized in closed form and these
sequences are used to develop a algorithms that learn the fixed points of T .

The most simple iteration that can be considered to construct an update rule
is the Banch–Picard iteration. It consists in applying the operator without any
modification, thus given an operator T , it is defined as

(∀k ∈ N) x(k + 1) = T
(
x(k)

)
. (A.10)

To ensure convergence of the sequence (x(k))k∈N generated by (A.10), the operator
T has to be AVG as shown in the following theorem.
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Theorem A.19 ([14, Th.1.69 and Prop. 5.16]). Let D ⊂ HΦ be nonempty, closed
and convex and T : D → D be an operator and α ∈ (0, 1) and ` ∈ (0, 1). Then

(i) if T is α-AVG and fix(T ) 6= ∅, then the sequence (x(k))k∈N generated by
(A.10) converges globally to a fixed point of T , i.e., x∗ ∈ fix(T )

(ii) if T is `-CON, then the sequence (x(k))k∈N generated by (A.10) converges
linearly for every initial condition x(0) to the unique fixed point x∗ ∈ fix(T ),
hence ‖x(k)− x∗‖Φ ≤ `k‖x(0)− x∗‖Φ. �

The case considered above requires the two strongest regularity properties intro-
duced in Definition A.2. If the operator is merely NEX, the Banach–Picard itera-
tion may fail to converge. As toy example, consider the matrix M =

[
0 −1
1 0

]
that is

NEX but not AVG, then the iteration in (A.10) does not converge for every initial
condition. A convergent sequence can be attained via the, so called, Krasnosel’skii–
Mann iteration that introduces a relaxation term to the Banach–Picard iteration.

Theorem A.20 ([14, Prop. 5.16]). Let D ⊂ HΦ be nonempty, closed and convex
and T : D → D be a NEX operator, with fix(T ) 6= ∅, and λk ∈ (0, 1) such that∑
k∈N λk(1 − λk) = +∞, and choose x(0) ∈ D. Then, the sequence (x(k))k∈N

generated via the iteration

(∀k ∈ N) x(k + 1) = x(k) + λk(T (x(k))− x(k)) , (A.11)

gloablly converges to a fixed point x∗ of T , i.e., x∗ ∈ fix(T ). �

A.6 Zero finding algorithms

As highlighted in the previous sections, finding the zeros of an operator is a very
interesting problem. The set of zeros can be difficult to characterize, but through-
out the years several zero findings algorithms were proposed. For operators that
enjoy some of the monotonicity property in Definition A.5, these algorithms are
able to generate a sequence that converges globally to a zero.

Also in this case, we start with the most simple exponent of this type of algorithms.
Consider a β-cocoercive operator A, then, to seek the operator’s zeros, one can
study the Banach–Picard iteration of Id− γA with γ > 0, since zer(A) = fix(Id−
γA). This update rule takes the name of forward step, or forward algorithm and
the iteration obtained reads as

(∀k ∈ N) x(k + 1) = x(k)− γA(x(k)) . (A.12)

By [14, Prop. 5.16], it follows that if γ ∈ (0, 2β), the sequence (x(k))k∈N generated
by (A.12) converges to a point x∗ in zer(A), i.e., x∗ ∈ zer(A). In fact, the operator
Id− γA is AVG for the chosen γ.

If the assumption over the monotonicity property of the operator is relaxed by
assuming A maximally monotone (but not cocoercive), then the above iteration
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may fail to generate a converging sequence. To solve this conundrum the PPA was
developed, its derivation is based on the following chain of implications

x∗ ∈ zer(A)⇔ 0 ∈ A(x∗)⇔ x∗ ∈ x∗ + γA(x∗)⇔ x∗ ∈ (Id + γA)(x∗)

⇔ x∗ ∈ fix(JγA) , (A.13)

where γ > 0. The operator A is assumed maximally monotone, hence JA is FNE
from Proposition A.12. Thanks to the relation in (A.13), we translated the problem
into the one of finding a fixed point of JA. Therefore, from Theorem A.19, a
convergent sequence can be generated via a Banach–Picard iteration of JA.

Theorem A.21 (PPA, [14, Th. 23.41]). Let A : H⇒ H be a maximally monotone
operator such that zer(A) 6= ∅, set γn > 0 such that

∑
n∈N γ

2
n = +∞. Set,

(∀k ∈ N) x(k + 1) = JγnA(x(k)) . (A.14)

then the sequence (x(k))k∈N converges globally to a point x∗ in zer(A),
i.e., x∗ ∈ zer(A) = fix(JγnA). �

The algorithm presented above is very powerful and, in theory, it can be applied to a
large class of problems. Unfortunately, the computation of the resolvent operator is
not straightforward in most cases. In fact, the resolvent can be efficiently computed
only for some classes of operators, e.g., the normal cone or the subdifferential of
some lower semicontinous functions. In other cases, the solution obtained might
be not suitable for the problem at hand. For example, if the problem presented
in Chapter 4 is solved by means of the PPA, then final update rule could not
implemented in a distributed fashion.

To overcome these shortcomings of the PPA, the splitting methods were introduced.
The reader can find a comprehensive discussion of the topic in [14, Ch. 26]. The
main idea is to take advantage of the structure of an operator A and split it in
the sum of two suitable operators B and C with different monotonicity properties,
i.e., A = B + C. Even though the reason might seems unclear, it is sometimes
possible to isolate a part that has a resolvent that is easy to compute and exploit
this feature to construct an efficient zero finding algorithm. In the following, we
focus only on the FB algorithm, that can be applied when C is single valued and
β-cocoercive, while B is merely maximally monotone. As done for the PPA, we
propose a sequence of implications that transform the initial zero finding problem
in a fixed point problem. Namely,

x∗ ∈ zer(B + C)⇔ 0 ∈ γ(B + C)(x∗)⇔ −γC(x∗) ∈ γB(x∗)

⇔ (Id− γC)(x∗) ∈ (Id + γB)(x∗)

⇔ x∗ = (Id + γC)−1 ◦ (Id− γB)(x∗)

⇔ x∗ ∈ fix
(
JγC ◦ (Id− γB)

)
, with γ > 0. (A.15)

The operator TγB,γC := JγC ◦ (Id − γB) is called forward backward operator, if
γ ∈ (0, 2β) then TγB,γC is AVG, see [14, Prop. 26.1(iv)(d)]. The FB algorithm,
presented in the next theorem, is a Krasnosel’skii–Mann iteration of TγB,γC . There-
fore, the convergence of the sequence generated to a point in fix(TγB,γC) follows
from Theorem A.20.
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Theorem A.22 (FB, [14, Th. 26.14]). Let B : H ⇒ H be maximally monotone
and C : H → H be β-cocoercive, and set γ ∈ (0, 2β) and δ = 2− γ/(2β). Consider
λk > 0 such that

∑
k∈N λk(δ − λk) = +∞, and assume zer(B + C) 6= ∅. Set

(∀k ∈ N) : y(k) = x(k)− γB(x(k))

x(k + 1) = x(k) + λk
(
JγC(y(k))− x(k)

) (A.16)

then the sequence (x(k))k∈N generated by (A.16) globally converges to a point
x∗ ∈ zer(B + C) = fix(TγB,γC). �



B
Graph theory

Graph theory was introduced by the mathematician Leonhard Euler in 1736 as a
tool used to solve and generalize the problem of the seven “bridges of Köningsberg”.
In [74], he proposed some key concepts that set the basis for the future development
of graph theory. The interested reader can find a complete discussion in [27], where
the authors discuss several classical and fascinating problems associated to graph
theory. In the following, we provide some basic definitions and results that are
recalled several times during the whole dissertation.

B.1 Graphs

Let us start by introducing the concepts of undirected and directed graphs.

Definition B.1 (Graph). A graph is a pair, G = (N , E), where N = {1, . . . , n} is
a set of n elements called vertices, or nodes, and E ⊆ N × N is a set of pairs of
vertices, called edges, or arcs. A graph is called undirected, if the edges in E are
unordered pairs; a graph is called directed, or digraph, if the edges in E are ordered
pairs. �

When a weight is associated to each edge of the graph, then the resulting graph is
called weighted.

Definition B.2 (Weighted graph). A weighted digraph is a triplet, G = (N , E , A),
where the pair (N , E) is a digraph, and A = [ai,j ] ∈ Rn×n≥0 is a set of non-negative
weights such that ai,j > 0⇔ (i, j) ∈ E . �

175
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From the above definition, one can notice that, given the N and the matrix of
weights A, the set of edges can be extracted by examining the rows of A. For this
reason, we sometime define a graph as G = (N , A), where the set E is implicitly
defined.

Definition B.3 (Weighted degrees). Let G be a weighted digraph. The weighted
out-degree, dout, and the weighted in-degree, din, of a vertex i ∈ N are defined by
dout(i) :=

∑n
j=1 ai,j and din(i) :=

∑n
j=1 aj,i. �

Definition B.4 (Weight-balanced graph). A weighted graph is called weight-
balanced if the weighted degrees are all equal, i.e., dout(i) = din(i) for all i ∈ N . �

B.2 Relevant matrices

The first important matrix that describe the connections between the nodes in the
graph is called adjacency matrix.

Definition B.5 (Adjacency matrix). Given a weighted digraph G = (N , E , A), the
matrix A ∈ Rn×n≥0 is called weighted adjacency matrix. Given a digraph G = (N , E),

the binary adjacency matrix B = [bi,j ] ∈ {0, 1}n×n is defined by

bi,j :=

{
1 if (i, j) ∈ E
0 otherwise.

�

The concepts of weighted in and out degree for a weighted digraphs spawn the
following definition.

Definition B.6 (Degree matrix). Given a weighted digraph G = (N , E , A), the
weighted out-degree matrix, Dout, and the weighted in-degree matrix, Din, are de-
fined by

Dout = diag (A1n) = diag
(
(dout(i))i∈V

)
=

[
dout(1)

. . .
dout(n)

]
,

Din = diag
(
A>1n

)
=

[
din(1)

. . .
din(n)

]
.

(B.1)

�

The following lemma allows us to verify whether or not the graph is undirected.

Lemma B.7. Let G = (N , E , A) be a weighted digraph. The graph G is undirected
if and only if A = A> and ai,i = 0 for all i ∈ V . �
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A node i ∈ N with din(i) = 0 is called sink node; a node i with dout(i) = 0 is called
source node.

The incidence matrix describes the relation between the edges in the graph and
the nodes at it is defined for both directed and undirected graphs.

Definition B.8 (Incidence matrix). Let G = (N , E) be a graph with the number
of edges in the graph is denoted by E := |E|, and label the edges in E as el, for
l ∈ {1, . . . , E}. The incidence matrix V ∈ RE×N associated to G, is defined as

[V ]li :=


1 if el = (i, ·)
−1 if el = (·, i)
0 otherwise .

(B.2)

�

In the case of an undirected network, the decision of which of the two nodes com-
posing an edge is the sink and which the source is arbitrary. By construction,
V 1N = 0N . Then, we define Eout

i (resp. E in
i ) as the set of all the indexes l of the

edges el that start from (resp. end in) node i, and hence Ei = Eout
i ∪ E in

i .

Arguably the most important associated to a graph is the Laplacian matrix that
is defined next.

Definition B.9 (Laplacian matrix). Let G = (N , E , A) be a weighted digraph.
The Laplacian matrix is defined by L := Dout −A. �

The elements of a Laplacian matrix L = [li,j ] ∈ Rn×n are such that:

li,j =

{
−ai,j if i 6= j∑n
k 6=i ai,k if i = j.

A graph is undirected if and only if its Laplacian matrix is symmetric. Moreover,
due to its structure this matrix enjoys many interesting properties.

Proposition B.10 (Row-sum of the Laplacian). Let G be a weighted digraph with
n nodes and Laplacian matrix L. Then L1n = 0n. �

Proposition B.11 (Column-sum of the Laplacian). Let G be a weighted digraph
with n nodes and Laplacian matrix L. The following statements are equivalent:

(i) G is weight-balanced;

(ii) 1>nL = 0>n . �

For a weighted digraph G = (N , E , A): A is row-stochastic if and only if dout(i) = 1
for all i ∈ N , hence Dout = I; A is doubly-stochastic if and only if dout(i) =
din(i) = 1 for all i ∈ V , hence Dout = Din = I.
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Theorem B.12 (Gersgorin). For any matrix A = [ai,j ] ∈ Rn×n,

Λ(A) ⊂
⋃

i∈{1,...,n}

z ∈ C | |z − ai,i| ≤
n∑
j 6=i

|ai,j |

 .

�

B.3 Perron–Frobenious theory

In linear algebra the theory developed by Oskar Perron and Georg Frobenius pro-
vides several fundamental results for non-negative square matrices. Specifically, it
focuses on primitive matrices.

Definition B.13 (Primitive matrix). A non-negative matrix A ∈ Rn is primitive
if there exists k ∈ N such that the matrix Ak is positive. �

The following theorem, together with the associated corollary, manage to character-
ize several aspects of the primitive matrices, and introduces the Perron–Frobenius
eigenvector of a primitive matrix.

Theorem B.14 (Perron–Frobenious). If a matrix A is primitive, then:

(i) ρ(A) =: λPF ∈ Λ(A) ∩ R>0;

(ii) λPF is a simple eigenvalue;

(iii) λPF > maxλ∈Λ(A)\{λPF} |λ|;

(iv) the unique (up to positive scaling) left and right eigenvectors associated with
the eigenvalue λPF are positive;

(v) limk→∞
1
λk
PF

Ak = vPF w
>
PF, where vPF and wPF are, respectively, the right

and left eigenvalues of A associated with the eigenvalue λPF, normalized so
that v>PF wPF = 1. �

Corollary B.15. If a matrix A ∈ Rn×n is primitive and row-stochastic matrix,
i.e., A1n = 1n, then:

(i) the Perron-Frobenious eigenvalue λPF = ρ(A) = 1 is simple, hence A is semi-
convergent;

(ii) limk→∞Ak = 1nw
>, where w is the left positive eigenvector of A associated

with the eigenvalue λPF = 1, normalized so that 1>nw = 1;

(iii) the solution to x(k + 1) = Ax(k) satisfies limk→∞ x(k) = limk→∞Akx(0) =(
w>x(0)

)
1n.
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If, in addition, A is doubly-stochastic,i.e., A1n = A>1n = 1n, then:

(iv) the left eigenvector can be selected as w = 1
n1n, so that limk→∞ x(k) =

1
n1>n x(0)1n.

�
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C
Potential game theory

The use of a potential function in the context of strategic games is attributed to
Rosenthal back in 1973, see [153]. The existence of such a function highly simplifies
the analysis of the evolution of the game at hand. In fact, it provides some sort of
bound on the payoff variation between two iterations of the game. The existence of
such a bound is exploited in the literature to prove convergence to an equilibrium,
in some cases even in finite time.

In this section, we consider a general formulation of a game Γ. Notice that in
the following chapters, this broad definition will be declined to more convenient
formulation for the particular problem considered. A game between N players can

be defined by the couple Γ :=
(∏N

i=1 Si, π
)

, where Si is the set of feasible strategies

of agent i, and π := col((πi)i∈N) :
∏N
i=1 Si → RN is the game payoff function1. If

Si ⊂ Rn then the game is called convex (or infinite), while if Si ⊂ Zn then the
game is finite.

Definition C.1 (Bounded game). Γ is a bounded game if for all s ∈
∏N
i=1 Si there

exists M ∈ R such that, for all i ∈ {1, . . . , N}, it holds that |πi(s)| ≤M . �

C.1 Potential functions

Next, we introduce the different types of potential functions that differ for how
tight they manage to describe the variation of the players’ payoff.

1Equivalently, one can define Γ using a cost function J := −π, instead of a payoff. This
approach was adopted in Chapters 6 and 7.
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Definition C.2 (Potential function, [127, Sec. 2]). Let Γ be a game and P :∏N
i=1 Si → R a continuous function. If, for all i ∈ {1, . . . , N} and all

(x, s−i), (y, s−i) ∈
∏N
i=1 Si,

(i) P satisfies

πi(x, s−i)− πi(y, s−i) = P (x, s−i)− P (y, s−i) , (C.1)

then it is an exact potential function for Γ

(ii) P satisfies

πi(x, s−i)− πi(y, s−i) = wi [P (x, s−i)− P (y, s−i)] (C.2)

with wi ∈ R, then it is a weighted potential function for Γ

(iii) P satisfies

πi(x, s−i)− πi(y, s−i) > 0⇔ P (x, s−i)− P (y, s−i) > 0 , (C.3)

then it is a ordinal potential function for Γ

(iv) P satisfies

πi(x, s−i)− πi(y, s−i) > 0⇒ P (x, s−i)− P (y, s−i) > 0 , (C.4)

then it is a generalized ordinal potential function for Γ. �

A game Γ is called an exact, weighted, ordinal or generalized ordinal potential game
if there exist an exact, weighted, ordinal or generalized ordinal potential function
respectively. From the relation above, it is clear that if P satisfies (C.1) then it
also satisfies (C.2)–(C.4). Similarly, an ordinal potential game is also a generalized
ordinal potential game, while the converse is not always true.

C.2 Improvement paths

A path in the context of games is a sequence of strategy profiles in which each
element differs from the successive for the strategy of exactly one agent.

Definition C.3. Let γ = (s(k))k∈N denote an action profile sequence for a game
Γ. If, for every k ∈ N, there exists a unique player ik ∈ {1, . . . , N}, such that

s(k) := (sik(k), s−ik(k − 1)) for some sik(t) 6= sik(k − 1),

then γ is called a path in the action profile of Γ. �

In finite potential games, the concept of finite improvement is a very useful tool. In
fact, this property is crucial to demonstrate that these games converge in a finite
number of iterations to an equilibrium of the game.
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Definition C.4. Let γ be a path for the game Γ, with ik ∈ {1, . . . , N} being the
unique deviator between s(k − 1) and s(k). If, for all k ∈ N, it holds

πik(s(k)) > πik(s(k − 1)) ,

then γ is called an improvement path. Furthermore, if every improvement path is
finite then the game Γ has the Finite Improvement Property (FIP). �

Lemma C.5 ([127, Lem. 2.3]). Every finite ordinal potential game Γ has the FIP.
�

In the context of convex games, the definitions above have to be adapted due to
the infinite number of possible strategies that each player can select. First, we
introduce the concept of approximated improvement path and AFIP, that is the
counterpart of FIP for convex games.

Definition C.6. Let γ be a path for the convex game Γ, with ik ∈ {1, . . . , N}
being the unique deviator between s(k − 1) and s(k), and ε > 0. If, for all k ∈ N,
it holds

πik(s(k)) > πik(s(k − 1)) + ε ,

then γ is called an ε-improvement path. Furthermore, if every ε-improvement path
is finite, then the game Γ has the AFIP. �

In the case of a convex potential game, the fact that the payoff function is bounded
implies that the game posses the AFIP.

Definition C.7 ([127, Lem. 4.2]). Every bounded convex potential game Γ has
the AFIP. �



184 Appendix C. Potential game theory



Bibliography

[1] BART Perks 2 Program.

[2] In T. Ichiishi, editor, Game Theory for Economic Analysis, Economic Theory,
Econometrics, and Mathematical Economics, page iv. Academic Press, San
Diego, 1983.

[3] Nationaal Dataportaal Wegverkeer, 2009.

[4] D. Acemoglu and A. Ozdaglar. Opinion dynamics and learning in social
networks. Dynamic Games and Applications, 1(1):3–49, 2011.

[5] N. E. Agency. Statistics Electric Vehicles in the Netherlands (up to and
including february 2019). Technology report, March 2019.

[6] A. A. Alchian. Uncertainty, evolution, and economic theory. Journal of
Political Economy, 58(3):211–221, 1950.

[7] C. Altafini. Consensus problems on networks with antagonistic interactions.
IEEE Transactions on Automatic Control, 58(4):935–946, 2013.

[8] A. Bandura and R. H. Walters. Social learning theory, volume 1. Prentice-hall
Englewood Cliffs, NJ, 1977.

[9] A.-L. Barabási and R. Albert. Emergence of scaling in random networks.
science, 286(5439):509–512, 1999.

[10] J. Barreiro-Gomez, G. Obando, and N. Quijano. Distributed population
dynamics: Optimization and control applications. IEEE Transactions on
Systems, Man, and Cybernetics: Systems, 47(2):304–314, 2017.

[11] J. Barreiro-Gomez and H. Tembine. Constrained evolutionary games by using
a mixture of imitation dynamics. Automatica, 97:254–262, 2018.

[12] M. Barth and K. Boriboonsomsin. Traffic congestion and greenhouse gases.
Access Magazine, 1(35):2–9, 2009.

[13] F. M. Bass. A new product growth for model consumer durables. Manage-
ment science, 15(5):215–227, 1969.

[14] H. H. Bauschke, P. L. Combettes, et al. Convex Analysis and Monotone
Operator Theory in Hilbert Spaces, volume 2011. (2nd Edition) Springer
International Publishing, 2017.

185



186 Bibliography

[15] H. H. Bauschke, V. Mart́ın-Márquez, S. M. Moffat, and X. Wang. Composi-
tions and convex combinations of asymptotically regular firmly nonexpansive
mappings are also asymptotically regular. Fixed Point Theory and Applica-
tions, 53:1–11, 2012.

[16] G. Belgioioso, F. Fabiani, F. Blanchini, and S. Grammatico. On the conver-
gence of discrete-time linear systems: A linear time-varying Mann iteration
converges iff the operator is strictly pseudocontractive. IEEE Control Sys-
tems Letters, 2018.

[17] G. Belgioioso and S. Grammatico. On convexity and monotonicity in gener-
alized aggregative games. IFAC-PapersOnLine, 50(1):14338 – 14343, 2017.
20th IFAC World Congress.

[18] G. Belgioioso and S. Grammatico. Semi-decentralized Nash equilibrium seek-
ing in aggregative games with coupling constraints and non-differentiable cost
functions. IEEE Control Systems Letters, 1(2):400–405, 2017.

[19] G. Belgioioso and S. Grammatico. A Douglas–Rachford splitting for semi-
decentralized equilibrium seeking in generalized aggregative games. In Pro-
ceedings of the IEEE Conference on Decision and Control (CDC), pages
3541–3546, Miami, USA, 2018.

[20] G. Belgioioso and S. Grammatico. Projected-gradient algorithms for gener-
alized equilibrium seeking in aggregative games arepreconditioned forward-
backward methods. pages 2188–2193, June 2018.

[21] A. Bemporad and M. Morari. Control of systems integrating logic, dynamics,
and constraints. Automatica, 35(3):407–427, 1999.

[22] E. Ben-Elia and D. Ettema. Changing commuters’ behavior using rewards:
A study of rush-hour avoidance. Transportation Research Part F: Traffic
Psychology and Behaviour, 14(5):354 – 368, 2011.

[23] C. Benevolo, R. P. Dameri, and B. D’auria. Smart mobility in smart city. In
Empowering Organizations, pages 13–28. Springer, 2016.

[24] D. P. Bertsekas and J. N. Tsitsiklis. Parallel and distributed computation:
numerical methods, volume 23. Prentice hall Englewood Cliffs, NJ, 1989.

[25] D. P. Bertsekas and J. N. Tsitsiklis. Some aspects of parallel and distributed
iterative algorithms: A survey. Automatica, 27(1):3 – 21, 1991.

[26] R. J. Bessa and M. A. Matos. Economic and technical management of an
aggregation agent for electric vehicles: A literature survey. European Trans-
actions on Electrical Power, 22(3):334–350, 2012.

[27] N. Biggs, E. K. Lloyd, and R. J. Wilson. Graph Theory, 1736-1936. Claren-
don Press, USA, 1986.



187

[28] V. D. Blondel, J. M. Hendrickx, A. Olshevsky, and J. N. Tsitsiklis. Conver-
gence in multiagent coordination, consensus, and flocking. In Proceedings of
the 44th IEEE Conference on Decision and Control, pages 2996–3000, Dec
2005.

[29] L. E. Blume. The statistical mechanics of strategic interaction. Games and
Economic Behavior, 5(3):387–424, 1993.

[30] S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah. Randomized gossip algo-
rithms. IEEE Transactions on Information Theory, 52(6):2508–2530, 2006.

[31] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed op-
timization and statistical learning via the alternating direction method of
multipliers. Foundations and Trends in Machine Learning, 3(1):1–122, 2011.

[32] L. Briceno-Arias and D. Davis. Forward-backward-half forward algorithm for
solving monotone inclusions. SIAM Journal on Optimization, 28(4):2839–
2871, 2018.

[33] M. Bruschetta, C. Cenedese, and A. Beghi. A real-time, mpc-based motion
cueing algorithm with look-ahead and driver characterization. Transportation
Research Part F: Traffic Psychology and Behaviour, 61:38–52, 2019. Special
TRF issue: Driving simulation.

[34] M. Bruschetta, C. Cenedese, A. Beghi, and F. Maran. A motion cueing al-
gorithm with look-ahead and driver characterization: Application to vertical
car dynamics. IEEE Transactions on Human-Machine Systems, 48(1):6–16,
2018.

[35] F. Bullo, J. Cortes, and S. Martinez. Distributed control of robotic networks: a
mathematical approach to motion coordination algorithms, volume 27. Prince-
ton University Press, 2009.

[36] S. Cairns, L. Sloman, C. Newson, J. Anable, A. Kirkbride, and P. Goodwin.
Smarter choices: Assessing the potential to achieve traffic reduction using
soft measures. Transport Reviews, 28(5):593–618, 2008.

[37] M. B. Canzoneri and J. A. Gray. Monetary policy games and the consequences
of non-cooperative behavior. International Economic Review, 26(3):547–564,
1985.

[38] Y. Cao, W. Yu, W. Ren, and G. Chen. An overview of recent progress in
the study of distributed multi-agent coordination. IEEE Transactions on
Industrial Informatics, 9(1):427–438, Feb 2013.

[39] C. Cenedese. Github repository : Ctm identification, 2021.

[40] C. Cenedese, G. Belgioioso, S. Grammatico, and M. Cao. An asynchronous,
forward-backward, distributed generalized Nash equilibrium seeking algo-
rithm. In 2019 18th European Control Conference (ECC), pages 3508–3513,
June 2019.



188 Bibliography

[41] C. Cenedese, G. Belgioioso, S. Grammatico, and M. Cao. An asynchronous
distributed and scalable generalized Nash equilibrium seeking algorithm for
strongly monotone games. European Journal of Control, 2020.

[42] C. Cenedese, G. Belgioioso, S. Grammatico, and M. Cao. Time-varying con-
strained proximal type dynamics in multi-agent network games. May 2020.

[43] C. Cenedese, G. Belgioioso, Y. Kawano, S. Grammatico, and M. Cao. Asyn-
chronous and time-varying proximal type dynamics multi-agent network
games. IEEE Transaction on Automatic Control (in press), 2020.

[44] C. Cenedese, M. Cucuzzella, J. Scherpen, S. Grammatico, and M. Cao. High-
way Traffic Control via Smart e-Mobility – Part I: Theory. IEEE-Transaction
on intelligent transportation systems (submitted), 2020.

[45] C. Cenedese, M. Cucuzzella, J. Scherpen, S. Grammatico, and M. Cao.
Highway traffic control via smart e-mobility – part ii: Case study. IEEE-
Transaction on intelligent transportation systems (submitted), 2020.

[46] C. Cenedese, F. Fabiani, M. Cucuzzella, J. M. A. Scherpen, M. Cao, and
S. Grammatico. Charging plug-in electric vehicles as a mixed-integer ag-
gregative game. In 2019 IEEE 58th Conference on Decision and Control
(CDC), pages 4904–4909, 2019.

[47] C. Cenedese, Y. Kawano, S. Grammatico, and M. Cao. Towards time-varying
proximal dynamics in multi-agent network games. In 2018 IEEE Conference
on Decision and Control (CDC), pages 4378–4383, Dec 2018.

[48] C. Cenedese, L. Zino, M. Cucuzzella, and M. Cao. Optimal policy design
to mitigate epidemics on networks using an sis model. In 2021 IEEE 60th
Annual Conference on Decision and Control Austin (CDC) (under review),
2021.

[49] K. Clement-Nyns, E. Haesen, and J. Driesen. The impact of charging plug-in
hybrid electric vehicles on a residential distribution grid. IEEE Transactions
on Power Systems, 25(1):371–380, 2010.

[50] N. M. Coe and H. W.-C. Yeung. Global production networks: Theorizing
economic development in an interconnected world. Oxford University Press,
2015.

[51] A. M. Colman. Cooperation, psychological game theory, and limitations of
rationality in social interaction. Behavioral and Brain Sciences, 26(2):139–
153, 2003.
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Summary

The growing complexity and globalization of modern society brought to light novel
problems and challenges for researchers that aim to model real-life phenomena.
Nowadays communities and even single individuals cannot be considered as a closed
system, since one’s actions create a ripple effect that ends up influencing the action
of others. Therefore, the study of decision-making processes over networks became
a pivotal topic in the research community. The possible applications are virtually
endless and span into many different fields such as companies’ competition over
shared markets with limited resources, the evolution of individuals’ opinion during
the interaction on a social network, peer-to-peer energy market, and smart mobil-
ity. The recurring trends among these examples are the increment in the number of
decision-makers involved, the complexity of the interactions, and the possible pres-
ence of an external policymaker (e.g. a service provider). Two of the most relevant
examples that enclose all these aspects are smart mobility and energy management
in highly populated cities that are the key applications on which we focus in this
thesis.

The branch of mathematics that studies strategic decision-making processes is game
theory. In this thesis, we focus on the class of generalized noncooperative network
games where the players locally interact over a network structure, and the coupling
among them arises in both the cost function and the constraints. The natural con-
cept of equilibrium for these types of processes is the Generalized Nash Equilibrium
(GNE), i.e., a state in which no agent can benefit by unilaterally changing their
action. We analyze the convergence properties of such games using operator theory
and potential games theory. Moreover, if the game does not naturally converge to
a GNE then we design iterative algorithms, based on operator splitting methods,
that generates behavioral rules for the players that, if followed, restore convergence.

The thesis is divided into two parts differentiating mainly by the theoretical tools
used to tackle the problem but sharing several common aspects. In Part I, we
focus on the convergence of network games under different update rules. Specifi-
cally, for a particular class of games (yet arising in several applications) we prove
convergence of the unconstrained dynamics, under the mild assumption on the
communication network, when the players update synchronously, asynchronously,
and when the topology of the network varies over time. If coupling constraints are
present then we design an iterative semi-decentralized GNE seeking algorithm that
computes modified update rules that are guaranteed to converge to a GNE of the
game. We then focus on a more general class of network games in which the cost
function is required only to be differentiable. We propose an iterative GNE seeking
algorithm, based on operator splitting methods, that ensures convergence under
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synchronous/asynchronous update and it is robust to information delays. Further-
more, thanks to a deliberate choice of the auxiliary variables used, the algorithm
is distributed, decentralized, and highly scalable.

Part II starts by questioning an assumption that is usually overlooked, i.e., the
perfect players’ rationality. We introduce novel dynamics, that we called relative
best response, that models partial rationality in decision-making processes. We rely
on the theory on potential games to establish convergence to a GNE for generalized
ordinal potential finite games and for weighted convex potential games.

The remainder of the thesis is dedicated to two applications that will become cru-
cial problems in the following years. First, we model the smart charging of Plug-In
Electric Vehicles (PEV). We propose an energy price policy that aims at incen-
tivizing the PEV owners to charge during the hours in which the demand is lower.
The price dynamically changes following the total demand that the grid has to
satisfy at that particular moment. This creates a coupling among the PEV and,
as an emerging behavior, it flattens the curve of the energy demand, alleviating
the problem of detrimental peaks in demand. Finally, we propose an Active Traffic
Demand Management for a highway stretch based on nudging the PEVs to stop
at a charging station during the moments of high traffic congestion. The incen-
tive consists of a discount of the energy price that changes proportionally to the
congestion level. This work is the first that links the energy market to the trans-
portation facilities and provides rigorous analysis of the produced effects. We show
via simulations that it is capable of reducing the congestion peaks and for all the
drivers, on top of providing an advantageous service to the PEV owners. In both
these applications, we rely on mixed-integer potential games to obtain a rigorous,
yet very detailed and close to reality, model of the phenomena.



Samevatting

De groeiende complexiteit en globalisering van de moderne samenleving heeft nieuwe
problemen en uitdagingen meegebracht voor onderzoekers die ernaar streven om
realistische fenomenen te modelleren. Tegenwoordig kunnen gemeenschappen en
zelfs individuen niet als een gesloten systeem worden beschouwd, omdat iemands
acties een rimpeleffect creë rt dat uiteindelijk de acties van anderen beÃ¯nvloedt.
Hierdoor werd de studie van besluitvormingsprocessen via netwerken een cruciaal
onderwerp voor onderzoekers. De mogelijke toepassingen zijn vrijwel eindeloos
en strekken zich uit over veel verschillende gebieden, zoals de concurrentie van
bedrijven op gedeelde markten met beperkte middelen, de evolutie van de mening
van individuen tijdens de interactie op een sociaal netwerk, tot peer-to-peer en-
ergiemarkt en slimme mobiliteit. De terugkerende trends bij deze voorbeelden zijn
de toename van het aantal betrokken besluitvormers, de complexiteit van de inter-
acties, en de mogelijke aanwezigheid van een externe beleidsbepaler (bijvoorbeeld
een dienstverlener). Een van de meest relevante voorbeelden die al deze aspecten
omvat, is slimme mobiliteit en energiebeheer in dichtbevolkte steden. Dit zijn dan
ook de belangrijkste toepassingen waarop we ons in dit proefschrift richten.

De tak van de wiskunde die strategische besluitvormingsprocessen bestudeert, is
speltheorie. In dit proefschrift richten we ons op de klasse van gegeneraliseerde
niet-coöperatieve netwerkspellen waarbij de spelers lokaal communiceren via een
netwerkstructuur, en er een koppeling tussen hen bestaat in zowel de kostenfunc-
tie of criterium en randvoorwaarden. Het natuurlijke concept voor de evenwicht-
stoestand van dit soort processen is het gegeneraliseerde Nash-evenwichtstoestand
(GNE), d.w.z. een toestand waarin geen een speler kan profiteren door eenzijdig
hun strategie of actie te veranderen. We analyseren de convergentie-eigenschappen
van dergelijke spellen met behulp van operatorentheorie en potentiële speltheorie.
Voor spellen die van nature niet convergeren naar een GNE, ontwerpen we iteratieve
algoritmen, gebaseerd op methoden voor operatorensplitsing, die gedragsregels
genereren voor de spelers die, indien gevolgd, de convergentie herstellen.

Het proefschrift is opgedeeld in twee delen die zich voornamelijk onderscheiden door
de theoretische hulpmiddelen die worden gebruikt om het probleem op te lossen,
maar ook meerdere gemeenschappelijke aspecten hebben.

In deel I concentreren we ons op de convergentie van netwerkspellen onder verschil-
lende updateregels. In het specifiek kijken we naar een bepaalde klasse van spellen
(die nog steeds in verschillende toepassingen toepasbaar zijn), en bewijzen we con-
vergentie van de dynamiek zonder randvoorwaarden, onder milde aannames over
het communicatienetwerk, wanneer de spelers synchroon, asynchroon updaten en
wanneer de topologie van het netwerk varieert in de tijd. Als er gekoppelde rand-
voorwaarden aanwezig zijn, ontwerpen we een iteratief half-gedecentraliseerd GNE-
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zoekalgoritme dat aangepaste updateregels berekent die gegarandeerd convergeren
naar een GNE van het spel. Vervolgens richten we ons op een meer algemene
klasse van netwerkspellen waarin de kostenfunctie alleen maar differentieerbaar
hoeft te zijn. We stellen een iteratief GNE-zoekalgoritme voor, gebaseerd op oper-
atorensplitsingsmethoden, dat zorgt voor convergentie bij synchrone / asynchrone
updates en dat bestand is tegen informatievertragingen. Bovendien is het algo-
ritme, dankzij een bewuste keuze van de gebruikte hulpvariabelen, gedistribueerd,
gedecentraliseerd en zeer schaalbaar.

Deel II begint met het in twijfel trekken van een aanname die meestal over het hoofd
wordt gezien, namelijk de perfecte rationaliteit van de spelers. We introduceren
een nieuwe dynamiek, die we de relatieve beste reactie noemen, die gedeeltelijke
rationaliteit in besluitvormingsprocessen modelleert. We gebruiken de theorie van
potentiële spellen om convergentie tot stand te brengen naar een GNE voor gegen-
eraliseerde ordinale potentiële spellen met een eindige strategie set en voor gewogen
convexe potentiële spellen met een oneindige strategieset.

De rest van het proefschrift is gewijd aan twee toepassingen die in de komende jaren
cruciale problemen zullen worden. Ten eerste modelleren we het slim opladen van
plug-in elektrische voertuigen (PEV). We stellen een energieprijsbeleid voor dat
erop gericht is de eigenaren van PEV’s te stimuleren om te laden tijdens de uren
dat de vraag lager is. De prijs verandert dynamisch volgens de totale vraag waaraan
het net op dat moment moet voldoen. Dit creëert een koppeling tussen de PEV
en, als een opkomend gedrag, vlakt het de curve van de energievraag af, waardoor
het probleem van schadelijke pieken in de vraag wordt verlicht.

Ten slotte wordt een Active Traffic Demand Management voorgesteld voor een
snelwegtraject op basis van het bemoedigen van de PEV’s om te stoppen bij een
laadstation tijdens momenten van hoge verkeersopstoppingen. De bemoediging
bestaat uit een korting op de energieprijs die proportioneel verandert met het ver-
keerscongestie niveau. Dit werk is het eerste dat de energiemarkt koppelt aan
de transportfaciliteiten en zorgt voor een grondige analyse van de geproduceerde
effecten.

We laten via simulaties zien dat het in staat is om de congestiepieken te vermin-
deren, naast het bieden van een voordelige service aan de PEV-eigenaren. In beide
toepassingen maken we gebruik van spellen met gemengd geheelgetallig potentiële
spellen om een rigoureus, maar zeer gedetailleerd en realistisch model van de ver-
schijnselen te verkrijgen.
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the supervision of Prof. J. Lygeros and take part of the
NCCR Automation project “Coupled incentives to ease congestion on the electricity
and road networks”.

He was born in Treviso, Italy, in 1991, and received Bachelor’s degree in Infor-
mation Engineering in September 2013 and the Master’s degree in Automation
Engineering in July 2016, both at the University of Padova, Italy. From August to
December 2016, Carlo worked as a research fellow for the company VI-grade s.r.l.
in collaboration with the Automation Engineering group of Padova. In 2019, he
visited the Department of Mathematical Sciences at the Politecnico di Torino.

His research interests include on the theoretical side: game theory, distributed
optimization, and multi-agent network systems. He also worked on applications
including: design of active traffic control management strategies, smart charging
of EV, epidemics models and opinion dynamics.

Complete list of publications:

– 2021

[48] C. Cenedese, L. Zino, M. Cucuzzella and M. Cao, “Optimal policy design to
mitigate epidemics on networks using an SIS model,” 2021 IEEE 60th Annual
Conference on Decision and Control (CDC), Austin USA (under review),

[44] C. Cenedese, M. Cucuzzella, J. M. A. Scherpen, S. Grammatico and M. Cao,
“Highway Traffic Control via Smart e-Mobility – Part I: Theory,” 2021 IEEE
Transaction on Intelligent Transportation Systems (under review).

[45] C. Cenedese, M. Cucuzzella, J. M. A. Scherpen, S. Grammatico and M. Cao,
“Highway Traffic Control via Smart e-Mobility – Part II: Case Study,” 2021
IEEE Transaction on Intelligent Transportation Systems (under review).

203



204 About the Author

– 2020

[41] C. Cenedese, G. Belgioioso, S. Grammatico and M. Cao, “An asynchronous
distributed and scalable generalized Nash equilibrium seeking algorithm for
strongly monotone games,” 2020 European Journal of Control,
doi: 10.1016/j.ejcon.2020.08.006.

[175] M. Ye, J. Liu , C. Cenedese, Z. Sun and M. Cao “A Network SIS Meta-
Population Model with Transportation Flow,” 2020 21st IFAC (Virtual)
World Congress 2020, Berlin, Germany.

[42] C. Cenedese, G. Belgioioso, S. Grammatico and M. Cao, “An asynchronous,
forward-backward, distributed generalized Nash equilibrium seeking algo-
rithm,” 2019 18th European Control Conference (ECC), Naples, Italy, pp.
3508–3513, doi: 10.23919/ECC.2019.8795952.

– 2019

[95] A. Govaert, C. Cenedese, S. Grammatico and M. Cao, “Relative Best Re-
sponse Dynamics in finite and convex Network Games,”2019 IEEE 58th
Conference on Decision and Control (CDC), Nice, France, pp. 3134–3139,
doi: 10.1109/CDC40024.2019.9029821.

[46] C. Cenedese, F. Fabiani, M. Cucuzzella, J. M. A. Scherpen, M. Cao and S.
Grammatico, “Charging plug-in electric vehicles as a mixed-integer aggrega-
tive game,” 2019 IEEE 58th Conference on Decision and Control (CDC),
Nice, France, pp. 4904–4909, doi: 10.1109/CDC40024.2019.9030152.

[33] M. Bruschetta, C. Cenedese and A. Beghi, “A real-time, MPC-based Mo-
tion Cueing Algorithm with Look-Ahead and driver characterization,” 2019,
Transportation Research Part F: Traffic Psychology and Behaviour, s.i. Driv-
ing simulation, v. 61, p. 38–52,
doi: https://doi.org/10.1016/j.trf.2017.04.023.

– 2018

[47] C. Cenedese, Y. Kawano, S. Grammatico and M. Cao, “Towards Time-
Varying Proximal Dynamics in Multi-Agent Network Games,” 2018 IEEE
57th Conference on Decision and Control (CDC), Miami, USA pp. 4378–
4383, doi: 10.1109/CDC.2018.8619670.

[34] M. Bruschetta, C. Cenedese, A. Beghi and F. Maran, “A Motion Cueing
Algorithm With Look-Ahead and Driver Characterization: Application to
Vertical Car Dynamics,” 2018, IEEE Transactions on Human-Machine Sys-
tems, v. 48, n.1, p. 6–16, doi: 10.1109/THMS.2017.2776207.

http://dx.doi.org/10.1016/j.ejcon.2020.08.006
http://dx.doi.org/10.23919/ECC.2019.8795952
http://dx.doi.org/10.1109/CDC40024.2019.9029821
http://dx.doi.org/10.1109/CDC40024.2019.9030152
http://dx.doi.org/https://doi.org/10.1016/j.trf.2017.04.023
http://dx.doi.org/10.1109/CDC.2018.8619670
http://dx.doi.org/10.1109/THMS.2017.2776207

	Title Page
	Acknowledgment
	Contents
	List of Abbreviations
	List of Symbols

	Overview
	Introduction to multi-agent network games
	Structure of the thesis

	I Multi-agent network games via operator theory
	Asynch. and time-varying proximal network games
	Introduction
	Mathematical setup and problem formulation
	Proximal dynamics
	Numerical simulations
	Conclusion and outlook
	Appendix

	Equilibrium seeking design in proximal network games
	Introduction
	Proximal dynamics under coupling constraints
	Proximal dynamics under time-varying coupling constraints
	Simulations
	Conclusion and outlook
	Appendix

	Asynchronous networked GNE seeking
	Introduction
	Problem formulation
	Synchronous distributed GNE seeking algorithm
	Asynchronous, distributed algorithm with edge variables (AD-GEED)
	Asynchronous, distributed algorithm with node variables (AD-GENO)
	Simulations
	Conclusion
	Appendix


	II Decision making via potential game theory
	Relative Best Response dynamics
	Introduction
	h-Relative Best Response dynamics
	Convergence for finite games
	Convergence of convex games
	Networks of best and h-relative best responders
	Competing products with network effects
	Conclusion and final remarks

	Charging coordination for plug-in electric vehicles
	Introduction
	PEVs scheduling and charge as a system of mixed-logical-dynamical systems
	Translating the logical implications into mixed-integer linear constraints
	PEVs charge coordination as a generalized mixed-integer potential game
	Numerical simulations
	Conclusion and outlook
	Appendix

	Highway congestion control via smart electric mobility
	Introduction
	Cell Transmission Model with Charging Station
	Decision making process
	Formulation of the mixed-integer game
	CTM traffic control scheme
	CTM identification
	Decision process' parameters selection
	Numerical results
	Sensitivity analysis
	Policy recommendation
	Conclusion
	Appendix

	Conclusion and Outlook
	Part I: Multi-agent network games via operator theory
	Part II: Decision making via potential game theory

	Monotone operators and fixed point theory
	Operators
	Nonexpansive operators
	Monotone Operators
	Nonexpansiveness and monotonicity of relevant operators
	Fixed point iterations
	Zero finding algorithms

	Graph theory
	Graphs
	Relevant matrices
	Perron–Frobenious theory

	Potential game theory
	Potential functions
	Improvement paths

	Bibliography
	Summary
	About the Author


